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Center for Multivariate Analysis
University of Pittsburgh

ABSTRACT

In many situations, we are interested in selection of important
variables which are adequate for prediction under a logistic regression
model . In this paper, some selection procedures based on the information
theoretic criteria are proposed, and these procedures are proved to

be strongly consistent.

AMS 1980 Subject Classifications. Primary 62H12, 62H15.

Key Words and Phrases: Consistency, information theoretic criterion,
logistic discrimination, logistic regression, maximum likelihood,
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1. INTRODUCTION

Logistic regression is the most used form of binary regression (see
Berkson (1951), Cox (1970), and Efron (1975). The investigation of this
aspect has had an important impact on disease diagnostics (refer to
Gordon and Kannel (1968), Pregibon (1981) and, Stefanski and Carroll (1985)).
One of the important aspects related to logistic regression is logistic
discrimination (refer to J. A. Anderson (1982)),

The model to be considered is given by

(1l L(p)y -1
Pr{Y = 1!5} = {1 + exp(-"o-n'lf‘( )" sae ~ X(p))’ (1.1)
Pr{Y =0jXy =1 - Pr{Y = 1!5},

where X' = (X(l),.,.,X(p)) is a pxl random vector.
In some situations there are many potential variables X(i)'s. This may
represent the experimenter's lack of knowledge, his caution, or both. One
objective of the statistician must be to choose a set of good predictor
variables from the set of possible variables., A similar problem may also
be met in logistic discrimination. In this paper, we are interested in
selection of important variables that are adequate for prediction in the
regression model (1.1). Using an information theoretic criterion, we
propose some selection procedures which are strongly consistent,

In Section 2, the above problem is formulated, and the main methods

and results are stated., Some lemmas are introduced in Section 3, and the

Section 4 is devoted to the proof of the theorems.
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2. PROBLEM AND MAIN RESULTS

Let (Z,Y) be a random vector such that X is a p-vector and Y is

Bernouli variable with

PUY = 1{X} = p(2'8) & (1 + exp(-2'8)}7", (2.1)

~ o ~ o~

(1,X(1),a,.,X(p)). Assume that F,

|
—
—

»

>
-
~—

]

h "= 3cee ’ Z' -
where &' = (g, §p) Z

the distribution of X, satisfies the following conditions:

(i) If 8 # vy, then

F{X: p(2'g) # p(2'y)} > 0. (2.2)

(i) E(X'X) < =,

Put A = {0,1,...,p}. It is easily.seen that, there exist a unique

subset B0 of A such that {Oh::BO, and, i 6 BO’ i #0 if and only if Bi # 0.

Call B0 the best subset of A. Note that if By = 0 for some i 6 A - {0},
then Y is independent of X(1).
In this paper, we want to determine the best subset B0 of A, To this

end, suppose that (gl,Yl),,,.,(gn,Yn) are iid. observations of (X,Y). A

step-wise selection method based on testing a series of hypotheses is
proposed by J, A. Anderson (1982, pp.169-i91). But it is difficult to seek
for the conditional 1imit distribution of the test statistic for latter
hypothesis after the former hypotheses was tested., In this paper, we propose
a method based on the information theoretic criterion, and establish the

strong consistency of this method under some mild conditions.
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Let {0}cTBez A, HWrite

My = 56 RP*L, 3, =0 forall i GA- B} (2.3)

Let Ln(g) be the likelihood function. Then

Tog L (8) = [ [Y; Tog p(;8) + (1-¥,) Tog a(Z,8)], (2.4)
where 9(.) = 1-p(), 2 = (1,x) = (1,x¢0 L x{P)y eyt
G (B) = 2258 Tog L (8), (2.5)
and
I,(8) =G, (B) - #(B) C_, (2.6)

where Cn satisfies the following conditions:

1im Cn/n =0 and lim Cn/1og1og n= o, (2.7)
N N>

Choose § such that {0 k= é(::A and ?
1 () =  max I (B),
n B:{0kx=BcA" (2.8)

and use B as an estimate of the best subset B0 of A. We have the following

THEOREM 2.1. Under the condition (2.2), B is a strongly constant

estimate of the best subset B, of A = {0,1,2,...,pP}.

0
Note that the above consistency means that with probability one for n
large, B coincides with the best subset of A.

For simplicity of calculation, we can use another alternative method.

To this end, put
A oAy, i= 1,2, 0.

There is one subset, either A or A(i), written as B(i), which satisfies

180y = maxir (), 1 a0y, i -1 (2.9)

-
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Put p
8 = |\B(i),
(=1

then we can use é as an estimate of the best subset BO of A, In the same

way, we have

THEOREM 2.2, Under the condition (2.2), B is strongly consistent

In the following sections, we will onlv give a proof for the theorem 2,1, The

proof of the theorem 2.2 is similar and is omitted.




3. ASYMPOTOTIC EXPANSION OF SOME STATISTICS

Now we assume that g = (30,;..,8p) is the true parameter. Put

1 B 1 lh ]
s log L (y) =+ [Y, Tog p(Z.y) + (1-Y;) Tog q(Z.v)] (3.1)

ne~—13

i=1

10 = [1o@e) 100 P'0) + a(z'e) Tog a(@'y)ler

. (3.2)
1 7 ' ' '
H () = L -Z (2. §) Tog P(Z,y) + a(Z;8) Tog q(2,3)]
Since |log p{u)| =2 + 'u;, ‘logq(u)’ <2 + [u' for any real u, H(+) is
finite for any v 6 RP*1. For fixed g, functions %JogLn(Y), H,(y) and

H(v) are all concave in vy.

We need the following lemmas:

LEMMA 3.1. Let E be an open convex subset of RP and Tet fl,fz,.,., be

a sequence of concave functions such that ¥ x € E, fn(x) - f(x) as n » =,
where f is some real function on E. Then f is also concave and for all
compact D¢_E,

sup If (x) - F(x)| =0 asn- e

x€D

LEMMA 3.2. Suppose that ffn} and f satisfy the conditions of the above

lemma, and f has a unique maximum at x 6 E. Let Xn maximize fn. Then

a ~

X => X as n -~ o«
n

For a proof of the above two lemmas, the reader is referred to

Rockafellar (1970, Theorem 10.8), P. K. Anderson and R. D. Gill (1982,
Theorem 1I1.1, Corollary I1.2).

)
o

J' . - - 5 . - L
o N e et A e AR TN S R L
s .4 G X, W 2 ] " . U
\,l laL n." i Q.;"‘q O -‘., .a, .\h !. hnhete .c“...' 9. " g, Tt hi g My MR ~. ~, W S chg‘m! i ’,o...uf,‘. it




'\-"
t(,w.
392 6
wa
-
Y
¢.“: ~
.;%_ LEMMA 3.3. Let En be a maximum likelihood estimate of 8, If (i) of (2.2)
}fY and the following condition are satisfied:
ﬁ‘}
.i \ 1 N
3 ENX <= with  Uxl o= (x')2, (3.3)
:)
o Then,
o) . A .1 - ‘
o lim8 =8 a.,s., 1im=logL (3 ) = H(3) a.s
AN i o i 3.4 |
) f‘.t; ;
broof. By Jensen's inequality,
‘.i-.
o H(y) <H(g) for any v & RP*!
sy - - |
W and the equality holds if 1
| X 1
= x5 P(E'Y) = PE'E)) = 1 |
|
1.}--
s Thus, by the condition (i) of (2.2}, H(y) has a unique maximum at : . (
7 :
{z_\ Now let - maximize %‘Oan(Y)- By (3.3) and the strong law of large numbers (Sl
:;j Tim l1ogL (+) = H{y) a.s. (3.5)
T foe 1 n'< -
N

L.

for any y 6 Rp+1, and (3.4) follows from Lemmas 3,1 and (3.2).

;:E Note that En satisfies the likelihood equation, that is

o ) ]

W, - 1 N 1A

s r 1'él[Yi-p(g,-gn)]g!_]. = 0. (3.6)
-')'

We have the following lemma.

AL

LEMMA 3 4. Suppose that the conditions of (2.2) are satisfied, then with

] probability one for n large,

;;ﬁ: N -1 1 n t
e g 8= S(8) (1+o(1))= [ (Y.-p(2.2)2. (3.7)
Sy g ~Nn ~ -~ n i=1 i P ey |
‘-
v“"w

S where

o
32 S(y) =fp(§'1)q(§'3)21'dF > 0. (3.8)
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From this, én - 8 obeys the law of iterated logarithm, i.e.

- 8= 0 %JOglogn)

0>

n

Froo?, At first we show that S(y) > O.

constant (p+1) - vector C # O such that E(C'Z)2

which implies

C# 0 and F{X : p(2'C) =

a.s. (3.9)

Otherwise, there exists some

p(2'v)q(2'y) = 0, i.e.,

p(2'0)} = 1.

This contradicts to the condition (i) of (2.2).

Put £ (u) = 3logp(u) + 3q(u), folu) = fl(u) - p(u)q(u),
* 1 n
Saly) = L FEmRE,
*% 1 n ' '
_ (3.10)

[}

ST(y) = {f(2'y)22dF,

* %
™ () ==Jf2(2'y)22'dF.

It is easily seen that, the above four functions are all concave functions

of v. Under (ii) of (2.2), by SLLN,

*
Tim S (v) = S (y) a.s. (3.11)
N0 - -
. *k *k
limS “(y) = S (v) a.s.
N ~ -

fif(fih*hi;; 4

() \ Yy ¥ \
'a«n£$hﬂkm' sttty
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Put
L 7 o@iazinz.z. (3 12)
Saly) =7 2 P&z, ‘
We have
. * *k * Kok
Sply) =S, (v) - s, (v), S(¥) =S (v} = s (v)
For any matrix A = (aij)Ojj,jjp, write
p
2 \1/2
Al = ( a;.) ',
Rt
Using (3.11) and Lemma 3.1, we get for all compact D¢ 2Rp+1,
“Sup|l S (v) - S(¥)|] ~0 a.s. as n -, (3.13) |
n
+v€D - - !
Since én satisfies (3.6), we have
|
1 n 1 1 n 1A 1 |
i=1 i=1
1 n ] ] | V'S
L PEENZ8022(5-8) (3.14)
]:
= Sn(g*)(fsn-g), i
N |
where 8, = A8 + (l-x)sn with some »€ (0,1). By (3.4) and (3.13),
Sy(Bs) - S(8) 0 a.s. asn e, (3.15)
vy
Yo he From (3.8) and (3.15), it follows that with probability one for n large,
PO
Y

Sn(g*) > 0 and

s;l(g*) - s'l(g) (1+0(1))  a.s. (3.16)

From (3.14) and (3.16), (3.7) follows. Lemma 3.4 is proved.

! ]
n Ay '\'o‘



LEMMA 3.5, Define Hn(y) and H(;, : ~.2). Under conditions
X (i) and (ii).of (2.2), we have
o R 2 v 2
: Hn(fn) - Hn(f) = -gifn-f)'s(f)(fn-:) + 0 ) a.s.

as n- = where S(y) is defined by (3.8).

; Do By (3-2)9

- \‘Hn 1 ? t 1 ] ] t
T on izl[p(gif)q(giz) - q(Z;8)p(2,v)12,,
ﬁan 1 n 1 1 1
S ST L p(2:v)a(2,v)2.2, = -5 (v),
which implies
z H,
T?T(i) = 0, (3,18)
By the Taylor expansion,
. N \Hn N 1, . .ﬁan *o
: Hnlin) = Hale) = 5o zpme) * 5lipm ) ot (2 ) (8- 2)
(3.19)
D VY RV
==z ma)'s (2 ) (g -2),
where :* =iz 4 (1-:)2n for some v €(0,1). Similar to (3.15), we have
¢ *
| Tim Sn(e ) =S(z) -0 a.s. (3.15')
N-ro - -
as n > », The lemma follows from (3,19) and (3.15')
LEMMA 3.6. Under the conditions (i) and (ii) of (2.2), we have
1] ~ 1 ‘_r_‘ 1) ]
— e - 2 32 f«
n ogLn(fn) n 1£1[Yi p(§if)]§i; * Hn(i)
[
]
)
4
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10
* Em8) S()(Ey-g) + olll Brell B)s s (3.20)
as n - =, where,
S(f) = p(g'g)q(Z's)ZZ'dF > 0, (3.21)

and Hn(y) is defined in (3.2).

-~

Proof, By (3.1), (3.2? and (2.1),

1 A~ ~ 1"] ] 1A
FlogLn(fn) - Hn(§n) “n iél(Yi'p(gif))§i§n
1 7
=q L [Y-p(Z ”)]Z 8
i=1
1 !
+ s iél[ .-p(z B)]Z (B -L) (3.22)

y (3,14), (3,15),

1 n 1 [ IS
H Zl[Yi‘p(giE)}§i(§n'§)

i
= (8,-8)'s(8)(8,-8) + o( 5,811 %) a.s. (3.23)

«oon -~ = (3,20) follows from Lemma 3.5 and (3.22), (3.23),
“'ow we take

B = {0,2,3,...5P},

e e D LTI . o o, PR A 0
167,00, M T T 0, A T Ve T A Ty W B a8 Y, u 5 ‘h i - £ MU Ol YOLIRIT ww‘*n*HMH’C!"'A‘“"
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Write

. 1

~ _ 1
?ﬂogLn(IB) “n

nr~13

i=1

(3.24)

- ] '
itg) = [To(@' 511000 (2315) + 0(2'5) 1000241 10

where

p(u) = - -, q(u) = 1-p(u).
+e

Functions %ﬂog[n(yB) and H(YB) are all concave functions on RP, Further

.B_H— = t ' - 1 ! 5
g f[p@ B)a(Zgyg) - a(Z'e)p(Zgvp) 12, dF. (3.25)
LU AN |
A -fp(%BZB)Q(§BIB)§B§B dF. (3.26)

Similar to the argument used in establishing (3.,8), by (i) of (2.2) we have

2-
P =9 H 3.27
S(ZB) 3YB3Yé > 0, ( )

Thus, H(ZB) is strictly concave, Since

Hlyg) 1f[p(§'§)1ogp(§'§) + q(2'8)logq(2'e) 1dF < =, (3.28)

~ *
H(zB) has a unique maximum at some g -

Assume that ;B maximizes %logfn(ys). By SLLN, for any vp 6 Rp,

. 1 -~ -~
Tim =logL _(v5) = H(vp) a.s. (3.29)
n n'~B B | ‘

By Lemmas3.1 and 3.2, for any compact D<;1Rp,

1 - ~ . 0)
sur|=1ogL -~ H(yg)|> O a.s. asn - o, (3.3
YBGB n °9 n(IB) (vg
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12

and
Tim vg = vq
o Xg 1B a.s- (3.31)
From (3.30) and (3.31), it follows that
Tim & [(“)-; * 2
im =logl (yg) = (IB) a.s. (3.32)

N

Similar to the argument used in the beginning of the proof of Lemma 3.3,

we get the following

LEMMA 3.7. Suppose that g = (80’81”"’ep) js the true parameter,
51# 0 and B = {0,2,3,...,p}. Define Gn(B) by (2.5), Then, under the

conditions (i) and (ii) of (2.2), we have

-~ %
Vim & G, (8) 25 H(yg") < H(g). (3.33)

N—>oo

e |
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ot 4, THE PROOF OF THE THEOREMS

L.os In the following, we only give the proof of the theorem 2.1. The proof

0 of the theorem 2 2 is similar.

[ e

“) ' Assume that
- Core
~O,c;_BO.

is the true parameter and BO is the best subset of A,

For any B A, B = {jo,jl,...,js}, where jo =0 « jl < el < js; put

C () (J) : (3;) (3,)
Xg = (X0, XS, Xpe = (X ey

e

¥

Bp = (Bns2: 8 oA IR Y (4.1)
~B 0 leco~a js)’ ~B ( 0’ j19!0-9 J' )9

[
[

S

Pkl §

t,
!.’&

2 = (1,X,

£y ¢

Xg) s Zg; = (1,X

B1)

‘e
v
BAS

£y

and denote by FB the distribution of X,. It is easily seen that, if

,rﬁ.,--mvv D -

¢
AR’

8g 7 vp» then

fAYL S
55590

L3}

FaiXg = p(Zg2g) # P(Zgvg)} > O, (4.2)

o Now assume that BO< “B¢.A, B # BO’ then #(B) > #(B By (4.2) and

o).

R (ii) of (2.2), using Lemmas 3,4 and 3.6, we have

Gn(BO) = wn’ (gBO) +n Hn’BO(gBO) + 0(loglogn) a.s.,

NN
l‘ l. l' l.\. -

P

AR
A

Gn(B) =n wn,B(gB) +n Hn,B(gB) + 0(loglogn) a.s.

where

w

N
<
~
-1"\
I
1%
‘o

n
,B BB) ) n Z B1BB)]ZB1BB,

\ﬂ‘ll o A AN n , AN
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:
o
Rx: 14
’ 1]
\
)
o n
w H, g(8g) ) =L b [ 8o)109p (Zp. 8 ) +
. 828" T n Loy B -B ZBiZB (4.4)
o
b | :
s + alZgygp)T09a(Zg;2p)].
\ Since By = 0 fori ¢ BO’ we have
L.
J: 2 = 2 2 = oy
'.:. wn,B(EB) = wn’BO(:BO)’ Hn,B(EB) Hn,BO(:BO). (4.5)
o By (2.6), (2.7), (4.3) and (4.5), with probability one for n large,
'::
¥ - > - C
-\. In(BO) In(B) _>_Gn(BO) Gn(B) + Cn
¥ = 0(loglogn) + C_ > 0. (4.6)
=
{“ Further, using (4.5) and Lemma 3.3, we have :
;% linia (Bn) = Tim lg (A) = H(B) a.s (4.7)
e n n 0’ n n ~ T
o N -
i) Now we assume that 0. ¢2BCZA and there exists some integer i such that
vy i 6 Bjand i € B. Without Toss of generality, we can assume that i = 1,
2
b0 Put
o :
- B1 = {0,2,3,...,P}.
;;} By Lemma 3.7, we have
It
e 1 ]
_ 1im sup = G (B) < lim =G (B,)
‘) n-oo n - N-rco n n 1
>
\...' (4.8)
.h
o ; H
-",' (IBI) < (?) a.s
7 -
S' where y; maximizes H(yB ). By (4.7, (4.8) and lim Cn/n = 0, with
- -1 "1 N-o
‘::'
I:..
by
(J
N
k) '.
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probability for n large,

In(BO) - In(B) i_Gn(BO) - Gn(Bl) +0(C)) {
(4.9) !
) < it )+ 0lcy) > o. |

[es]

> 5(H(

~

From (4.6) and (4.9), it follows that, with probability one for n large

That 'is the desired.
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