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b Abstract?
I "~ Several current theories of procedural knowledge hypothesize that procedures are organized
S
K ': as hierarchies of goals, wherein accomplishing a goal requires accomplishing all or some of its
AN . . . .
o subgoals. This form of knowledge is most naturally executed with the aid of a temporary last-in-
b
C) tirst-out stack of goals. This article presents evidence that a stack regime is not tlexible enough to
(: account for the procedural problem solving exhibited by a sample of 26 third-graders solving
(WA
\ subtraction problems. Two alternative control regimes are investigated. One stores goals on an
Ba - '
ehy agenda (an unordered set) and the other stores goals in a tree. Both the agenda regime and the
2 tree regime employ a rule-based scheduler that picks the next goal for execution. Both regimes
o~
‘;:'_ succeed at modelling our subjects’ problem solving strategies. The tree regime is able to account
i
,&: for data from another study as well However, a closer examination of the fit between models and
. : data shows that some students change their execution strategies in the midst of problem solving.
_.\ This finding challenges fundamental assumptions underlying research on cognitive architectures.
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N explored mental representations of procedural knowlecge and how people acquire them.
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1. Introduction

Much research has been devoted to uncovering the cognitive architecture that underiies

human problem solving and skill acquisition. (See Newell, Larrd and Rosenbloom (in press) for a
review.) Many models for the cognitive architecture have been developed, including GPS (Emst &
Newell, 1969), production systems (Newell & Simon, 1972; Newell, 1978; Newell, 1973), acT
;Anderson, 1983), applicative and-or graphs (VanLehn, 1983a; VanLehn, 1983b) and SOAR (Laird,
Rosenbioom, & Newell, 1986). The theorists differ considerably on whether their models are to be
taken as literal models of human cognitive architecture, or as mere notations that happen to
accurately predict certain aspects of human behavior. Nonetheless, all involved would agree that
people have some kind of procedural knowledge and some mechanism for tuming that knowledge
Mo action  Most investigators :but not all) assume that the mechanmism is fairly simple, and that its
transiation of knowledge nto action is fairly direct. That is, they assume that the mechanism is
similar to the mechanmisms used by computers to execute computer programs. This reporn
classities the various proposed knowledge-executing mechanisms that have been appeared in the
iterature. and shows which types of cognitive architectures are consistent with some new

2«penmental evidence from the task domain of anthmetic calculation.

The classiication ot cogmitive architectures empioyed here 1s actually one developed by
computer science as a classification of program execution mechanisms. The classification is
cased 2n the features that the mechanmism makes avaiabie to the programmer. The classes are
called corirct regmes. For example, some programming languages (e g., L'SP C PASCAL} permit
f2zurs e grograms. and cther programming languages (e g, SCRATIAN BASIC) do not. The

2xeculion mecranisms for the recursion-allowing languages are said to obey a recursive control

o~ ——

Control regimes are determined mostly by how the machine stcres ‘he temperary infermation
‘mat t uses 'o control the executior of the program, so control regimes are often named by the type
It data structure us2d for temporary information  For instance. the control regime used by some
~2reons of L.SP s 2asec on using a iast-in-first-out stack for stonng control informanon, so 1t s
c3'ed a s'ack regime A stack regime s one type of recursive contrel regime  Another tyre of

racursive control regime s ased on keeping control information in 3 randomly accessible list,

ca'ed an agenrca, so this control regime 15 called an agenda regime Althcugh the nomenciature
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r
E::- emphasizes storage mechanisms, the classification is defined by the capabilities it allows. For
": instance, the agenda regime allows a type of pseudo-parallel processing called co-routining,
e whereas the stack regime does not permit co-routining.
o
-_':-.:: Control regimes are classes of mechanisms, so it makes sense to ask what the controi
:-.".: regime of the human cognitive architecture is. Knowing the control regime would tell us what
:- . capabilities (e g.. recursion, co-routining) mental programs could have. This in turn woufd tell us
f.:f something about the inmal stages of skill acquisition, where new programs are “written.” For
PR
:‘; instance, suppose we knew that the human cognitive architecture obeyed a stack regime.
e Because a stack regime allows recursive programs, we could infer that people could learn
recursive mental programs. such as the goal recursion strategy for solving the tower of Hanoi
d puzzle :Simon. 1§75) or a top-down method of coding LISP (Anderson, Farrell, & Saurers, 1984).
On the other hand. it the students’ architecture obeys a non-recursive control regime, then the
. ) same training would engender a non-recursive mental program, and in particular, the program
~culd probably have separate pieces for each level of recursion illustrated in the training.
) it may seem that the control regime of the cognitive architecture is so far removed from
( ; ctservaton that it would be impossibie to ascerntain its identity experimentalily. However, it does .
have empincal consegquences. and they can even be fairly direct. Suppose the training experiment
;«\. just mentioned was pertormed for the tower of Hanoi. If the control regime is nonrecursive, the
Wy acquired program would have separate pieces for each level of recursion. This predicts that the
\.:_ subject could not solve problems requiring more recursive levels than the problems they received
:E:h::.- ntraining. This s atalse prediction {Anzai & Simon, 1873). People can generalize from training on
.'..,- small crotlems to larger preblems (e g., from the 4 disk versicn of the tower of Hanoi to the 6 disk
,..,_; versiont. Cn the cther hand. f the cogmlive architecture obeys a recursive control regime, such as
]
Q: a stack regime. the acquired program could use the same pieces ¢t knowiedge for all levels of
\ recursion. which accounts fcr how people can transfer their competence from the 4-disk to the
_:-:-:; 5-cisk puzz'e © This sllustrates that the control regime 1ssue 1s not only an important one, but one
N that makes tastiple predictions
\" ‘A zrzer 37.Tenrt Wil C tave 'S e tths.ceradly Tare comzicated than this Sre ! aoL ¢ have o shew hat studerts
325.'eC drerI Tt 4@ Ir33°3™ ars - 3T 'erall.e sre See JarlLern 1383) ‘or 3 crocer argument i supcert 3t recursive
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R This anticle delineates four recursive control regimes (section 1), presents an experiment
5' -
isection 2), and shows that the experiment's resuits, when combined with other data from the same
:.'.; task domain, are compatible with only one of the four control regimes (section 3). However, when
:‘f a simulation model based on this control regme is fit t0o the experiment's data (in section 4),
B
_.. several reqularities are found that are not consistent with the usual hypothesis that a subject has
L)
¢ just one mental program for a task. It seems instead that subjects acquire several strategies during
) -
J':- training and switch among them during testing. The architectural implications of these findings are
L v, o
2 . .
N discussed in section 5.
. 2. Control Regimes
w4
_",: The four control regimes are all recursive ones. There is convincing argumentation that
>
e procedural knowledge is hierarchical {Simon, 1969), and recursive control regimes are the most
1 1 natural control regimes for such organizations. Although there is only a little direct evidence tor
Frr _ . .
f\-.— recursive control regimes (VanLehn, 1983¢), most current accounts of cognitive architecture
--:’
j',, assume some type of recursive control regime (Anderson, 1883; Laird, Rosenbloom, & Newell,
{8 Jhi)
£ 4o 1886 VanLehn, 1983b).
. .
-~ l. N . . .
- In cornputer science, control regimes idealize the mechanisms they describe because they
:':: do not mention the capacity limitations of the control storage. In early LISP, the stack was limited to
[
s,

rclding a few thousand function invocations because it was in fact implemented by a table of finite

1)

size However, the control regime is still called a stack regime, because the last-in-first-out

WA
-
: .-',: crotocol s the appropriate charactenzation of its behawvior. In applying the control regime idea to
[} ".\
oty ccgmitive architectures. we will continue the tradition of ignonng capacity himitations. In par, this 1s
B
LA
0 secause the old story of seven chunks of short-term memory has developed into nch, complicated
A set of hypotheses (see. e.g., Zhang and Simon, 1985, or Schneider and Detweller, 1987). For
08
:'.-:' rstance, there is evidence that massive training increases the apparent capacity for temporary
W . . . . ) _
nformation {Chase & Ericsson, 1282). Clearly, execution of cognitve procedures is something
e, -
S acdults have had much practice at. Perhaps this practice has caused them to develop a large
»
K -Q-_: capacity memory tor temporary control information.  Although it is not yet clear how one should
Sy
» ." e
:} accly the mere recent work ¢n short term memory to the control component of cognitive
K,
il archatectures, it would clearly be rarve to assume. for example, that a stack could hold at most
G
o
LS
v\._
N
f
o

II

1ERS




seven goals.3

Unlimited capacity for contro! storage is also the idealization employed by current work on

architectures (op cit.). Mostly, this idealization is left undefended. However, Anderson (1983)

explains that when control information is forgotten due to capacity limitations, the person will
reconstruct it as needed from the state of the external world. Although no one has tried to model

this reconstructive process or investigate it experimentally, it seems intuitively plausible. Indeed. in

the "situated action" account of procedural behavior (Suchman, 1985), the whole notion of internal,

mental storage of control information is replaced by a reconstructive processes that constantly

interprets the external world (the situation) in such a way as to provide roughly the same

functionality as an unlimited capacity control store. Regardless of how control storage is
implemented, either as mental information or interpreted situations, the issue of control regime
remains. It amounts to asking what kinds of information are stored and what conventions govern

i1s access.
The four control regimes to be investigated are delineated in subsequent paragraphs.

The deterministic stack regime. Goals are accessed according to a last-in, first-out

Y]

j convention. Thus, when a goal calls a subgoal. the goal's state is “pushed” onto a “stack." When
-3 the subgoal 1s completed, the goal is “popped” trom the stack and resumes execution. The usual
\ stack regimes (i.e., in computer languages such as PASCAL} have the added convention that the
orcer in which subgoals are executed is fixed. Every time a goal 1s processed, its subgoals are
executed in the same order. Usually, the order in encoded by the order in which the subgoals
E appear in the rwritten) program. We call this stack regime the deterministic stack regime because
) subgoal orders are fully determined. This control regime is used by Repair Theory (Brown &

VanLehn, 1380; VanLehn, 1383a; VanLehn. 1883b), ACT" {Ancerson. 1883), GRAPES (Anderson.

I™ng arcritecture terature uses ‘he 'erm "3cal” for the units of moguianty n orocecural knowiedge SO we use substitue

3Ta° Cor ‘unchicn’ or Srocecure’ when acociying he Corlrol fegeTe Cea 0 1837 1SN~ acciion 10 acurg as units of
"31 maCuaryy many joais a'so cescrce a s'ate that the person wouid txe the werid 10 ce in  However here are some
TIISTCUS 38a3 5.E™ s M.ge O™ Lse’ hal tarnol Te smey 2xlressec as orec tales In lhe state of e word
\arecver wrer ome nes 10 3. TL3le even Toderaley SSMC.Caled 2eobem sSvirg 1S ecuertly necessary !0 use such
’ 5'3le- 2557 3CA'S 10 ICrUCH M execuls” It me sTL Attt  rottg artse we wil assume Jny that goais are unils of
* Igriror arg ~otirat 3oas scecty cesred slaws 3tme werd
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"l Farrell, & Saurers, 1984)% and other cognitive models.
:'1."-
" The nondeterministic stack regime. This control regime also accesses goals according to
¢ W
P 2 the last-in-first-out convention. However, the subgoal order is not fixed. Instead, there is a distinct
“s . , ‘ .
“‘;\ component of the program that is responsible for choosing which subgoal to execute. The
1,
. *”, knowiedge encoded in this component is called a scheduling strategy and the component of the
oy / . , :
. " architecture responsible for enacting the scheduling strategy is called a scheduler. In the
NS
*'* architecture literature, GPS (Ernst & Newell, 1869; Newell & Simon, 1972) was the first to employ a
N
! nondeterministic stack regime. It obeyed a nondeterministic stack regime when it was configured
_ to perform means-ends analysis. When the current goal has several unsatistied preconditions, GPS
e _
S treats these as subgcals and uses a simple scheduler to choose which one to work on. Neweil's
LA
group's most recent general problem solver, SCAR (Laird, Rosenbloom, & Newell, 1986) has a
gy
: " much more powerful scheduler. However, SCAR still enforces the last-in-first-out convention that
bl characterizes means-end analysis. All subgoals must be satisfied before a goal can be popped
L5 from the stack.”
1,:’,
‘S
2] . . )
R o~ The tree regime. Architectures obeying a tree regime remember ail goals ever invoked
X .
K. during the course of solving a problem and allow unrestricted access to all of them. The goal-

v
h NN
Pulalst

subgoal relationships are aiso stored. which means that the stored information can be viewed as a

.---,-ﬁ
P
d a
5

« 3]
&

tree of goals. As an illustration, suppose someone is following the goal recursion strategy for the

3-Zisk tower of Hanol f1.e., to move a pyramid of N disks from peg S to peg 7. move a pyramid of

¥
-

(5 . M-1 disks from peg Sto O move the Nth disk from S to T, then move the pyramid of N-1 disks from
n_"
X-": Z0 T, Thre top goal in the tree :see table 1}is “move the 3 disk pyramid from peg A to peg C
i
B Cirectly beneath it are the hree subgoals (1) Move the 2-disk pyramud ‘from A to B. (2} move disk 3
Dy from Ato C. and {3) move the 2-disk pyramid from B to C. Beneath the first subgoal are three more
1% . .
};,,- goals (1.1) move disk 1 from Ato C. (1.2} move disk 2 from Ato B. and :1 3) move disk 1 from C to
-‘.\-‘
_.-". 8 After the person completes the first move, subgoal 1.1 15 marked "satistied.” After the tirst three
¥
-7
| . PSRAPES steres 32a's N A ree As ad e seen shorty Slorng a 30al Yee alcas an archleclLre 10 e~cdy a ree
YA ‘ez ™e However GRAPES zetauit screlu mj svalegy § 'O searcn 'he lree Jecthrit ~oent s-torcer urtittncos a
-_".-:' cerZng 3Cal 2 3 3ca itatcan Se execuled T s sitdlegy mears nal 5RAPES zeraltizorsi ez e s aceermnsic
._ 5tazx regime ~owever a GRAPES program can use soecial devices !0 eait ihe jcal ree arter 1 nas oeen buit and h's
NN ~ 37t alcw one 'g implerent sther cort si reg mes han ~e ce‘au!t are
) ? *STAA ~as an Lngocumertec mecraris™ ‘or sus0erc 3 and resumirg cartally come eled 30als Sullis rarey Usec o
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\ moves, goals 1.1, 1.2, 1.3 and 1 are marked satisfied. On the fourth move, goal 2 is marked done,
> and goal 3, move the 2-disk pyramid from B to C, is expanded producing three subgoals.
" Execution consists of expanding goals and marking goals satistied. Tree structure is never
‘\‘

- deleted.
-
. _ A

. Move 3-disk pyramid from Ato C

A 1. Move 2-disk pyramid from Ato B
-~ 1.1 Move 1-disk pyramid from A to C
. 12 Movedisk 2 fromAto B

o

13 Move 1 disk pyramid from C to B
Move disk 3fromAto C

Move 2-disk pyramid trom B to C

3.1 Move 1-disk pyramid from B to A
4 3.2 Move disk 2 from B to C

',: 3.3 Move 1-disk pyramid from A to C
]

Table 1: Complete goal tree for 3-disk tower of Hanoi solution

wn

‘ In computer science, tree regimes invariably employ a scheduler that is allowed to pick any -
. pending goal, where a pending goal is leat of the tree that is not marked "satistied.” A scheduling -
~ strategy determines how the scheduler makes its choices. Consequently, a tree regime can do
v .
\ anything that a nondeterministic stack regime can do.
L.~ However, the tree regime permits a behavior, sometimes called co-routining or time-sharing,
-
- wherein control alternates back and forth between two or more tasks. To see how, suppose that a
» tree has two main goals, A and B, beneath its top node, and that A and B both have numerous
l‘
'.‘: subgoals. The scheduler can pick pending subgoals of A for a while, then pick subgoals of B, then
N
~ go back 1o choosing subgoals of A. This alternation is a form of pseudo-parallet processing. It can
2 not be done by a stack regime.
%
.’ There have been no experimental tests of whether people can co-routine. In part. this is due
"
= t0 the types of tasks studied in the Wterature. Some tasks. such as the tower of Hanoi. do not
™ permit the ysual recursive solution procedures to be executed in co-routine fashion. Refering back
to the tree mentioned earher. the puzzle is constructed so that a person physically cannot work on
. goal 3 until goal 1 nas teen completed.
7
? In lieu of expernmental evidence, we can consult the intuiion about whether people can
» cs-routine. However. the intuiion fails to give a clear answer. For instance, an experienced cook
o
-
i
q
b
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can aiternate between chopping vegetables for a salad and basting a roast. At first glance, this

apparent co-routining seems to show that the architecture obeys a tree regime. However, because
we do not know what the expert cook's procedural knowledge is, we can not say with certainty that
salad-making and roast-basting are adjacent goals in the meal preparation tree. Their subgoals
could have been combined into one large salad/roast goal while the cook was !learning how to
orchestrate a meal. This salad/roast goal could be executed on a stack regime architecture,
yielding the same surface behavibr. Indeed, the circumstances under which beginning cooks could
perform the salad/roast co-routine are unknown. They might need to use a timer, in which case a
different, less powerful control regime (e.g., a stack regime with the ability to handle interrupts)
sutfices. The moral of this homely example is that one can not infer the control regime directly from
surface behavior. One must know the structure of subjects’ procedural knowledge. This important

methodotogical prerequisite is discussed again later.

The tree regime has the odd property that satisfied goals are remembered forever. This
might be approximately correct, if goal storage is implemented as episodic memory of some kind,
or it could be just an idealization. The last control regime permits co-routining but store goals more

economically.

The agenda regime. The agenda regime is like the tree regime, except that only the pending
goals are stored. The goals are viewed as an unordered set. As an illustration, consider again the
tower of Hanot example. After the first move, the agenda is {1.2, 1.3, 2, 3}. Just after the fourth
move. the agenda is {3}. On the next cycle, the scheduler picks goal 3. Processing it modifies the
agencato be (3.1. 3.2, 3.3}. Goal 3 has been removed, since it is no longer pending, and its three
subgoals have been placed on the agenda. An agenda control regime supports co-routining just at

the tree regime does.

Aithough agenda control regimes are commaen among current Artificial Inteilligence problem
solver (see Nii(1586) for a review of a pamicularly popular one, called the black-board architecture),

no cagnitive architecture has employed one. It would be an interesting cirecticn to explore

This ccmpletes the introduction of *we four control regimes to be considered here. There are,

of course, many other control regimes in computer science. For instance, we are ignoring control

regimes for object-oriented programming languages. We are considering only control regimes for
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von Neuman style architectures because those are the ones that have been empioyed successfully
in explaining human problem solving behavior and skill acquisition. Connectionist architectures are,
so far, the only challengers, but they have a long ways to go before they can model behavior that
takes longer than a minute or two. We are interested in problem solving that takes several minutes

or hours to perform, so we have concentrated on von Neuman architectures.

3. The experiment

Before discussing the experiment per se, some methodological issues will be raised and

dealt with.

3.1. Methodological issues

It is difficult to unequivocally determine which control regime governs the cognitive .

architecture because one control regime can emulate another. For instance, a nondeterministic

stack regime emulates a deterministic stack regime when the scheduler employs the scheduling
strategy of ordering pending goals by their order in the procedural knowledge structure. Indeed,
the four control regimes under discussion happen to tall into a total order. When listed in the order
*1; cetermnistic stack regime, (2) nondeterministic stack regime, (3) agenda regime, and (4) tree
fegmﬁe. each control regime can emulate the control regimes that precede it in the list. The ability
ct one control regime to emulate another means that the determination of controi regime might
nave !¢ rely cn assumgtions ot simplicity and parsimeny. If subjects are acting in such a way that
the determunistic stack regime can model their behavior. then all the other control regimes can
mccel ther tehavior as well and one would have to invoke parsimony and simplicity in order {0
argue that they are actually using a deterministic stack regime. As it turns out, this particular

methocological citficulty dees not anse. since the data favor the tree regqime, which ncne of the

otrer regimes can emulate

A second difficulty in determining a subject’'s control regime is that it is not the control regime
alone that determines the sutject's problem sotving behavior. The subject is executing some
prccedure or plan. As diustrated earlier. given an appropriate procedure, even the weakest control

regime can act just like the strengest.  So inferences about the subject's control regime are
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impossible without some knowledge of the procedure that they are executing.

in order to make strong assumptions about the procedural knowiedge being executed, we
choose a task domain in which skill acquisition s well understood. The subjects’ task 1s subtraction
of multidigit whole numbers (e.g., 324-68). There are several comments 1o make about this task

domain.

Uniike the classic 1970’s studies of puzzle solving, where subjects are given a description of
the solution state and asked to find a path to it, the subtraction task gives subjects a procedure and
asks them tc follow it. However, these two types of tasks are not as different as one might think.
Often, the subjects in puzzle solving experiments invent partial plans and follow them. Structurally,
plans and procedures are identical. and the control regimes that can be used in following them are
the same. So the ditference between classic puzzle solving and procedure following is only in the
source of the plan procedure being followed, and not in the way that that procedural knowiedge
structure is followed. Consequently, the claims presented here, supported by a procedure
‘ollowing task, may aiso heid for planning tasks. Further research would, of course, be required in

order to test this purported generaiity.

Despite the fact that subjects are taught a procedure for subtraction, one can not assume
that that specific procedure s the one that they are following because skill acquisition may not be
so straighttorward. For instance. it 1s known that some students follow buggy procedures, which
are systematic and stable procedures that happen to yield incorrect answers (Brown & Burton,
1878: VanLehn, 1¢82). However, there has been extensive work on how subtraction procedures
ara acquired. A model exists that explains why some students develop bugs (VanLehn. 1883b:
‘JanLehn. 1983a). More impertantly for the purposes of this paper, this model generates a set of
crecadures, called core procedures. that are potential outcomes of instruction in subtraction. Some
ot the core procedures have been observed (albeit. indirectly), and others are predictions about
crocegdures that may be observed in the future. We will assume that the subjects in the experiment
rzported here are ‘ollowing one of the 30 core procedures generated by the model when it 1s

taugnt” with the same instructional material that the subjects were taught with (see

JanLehn(1883b), chapter 2). This assumption repiaces the simple (and faise) assumption that

subjects follow the procedure that their teacher intends them to learn.
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A by-product of this assumption is that when fitting a particular control regime to a subject’s
behavior, one must choose a core procedure from the set. Fortunately, for the data discussed

below, there was never any ambiguity; only one choice was appropriate for each subject.

Another caveat to mention is that the choices of a procedure and a control regime (along
with a scheduling strategy. i the control regme needs one) do not totally predict behavior. They
only predict behavior as long as things go according to plan. They do not specify what hapbens at
impasses, where the procedure:control regime says to do something which can not be done given
the current state of the problem. Impasses have been extensively studied (Brown & VanlLehn,
1980: VanlLehn, 1983a; VanLehn, 1983b). In situations where subjects may not seek help, they
resort to one of a small variety of heuristic repairs, which are local perturbations to the contro! state.
For instance. one repair is deciding to give up on the current goal. in the stack regime, this is

implemented by popping the stack. In the tree regime, is this implemented by marking the current

goal and all its subgoals "non-pending.” Our theory of repairs (called Repair Theory) specifies this .

set, although it does not indicate the circumstances under which subjects will choose one repair in :

preference to the other applicable repairs. This means that matching a model to a subject's
behavior requires fitting a parameter, the chaoice of repair at each impasse. Because repairs
perform such local changes to the control state, this parameter does not allow much control over
the model's behavior. (In particular, one can not get one control regime to emulate another.) This is

good, because it usually makes the choice of repair at each impasse unambiguous.

A last comment is that subjects do not always do what they intend. They sometimes make
unintended actions, called s/ips (Norman, 1981). To deal with slips, we edit them from our data
{see the discussion below), along with intended behavior that lies outside the task domain, such as

rewnting answers to make them more legible.

To summarize, there are four major difficulties 1n determining a subject's control regime: (1)
some control regimes can emulate others, so simplicity and parsimony may sometimes play a role
in deciding which regime the subject has; (2) all contral reqgimes execute a procedure, SO one mMust
choose a procedure when fiting a proposed model to a subject's behavior; (3) the control regime
and procedure do not determine the subject’s behavior at impasses, so their behavior at their

impasses ‘if any) must te fit from a set of repairs: 14, shps and othere behavior from outside the

task domain infest the data. None of these cifficulties are insurmountable, chiefly because of
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extensive prior work on the particular task domain chosen for investigation.
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~n 3.2. Subjects and methods
~
y
:.- The subjects for the experiments were drawn from three third-grade classrooms The
>
A8
'\-" classrooms were pre-tested twice using a paper-and-pencil diagnostic test. We selected 33
R b
", students whose errors on the pre-tests either showed an uncommon bug or were not systematic
‘:_.:: enough to be analyzed as deriving from bugs.
~
'.l
4 o . _
Ry These 33 subjects were tested individually in a small room adjacent to their classroom. Each
student solved an individualized paper-and-pencil test whose items were designed to elicit the
N
O errors we saw on that student's pre-tests. tn order to collect the exact writing actions, the test page
O]
.
- was taped to an electronic tablet, and students fiiled out the test with a special pen. Equipment
)
*1‘ L.
B, maltunctions caused the data from 7 students to be lost. Tablet data from each of the remaining 26
B . students were converted into a sequence of character-writing actions, separated by measured
ﬁ pauses 5 These 26 sequences are the "protocols” used throughout this article as data. .
\,
o
’ 3.3. Resuits: qualitative version ]
L ¥
_ ’:;: It is difticult to summarize protocol data in a theory-neutral way, so this section will adopt a
o
: .t- classification that is useful for the purpose of comparing controt regimes, and summarize the data
! ' . . . . . .
b in terms of that classification. A later section treats the data in a more quantitive fashion. The
;,) observed orders are classitied into standard order, locally nonstandard orders, and gicbally
N . .
k ::] ncnstandard orders. A later section will show that ail three types of orders occurred. This section
)
._'.t- merely defines the three classes. along with some other nomenclature that will be useful later
-
0l We define a standard order 10 be an execution order that was taught to the students.
_::f_ Untertunately. we do not know exactly which standard order was taught. We know the textbooks
"~
}_.» that the students were taught from, but the textbook's examples and discussions are consistent
P
xC ~th more than one standard order. One would have to watch the teacher present examples at the
o
:l",
; .-;“, 37he gniginal purpose of the expenment was 0 !ind chronomelnc evicence for repair by measurng the pauses between
'1\ anting actons However, the pause data !urred out ‘0 be very noisy. Long pauses seemed !0 be caused mostly by
episodes of counting e g . :n order to determine a numper fact, such as the citterence between 15 and 7). by hacling with
“’?' 'me pen or by otner megretcally rreievant activ:res  Against this high background vanatsn n pause lengtn it woud he
,h’ c*icult 1o measure the curation cf repair episoges rejative (o the duration of non-repair actons We have not undertaren a

morough analys:s of the cause caia
g Y
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that some notation be introduced.

;
~ 13
1‘_‘-
-
O blackboard in order to determme unambiguously which orders were taught. However, under any of
L
B
N the standard orders permitted by the textbook, the columns are processed in nght-to-left order, and
:-',: all borrowing actions for a column are completed before the answer to the column 1S calcuiated. it
':jij: will be assumed that these two properties define the standard orders of subtraction execution.
"
1SRN
) We found that most subjects empioyed a standard order, but eight subjects ordered their
hRN wnting actions in nonstandard ways (see table 2).7 For instance, some students did all the
y v:?, borrowing first, on one night-to-left pass across the columns ot a problem, then returned left-to-right
[
K filling in the column answers. Although the smail sample size and and its biased selection prevents
us from drawing strong conclusions about the overall population, the fact that one third of the
O
:' sample used nonstandard orders indicates that phenomenon is not a trivial or idiosyncratic one.
-
S0
>
3 o Standard order 15
g Nonstandard orders 8
g ] No scratch marks 3
.r:: Tetal 26
«
:‘_J Table 2: Number of students with standard and nonstandard orders
:-:'4
a8 I
e .
{
. r:. For the purposes of comparing control regimes, it is helpful to divide the nonstandard orders
.P\.
T nto two classes: locally nonstandard orders and globally nonstandard orders. To do $o requires

e

i

A rule-based notation 1s used for core procedures. Table 3 shows a core procecure. Each

-:5"_-_. subscripted symbol is a goal. and each rule 1s a methcd for achieving the goal on its left sige. The
"-::-. subscripts indicate the way a goal passes arguments to s subgoals In the case of subtraction,
. the arguments always happen to be columns  For instance the rule C --> A F _, - means that the
:3 column processing goal, C. can be achieved for column | Ey achieving three subgeals accing ten
'::; 0 the top digit of column + (A ;. performing the borrow-from subgoal on the next column :F _,: and
X 3 taking the difference tetween the two digits of cclumn 1+ and wnting it :n the answer position ot
‘.‘, column i -, Alongsice =2ach rule s a condition incicating when tre rule s apphcaole. Thus. the
::'-E.' sule ust stated s acgncaple vhen ihe tep digit In column i 1s ess than the bottom digit 7 <B)

e
ool

G YN

[

'::' Thre@ Stugents Lsec ~355Cralzh marks  Lorseguerty we can ‘el aimost ~otring about the crder they used
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nny Sub - C, For each column,

S Ci - i When T' 2 Bi

.. Ci - Ai F|’1 7 When Tl < Bi

o F, = SO, When T, 20

\rﬁ\: Fl - Flo1 Ai SDI When T‘ =0
Table 3: A core procedure written in a rule-based notation

)

: ,:)

'j.'.-}_ This notation is designed to subordinate information which is not needed in the arguments
‘s
RN
S presented below. However, it leaves intact the feature of procedures that is essential for the
0 arguments, which is that they are hierarchies of goals. Infact, this procedure is recursive, because
D>
"-": the borrow-from goal calls itself. Such hierarchical, recursive knowledge representations have
. »

» f. . . .
,;»_ been widely used in cognitive science for representing procedural knowiedge (e.g., Newell &

AN .
® | Simon, 1372. Anderson, 1883: Laird, Rosenbloom, & Newell, 1886). VanLehn (1983) argues from
-:_: bug data to show that students in subtraction are best represented as having knowledge structures

§ "- "

i like the one in table 3.

Bt The set of core procedures contains 30 procedures, including the one of table 3 (VanLehn,
\, 1883b). Some core procedures are complete and correct, but different from the procedure of table
o>
. . . . . .

-.:: 3 in that they have slightly ditferent conventions for borrowing (e.g., for borrowing across zero, F,
o : . . .

3-,. >, calls F_, and 9, where 9, is a prmitive goal that changes the top digit of column i to 9). Other
RO
J procedures are partial versions of a taught procedure (e.g., if borrowing from zero has not been

ot
Y .
-\,f_ learned. then the rule F, - F _, A SD, is missing). Other procedures have overgeneralized or
e
i .
:J}_. overspeciatized test cenditions (e g.. C, borrows when the top digit in column i i1s less than or equal
20
e
== !c the bottom aigit).

2
‘.::-.:f A !race !ree s a way of displaying the history ot execution of @ procedure 1ts ‘eaves are the
.

:.;?_.: primitive, observable actions of the procedure. The nonleaf nodes are instances of nerprimitive
T goals. A node with its descendents corresponds to a rule: the node 1s the left side ot the rule.
AR nstantiated. and the descendents correspond to the subgoals on the rignt s.de of the rule

d ,_. Cescendents of a node are arrarged chronologically so that the lettmost descendent corresponds

s
: ‘0 the subgoal that was first executed, and the nghtmost descendent to the last sutgoal. This
P's XL

implies that the legves are ordered so that the primitive actions they represented occur in the
h J
-:.::'. 21-10-nght orger ¢t the leaves. Figure 1 shows a trace tree for a standard order execution of the
e
-'\ .,

‘o8 9 |
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- core procedure shown in tabie 3.
'. ‘
-
] When a procedure 1s executed so that the descendents of a node have the same order as
A
’ -
-{::- the right side of the rule. then one of the standard orders is generated. This is a consequence of
o
N

the learming model, {Vantehn, 1983a; VanLehn, 1983b} which constructs core procedures by

generalizing the example execution that the teacher presents.

Ok

Ay .

\:_‘ With the notations for core procedures and trace trees introduced. the subclassitications of

“::E nonstandard orders can now be defined.

h

)

. A locally nonstangard order produces a trace tree where the order of descendents of some

:E node does not correspond to the right-side ordering of the corresponding rule. The trace tree in

:C: figure 2 corresponds to a nonstandard crder execution, because the ordering of subgoals for

;i' borrowing does not correspond to the A F _, - order of the right side of the borrowing ruie of the

j core precedure of table 3. Indeed, none of the 30 core procedures use the order shown in the |
{:::3 trace tree, wherein the column is answer before borrowing is completed. Thus, the protocol shown -
“;::: the figure. which corresponds to the leaves of the tree. can not be modelled by a standard

execution of any core procedure. When we say that a person has a locally nonstandard order, we

- mean that there 1s no core procedure which allows a standard order execution, and there is at least
:j:f:j cne core procedure that allows a locally nonstandard order execution.
3 A glcbally nonstangard order produces a trace tree which is nonplanar, in that the branches
’ ~
N cross. Figure 3 shows a globally nonstandard order execution for the core procedure of table 3.

Notice that the bofrrowing actions of all columns are completed first, then the columns are

. answered in left-to-right order. There is no core procedure that allows this sequence of acticns 1o
Te executed in a standard or locally nonstandard order. 50 we say that t.s a globally nonstancard
e srder.

The main points to be taken from tris discussicn of the data are that there are three types of

s crders. standard. locally nonstandard and globally nonstardardand. and that ail three types occuf
P

Y b

‘:;: 'n the data. Moreover. the zrders often occur mixed together n the performance of a single
b

..-. student.
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4. Which control regimes are consistent with the data?
Each of the four control regimes will be considered in turn for their ability to produce

nonstandard orders.

The deterministic stack regime. A deterministic stack regime is the weakest control regime.
When a subgoal 1s being executed, the goatl resides on a stack, along with an index into its list of
subgoals. The index indicates which subgoal to call next when the present subgoal is tinished.
Figure 4 shows the stack at each cycle of interpretation during a standard order execution of the

procedure of table 3 on the problem 306-28.

In a deterministic stack regime, the order of execution of subgoals is fixed by the contents of
the procedure. The order is the order in which the subgoals were listed on the right side of the rule.
However, this tixed ordering makes it impossible for the deterministic stack regime to model even

the locally nonstandard orders, et alone the globally nonstandard ones.

Nondeterministic stack regime. The nondetermistic stack regime is the next step up in poweri

tfrom the deterministic stack regime. It does not fix the order of subgoal execution in advance, but
instead emgloys a scheduler that chooses which subgoal 1o execute. Thus, when a rule is about to
be executed for the first time. the scheduler chooses which subgoal from the right side to execute
first. The chosen subgoal s instantiated. the current goal is pushed onto the stack, and execution
of the sutgeal begins. When its execution is finished. scheduler chooses one of the remaining
subgoals as the seccnd one to be executed. When all the subgoals have been executed. the goal

1S popped and control returns to the goatl that called it.

The implementation of GPS described by Newell and Simen (1372) obeys a nondeterministic
stack regime and uses a simple scheduler based on a total orcer of goal types. When a goal is
Segun or continued. the subgoals are categorized and their types are 'ooked up in a list. The
sutgoal whose type occurs first 10 tne list is chosen for execution it two subgoals tie. because they
have the same type. then the model 1s underdetermined at that point. It does not predict which
choice the subject will make This 13 why the control regime s called a nendetermirusic stack

regime. The st of geal types s a parameter to the mocel it represents a scheduling strategy.

Since the types are task spechic. the scheduling strategy 1s necessarly task specitic as well.

T W WY
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For subtraction, a total order of goal typas would merely cause emulation of the deterministic
stack regime, so a slightly more powerful scheduling mechanism is used. Goal types are partially
ordered instead of totally ordered. A scheduling strategy is notated by a set of transitive,
antisymetric ordering constraints. For instance, the ordering relation S,>D; means that slashing is
preferred over decrementing given that both refer to the same column, i. This constraint will cause
the scheduler to first pick S, off the agenda when both S, and D, are on it unless, of course, there
is some other goal on the agenda that is even more highly preferred then S,. Once S, has been
executed and is therefore off the agenda, the scheduler is free to pick D,. Another example is the
constraint C>C, _,, which means that the column processing goals will to be processed in right to

left order.

The scheduler uses the partial order established by such constraints to choose one of the
remaining subgoals of a goal whenever that goal is begun or continued. Because the order 1s
partial and not total, it is possible for two goals to tie for first place even when they are of difterent
types. For instance. supgose that A>- is the only constraint relevant to the borrowing goal's’
subgoals. A, F _, and -. When the goal is begun. two goals will tie for first place, the add-ten
subgoal. A, and the borrow-from subgoal, F,_,. Thus, the model does not predict which goal will

be choosen by the subject. It will be consistent with either one.

This is. of course. nct the only way to notate scheduling strategies. It is merely the next step
up in power from GPS's notation. Indeed, it will turn out later that this notation is not powerful
enough to represent some of the regularities in the data. However. the notation does allow a
precise comparision of control regimes, which is all tt it we need of it for the purpcses of this

paper

The nondeterministic stack regime can be parameterzed so 'hat it will generate the locally
nonstandard orders as weil as the standard ones. Fcor instance. in order o generate th
nonstandard order Wlustrated in figure 2. the constrants ->F _, and A>- are used !0 orcer the
subgoals of berrowing. However. there 1S no way 10 parametenza the mcgel so that the globaily

ronstandard orders are gensrated

The agenaa regime Ancther type of CONrol regime uses an agenca as s goal memory. An

agenda s an unordered set ¢of insiantiated goals. When a goal 1s 2xecuted. 1 1s “rst removed from
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the agenda, then alt its subgoals are instantiated and ptaced on the agenda. Thus, an agenda
represents a set of pending goals. i.e., an unordered plan for all the things that need to be done to

finish the problem. Figure 4 shows the agenda during execution of the procedure of tigure 3.

An agenda '~qime requires a scheduler to choose which of the goals on the agenda to
execute next. The agenda regimes in Al have tended to use very complicated schedulers (Nii,
1986). Since this scheduler is part of a comparision between control regimes, it makes sense to
use the same scheduler as was used in the nondeterministic stack regime. This means that
differences in generative power will be due to the control regime and not differences in the power of

the scheduler.

An agenda regime ailows enough flexibility to model both globally and locally nonstandard
orders. The key to this fiexibility is that the agenda regime can mix the execution of subgoals from
two different goals, because the agenda allows access to a/l pending subgoals. The
nondeterministic stack regime allows access to only the most recent goal's subgoals. As an
dtustration of this power, figure 5 shows the agenda at each step of a globally nonstandard
execution order. The problem 345-189 is solved in two passes, with all the borrowing on the first
pass and all the column ditferences on the second pass. Table 4 gives a scheduling strategy that
wil produce this order. The agenda regime is the first of the regimes to be discussed that has

suthicient power to model all the observed execution orders.

The tree regime. The fourth type < ~ontrol regime for recursive programs is based on
keeping a tree of instantiated goals. When the procedure has finished, the tree is exactly the trace
tree for the procedure on that problem. During execution, this tree is constructed incrementally. A
system of markers is used to cifferentiate pending goals from those that have been executed. As
~ith the agenda regime, a scheduler picks which of the pending goals to execute. Again, we will
assume that the scheduler is guided by a scheduling strategy that is represented as a partial order.

Figure 4 shows a few cycles of interpretation using a tree regime.

The tree regime can emulate the agenda regime because whenever the agenda always
ccreesponds 0 the set of goals in the tr2e that are marked pending. In particular, both the tree
reqime and the agenda regime can handle all three types of orders. The agenda regime is shghtly

—ere elegant because it maintains the mimimal temporary state needed 10 do its job. The extra

ks
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Figure 5: The two-pass strategy running on an agenda regime
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C>C,.q Do columns right-to-left

- > Do column differences left-to-right
S>D, Do slash before decrementing

X _>A for X=F,.S.D.A Do all borrowing-tfrom before add 10
X>-.for X=B,AF.SD.S,0.Z, or9 Do column differences last

Table 4: Constraints for the two-pass scheduling strategy

nodes in the tree serve no purpose as far as scheduling is concerned. However, this is not a
sufficient reason to prefer the agenda regime over the tree regime. More empirical evidence is

needed. Fortunately, such evidence is already at hand.

In our earlier work on repair (Brown & VanlLehn, 1880; Vantehn, 1983c¢), it was shown that a
common repair is to retreat to a super-goal of the goal where the impasse occurs and resume
interpretation there. This kind of repair is called hierarchical backup. It is difterent from
chronological backup {the kind used in (Newell & Simon, 1372)) or dependency directed backup
ideKleer, 1986). It resembles a nonlocal "return” in hierarchical programming languages (e.g., the
catch-throw construct in CommonLisp). In order to function properly, hierarchical backup requires
that the architecture maintain either a stack or tree of goals so that hierarchical backup can easily
access a supergoal of the currently active goal. With an agenda, which has only pending geals,
backing up to a supergoal would require a reverse interpretation process to reconstruct the chain of
supergoals that called the currently active goal. Reverse interpretation is complex because it can
be non-deterministic. If a goal is called from two different supergoals. the reverse interpreter must
guess which one was in fact the one that called the goal. In short, the agenda just does not have
as much information as the tree, and moreover, that missing information 13 sometimes crucial for

the backup repair. The backup evidence shows that the architecture obeys a tree regime rather

than an agenda regime.

't seems that the tree-based control regime is uniquely capable of meodelling both the
crdering data and the repair data. We can tentatively conclude that the tree-based control regime

'S obeyed by the mental architecture that human procedures are executed by.
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" 5. How well does the tree regime fit the protocol data?
‘"":: So far, the argument has been based on a gualitative treatment of the protocol data. it was
P asserted that some subjects, on some problems, used execution orders that only the tree and
\': agenda regimes can model. This section fits the tree regime to the protocoi data in order to
,‘;::E determine how much of the variability in student’s execution orders can be captured. This will yield
“ ‘~' an intuitive assessment of the absolute quality of the tree regime, rather than its quality relative to
I}, the other control regimes. it will also demonstrate the instability of subject's scheduling strategies
::‘ < over time.

=

‘\

. 5.1. The fitting procedure

t'; This section describes how the tree regime is fit to the data. There are three parameters that
:»:;:: must be given values: (1) the procedure, (2) the scheduling strategy, and (3) the repairs to any

W impasses that occur. The parameterization method is to first choose a procedure and repairs, then
. tit a scheduling strategy. In all cases, the choice of procedure and repairs was quite clear cut, so it
( was done by hand. Table 5 shows the procedures assigned to each student. ?
The choice of scheduling strategy was less clear. We had to find a good fit by running the .
.. 5 mode! with our best guess at a set of constraints, then examining the residuals. Residuals are
::Ef places where the model and the protocol disagree. There are two kinds of residuals:

e Underprediction: More than one pending goal is maximal according to the constraint
set, and the student's choice is among the maximal items. The model partiaily
explains the student’s choice, but falls short of exactly predicting it.

Cg

T
iﬁ: s Mispreciction: The student’s choice is not among the maximal pending goals. The
o~ mode! mispredicts the student’s behavior.

"; j‘ To arrive at a numerical evaluation of the model's fit to a stucent’s protocol, we counted the cases
'.,‘ ot underprediction and misprediction. In general. these two counts are inversely related. If the
‘:'.j-zi underprediction count s hign. then adding ordenng constraints will bring that count down.
However. this usually causes the mode! to make some wreng choices, driving the misprediction
v count up.

_".. .
::'::: in general. we preferred 1o minimize mispredictions. A mcdel that predicts that the students
o

':_;,n scmetimes act on guesses 1s preferatie to a model that precicls that they have a scheduling

.
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.r:‘. F| - 91 FI0~1 F - F|¢1 AI S| Da
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A Robby Primitives
C, - - -, Take difference in column i
W Ci-oA Fy - A; Add ten to top of column i
.::. F, - SO S; Slash top digit of column i
"q.: D, Decrement top digit of column i
o> Trina SD; Slash and decrement column i
oy Lo - 9, Change top digit of columnito 9
. Cy - Ay F;.i %
o F — SO,
e F oA F_,
S
."‘.
s, Table 5: Procedures for the Nonstandard order students.
v Hilda, Trina and Robby have bugs. The others students are bug-free.
. .
hotr,
oy strategy that they do not obey.8
o
e Table 6 shows the best fitting models for the eight nonstandard order students. The
g
-\, scheduling strategies for all the students except Tanya included ordering relations needed for
v
M.
:.' standard procedures to be executed in such a way that they produce a correct answer. We call
& *"
N -.: these the base set of relations. Table 7 lists them. They are included by reference in the figure 6.
Lo
Tanya's constraint set included some, but not all. of the base relations.
\::
A Table 6 shows that the number of underdetermined choices is high. It ranges from 8% to
-Vt
x}'; 51°% of the total number of choices made during the protocol, with a mean of 33%. This is not
Sy
good. Taken literally. it means that the students are guessing one-third of the time
X,
&
o .
N
‘\ iT~pre s a secard reassn ‘or avgicing Tsgreciclicns, which s hat misprecictors are rnarder ‘o caunt than
\‘. .~cerorearctiors When a model has been ‘crced 10 take a chorce that it wouid not have chosen itsert it s frequently the
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NN Subject Miss Under  Total Scheduling strategy
e Angela 0% 46.3% 138 A >A F _>A, SD; >A,
.~'_':.- FI,]>-|. A >~ base
o Hida 0% 163% 123 F.1>A, S >A, - >C,_, base
" ;-n
e Janine 0% 426% 155 A>F_ . A_>-,.SD_>-,
" SD|.1>C|' 91>F|01' 9|.|>-|' base
e
SO Paul 0% 196% 158 A.>AL F L >AL S A,
; ‘::{ AI>CXo1' —|>C|o]' base
W%
‘G
T Pete 0% 51 0% 100 Fios>AL S >A, - >~ base
v Robby 0% 43.4% 145 SO, >AL A >- F >-
oy SD;, >~ base

~ '
ey
i Tanya 0% 7 9% 114 SD,, >A. 9>F, .

o X>- for X=F, SD, A S, or9,

g X,.>- forX=F.SD, A S or9.

. Trina  1.4% 447% 143 A.>-.SD,_>-,SD_>A, base

L Table 6: Best fitting agenda models for the eight nonstandard order students. .
: Miss = Percentage of total choices mispredicted by the model.
AR Under = Percentage of total choice underpredicted by the modet.
! c Total = Number of agenda choices total.
\ ‘."»:
b ",':
.A

:) C>C Subtract columns from right to left
: X>C forX=F S.D.SD.9 A Change column before testing T>8

.

o A>-— Avoid subtracting larger from smaller

o S>D Slash before gecrement

o A>SD, Avoid decrementing 0 during 8FZ

= A>S Add10 before slash during BFZ
- A>D Add10 befcre decrement during BFZ
}'.j-f Table 7: The base set of relations
\‘.::

N
i '.:“.

) When we examined the students’ supposed guesses. we discovered an underlying pattern
:".-:‘. Some students use more than cne execution strategy. To ilustrate it we Il consider one student,
.

, Paul. in cetail. A facsimile of Paul's test sheet is inciuded as tigure 5 His protocels are given in
o
NS table 8.
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Betore going over Paul's protocol in detall, it should be mentioned that the protocol data tor
all the students has been edited in order to remove actions that can not be accounted for by the
simple core procedures we used. For instance, in problem 1, Paui actually did -y -, -, -, -3 He
rewrote his answers 1o the units and the tens columns, probably because he thought that they were
illegibie (they looked illegible to us, too.). The simple core procedures produced by the learning
model can not represent these extra actions, so they were removed from the data. The appendix
presents the raw data alongside the edited data, and explains why each edit was made. We feel

that the cleaned up data remains adequate for testing the fit ot the tree regime.

7 B P 4
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6 &4 7 83086 888§ g7
. 45 - 3 - 205 - a4 4
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- 23 - 3 - 28097 - 214
2 7 5 5 9 309 4 09 7
[ s g13 |° 10018 | osassgiz | 7 sass u
1 10 0 g 12 7 11
19737 £ d 19 19917 Vagga
- 2.1 % - § 07 - 21 4 - 43
159 8 3 4 08 97 98 7 96 8

Figure 6: Paul's test

On some problems (problems 12 and most of problem 11), Paul consistently decrements
tefore adding ten during borrowing. On other problems (problems 4. 5. 5. 3 and 9). he adds ten
and subtracts the column before decrementing Cn problems T ard 12 ne scmelimes decrements
first and sometimes adds ten first. The remaining problems iproblems * through 2 do not require
any borrowing, so we can not tell what scheduiing strategy he was using ‘cr them Consecguently,

‘he largest constraint set that avcids mispredictions 1S one that cces not take 3 stang on now the

decrement operation is ordered with respect 1o the other borrowing cperations. This five-member

constraint set 1s the one shown in in tatle 6 It exactly preaicts Paul's cerformance only on the
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! 1517273
212737
a 31273
~* 5.5,A, D055
) 6.5,A1-1 D353
.. 7.83A,-10,83A;03-585A3-304 4
b 8.5;A,-1D;8;A;,D0;5
SN
o 9.8, A1 D2S3A;-2D33
o
10.55 A1 D28, A3 0473
Ny 11.85 A -1 D85 05A4S,04A3S303A:53745
N \'
O 12.5,D4A3S3D3A;8; D5 A -y 57374
S Table 8: Paul's protocols
J\
V0]
s three problems that do not require borrowing. However, Paul's choices on the test can be almost -
:'_'.—: exactly predicted if the model employs one constraint set (i.e., the original five plus - >D, ,) on -
ij some problems (problems 4.5.6.8 and 9, and parts of problems 7,10 and 11), a ditferent constraint
{ set (i.e., the original five pius D, ,>A;,) on others (problem 12 and the remainder of problem 11), )
i A . . .
: .'_t and a third constraint set on two columns in the middie of problems 7 and 10.
N
.Q. Paul is not alternating randomly among the possible legal orderings of borrowing operations,
as the scheduling strategy of figure 6 predicts. There are several more permutations of borrowing
Sl
:: operations than the three that Paul uses.? Paul has definite preferences about which orders to do
o .
_.'_-:'. borrowing, and these constraints sets capture them exactly.
Gt
J‘:'.;
bS]
. We tound similar patterns for six of the eight students with nonstandard orders. TaGie 9
.-::: shows the results of fitting the model to minimize underprediction By using multiple constramt sets
":::: The appendix presents the stratagies fit to each student.
-“4.
S v _
'n three cases (Hilda. Paul and Tanya), we found sets of constraints that would yield an
) . . ) v
Kn gt exact match. incicating that the students were alternating among multiple scheduling strategies. In
§ 2
al
o
:','
7 IT~ere are trree croers that Paul dces notuse 1) acd 'en sash cecrement. diference (2! add ‘en siash ditererze
\,, Zecrerenrt 3yacdlen werence §asnh Jecrement
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) Angela 1 3.6% 14%

q; Hilga 3 0% 0%
» Janine 4 0% 7 1%
2 Paul 3 0% 0%
' Pete 3 0% 5%
ko Robby 3 0% 5 2%
A Tanya 2 0% 0%
' Tnna 1 8.4% 0%
:} Tablde 9: Fits. allowing muitiple scheduling strategies

Sets = number of constraint sets.
Miss = Percentage of agenda choices mispredicted.
Under = Percentage of agenda choices underpredicted.

23y

: -’ three other cases (Janine, Pete and Robby), the use of multiple strategies instead of one helped
* the fit, but did not yield an exact match. In the remaining two cases (Angela and Trina), using two
P, or more strategies did nct help the fit much at all.
Fit with one scheduling strategy 1
Fit with two or three scheduling strategies 6 :
: Poor fit 1
= Total 8
i Table 10: Summary of the fit of the agenda model
.'-.'

’
37 4

The overall fit of the model is summarized in table 10. It shows two basic findings. First,

good tits were obtained for all the students except Trina. We judge that the modei's fit to Trina s a

" : U;’/.".'."-;

“geor” fit, although it is not as bad as the fit of, say, the deterministic stack regime 1o her protocol

- A2 :ust can not see any pattern in Trina’s performance. The seccnd basic finding is that 75% ¢t
:::: ‘he nonstandard order students seem to be using multiple schegulng strategies

: We conclude that the tree reqime allows an excellent fit 10 the data. tut that it fits we!l only at
A

-2 *he cost of adding a mystery: what causes students to shift strategies? The next section presents
k™ -

N our speculations on this issue.
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6. Multiple strategies: what, when and why?
At tris time, we do not have an explanation of why scme students have muitiple strategies
and what causes them to shift among them. However, there are some interesting aspects (o the

multiple-strategy data that hunt at the underlying causes.

The first question to ask 1s what sornt of strategies tend to appear together in one student’s
behavior. There is no way to answer such a clustering question in a principled manner, so a
heuristic, intuitive classification will have to suffice. The eight subjects can be classified into two
groups of four each. The tirst group (Hilda, Paul, Robby, and Tanya) have strategies that differ
only in the way they crder the subgoals of borrowing, whereas the second group (Angela, Pete,
Janine and Trina; have strategies that differ in the way they order the column subgoais. For
example. Tanya is in the first, "borrow varnations” group because all her strategies are similar. She
always does all her borrowing befcre any column is answered. She borrows from right 1o left, then
she answers columns from nght to left. However, she uses two strategies for borrowing.
Sometimes she adds ten then borrows-from. and other times she borrows-from then adds ten. So °

her strategies are minor variations of each other.

We conjecture that students in the "borrow variations” group actually have a singte, uniform
strategy. but our representation for strategies can not express that strategy In fact. we found
uniform strategies for two of the students. Paul and Tanya. Tanyas strategy can be expressed as
ifi=1then A>F  else f 1=2then F >A_ Paul's strategy (except for protlems 7 and 10! seems 1o be
f borrowing from zero. then D _,>A else ->D . These strategies are concitoral on the state of

the problem solving, so the partial orcer cannot express them.
g

We have deveioped a more expressive representation for scheduung sirateg:2s as well as a
pregram that will autematically fit a strategy. 2xpressed n his reprasentaticn 2 *he siriel!s

oehavior ‘VanLenn & Garhick. *287  Aith this ool we hepe o discover orec:se L~ fsrmsirgles2s
o
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his chances of getting them right by using the teacher’s strategy. This implies that he knows two

aistinet strategies, his and the teacher's, and uses meta-cognitive reasoning to select one. This
explanation is consistent with a phenomenon that has been occasionallv observed but has not yet
received systematic investigation. Some students seem to have two or more distinct procedures.
For instance. one student we interviewed answered a whele test by taking the absolute difference
N 2very column. even those requiring borrowing. Afterwards, the interviewer asked her if she knew
atout borrowing. She said she did. and showed us by answering two borrowing problems
ccrrectly. Resnick and Cmanson 1986) observed several subjects who seem (o have multiple
cracedures Cnly a ittle prompting their “prohibition” condition) sutficed to make them switch from
3 Cu3gy procedure to a correct one. Paul is similar to these students in that he seems to know two
2.stnct strategies believes they both give correct answers, but have different resource or accuracy

Zraractenstics

't this conjectured multiplicity of procedures and strategies withstands empirical testing, then
cre ot the central assumptions of cognitive modelling must be modified. it has always been
assumed that subjects in skill acquistion and problem solving experimenrts have just one
xmcwlecge struciure, but these fincings indicate there might be several, with a "big switch” that

Sz eCls one or the other

Aithougn the patterns of behavier in the borrow varations group may soon yield to
Z«z'aratens with mpontant theoretical implications, the patterns of behavior in the other group
A-22a sanmire Pete gnd Trnina; are more ditficult to understand.  Intuitively. it appears that all four
sT.I27isostart out weth a standard order strategy at the teginning of the test, then become
~Z-23sing ~orstancard towards the end. All four ended with a strategy that involves answenng
ZTumrs noa "wid' orger, 1@ one that is neither nght-1o-left nor left-to-right. One possible
=2 373'cnforthis behavicr s trat 'tey beceme ncreasingly cerhdent as the test progresses and
T=23n 0 show oft therr skills Trmere are. ot ccurse. other egqually plausitle exgianations

_lrezer3tie ampincal ard thacratzal acrk Ml me needed in order (0 understand and cifterentiate

CLIT 2xgrararces
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6.1. Execution of procedures as search

This section is speculative. It introduces a generalization of the tree-based control regime
that makes intuitive sense and connects the results presented earlier with the existing litterature on
puzzle solving. However, the results do not conclusively support this mode! over a simpler tree-

based model. This conjecture should be understood as an outline for future research.

Under the tree regime, two different mechanisms are searching the goal tree -- one is the
scheduler. and the other is the mechanism that does repairs. Both search for a goal to perform
next. We conjecture that they are the same cognitive process because the student is trying to
solve the same problem. The student's problem is “which goal should | do next?" and it should be
solved In such a way that the resulting solutions should look on paper like the standard procedure
nad been executed in a standard order. As both scheduling and repair seem to respect this
constraint, it seems likely that they result from the same process, rather than being two different

processes, as they are under the tree regime.

The proposed process is like classical problem solving, except that the problem to be solved )
s not at the level of the task, but is meta to the task. In particular, the problem is not to soive a

subtraction problem but to tind a goal in the subtraction procedure to execute.

As a species of imeta-) problem solving, one would expect the cognitive process to have
some of the attributes found in ordinary, base-level problem solving. [n particular, just as some
subjects alternate among search strategies while solving puzzles (Newell & Simon, 1972), one
~ould expect to find subjects switching among search strategies while doing (meta-level problem
solving. As mentioned earlier. most of the nonstandard order subjects do shift among strategies.
This does not explain why they switch strategies, nor where they got the strategies that they switch
amecrg. However, it 1s somehow comfonting that the same familiar mysteries appear in both meta-

2vel and base-level problem soiving.

This view of procecure execution seems consistent with abservatons by Suchman and
‘Aynn 1384, n therr stucy of office procedures. They stucied Clerks in a custcmer service ottfice
They fcund that much of the cailly werk of the clerks was not simp'y following the prescrited office
crocedures i 2. the cnes fcund in the procedure manuals of the corporation). Although some tasks

~ere accerrenshed accorcing to standard procedure. much of the time went into handling cases
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where the prescribed procedure could not be followed exactly. In such cases, the clerks may do
some complicated problem solving so that it will appear that the prescribed procedure has been
followed. Suchman and Wynn recorded the following account of a clerk who attempted to get a

customer to pay a bill when the bill is incorrect:

Okay, you call the buyaer, the buyer says, um, the reason why I'm not paying this is, | said | would
pay twenty dollars and sevenly-three cents for a carton, not twenty-four dollars and seventy-two
cants, wnich you bill me on this five thousard dollar snipment of paper. So then you say, that's all |
~ged 10 know, '8t me get back with you. Ycu get back, you go through your billing system, you try to
“ind out. you xnow, now 1t (pause): In the meantme, let's suppose time 1s running cut and you do
~ot nave U'me 0 get a biiling adiustment through  So you got to sit there and think, How can / gst
this oerson to pay *his invoice? It's wrong, they got the wrong PO, they biilea them wrong, accounts
Dayavie Coesn't want 10 co anything with .t. S0 you call them back up and say, I'm not asking you to
day serretrming that s ~ct cue Wrat | want you o do is pay pause) according 1o your PO. Pay the
~voice shon, ckay? Tmen ~e says, | wil ot pay that invoice short because I've had too many
orepiems win tmat. Uriess | et a typed :nvoice from you speciicaily. So you sit thare and thirk, |
€ant 3o through the Diilirg system. ts lco .ate. | can tyoe them an invoice. Set the system going
"roLgn tre Diing system at 're same ime. Cgorainate that so when he pays the check shor, there
W' D@ 3 paiance on e account  When the credit :ssues through I'll have the biiling department
~Qid 'hat crecl, cenver that credit 10 me, not cenver it 0 the customer cause the customer will
wcncer wry am | getting the creait f they think they're already gonna recewe a bill, nght? Then |
WOui@ ustciean up ther account ‘ater. But 'nthe meantime....(Suchman & Wynn, 1984, pg. 34)

This episode dramatically lustrates how complicated the problem solving of procedure
‘cllowing can te. This clerk is clearly an expert at it. Qur current conjecture is that nonstandard

orders and repair, which we have cbserved in our studies of subtraction, are just simple forms of

this type of problem solving.
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Appendix:

This appendix presents the protocols of each of the eight subjects exhibiting a
nonstandard order, and our analyses of them. There are eight sections, one for each
subject. Each section has three subsections: 1) the subject's protocol, annotated to
indicate our idealizations of it; 2) the constraint sets for each scheduling strategy: and
3) a figure showing how each strategy fares on predicting the subject's agenda choices.
The figures require scme explanation. The large tick marks indicate agenda selections.
The vertical stripe beneath a small tick mark is black if the strateQy correctly predicts
the subject's agenda selection, and white if it does not. In cases where the subject seems
to use multiple strategies, the figure also shows a bar. labelled “Union,* that shows the
best fit one can obtain by assuming ihe subject switches strategies.
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Pr An for Angel
-, 562
g -« 3 SDsz1,'1’°2,‘3
742
! - 136 SDz’Av'w'zv'a
: 50
. 23 SD,, A, -,
8305 . .
. . 3 [SD,, A,,SD,, A,, -, <write 1 in column 2> ],
‘5 213 °4
' 4 + We count it a slip that she borrows starting in column 1
p with 5 over 3; so the idealized protocol does - 1.2 ,-3 , -4
. 106
N - 70 SD; A 21073
- 716
{ - 598 SDsz1y'1|[‘2])'3
X
o) + She does a -2 instead of inttiating a borrow:; the idealized
N protocol does the borrow.
4 .
1564
. 887 SDz,A1,'1,803,A2,‘2,SD4,A3,'3"4
< 6591
. - 2697  SDy Aqy- 4, [-2],8SDy, Agy -3, -y
. « We count it a slip that she fails t6 borrow in column 2 ‘with
: 8 over 3; the idealized protocol inserts [SD3 Ay lenorto - 2.
- 311
. 214 [SD,;, A, -, ,[A;], -5 , [<crossout ans ;5], SD,, A,, -, ]
« We do not model this problem at all, because of a slip she
. makes in doing a Borrow-From-Zero over the 1.1 column 2
. (a slip she does not make in the earlier problem: 716 - 388).
*
‘
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o
'-szi 102
. - 34 SD:,, sz ['2 ,302, A1)'1]s'3
‘\‘
& - She inserts [- 5 ] before the sequence (SD2. A1, - 1], instead of after
" that sequence (as the idealized protocol handles ).
.
L
e 9007
.
Lo - 6880 -1 ,SD4,A3,[-3,5D3,A2,-2 ], -4
(W —————
' , + Sheinsents [- 3] before [SD 3. Ap. -5 | instead of following. Idealized
s protocol uses [SD 3. A 2, -2, 3 ] for the bracketed sequence.
- 702
N - 108 SogvszSDZvA1v'1v'2v'3
.:;.
'.:_\:
o CONSTRAINTS -
P \.-'
Base:
“
j"'.’n Ci>C i1
v Xi > Ci X=F.SD A
::*-j A| > SDI
-I-;'u A( > -y
( ' A1 > Ay - Neeged for Bormw-From-Zero
-_j:f'_‘_ Common:
.-:}- Since we only have one fully constrained set for Angela,
e common = standard orcer.
(d
_. Standard:
e Fo>X, X=C.F.A-SD
N SDi+1 > SD,
:l‘:-’ A > C 11
]
e >Coy
i SDi+1 > Ay
s Fii> A
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e
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40

647

885
- 405

83
- 44

8305

50
- 23

562

742
- 136

106

9007
- 6880

4015
- 607

702
- 108

2006

n nal tor Hil

“11°2,°3

1, "2, °3

SZsA1v021'1!'2

*15,°2y°35 "4

SZvoszM'M'Z

SZ’A1102!'1r'2"3

S2’ A1"1’DZ"27'3

1,583, D3, A -2, -3

1,54, A2,-2,D04 *

« The idealized protocol finishes answerning columns 3 ang 4. There is an

impasse on trying to decrement 4, because 1t is aiready decremented. She
does a Qurt repair. We model it as a Force reparr.

Sz'Dz’Av'w'zvsavAa'Dav'av"t

[S2), S3, A4, D3 -q,°2,"3

« We count as a shp her slash of column 2.

-1, [crossout ans , and redo], [S3], S4, A2, Ds, -2 =*

« The idealized protocol imshes answering columns 3 and 4.
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] ::f Base:
o Ci >Ci,
: X, >C; X=-,F,ASD
) Si >D;
- Ai>-j
oty
y-:\
- Common:
\ P> C|+|
¥ Si+i > Ai
R n:'; Fioi > A i *
-:'- X > C.ﬂ' X=F ASD
a5

-\
&Y Standard:

D\*] > A"

} Weave:
oy Ai > Dy,
" Divj> -

X Slash-Reminds-to Decrement:
e Ai > Diyy

1> Di-o-j

~ COMPARISON OF AGENDA SELECTIONS: HILDA
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LS
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el r L and anal for Janin
: \'r "
v 0
N )
i, 83
:::;' - 44 A118021°1)'2
LN
b ';-;\
e 50
<D - 23 Ay,8D2, -1, -2
ol —
o
.:.‘-‘. 742
- 136 Ai,-,SD,, -5, -
R - ’ ' 2y 72+ °3
. 106
-t - 70 “1,A;,8D3,-2 *
WA ’ 2 s "2
S
o + Janine does not do the - in column 3, since it is just a matter of
P bringing down a 0. The ideal protoco! does the - .
1 \
) 716
..(‘:‘ - 598 A1,SDz,A2,SD3,'1,-2,'3
NG
N5
1564
-f" - 887 A1,SDz,Az,Sos,Aa,SD4,'1,‘2,'3 *
g
J_ + This is another instance ot a neglected - in the last column. The
\:‘- ideal protocol does the - .
o 102
. &
_ - 3 A;,- ,[correctans, ], S9,,-,,SD, %
'-":\"
:'.: * Another neglected - in the last column. The ideal protocol does
\':\' the -
R
o 9007
L !
R . 6880 -1,A2,S893,SD4,-2,-3,-4
S9%3
OAY
s
A 702
:".c;‘: . 108 Ay, % ,9,,-,,SD,, -, , [rewrite 6 over column 3]
3. » She inexplicably rewntes the Decrement over Top 3. Also, she neglects
A to slash Top 2 tefere writing 9.
o
Oy 2006
'.':i . 42 "1,A2,'2,[93,S3], 8041'3"
:,‘f:.: + She does the 9. then the slash. The ideal protocol reverses the order.
::'_::
k-
N
. ]
SO
i

(R

. .

‘r(\. .q\', v
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10012
- 214 A‘ls5021A2y39378941805s'1:'29'39'4 *

R I

|

* This is another instance of a neglected - in the last column. The ideal

~ protocol executes the - .
)
. 8001
> . 43 A4,,S9,,S9;,8D4,-4 -3, "2 "1
Y
]
v-,' 401
I . 206 A1,S892 -19,-2,SD3, -3
- CONSTRAINTS
iy
Base:
-2 Xi > Cj X=F ASD,-.S9
ﬁ
b Ai >~
v Ci > Cl+1
“
:{
> Common:
:’ S8 > Fj
:I SDi+) > -
v Ai > Figq
2.
:,::'. Preptirst (Do everything except - on every column, then come back and do
. altthe - s in order from nght to left):
o
' TAis) > -
.z;' ‘F. > Ci
J-: "Fu] >y
&, 1> e
o C>-
! *SDi > G
3! * Needed because - no longer eliminates C.
o ** Needed because C is processed before - 10 1ts nght 1s done.
o
e
. PrepfirstLR (Same as Preptirst. but answers from left to right):
¥ Same constraints as Prepfirst, except:
'\.' <y > - insteadot - > .
i
15
49
5
DL
‘,‘,

R e



- - e o Palae LARe Al Ach it dhadi
.y e - - .

e

b
r

d \‘:'J
\ '-:."-.
N
L B .,
v v -4
--_f Reverse (Does A, then SD, then - when processing Borrow-From):
.'-_V. ->C
¢ S9iuj> - i
v‘ - Fi > -
e SDiyj> i Have to do any to the left because of the Write 9 Bormow-From-Zero.
‘. Frlo) > -i Have to do any to the left because of the Write 9 Borrow-From-Zero.
-
-
H o,
X

Onepass (Does the A and the - before proceeding to the Borrow-From):

P
->C
'_‘:' Sgh] > -
b 1> F Notice that this replaces the last three in the Reverse set.
) “': :‘ Fl > C| . ..
- SD.,¢> C, } Needed since the Cs are no longer aways eliminated by - s.

::l:‘_f NOTE that none of the foregoing constraint sets handles problems 7, 9, and 13, in
'_:.-._ﬁ. which she Interrupts her Borrow-From-Zero procedure to process a column.
.‘V'i._:
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b~ ! for Paul
~.
X
A 647
"
:‘.: . 45 '1!'2)['1"2];'3
AS
Ei' * Paul "stutters” in rewnting his answer in columns 1 and 2.
"
) 8305
N . 3 "1,72,°3,°4
S
e
o
" 88s
§ - 205 112,73
o 83
", - 44 sZyA1)'1102s'2

®
k- 50
b - 23 S2,Ay,-1,D,-,
562
- 3 SZvA1!'1'DZ!'2v'3
e
- 6591
'_ -~ 2697 32,A1,-1,Dz,33,A2, D3,-2, 34, A3,-3, D41'4
.~
::‘ 311
h':_‘.’ - 214 Sz, A1s'11021331A2s'21031'3
e
X 1813
s - 215 S2,A4,-4,05,83, Ay, -5, D5, -5, -4
::;{
g iy
WX 4015
b - 607 Sz,A1,-1,Dz,-2,54,A3,D4,-3,-4
S 10012
- 214 SZ’A1"1'D2’SS’DS’ A4v54’04'A3'S3'D3’A2’
N “21 735 "4y ['5]
g * Paul coes not write the cziumn 5 0" in the answer row
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8001
. 43 Sa4. D4, A3,8,,D;3,A,,S82,02,A4,-1,-2,-3,"4

—

CONSTRAINTS

Base:

Ci >Cl+1 ‘
Xi > C, X=F S DA
. Si > Di

Al > -

A| >S|
AL > A,

Common:
° - >C'+;
F‘¢1 > A|
Sie1 > A,

Siash-Reminds-to Decrement 1As in standard borrow, process the Borrow-From goal
and fts Siash subgoal, but then shift back to do Add10 and Diff, using :
s the slash mark 10 “remind” that the column needs to be decremented): :

A. > Dv..‘l

> Dw‘l
DI > D|¢1 .
C, » D } Needed for Borrow-From-Zero (which he doesn't do)

Weave (As in standard borrow. process Borrow-From goal and its Slash subgoal first, but
then shift back to do the Add10, then shift columns again to finish the
Borrow-From's other subgoal. Decr, before doing the Diff):

- A > Dy
:'. D‘Q.Y > -y
'-:. Dl«pT > SI
:}; Standard. Paul uses the standard order when he does a Borrow-From-Zero.
‘ Dl¢1 > A[

A >C 4
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M
4. » #8
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- P nd anal for P
N
\. N
" 647 ,
RN . 45 “1, -2, = [rewrite ans ;]
)
_‘ .{n::} * He rewrites his answer to column 2. The model does not.
‘.) 885
s - 205 “1y°2,°3
th:‘:-:
el
N 83
- . 44 S2,A4,D2,-1, -2
l‘-'
b
DN 8305
\.:: . 3 “1s°2, "3, "4
v
1
e 50
N&g - 23 Sz,A19'1vDZv'2
._:_:_ —
.
AR
I
ul 562 :
- - 3 SZyA1sDZ"’y'2"3
SO
- -,
- |
N 742
" - 136 “15°2y°3
A * Takes absolute cifferences instead of borrowing.
AN
el 106
oo - 70 S3,A,, D2,S, A
« Borrows when he shouidn't.
106 —- ‘e excluded these from ‘=2
idealzed protocol.
- 70 S3!A2v02’ 19 71y 72 P
+ Borrows when he shouldnt.
M) 311
'-:.'-’- - 214 Sg,D3,A2,SZ,02,A1,-1,-2,-3
) :j;;: * Borrows from "Zero” even though it's a 1
N
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6591
- 2697 321 Ah 021 33, sz DJ! 34’ Ds, A3,-1,-2, “3s "4

1564

* 887 Sz’A1’02’339A2!D3!S4!D4’A31'1!'21' *

+ He does not do the final column Diff when it's just a zero.

716
. 598 S32,A4,[S3,D3,D,Ag-4,-2,3

« Ideal protocol substitutes for his sequence (S 3, D 3, Dy ] the sequence
(02.53 03]

CONSTRAINTS

Base:
Ci > Ci
Xy > Cy X=F ASD
S, >0,
A> -

Common:
Fet > A,
Se1 > A,
A > Dis -

Weave
Ow‘, > -
1> Co

Siash-Reminds-to-C- zrement
P> D!o’
-1> Cian

Preptirst-Weave :Does all top crecessing in Weave-ike manner before writing anrv answers):

>t el

X > - X=C"FASD
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2 Protocol and analyses for Robby
e 885
" - 205 1172+ 73
e
¢ _.._-:
‘"N 8305
) - 3 117217374
s
o 83
s
w.:_ - 44 SDZyA11'11'2
N
o 907
N - 607 "1s -2y (-3}
A
o + He math-siips atcolumn 3: 9-6 = 4.
L
‘;_'. 106 " ”"
. 70 -1, A2, SDj3, -2, ["correct” ans 7], -3 .
-
f\.' -
:::-',. « He "corrects” his answer in column 2. The ideal protocol sequence leaves
L it alone.

s 6591

§
N

N - 2697 A,,SDgy, [- 2], A3, SDg4, -4, -3, -1
"y - Hedoes8-9 =1 !deal protocol does Borrow procedure. so for [-5 ], the
,.-

ideal does [A o, -2 . SD3].

g (&

“ 108
T - e -1, A2,SD3, -3, -2, [correct ans ;]
:’_:‘_:: + He math-siips at column 2 answer and corrects. ideal gets it nght.
~
-.;-_
¥ 1236
% - 497 Ay S gy A Sx g, e Agg oy
o + He does not write his decrement in column 2 or celumn 3, and tails to Borrew
T fram column 4. Iceal adds these steps.
i
1813
e - 215 A1’{.1}1* 1'21303a'3,'4
l\"\ ——
R
* : + Math-slip at cclumn 1. Robby does not write his SD 5 or A5 Ideal protocol does.
\."‘
. 102
Ay N
e - 39 A1,{~1},A2,SD3,-2,-3
_1? « Math-slipincclumn 1 12 -2 =4,
o
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3 A ? v M Bl od S shn des Bih s oA aon-a g A s A dan hon fia s A hha dla Abe Abh Al dhediesAhed w‘v“““wm-'"]
N , o 3
'y b,

o
Wt -
| § \ 52
1.‘:
f*” 9007
N - 6880 1) Az, 2, A3, -3,[SDy], -4
° * He decrements 9 to 7. Possibly he accumulates decrements, but we've modelled
N his Borrow-From-Zero as a No-Operation Borrow-From-Zero, so we dont catch this,
W and decrement 9 to 8.
"‘.’
N
o 4015
bk
-“- . 607 A,,-,,* Dz,‘z,Ag,SD4,'3,'4
At
X :: » He does not write the Slash in column 2. Ideal protocol does.
“":
P 104
:"': - 27 [53*]»A11'1:A2v'2"
» He does not write the decrement in column 3. |deai protocol does. Also,
‘ we can't get his order, given the No-Operation Borrow-From-Zero.
:::{ The Ideallzations at problems 11 and 13 point to problems with our model of Robby
L) at the core procedure level, i.e. giving him a No-Operation Borrow-From-Zero,
ry
o CONSTRAINTS
Base:

C‘ > C|¢.1

X > C, X=AF SD

A| > -

Reverse (When processing a Borrow goal, do A, then F, then - )

- gy N
L l' 1. ll 2 .‘ ..
O SN 2.

e Av > F:..‘
‘.;_ A, > SD st
_:‘ Fiet >
PRI SDiet > -
Onepass (Do A and - before doing F):

- A, > Foy
- Aj > SDj.{
A ':-: -y > Fj‘”
’ :((': > SDM‘I
s

hEN Standard: (NB: He only uses this order on problem 3)
'--:'- FI¢1 > Al
N SDist > A,

.::‘\ A > Cist
5=

W

v,

-

L,
A
4.9

h
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COMPARISON OF AGENDA SELECTIONS: ROBBY
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:‘j P n nal for Tan

v

~ 647

o . 45 1y 2573

!\‘; -

'

‘- 885
- - 205 "1y "2, "3
:::

~ 83

o . 44 Ay, 8Dy, -y,

¥

; 8305
B - 3 "15°2y°3, "4
0

o

50
-~ - 23 “1y 72

g —_—
&

N

>

s 106
i - 70 19 "2y "3

' 716

2 - s98 A,,S8D,,SDj;, A,,-,, -, [rewrite ans 2)s -3
-r * She rewrites her initially incorrect answer in column 2. ideal does not.
3N

- - 214 A1’SDZsSDJvA2"11'2s'3
-

) 102

- - 39 A1s929803)'19'2s'3

- 9007 ‘
"J - 6880 "1y "2y°3, "4
;
R W

4015
RO
W . 607 A1’SDZ’[A2)931* ]1'11'21'3!'4
i)
+ She slips and coes a borrow originating in column 2. Ideal does not.
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PEAA AL
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A
Jl
’.
<.
v

702

- 108 A1,92,SD3,-1,-2,-3

205
"1y, "2, "3

100
®1,y, "2 °3

CONSTRAINTS

Base:
A| > -
X; > Ci X=A F,k 3 8D (i.e. forthe same column)
Ci > Cis1

Common = Nailed
Xi >-j X =-
T2 e
Xj > C,
9 > F,+1
AT > F2

X=AF, 9, SD (ie, for any column)

> A } Note the completely reqular flip-flop she does.

SDis1 > A

CCMPARISON OF AGENDA SELECTIONS: TANYA
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N
f".' 22

&
T '-.,‘.;r;-._ )
l.Al) '(’. .l' .~ -I, .

P4

i)
Bt

LR |

S v % 'r"' )

nhaY

A0
N l- L)

P

EALL

P

W -
iRl e

742

- 136

106

716
- 598

102

8007

- 6880

4015

- 607

702
- 108

2006

. 42

10012
214

n nal for Trin

SDz,A1,'1,‘2

A1 (e I SDz"2v'3

Ay,+,SD2,-2,"

-1, [corrects ans 4], A;, -,, SD,;, »

+ She corrects her column 1 answer; she does not write 0 in column 3.

A1 1 79 ySDZy SD 3 A2,'2!'3

Ay A2, SD g =g 7y

"1, A2yA3,SD31'2)'3

SD3,-2,A3,-3,8D,, -

-

[SD,), Ay, -4, A;,SD,, -3, -

+ She does a weird SD of 0 in column 2, which the ideal protocol does not do.

-1, A, A3, SD4, -4,-3,-2

A1i'1 ’ SDZ$ AJ) Ad’ SD 1) A21'21°31'41'5

.




DN

- 57
nodg
ot
*«.;' 8001
s . 43 A1, -1,[S2], A;, SD4, [-4, 2, A3, [write 0 in column 2]
Yol
M * She does a Slash in column 2, and a write 0 over her 10 at some point.
N Wae also did not model the [-4 . - . A5] sequence, using instead (A2, -2, -3.-4].
o after the order in the previous problem, 10012 - 214,
\ )
A
e CONSTRAINTS
o
LGRS
SN Base:
e A>
X, > C, X =A F SD (forsame column)
_— Cl > C|+1
o
N Common:
‘\::-' Xj > C] X=AF, SD (fOf atl wbm)
:‘ > G
L
SO Onepass (When processing a Borrow goal, do A and - before deing the F):
A, > Fr+1
> F\-&T
Reverse (When processing a Borrow goal, do A, then F, then come
‘AL back for the - J:
s
Fint > -
::_:' SDie1> -
.--_. Ay >
J Fiop > -1 Needed to handle her Borrow-From -Zero procedure
-, SO 1+ > -1
ool
-
"‘ COMPARISON OF AGENDA SELECTIONS: TRINA

. Ureon
-t
i'-.-‘

-

. Onepes

A
-’ e
LA
LR Aeverse
-_’ "y

‘ L
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