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Since the coherent states for the harmonic oscillator have been con-

structed first by Schr6dinger, they have been widely used to describe

many fields of physics. 2 ) -5 ) Recently Nieto and Simmons have constructed

6)coherent states for particles in general potentials and have applied

their formalism to confining one dimensional systems:7 ) harmonic oscillator

with centripetal barrier and the symetric Poschl-Teller potential, and

8)also to nonconfining one diiensional systems with the symmetric Rosen-

Morse potential and the Morse potential. For the time-dependent systems

Lewis and Riesenfeld 9)" have investigated the harmonic oscillator with time-

dependent frequency w(t). Hartley and Ray 1V ) has obtained exact coherent

states for this time-dependent harmonic oscillator on the basis of Lewis

and Riesenfeld theory. Hartley-Ray results satisfy most, but not all, of

the properties of the coherent states. In the case of a quantum mechanical

model of a damped forced harmonic oscillator, Dodonov and Man'ko 1 1 ) have

introduced the Caldirola-Kanai Hamiltonian 1 2 ) with an external force term

and constructed integrals of motion of this Hamiltonian, eigenstates and

coherent states. The main flaw of the Dodonov-Man'ko result is its un-

certainty relation Ap*Ax > e' th/2 in which the uncertainty vanishes as

13)t . This contradiction is critically reviewed by Greenberger 1 , and

Cervero and Villarroel. 14 ) Greenberger introduced the variable mass: a

uie t and removed the violation of uncertainty.

In this paper we construct exact coherent states for the damped

harmonic oscillator described by the Caldirola-Kansi Haw&itonian
-p

2ma ~~~ ~' = " t Pm+e t 1 2 x
g~2 2 I

5-" -1-

O * y5 5 ~,.



We first define A Creation operator a and annihilation operator ao and using

these operators we will derive the representations of coherent states and

investigate whether our coherent states satisfy the following properties

of coherent states: (1) They are eigenstates of annihilation operator.

(2) They are created from the vacuum or the ground states by an unitary

operator. (3) They represent the minimum uncertainty states. I (4)

They are not orthogonal but complete and normalized.

In the preceeding paper 1I ) (hereafter referred to as paper I) we have

developed the quantum theory of the damped driven harmonic oscillator with

the Caldirola-Kanai Hamiltonian with an external driving force f(t) .by path

integral method. In paper 1, setting f(t) 0 0, the Hamiltonian is reduced

to Eq. (1) and all other results become those corresponding to the Hanrilto-

nian (Eq.(1)), and the Lagrangian, mechanical energy and propagator are

given by

2- et 2 3,Im x
( m. } x), (2)

E e 2m 1m- (3)

7t
K (x, t; ,, 0) . Ci .e2 ex 1e7tX

2ribsin t

2w ((~' 2t2
( e't *x )coswt 2 • XX

sinw t
(4)

with i = "2/4) * Here, the energy expression in Eq. (3) is not

equal to the Hamiltonian itself. With the help of Eq. (4) and.. the wave

function of simple harmonic oscillator we obtain the wave function of the

-2-



damped harmonic oscillator:

-. ( t) *N H (Dx)exp(-i(n * )cot" + cotwt) - Ax,

(5)
where

r .'.,N = C -f  e '

S(t)sinl t

(t)- cotwt * cosec2wt

'- 7
* m 7 t s~ (t1 *~Cot WtA(t) !--- e -I Co Wt

DCt) (6)

The quantum mechanical expectation values of mechanical energy E(Eq.

(3)) take the form

"-h -,t a' 1 22
< E > , e < > m %< >F+ (7)"-.,an 2. mn "

The evaluation of Eq. (7) gives the non-zero matrix elements which occur

only in the principal diagonal and the two second off-diagonals:

n.< E > [ Cn 2)(n~l)J 9(t) (8)
o." .

i < E > ( n • )hw e-.ft  4 ' (t3 ,~c
n.n

nn . 2 2 (t) sin' wat

(9)
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%here

e(t) w N e I texp 12i cot-'( + cotwt)J)r(t), sinwt

l ! 2( cotWt) (t),sin' Wt

(t) 2 sin' wt t(t) sin wt

4 cot Wt 2i{(- - cotG.t)w(t) 2 sin2 w.t +

cott } (10)

Taking the complex conjugate and changing n into (n-2) in Eq. (8) we can

easily obtain the energy expectation value in (n-2, n) state.

In a similar way to that used to obtain Eq. (7) we can obtain the

uncertainty relations in the various stat.es:

h A)~)],, {(n+2)(n.l}) P(t), (11)
h

I (%p)A;()Jnl,n - n.1) t), (12)

tip~x nn (n )P(t), (13)

and

$(t =11* (* (3 +. ('Y sin 2 t + 1,2 sin2cjt)2] .,
(14)
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Chainging n into (n-1) and (n-2) respectively in Eqs. (12) and (11) we can

obtain the uncertainty relations in (n-1, n) and (n-2,n) states.

Before we construct annihilation operator a and creation operator a

".y we give the properties of the coherent states. Th:-erhr-a states can be

defined by the eigenstates of the nonhermitian operator a,

ala > = al> (IS)

* Using the completeness relation for the number representations, we can

expand Ia > as -

"a > e- In>
nO 0'/0T

:a' 0 a 1O> (16)

where 1 0 > is the vacuum or ground state and is independent of n. The

calculation of <0 a> in Eq. (16) gives

%-a=e-(l +1012 (17)"" < "> e ( 7

Since Eq. (17) has nonzero value for a # P, the states are not orthogonal,

but when 1a - p ,,, the states become orthogonal.

The eigenva1uE a of coherent states are complex numbei u + iv, and

thus the completeness relation of coherent states is written asj

Jc > < aT- 1 (18)

4
-
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where I is the identity operator and d'a is given by d(Reu)d(Imv).

To define a and a for the damped harmonic oscillator we make use of

Eq. (5) for < x > and < p >

< x > = (Cx) x ' (x) dx
M n

-(n+1)ReA)-exp(i cot - cot wt))
2-(+)(RA x~ 2wc. m,n+l

1 n (ReA) -hexp i cot- - cotwt)} 6
2w mn-1

- (n + ) (t) 6  n u (t)'6m,nI , (19)

< J - (x) - - 'n( x ) dx

- -'V (n.+) A exp{i cot -  cotwt)) 6
2w m,n+l

+ i D)exp{-icot' C- - cot wt)) n
-]~ • hci-nC m,n-I

=(n + ) 6 mn.1 4 nh '(t) (20)
( ) ilmn-1

where

S(t) (ReA)' expli cot-' + cotCot) 1, (21)

-,C" q) A ex'7ctf

() 2"ih expi cot-' + cotwt)J, (22)
-2w
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4

and we have the relation

2 -i* 2i Im (ReA) /7ih ] ihh. (23)
2 D

+

Therefore, we define annihilation operator a and creation operator a for

the damped harmonic oscillator as fv++e"

a = ('Cx - pp), (24)
a

a
h

+ 1
a - - p - x) (25)

4

expressions of x and p by a and a+ are

x P a + Pa , (26)

p = ,,*a * na . (27)

Since n is not equal to u in Eqs. (21) - (22), we can easily conform that

a and a are not hermitian operators, but the following relations are pre-

served:

[ xp = ih (28)

a a + 29)

Now we evaluate the transformation function < fla > from coherent

states to the coordinate representation Ix > . From Eqs. (IS) and (24)

-7-
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we h3ve

( - X ~ a <x X 1 > h ~ a < X' la>(0(nx' - -r  ' l >"h < ,o> (30)

For convenience we change the variable x' into x and solve this differential

equation,

xa > N exp{- ax- (2ihuY)"x , (31)

where N is the integral constant. Taking N to satisfy Ey. (18), we Aei

the eigenvectors ofAoperator a given in the coordinate representation

Ix >:

< X"a > = (2-! it A expl- 1 2 , a x 11' u

(32)

Next we show that a coherent state represents a minimum uncertainty

state. With the help of the relations between a, a , x and p we evaluate

the expectation values of x, p, x3 and p2 in state la >

< x > = < alp*a + pale > u*a + p*,

<p > <all?*& +Ia +Ia > " *a + o*

(33)

< x0 > = ji*la2 + pp(1 + 2aa*) + U o*2

< p3 > = t*a' + vm*(1 + 2aa*) + 17la*

-8-
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From Eq. (33) we have

* (Ax) 2 - < x2 > - < x >' = ', (34)

(60) = < p2 > - < P> = 1717', (3S)

and thus the uncertainty relation becomes

(6x)(Ap) = 2 -- (t). (36)

* Eq. (3b) is the minimum uncertainty corresponding to Eq. (13) in (0,0)

state.

All of the formulas, we have derived, are reduced to those of simple

harmonic oscillator when 7 = 0. The propagator (Eq.-(4)) has very similar*J. IS)17)

form to those of Cheng 15 ) and others, but the wave function (Eq. (5))

is of new form.

We should note that the same classical equation of motion can be

obtained from many different actions and thus one may have many different

'.. propagators corresponding to the actions.- Therefore it is very important

ato get the correct propagator. The mechanical energy (Eq. (3)) is not

identical to the Hamiltonian operator (Eq. (1)). Th...ko. we assume that

this Hamiltonian represents the quantum mechanical dissipative system.

F4.Iand 2 illustrate the decay of the energy expectation value and

the uncertainty relation as a function of 71w in (n, n) state.
1P

we have shown only the principal diagonal element, i.e., < E > of the

energy expectation values, there are four off-diagonals adjacent to the

principal diagonal, which are involved in the exponential decaying term

-9-
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e < E > approaches ft the constant value as -. 0. The uncer-

tainty for N(n, n) state with period 9 (Eq. (13)) is reduced to that of

the harmonic oscillator at e and 180.

From all of the above we conclude that the coherent states for the

damped harmonic oscillator with the Caldirola-Kanai Himiltonian we have

constructed, satisfy the properties of coherent states (I)-(4).

. ..
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Figure Caption

Fig. 1. Energy expectation value for (n, n) state as a function of wt

at the various value of 7/w. As 7/w tends to zero,henergy

approaches Ob the constant values.

* a.a

Fig. 2. Uncertainty relation forl, (n, n) state versus wt at Vf various

-. values of r/w
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