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Considert the linear regression model y = x'R + e, i = 1,2, ..., where
I t

0ty
3

{x} is a sequence of known p-vectors, B’ 31 . B ) is an unknown p-

vector, known as regression coefficients, {e} is a sequence of random errors. It is

b

(
N

-
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of interest to test the hypothesis H Bx+1 =, .. = B;-’ =0 k=0 1. ...p

We do not assume that the random errors are identically distributed and have zero
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means, since it is sometimes unrealistic. As a compensation for this relaxation, we

R
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assume the errors have a common bounded support [a1, az]. Under certain

conditions, we obtain the strongly consistent estimate of the number k for which Bk

S

5

s

£ 0O and Bk‘+1 =, .. = Bp = 0, by using the information theoretical criteria.
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1. Introduction
Consider the linear model
y, = xi'B + ei.i=1.2. NS
(m
where x's are experiment points, B = (81, C ,Bn)' is the regression coefficient
i

vector to be estimated, and e.'s are random errors. In the usual linear regression
mode! it is assumed that the random errors have vanishing expectations and common
variance. in this case, the famous least square estimation (LSE} method plays an
important role in making statistical inference upon the regression coefficient vector
B. In the literature, there are a lot of papers concerning with the LSE and many
important results are obtained (a part of work refers to [1],[2] and [3])
However the unbiasedness and consistency {(even the weak one} of LSE strongly
depend on the assumption that the expectations of errors are zero, and this
assumption is not realistic sometimes. It is of interest éo find a consistent estimates
of the regression coefficients when the expectations of errors are not equal to
each other. In [4] two methods for finding consistent estimates of the regression

coefficient vector B are proposed.
The first method is to use the measure

(y. - xi'B) ~ (Yi - xi'B)

Qn (B) = g? ]

Min
<|1<n

The estimator B8 of B is defined as the vector which minmizes Q (B) The estimate
n n

B i1s temporarily called MD estimate of B in [4] (the estimate based on the
n

Maximum Difference between residuals)

The second method is to use the measure

ﬁn(B)- ax |y,

12

é_n ) xi Bl
Denote by é the value of B which minimizes 6(8) Also. é IS temporarily called
n n n

MA eatimate of B (the estimate based on the Maximum Absolute values of residuals)

Mealiealia |
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Under certain conditions, both g and B are shown to be strongly consistent
n n
in [4].

Now let us consider the hypotheses

Hk:B ='Bk+2= =Bp=0and Bk#O

k = 0,1, ... ,p-1.

k+1

{

It is of interest to determine the true model Hk by using the model seiection

criteria Denote by B =1(8 ... ., B .0, ... ., 0F the vector which minimizes
kn k1n kkn
Q (B} under the restriction B = .. =8 =0 and denoted by B = B .
n k+1 P kn k1n
_kk, 0. ... , Q) the vector which minimizes é(B) under the restriction
n n
By = =Bp=0- Write

and

Choose a sequence of constants C ., satisfying certan conditions which will be
n
specified later, and define

~

= +
Rk Qk Kk Cn
and

R =Q +
k Qk kcn

Choose
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= ArgMin{Rk: k ¢ {0, ... ,p}}

and

>

= ArgMin{F-?k: k ¢ {0, ... ,p}}

where ArgMin denote the index which minimizes the quantities following the symbol
ArgMin.

In this paper we shall consider the consistency of k and k to the true model

2. Consistency of k
in this section, we make the following general assumptions:
Assumption 1. The errors e. i = 1,2, . .. are independent
|

Assumption 2. P{e ¢ [a1, a2]} = 0 and there is a positive constant A such
n

that for ariy ¢ > O and any n, we have

Ple € [a,, a, + €]} > Ae
n 1 1

and
F’{en € [az-e. aZJ} > Ae.

Assumption 3. For any a > 0, there exists a positive constant C such that for

any vector ¢ # 0 it foliows that

#{i <n, |2(xi)-9.(a)| < a}l > Cn

for large n, hereafter Lia) = a/|a]
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Assumption 4. There exists a positive constant m such that
|x.| >m,  for i =1,2, ..

K.~ Now let us estimate Q (B ) Define

- n n

-

e

A e o Gicn xR - g) >0

v n - i'n

AN

o (2)

-P.- 2 -

e = 1< , ' -

::'n En {I n xi (Bn B) > 0}

o Split Sp = { x g R™ x| = 1} into d disjoint parts 21, C )".d such that Vv
7 x.y eI Xy>3/4 Lety el j=1 . . .d Define E = {i<n Rx)Y >
- n |
::::f 3/}, j= 1, . .., d By Assumtion 3, there exists 61 > 0 such that
R

)'\) .

- J T

J::..j #(En) > 6]n, j=1,2, .. . ,d.

r:-'-:

o

“ it is easy to see that —R(Bn - R ef and i E implies that
L : . i n

33

1o

o -x'g(é -B) >0 i.e. i E(])

% i n ! €. bRy

2

\j ~

O andthat Q8 - Bl e X and i e E' implies that

- n ] n

B ..~- -

rt"

{’

ca - . (2)

- . ! - > . . i

ol xi Q(Bn g) 0, i.e. i g En

o

SN

-':,-.:

o Take r satisfying

)] n

)

--‘-l'
i
}f_: ™ 0 and nrn/logn +> @,

s
{\
' we have
":1'

-
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Q (Bn)<a2-a - 2r)
< P(Tax(]) e. < a, - rn) + P mlrt2 e. 2a + rn)
igk IE:E
n
<] Plma <a -r .28 -B) e3)
=1 |sEx(] 2 " ]
d ~
+ lnenErb i > a, + rn.Q(Bn’B) € ZJ.)
d -~
< P(m < -r ,-R(B - z.
< 121 it’:aEx e <a, - r. B, - B € J)
d ~
+ J§1 P(ir:En e 2a + rn,R(Bn -B) ¢ Zj)
d
< I P(max e <a, -r)
=1 isE;j‘ i 2 n
+ ¥ P(minei3a1+rn)

=1 igg?
n

2d(\-Arn)51" < 2de 281" < 2470

A

for large n. By Borel-Cantelli Lemma we have

Qn(Bn) > a, - a - Zrn. a.s.

when n 1s large enough.

Let ko be the index of the true model and let BO be the true parameter

Then obviously we have .for p > k > ko

~_. .

J' l " -I‘ J"-"-" ‘. ".
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<Q (B ) <Q(B) <3, - a

Thus

v
>
v
=~

0 < Qn(Bkon) - Qn(e.kn) < 2rn. P

If we take C such that C 5 0, C/r 4 o then for k > k
n n nn o}

Rk ) Rk = koo kO)Cn * Qn(ﬁkn) B Qn(Bkon) > 0,

for all large n.

Next, we consider the case of k < ko. Denote

\

n=1[8 }>0
%o

and define

+ , -
E = {i < n.]ﬂ(xi) + 11((31('1 - eo)| < 1/2}
Eo= lisnfolx) - (B - 8)| < 1/2}
Split Sp into b disjoint parts I . . I such that ¥V x. y e I [x - y| <

1/4 Let gJ ell. =1 . . b Define
i
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J .
! Fn={ngn'|2(xi)-gj|<1/u}, j=1,.. ,b.

By Assumption 3. there exists 52 > 0 such that

#(Fi) 2 8,m  j=1.2, . ,b.

b, 'l‘ .:, )

-, It is easy to see that

Lo
et
.:,:. - - _ . J
- R(Bkn BO) € II-j and i ¢ F

.<
LAY
.

which implies that

ALt
PSRRI

.

|2 (x.) + 28 - By | < 172, i.e. i gk

P

Also,

LR
[ e T
‘o'-‘-l

e
Y.
D)

RS

PR, - B) eI and i ri,

O

»

PSS
'ﬁl5

which implies that

LY
» L ]

P
e 8 S

v

[R0x) + (8 - B)| <1/2, i.e. ek

[
.
lI '. |‘ .. l‘
LR S

A, 480,
Py
.

-
For i ¢ E , we have
n

A
cl k

T Le
Loy hy Yy

(B By = %118 -Byl2(x,) 28 - 8)

o

g
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< -mm(1 - 1/2) = -mp/2.

Similarly for i ¢ E . we have
n

x;(ékn - 80) > mn/2.

Hence

Qn(Bkn) 2 .maﬂei ) .MIQEi * m
asEn |eEn

Thus

P(Qn(Ekn) <a, -+ mn/2)

< P{ may e < a, - mn/4) + P( min e. 2a + mn/k)
ieEn ieEn

b A~
<[ P(may e.<a,-mn/k, -2 (g -B)) € I.)
=1 i€k 4

b ~
+ =Z’ P(i:isrl e, 2a +m/k, R(B - B, € IIJ.)
n

1 P(it::)j ei < az - mn/4, -E(Bkn - BO) € IIJ)
n

A
"o

as
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b ~
+ 7 P(.mnrJu e > a, + mn/k, Q(Pﬁm - Bo) € IIJ.)
=1 igf
n
b
<7 P(.ma)j e, <a, - mn/ k)
=1 ief
b
+< ] P(mine, >a, + mn/k)
- A N B
=1 aan

62n < Zbe-Am'nGzn/b < 2b/n2

IA

2b(1 - Amm/L)

for large n. By Borei~Cantelli Lemma, we have, with probabiiity one,

e + ’ .
Qn(Bn) 23, - a, mn/2 for all large n

Thus for k < ko, we have

~

Rk B Rk = Qn(akn) B Qn(Bk n) i} (kO-k)cn
0 0
> mn/2 - (k0 - k)Cn > 0,

for large n, since C . O
n

~

(2) and (3) imply that k is strongly consistent. Summarize

arguments. we get the following theorem.

Theorem 1. Choose C satisfying
n

., ot At e
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iC 0
n
(i) nCn/Iogn +> @

Suppose the four Assumptions given at the beginning of this section are true, then

k -+ k. as

Proof. Use the arguments given before. We only need to note that for any

sequence of Cn satisfying (i) and (i, we can always choose rn such that

iy r/C 50
n

)

(i nr /logn »
n

Q E D
3. Consistency of k
In this section, we shall make the following general assumptions:
Assumptiom 1" The error e, i = 1, 2, ..., are independent,
t
Assumptiom 2. |a | < a, ¥ n =>Pe € fa.. az]) = 0 there is a positive
n

constant A such that for any € > 0 and for any n, we have
P - ’
(e e [a, - e, a]) 2 8¢
Assumptiom 3. Same as Assumptiom 3 in Section 2.

Assumptiom 4’ There exists a positive constant m such that

-~

|xi|>m, for i = 1,2, .

Now let us estimate (-ln(én), Define

]
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En= {i <n, xi(B - Bn) > 0}
Split Sp into d disjoint parts 21, C 2; such that V X, vy ¢ Zj, xy > 3/4.
Let Y € ZJ, j =1 ....d. Define E:‘ = {i <n, !L(xl)'yJ > 3/4}, j=1, ..., d. By

Assumption 3, there exists 61 > 0 such that

“j ~ .
> = C
#(En) > GIn, j 1, . d
it is easy to see that
o (R - . e B
R,(Bn B) € ZJ. and i e E

imply that x'2(8 - Bn) >0 ieiekE.

Take r satisfying
n

r -0, nr /logn 4+ ©
n n

We have

P(an(-Bn) < a, - rn) < P(izaﬁx e < a, - rn)
n

2a, -, L(B - Bn) € ZJ)
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d
< ] P(max e, <a - r)
=1 gkl 2"
n
<d(1 - Ar )61n < de-m‘n(sln < d/n2

)
o™
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-
<
-
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when n is large enough.

Let ko be the index of the true model and let Bo be the true parameter.

Then obviously we have for p > k > ko

O
——~
X
g
"
=1
~~~
™
o
IA
O
~~
™
x
o

Thus

2 $ then for k > ko
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M - - - - - -
§; R, - Rko (k = kgl +Q (B ) - Qn(Bkon) >0
(4)

T for all large n.

) : Next, we consider the case of k < ko. Denote

" ~ |
B n=18 |>0 |
LN % ko |

‘ |

and define

- E_ = {i <n, 2(x)'2(, - B, < -1/2}

P Split Sp into b disjoint parts II1, L I[;, such that vV x, y € II, xy > 1/2
T ]

I'd -~ ~ ~ _ - -~
Let g eI . j=1.. .. b. Define F' as Fi = {i <n Lx) g > 275/280}, | =
*\, - n - | !
e 1, . ... b. By Assumption 3, there exists 62 > 0 such that

_J' -~ C o
a #(Fn) 362n, J 1, ... ,b

o It is easy to see that -JI,(EKn - BO) el and igF imply that
5 J n

) < -1/2, i.e. i geE

T 2(x) 2B, - B n

Lo For i ¢ E . we have
n

"y On -
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|x! (B, By | = |x, I8, ,"Bgl120(x,) "2 (B _-By) | > mn/2

Hence

Q,(B,) 2 maxe + mn/2
ek

Thus

P@ (B ) sa,+ mn/b)

< P(.mex e, 3, - ;;1/14)
iek
n
3 - ) -
) P(max e < a,- mn/b, -2(B - B, € l'Ij)
=1 iet
n
3 - _ -
< I P(.mayjei < a,- mn/b,-2 (B -By) € IIJ.)
=1 ief
n
N -
< I P( max e <2, mn/b)

1=1 i(»:FJ
n

-~

62n

~

< ;(1 - Amn/k)

for large n By Borei-Cantelli Lemma, we have with probabiity one. when n large

< b/n2

enough
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-~ -

Q (B ) > a, + mn/k.

Thus for k < ko’ we have

<mm/b - (ko - k)Cn >0,
(5)

for largh n, since C 5 0O
n

(4) and (5) proves k is consistent Summarize the above arguments, we get

the following theorem
Theorem 2. Choose Cn satisfying
) Cn + 0
(ii) nCn/Iogn + @

Suppose the four assumptions given at the beginning of this section are true. then

Iz‘k,a.s,

Proof Use the arguments given before. we only need to notice that for any

sequence of C satisfying (i) and (i, we can always choose r such that
n n

Wr/C 40
n n

(i nr /logn » o
n

QED.

L .,< \EI ::rj'-r]'-r:n:-:- <o G'. ;:.,- G
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4. General Case

In this section we consider the same regression model (1) But the problem
we are going to solve is to determine the subset (or the modell J = {1 < j1 <

< ) < p} such that B) £ O if and only if | € J We make the same

assumptions as given In previons sections

Of course. we can use the procedure described in section 2 and 3 to

determine the mode! J as follows: For each permutation m of B = (81, S, Bp)',

similarly rearranging (x1, ... x ), we get a new model Mn' Under this model,

P!
k™ = min k
m m

using the approach given in section 2 and 3, we obtain estimates k

m
{m),

and k = k- =mink andletJ = {m1). ... . mwk} and J = J
m T 1 1 1

mk)}, we can easily prove that, by using Theorem 1 and 2, J1 +J as and 31 >

J. as

An alternative method to estimate J is given as follows: Suppose T is a

subset of {1, .., p} Consider the model T:

Y, = xn(T) 'B(T) + e

where x{T) = Ix , J € TY and B(T) = (B. j g T) Let
J I J

Qn(T) =min { max (yi - x, (T)'g(T))
B(T) 1<i<n '

I<i<n
and
an(T) = min max |yi -x. (M'gM].
B(T) 1<iz<n '
Define

" % % - -t

2 WP v e 0 :.'-‘\A ™ - '~ ' Wy gy g Y il‘ “P' N “pr P ~(.(.\.
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Choose J2 such that

A?L?L!:f;!\

~

R~ =minA
5, = min Ry

g

)

o

pL and choose J2 such that

~ -

= R- = min R

2 T
{ - -

We can also prove that J2 + J a s and J2 + J, a s . However, there would be
B < . . . . .

- too much computation involved when p is relatively large. In the first case, there are
ro totally p! permutations whileas in the second there are 2° subsets of {1, ..., pl.
i

In light of this, we propose another approach to estimate J which only involves p + |

-.: 1 quantities to be computed.

-~

:: Now let

,:J t

' ) =

i B(J) (B]”BJ-]'O ’ Bj+]v ’Bp)

N

N

X and define

_::: Q. () = min { max (yi - X;B(j))

- B(j) 1<izn

it

_ - omin (y, - xiB())}

R. 1<i<n

and

, -
®

i::.

" - -
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ﬁ(n.j)

We choose
3= G0 Y = s RO > 0
n
and
I .j;n} = {j: R(n,j) > 0}

Then we have the following theorems.

Theorem 3. Under the conditions of theorem 1, we have that

where model J = {i1, . ik} is the true one.

Proof If | ¢ J. by (3) with the replacement that ko = p and k = p-1, we

have that with probability one, Rn,jl > O for all large n, i. e. j € Jn. Hence. when n

e AT e s
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large enough, J J. Conversely, if | ¥ J. using the same argument as proving
n

theorem 1, we have

R(n,j) = Q) - ap - ¢

< 0(logn/n) - Cn a. s.

which together with (i) implies that
R(n,j) <0, for large n,

i. e j¥J when n large enough. Therefore J J which completes the proof of
n n

Theorem 3.

Theorem 4. Under the conditions of theorem 2, we have that

where mode! J = {j1, S jk} is the true one.

Proof. If j € J. by {5) with the replacement that ko = p and k = p-1, we
have that with probability one, ﬁ(n,j) > 0 for all large n, i. e, j ¢ J. Hence, when n
n

large enough, J J. Conversely, if i ¥ J, using the same argument as proving
n

theorem 2, we have

R(n,j) = 6n<j) - ap -

< 0(logn/n) - Cn a. s.

which together with {ii} implies that

A '
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R(n,j) <O, for large n,

i e j ¥ J when n large enough Therefore Jn
n

Theorem 4.

A s
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J which completes the proof of
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