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Final Report
Grant No. AFOSR-84-03!1!
“Development of Symbolic Computation Methods for Nonlinear
Dynamics” ;
Principal Investigator: R.H. Rand
b Dept. Theoretical & Applied Mechanics
\ Cornell University, Ithaca NY 14833
\ 607-255-7145

This grant was used to purchase the following equipment:
SYMSCLICS 2679 Mainframe Computer (including 6 Mbytes of memory
and a 470 Mbyte hard disk)

Lzser Graghics Printer

Ethernet board

and the following associatsd softwarse:

MACSYMA

FORTRAN

PASCAL

The equipment has been used to facilitate computation on the
following preojects:

1. Norwal Forms

Under the supervision of principal investigator R.H. Rand,
software has been written in MACSYMA which automatically
performs normal form computations for systems of nonlinear,
nonautonomous differential equations. Together with
postdoctoral research associate W.L. Keith, we have produced a
package which permits the user to perform Taylor expanded
near-identity transformations with unevaluated coefficients on a
system of autonomous CDE's (valid to terms of arbitary order),
and then to choose the transformation coefficients so that the
resulting system is in normal form. A summary of this work,
including the program listing has heen published [1].

This work has been applied to the the nonlinear parametric
stiffness control of flexible systems by Professors Moon and
Rand [2], and to the dynamics of coupled van der Pol oscillators
by graduate student T. Chakraborty.

This work is currently being extended to cover a class of
nonautonomous periodic systems by graduate student J. Goon. In
this case the computer algebra code performs both Taylor and
Fourier expansions.

2. Determinacv of Degenerate Equilibria

We have also used MACSYMA on the 3670 to study the problem
of the determinacy of degenerate equilibria with linear part

(1) x' =y, y' =o0.

Takens [3] has showvn that any nonlinear autonomous system with
such a linear part can be put in the normal form:
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Since this syéﬁem is not structurally stable, it is not clear
vhich terms cagp be truncated without affecting the topological
nature of the flow. Takens showed that if a, # ©, then the fiow

is topologically equivalent to that of the truncated system:
2

Y -
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{4) X
We extended his result in the casea that

(s) a, =ay=a3a,=... =a =0, a

E.g. we showed that if a, = @ but a; # @, then the flow (2)-(3)

is equivalent to the trurcated system:

. 2 3
(6) X' =y + b, x7, v = ay % .

The procedure involwved transforming from cartesian to polar
coordinates in the neighborhood of the singular point and Taylor
expanding the polar flow (called blowing up the singularity},
then testing for determinacy. If the resulting system is not
structurally stable, then we blow it up again. In some cases
this required 9 consecutive transformations and Taylor
expansions, a computation which could not have been done without
a MACSYMA program. This work will soon appear in print [4].

3. Hilbert's lsth Probhlem

Professors Guckenheimer and Rand have besn using MACSYMA to

approach Hilbert's 1sth problem from a bifurcation point of
view, The problem is to find the maximum number of limit cycles
exhibited by a system of 2 autonomous ODE's with quadratic right
hand sides:

{7) x' = a x2 +b y2 +ocxy+du+ey+ f

(8) y! = A x2 + B y2 + Cxy+Dx+Ey+F

This problem has a long history including a paper by
Petrovsky and Landis [5] which supposedly showed that the
maximum number of limit cycles was 3, but was then claimed to
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have errors in it by Moser [6]. The question was illuminated by
the recent example of Songling [7], which exhibits 4 limit
cycles.

We have been using bifurcation theory to investigate this
problem in the, following way: We look for the standard type of
bifucations which give rise to limit cycles (Hopfs and saddle
connections), But require the bifurcations to be as singular as
possible. E.g.' in the case of the usual Hopf bifurcation, a
single condition generates a single limit cycle. Howewvsr, we
have shown that requiring 2 additional conditions will give a
bifucation involving the birth of 3 concentric limit cycles,
This computation pushes the 3670 to its limits, and certainly
could not have done on a swaller machine. Some algebrsaic
expressions which result are 15 Ebytes in le2ngth.

4, High Precision Numerical Work on MACSYMA

Professors Parlange and Rand have worked on a problem in
scattering theory [8] which involved a slowly conuergesnt series.

The leading terms were of order 1@50 although the series summed
to a value.of order unity. In order to keep track of the
differences between successive terms, we used MACSYMA's ability
to work in arbitrary precision. We summed 17@ terms, keeping
100 digits for each term. MNote that ewven gquadruple precision in
FORTRAN wwuld not have been sufficient here. .

S. Liapunov-Schmidt Method in Dvnamics Problems

Professor Rand and Dr. D. Armbruster have worked on
formalizing the Liapunov-Schmidt method to problems involwving
Hopf and other bifurcations in systems of nonlinear partial
differential equations. This method, based on the Fredholm
alternative theorem, offers an alternative to traditicnal
perturbation methods such as Linstedt's method (cf. [9]) or the
method of averaging. ’

References

1. Normal Form and Center Manifold Calculations on MACSYMA
R.H. Rand, W.L. Eeith
in “"fipplications of Computer Algebra"”, R. Pavelle,
ed., Kluwer Academic Publishers, 30%-328 (1985)

2. Parametric Stiffness Control of Flexible Structures
F.C.Moon, R.H.Rand ,
in Proceedings of the Workshop on ldentification and
Control of Flexible Space Structures, G. Rodriguez, ed.,
NASR JPL Publication 85-29, Vol.II, pp.329-342, (1985)

PRSPV




Singularities of Vector Fields'
F.Takens
Publ.Math.Inst.Hautes Etudes Sci. 43:47-100 (1974)

Determinacy of Degenerate Equilibria with Linear Part
X'=y, y’20 Using MACSYMA

R.H. Rand,, W.L. Eeith

Applied Mathematics and Computation (to appear)

On the Number of Limit Cycles of the Egquation
dy/dx=P/Q, where P and Q are Polynomials of the Second
Degree

1.G.Petrouvsky, E.HM.Landis

Amer.Math.Scec.Transl.Ser.2, 10:177-221 (1958)

A Survey of Quadratic Systems
W.8.Coppel
J.Diff.Eg. 2:293-304 (1966

A Concrete Example of the Existence of Four Liwmit Cycles for
Plane Quadratic Systems

S.Songling

Scientia Sinica 23:153-158 (1980)

Mumerical Correcticons of Wu's Coefficients for Scattering of
High-Frequency Wawves from Spheres and Cylinders ~

I.G.Lisl!le, J.Y.Parlange, R.H.Rand, M.B.Parlange,
W.L.Hogarth, R.D.Braddock, H.P.Gottlieb

Physical Revizw Letters 535:555-557 (1985)

Book: Computer Algebra in Applied Mathematics: fAn
Introduction to MACSYMA

R.H.Rand

Research Notes in Mathematics No.9%4, 18lpp.
Pitman Publishing Inc. (1983)




Lo0 wyos UU

—

WUV L) 31V0 V121440 YOLIVHLNOIBNS/UOLIVYINGD O3ZIu@HLIAY 0 IUNLYNDIS sweadoag”parosuodg Jo 3213310
0250.8 J 1032917( 2IBTIOSSY 3114 0
| pasodas uadq Aty suoluaai] 1dalgng,, (e 1eY) pue pomo||8) udaq ALY £ ang ey ,, uy ‘f queig ‘020034 (19 1504 15870
DAQNG,. 10 JASOPsIH AP Pt uoNeduapt ydwoad 10) s2anpadoad sey Kysed Junodas oyr e »._.._..ou 19| TviD1430 HOLIVUINGIBNS/HOLI VY INOD O3IZIWOHLINY O INVN *
| T frog svadoaddo yasy Y {umioziodw :\.2;.::20 20 SSsng) :.::.»Db Poanhar1op] HOLIVHYINOIINS/HOLOVEINOD AS LHOdIY JO NOILYDI 41413 ¢
! N ——
) NOtLVYII31LH¥3D — 111 NOILD3S
i
i
. INON
NOIL3IVdINOD v g ) ‘ON
Q3LvwILS) Owvmv (S)LIVHINODBNS atva | 3snvid |
HIONN QIWBO I Id (S1'ON 12vu1NnODaNS] {op0) ¢y opupau) SS3UCOV (SIBOLDOVHLINODIBNS 30 INVYN
s r ‘aann g/ sliva 30 0L YUOAM JO NOILJIYDS3O T LSLHOIY LN3LVJ..
1JvYiINODI8NS " . uvo ™ S : “ .
{21015 05 duop,, f1) HOLIVYINODIBNS/UOLIVHINOGD AB O3CHVMY S1DVHINODIEBNS 9
V (510> | s1ganyg 1o 1, 0 Supeiuo)] S1OVHINOJIEBNS — 11 NOILD IS
¢
v ! {opo)) tlry apnpan) UIAOTIWI 20 SSIVAAVY " fyxr ) ity i) w3IA0VEW I 20 $SIHVOAY ™
i . ol . YIAOTJIWI 40 IWVN 0 YILOIUW I 10 WNYN »
NO Al i ] a
‘ et NorNaANI 40 1
L " ) °t {11y 1501 *150°]) WOLNIANI 4O IWVN CLIV 180 B0 [ MO1R A 10 iveN
L ) 03714 3P VM NOIIVIHIAdYV INILVY V HDIHM NI SIIHINNOD NDI1IWO4 0310313 6 "HOLIVHINODENS/UOLIVHANOD AB GIAUTINT 1ON ISIMO LS IA 40 1 da T
. I Cre——— - R, .« -
: '
2 oo
.
4 -
. E 3
i -
s3a__A-ON [sax | ow S3A
9 ONIIOVELINOY O] NO13UOY a __,_\L.m. z.% fovz..wb_._,”_....m Crp sy wo gl
CAMO 4 INIWNDISSYy T T T : SINOIINIANI 40 31 £ 159,
e E«ED%&ZW | sNOtIvDINdav tn3Lvy | NOILVIIIdAV AINILVA ¢ IAN L ISIHOLNIANI 3O INWVYN
HOLVWUIINOD  w 411501 NOIIDIIE ON 3¥NS0I3sIa ., N q .
o e (2ms o5 Juop,, JI) 4OLIVUINODIDNS/HOLIVULNGD AD G31U03Y 30 OL OIHINDIY .SNOILNIANI 1D IFANS., 'S
SNOILNIANE LI37ENS - | NOILD3S
622168 o1
0ELOnG WOU S 0£L0%8 . £687T AN ‘®dEyl]
208t U . 11y AeQ 071 ‘dSO
L Q014 3d ONILUOd Y v ::::_ (XY 31VA QUVMY 1 {opo) iy apmpon) sszuaav ‘a fcrenviva Al 31va ovvmv ' {32 ) sy aprpani] g53400V a
YNNI RICEXC T T T ‘e se oues Zoa-dS0dV | ‘ATUR 1TTsujo
-l & ) T HOLIVULNGD TT€0-%8-US0JV Tup 1T uzo»u<fzoun:u
O Qa3 30 Juar € WIOWNN 1DVHINOD 2 3WIHY LNIWNUIAOD 40 IWVN 0F YIAWNN LOVHLINOD 2 IHOLIVHINOD O NVYN ‘€t
o 2 ON I {7y IS0200Y 1O SUNINSIE DI8) (0L 10I00) | SIYNtY] e, g, o8 TuDnsang)
DVONLIS M S1IVHINODHNS ANV SNOILNIANI 40 1HOd3Y







