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1. INTRODUCTION

In the area of model selection, various procedures have been proposed
in the literature and their properties are examined. In this paper we con-
sider a generalized information criterion (GIC) obtained by the information
theoretic approach. According to this procedure, we find the model which
minimizes

GIC = -2 log L(8) + c\P

where L(é) is the maximized likelihood and p is the number of parameters. :ﬁi
- r“
Akaike (1973) proposed to take cy = 2, and Rissanen (1978) and Schwartz Sﬁr
~

“ "‘{
£ o

X

(1978) proposed cy = log N where N denotes the sample size (see also Akaike
(1978) and Hannan and Quinn (1979)). Recently Zhao, Krishnaiah and Bai (1986)

considered the GIC such that (i) 1lim c¢,/N =0 and (ii) 1im ¢y /logTogN = +.

The above criterion is sometimes referred to as efficient detection (ED) cri-

terion. They used the criterion for the determination of the number of signals

under a signal processing model.

In the present paper, we propose to use the ED criterion for certain

problems of multivariate analysis. Sometimes statistician is expected to

predict the explanatory variables using some of the response variables under

the multivariate regression model. This problem is treated in Section 2 by

using the ED criterion, and its consistency is established. Here we may

note that Nishii (1986) pointed out the inconsistency of Akaike's AIC in

calibration. In Section 3 we discuss the selection of variables in discriminant

analysis. OQur interest is to find the variables which contribute for discrim-

ination between the populations. Section 4 is concerned with the seiection of

variables in canonical correlation analysis, i.e., among two sets of variables

we want to find which subsets are important for studying the association be-

% T 't:‘"‘:',

PN XA

tween two sets. The investigations for the above cases are made under a mild

condition on the underling distribution.

....................................................
.....
-----------
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K 2. MULTIVARIATE CALIBRATION
§
2 Let q explanatory variables x = (x1, ceas xq)' and p response variables
b y = (y], cees yp)‘ have the linear relation:
! y=at+g'xte (2.1)
)
¥
' where e follows Np[O,Z], a: px1l, 8: gxp and Z: pxp are parameters. Suppose
we are interested in estimating x by using observed y. If all parameters are
. known, the maximum likelihood estimate of the unknown explanatory variables
: x is obtained by
. A =1 = -1
x = (82" 8') BT (y-eo), (2.2)
!
N where (BZ-]B')_ is a G-inverse of 32-16'. However, if the last column of
[}
R | -
- BZI is zero vector, the response variable yp would supply no additional in-
A
formation on x in the multivariate linear model (see §4 of Rao (1973)).
Hence, we want to obtain the best subset of response variables such that each
of its elements has some information. For this problem, criteria based on
)
; information theory can be used. For a review of the Titerature on multivariate
' calibration, the reader is referred to Brown (1982).
Let J be a subset of indices of response variables {1, ..., p}. We say
g that "the assumed model is J" when we regard that yj (j €J) provides informa-
3 tion for x whereas Yy (j' £J) does not. We assume the existence of the
true model {1, ..., pt} = Jt but it is unknown and let Py < P This assump-
tion is equivalent to
)
. =g 2'13' if JoJd
ttt t =t ,
-1
B8 , (2.3) ‘
: J=JJ~J -1, . 1
j $8efyfe T IR 1
\ [
: :
\ L
"
!
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3 =
;
and trg,ciie!l < tre,zolel if Jéd where g.: ax#J and I,,: #Jx#J are
J*Jd+d toit't t Jr v Jd’ .
submatrices of 8: qxp and £: pxp corresponding to a sutset J, #J denotes :;
<3
the number of elements of J, and Byt GXPy and Lypt Py x Py are, correspond- A
ing to Jt’ are similarly defined (see McKay (1977) and Fujikoshi (1983)).
When all parameters are unknown, and N independent observations Y5 at
X3 (i =1, ..., N) with the relationship (2.1) are given, we use the esti-
mates of o, 8 and NI as .
l".
a=y-B'X, B=5; S, and §=S,-B'SB (2.4) 3
"
“w
where [~
— — — ., ¥
X\ _1 N/ Sk Sxr\ N /xR /%X ) 5 N
=Nl ) = 1 - (2.5) -
y =y Syy S Ny -7/ \ys -y 3
~ - YX YY ~ 1 - o | . ::.:
Note that S and B'SXXB follow the Wishart distribution wp[N-q-l, ] and the f;
noncentral Wishart distribution wp[q, z;B'Sxxe] respectively. The likeli- .i
hood ratio for the model J against the full model Jf = {1, ..., n} for N Z:
calibration samples is expressed by Fujikoshi and Nishii (1986). Hence, f&
D
-t
Gy(J) = GIC(J) - GIC(Ig) = A(Y) - alp - #I)cy (2.6) ~
where ~ 4
1S55115 +B'S, B ]
J XX .
A(J.33) = Nlog ; . (2.7)
f 15T15g5 *B35xxBy] 5
We select the model SN such that :
GN(JN) = m:']n GN(J). (2.8)

. L P A
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tributed. However, we apply this procedure when we relax the assumption of

normality. Nishii (1986) studied the asymptotic behavior of the AIC for the
case ¢y = 2 in (2.6) under a weak assumption and he showed that the AIC is
not consistent in multivariate calibration problem. If we use the ED cri-

terion, N is chosen such that

(i) &iﬂ (cN/N) = 0, (i) &iﬂ (cN/log TogN) = =,

We will show that the MDL criterion is strongly consistent under the follow-

ing mild conditions:

ASSUMPTION 1. The error vectors e, of y. (i=1, ..., N, ...) are

independently and identically distributed (i i.d) with

Ee, =0, Eee; =1 and E(gig])Y/z < w (2.9)

~

for some v € [2, 3].

ASSUMPTION 2. The sequence of the vectors of explanatory variables

{x; = (Xi1’ cens Xiq)' | =1, ..., N, ...} satisfies
(i)  0<ml_ <N's -N-”f( X (X - Xy)' < MI 2.10
XX L E TN T - e (2.10)
- N _ tN?(10g 10gN)¥/2, (2 <y < 3)
(ii) Yolxs =%y )Y < (2.11)
j=1 1k TNk 3/2
N/ “/10g N, (y = 3)
where g& = N'](§ + ...+ §N) = (}N], cees ?Nq)', m, M and T are positive

constants, and y is given in Assumption 1. Here k runs through 1 to g.

The proof of the following lemma is given in the.Appendix.




LEMMA 2.1. Under Assumptions 1 and 2, it holds that

0((N1og1ogN)]/2), a.s. (2.12)

N
Ty = L (x5 -xei axp

i=1

THEQOREM 2.1. Under Assumptions 1 and 2, the model selection procedure
based on the ED criterion is strongly consistent in multivariate calibration
problem, i.e., limJy = J,, a.s.

N
Proof. From Assumption 2, SXX = O(N). LUsing Lemma 2.1 and the law c¢f

jterated logarithm, we have

-1. _ '1. ' 1 |"l
NIB'S, B = NTa'S,8 + ThB + 8Ty *+ TisiyTy
= N lgrsous + 0(%), a.s (2.13)
XX N 3-Ses
N Ts = NV(syy - B'SyyB)
vy = B'Sxx

N ? (es -ey)(e, -y)' - N 'TisTIT
LS TENE gy N XX'N

L+ O(QN), a.s. (2.14)

H

where T\: qxp is defined in (2.12) and N =(N'1]og 1ogN)]/2. If Jjé.Jt’
by (2.5), (2.13) and (2.14), we have

1 1

Gy(9) = tri(ss™ 8" - 8y5]18))Syy ) - alp - #J)CN-+0(N]/22

N)’ a.s. (2.15)

The first term of the right hand side of (2.15) is positive by (2.3) and
it increases with the order N by (2.10), which together with lim N e, =0

. Nowo N
implies

GN(J) > 0 for large N, a.s.

Co Ny -
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On the other hand GN(Jf)

0 for any N by the definition of G This

N
yields that MDL criterion asymptotically prefers Jf to J if J #gdt. When
Je. = J_, the proof follows. If J_. # J_, at first we consider the case
fCt $ o fT Tt
tt t])
S1¢51

. = -1 3 '
Byt axpy. Let Syq 4 = 597751454454y and define (S+B'S
s1/2

similar way. Put U= S,,"B = [Ut,U]]:q><p and Up: qxpy. From Fujikoshi

:pxp, S

J =342, Denote S =( cti PyxPys B = [B,,Biaxp,

xxB)17.¢ n @

(1983), we know that .

(S+B'SyyB)11.g = Sq1.¢ = (S+UU) g - Sqpe

= (U, -U5 s v +usTtuny Y, -ustls, ).
1

17 USeSen) ' q ottt tott7t]

By the Taw of iterated logarithm and Lemma 2.1, we have

NTUSi1ae = Iypag Y O(Ry)s aise,
-1, _ u-1e1/2 -1 ..,.1/72
UtsttUt = N 'Sy Btzttetsxx + O(EN), a.S.,
= 0(1), a.s.
= PO V7 S V73 1/2
Up - UiSeeSeq = Sxx 81 = Sxx Beletler + OV Tay)s aus.,

= O(N]/zzN), a.s.

The last eaquality follows from the relation By = lzt] which is obtained

Btl¢
by (2.3). Hence

GN(Jt) = A<st \]t) = Q(P‘pt)CN
[(S+UU) gyl
-t
= Nlog - q(p-p,)c
S17.¢0 tN
- "] ' - ‘] - -
= N1og|1p_pt + 5118 HUTU) - Syt - alp-pydey
= 0(log logN) - q(p -pt)cN + -», (N+=), a.s. (2.17)
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because p - Py > 0 and 1im cN/1og1og N = +=, This implies that the ED

Noreo

criterion will not asymptotically select the model Jf. When J :>Jt follow-

7(_
ing similar lines as in the above, it holds that

AJ.,J) = 0(loglogN), a.s.

f’
Hence,

GN(Jt) = GN(J) = -‘A-(Jfa Jt) - A(Jfa J) - Q(p'#J)CN

0(10g TogN) - q(p-—#J)cN + ==, a.S.

This completes the proof.

However, we must calculate 2P -1 GN(-)'S to obtain 3N of (2.8). When

p is large, this would involve extensive computation. To overcome this

problem, we propose an alternate procedure, which is also based on the MDL

criterion. Llet J_. = {1, ..., i-1, i+1, ..., p} for i = 1, ..., p. Define

i

Jy = Ui e dl6(d ;) >0=6

i N(‘J

;)

This subset is obtained by calculating only p+1 GN(-)'s, but this is still

}. (2.18)

a strongly consistent estimate of Jt. (See Zhao, Krishnaiah and Bai (1986).)

THEQREM 2.2. Under Assumptions 1 and 2, we have

Tim JN = Jt, a.s.

N+

N(J-i) tends almost

surely to infinity. Hence JN > i for large N, a.s. If i ¢ Jt, then

Froos. 1f i e Jy, then J_i%é J,- By (2.15), 6

J_; 22.Jt. By similar discussion as (2.17), we have

i) o m= as N>, as.

This implies i ¢ Jﬁ for large N, a.s., and this completes the proof.
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' 3. DISCRIMINANT ANALYSIS
¢
4 The discussion on multivariate calibration can be applied to the
variable selection in multiple discriminant analysis. Consider q+1
p-variate normal populations nOl with mean vector By and common covariance
E matrix £ (a =1, ..., q+1). Assume N samples X 15 ..., X are drawn
b a ~al ~a
d from Ha. We are interested in interpreting the differences among the
F g+ 1 populations in terms of only a few canonical discriminant variates.
E Let @ be the population between-groups covariance matrix as
e
.19+ - -
Q=N Z Na(Ea'E)(Ea"ﬂ) I pPXP,
a=1 =
S _ : -

. where u = N EEa and N = ZNG. Let J be a subset of {1, ..., p} = J.. We
y say that the model is J when unknown parameters satisfy

; trz g = trsila,, > trzl) e for ' HJ (3.1)
x JJdrdd J'Jargd! :
"

{

where 234 and 23 are #J x #J submatrices of Q and I respectively. We assume
that the true model exists and denote it by Jt = {1, ..., pt}. The maximum
likelihood function under the model J is known (see Fujikoshi (1983)). Hence,

we have

i

GN(J) GIC(J) - GIC(Jf)

[yl W+ Ul

=N ]°g'ﬂﬁfTWJJ'*UJJI - q(p-—#J)cN (3.2)
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1
(S
3
9 3
q+l
U= a§1 N Z -Z2)N(Z - 7)': pxp (3.4) 7
A
_ N I L
z =N"'Yz., z=N Y N7 . Here W and U-respectively denote the
~Q a .2q~al ~ S a~o gt
i=1 a=1 ,
within group sums of squares and cross products (SP) matrices. Note that e
W~ wp[N-q-l, r] and U ~ wp[q, z; Ne], and recall that S -~ wp[N-q-], ] and
[} ~ . [} : = (N) : - )
B SXXB wp[q, ;8 SXXB] in (2.5). LlLet {SXx SXX } be a sequence satisfy 2
ing Assumption 2 with v = 2. Then we can find 8 = By qxp such that o
8'Syy8 = N@ since rank @ < p,q. Put S =W and B'S,, = U in (2.5). This 22
gives the correspondence between (2.5) and (3.2) except that g depends on N. ;
Cd
Let jN be a subset of Jf minimizing (3.2) and let JN be a subset of :E
J defined by (2.18) in this situation. : 2
THEOREM 3.1. Let Zi " uy (i =1, ..., Na; a=1, ..., q+1) be i.i.d :
. - _ _ Voo <
with E(Zai -ga) = 0 and E(gai Ea)(gai Ba) Z. Assume that the data é
increases satisfying the condition N
Y - = ",
O<m' <NN <1 (a=1,...,0+1), N LN, -
where m' is a positive constant. Then both jN and JN are strongly con- ;f
®
sistent estimators of Jt' b
w
%
<1
Ay
LY
“
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4. CANONICAL CORRELATION ANALYSIS

In this section we treat the variable selection problem in canonical

- eTey
]
e

o correlation analysis. Llet z = (x',y')' follow Np+q[u,z] where x: gx1,
LN ~ -

. = 1 1y, . = z z . + +
. y: pxTl, (Ex’Ey) t(p+a)x1, p o axl, g <E¢§ Z§¥>. (p+q) x(p+q)

and ZXX: qxq. Suppose we are interested in summarizing the relationship

between x and y by using a small number of variables. Let If = {1, ..., g}

and Jf = {1, ..., p} be sets of the indices of x and y respectively. Con-
sider subsets [ ¢ If and J < Jf. We say that the model is (I,J) when, using

submatrix ZJJ of EXY and so on, we assume that

-1 1. A
tr Iy ExxExyEyy =t Igrirriratage (4.1)

Further we suppose the existence of the true model (It’Jt) which consists

of the smallest number of parameters satisfying (4.1) when It = {1y eues 9}

and Jt = {1, ..., pt}. Also, let (x{,y{) be N independent observations of

Z

~

and put
Svu Suus

XX XY N
S=l¢ = 3 : (p+a) x(p+aq).
YX Yy i=1

Consider the model (I,J) where I = {1, ..., q]} and J = {1, ..., p]}. Corres-

ponding to I and J, we partition S into 16 submatrices (Sij); i,3=1, 0.y 4

S, S S.. S S.. S
1 312 13 214 33 234
as S, = 1 gqgxqg, S, = : 9x b, S,, = P PXP,
XX <521 Szz) XY <323 S24> Y <543 544>

S]] 14y x4, 513 : 99 XPqs 533 PPy xP, and Sij = Sji‘ Then the Tlike-

Tihood ratio test statistic of the model (I1,J) and the full model is given

by Fujikoshi (1982) as

.....

---------
---------------
-----

D I R N I O
S Y S
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f’ f;

21091 = N]og{I522.1’l544.3!/

where

-1 -1
i5.1 7 %i3.1%33.1 - Si.3.3

5 i1.3%11.3%15.3?

.13 -3 535.1 = S54j5.3

=s..-5.5]s
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If IoI, and JoJ, orq; >q, and p, > p, then (4.1) is true

t
which yields (24].3, 242.3) = 0 and (223.], 224.]) = 0. Hence, by the law

of iterated logarithm, using by = (N—]log Tog N)]/Z,

-1 -1

N Sa001 % Taaa P O0)s N USgg gt Ty 3t O(7y)s s,

S S . z £ z
N S22.13 Sz4.n3 . 222.13 z24.13 roly) - 22.1 zo F o), as.,

42.13 °44.13 42.13 %44 .13 0 ‘a4.3
and

5 0
) - 22.1 2
MIgadglad) = W1ogt|2gp 1| [244 /| I

0(loglogN), a.s., if I 21, and J 24,. (4.3)

If 9y < g, or p; < p, (which implies I I  or Jédt), then (2,5 11I54 1) # 0

or (24]_3,242.3) # 0. Hence, |222.]||z44_3] > [222.]3||E44.]3|. Therefore,

1295 111244 3l

Jo31,J) > Nlog + 0 (loglogN), a.s.
f 12221311244, 13!

A(T

f’
> 4o, (N=>=), a.s. (4.4)

This discussion is applicable in the general case of I4t If or J;b Jt. In
this case let I; =1y It and J} =Jy Jt. When we restrict the variables

of x and y as Xi(i € I;) and yj(j € J;), the true model remains (It,dt).
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K Recalling the definition (4.2) and using (4.3) and (4.4), we get
_ MIgs0e31%,0%) = 0(Tog TogN),  a.s.,
.b'
- .= '
> 1im N A(I?,J?;I,J) > 0, a.S.
»" N—)m
& Hence,
>
& N = . *x . [
- A(If,Jf,I,J) A(If,Jf,I¥,J¥) + A(I?,Jf,I,J) s a.S.,
. 4,5
. 1fIii_>It or 3 P, (4.5)
To prove (4.3) and (4.5), we need only to assume the finiteness of the
: first two moments of x and y.
y Now define (iN,ﬁN) which minimizes
’ Gy(1,d) = MIg,0631,0) - (pg - #1#d)c cy
b and
" Iy = (elglGy(I_5,1.) > 03, Iy = U edelGy(9e,0 ) > 03
] where 1 . = If - {i} and J-j = Jg - {J}. Combining (4.3) and (4,5), we obtain
[
THEOREM 4.1, Let {;i = (~1,y Y'iei=, ..., Ny «..} be i.i.d. with
mean vector (E;’EQ)' and variance covariance . Then (IN,JN) and (IN, N)
are strongly consistent estimators of the true model (It,Jt).
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APPENDIX
Proof of Lemma 2.1. We prove that the (k,2)-th element of Z?=1(51 '5N)§%
is 0(/NTogTogN), a.s., (1 <k=<q, 1 <2 < p). Hence, we do not lose gener-

ality by assuming q = 1 and Ee% = 1. We prove
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;= X,)e; = 0(/nTogTogn], a.s. (A.1)

o n
L S A ¢ -x )e, > K/nTogTogn}] < =
k=1 k=1 k i=1
2" "<n<2
for some positive constant K > 0. If 2571 < q 5_2k,
n n
- -1 - -1 2.1/2
Ix =x | =n"" ) (x;-x ) <{n ¥ (x, )} <M
N ok E LY E L
Hence by the law of iterated logarithm,
n
— = ) ) e, =0(/nToglogn), a.s.
(x_ - x Loy T
n k i=1
2
Thus we shall prove
where E, = U { ? (x.-x e, > K2k/2/]og k}
S B e P
Define
e, if leil < 2k/2,
e! =
1k 0 otherwise.
Then,
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P(E) < P(E,) + P[i!](ei#e )]
J where
4 - k/2
E! = U ( z (x;=-x ,)e! > k2 v1og k }.
S S AR [
d 2 <n<2
So

k
® 2 @ b
L)1 . T SR /2
kz]p[ilzj](ei;eeik)] = kzlz Ple,#eq,] = kzl?- Plle,| > 27 7]

%
- oy - 2+1)/2 k
- T ok T ppot/2 < eyl < 2(z+])/2] - P2 < ley] < 2(241)/24 j 2
k=1 o=k 2=1 k=1
v oA+ 0/2 (241)/2 T Fel
A < 1224 < fey] < 2 ] <27 EeyI 9+1)/2
<4 =9 51 T2 o leg| < 2 (241)/72;
< 2Ee]2 = 2,
vl - ' - -k/2. 2 -k/2
[Eey | = [E(e!, -e.)] = Ele |1 < 2 Eel = 2 ,
1k 1k ™) 1 [le]l > 2k/2] - 1
n n
- = y2,1/2,-k/2 k/2
YoIxo-X  JEe! ] < tn] (x.-% )% 1/% <2V e/m
j=1 0 2k ik' — jsp 1 2k =
X . . |
for large n. If we let iy = e;k - Ee1!k and Tn = 12](Xi -xzk), we obtain
k/2 4 -
PE) =Pl U (T > x2““/Togk - J |x,-% ,||Ee! 1}]
k k-1 Kk - = R BPL ik
2" '<n<2 !
<Pl U 7 > ke¥2egk - M2y
2k-1<n52k
: <Pl U > k22m55%)7 - PLF, 1. say,
. T k-1 k&
2 <n<?
where we can take a new constant K' > 0 if K> 0 is sufficiently large.
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Therefore,
k
] 2 o ] .k/2
P(EL) ;;P[.Z (x;=x e | 2 K'2" “/Togk]
i=1 2 2
< 2{1-¢(K'VTogk)} + CoR

k
K

2
where R, = Y lxi-xzk[3E|e]k|3/{23k/2(1-+/1og k)3}, where ¢(x) is the
i=]

standard normal distribution function and C0 is a constant independent of
n. The last inequality is due to Bikelis (1966). If K' > V2, then we know
that

Y {1-¢(K'V/Togk)} < =,
k=1

If vy

"
w
-

YR, <€ J tkloght™! <,
K=

If 2 <y < 3,

e S m(3IK/2) 5 g3
c kz‘z | 21 ! 1[2(“'])/2 < ley| < 2% v

A
(ep]

U2 eyl R

A
(ep]

+Cy §.C3E]e]]Y +Cp <o

[2(2'])/2 f_lell < ZQ/Z]

because E]e]lY < =, where C1, cres Cy are positive constants. Thus we

comnlete the proof of (A.2).
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