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ABSTRACT
Suppose that X‘, C ,Xn are samples drawn from a population with density
function f, and fn(x) = fn(x;x1, C ,Xn) is an estimate of f(x). Denote by m =

) |fn(x) - f(x)[rdx and Mnr = E(mm) the Integrated r-th Order Error and Mean
iIntegrated r—~th Order Error of fn for some r > 1 (when r = 2, they are the familiar
and widely studied ISE and MISE). in this paper the same necessary and sufficient
condition for L’Tm M = 0adIlm m = 0 as is obtained when fn(x) is the

nr N nr
ordinary histogram estimator.

AMS 1980 Subject Classification : Primary 62GO05.

Key Words and Phrases : Consistency, Density Estimation, Histogram.
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Suppose that X1, - ..X are id samples drawn from a d-dmensicn-l
n

population with density function f. Let f (x) = f(x;X1, X } be an estimator of
n n n

fix). The integrated Square Error (ISE) and Mean Integrated Square Error (MISE) of t
are defined by

ISE = [ f (0 - £ (x) |%ax,

MISE = E£f |f () = f (x| ax

respectively. They ‘are important and widely used criteria In evaluating the
performance of an estimator fn. Quite a lot of works appeared in the statistical
literature dealing with the asymptotic properties of them. for various types of
estimators, such as kernel estimator, orthogonal series estimator, nearest neighbor
estimator etc. For example. a much discussed problem is to find the conditions

under which the assertions
]imMISE = O, 1imISE = 0,a.s.
Na Ny

{i)

are true. Various conditions have been proposed in the literature which are far

from necessary

in this paper we obtain the necessary and sufficient conditions of (1) for th-»
histogram estimator In fact, we have done more For given constant r > 1 define

the integrated r-th order error m and mean integrated r-th order error M by
ar ald

m o= ]f (x) - f(x)|dx, M =E@m )
nr n nr nr

We obtain the necessary and sufficient conditions of M . 0 and m = .
n ne

r

as. In the case of r=1 the problem has been considered by Abou-Jaoude![1] [7h

 see also [4] pp 19-23)

A d-dimensional histogram s defined as follows Choose a = a, SA
n n !
a = d
e R.h = (h1 . ,hd ) ¢ RO withh >0 =1 . d Denote by k the numbe:
n n n 1al
M (o)
of those X . X faling into the set A . .cd) = {x=(x x ) oa e
! n n "
O]
ch <x <a +ic * hh =1 d}
[ o n ' n
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Define

<),

f (x) = k h . . ,
n( ) /(n 'n h ) when X € An(c] p

dn

Clr 1Sy 1, +

which is a histogram estimator of fi(x).

Theorem. Suppose that

f f"(x)dx < ®, for some r>1

(3)
*Lrgolg?_é_dhm =0

4
lim nh . h = ®
N n dn

5
Then for the histogram fn defined by (2} we have
limm = 0,a.s.
N Nr

(6)
limM = 0,
ne® Nr

(7)

Conversely, if (6) or (7) is true, then (3), (5) are true. Further, if f(x} does not have a

form

Do
f =5 b
G =2, AH"'M'A(i‘. g™
i, Eg =00 d y
1
Then (4) is also true. Here b is a constant,A(ii, ooy = Ixo= x
“‘ P Id
D +in < x" <a_ +G +vh_ j=1  d} and Lix
10 ) 10 10 ] )0 B8

denotes the indicator of B

X

Proof. For simplicity of writing. we shall give only the proof for the case of

d=1, as the general case involves no essential change. For d=1 and writing h for
n

-~

h , the conditions (4} and (5} reduce to
n

limh =0
Na® N

(W)
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limnh = o
Ny n

(5)
in the sequel we shall often write h for h, a for a. Note that we may assume
n n

|a] < h without loss of generality. Write
by = b g=la+2ha+ @+ 1)h),

| (X) = | (X),
L A,Q,

p2= [ f(x)dx

o)

Then Efn(x) = pR/h, when x ¢ AR' The symbol "C" will be used to denote any

constant not depending on n (but may depend on r).
The proof will be divided into four parts.

(A). Sufficiency of (3)-(5) for (7)

First consider the case of r > 1

. In order to prove (7), we need only to
show that

n

| T U = pp)| w0

1=1

[1F 00 - ef (0] ax = n'rh'r”E

(8)
S 100 = EF_(x) | dxa0

(9)
as n » o (9) is easy to prove : Suppose first that f is continuous on (—o o) then
for any fixed constant A > O,

A

J 1) - Ef_(x) | dx+0,as naw
-A n

On the other hand, by Holder inequality. for any fixed constant B > O we have

T (f (Efn(x))rdX:Azc [-8,8]°)
o)

2 =L TN fwan e -8,8]°)

< A

o .

= <1y fr(x)dx:ARC [-8,8]°}

g AE
s,

':'.

>, .

v‘.:-

1:;5
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fr (x) dx

1A
<

[-8,8]°
(10)

Hence

LS |fx) - Efn(x)lrdx:AEC[-B.B]C}

By
<2 { P+ § (f (Efn(x))rdx:ARCZE-B,B]C}
[-8.8]° by
< 2r + 1 f fr(x) dx

(-88]°
Summing up the above arguments and noticing (3). we obtain (9). For the general

case. choose a function g such that [ |f(x) - g(x)|rdx < some given ¢ > 0, define
-1
g = h fA gixidx for x € Ap & =0, *1,.... an argument similar to that
£
leading to (10) gives
JIEE (0 =g () ]Tdx < f [F(0 - gt | dx < e

From this and the fact that (9) is true when f is continuous, (S} follows easily.

j
= XUQ(Xi)— Pt T, =

=1

For a proof of (8, put Y =1 (X.)- p,
proof of (8, pu " P ') pz Sjg
) |Sn2|r. if 1 <r <2 then from the inequality |1 + a| < 1 + ra + Cla| (@

real), we have

r r r r-2
R R L e e LI N AP A
Therefore,

n
r r r r
< +
EIS ol < E|Sn_]'2| CE|Y oI < €§1 E[Y, ' < 2Copy
which in turn implies
=r -r+] -r -r+l ~r+l
n h léﬁgnETJr <n h E 2Cnp = 2C (nh) + 0

(1)
Suppose that (11) is true for r € (1, m], we proceed to show that it is true for r

€ (mm+1]. Since when r > 2 we have the inequality

[rﬁz) (a: reatl)

|+ a|r51+ra+Ca2(l+]a

It follows that




 aharaad Ale abe asd ava g B bl Sadh Sl s Saddie”adiadtiunie e A e Abhen Aian Sl kA = < alhd - id -k il afhe ard Sidh S iimadhi Bl s e

r . r -2
lsnR' = lsn-l,2| * rlsn‘l.Rl Sn—l.ZYnQ
- 2 r
+ c|sn_"2| Yoo ¥ c|vn2|
(1)
which in turn implies '
r r -2 2 r
E‘Sn2| < E\Sn_]'g\ + CE‘Sn-l,R‘ EYn,Q + CE‘YnQ‘

Noticing that EY:R; Py E|Yn|r < pg. we have

r r ~
EISHRI SEISﬁ_"g‘I +Cpl(EISﬁ_"2| +]). n=n,n-1, ...
Therefore
n! r-2
S E|S +
Elsnpl <oy L EIS)yl Pt
(r3)
-r, =r+l
" 129807 ¢
=r+l r-2 -r+]
< C(nh) ]g\jgnﬂ p25‘5j2| + C(nh)

(14)

Since f is a probability density and [f(xidx < ® r > 2, we have ffr_1(x)dx < o

Hence when r > 2

E h-r+2

By induction hypothesis
-r+l -r+
n r h r+2

pgr-] < ffr-](x)dx =CC <o
(15)

max ET, » 0, asn .,
1<j<n j,r-1

(16)

from (14)-(16), we have

-r, -r+l

h max ET,

1<jsn _|r

-r+) -1) r=1, (r=2)/(r-1)
< C(nh) (E 2 ‘123§n§ £|sj2| )

+ C(nh)-r+]
< c(nh)-r+1(h(r-2)/(r' )) (n (r 2) /(r-\))
(n-r+lh-r+2 max ET. )(r-Z)/(r-l) . C(nh)-r+]

‘Sin Jor'l

ceem TR e et ) TR T Lo

1<j<n j,r-1
as n » o This shows that (11} is true for r ¢ imm+1] concluding the proof of (11}




'.j“f_lj hence (7), for r>1. When r = 1 (71 1s a consequence of (6) for r = 1, which we

are now going to prove
{B) Sufficiency of (31-(%) for (B)

Agann frrst consider the case of r>1 Define T as before, then
nr

r -r -r+l
2:] Ifn(x)-f(x)| dx = n h an

Hence we need oniy to show that
lim =0, a. s.
e Nas® Nr

(17)

Define
o £ =Y = |S Ir-lsi n{5. )
ol jgr T e M T P ST
T 2 r-1
) =Y - 1- ) . = S.
o 102 = Yy P UmRy) Nig2 = 155,

and proceed to show that for any given ¢ > 0

k
_ -r -r+l .
wz=P(n 'h 22%1]]:{2 E ‘5jzi“j-|.gi| >e) <Cn ", i=1,2

‘ 18)

e In the followi hall wri , f , S ko=
s n the following we shall write C,g, n g for glzl Uy Since {J}z gmn]_]'g
o 2,3, ..} is a martingale sequence. we have
-4 hr+l¢ L
R ECJQH'IQ)
. (19)
: From an inequality of Rosenthal (see [5]. p23),
» n
[A
( . )
___zz E CJET‘J‘].Q
<C(E{] E £..M )T F 1°
A S TSR in
n
L
£
=2 (E 4 Q)
(20)
Here F is the g-field generated by X . . X Since § ‘§IQ| < 3.by Jensen's
| J

L
inequality we have

.‘.'J'eff-_'.x{‘_

{ 'u.(‘: At {atal ]
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< C E‘ | . T.
- 4
< C E.,
It can be shown easily by using (13 that
b 2r-2 2r-|
3 . <C {1+ < 1+
T]_"].i <C{ (an) ) <C( (an) )
Notieing that [ °2 T < 7|#x] dx < ® and nh - o we have
')
DoEC g PR )
:2 J J -Q
~ r-1.
< Cnl. p "02 Zr;
gL vk
5 Cn(l*qu-thr-Z(,‘. r —(+])2)
oK
2 2r-2
< Cr inhj “
- : ,
- »[ﬁ‘;'nj“i) {J_]]
< ": I . £ T ] n\‘}r 3)2
=g Eo.x " tix Rl
< 2 A S ﬂ2 -
. A I 4
+ 2’12 1 £E £ £ . n. |F' ))2
=2 Lo Jxogm o g-1,R Tj-b,m!t -
" n
2.2 - - L
< Cn B Yi+ln 7€
- ‘_Xz ch\'I,Q n_u QDQ|“J‘].Q‘)
LT I
. - 2.2
cenl E(D pyn )
j=2 Q J-'vg.

The last step 1s valid in view of Jensens inequality and [p_ = 1

2 2

2 2 L bo1/2
4 <
Mer,g Motm S EML g BN '

L 2r-2
and  En. < CO+
" Njoy,p S CU*RY) )
We obtain

AR AR Y A S A et i N e dh e dh 4

(~2)

Therefore, fron




e
N
J..h N
- S
20
_, n
2 2
E £ \ . F.
(E [(E EJQTIJ_]'R) | J-IJ)
Dt W
X 4 . b bo1/2
o §an Ep E'n +Cnj] T pp(En En. )
:-\::A 102 j= 2 ,Qh‘n 2 ]ol J l'm
2r-2 o r-1,2
< an Py 21+ (np ) ) + CnX ( p, (1+(rp ) )
SRS L , 2 L
¢ +
‘ < tn (]+(nh)2r Z(Epr r1)2)+cn 0+ (om" E rpTTH 2
il 2 R
o5 < e’ () 272
N
P (23)
From (19)-(21) and (23), (18) follows.
_-4'_"‘4.
'::'_:f, Now to prove that for r > 1 and given € > 0, we have
o -r =r+l
® P(n h 1<E<n ke 2 €) 2 ¢/n’
7 (24)
:’_?.:‘ First suppose that 1 < r < 2. We have
N r r r-1
N < + + i
o Sapl" 2 ISy, 0l F ClY 1 + ISy o sianG )Yy
{ Hence
:..-::, n n
SN S C Y. Y. .
e | nf,l - FX1 | JR' FFZZ RS
‘::-::3 and
O -r -r+l
T noh lgﬁénTkr
:::: - -r -r+l ¢ r
o gCn b _Z E ‘Yjﬂ.
T =1
e §
« B -r -r+l
' +
NN noh 'z?EénIFZZ RITATRI
N (25)
\":\'
SO Since
‘..g.-
A n
nr -r+ r -r+l
s Y. < 2 (nh) 0
T From (18) and (25), (24) follows.
:::;i
_..ﬂ.:.
T Suppose that (24) is true for r < m, and proceed to show that it is true for
O
.":}_}j reim m+ 1] Since r > 2, we have
o,
:"-:'
\.‘.',‘.
4

@
ol




r r -
ISog 1 = 15y gl * sy gl 7Sioy e ng

r-2 2 r
* C|Sn-I.R.| Ynﬂ. +C|Yn2|

Hence

-r -r+l -r -r+1 n
r -r rhrlz

r
< Cn Y.
1= E I JQ‘

n 284 ke <
2<E<nl§ é ie"-1, 1l

-r -r+
+ rn

“r -r+} =

-r+l 4

e T e Feglsi gl R K
(26)
where ;1,-1,51:'5,-1,2"-2' Observe that Hz/r is the expression in (18) nhH3/C s
also of the form in (18) with r replaced by r - 1 Further. since r > 2 and

-1
ff'(x)dx«n, we have J’fr (x)[dx< o Therefore, the inequality (18} can be appled to

both H2 and nhH3A Further, nh » @® so we obtain

P(H2+H3Z€) < C/n2

(27)
for arbitrarily given g > 0. Also,
-r -r+l o r -r+l
n h ) Y., | < 2(nh) + 0
1=1 ik -
(28
Since j'frq(x)dx < ®, by induction hypothesis, we have
=r+l -r+2 2
Pin h 12E§n Tk,r-l 2e) £C/n
(29)
e -1 r-2
By Holder inequality and the fact Z p‘lr < Ch
2
-r+l r-2
(nh) 2<a<n§ pﬂ,ls_j-l,ll
=1, =r+)l -r+2 (rP=2)/(r-1)
<C(nh) (n h 'rgegn Tk.r-l
(30)

(29). (30) together give

-
-,_.r.-z__: AR o A




‘-:;‘\
1M

T

i )

I P(H, > €) < C/n

:.,":: (3‘)

for arbitrarily given ¢ > 0. Summing up (26)-(28) and (31) we see that (24) is true

'_.f-j for r £ (m, m + 1], concluding the proof of (24) hence (17). Thus we have proved
-j\{:: {8) for the case of r>1.

V.\.i
Now consider the case of r = 1. Since f (x) as a function of x in (-o, «) is
r.. - n

:-f:: a probability density, in order to prove (6), it suffices to show that for any fixed
;,"_t positive integer N, it is true that

tim [ |f (x)-f(x)|dx = 0, a. s.

< Na® n

T (32)
- NH - -
o where | = U A,Q' H = [h '], the integer part of h .

- £=-NH

:{f'_jj To prove (32), it suffices to verify the following two assertions:

e lim [ |f(x) - Ef (x)|dx = 0
.. o7 n
N (33)
- r]‘_l)ﬂ;_" |fn(x) - Efn(x)ldx =0, a.s.

S !

e (34)
5

:'.':: The second assertion follows directly from Lemma 3 of Devroye [3] if we note
D the fact that NH/n < N/nh 5 0. The first assertion can be verified by using a
- - continuous function g on [a-N-1,a+N+1] such that the integral

e a+N+1

f | f(x) - g(x)]dx

L a-N-1

g does not exceed given € > 0. Trivial details are omitted.

o

e (C) Necessity of (3). (4)

M Since
o r -r_-r+} o r
o f fn (x)dx = n h E |-I (I,Q,(xi) pl)l
et =
NS -r -r+1 o -1

<n A TTE L G, e P 2T <o
o =1 2 2
-

Therefore, if (6) or {7) is true, then (3) is true.
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- Suppose that f(x) does not have a form
[o o]
I c,t (x)
+ ,a +{2+1h)
Qem X [ao Lhoeag (2+1) 0
(35)
for some a, ho > 0 and {CE}' We want to prove that if (6) or (7) is true, then h
n
+ 0. Suppose in the contraty that h N\ O. Then there exists subsequence {h , i = 1,
n n
i
2, ...} such that hn - h0 >0as i+ h0 must be finite, otherwise we would

have fn(x) + 0 uniformly in {X y X ...} and X, and this contradicts obviously

>
with any one of (6) or (7). Since |an)| < h ., without losing generality we may
n
[ )
assume that a -« ay also finite. From these facts it follows by the law of large

% .
“ ]
f—; numbers that if we define
W
- a_+2+ 1h
"4 -1 0 0
e glx) = h, f f(t)dt,
R a_+2h
. 0 0

X g [ao+2h0, ao+(2+1)h0), 2 =0 +1, 4+ 2

Then we have

(36)

for any bounded interval I Since at least one of (6) and (7) is true. (36) implies that

rlwl"go{ £ ) - g0 | ex =0, a. s,

f = g almost everywhere on (-=, =) (Lebesgue measure). Hence f can be expressed

in the form (35), contradicting the assumption.
(D). Necessity of (5.

Suppose in the contratry that (5) is not true, then there exists subsequence

{hn} such that hn - 0 r\ihn + U < = We restrict ourseives to the discussion of
! i t
the subsequence. For simplicity of writing and without losing generality,. we may

assume that hn + 0 and

limnh = uyu < @

Nns® n
(37)
Since h » 0, we have
Jim [ |fx) - Ef () |dx = 0
(38)

......
[P Y W



:‘:“:\ . AN And Ak Aokt aea a8 Al Sen 2d A g lnd-Sa Akl s S A S &g i a0 um Men fnn ol ga 2 4 ao -"‘W‘"mﬂ
b

PN

\ 13

. In fact, as pointed out earlier, (33) is true for any bounded interval |. Since f(x} and
;f Efn(x) are probability density functions on (-®, «), this fact implies (38) Now it is
_ _ easily seen that if at least one of (6) and (7) is true, then

2 b £ 1,00 - €7, 00 ax = ¢
P (39)
-",: In fact, if (7) is true, then for any bounded interval | we have by Holder inequality
\

.. that

o

o Ef |fn(x) - f(x)|]dx + 0, asn, o

e |
b (40)

Since fix), f (x) are probability density functions, it is easily seen that
n

L f [f () - f(x)]dx < 2f [f () = 0 |dx + 2[1- f(x)dx]

[ i

e (&1)
.r From (40), (41), it follows that

N lim Ef |f (x) - f(x)|dx =0

ns® n

:._-._‘ ("‘2)
A
::'.1‘, Now (39) follows from (38) and (42) If (B) is true, then by Holder inequality we
‘ * have
’E-_::': l]\_i:&{ [€(x) - fn(x)|dx =0, a.s.

-

ot (43)

:f‘

for any bounded interval |. From (43) and the dominated convergence theorem, we

-’ ! U ;;;!.;.ls:’

again have (40) and hence (39).

f-"'..-‘ .
S I
::.:ﬁ First we assume that u=0. Write A = U [X._h’ x|+h]. By the definition, fn(x) =0
n
~ i=1
: for x ¢ A. So we have
n
. Ef f (dx = 1.
A "
T, n
p Denote by A(A ) the Lebesgue measure of A . Then
" o .

X(An) <2nh » 0, as n s o,

which implies that

Sl
RRRRIRY

& lim E f(x)dx = 0.
A lim [ fx)
N A
f n
- Thus
AgAS
K Ef |fn(x) - f(x)|dx > Ef [f(x) - f(x) |dx
J'\ A
‘.’\ n
oA
) ,":
oy
5%
N
Y .;;.", IR SR e e e, TSI - T R VT L VN "J, ‘.",-'*'- e '-‘,\)-.¢\{\{'._.\J'...:V(-.‘_'- '.._'..f\‘_\
DA A .! K.-'l- ¥ . ,'l'l"v"ﬂ ~..r. ' »! ac "l.:'h.\ .‘l"n'iu.-l N l.l ,; v~ L) '.... l‘g --' \.‘ “ ‘ \' -" “. .\ N
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SN _

%{ ZE){ fn(x)dx Ef f(x)dx - 1, as n 4 o,
» n n

From this and (38), it follows that
lim Ef |f (x) - Ef (x)|dx = 1,
N 2] n
(4y)

which contradicts (39).

Now we assume 0 < u < o By (39), there exist a sequence of positive
constants, say C, such that C 4 «© C /n 4 O and
n n n
CEf |f (x) - EF (x)]dx ~ O
n n n

(L5)
Write k = [n/Cn]. Then
cnej [f, (x) = Ef_(x)[dx
-1 n
= C_(nh) E Eh§1 (12(xi) - p2)|
-1 n
> (kh) ; ElEaE (12(xi) - pz)lxl. X
-1
= (kh) E Eh§1 (1 ) - pn]]
(L6)

Since h » 0 and kh < nh/C . O, by (44) we have
n

k
_ -1
lim  (kh) ; EH§1 (|2(xi) -p) =

On the other hand, (45) and (46) together imply

k
=1
(kh) E (r,(x.) =p,))| 0, as n 4 .
g ELE U ) - el

Thus a contradiction is reached. and the proof of the Theorem is completed

Remark. The method of proof in (D) can easily be adopted to the case of ihe

kernel estimate.

W T -
- \f$ \f‘b \¢‘u.’~¢$*\
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