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Since the coherent states for the harmonic oscillator have been con-
structed first by SchrBdinger,l) they have been widely used to describe

many fields of physics.z)'s) Recently Nieto and Simmons have constructed

6) and have applied

7)

their formalism to confining one dimensional systems: ’ harmonic oscillator

coherent states for particles in general potentials

with centripetal barrier and the symmetric Pdschl-Teller potential, and
also to nonconfining one diaensional Systemss) with the symmetric Rosen-
Morse potential and the Morse potential., For the time-dependent systems
Lewis and Riesenfeldg) have inv;stigated the harmonic oscillator with time-
dependent frequency w(t). Hartley and Raylo) has obtained exact coherent
states for this time-dependent harmonic oscillator on the basis of Lewis

and Riesenfeld theory., Hartley-Ray results satisfy most, but not all, of

the properties of the coherent states. In the case of a quantum mechanical

model of a damped forced harmonic oscillator, Dodoﬁov and Man'koll) have

introduced the Caldirola-Kanai Hamiltonianlz) with an external force term

and constructed integrals of motion of this Hamiltonian, eigenstates and
coherent states. The main flaw of the Dodonov-Man'ko result is its un-
certainty relation Ap+Ax » e-7th/2 in which the uncertainty vanishes as

This contradiction is c¢ritically reviewed by Greenbergerls), and

t-.-

Cervero and Villarroel.14) Greenberger introduced the variable mass: m =
n5e7t and removed the violation of uncertainty.
In this paper we construct exact coherent states for the damped

harmonic osciliator described by the Caldirola-Kamai Hamiltonian

2 ;
-yt 7t 1 2
X=e7 gﬁ +e >m wy x*, (1)
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We first defxnehcreaxion operator a’ and anmihilation operator a)and using
these operators we will derive the representations of coherent states and
investigate whether our coherent states satisfy the following properties
of coherent states: (1) They are eigenstates of annihilation operator.
(2) They are created from the vacuum or the ground states by an unitary
operator. (3) They represent the minimum uncertainty states. o (4)
They are not orthogonal but complete and normalized.

In the preceeding paperls) (hereafter referred to as paper I) we have
developed the quantum theory of the damped driven harmonic oscillator with
the Caldirola-Kanai Hamiltonian with an external driving force f(t) .by path
integral method. In paper I, setting f(t) = 0, the Hamiltonian is reduced
to Eq. (1) and all other results become those corresponding to the Hamilto-
nian (Eq.(1)), and the Lagrangian, mechanical energy and propagator are

given by

L - e7t(% - % neg x*), (2)
]
E=e Mt gﬁ . ; mw! x*, (3) g
1 -
=t
nuez g in 3 Tt
K(x,t; x,, 0) = | —— exp[E-('l(x. -e " x)
2ridsinwt _
7 t 1
+ —— ((x'e Tt . x)coswt - 2 el xx) }1, |
sinwt .‘

(4)

with w = (q’, -y /4)!’. Here, the energy expression in Eq. (3) is not
equal to the Hamiltonian itself, With the help of Eq. (4) and; the wave

function of simple harmonic oscillator)we obtain the wave function of the

-2-
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damped harmonic oscillator:

. N . 1 -1,
#n(*.t) - Hn(Dx)exp(-x(n . z)cot '(5: . c?tu)t) - Ax'},
(s)
where
N = ( M)l‘ e-ht
h ((t)sinl;ut
{2 - 7’ Y 2
(t) = W C o cotwt s coseciwt,
pw Yt 1 y 573 ¢+ cotwt
A(t):z—e {—-ﬁ————-ol ?G-cotutq__*_q__)}.
t(t)'sin wt t(t)!sintwt
nt
o(t) = ()T —° : (6)
{(t)sinwt

The quantur mechanical expectation values of mechanical energy E(Eq.
(3)) take the form
A 2yt

< 2 o —
E >hn >m e

a’ .
<yt 3R <H > 7)

The evaluation of Eq. (7) gives the non-zero matrix elements which occur

only in the principal diagonal and the two second off-diagonals:

<E> L, s LMol F oy, )
i
1 1 -rt (“ 2 ... 1
<E> =3 (n+slhwe [ $(t) sin"wn + ————————————-],
no 2 2 [ $(t)'sinfwt
(9)
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where

d(t) = -;‘-hwe'nexp {(21 cot™! ( 27—‘5 + cotwt)][¢(t) sin’wt

- ! + 1 {(216 - cotwt)f (t)'sinwt

$(t)’sinwe  {(t)’sin’wt

Y 1 I .
* 55 * cot wt) - 21{(76' cotwt)t (t)?sinfwt "216
+ cotwt} ] } . (10)

Taking the complex conjugate and changing n into (n-2) in Eq. (8) we can
easily obtain the energy expectation value in (n-2, n) state.

In a similar way to that used to obtairi Eq. (7) we can obtain the

uncertainty relations in the various states:

L@ep @], = 3 {(re2) (e} Y2 B2, (11)
[@p) (&), = 5 (ne]B (1), (12)
‘ (8peaxl | = (0 + 7 ) BB(D), (13)
and
‘ Beey =11+ ([ 37« O)sintwe s J@rsin 20ty %,
" ae
-4-
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Chainging n into (n-1) and (n-2) respectively in Eqs. (12) and (11) we can
obtain the uncertainty relations in (n-1, n) and (n-2,n) states,
Before we constructAannihilation operator a and creation operator a’

TR

we give the properties of the coherent states. The—coherent states can be

defined by the eigenstates of the nonhermitian operator a,

ala > = ala >, (15)

Using the completeness relation for the number representations, we can

expand |a > as - .

el T Q"
la > = z ‘n >
n=0 vn!
Llal? aa
o>, (16)

where | 0 > is the vacuum or ground state and is independent of n. The
calculation of < #|a> in Eq. (16) gives

2 2 *
<Bla> = e alal BT b " (17)

Since Eq. (17) has nonzero value for a # 8, the states are not orthogonal,
but when la - #1? + =, the states become orthogonal.
The eigenvalué a of coherent states are complex nunbe® u + iv, and

thus the completeness relation of coherent states is written as".

2
I|a><q%£=1, (18)




where 1 is the identity operator and d’a is given by d(Reu)d(Imv).

To define a* and a for the damped harmonic oscillator we make use of

Eq. (S) for < «x >mn and < p >mn:

. s, .
1‘-‘.4 <x >mn j Vo (x) x vn(x) dx

<. 1

w
}I
bl

(ml)ls(ReA)-!iexp{i cot™! (;T.; + cotwt)} 6m,n+1

o + %— n;’(ReA)'

b ; A
exp{- i cot G * cotwt)} 6m,n-l

I

S e DT By e w0 8, (19)

~ <p> | Vel ia
yagl PZmn © m(x) idx 'n x
y}'.v -
’\ -
s lf A . -1 L . : -
% = 1h V2 (n+l) 5 exp{i cot (55 cotwt)} 6m,n41

2w

3 + ihﬁn;’(% - D)exp{-icot™ (l- + cotwt)} 6m.n-1

" = (n + %)!5 n(t) Sm’r“l,- n" ﬂ'(t) 5m’n_1, (20)

where

u(t) % (ReA)'l’exp[i cot™? (;—w + cotwt) |, (21)

! n(t)

VZin S expli cot™ (35 + cotwt)], - (22)




o™

.

.
4
‘: and we have the relation
5
b * . . 1 Ol, . A .
. ne -n'p o= 2i Im(i(ReA) ﬁxhslth. (23)
v : Therefore, we definer\annihilation operator a and creation operator a’ for
- the damped harmonic oscillator as foilews
y
* -
. 1
. a = 33 (nx - up), (24)
o 1|
X D . . - |
- a -i—h—(up-nx), (25) |
4
< AEXpressions of x and p by a and a are |
- |
- - !
( ) x = nu'a +ua’, (26) ‘
. +
p="n"as+na, (27)
oy
, Since n is not equal to » in Eqs. (21) - (22), we can easily conform that
v
.4 a and 2’ are not hermitian operators, but the following relations are pre-
served:
)
'}
= .
s { x,p) = ih (28)
&
)' ;
o [a,a°] =1, L @9 |
w |
b ;
[y
p-. Now we evaluate the transformation function < x|a > from coherent
.. states to the coordinate representation |x > . From Eqs. (15) and (24)
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we have

(nx' -

|

sa_)<xv|q>=1ha<x e >, (30)

For convenience we change the variable x' into x and solve this differential
% UQYtOr\
equation, ahd-ne-gel

<x|a>=Nexp{;}ax- (2ihu)y'nx’}, (31)

where N is the integral constant, Taking N to satisfy Ey. (18), we it:ién
tha

the eigenvectors oonperator a given in the coordinate representation

[x>:

<xla>= (2nup’) l‘ex-p{ x og-x-

(32)

Next we show that a coherent state represents a minimum uncertainty
state, With the help of the relations between a, a., x and p we evaluate
the expectation values of x, p, x’ and p’ in state |a > :

<x>=<alu*a + ya'la > = pu*a + pa*,

<p>=<aln*a + na’la > = n% + na*,

(33)

A

”ﬂ

\Y/
i

= u*’a? + put(1 + 20a%) + pla*?, !

2 2
<p? >=n*a’ + n*(1 + 20a*) ¢+ n'a*’,
.8-
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A From Eq. (33) we have
~on |
SN 1
i
(Ax)* = < x> - < x> = s, (34)
.w'}
::_',: 3 R 3
) (4p)" =<p° >-<p> = me, (35)
s and thus the uncertainty relation becomes
oS-
|
iy h j
e (B @p) = (w17} = & g ey, (36) |
.r_:."
.“; Eq. (36) is the minimum uncertainty corresponding to Eq. (13) 1n (0,0) ,
- |
S S !
-:.:: state, ‘
-_';‘-:f' All of the formulas, we have derived, are reduced to those of s:mple |
L R
" harmonic oscillator when v = 0, The propagator (Eq..(4)) has very similar
2 ) 15) 17)
_:.\- form to those of Cheng and others, but the wave function (Eq. (5))
N
AT is of new form.
i

We should note that the same classical equation of motion can be

O

OAY

e obtained from many different actions, and thus one may have many different
;:;ﬁ propagators corresponding to the actions.- Therefore it is very important

: to get the correct propagator, The mechanical energy (Eq. (3)) is not

7 Haeear

Gy identical to the Hamiltonian operator (Eq. (1)). Therefore we assume that
~:5_ this Hamiltonjan represents the quantum mechanical dissipative system,
S Flguas

o~ F;Q,l and 2 illustrate the decay of the energy expectation value and

v

:-,‘u . ) . A

';f: the uncertainty relation as a function of 7/w in (n, n) state, Aigg;gggh
! '-'::1' I '
':$: we have shown only the principal diagonal element, i,e., <E >ﬁn of the
:;4; energy expectation values, there are four off-diagonals adjacent to the

O
-

'.-t . - . . . . . .

Jﬁj; principal diagonal, which are involved in the exponential decaying ternm

ny -‘
3 4«
A -9-

el |

SN
y N*“
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et <E >, 3pproaches Wk the constant value as % -+ 0. The uncer-
tainty fo:iin, n) state with period # (Eq. (13)) is reuuced to that of
the harmonic oscillator at 0° and 180°,

From all of the above we conclude that the coherent states for the
damped harmonic oscillato;)with the Caldirola-Kanai Himiltonian we have

constructed, satisfy the properties of coherent states (1)-(4).
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W Figure Caption

Fig. 1. Energy expectation value for (n, n) state as a function of wt
at the various value of 7/w. As 7/w tends to zero,,energy

approaches @b the constant values.
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N Fig. 2. \Uncertainty relation for‘(n, n) state versus wt at WA various
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