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Abstract

A general and qualitatively exact theory is developed for quantum sticking f
coefficients a(k) in the small wave number limit k + 0. The theory covers
Morse-type to inverse-square potentials, the latter representing long-range
potentials. The theory gives unambiguous answers to crucial questions in the :

problem and helps lead to an overall understanding of low-temperature

adsorption. el ey T T T
j" T e ey )
o DA A " |. d

v, r,. . L [ :

W” I Jr ¢ Y l
meptCT=" e o _
? i

by .

. B - et

‘J ! '

i h B " N W\ ;

[, . 5

: , [ ' '

f Ut ‘ N '

i ‘ {

! !

L) ! !

s |
*Present address: Department of Physics, Western Michigan University,
Kalamazoo, Michigan 49008 %
\
NG M e T T S N T e T e e e e Ry e




Tt et at At ataT et et

P S TS N L NI N N Sl Yy

I. Introduction

The problem of determining sticking coefficients of an atom on material
surfaces is one of the fundamental tasks in surface physics. A general
situation is depicted in Fig. la. If the kinetic energy of incident atoms or
molecules is large compared with the energy scale of the problem, e.g., a
potential-well depth of matter-particle interaction, then it is widely believed
that the distorted-wave-Born-approximation (DWBA) is quantitatively correct for
describing various surface phenomena.l’2 On the other hand, when the incident
kinetic energy is much smaller than the typical energy scale of the given
problem, as realized in low temperatures, there has been a long-standing

controversy concerning the validity of the DWBA.3-7

This is partly due to the
lack of accurate experiments at small k and at low temperatures. The only
exception is the experiment done by the Edward group.8

The present theoretical situation is the following. People believe that a
one-dimensional (1-d) simplification, as depicted in Fig. 1b, is good enough to
study qualitative properties of the sticking coefficients a(k) at low
temperatures. It is noted that a T-shape model as shown in Fig. lc has a
deficiency that there is no momentum sink along the direction of the particle
motion. 1In classical mechanics, a particle would eventually strike the surface
no matter how slow it is, releasing some energy to a matter system, and
therefore, it would definitely be adsorbed on the surface for vanishingly small
incident energy. Quantum mechanically, however, the situation is not quite so
obvious. First, it appears natural that in quantum mechanics a low-energy wave
function of the atom must have a small wave amplitude at ; high potential
barrier, i.e., at a surface. This is true for static short-range potentials due
to the following reason. Consider a static square-well potential as shown in

Fig. 2. The scattering wave function with incident wave number k can be written
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|k+> ] {A_;i(: (Kx) ex for 0 < x < R (1.1)
e - S(k)e for R < x ,
:i where S(k) is an S-matrix element and
b
B ﬁ‘3--)ﬁ‘i+n (1.2)
2m 2m ' ’
;é where m is the particle mass. Imposing the smoothness condition on |k+> at
{E x = R, one can easily find that
A<k , S(k)»1 fork-+0 . (1.3)
? The linear k-dependence of the scattering wave amplitude in the potential-well
& region immediately leads to a linear k-dependence of the sticking coefficient
Eﬁ a(k) at small k. The first quantum-mechanical calculation of a(k) by Lennard-
.; Jones and Devonshire (LJD)3 based on the DWBA is essentially the same as the
T; above argument for the static square-well potential. Based on the LJD
calculation for a static Morse potential which decays exponentially at large
hf distance, people next considered various possible mechanisms for realizing
< finite a(0). These include static long-range potentials, x‘n,7 and correlated
E; or many-body motions of the atom-matter system such as polaron6 and self-
‘g trapping,5 but for short-range potentials like square-well and Morse-type.
X However, all the existing theories share a common deficiency in that they do not
‘: answer the following two questions: How important is the long-range character
!? of the matter-particle interaction? How important is the many-body motion of
- the matter-particle system? It is clear that a satisfactory theory must treat
¥ these effects on an equal-footing. Are there any potentials for which a(0) are
;}3 finite? If there are such potentials, what is a borderline potential which
: distinguishes between "short-range" potentials for which a(0) = 0 and "long-
'? range" potentials for which a(0) = 07
v,
%
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In this paper, we shall develop a new theory of quantum sticking
coefficients at 0 K. We do not invoke any uncontrolled approximations, and thus
give a definitive answer to the problem. Our answer is as follows: ({i)
Irrespective of the matter-particle interaction potentials, the many-body motion
of matter-particle system is not essential for the small-k behavior of a(k).

The present theory gives a firm basis to the DWBA. (ii) For potentials
decaying faster than x-z at large distance, a(k) « k at small k. This is
essentially due to the fact that the scattering wave function has a linear k-
dependence at small k. The range of the linear k region decreases with
increasing long-range character of the matter-particle interactions. The theory
encourages experiments at small k < 0.1 A-l. For a aHe atom colliding with a
liquid AHe surface, the present theory predicts a critical wave number ~ 0.0l
A-l below which a(k) depends on k approximately linearly, which provides a deep
understanding of the experiment.8 (ii1) The inverse-square potential is a
borderline distinguishing between short-range potentials for whish a(0) = 0 and
long-range potentials for which a(0) = 0. This conclusion is reached by a DWBA
calculation of a(k) for the inverse square potential. Our assertion (i) in this
case means that the DWBA result cannot be changed qualitatively by higher-order
corrections., This is essentially due to the fact that, unlike the case of
short-range potentials, the scattering wave function here has a vk-singularity
at small k.

Before getting into detailed descriptions, let us try an intuitive
explanation of the present theory and its main results. To do so, consider once
more the static square-well potential, Fig. 2. In the above, we have given a
standard explanation of a(0) = 0. Our method in this simple case would proceed
as follows. We first note that the S-matrix element S(k) = exp[2i8(k)], where
8(k) is a scattering phase shift. But Levinson's theorem’ tells us that 8(k) is

related to the number of bound state N of the square-well potential as

oty e AN e ttatata R

* N e & KB
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8§(+0) = aN . (1.4)

Now for k << 1, S(k) -~ 1 by (1.4) and R ~ 0(1) for short-range potentials, and

therefore
|k+> - 2ikx for R<x<1/k . (1.5)

On the other hand, |k+> in the region 0 < x < R must be a linear combination of
two independent solutions of the Schrodinger equation, etin. Noting that K
does not depend on k in the limit k + 0, and requiring a smooth connection of
|k+> at x = R, one can easily see that both two constant factors before etin
are proportional to k, which leads to the same result as before -- |k+> = k at
the potential well, and hence a(k) « k for small k. Now the point is, this
explanation does not use the boundary condition at x = 0, nor does it require
details of the wave function in the potential well. Therefore, under the
existence of a dynamical version of Levinson's theorem, it can be extended to
dynamical cases, which is precisely what we <hall do in the next section. The
existence of a dynamical version of Levinson's theorem for matter-particle
interaction potentials decaying faster than x-z has recently been shown by the

present authors.lo

We have organized the present paper as follows. In the next section,
short-range potentials are examined based on formal scattering theory and the
dynamical Levinson's theorem. In Section III, a numerical calculation of a(k)
is carried out based on a self-trapping model, which demonstrates the dynamical
Levinson's theorem and determines a standard number B to be introduced in
Section II. 1In Section IV, we examine the inverse square potential which is
essentially different from the short-range cases and is outside the scope of the

arguments to be presented in Section II. Our DWBA calculation presents, for the

first time, an example of finite a(0). Our summary is given in Section V.




o

(After the completion of the present work, we have noticed the paper by Brivio
and Brimley in which the adsorption problem is treated by the Green's function

method.ZI)

II. Short-Range Potentials

We first examine short-range potentials, that is, those decaying faster

than x-z. Let us consider the adatom + 1-d matter Hamiltonian in a collinear

configuration (see Fig. 1b),

Ho o = H(x,p) + V(x,x) + K(p) , (2.1)

where H(x,p) is a 1-d matter Hamiltonian with x and p, respectively,
representing position and momentum vectors for atoms in the 1-d matter, V(x,x)
is an interaction potential between the adatom and 1-d matter which we restrict
to those decaying faster than x-2 at large adatom-matter separation x >> 1, and
K(p) is the kinetic energy of adatom. It is noted that the 1-d matter must be
of finite size, because otherwise only one phase is possible in one dimension,
that is, there is no distinction between gases, liquids and solids.11 This
means that the matter does not have a well-defined boundary at finite
temperatures, and the question of calculating an adsorption probability becomes

meaningless.

A scattering eigenstate of (2.1) with a wave number k can be written as
*(;nk) - F(l-.'nk) - S(k)r(;p'k) ’ (2.2)

where r = (x,x), P(r,k) is a Jost solution having an asymptotic form e-ikxoo(i)
at x + =, where oo(i) is the ground state of H(x,p) (T = 0 K), and S(k) =
exp(218(k)) is an S-matrix element. In a recent paper.lo we have extended

Levinson's theorem in static potential scattering to our dynamical case. We
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have shown that for our short-range potential V(x,x), the scattering phase shift
8(k) is connected to the number of bound states, N, of the total

Hamiltonian by
§(40) = Nv . (2.3)

On the other hand, an exact expression of an adsorption rate R(k), the
nunber of adsorped atoms per unit time, is given by time-dependent scattering

theory12 as

R(k) = 3% E s(e, - BV kD2, (2.4)
f
%2k?
vhere = —— + E_ with E. representing the ground state energy of the matter
2m © 0 o "°P

(T = 0 K), 2 means a summation over final states |f>, Vf is a final channel
£ +
interaction, e.g., creation of phonons, and |k > represents a scattering

eigenstate of the total Hamiltonian, H . The sticking coefficient a(k) is

tot

defined as a ratio between R(k) and the flux, the number of incident atoms per

unit time, which is given by hk/m. Therefore we have

2 2
a(k) = ;%f— 2 8(E, - Ef)|<f|Vf|k+>| . (2.5)
£

An important observation in (2.5) is that as far as the small-k behavior of a(k)
is concerned, it is given essentially by the quantity |k+>2/k. This is seen as

follows. The static potential

v(io,x) = V(x,x) - V (2.6)

f L]
where ;0 denotes a mean configuration of matter atoms in the ground state oo(i),

is by assumption a short-range potential, and supports only a finite number of

bound states with finite binding energies. Moreover, the final states |f> in

.
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(2.5) are eigenstates of the unperturbed Hamiltonian Htot-vf' Therefore, in the e
-

lipit k » 0, all the quantities other than |k+>2/k in (2.5) do not depend on k. P
v

We now explore the small-k behavior of the exact scattering eigenstate )

|k+>. From the dynamical Levinson's theorem (2.3), for k << 1 the S-matrix ﬁ
J

element S(k) = exp[2i8(k)] -~ 1 in (2.2). Let us define a reduced potential _
. 1 :
V(xo.x)/(ﬁ) = Uu(x) . .7) y

~
and consider large distances R and R' such that ®
- = k2 - 1 - %

U(R) = k” << - U(R') << {-U(x)} __ . (2.8)

This means that the matter system is still in the ground state in the region =
R' < x, and that the Jost solution in (2.2) is F(r,k) = e-lkx¢0(§) in the region -
R < x. Thus we have By
|k+> = (e-ikx _ exkx) °0(;)
(2.9) :

= -2 - 1 =

z 21kx¢0(x) for R < x < Y N

vhere in the second expression, we have assumed the inequality i
kR < 1. (2.10) "
Next consider the region R' < x < R, where the particle motion is described by f
"-.

Schrodinger equation A
a2 2 :

{(- =5 +Ux)} o=k . (2.11) p)

dx b

s

e

Instead of explicitly solving (2.11) for respective potentials U(x), however, we byt
simply point out that the particle motion in this region must be somewhere -
-

between the two extreme cases, U(x) = U(R) and U(x) = U(R'), as shown by two v

N T T e T
LR S AN LN RARL QU AT SR TR Y
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w horizontal dashed lines in Fig. 3. But one can easily see that in both cases
b}

the smoothness requirement of |k+> at x = R [cf. (2.9)] leads to |k+> « k at R'

” < x < R. This fact in turn leads to |k+> « k at 0 < x < R', because in this

i region, |k+> can depend on k only through a constant prefactor which, however,
)

’ again by smoothness of |k+> at x = R', must be proportional to k. In this way
&

3 we reach
Vo

-
" +
b Jk'> = k 0 < x <R. (2.12)
- From (2.12) we have

-

v alk) = k%K« k. (2.13)
; We remember, however, that (2.13) is derived under the condition (2.10) and

P

. S(k)- 1. Little is known about the small-k dependence of S(k). Our analysis
W
-~ below and numerical calculations in the next section for a Morse potential show
< that the latter condition imposes a similar restriction on k as (2.10). To

L4

-

': analyze (2.10) for typical long-distance behaviors of the reduced potential
N

U(x), let us introduce a standard number B < 1 in analogy to the "standard

~l

s value" in the Lindemann formula feor melting.13 and replace (2.10) by

v kKR < B . (2.14)
- With this B we can predict for each given potential a critical wave number kc

Y

§ such that

.
P a(k) <k at k<k . (2.15)
-

“

~
:: From (2.14) and U(R) = kz, one can easily obtain the following results:
N

ﬁj (i) Exponential decay U(x) - -ye "* ,

5
L)

N N I N N N R




-(k /) 1n(k_2/y) = 8 (2.16)

(ii) Algebraic decay U(x) -~ -yx © (n > 2) ,

1/n ,1-2/n
Y kc

=B . (2.17)

The results (2.16) and (2.17) make two predictions. First, the critical
wave number kc decreases with increasing long-range character of the potential.

Our numerical calculations of a(k) in the next section for a Morse potential

14,15

(2.16) with y = 48 3l and x = 1.4 A-l (numbers for the W-He system ) show
that kc ~ 0.1 A‘l. Substituting these numbers into (2.16) gives
B~ 0.6 . (2.18)

The AHe atom colliding on a liquid AHe surface is described by a van der Waals
potential (2.17) withn =3 and y = 20 A. Using B - 0.6 in (2.17), we have k, -
0.01 A-l for this case, which is in good agreement with experiment.8 Second,
from (2.17) kc approaches zero quite rapidly as the exponent n approaches 2 from
above, as depicted in Fig. 4 for y = 20 and B = 0.6. This strongly suggests
finite a(0) for an inverse square potential, and that n = 2 is a borderline
distinguishing between "short-range' potentials n > 2 and "long-range"
potentials n < 2. We note that the n = 2 specialty is beyond physical
intuition, but is clear mathematically as signaled in several ways: the
dynamical Levinson's theorem (2.3) breaks down for n < 2, the inequality (2.10)
does not hold for n < 2, and the zero-energy scattering wave function has a
singularity at n = 2. This last fact is seen as follows. For k = 0 and U(x) =

‘Yx—n. {(2.11) becomes

V' Hyx Ty =0 . (2.19)

A general solution of (2.19) is

L T

S %>~
AN



Iy /Y _1-n/2
v = VX Z_l_(Z-n X )
2-n

’ (2.20)

where Z, is a solution of Bessel's differential equation

1z'+(1-33)z-o (2.21)
. 2 . .

" +__
Z\) X

The singularity of ¢ at n = 2 is clear in (2.20). 1In Section 1V, we shall

present a thorough study of the inverse square potential and show that the

quantum sticking coefficient a(k) is finite in the limit k + 0, thus confirming

the above prediction that n = 2 is a borderline.

III. Determination of B

In this section, we consider a self-trapping model for the adsorption of

He atom on W. A collinear configuration of He and W is shown in Fig. 5. By

calculating the sticking coefficient a(k) as a function of the wave number k, we

shall demonstrate the dynamical Levinson's theorem (2.3) and determine the
standard number 8. The model assumes a harmonic lattice, th = Eﬁm a*a , a8

994

q
surface W atom plus He atom interacting through a Morse potential, and the

surface W atom seeing another Morse potential created by the end W atom of the

1-d lattice in its equilibrium (taken to be x = 0)

H o a ™ P§/2H + 0(x)) + pi/Zm +U(x -x ) . (3.1)

The dynamical interaction between the harmonic lattice and the surface W atom

takes the form (one-phonon process)

d0(x )
Hy o = - Z (ZNzﬂwq)i (a; + a_q) dx: e(t) , (3.2)
q
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where No is the number of lattice atoms, and the unit step function 0(t) means
that |k+> here is a scattering eigenstate of Hs+a’ not that of the total
Hamiltonian. 1In analogy to the second-order optical process, this is a
luminescence component ajproximation thereby neglecting Raman components, which
is expected to be good for short-range potentials of the Morse type. To
calculate a(k) by (2.5), we note that here Vf is Hint at t > 0, and the final
state is |[f> = a;|0>|b>, where |0> is the phonon vacuum and |b> represents a
bound state of Hs+a

To solve the Schrodinger equation

H v =B (3.3)

which is the main task in this section, we now specify the W-He and W-W Morse

potentials as

0
O(x+x ) b
3 = (e 2ex 2¢ %) . (3.4)
U(x+x_) D
a
where xg - 34, xg -3.6A D - 0.99eV, D - 10 meV and x = 1.4 A-I.IA’IS The

phonon dispersion wq is given in terms of the W-W interaction potential U as

quz = ZUxx(xaxg)[l - cos(qxg)] . (3.5)

It is worth noting that the problem (3.3) is essentially a three-body one and an
analytic solution is not available even for the simplest interaction potentials,
e.g., the square-well. The best we can do s to construct perturbative and
variational wave functions and solve (3.3) numerically. In doing so, we note
the following. First, the one-body problem for Morse potentials is exactly
solvable. Appendix A summarizes some results about Morse potentials. In the

case of the W-He Morse potential U(x), the quantity K as defined in (A.3) is

- . P Sy .".'h’- .
4‘ "~(\\\ A

N
x’-4mf~'~{h_5f ﬂ iﬂ.NJm‘*
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N about 7.4, which by (A.6) means that there are four bound states with the lowest

binding energy -~ -1.52 x 10.21 J = -9 meV, Similarly for the W-W Morse

potential U(x), there are about 200 bound states. Measuring the energy from

8%

that of the lowest bound state, the first four bound states have energies 0 (n
= 0), 1.35 (n = 1), 2.69 (n = 2) and 3.94 (n = 3) in the unit of 10 2! J. The
one-particle energy spectra for the W-W and W-He Morse potentials are
schematically summarized in Fig. 6. It is now clear from energy considerations
that as long as k is small, the first three bound states are good enough to
describe the motion of the surface W-atom. As for the motion of He, there are
two situations. When the He atom is far away from the surface, the surface W-

atom is in the ground state and the wave function is written as

-ikx ikx

2 V=¥ om(xex) = Cogx e ® - ste f) (3.6)

where Qo(xs) is the ground state of the surface w-atom as given by (A.2), and
.
. C = 0 for bound states |b> and C = 1 for the scattering state |k+>. Near the
“»
~ surface, on the other hand, the wave function can be written as

M-1

VeVt en) ) e () (3.7)
p=0

ChiINCNCNS

[y

wvhere the gp's describe a fully correlated motion of He near the surface.
According to the energy consideration above, we take M = 3 hereafter. One may
suggest the use of the variable X, "X, in place of x, in (3.7) and expand the He

motion gp in terms of the eigenstates (Qn) in (A.2) for the W-He Morse potential

L UL LN N LI

U. This scheme is not efficient, however, because of complexities arising from
the kinetic energy term pi/ZH in (3.1). We find that the Gaussian-weighted

Hermite polynomials are the best suited orthonormal complete set over which to

expand localized gp-functions:

o
o
-
v
-
.
.
.
.
-
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Hq(Tx) q=20,1,2... , (3.8)

wvhere Nq = [T/q!/'Z?)]U2 and the Hq's are Hermite polynomials. In Appendix B,
we have described Hermite polynomials and related integrals which appear in the
calculation of the Hamiltonian matrix elements. The scale factor T in (3.8)
must be best fitted according to the degree of locality of the gp's. To check
the efficiency of the hq expansion, we have expanded the first four bound states
of the W-He Morse potential in terms of the hq's. We have found that 14 hq's
reproduce these four wave functions very well, with < 1% relative error in wave
amplitudes.

Based on these preliminary arguments, we now consider the following

variational wave functions for the eigenstates of HS+ :

2t
2 N-1

w(xs,xa) = *asym °(*a) + 2 E cij oi(xs)hj(xa) , (3.9)
i=0 j=0

where O(xa) is an error function preventing the He-atom from penetrating into

the matter,

v

o(x) = 75

0.0
x-x_-x_-YZ/v _.2.2
I a’s dt eVt (3.10)

vhere v is a variational parameter. First consider the bound states |b>.

Substituting (3.6) with C = 0 and (3.9) into (3.3) and operating

dexsdxa 9, (x )b (x) ,

we obtain a set of coupled algebraic equations for the coefficients Cij's:

b b
X By 11C1) = G0 (3.11)

.
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where

Hlm,ij E eiéliamj - élipmj + Egolm,ij ’ (3.12)

and where €, = 2mE./ﬁ2, € 2mE/ﬁ2, € % 2Dm/ﬁ2. and P_, and 0 .

i i 3 mj im,ij
respectively, are given by (B.7) and (B.9). Starting with (3.6) and C = 1, one
can obtain a similar equation as (3.11) for the scattering state |k+>. It is
noted that unlike the case of bound states, the eigenenergy is already known as

Ek = ﬁ2k2/2m. However, there is an additional unknown, S(k), and some

additional matrix elements associated with this variable. We have obtained

- -H* s -
Hom13 ~ %%2ibnj 1 Him Cij Hom
.................. oo ——- - e (3.13)
»
H | H S(k) H
1] 1 SS S
'

vhere Ek = kz, and H

function ¢, (3.10), and are given in Appendix C.

, H. and H__ are certain integrals involving the error
Lm” s ss

We can now calculate the sticking coefficient a(k) as defined by (2.5). As
noted before, our self-trapping model assumes the one-phonon final states |f> =
a;|0>|b> and takes as |k+> the scattering eigenstate of Hs+a' and here Vf is

Hint, (3.2), at t > 0. Let

2
B2 =12,

2m ¢ ’ 0

be the binding energy of the £-th bound state. With the phonon spectrum (3.5),

the energy conservation in (2.5) becomes

(B -B,) = —ie ——hy {8(q-q.) + 8(q+q )} (3.14)
Ek £ ﬁk/67; ngZ-BE 0 °

vhere
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0

B = —VATR /K2 /mD (k% + b2),

-1/ _ 2
L = i 0 9 cos {1 Bl) . (3.15)

1
0
x

s
As for the matrix element in (2.5), from (3.2), (3.6) and (3.9) we have

RIANIEE SZEQI-|M | (3.16)

2N Mw
with

M, = Z c:j Idx hjo{e'ikx- s(k)eik*}fdx ¢,050" (x)/2D

L s .
+ 2 c.j { cpj de ¢i¢p 0 (x)/2kD
ij p

L NNy
= 2 cij {Y(j,0) - S(k)Y*(j,0)} 2{KJ(K;i,o;l) - J(K;1,0;2))
kK

N.N
+Ed Eﬁ.iiwumumn-Junmﬂn , (3.17)
. P) KKZ
1) P

where (A.11) and (C.6) are used. Substituting (3.14) and (3.16) into (2.5)

gives
%o
a(k) = 5 (aDy3/2 CE— (3.18)
nz 2k +p2 Ot
L=l v2- B
We have numerically solved (3.11) and (3.13) and obtained b, C:j. S(k) and

s
ij°

stability and convergence of the numerical calculation has been checked by

c We have then evaluated a(k) based on (3.15), (3.17) and (3.18). The

changing variational parameters T and v, as well as the number of Gaussian-

weighted Hermite polynomials, hq. To test the validity of our numerical

calculations, we have first checked if the numerically obtained binding energies

A A N L N N A e L e




i e

are reasonable. We have found four bound states with energies -20.087, -9.053,
-2.939 and -1.837 in the unit of A-z. Simple estimates of these energies are
the four binding energies of the W-He Morse potential, assuming the surface W-
atom to be in the ground state ¢0. From (A.6), in the same unit of A-z, these
estimates are -20.133, -9.530, -2.846 and -0.082, which are close to the
nuperical results, thus demonstrating the validity of our numerical
calculations. Figure 7 contains our final results for T =2, v =1 and N = 2],
Part a shows that the S-matrix element takes the limit S(k) -+ 1 as k + 0,
demonstrating the dynamical Levinson's theorem, (2.3). Part b shows a(k) as a
function of the wave number k. The approximate linear k-dependence of a(k) is
seen below k_ - 0.1 Substituting this into (2.16) with « = 1.4 A7} and Y

48 A-z gives g ~ 0.6.

IV. Inverse-Square Potential

In the preceding two sections, we have investigated short-range cases,
i.e., the particle-matter interaction potentials decaying faster than x-z at
large distance, x >> 1. Due to the existence of the dynamical Levinson's
theorem (2.3), we could develop a general and accurate theory for the small-k
behavior of the sticking coefficients a(k). As we have found, a(k) = k, thus
verifying that the DWBA is qualitatively correct in this case. One important
result is that a(k) « k only at k < k. and the critical vave number k_
decreases with increasing long-range character of the potentials. 1In
particular, as Fig. 4 shows, the theory predicts that k_ = 0 and hence a(0) is
finite for an inverse-square potential. In other words, it predicts that the
inverse-square potential is a borderline distinguishing between short-range
potentials for which a(0) = 0 and long-range potentials for which a(0) is

finite. In this section, we shall carry out a one-phonon mediated DWBA




calculation of the sticking coefficient for an inverse square potential, and
show that this is indeed the case.

Before getting into details, it is useful to look at the problem of
sticking coefficients from the viewpoint of formal perturbation theory. The

exact scattering eigenstate |k+> in (2.5) can be written as

k> = { (Gove) k> (4.1)
n=0
where Vf is a dynamical interaction between the adatom and matter, |k> is an
exact scattering eigenstate for a static adatom-matter potential, and Go E (Ek
-H + 104').1 is an adatom propagator with the Hamiltonian H describing the adatom
moving in the static adatom-matter potential. Substituting (4.1) into (2.5)
provides a power series expansion of a(k) with respect to Vf, whose lowest
order, O(sz), is the DWBA. In the case of short-range potentials, the DWBA
gives a vanishing a(0), and it has been a challenging question if the inclusion
of higher-order terms can bring about a qualitatively different answer, namely a
finite a(0). In the case of the inverse-square potential, on the other hand, as
we shall see below, the DWBA already gives a finite a(0). Now an important
point is that the DWBA is the only term to O(sz). This means that an exact
a(0) is also finite in general. In other words, as far as the qualitative
small-k-behavior of a(k) is concerned, there is no significant many-body effects
in the case of the inverse-square potential.

Another important remark is on the dimensionality of the problem. As we
have noted in Section I, a 1-d model of infinite size is physically meaningless
for the study of adsorption. Therefore, when one uses the 1-d model, the system
size must be finite, so that the phonon spectrum has a gap. In the case of

short-range potentials, the number of bound states if finite, and therefore a

.......

_______
.........
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cutoff is effectively introduced in the puonon spectrum. This is why the
ccomonly used infinite 1-d model does not show any difficulty. Por the inverse-
square potential, on the other hand, as we shall see below, there are infinitely
many shallow bound states which strongly couple to very 'soft" phonons, leading
to an infrared catastrophe to be explained. We thus encounter a finite-size
problem in a 1-d model for the inverse-square potential. To avoid this problem,
we shall extend the commonly used 1-d model to higher dimensions -- two and
three -- thereby expecting that the phonon density of states at higher
dipensions would suppress the contribution of very soft phonons and remove the
infrared catastrophe.

Let us consider a particle of mass m striking the material surface in the

normal direction. The Hamiltonian is written in general as

No

2 >

H=p'/m+ 8, + 2 v(r-R) . (4.2)
i=l

Writing ﬁi = ﬁiO + 6§i and following the standard procedures, we divide the

third term into a static potential

v(z) = Ev(?-iio) (4.3)
i

and a dynamical interaction

v, - -z WA ) ok,

i

- 2 1N0(3+é)-2* ei(q+6)-r
> QX
qA ¢

a+§ 2N Mw~» >

" x V L (a' + a L) o (4.4)
. 0qr qr -qr

- . - . e . e gm0
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In (4.3), we have assumed a translational symmetry parallel to the surface. In

(4.4), E* is a phonon polarization, V_ is a Fourier a-component, and G is a

qA
reciprocal lattice vector. Now the one-phonon mediated DWBA for a sticking

coefficient a(k) means that in (2.5), the final state is [f> =
iky-r
a** jo>|bde I ", and |k+> and |b> are, respectively, scattering and bound
qA
eigenstates of the static potential v(z). Here the subscript || denotes a

conponent parallel to the surface. From (2.5) and (4.4) we have

2
2mm K2 2 2 2
a(k) = 2@ X sk - 2 + 6% - o, ) M| (4.5)
ﬁzk 2m i ) |

b,qA

with

i(q, + G )z
= h z z +
M ,iﬁ‘ﬁG“ iNg <ble k>
0"

9 ¢ = (0,0,6,)

x(@+ &2, v, | . (4.6)

qA E+E
In deriving (4.5) and (4.6), we have put G“ = 0 because at low energy a nonzero
G“ does not satisfy energy conservation. Moreover, in a standard situation,
such as a He-atom colliding on W-matter, we see from energy conservation that
q << 1, which enables us to neglect the qﬁ -term compared with w_ in (4.5), and

qA
approximate (4.6) as

iGzz z +
M = W, N, <b] z e 16 e, Vo lx> . (4.7)
ax c qA z
z

We note that the G, = 0 term in (4.6) is negligibly small. On the other

hand, one can easily show that

-, et e e
PRI e
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z
v(z) = NO E e VG . (4.8)
With (4.8), (4.7) can be written as

z h_ dv(z) [+
M= <b| €] /ZN Mo ap -~ k> - (4.9)
qA 0 \

q

Here it is noteworthy that the result (4.9) justifies replacing the dynamical

interaction (4.4) by an effective one,

h + dv(z)
Ve = 2 N M (A, ta,) g ’ (4.10)
3 0 EA A -qA
qA

which is a natural extension of the commonly used 1-d model of low-temperature
adsorption to higher dimensions.

To explicitly evaluate (4.5) and (4.9) for a(k), we must specify the static

potential v(z) and the phonon dispersion w, . For the static potential we take
qA
the form
2
-%; Yz 2 z 2> 2
v(z) = . (4.11)
b z < Z,

vhere z = zg denotes the surface. It is noted that our phonon argument above is
not consistent with the long-range potential, (4.11). Conduction electrons will
be more relevant than phonons for the long-range interaction.17 However, as
will become clear below, the specific form of the interaction term Vf is not
essential for finiteness of a(0), and (4.10) is good enough to study qualitative
aspects of quantum adsorption for the long-range potential. For a similar

reason, we consider W and He as an example of matter and atom. Clearly the W-He

interaction is not of the type (4.11), and the choice of W and He here is simply
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’
for the purpose of specifying the atom and the phonon dispersion. We replace A
w, by “q of (3.5), which upon substitution of (3.4) becomes L
qA 5
b 0,,,1/2 hyt
wq = ZK[H{I cos(qxs))] . (4.12) .
This is based on the observation that (4.12) gives a sound velocity ~ 4 x =
103 m/s, which is close to the geometrical mean of the longitudinal and -3
transverse sound velocities in three dimensions, ~ 3.4 ~ 103 m/s. With this f
-
simplification and -
".-
z () =1, (4.13) %
A gA .
the dimensionality, D, appears only in the phonon density of states ;t
D 8
I = -—L-—-—— dq p (q) (4.14a) .
*> D-1 D * A
q 2v(x ) R
with ﬁ
0 0 2 'Y
op(@) =2 (D =1), x4 (D =2) and (x . @)%/n (D =3) . (4.14b) :
Our final task towards the calculation of a(k) is to solve the Schrodinger :
equation22
g2 a2 W2 2 -
{'Ed—iﬁ'V(z))V"ﬁev , (4.15) N
4 ~
which is carried out in Appendix D. Figure 8 contains the long-range potential
(411) 1n the unit of A™2 with z; = 0.5 A and u = V4 - 1 = 5.0, and its bound ]
states calculated from (D.9). From (3.14), (4.5), (4.9) and (4.11)-(4.14), we K
have -~
Y
o
v
I‘\
’

------ - - C e - - ~ =, ™S v Ty
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where b, is the &-th b as given by (D.9), and |2> is the t-th bound state

T N Y T Y Y Y VL T J Y W X

(D.14), with the first bound state being the lowest bound state. Substituting

(D.4), (D.6), (D.14) and (D.18) into (4.16) gives

(k) _ Aﬂ’l ]_2_ -y 'J (k )l-z a0 ( )
atk) = B o2 e v % Pp'9p
&0 =1
. —1 : 1 5 1., (b,20) - Iv_l(blzo)l-z |Ml|2 (4.17)
/2 - Bf k™ + bl
where v = Vl-yz and
. -3
M, = Iﬂ dz z “{J (kz)J_ (kzy) - J_ (kz)J (kz()}
)
x {I,(byz) - T_(byz)} . (4.18)

For given values of parameters Zgs M and k, one can calculate the prefactor in
(4.17) and bound-state spectrum b, by (D.9), (D.11) and (D.12), which in turn
deternines B, and py(qg) by (3.15) and (4.14b), and |T_, (b z0) - I, (b2}
by (D.11). Finally, the matrix element (4.18) can be evaluated numerically,
with some remarks given in Appendix E.

We can now discuss some properties of a(k). First of all, the finiteness
of a(0) can be seen as follows. Consider the lowest bound-state contribution in

(4.16). It is clear in this expression that in the limit k + 0, the k-

dependence of a(k) is determined by that of the quantity ]k+>2/k, which,

however, approaches a constant due to the vk-dependence of |k+> in the limit k ~»

0, (D.7). Therefore, the lowest-bound-state contribution to a(0) and hence the
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value of a(0) itself is constant. An important point here is that this

conclusion of finite a(0) does not use details of the interacticn Hint' Thus,
we have seen that the finiteness of a(0) is a general consequence of the

inverse-square potential. Secondly, we have observed a logarithmic divergence

of a(k) in the 1-d case,
a(k)D=1 « - lnk for k - 0 . (4.19)

To see the origin of this catastrophe, consider the matrix element Ml in the

limit k,b » 0. 1In this limit, substituting (D.2) and (D.11) into (4.18) gives

M, = r dz 222" - z_v){rgl—-vl(s z)V - (512)-\)}
1

r(l+v) ¢
F(l-v) ¢v 1 v 1
“T(1+v) "¢ 1-2v Si 1+42v ° (4.20)
where SQ E blzo/Z. From (4.20) and (D.12) we have
nglz « - V2/|1+2v|4 = constant. (4.21)

On the other hand, in the same limit k,b » 0, (D.2), (3.15), (D.18) and (D.19)

give

IJv(kZO)Iz + constant, B, ~+ 0

-1
1T 4 (B - I, (B = B, . (4.22)

Substituting (4.21) and (4.22) into (4.17) and using the density of bound states

(D.13), we find the contribution of the bound states 0 < b < b, << 1 to a(k) as

0

b
o J 0 db pD(k2 + b2) E—E——i (4.23)
0 k" + b

24
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which, for D = 1, diverges logarithmically in the limit k » 0. That is, in the

limit k + 0, each of the contributions from very shallow bound states remains

5 il

.y

finite, and a(k) diverges logarithmically due to the linearly diverging density

‘.

of bound states. However, as we have pointed out in Section I, the obtained

infrared catastrophe does not imply a new surface many-body problem, but reveals

a pathological aspect of the infinite 1-d model.

RO

Finally, we have numerically evaluated (4.17) and (4.18) for the D = 1, 2

and 3 cases. Figure 9 contains sticking coefficients a(k) as functions of the

wave number k. The parameters used are 2y = 0.5 A and u = 5.0. Note that a

T Yale

logarithmic divergence of a(k) in the D = 1 case is spurious. Although the

x5y

infinite 2-d model has in general the same pathological aspect as the 1-d model
in that there can be no lattice formations in one and two dimensions just as
there can be no spontaneous magnetizations in the isotropic Heisenberg model in
these dimensions,zo the spurious contribution of very soft phonons is suppressed
by the decreasing phonon density of states at q » 0 [cf. (4.14b)], as a tiny
difference between a(0) and a(2) in the D = 2 curve demonstrates. The results

for the cases D = 2 and 3 demonstrate finite a(0) for the inverse-square

potential.
V. Summary

In this paper we have developed a new theory of quantum sticking
coefficients at 0 K. Based on the dynamical Levinson's theorem, we have first
considered the cases where the adatom-matter interaction potentials decay faster

2

than x . We have demonstrated that the many-body motion of adatom-matter

system is not essential in determining the low-energy behavior of the sticking

coefficients. The essence is instead in the long-distant part of the

interaction. The theory predicts that a(k) « k at k f kc, and that the critical
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wave number kc decrease with increasing long-range character of the adatom-
matter interaction. To give a quantitative measure of kc' we have introduced
the standard number B in analogy to the '"standard value" in the Lindeman melting

formula. To determine B, we have considered a self-trapping model for the W-He

system. By carrying out precise numerical evaluations of a(k), we have
determined that B - 0.6. As a test of the present theory, we have then applied
our results to the case of aHe-atom colliding with a liquid “He surface, for
which accurate experimental data are available. The theory predicts that a(k) «
k at k S 0.01 A-l, in good agreement with experiments. Next, we have considered
the inverse-square potential. Our study based on the dynamical Levinson's
theorem has already verified that kc + 0 as the potential approaches the
inverse-square one, which strongly indicates a finite a(0) for the inverse-
square potential. We have carried out the one-phonon-mediated DWBA for the
quantum sticking coefficient at 0 K and have shown that the inverse-square
potential is a borderline distinguishing between "short-range“ potentials for
which a(0) = 0 and long-range potentials for which a(0) = 0. We note that the
finite a(0) result of DWBA would hardly be changed qualitatively by including
higher-order corrections. It is also noted that this result depends on the fact
that the scattering wave function has a vk-singularity in the small-k limit, in
sharp contrast to the linear k-dependence in the case of short-range potentials,
and therefore it is a general consequence of the inverse-square potential. In
brief, the essence of quantum sticking coefficients at 0 K is in the k-
dependence of the scattering wave function |k+> in the low-energy limit k + 0.
For short-range potentials, |k+ has a linear k-dependence which leads to a

linearly vanishing a(k). On the other hand, for long-range potentials, |k+> has

a Yk-singularity leading to a finite a(0).

LIPS Y.
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Appendix A. Some Results about Morse Potentials

The ore-body problem for a Morse potential,

ﬁz d2 -KX -KX
{- 5= == +D(e "~ -2 )} ¢(x) = E¢(x) , (A.1)
2m , 2
dx
is exactly solvable.la The bound states are

Vgt T

o = Nne-z/Z z(K-2n-1)/2 Fn(z)

n , (A.2)
where . ’
K= 2v2uD/hc , z = Ke "% (A.3) !
and the Fn's are Laguerre polynomials, K
n o )

_ K-2n-1 = \¢_1yoK-n-1, z_

P2 = 10N 2 ) & (A.4)

m=0 b
satisfying the differential equation

d%r dF :
z—3 + (K-Zn-z)az +nfF =0 . (A.5) 4
dz ‘

The corresponding binding energies are

2 &
E = - 53!— (K-2n-l)2 0 <n < [(K-1)/2) . (A.6) "
n 8m - - N
The normalization constant Nn is determined by the orthonormal condition ")
éij = I_“dx 01(X)¢j(x) ;
NN -z K-1-j-2 , K-21-1, |  K-2j-1
- rdze 2 1y, (2) Ly I-1(p) (A.7) g
0 -3

The integral in (A.7) is a special case (£ = 0) of the Nieto and Simmons

et Rt W
-\‘. -"\_’\."\-¢ .




e-zzK-i'j-2+£ L K-21-1(z) K-Zj-l(z)

J(K;1i,j;€) =

S ¥

1 T(K-i-j-1+g+m)F(j+1-£-m)
1!F(j-1+1-£-m)

= 2 (-1

where I' is a gamma function. In particular,

J(K;1,1;0) = 1' ) r(K-2i-1)

from which the normalization constant Ni is determined as

N, = vKil(K-2i-1)/(k-1-1)!

Similarly,

Indx ¢i¢je

Hermite Polynomials and Related Integrals

J(K;inj;°!’)

Appendix B.

The Hermite polynomials
r n
(-1)"(2e-D1(,,

have the properties
H" - xH' + nH
n n n

- xH_+ nH
n n-

_______________
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(A.8)

(A.9)

(A.10)

(A.11)

(B.1)

(B.2)

(B.3)

(B.4)
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-x2/2
dex e HH = /77 n! &
- mn mn

Using (B.2)-(B.4), we obtain

2.2
h: = Nne'T x"/4 TZ(szZIA -1/2 - n)Hn(Tx)

With (B.3), (B.5) and (B.6) we have

P = Jﬂ dx h h"
-wmn mn
8 R = x%2 2
=8N T I-”dx e (x“/4 - 1/2 - n)ﬂmﬂn
2
=il e 1) 6+ VrD(e2) 8,
+ ¥n(n-1) 6m+1,n-l]

Next, using the expansion (B.1l) we have

an(A) z Ifmdx l’\me-Ax h
N R [m/2] [n/2)
= 22 2 E DT -1 e
r=0 r'=0
x (m )( n ) r dx e‘X2/2'Ax/T xm'2r+n°2r'
2r” ‘2r! -
(/2] [(n/2]) [(x#n)/2)-c-r'
mn ,2,..2 ,
= LLALI)T__ eA /2T Z z (_l)r+r
vm!n

r=0 r'=0 k=0
x (2e-D1 (2e'-1)11 (2k-1)11 (A/7) 725720 2%

m n ,,mn-2r-2r'
x (300 2rer
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(B.6)

(B.7)

(B.8)
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Using (A.11) and (B.8) we evaluate the integral

21
Ulm.ij B JJ dxs dxa Ol(xs) oi(xs)n(xa-xs) hm(xa)hj(xa)

= | dx ¢l°ie2rx j dx hm h e-Zxx - 2{2x +» ¢« in the first term}

b
KleNi
e J(K;2,1;-2) Qmj(ZK)
KN N,
o a J(K;2,i;-1) Qmj(x) . (B.9)

Appendix C. Some Integrals Involving ¢

First consider the integral

om -ikxa
Hlm = ;i II dxs dxa ‘z‘o hm e

2
< - B amker 4+ o) 4 O(x,"x )9}
S _GQOA + CBB . (C.1)
With (3.8), (3.10) and (B.3), A becomes

A = (-2ikv/Y7 + 2/2vE/V)R(m, 1K)

3
- §§T{fa:rn(m+1.1x) + JER(m-1,1k)} , (c.2)
vhere we have defined

-cxe-vz(x-/Z/v)2

R(m,c) 2 I dx hme (c.3)

Using (3.8) and (B.1) and carrying out a standard Gaussian integral, we obtain

2,,.2,, 2
R(m,c) = «/Zi/mlT e‘26(2/2u-c) (T +4v")

NPT AL RS I
’.‘:"- ":‘\.LS ALY TCLLNEA TR TR



[m/2]) [m/2]-r
; Z X (-DFe-D1t 2e-D1r (3

22
r=0 =0
2
. ( ZZT z)m 2r-0+1/2 (2/2; cym 2r-2¢ . (C.4)
T +4v

As for the term B, from (3.4) and (A.11) it becomes

KZNENO KN,.NO
B = — J(K;2,0;-2) Y(m,2x) - 2 " J(K;2,0;-1) Y(m,x) , (c.s)
where we have defined
Y(m,c) = I dx h_ o e (ctik)x (C.6)

Integrating by parts and using (3.8), (3.10), (B.3), and (B.4), we have

2 2
Y(m,c) = E—}Tﬁ 7% I dx hm e-(c+ik)x e'V (x-/Z/v)

+ Z"?lTI /B Y(n-1,¢) - Varl Y(o+l,c)} . (c.7)

From (C.3) and (C.7) we have the recursion relation

Y(m+l,c) = - 3%551;1%1 Y(m.c)+,m T Y(o-1,c)

+ wi—*—r R(m,c+ik) . (c.8)

The first term Y(0,c) cannot be evaluated analytically, but the dimension of

integrations can be reduced from 2 to 1. In the expression

W(c,T,k,v) 5 Y(0,c) = I dx ho ® e-(c+1k)x
.12 2
Nov —Z—(x+J7/u) - (c+ik)(x+/2Z/u) x 22
") e J dt e , (C.9)

we make the variable change t + x+t, and the order of integrations as

.........
....................

............

PEL R S UL IR A S AT AT T Wit Vet SU TR W W e ( N .J
'{;.'- "A‘_‘.L-JIA._ A’- ; :{\fA-IL'r l f'._f‘h("v‘d‘_-l" L"J.f ‘L{ I;K.'f-)('.n --Ku- I L-f“{ P AP N Y - A'\.."_A 4" =




b 4 0 0
[oc e+ [l Lo+ [P [

Carrying out a Gaussian integral over x, we reach the results

Y(0,c) = 0 o2, (ctik-2/Zv) 7/ (4v™+17)
v + T
0 2,2
x I dt exp[- VZT 2 {tz - %(TZ/HV + c + ik)t}] . (ColO)
et 4vT+T T

Next consider integrals which involve the error function & twice. First

consider

2ikx
2m 2,2 a
- 2 JI dx_ dx_ ¢, ¢ e U(xa x.)

1
Hss(k)

2.2 2
e K No 2¢ KNO
= - —3—;—- J(K;0,03-2) G(k,2«) + ——8:—— J(K;0,0;-1)6(k,x) , (C.11)

where
G(k,c) = J dx o2 el2ik-C)x (C.12)

With the use of (3.10), an integration by parts and (C.9), we have

: -2
G(k,c) = ET§Ii /§§? W(c-2/2v,2v,-2k,v) . (C.13)

We must also carry out the following integrations:

o = J dx 6(8"-21ke') = - (ik+v/VZF) . (C.14)
2 - " ] 2ikx v 'k2/2v2 + Znik/v (
Hss H I dx ¢ (&"+2ike') e - 7w e . C.15)

Hs and Hss in (3.13) are then given by

2
s

1
Hs = Hss(o) +H (C.16)
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Appendix D. Solution of (4.15)
The solution of (4.15) can be written as py
v = vz [AJ (ez) + BJ_ (ez)] , (D.1)
v -v .
R~
where y = 1/4 N 1/4 + pz, and A and B are constants of integration. J  is ]
the Bessel function of the first kind,18 = <!
b
3 (2) = (2/2)" T CoMe)? (D.2) :
v nirfr(v+n+1) ° ’ v
n=0 2
Since (4.15) is real, we can take ¥ as real. First consider a scattering state, i
’.
where € = k is positive. Noting that Jc(z) = J-v(Z)’ we can satisfy the reality o
condition and the boundary condition w(zo) = 0 by taking g
% z =
B* = A = iJ_ (kzj) . (D.3)
With (D.1) and (D.3) we now write the scattering state as -
+ "
Jk™> = iN VZ[J (kz)J_ (kzg) - J_ (kz)J (kz,)) . (D.4) R
To find the normalization factor Nk’ note the asymptotic property at |z| + ’.18
/_7 v tl
J (2) - e cos(z el (D.5)
By setting the prefactor of the e.1kz component in |k+> at z + = equal to 1, Nk :
is given by -
Pl
- -wu/2 _ /2,1 %
N, = Y27k |J_ (kzj) e J,(kz) e | 4
~ -mu/2 ot
-V/Irk e I3, Cezd| (D.6) b
‘o,
|
=
N

h S
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.........................................
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where in the second expression we have assumed p >> 1. The case u < 1

corresponds to an unrealistically narrow and deep potential. A particular
: interest is in the limit k + 0, where from (D.2), (D.4) and (D.6) we have for z

\ << k-l

16" 0 = ViaTu [2/2)" - (2/2) "] = /& . (D.7)

This vk-singularity of the scattering state |k+> is in sharp contrast to the
linear k-dependence of |k+> for the short-range potentials, (2.12). As we see
in the text, this is the key point of finite a(0) for the inverse-square
potential.

Next we consider bound states. In this case, € = ib (b = positive). The

reality condition is met by taking
B = A%e "M . (D.8)

On the other hand, the finiteness requirement for the wave function at z » =
A leads to a pure imaginary A. With (D.8) and the fact that A is pure imaginary,

the boundary condition v(zo) = 0 provides the quantization of bound states,

Iv(bzo) - I_v(bzo) =0 , (D.9)

vhere Iv(Z) is the modified Bessel function of the first kind.18

Alternatively, one can look at the Jost function f(-k), the prefactor of the

- +
. ikz component in the scattering state |k > at z » =,

£(-k) = J (keg) «™/2 - 3 (kz) & ™2, (D.10)

whose zeroes at k = ib in the complex k-plane describe the bound states. The

condition f(-ib) = 0 is nothing but (D.9). Unlike the short-range potentials

studied in Section II, the inverse-square potential has an infinite number of

> { ~ ORI N N > R Rt R S L RS U R T T T T i e e e e A
; 4;" ""’\" "y o, =, TN T A T e e ALY




bound states. To see this, consider the limit bz -+ 0.

0

n = 0 term in the power series expansion of Iv(z),18

nif(v +n + 1)

- 2n
I(2) = (2/2)° 2 (2/2) .
n=0

is kept and the quantization condition (D.9) becomes

1 1nr§l+vz _mn

shallow bound-states, whose density of states diverges

p(b) = u/nd

With the property19

2
(E1x 2(c2) - K, (C2)K, () = K F(C2)

the normalization integral is carried out to give

Z __ = -4
Nb " z, 2sinhu [Kv-l(bzo)xv+l(bz0)]

It is noted that kv(bzo) = 0 due to (D.9) and (D.14).

and the recursion formulal8

I .(2) -

v-1 I,,1(2) = (2v/2)1 (2) ,

(D.16) can be written as

(D.11)

(D.12)

where n is any integer such that bz0 << 1. That is, there are infinitely-many

at b+ 0 as

(D.13)

Finally, to normalize the bound states, we use (D.8) and ReA = 0 to write

|b> = iN Yz I (bz) - I_ (bz)] = iNV/zZ [- 3519§332 K, (bz)] . (D.14)

(D.15)

(D.16)

With the use of (D.14)

(D.17)

In this limit, only the
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V2 -1
N, = ;E|I_v+l(bzo) - Iv_l(bzo)l , (D.18)

which is more suitable for numerical calculations based on (D.11). 1In

particular, in the limit b - 0, from (D.11), (D.12) and (D.18), we have
2 -1
N, = bj1 - (bz)/2)%/v(1-v)| ~ = b . (D.19)

Appendix E. Evaluation of (4.18)

Here we give some technical remarks on the numerical evaluation of (4.18).

Using k = kzo and b = bzo, one can write (4.18) as

4
L}

1
% . ;;[J_v(E)O(B,E) +c.c.] , (E.1)

where

- 0(5,k)

r:dz 221 (62) - I_ (62))J (k) . (E.2)

The first thing to do is to replace = by a finite z_ in (E.2). For a given b,

z is roughly a classical turning point of the potential (4.11),

o . (E.3)

Next we evaluate the Bessel functions I, = va and Jv for the variable ranges b
S <bz </yand k<kzg Ezm. For a realistic situation V¥ < 10, the Bessel

fuhction'&v can : 2 evaluated accurately by the power series expansion (D.11).

. On the other hand, even for an interesting situation, k - 1, Ezm 3 k/Y/5 can be
large for small b. We have found that the power series expansion (D.2) is good

for z < 30. For z > 30, one can use Hankel's asymptotic expansion,18

4 J,(2) =/€'[P(v,z) cos(z - Zv_z_l n) - Q(v,2z)sin(z - -Z-WTI n)] , (E.4)

where with £ = hvz,

‘
%
o
4
-
«
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P(v.2) = 1 - SE1(E-9) | (6-1)(£-9)(£-25)(g-49) (E.5)
21 (82)2 41 (82)"
< &1 (g-1)(g-9)(g-25)
Q(v,z) = 32 3 + ... (E.6)
31 (82)
Though it is a bit time-consuming, the integral representation18
v |
Iv(z) = “r?12+ ) J d® cos(zcos8) sinzve (E.7)

is good for an arbitrary argument z. A caution for the integration in (E.7) is

that at small 6 << 1, the integrand oscillates with a period -~ 6.

-----

e 3 =
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Figure Captions

1.

(a) Three-dimensional geometry for the scattering eigenstate characterized

by the parallel and perpendicular wave numbers, kx and kz.

(b) One-dimensional simplification when the parallel and perpendicular

motions are approximately separable.

(c) Two-dimensional T-shape model for low-temperature adsorption.

Static square-well potential.

Schematic figure of the reduced potential U(x) and its modifications (dashed
lines) in the region R' < x < R.

kc as a function of the exponent n for y = 20 and B = 0.6.
Self-trapping model for He adsorption on W.

One-particle energy spectra for the surface W-atom and He-atom.
(a) |S| and ReS vs. k. It is seen that S » 1 as k » 0.

(b) a(k) vs. Xx. Below kc ~ 0.1 ﬂ-l, a has an approximate linear dependence

on k.

The solid curve is the long-range potential (4.11) in the unit of A-z with
z, = 0.5 A and y = 5.0. The horizontal solid lines denote its bound states
calculated from (D.9). Bound states with very small energies are described
by (D.12).

a(k) vs. k for D = 1, 2 and 3. The parameters are zg = 0.5 A and u = 5.0.
For the D = 1 case, a spurious logarithmic singularity is seen for small k,
as described in the text. The other cases D = 2 and 3 demonstrate finite

quantum sticking coefficients at k » 0.
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