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1. INTRODUCTION

The vast literature that addresses turbulent boundary layers developing
under significant longitudinal (favorable or adverae) pressure gradients attests
to their (practical and fundamental) importance. Much is known about these
flows from the experimental, theoretical, and computational studies of the past
30 years, yet no satisfactory theory exists for turbulent boundary layers with
strong pressure gradients. The fundamental difficulty, to be sure, steas from
the general closure problem for the time-averaged equations. The recog ition of
this difficulty has led to the development of semiempirical model equations of
the turbulence and computation thereof, especially since the publication of the
two-volume proceedings of the 1968 AFOSR-IFP Stanford Conference (Kline et al.
1969; Coles & Hirst 1969) and the increasing availability of larger and faster
computing resources. This effort apart, the theoretical approaches resting on
firmer grounds for addressing pressure-gradient boundary layers have been
twofold. The first is based upon similarity analyses and dimensional arguments
{(see, e.g., Yaglom 1979). The second is based upon a systematic treatment by
the method of matched asymptotic expansions (see, e.g., Van Dyke 1975; Kevorkian
& Cole 1981). The present paper is concerned with exploiting this latter
approach, in the limit of large (turbulent) Reynolds number, to study a
turbulent boundary layer under a strong adverse pressure gradient in a steady,

two-dimensional, incompressible flow past a smooth, nonporous wall.

The general adverse-pressure-gradient problea, in equilibrium or self-
similar form, initially conjectured by Clauser (1954), from an analogy with the
zero-pressure-gradient case, has been analyzed in detail by Townsend (1956a.,b,
1960, 1961a,b) and Rotta (1962). Stratford (1959a,b) first studied, both
theoretically and experimentally, boundary layers held at incipient separation,
the limiting or strong adverse-pressure-gradient case for equilibrium layers.
Further discussions of the theoretical and experimental results and their
implications for this limiting-case problem are summarized in Clauser (1956),
Mellor & Gibson (1968), Mellor (1966), Townsend (1976), Kader & Yaglom (1978),
Schofield (1981), and Afzal (1983), among others. Indeed, the results of this

paper are compared with those of Kader & Yaglom, obtained from similarity and
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dimensional arguments, and with those of Afzal, obtained from asymptotic
analysis, as well as with the original results of Stratford.

The asymptotic analysis herein for the "sharply rising pressure” case of
Stratford is based upon the Reynolds time-averaged equations for steady two-
dimensional flow. Por this case, as seen in figure 1, in addition to the
exterior (or inviscid-flow) region, there is the interjor (or turbulent
boundary-layer-flow) region that consists of two principal layers. The first
principal layer is the relatively thick nondefect outer layer, characterized, to
leading order of approximation, by a convection--pressure-gradient--turbulent-
stress momentum balance. The second principal layer is the relatively thin
inner layer, in which, to leading order of approximation, the pressure gradient
and the turbulent and viscous stresses constitute the momentum balance.

In Section 2, the steady, two-dimensional equations of continuity and mean
transfer of x- and y- momentum and the complementary boundary conditions for the
probles are presented (see Yajnik 1970; Mellor 1972). In Sections 3 and 4, the
asymptotic analyses for the flow in the exterior inviscid and interior viscous
(or boundary-layer) regions are presented, once the orderings of the pertinent
parameters are jidentified.

For the boundary-layer region, the postulated characterizations of the flow
variables in the outer and inner layers are presented in Sections 4.1 and 4.2,
respectively. When it is taken that the streamwise velocity has a square-root

variation with respect to the normal coordinate in an arbitrary "overlap" region
intermediate to the outer and inner layers, and that the Reynolds stress has a
corresponding linear variation, as is observed experimentally (see, e.g.,
Stratford 19580a.b), the matching of the postulated zeroth-order outer-layer and
inner-layer solutions for these flow quantitites is demonstrated (see Section
4.3). Indeed, this matching provides the inner-edge boundary conditions for the

umg B85 0K

higher-order outer-layer boundary-value problems and the outer-edge boundary
conditions for the higher-order inner-layer boundary-value problems. In the

7;35

analysis of Section 4.1, a model of the turbulent length-scale function,
consistent with the experimentally determired nearfield behavior of the outer-
layer flow field and with the mixing-length hypothesis (for the eddy
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diffusivity), is developed, as is a model for the eddy viscosity in the farfield
of the outer layer (see, e.g., Clauser 1936; Mellor & Gibson 1966; Mellor 1966).

In Sections 5.1 and 5.2, respectively, similarity formulations for the
zeroth-order approximations of the asymptotic representations for the outer and
inner layers are presented. For previous work on such zeroth-order similarity
formulations for both the outer and the inner layers, see, e.g., Townsend
(1976), Mellor & Gibson (1966), Mellor (1966), and Afzal (1983).

For the zeroth-order approximation for the outer layer, subject to the
introduction of the aforementioned model closure, which incorporates the
experimentally observed nearfield and farfield behaviors of the streamwise
velocity and Reynolds stress, the similarity boundary-value problem becomes an

eigenvalue problem for the determination of H_, the (conltaht) leading-order

o'

shape factor, where this shape factor, H,, is related to the leading-order

o’
®
streamwise-pressure distribution, po(x), by

] . X} -2 L]
B, = ({1-2py(x)}{p, (x)} “{-p, (x)}-4] = const.
Thus, the similarity formulation holds for only a specific pressure

® ]
distribution, po(x). and/or outer-edge streamwise-velocity distribution. uo(x).
i.e.,

« 1., _ %2 _ -2/(H +2)
Do(x) 2[1 uoo(x xo) 0 “’] and/or

. . 1/2 * ~1/(H_+2)
uo(x) = (1 - 2po(x)) = uoo(x - xo) 0 .

This velocity relation was first obtained by Townsend (1960). The normal-length
[ ]
function, ho (x), is (classically) linear in x, i.e.,

s . LA -1
ho(x) = [{1 - ZDo(x)}{po (x)} 7] = (Hy + 2)(x - xo).
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As to the derivatives of this pressure distribution, similarity requires

‘2
___SEL__ -(H +4)/(H_+2)
Po (x) ] (H + 2) (x - xo) 0 0 >0

" (H + 4)u
p;(x)-————zo-g(
(Ho + 2)

xo)-z(no+3)/(ﬂo+2) <o,

L

With po (x) < 0, the present similarity formulation holds for a decreasing
adverse pressure gradient, rather than an increasing one, as studied by Samuel &
Joubert (1974). Further, po (x) < 0 violates the loving—eguilibrlul assumption

(Kader & Yaglom 1978; Yaglom 1979), wherein it is taken that po (x) varies only
slowly with x.

The inner-layer zeroth-order-approximation similarity formulation follows
without the adoption of a closure hypothesis, in that only normal derivatives of
unknown functions appear explicitly in the zeroth-order problem of Section 4.2.
However, this similarity formulation is based upon a square-root variation of
the streamwise velocity (with respect to the appropriately scaled normsal
coordinate) and a linear one of the Reynolds stress at the outer edge of this
inner layer. These variations are consistent with the asymptotic behavior of an
inner-layer mixing-length-hypothesis closure. To display the detailed farfield

"and nearfield behaviors of the flow quantities, here, an inner-layer

dissipation-factor closure model (see, e.g., Van Drieat 1956; Patankar &
Spalding 1970; Szablewski 1970) is adopted. From the present foraulation, the

characteristic streamwise-velocity and normal-length functions for this inner
layer are, respectively,

(x) . “’o '3« (x - xo,-(nou)/a(nom .

h;o(x’ « (p"(x)}-l/s « (x - xo)(ﬂo+4)/3(ﬂo+2) .

Since the matching of the zeroth-order outer- and inner-layer solutions is

established (in Section 4.3) without the requirement of similarity, the matching
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also holds upon the introduction of similarity. In the analyses of Townsend
(1976), Mellor & Gibson (1966), and Mellor (1968), the corresponding outer- and
inner-layer similarity solutions are patched (at a point of assumed common
validity), rather than matched. In the analysis of Afzal (1983), the zeroth-

order inner-layer similarity boundary-value problem is essentially correct;

however, because the matching requirement for the streamwise velocity 1s not
correctly formulated, the given complementary outer-layer similarity boundary-
value problem is subject to incorrect inner-edge boundary conditions. Afzal
matches the (appropriately scaled) normal derivative of the inner-edge limit of
the outer-layer streamwise-velocity solution and that of the outer-edge limit of
the inner-layer streamwise-velocity solution. The correct procedure (see, e.g.,
Kevorkian & Cole 1981) requires the direct matching of the inner-edge limit of
the outer-layer streamwise-velocity solution and the outer-edge limit of the
inner-layer streamwise-velocity solution in an arbitrary intermediate layer.

The same procedure is required for the matching of the corresponding Reynolds-
stress solutions. In the present case, the introduction of Stratford's
empirical results and/or the specification of the mixing-length-hypothesis
closure provides the limiting behaviors of the outer- and inner-layer solutions,
and the zeroth-order matching is accomplished. In turn, it is possible to
determine the appropriate higher-order terms in the outer- and inner-layer
asymptotic expansions. These expansions are introduced in Section 4; their
correctness is confirmed in Section 6.

From the analyses of Sections 4.1 and 4.2, the equations of motion for the
higher-order approximations for both the outer and the inner layers of the

interior viscous region are obtained. From matching with the exterior-inviscid-

region solutions, the boundary conditions at the outer edge of the outer layer

'S
'

are obtained; the boundary conditions at the inner edge of the inner layer EE;‘
(1.e., the wall) follow directly from the original boundary-value problem: and ;:;x:
the higher-order-approximation boundary conditions at the inner edge of the ﬁ:ﬁ:ﬂ»
outer layer follow from matching with the outer-edge solutions of the zeroth- %«ﬁ'_ :
order approxiwation for the inner layer, just as the higher-order-approximation ﬁsgiai.
boundary conditions at the outer edge of the inner layer follow from matching Egg&ﬁ::

with the inner-edge solutions of the zeroth-order approximation for the outer ésjggk‘

layer. With this information and that obtained from the zeroth-order outer- and
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inner-layer similarity boundary-value problems, it is possible to develop a
sequence of higher-order similarity boundary-value problems for both the outer
and the inner layers. The details of this development are presented in Section
6. It is shown that the outer-layer solutions for the streamwise-velocity and
Reynolds-stress functions are of the following forams:

dt dr ar
oy 0, ,/2_1 2

= @&

df
-_— A, =4 Ag/z =3,

- ™ . I PRI
Y%

—_— ¢° + A1/2¢1 + A.¢2 + A2/2¢3 + ...

Here, u = u(x,y) and v =t(x,y) are the (nondimensional) streamwise velocity and
turbulent shear stress in the outer layer, respectively; u;'- u; (x) =

1 - 29.0(3)11/2
the outer-layer similarity coordinate, where y is the appropriately scaled
outer-layer normal coordinate and h; = h;(x) = [{1 - Zp;(x)}{p;'(x))-ll is the
normal-length function for this layer; rk = fk(n) and ¢k = ¢k(n) are kth-
approximation similarity streamfunction and Reynolds stress, respectively; and

]
is the zeroth-order outer-edge streamwise velocity; n = y/ho is

Mo = Ag(x:8) = 8L(1 - 2po(x)} py (x))%/%)

. | s (H +1)/(H +2),-2/3
dl(ﬂo + 2) uoo(x xo) 0 ([ '
where 8 = (3/;) = (;_;/;)-2/713 the nondimensional thickness of this outer

layer. It is also shown that the corresponding inner-layer solutions for the
streamwise-velocity and Reynolds-stress functions are of the following forms:

dg dg
u -9 —2
u‘gdC+A‘d(+ ,
po
u.z g.°+A.oz+
po

(6]
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Here, u = u(x,r) and ¢ = z(x,r) are the (nondimensional) streamwise velocity and
L ] L J
turbulent shear stress in the inner layer., respectively; u = u (x;8) =
1/2, *' . .1/3 po PO
é (po (x)) is the (so-called) pressure velocity, the characteristic zeroth-
L
order streamwise velocity of the inner layer; { = r/hpo is the inner-layer
similarity coordinate, where r = y/8 is the inner-layer normal coordinate and
* . . -1/3
h _ =h X) = x
b0 = Bpo (X) = {py (x)}
‘k = gk(C) and o - k(C) are the kth-approximation similarity streamfunction
and Reynolds stress, respectively.

is the normal-length function for this layer; and

Two important results are obtained from the similarity formulations of

Section 8: (1) the similarity coordinates, n and {, respectively, are related,

through the expansion parameter, A,, by

n = A% and/or { = A;ln:

t
and (2), the characteristic streamwise velocitites, uo and upo. are also

related, through the expansion parameter, A,, by
. 1/2 * . -1/2 *
Uso = As U, and/or u, = A, Uso °
In Section 7, the solutions for the streamwise velocity and the Reynolds
stress are presented for the distinguished similarity intermediate layer,' the
existence of which is suggested by the inner-edge behaviors of the outer-layer

expansions and/or the outer-edge behaviors of the inner-layer expansions, found

in Section 6. For this intermediate layer, the similarity normal coordinate is

1/2 1/2

x = ()2 - AJV3, L a2,

t

For a discussion of three-layer, or intermediate-layer, theory, within the
framework of (classical) two-layer theory for turbulent pipe/channel and
favorable-pressure-gradient boundary-layer flows,
& Bush (1985).

see, e.g., Afzal (1982); Afzal

(7]
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and the appropriate speed function is

& =m

L -
JU2 L N4 -1/

L
Uo = (u po 0 . upO'

In turn, the intermediate-layer solutions for the streamwise-velocity and the
Reynolds-stress functions are

= 3

2
3
- x 1p; 2?1 « A}/ 418)

u 10]
i0

o]

1/2 3/2 -1/2
[3031 +a ]

A3/ -1
21‘

+ [ﬁlaz + aszz ]+ ...

s
o 12

T RO A O SR R UM e

13
Y0

1/2]

+ ...

2
+ 1311

&3

+ + + +
where ﬂjk' ajk' and ‘jk' ljk are consts., whose values depend upon the outer-
and inner-layer closures employed.

RYNV
2

Consistent with Stratford's data and the , B

‘v e

mixing-length-hypothesis closure, €§ .é
+ W,

301 = 2/ (= 4.9 for & = 0.41). gg )

(XX

ey

0

The representations of Kader & Yaglom (1978), Afzal (1983), and Stratford g? kg

)

{(1988b) for the experimental data on the streamwise velocity in the intermediate i
"

layer are re-cast in the form of the aformentioned intermediate-layer o

streamwise-velocity solutions. The results indicate that predictions based on

the three-layer theory are better than those based on the (classical) two-layer

3
theory. ) ' g y
e
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4. BQUATIONS OF MEAN MOTION

Consider the steady two-dimensional fully developed turbulent flow of an
incompressible fluid of constant density and (kinematic) viscosity (;. ; =
consts ) past a s-ooth flat surface (cf. Yajnik 1970; Mellor 1972). Let
x = c X and Y = c Y represent the coordinates tangential and normal to the
surface, respectively, with c a characteristic body length. The mean velocity
components in the i— and G-directions respectively. and the mean pressure are ﬁ
= G.U, G = ;.V, ; = 5. ;;2 P, with u and p being the velocity and pressure
in the undisturbed region far from the surface. The laminar stress tensor

components are ng = ;Gf(il/i_)sij (ior j= i. § and/or X, Y), with 5#
.. SO

iJ = 3y /axj and u, = v/c, a characteristic "lalinar velocity"; the turbulent %,
-~ P {

stress tensor colponents are Tij puz(u /u ) T1J (1or j = X Y and/or X, Y), ~é§
with ut a characteristic "turbulent velocity In the analysis that follows. it :}"

is taken that the turbulent and laminar velocity parameters, & = (u /u ) f
and g = (u /u ) = (v/u c) = R , respectively, go to zero. ::
e

‘:..-

l\-.

In the domain X > xo. 0 <Y < », the (nondimensional) equations of mean ;”
motion for this flow are: "r
S

au av -1 4 1 4 :z
T tawy T % U=y V- X (2.1) }~%

' Wy

. 3T aT 2 2 N

3y , ,3u, 3P _ .2 XX Xy 3y 3% o
Ux* Vo) *ax ¢ &x *aw ) rECSr ) (2.2a) o

Y ay i

",Q

P

aT aT 2, L2 i

av aV aP 2 YX YY 9 3
Uox * Vay) *avy "¢ (ox *ay ) rHC 2+ ) (2.2)
:).4 ) 4

R

The surface boundary conditions are: A
4.-1
3

u, v-o0, le -0 as Y- 0 (X > xo): (2.3a) i
N
the freestreaa boundary conditions are: hed
:\'-
3

u¢1.vso.P»o,ru*o“v*-(x>x0). (2.3b) P

F

NN
\“'
.‘-.(
Lt

Pt
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The upstream boundary conditions are taken to be

U, v, P, Tij - fncs(Y) as X - Xo (0 <Y < »), (2.3c)

In the present analysis, the existence of an exterior (or inviscid-flow)
region and an interior (or turbulent boundary-layer-flow) region is stipulated.

3 ’\O

Further, it is taken that this boundary-layer region consists of two principal

‘l.

layers. By means of limit-process-expansion techniques, the solutions for the $
(]

flow quantities in the exterior region are studied for )
g 2

X, Y fixed as &, ¢, and 8(e.u) -+ 0; (2.4) = )

Lyt

? w

those in the two principal layers of the interior region, respectively, are Wl
U

studied for N
T X

B '__n

X, y fixed, with x = X, y = Y/3, as &, p, and 8(e,u) ~ 0; (2.5a) o

\:'3 r

2 X

X, r fixed, with x = X, r = Y/8 , as &, u, and &(s,y) - O. (2.5b) 2
Here, 8(e,u) is the effective-thickness parameter of the interior region, as ) E

3

well as that of the outer layer of this region; dz(e,u) is the effective- g; '
thickness parameter of the inner layer of this interior region. ‘ L

.,
S

\"." v
XS

In this study, it is determined that &£ and g are not independent
parameters; rather, it is determined that &€ = e(u), and, in turn, 8(s,u) = 8(u).
The following analysis requires that

SV

¥

| 3l

o
e(8) = 61/2. and u(8) = 67/2, (2.6a) o 2
WO
>
that is, () y
o
= \z
e(u) = u*7, and 8(p) - 427, (2.6b) .
o™ \
PR
BN
-
= X§
\‘{, w }
oy
W) A
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3. THE EXTERIOR REGION
For X, Y fixed, with &, u - 0, the exterior-region expansions for the mean-
velocity components, U, V, and the pressure, P, are in integral powers of the

boundary-layer-thickness parameter, 8 = 8(&,u), namely:

G(X, Y; &, u) = G(X, Y; 8) = Gy(X, ¥) + &6, (X, V) + a"’cz(x. Y) ¢+ ..., (3.1)

where G = U, V, P. With the stipulation that there is no exterior-region
turbulence and that the interior-region turbulence decays exponentially as the
exterior region is approached, it is taken that the exterior-region expansions

for the turbulent-stress components are in transcendentally smsall powers of 3§,
such that

Tij(x' Yi &, u) = Tl (X, Y; &) ~ 0. (3.2)

J
Substitution of the expansions of (3.1) and (3.2) into (2.1) and (2.2)
yields equations for the successive exterior-region approximations. The

equations for the zeroth-, first-, and second-order approximations,
respectively, are

;;Q + ;;Q = 0: U = g;g. Vo - - ;;g ! | (3.3a)

o3+ Yo a * 3" O .90

o 3+ Yo 30 - 0 @)

;;l + ;;l = 0: U1 = ;;l' V1 = - ;;l ’ (3.4a)

(Uo ;;l + Vo ;;l + ;;Q Ul + ;;Q Vl) + ;;l = 0, (3.4b)

‘"o%*vo%*ggul*%vl’*%'o‘ (3.4c)
(11}
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I N Y w ! T ar, gt gt yo gt at tat, 4t c . ab

au v o ¥
—z —z - . = _2 - - ‘—2 @
x *aw "% Ypty V2t o (3.8a)
au au, au au ap au au @ g
—2 2,0 -9 —2 _ _ 1 e | !
Woax *Yoaw *a Y23 Y2) ' = U x *Viw) (3.5D) Y
v
.l
av av av av aP av av b
T2 °2,% ) T2, 2, a
Woax *Voar *ax Y2y Y2) oy Uyax*Viay ) (3.8¢) ‘
. v
3 3
For these equations, the freestream boundary conditions are ﬁg P
O
g &
Uo -1, Vo. Po -0, Ul' Vl. P1 -0, Uz. Vz, P2 -0 as Y » =; (3.6a) u ‘
"
the (only relevant) surface boundary condition is g ',:
Y
Vo -0 as Y ~ 0. (3.6b) Vo ‘
T N
In turn, it is possible to construct first integrals of (3.3) - (3.5). Here, ¢ :
the first integrals for the total pressure and the vorticity are 'ﬁa 3

1 - . '

By = [Py + 3 (Uz + Vf,)l By (¥,): : (3.7a) B‘ \

'l

oo = (W - 'aT’ - - ao(vo): (3.7b) &l :,

M = [P + (UU, + VoV,)) = [¥,B(¥,) + B (¥)]. (3.8a) g ',

v, av 3

g = (—1 o 1y _ " ' ) i
2y =3 -3y [¥,B5(¥,) + B;(¥)]: (3.8b) g‘

1,2 I,

I, = [Py + (U0, + VoVy) + (U] + Vf” BOs

i %

' 1g p* ' h

- ['zBo(!o) + Bz('o)] + '1[51180(10) + al(vo)], (3.9a) ;, “d

= 0

avz 602 1 F

O = Gx ~av ) " 7 [9Bp(%) + By(¥)] - ¥, (59,8, (W) + BI(¥y)]. (3.9D) g_:: 2

With the freestream taken to be independent of &(e, u) [cf. (3.6a)]. it is - 4

consistent to take the higher-order Bernoulli functions to be zero, that is, ?; i'

o

W, *

O

Wy

(12]
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Bl('b)' Bz('o). cv. =0, (3.10a)

Further, if the exterior-region flow is irrotational (i.e., Q
2, ...), it follows that

= o, k=0,1,

1 ' " -
By(¥,) = 3. and By(¥,), By(¥). ... = 0. (3.10b)

Subject to the constraints of (3.10), the equations for the exterior region
can be written as

v, Ay ’s, v,
e ~G3x " w)*" 3 +—3)=0 (k=0,1,2, ...); (3.11a)
ax® ey
aw 2 aw 2
.. _ (=0 -9
e My
1 ax X ‘@ aw
aw av, oV, ov v, 2 oW 2
9 _2¢,_0_2 1t _1 -1
P~ lexax “aw v *2 ) G- (3.11b)

It is taken that the solutions to the differential equations, either in the
foras given by (3.3) - (3.8) or in those given by (3.11), are analytic as Y - 0.
Thus, near the surface (Y - 0), the exterior-region-flow quantities, G = U, V,
P, can be written as

2
3G _* 3%
G - [c; e (=2) v 0%(—")'\(2 .

Z o

3, o 2, *
+ 8 [01 + (3;—) Y+ ...] ¢+8 [62 + ... ). L.

(6. + 6.y + g v? + 8 (6 + G .Y
= + ... .« e
o 01" * 2%:2 ] 1 "t )
2 ]
+ & [Gz + .. ) e L, (3.12)
[13]
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)1

L L ] ]
with Gk’ le = fncs(X). The surface speed Uo arises from the basic inviscid

flow [of (3.3)]; the surface boundary condition [of (3.6b)] for this basic
L

inviscid flow gives Vo = 0. Based upon these equations of motion, it is

determined that

= = I

2. t 3
. . a®uy . av
Upy = 0 Ugg = = =0 oo o Uy, = b oo (3.13a)
“ &
] *
v Loy 0 v | 3.13b
01" " ax ' Yoz = ¥ YT Tax (3.136) @
2o/
* 1 4% p® . e . E
Po =3 (1-U%). Po =0, ..., Bl =-UiULL L. (3.13c) £
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4. THE TURBULENT BOUNDARY LAYER AXERY
For the turbulent boundary layer, the coordinates are
x=X, y=Y/8 with 8§ - 0; (4.1) e

the flow quantities are
U=u, V=8v, P=p, le = tlj . (4.2) W

Here, & = 3(e,u);: G = G(X,Y; e,n) = G(X,Y; 8), with G = U, V, P, T“: o
g = g(x,y; 8), withg =u, v, p, tij' Introduction of these boundary-layer

M B
variables into (2.1) and (2.2) yields Py

ax "oy "% Wty VT Tax (4.3)

2 ar at 2 2 4
g evI e Ra (PG5 (fp(é—% . 822y (4.42) e

ox ay axz

2 dr at 2 2 SRR
BT W) B’y D, XK, 2R AY, 2 (g, A
ax ay ay 8 oy ax 2 2 2 o
8 ay ax AL
The surface boundary conditions are #:ukgﬁ
u, v -0, tlj ~0asy~0. (4.5a) o
The interior-region--exterior-region matching conditions are ¥
u-U,ve-V/s, p-P, tlj* Tij ~0asy =, Y - 0. (4.5b) o,

4.1 The Outer Layer v,

The analysis of the boundary layer is fnitjated with the consideration of AN S

. ~

an outer layer, defined by x, y fixed, with &, z, and 8(e,u) - 0. For this ékggf
-

15 ala
(15} )
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‘d‘f--rq‘,.fvf.(f..-id‘
.

outer layer, it is taken that, to leading order of approximation, the outer-
layer x-momentum equation, (4.4a), is characterized by a convection--pressure-
gradient--turbulent-stress balance (with the viscous stress negligible).
Specifically, it is taken that the outer-layer thickness parameter is equal to
the square of the turbulent-velocity parameter, that f{s,

3(e.u) = 8(e(r)) = e2(n) -~ 0: &(8) = 832 4 0, (4.6)

with p(38) = 07/2 - 0 ( to be justified in Section ¢.2), such that (ulaz) =
63/2 - 0. Por these orderings of the parameters, (4.4a) and 4.4b), employing

the thickness parameter, 8, throughout, take the forms

ot 2
(“ . L x_(_a_;'_:mﬂ,_g)+63/2(_ azau

+ ) . (4.42)'
a‘ ? 372 axz
2 2
2, . v v, .2 __!! _.1! 37/ X 23v '
§ (u ax 'Y ay) + 2y 8 (ay + 8 } + (ayz + 8 ax2) . (4.4b)

In turn, from an examination of (4.4)'. it is taken that the outer-layer
expansions for the dependent variables are of the fora

gix,y:8) = ¢°(x y) + 8! '1" y) + ch(x.v) + 0 ca(x.v) + .. (4.7)
where g = u, v, p, ¢

1)

Thus, the leading-order approximations for the outer layer are

du, v £ 3
—02.,_90_.,. . 20 ..o
x "y "% Y Ty Y x

ou ou p de ap

-2 -9, , 0 _ _xy0 _ 20 _ .. i
B ax *Voay ' "ax 3y 0. &% =% (4.8a-c)
i W . R
x ay 1 y ' 1 x '’

du du du du ap ac ap

.——l 1 0 _Q _l____m. __l.. )
M3x *Voay "3 M1 '3 ") " " 0. 5 - (¢.9a-c)
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. l'] v, o -l
2, 2.0 u a2 y .._—2
ax oy ay 2 ox '’
0 ax 0 3y ax 2 oy 2 ax oy
i ac 0 o aul v Egl )
ax 1 ax 13y " °
] 14 ,
?:3"3,, ; (4.10a-c)
i T TP/ S
ax ay 3 3y ' 3 ax '
0 ax 0 9y ax 3 3y 3 x ay
azn ar du du ou du
2 ax 1 3x 1 3y x 2 3y 27
ay
ap .14
3;§ - 3;111 . (4.11a-c)
In what follows, the notation txv - tyx = ¢, and txyk - ty‘k - tk'
k=0,1,2,3, ..., is employed.

In this paper, for specificity. the mixing-length-theory closure is adopted
for the nearfield behavior of the outer layer. That is, the turbulent length-
scale function, 8§, is taken to be

g = g1/3(%3)'1 - xkyas y - 0, with £ = von Karman const. (4.12)

In terms of the outer-layer expansions, this nearfield behavior (y - 0) can be
expressed as

du,

1/2 79 -1 |
u
2.2,%% .2
LR (3;‘) ; (4.8d)

’ oA A, 2 A AN, 2o AL, n.i 0."&

9‘3 """,a,“
\

Yy :$
Ny
3 l;'l
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1.5 au1/ay
26) - Gu_ eyt O
0 0
du, du
220
L 2«c’y 3y 3y ' (4.94d)
l(:g) ) (auzlay 1 (aul/ay 2] - o
2 % auo/ay’ 2 auo/ay’
Ju,. ou du
2.2 02 .1 1.2, .
T, 2x°y 3 3y +3 (3;-) 1 (4.10d)
1.% aua/ay aul/ay auz/ay aullay 3
27 - ey " Gagey Gusay t Gusey) 100
0 0 0 0 (1]
ou_ du du, du du du
22 %03 12 Co0-1 13
Ty v 2y [ay 3y '3y oy ‘ay ) (ay ) 1. (4.11d)

In the same spirit, the farfield behavior of the outer-layer eddy
viscosity, Vg is taken to be

u)-1 .
Ve t(ay) Kas y +» e, (4.13)

with k = fnc(x) (to be specified). In terms of the outer-layer expansions, this
farfield behavior (y - ») can be expressed as

T * k= (4.8e)
T k= (4.9e)
T, k—: (4.10e)

t3 -k —— . (4.11e)

gen  E4R

€T =
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R
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U IO
R
Thus, the zeroth-order approximation for the outer layer is ,."!.":::i
I,
l‘-l".."‘.'
du v oy ¥ |
-9 . _90_,. - —2 ) O
= 3y 0: u, ay Vo el (4.14a) gwngﬂ
s
3u du p, ar ap R
0 0 o __0_ -9 _ A
Woax *Voay)*ax "3 % 3 -° (4.14b,c) b,
o".p.;.:'"(‘;
The outer-edge (y - =) boundary conditions are y
¥
e
du. 'ézﬁ}
. g, . it
uo,_uo+....vo__-dxy+vo+..., N
Nttty
au ':,‘o'.: i
0 k350 - 0 (4.15) R
po ~ po co s g to ~ ay -~ » . :':‘:‘:.3
l'gzl'g.l'\ i
] ® & ..,! _"l?'
where uo and po are the externally applied streamwise velocity and pressure, 4
SRR
respectively. Based on an external flow that is irrotational (cf. Section 3), xﬁi_:ﬁ,
* . ey
it follows that, to leading order of approximation, Py - %(l-uoz). such that tﬁ;f\§
[ ] L ] ] K
(dpoldx) = - uo(duo/dx) > 0 fo~ the adverse-pressure-gradient case under ‘:ﬁﬁ
»5s L)
consideration here. The (only relevant) surface (y - 0) boundary condition is &
ot
o~

Yo ~ 0. (4.18)

| ] .
Directly, it is seen, from (4.14c), that p, = p. = fnc(x). In turn, (4.14b)
0 0

becomes ( T

du £ ST A%
Mo * Yo T w0 (4-1400° |

o
Based upon the preceding, the following integral relations are developed: oA '3'.

s e
Y d(“vo) a0
Vo * —ax ' (4.17a) ——

:- .,

. [ ] LS.%
o, , duy o S
- Al

to uo [ dx + u. dx (200 + Ao)] ’ (‘.17!)) i ALY

0 :
(19] ;ﬁ &
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for ¢, - t; as y ~ 0, with

0
2
* - uo . » uo llo ()
8y = I (1 - =) dy, 8, -I -« (1 - =) dy, (4.18a,b) \
0 u, 0 u, Uy

[t

B oER =

the zeroth-order defect and momentum thicknesses, respectively.

ey

Based on the results of Stratford (195%9a), it is anticipated that, as

PRI I )

y -0, g« yl/2 + 0 and LIS A 0. Specifically, the solutions of (4.14a) and g
(4.14b)', as y - 0, taking into account the nearfield closure hypothesis of )
(4.8d), are e
A4y
dp, dps  d%p. !
2 0.,1/2 1/2 1 0,-1 0 e
u "~ =(=")"""y (1 + ( ) y+...]+0, (4.1983)
Al
dp. -1/2 dp. v
Py -~ P
~_2 __ 0 0 3/2 g
Yo " 3% (dx) 2 Y f1+...]-0, (4.19b) '
dx
2 dp. 1/2 dp. -1 d%p. g ]
u P P, - p .
0 1 0 -1/2 1 0 0
A "S5 oy (1 + (37) y+t...] ve, (4.19¢) \
ay x ‘dx 3‘2 dx dxz @ ::
g
dp. dp. -1 d%p.
. dp Py -1 d'p -
to’agy[l +—2T(a;o‘) —2°y+,,_]..o, (¢.19d) ,-: )
3« dx L
N
\l
|
These inner-edge (y,n < 0) results may be expressed as S'§ Y
-
- Yo 2 1/2 A SRR
g = () ~ O n (1 -0 + ...]. (4.20a) .ol
K 2 b .
u 8« (]
(1]
na "
- Y . _2a 32 . M
Vo " (¢) T3k " (1+...1, (4.20b) d !
h )
33
au > Y
ug Uy y/2 A N
wm ST s k" [1—-—2—7) + 0] (4.20c) . .
a(y/ho) 3x E (
: \e
g 3
(20] ’
cl‘
e
- -y e . Y -y - myw LN :en
AT AL L L e LH A O o s L S S S Cap O LS AL g2 S o, L A e A D o e D St B



mv 2 FYRTLIG )
|'|"lﬂ '.0'

'l’ .,"l..
e
0y ‘\
::::o"
o
- T Wity
| :0-(—2-2-) ”n[l-:-A;n N (4.20d) :5:‘!'-.;
u & .
0 P
i‘ \‘,"
* *1/2 ".{:'."l‘
Here, u, = (1-2p°) , and .:‘:::‘
s
dp. _1 ‘.l".'n P
L . o
n = (=59, with by = [(1-20) (D 1. (4.21) e
ho t::::::.:.;
A RN
. dpo -2 d po "l'
A= [(1-2p,)) (=) (- )1. (4.22) a
0’ ‘dx dxz o
toigh!
AR
Further, the outer-edge (y.n » «) results may now be expressed as ek
L)
s
‘-'o .1, (4.23a) » ]
L ] t '{'\’
_ d(u_h A ) A Y
Voene=——002 iipa -2y, (4.23b) ¥
(1] u‘ dx n h‘ .*':'
o (] 2
) o
-9 : R
an 0 T~0 )
Wit
auo -1 . s |
% (an - KAn, for k = Kquo, with K = Clauser const. (4.23c,d) ¥ ,
>
73
4.2 The Inner Layer ?
The results of (4.19) and (4.20) indicate that the outer-layer flow ;};'
variables uo and to - 0 and (auo/ay) - o in the limit of y - 0, § - 0; however, :-'\.
1,
it is seen that uolal/2 and zo/a are fixed for r = y/8 fixed. Based on these ;
results, it is appropriate to introduce a layer interior to the outer layer. It " '...‘
)
is in this inner layer that the surface boundary conditions are satisfied *\
uniformly. Based on the aforementioned results, this inner layer is defined by ..'

. . 3 g ep AR IR R AR TN TN A
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X=X, r=y/8=Y/8%, with 8 ~ 0, (4.24)

s &

with the flow quantities given by

g

U-u=6Y2a v=ov=8¥2, P=p=q T, =1, =5t,, . (4.25)

1 13 1

¥a =3

Here, G = G(X,Y;8), with G = U, Vv, P, le: g = g(x,y;8), withg =u, v, p, tlj; "
f = f(x,r;8), with f = m, n, q, tij‘ In terms of the inner-layer variables, the :
equations of motion are

a5
-

om am _ ., .9 . _ 9 =
ax * ar 0: m ac’ " 3x (4.26) :
ot ot 2 2 Eg $
om on g _ Xr 2 _xx om 43 m

$(m ax th ar) * ox (ar + 6 ax )+ (_$7E?( 2 + 8 2) ) (4.27a) ?

] or 9x .
at at 2 2 53 ;
5, an on, 9q _,2 " Trr 2 _rx 4 3°n 4 3°n "
gy tapt S g ¢ 8 G5 S e 8 TR (42

8 ar ax Qﬂ
W b
In order that, to leading order of approximation, the viscous-stress - *
contribution be of the same order of magnitude as the turbulent-stress and }E" }
.

pressure-gradient contributions in the x-mceentum equation, (4.27a), it is
necessary that 3z, i
& A
u(d) =872 2 0as 80, | (4.28) 72
a8 ¢
1/2 -1 ~ - - 3
as well as &(38) = & + 0 [see (4.€}]. Thus, since u = R ~, where R = (u_c/v) e
is the reference Reynolds number, it is determined that the present analysis Ef 5
holds for ph
|"‘- '
woA
- _ = 4
8(R) =R %7 20, eR) =R Y7 20 as R = = (4.29a,b) A
- 4
For this ordering of the parameters, (4.27a,b) can be written as ;
.i
cg \
at at 2 2 NG
s om aq _ Xxr 2 _xx om 43 m .

é(n ax*t? ar) * ax (ar v 8 ax )+ 2’ 8 2) ’ (4.27a) %

ar ax .
r_'-;. .
2L
b)
.

X
[22] §§

-------

L ; J S o ¥, a 1 ) S8 Tt et et I 2P Tt IR ) e I, M
".'u‘?':'f'o't’-'- ahe l':‘l‘!'l':ll.!' y‘!‘ﬂ.“n't‘o‘; AR, !‘l L0 Ui 0 My > ;.. ot s e S e "



W

ot at 2 2
5. 20 3n, _ 3q _ ,2 rr 2 “'rx 4 3°n 4 3°n ,
3 (m ax * " ar * 3r 8 (ar + 8 an ) + 8 (—-—-ar2 + & ——axz) (4.27b)

From an examination of (4.26) and (4.27)', the inner-layer expansions for the
dependent variables are

3 (4.30)

f(x,r;8) =~ fo(x.r) + al/afl(x,r) + drz(x.r) + 8 zfa(x,r) o
where f = m, n, q. tij'

The resulting equations for the leading-order approximation for this inner

layer are

M M o % %
ax ar o or ' 0 ax ’
at azn 3 )

O, 0 0.4 520 (4.31a~c)
or 2 ax ' ar ' .

ar

i-_l-+an1'o -~a¢1 n--“l
ax ar 1 ar ' 1 3x
at a’m, aq aq

xrl 1 1 1
ar "2 & "% 3 =0 (4.32a-c)

or

E:ﬁ . an2 s o m a¢2 . 8¢2
ax ar 2 ar ' 2 ax '
ot a%n aq m dm aq

xr2 2 2 0 0 2 _ )
ar ‘L2z “oax " Moax *foar ) aw O (4.33a-c)
E:é . an, P 39, . %%,
ax ar 3 dr’ 3 ox ’
ot 2% ) om om om om

xr3 | 3 q, - (M. — +n.— 0, .9, )
or ar ax 0 ax oar 3 1 ar 1
aq3
ar 0 (4.34a-c)

(23]

A e’ - y N ’ W m e, o, A,
-'...'.‘. MORCR ..-.- ARSI ORI N ot -_ \_\ L -, -_'_-s, N s

-

>
v

I I VLR P
e e e i ,

..?:.

‘. .

-

t.‘l. l' l‘ ." -

LA N

‘Y"l ?'rl -t

’
>4k%&ﬁ‘

~

N

!k l.. [

y PR A o
5 {'.{‘. A,
o, X,




LV

RO 2

O e " 'J"-r . -r-r LN

B

In what follows, the notation txr = t = t and t =t =t

rx xrk rxk k’
k=0,1,2, 3, ... , 13 employed.

Thus, the equations for the zeroth-order approximation are

om an o ¢

-0 _ _0_.. . 0 . .20

ax ' ar 0: " "ar ' % ax (4.35)
2

ato a .0 aqo aq

ar NCE 0, 3¢ =0. (4.36a,b)

The surface (r - 0) boundary conditions are
Ry, g 0, to + 0. (4.37)
In this approximation, from (4.36b), the pressure is found to be
q, = qo = fnc(x) (4.38)
0 0 ’ ’

Directly, the first integral of the x-momentum equation, (4.36a), is determined
to be

om dq0 om0
to + aF " & °° ('51_—' = fnc(x) . (4.39)

For the inner layer, the appropriate turbulent length-scale function is A,
defined by

2= (1/8) = t1/2 &=,
am,. -1
1/2 0
o~ Aok...-to (ar) oo (4.40)

At the outer edge (r - =) of the inner layer, the mixing-length-theory closure
of lo - kr » » holds. This behavior is consistent with the previously adopted
inner-edge behavior of the outer-layer length-scale function [i.e., ¢ ~ «xy - O
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as y ~ 0]. For Ao/xr - 1 (exponentially) as r » », from (4.39) and (4.40), it
follows that, with q; = qg and t; = (ano/ar)°,

1 dqo . ano 1/2 alo -1
;;r-(a;— r+ to T (5;-) -+ 1 (exponentially) . (4.41)

From this relation, it is determined that, in this limit,

+

+
o 3 (dqo)l/zr-1/2 L1t (fﬂg)‘]/zr—s/z o1 -2, e (4.422)
or x dx 2k 0 ‘dx 2‘2 e ’ )
Integration produces ‘,'
ag; 172 A
) ~ —2— (-—qg-) rl/a + .+ : s ‘-\
0 K dx 0 L‘ g
. & ¥
+ -1/2 LR
dq _ - f‘,.' Iy
- T (—2) pVe, 11, ®, (4.42b) s
k 0 'dx 2 bl
2K AT T
hondce
where l;. ... = fncs(x) (to be determined). In turn, L
+ + \f
dq dq, 1/2
~_0 + 1 0 -1/2 .
to ax T to p (dx ) r + ... -, (4.43)

These outer-edge results may also be expressed as

dq’ -1/3

+
- B} .2 /2 + @ -1/2 1 -1
R, ~ Ry (dx ) = ¢ + 7 Pl MR IR (4.44a)
2K
+
dg, -2/3
£ —9 - 1172
to=to (dx)  + o0 ‘ (4 + , (4.44b)
) dq, 1/3
lo = Xo (a;- ~xZ(1 + ...) , (4.44c)
PN
l'.‘-:.\'
. “ \
.‘;\:\.‘i
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where
dq; 1/3
{=r (E;—) . (4.45a)
+ +
t . (329)-1/3 et 339)_2/3 (4.45b)
r lo ax , @ 0 (dx o e . .

4.3 Matching of Zeroth-Order Solutions

A comparison of (4.19), (4.20), and (4.42), (4.43) indicates that the
zeroth-order outer-layer and inner-layer solutions for the streamwise velocity

and Reynolds stress match if q; = p; = %(l—uza)l/a. that is,
dp. 1/2
P
u - (['%"(3;9) yllz + .1+ )
d * 1/2
L2 2 P 1/2 _
/] ([ o (dx ) r NN I S (4.48)
- L ]
dpo dpo
T~ ([3;_ y+...1]+...)~8 ([3;— | I S TR S (4.47)

Further consideration of the matching of the outer-layer and inner-layer
solutions yields

.
dp

s 2
1/2 dp,. -1/2 d"p
2 0 1/2 2 0 0 3/2
u~ [ oy + () — Vv + ...
£ ‘'dx 9‘3 dx dxz
dp. -1/2
p -
1/2 _+ 1 .+ 0 1/2
+ 8 [-o o8-y () y + ...]

. 63/2 ( 1 y-l
2
2K

L [ (4.48a)
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]
dp. 1/2 *
L. 2 0 1/2  + dp, -
.- 1 .+ %P -1/2 - oAl
« x) Tt (E) T 2. 1z e ) RN

’6 [--.]+6[23(lo) 2 r/z"'-.. ]*.-. (‘49.) .\f.r
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5. ZEROTH-ORDER-APPROXINATION SIMILARITY FORMULATIONS

5.1 The Zeroth-Order Approximation for the Outer Layer

The results of (4.20) - (4.23) suggest that a similarity formulation for
this zeroth-order approximation exists. For this similarity formulation, with 2},

. * 1/2 » * . -1
u, = [(1'290) 1. h, = [(1-290)(dp0/dx) ]. the independent variables are

y * -1 dp;
(x,n), with n = p(x,y) = —5 =[(1-2p)) "~ 1y (5.1) -
-
ho(X) -~

and the dependent variables are

d.
po -1 -

3/2 "0 )
(dx ) ] fo(n): 3

] ] ]
¥o(x.¥) = u (x)hy(x)f,(n) = [(1-2p,)

¥ ¢ 1/2 df, -

Vo * " ax = (1-2p,) [(A-2)n o (A-3)f,] . (5.2a) 5

. . 2

To(X¥) = ugm(x),(n) = (1-2p )¢ (n) . (5.2b) s

From the nearfield mixing-length hypothesis, similarity requires RN

- dp; -2 dzp; o
A= [(1-2p°)(a;-) (- 2 )] = const. (5.3) .
dx

This requirement with respect to A indicates that similarity holds only for a X'
| ]

specific class of applied pressure distributions, po(x). More will be said

about this later. g

Introduction of these similarity variables into the equations of motion for ﬁ%'

this zeroth approximation produces



2

de dar a’t
0. - (=92 - (a-3)r. —2

S R o (5.4)

The farfield boundary conditions are

dar a®t
__0.,1‘*KA -—goo“"4.~ (5.98)
dn 1) n dnz ' :

the nearfield boundary conditions are

0 2 1/2 A
- " —n (1-—=rn+...] -0,
dn K 9‘2
2
daft
¢o ~ (= 20,2 ~n 1 - 2A2 n+...] »0asn -0, (5.6)
dn 3x

Integration of (5.4) over the domain of 7, subject to (5.5) and (5.8), yields

An - (A-4) On =0: A= (Ho + 4) , - (5.7a)
where
A. df 0‘ dr df
" »
-9 . .0 e (2. 0, _._0
(] 0 0o 0
9
Ilo - en " (5.7b)

Thus, for this similarity formulation, the shape factor, Ho. is related to the
]
applied pressure distribution, Py by
3‘

L
Ho = [(1—290)(3;—) (- dxz ) - 4] = const. (5.8)
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The solution of this equation for Py is % !

Pp = 3(1 - [C + (Hy + 2)mx] ¥/ (Ho*2)) (5.9)

A7

where B and C are constants of integration. Quantities associated with this
solution are

"

. *1/2 -1/(H_+2) TR
uy = (1-2p°) (C + (ll0 + 2)Bx] (1] (5.10a) O :
T
)
d ] '& ~l
P _ c
—0 . grc + (, + 2)px) (Hp*4)/(Hy+2) (5.100) % 3
dx 0 A
. h
s o
] | ] dpo -1 1 , 2 ‘.'j ;\
ho - [(1—290)(dx ] = B {C + \Ho + 2)Bx]) . (5.10c) '
N . |
With the appropriate choice of the constants B and C, the results of (5.10) can 2 f
be written as e '.;
" .
s
he = (H, + 2 ‘g
0o ™ "0 + 2)(x - xo) , (5.11a) -
- ¢,
..{ /o
* o ut (x - x )V (H 2) o
Uy = Yy (x xo) 0 , (5.11b) - o‘
R
. 7 -  of
9P = —399—-(x - x ) (Hg*4)/(Hy+2) (5.11¢) 3
dx (Ho+2) 0 ) - ﬁ:.
(YA .‘:-
e
In terms of llo. rather than A, the similarity boundary-value problem for . ~
the zeroth-order approximation for the outer layer is | 9 \
x
\
dé af, 2 a®t e
2o Zo o L
an ~ -GGy et —= (5.12) ok
dﬂ - w
at, d’t, oo
F -1, ¢o hd (KAn) 4 - 0 as n -+, (5.138) ::. '::~
7 OGN,
W
Mo . v /2, o a2 o+ 82 o -«
an  Por” Boa” Bog? v o- 0 DAY
-l \:.
.\-.
ros :'_-
o
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gl
4) (H +4) (9H_+4) X ‘9"

.1— ” ._,3122:—— a' - 0 0 IQ#,
f 4 03 9‘3 (1], 675:5 AL

with ’;1 -

+

- + 2 + 3 "
% " %327 * %" * %" " O iRkl

" 2(“004) ‘¢ a(Ho*i)(3Ho*8)
. - . ———— - b eee 4
04 3‘2 08 135K‘ 1& A

af
as n - 0. (5.13b) %a; W

with 052 -1

5.2 The Zeroth-Order Approximation for the Inner Layer :

e
A similarity formulation for this approximation exists. Based on (4.44) ﬁspna
and (4.45), for this similarity formulation, the independent variables are oihe

(x.%), with § = ¥(x,r) = —5 = (g) T (5.14) S

4
gA
z
%Y

and the dependent variables are
$o(x.r) = g,(L): X

L ]
I B T N
0 or dx a
39, dp; 1/3 . dp; 2/3 | dg, 5:\

B = - ax - Uaz) MO-28g) © (G715 Wy + 0 H= ) . (5.15) “

dp; 2/3
to(x.r) = (;;- oo(C) . (5.15b)

.
In terms of these new variables, with qo(x.r) = q;(x) = po, the zeroth-
order inner-layer boundary-value problem becomes -

+ dz‘o o>
o " I+ - — (5.18)
d¢ gt

(31] F”‘"c

TR N e e s e N

AASASACAIAS



dg, ,
‘—k—-*o. oo*o as { -~ O, (5.17a) ;
dg y
0 _ .+ /2 + + -1/2 + -1 . o
at " Por¥ *Poo *%1f Tt %,¢ - S
]
+
R S S VAL B ¢
v 01 "« P00 "7 ' %41 x %02 2% ' -

R + + _-1/2 -
% 002C+¢oo+\’-°1( .. v

(-3 &5

+ + + + 1 N

with @), = 1, o), = @, \501 FORECIILL R SR A2 (5.17b)
~ o
Here, N ¢
v
a%g o dp, -2/3 = |
0o "¢ = (D = [t (—2) 1 = const., (5.18a) T
14 dx N
o )

+ dp, -1/3 .
+ + __o - + —2 - Es '
boo =T * (dC [lo (dx ) ] = const. (5.18b) 3
With respect to the similarity length-scale function, 00 = 710 = g 3
o‘l)/z(dzzoldcz)-l. the following asymptotic behaviors hold: £ o3
2
d ‘ -1 »
0 -6’2 (=) ckg(1+...) smas ke (5.19a) & ;
0 0 2 o
d( . :
2,
e ) !
d ‘ "1 -f\ |
‘o_";/z (—2—0-) ~og *(1+...)+0as¢ -0, - U
s ;
(14 )
0 o]
with s, Oo.. ... = consts. (5.19b) R
1x "
These behaviors suggest the following approximate closure: o ‘.
f
2 - L]
dg, -1 Y, Cd
0 = 0 (=Y v L, o
dat ¢
.E ;.
with E = [1 - exp{-t(«n+ + c)”zlzn. Z = const. (5.20) . ;
\}
o s
R
(32]
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Por this closure, # =+ xf(1+ ...) as { + =, and 0, ~ og.:'(1 +...)as ¢ ~0,

oo +1/2

with s = 2, og. = 0p, = (x"/%/2). Por tnis closure hypothesis. (5.16) takes
the fora
2 2
d'g, 2 d'g
c2¢%8? (~—59) .o 2°) -0+ Q) =o0. (5.21)
dg az
Thus,
2
dg +
zo - 4452%’ e 2./2 " (5.22a)
dg {1 + 4% (0 + L)E”) +1
ffg ¢ 210* + z) dz .
K 2. 2, + 2.1/2 . (5.22b)
{1 + 4z (0o + zZ)B} +1

For { -~ 0, the asymptotic behaviors of (dgoldC) and @, are now determined to be

dg 2 +3 +3/2 .
0 . + 1 _ (ko 4 o] _9 . n
@O ) I e (e Dy (5:23) .

'0
c20+3 4 3 0*3/2 .;
* (—;;—-16 (1+ o (1 -3+ ...1. (5.23b) W

P
-
-

For { - '«, the asymptotic behaviors of (dgo/dz) and 2 in this limit, as given
in (5.17b), hold.

Note that, for the closure of (5.20),

L +
vt I ( : 2 :‘;) 2.1/2 . :/2 l & . (5.24)
0 {1 +4c(0 + LB} ""+ 1 &
[33)
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6. HIGHER-ORDER-APPROXINATIONS SINILARITY FORMULATIONS
8.1 Higher-Order Approximations for the Outer Layer
The equations of motion for zl(x,y). with g = ul. Vye pl. tijl' have been
given previously (see (4.9)]. From consideration of the matching with the
exterior layer,

u,. pl. tljl ~0as y » =, (6.1)

&
Thus, P,=p = fnc(x) = 0. From matching of the outer layer with the inner
layer ([see (4.48)),

dp, 1/3
+ + 0 o
u - my =7 (dx ) ' Ty 0as y -~ 0. (8.2)

E ]
Recall that r+ = const. and (de/dx) = rnc(x;Ho) are introduced in the zeroth-

order outer- and inner-layer similarity formulations.
For the first-order outer-layer similarity formulation, the independent

variables are transformed from (x,y) to (x,n), where n(x,y) is defined in (5.1).

The first-order dependent variables are

. dp; -2/3
¥, (x.y) = ¥, (x.n) = [(1-2p,) () 1£,(m):

.
dpo 1/3 dfl

u, = [(3;-) ] FrEk
|
dp, 1/3 ar,
v, = [(‘E’) ][(ll0 + 2)n ™ "3 (Ho + 1)f1] , (6.3a)
d * 1/3
s 172 %o
T, (x.y) = tl(x.n) = [(1-290) (dx ) 1 ¢1(n) . (6.3b)
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Introduction of (6.3) and (5.2) into (4.9), subject to (6.1) and (6.2), produces

dé, ) dt, df dzr1 . azro

—= = - (R + 7))~ — - (B, + 1)[f + = £, 1 ; (6.4)

dn 3 (v} dn dn (1] 0 dnz 3 dn 1

at, dzfl

3;— - 0, ¢1 - (KAH) ;—E- +0as n » » , (6.5a)
n

a, 22 dafo dzfl

a;‘ -7, ¢1 - 2x 7 -2 2 ° 0as n - 0, (6.5b)
dn dn

From (6.4) and (6.5), the inner-edge (n - 0) behaviors of the velocity and
stress functions are

ﬁ"’ﬂ* 0ﬁ+ + ¢ﬁ+
dn 10 P2t - 10’
+
4r (H_+4)
+ + + + 0
with 610 = boo =7, ﬁla = - 2 . e (6.6a)
27
. .+ _3/2 + 8/2
$) T O3t gm0,
. 87" (Hy+4)
with ¢ ) = - —o——, ... . (6.6b)

‘the equations of lotion for g.(x,y), with g, =u_,, v,, P., T , are
2, . 2 2 2 2 1j2

presented in (4.10). Since p2 - p, = P1 = fnc(x), and ¢

2 ~0as y ~» =,
integration of (4.10c) ylelds

yyo

p2 - p2 + tyyo . (6.7)

In turn, (4.10b) becomes

[ ]
oz, W N Mo, Py 0%
0 3x 0 dy ax 2 dy 2 dx dy
it ou du
R -1 —1 T .
ax (u1 3% + vl 3 ). with to ‘txxo tyyo’ (6.8)
(35)
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Matching with the exterior layer ([see (3.13)] produces

S
s * » A
d(pa + uouz) 3 s % * %z & ~ .:.
ax = 0: p2 + uou2 = P1 + UOU1 = const. = O, - i:
2 o
3 -
™) . _1/2 dpo 2/3 ‘.
with up = U = W, [Ue2) T (G T 5 3
D
dp. 2/3 3
. * po "
= = - — Q: DK
P, =P = - W, () : (6.9) s
TS
Similarly, matching with the inner layer [see (4.48) and (5.18)] produces =3 fk
w0
dp. -1/2 e 2/3 0
Py - * P :
Lol .+ 0 -1/2 _ _ @ .., *-1/2 "0 -1/2 "
u, » - ——te (= y -2 2y 107V E 3
Y
» - 4
. . dp, 2/3 "- :_:
- - — - w i
tz to @ (dx ) as y, n 0. (6.10) = ‘,‘
p=— B
"4
For the second-order outer-layer similarity formulation, the independent gs v:g
variables are transformed from (x,y) to (x,n), and the dependent variables are jf!
o
Y
. 2
* 1/2 dpo -1/3 "N
¥ (x.¥) = wy0m) = [(1-2p)) "% () ) £y o B
t«( :-".'
dp. 2/3 df T
P N
. 10172 Po -2 I
woF
dp. 2/3 df B
P N
= - . -1/2 -——o— —2 - l "‘l ‘.{-
|ﬁ}
o~ A N
dpo 2/3 fz: ¢
T(x.y) = (xm) = [(FF) ] $,(n) . (6.11b) & '.4*?_
» (1 :§J
" " dp 2/3 " \:‘ g .
T (x.y) = T (x,m) = (G20 1¢ (6.11¢) &
0 'y 0 X,n dx o(n) . * c {'
% N
jEN i
W R
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* L
Note that, with pa(x.y) = pa(x.n) = [(dpo/dx)a/alxz(n) = ~ Hz(dpo/dx)Z/a.

. 2/3
T (x,¥) = tyyo(x.n) = [(dpo/dx)

yy0 ][xz(n) +W,] =0, and

* 2/3
T . (X, y) = rxxo(x.n) = [(dpo/dX)

xx0 ][{¢;(n) + ”z‘”’) + wz] =

(dapg/ax)% 3¢ (n).

The following boundary-value problem results:

2 2
de df df da°f af
2 2 0 2 2 1 0
—= =Z(H + 4) W, - — —=] - (H, + 1) [f =+ £,]
dn 3'0 2 dn dn 0 0 d’)2 3 dn 2
2
ar, 2 da°f
1 1, _2 1
- 3(80 + 4)(dn ) 3‘“0 + 1) f1 p 2
n
d¢o 2 "
+ (l'{0 + 2)n a-;,— + 5("0 + 4)¢0 : (6.12)
ar, d2f2
an—' - "2' ¢2 - (KAn) ‘—i—a— »0as n » o, (6.13a)
n
2 2 2
df + df,. d¢f a’f, 2
—2,. e 12 4 Pt —2—2.3—1))-.0" asn-0. (6.13b)
dn K 2 2 2 2 2
dn dn dn

The inner-edge (n - 0) behaviors for the velocity and stress functions are

df
2 _ + -1/2 + 1/2
an %217 By
+ + AR 2 80" 1*2
with a, =8y = -7 By =3 Wy * 2?2 Y(Hy + 4). '
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In determining these behaviors, it has been taken that ¢0 ~ ¢02n + ... as n -~ 0. :ﬂ
v
- A
The equations of motion for ga(x.y), with gy = Uz, Vg, Py tij3' are a;
presented in (4.11). From consideration of the matching with the exterior
layer, g
Us. Py tlj3 ~0as y +» =, (6.15) } ]
Based on (6.15), integration of (4.11c) yields .
b‘ ”
wP
p3 = tyyl . (6.16) -
o
o) \
In turn, (4.11b) becomes
;
" du . au3 . auo - auo v) - 14 -
0 3x 0 dy ax 3 dy 3 ay
2 " '::: [
f._.
= ; :o * :;1 - (v, :: Yy :“2 * ::1 up * :‘ll vyl
RN
with T, = ('txxl - tyyl)' (6.17) §
Matching with the inner layer produces
dp D
1 -1 1 -1 0, -1
u, > —y =-—I[(1-2p) " —1In ", .
3 2‘2 sz 0 dx f;
dp. 1/2 dp.
P P
_1 .%o -1/2 _ 1 ., , *-1/2 "0 , -1/2 . -
T, « Gx) v < [(1-2p) = 17 as y, n ~ 0. (6.18) -
For the third-order outer-layer similarity formulation, with x. n as the T
x .
independent variables, the dependent variables are ’ .
[
o
hAN
< .
- N
N
.. N
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]
dp df
* -1 0 3

)1 95 s
Vg = [(1-2po) o= ][(H0 + 2)n an | (8.19a)
]
(x.9) = T (x,n) = [(1-2p.) /2 | 1 6,(n) (6.19b)
Taix.y g'x.n Po dx 3" :
d ]
” [} . _1/2 —p—o "
tl(x.v) = rl(x.n) = [(1-290) ax ] ¢1(n) . (6.19¢c)

With p.(x.y) (x.n) = [(1-2p ) Y2 (dp./dx) 1z (n) = 0

93 X,y 93 X,n Po Po 3 n ,

r. (x.y) = 7. (x.1) = ((1-2p,) Y %(dp_/dx)1x,(n) = O, and
yy1' ™’ 122 D (1] 0 3 !

t o (xy) =t (xom) = [(1-2p) Y2 (dpsdx)] (4, () + x ()]
xx1' "' xx1'"' (1] 0 1 3

- [(1-2p,) "2 (dp,sdx) 10, (1) .

The following boundary-value problem results:

3
dn dna
af, df, dara
- (Ho + 3) E;— a;— - (Ho + l)to ;;5-
a ar, d2f2 ) dafl
- +3) —==2_-2y .9t A Juli
0 an an "3 Mo 142 2g2 2
d‘l "
+ (Hg + 2)n go= + (Hy + 3)9, . (6.20)
ar, d2e
E;— - 0, ¢3 - (KAH) p 2 ag n - - (6.21a)
n
Mo, 11
] o
dn 2‘2 s :
I/
O,
\)\‘.
‘."!. )
[39] L% )
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a®r_ a%.  d%r. 4% a®t. -1 4%t 3
2.2 0% %, 191, 1 1
g D 2 2 (7)) )]
dn® dn dn® dn dn dn
- - % n-llz as 5 - 0. (6.21b)

The inner-edge (n - 0) behaviors for the velocity and stress functions are

dar
3. + -1 +.+=1
E;~ a32n + ... , with a32 aoz ;—Er. cee
[
~ o+ —1/2 + +'__l
63 " Agym T+ . withag = \}o o< -p . (6.22)
Here, it is suggested that ¢1 ~ ¢1;n3/2 + ... a8 n - 0.

To summarize the results obtained for the outer-layer similarity

formulations, it is convenient to introduce the quantity

* dp; 2/3
Aw = 8 [(1-2p0) ~ () ]
= 8 [(Hy + 2) ug (x-x,) (Ho*1)/Hg2))=2/3, (6.23)

such that A, =~ 0(8) << 1 for x fixed. In turn, the outer-layer streamwise-
velocity and Reynolds-stress functions take the following forms:

dr dr dr dr
u a2 -—°+A1/2——1+A ——2-+A3/2—3+... : (6.24a)
* dn * dy * dn * dn
u
0
T ~ 1/2 3/2
e = ¢° + Ay ¢1 + Ay ¢2 + Ay ¢3 + . (6.24b)
u
0
] * * -
Recall that u0 = (1-2p0)1/2 = uoo(x - xo) 1/(H0+2) The inner-edge (n - 0)

behaviors for these velocity and stress functions are
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u - + _1/2 + _3/2 + 5/2 1/2 + +
“ u. [3017) + 30377 + 5057’ AT ] + A‘ [ﬂlo + plzn + .. ']
0
+ -1/2 + _1/2 3/2 + -1 .
' + A, [¢21n + 321" + L) e Ay [asan + ...) + ... : (8.25a)
T - + + 2 + . 3 1/2, ,+ 3/2
u.z [¢02n + ¢o‘n + ¢06n + ... ] + A t [‘1311 + ... ]
0
+ + 3/2,. .+ -1/2
+ A, [¢2° + ¢22n v L ) v A [131” T I (6.25b)

With the introduction of A,, the outer-layer coordinate, 7, and the inner-
layer coordinate, {, are related by

n = A% and/or ¢ = A;ln . (6.26)

For consideration of the corresponding inner-layer velocity and stress

functions, it is convenient to introduce

]
dp
hd 1/2 0.1/3
up0 =9 (dx )
L al/2 s \(H +4)/(H +2) -1/3
é Y50 [(Ho + Z)uoo(x xo) 0 0 ] . (6.27)

From (6.25)-(6.27), it is determined that the outer-edge ({ - «) behaviors of
the inner-layer velocity and stress functions are

U_ . ot ,1/2 + + -1/2 + -1
A O PR vagt v
u
po
+ . 3/2 + + J1/2
* Ay [Bpg®™ "+ B+ B 8T e )
+ Af [Bgscs/z S (6.28a)
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T - + + + _-1/2
.2 [‘02( + ‘20 + lalc + . ..]
u
poO
+ 2 + _3/2 +
N ORI e M
+ A2 [¢;6<3+ s B2 0. (6.28b)

6.2 Higher-Order Approximations for the Inner Layer

The equations of motion for the first-, second-, and third-order

approximations for the inner layer are presented in (4.32) to (4.34).

For the first-order approximation, the first integrals of the momentum

equations, when the surface boundary conditions are taken into account, are,

q, = qg = fnc(x), (6.29a)
a-l dq? al1 0
Yt*ar & 'C (3;—) = fnc(x). (6.29b)

From matching with the outer layer [see (6.28)]), it follows that
m, -0, t -0,q, = q0 ~0asr + e (6.30)
1 S | RS | 1 ‘ )
Thus, the first-order inner-layer solutions are
ll(x.r) =0, tl(x.r) =0, ql(x.r) = qg(x) = 0. (6.31a-c)

For the second-order approximation, the first integrals of the momentum
equations are

0
qz - qz = fnc(x), (6.32a)
0 r
alz dq2 alo alo al2 0
t2 + ar _ dx r - (lo Fr + no 3;;) dr1 » (3;-) = fnc(x). (6.32b)
0
(42]
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Matching with the outer layer produces

| 2 $
SO TP Nl SV L Y AP R R BV
2 " .3 'dx dx2 03 0 dx
2 ]
2 4P 2(H;+4) s -1, 4/3. 2
3x dx 3
dp. 2/3
p
0 -0 ..
qz'“a""a(dx) as r, ¢ .
Here, it is taken that
]
e, dp, 2/3
¢2(x.r) = ¢2(x.C) = [(1—290) (3;‘ ] zz(t):
dp. d 35
*-1Po %8 R
-2 = [(1-2po) dx ] d( 3 (6.348) :_.p:;gx
$
s _q 4Dy 4/3
t(x.r) = t,(x.3) = [(1-2py) "(GT) e, (%) (8.34b)
]
. dp, 2/3
dp(x.r) = qy(x) = - W, (7). (6.34c)

+ s . -4/3 0
With o, = [(1-2po)(dp0/dx) ](a-z/ar) = const., the second-order inner-layer
boundary-value problem is

2
{ dg, 2 d'g
2 21 -0 + 2
@, =3 (Hy + )WL -3 1 (@) ¥+, 2 ¢ (6.35)
1 ' 14
dzz
% ~0 e, ~0a (-0, (6.36a) ~
A l\
dg 2(H.+4) 2(H,.+4) )
3;3 - ____J%;__ca/z’ @, —-—-iﬁr-ca as { » = . (6.38b) Bﬁxk;
ox KT 5.
(a0
Phtate),
oy
i
\ }
(43) el
~
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The outer-edge ({ + =) behaviors for the velocity and stress functions are

dg
% o+ 32 .+ + ,1/2
ax  Paa® byt byt e
2(H ar’ (H_+4
uithb*.p*-_—(ﬂb aﬁ*-———r(o )
23 " Po3 oxd = 22 12 ox?
+ + 2 5¢+ +2
byy ™ By = Taw My * o U L.
2K
L o+ 2 + ,3/2 +
°2 024{ + ”23‘ + 022( + ..,
8 +
O L Ml A ladd
v %4 = %4 2 ' %23 " %13 9 '
3«
+ + 2 2¢+ +2
aaz = ¢22 - 5("2 + xa - -ZL,(HO + 4). cee e (6-37)

With .. n1 = 0, the first integrals of the momentum egquations for the
third-order approximation are

0
93 = 93 = fnc(x), (6.38a)
0
a-a dq3 a-a 0
t *3r " dx F° (3;— = fnc(x) . (8.38b)

From matching with the outer layer, it is seen that
m, -0, t,_-~0 - q° «0asr ~ e (6.39)
3 ] 3 ] qa q3 . .
Thus, the third-order inner-layer solutions are
0
ls(x.r) =0, ts(x.r) =0, q3(x.r) = qa(x) = 0. (6.40a-c)

In summary, then, the results for the streamwise-velocity and Reynolds-

stress functions, from the inner-layer similarity formulations, can be expressed
as

(44]
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dgo d¢2
+ Ay T+

— = a T e {6.40a)

2
h%y

Y <
+ s’:

«
5

a
“ %

'0 + A'oz + ... . (6.40b)
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The outer-edge ({ - =) behaviors for these velocity and stress functions are >

u - + 1/2 + + -1/2 + -1
T L S LR G P R T vagt v

PO o

u

1/2 TN

+ 32 ;lc + L. ) oL (6.41a) e

+
+ A.[bzsc +b

T - + + + -1/2 B
7z %2t %0 " Vot 77 v o A
po

+ 2 + 3/2 + NGy
+ A.[az‘{ + a23C + "22‘ LT T (6.41b) A

In (6.25) and (8.41), o
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7. SOLUTIONS FOR THE DISTINGUISHED INTERMEDIATE LAYER

In Section 6, for the streamwise-velocity and Reynolds-stress functions,
the inner-edge behaviors for the outer-layer solutions and the outer-edge
behaviors for the inner-layer solutions are given. An examination of (6.25) and
(6.41) suggests that a distinguished intermediate layer exists. For the
distinguished similarity intermediate layer, the independent-variable
transformation is (x,y) - (x,x). where

-1/2 1/2
n o= Ay

X = (ﬂ()l/2 = Ay 4

]
« 90, ~4/3;-1/2 1/2

= [(1-2pg) (5 (v/8''%)

L ]
. dp, -4/3,-1/2  41/2

- [(1-2py) (50 (8

r). (7.1)

The appropriate speed function for this intermediate layer is

. s s 1/2 1/4 * -1/4 *
U0 (uoupo) Ay uy Ay upo
d‘
p
1/4 . 0.2/3,1/4
=8 [(1-2p) (7))
IS VR s o (B+T)/(H +2) -1/8
8 Yoo [(II0 + 2) uoo(x xo) 0 0 1. (7.2)
Introduction of x = A;l/z n into

. 1/4 . *2 1/2 2
(W/ug) = A"" (u/u o), (e/uy™) = Ay (t/uq).

and/or x = A:/zc into

1/ 1/2 .2

] - 4 L ] *2 -
(u/upy) = A, (u/ug). (t/upg) = As (t/u)

(46)
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as given in (6.23) and/or (6.41), produces

4
TR RUA T
“10
1/2 .+ 3/2 + -1/2 3/4_ .+ + -1 )
* A [Byax v a0 x )+ A (B x vagx T) (7.3a)

T + 1/2, .+ 2 + 3/4, .+ 3/2 + -1/2
2 2 [(05,2] + A [8g, 17 ¢ 8,0] + Ay [0 42 + 23,2 }+ ... . (7.3b)

10

The results of Kader & Yaglom (1978) can be compared with those of the
present paper. The notation of Kader & Yaglom in terms of the present notation
is riven by

~2

E
u dp
1de % 9%
@y = G axlky - ) ax

]
“an® - o « 9P 4
(8)ey = c8hy = c8 [(1-2p,)(7) ) .
d > 1/3
T - P
_w.1/2 +1/2, "0 .
(ugdgy = Gy = ude’ (55
2 .
U, . sy dp, 2/3 .
(Zalky =% ((1-2p3) ~ (37) ] =ar, ~0;

]
dp

g 1/2 = 0 _1/2 =~ % 1/2
(v)KY ~cy: (“V’xv u (—

(U)y =+ u_ u. (7.4)

In turn, the Kader-Yaglom representation for the streamwise velocity may be
expressed as

{47]
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LY
1/2 N
U= K™+ K ), ;_3 |
. = (4.5 {1 + 10(a"A,)) 12312 # R
Jl "
uio ‘s ]
1/4 +)1/2 -1/2 -1 !
{ (S0 {2.44 log " -15 T - 80 "}}, }5_.
3
6(s1/34")372 HoQ
where ' = : . (7.5) ';
5{(1 + 10(0 A,)) kKN
e ,
The results of Afzal (1983) also can be compared to the present ones. The o
notation of Afzal in terms of the present notation is Eﬁ by
™ - *
), = (25)1/3 R s T G N S
P'A p A - dx - p0 =
dpo T :i
(8), » cah - co ((1- 2po) (&) 1:
Pl A
us * 2/3 - d
~4/3 » Po -1 -1/3 -1 L
(R, = (5, =877 [(1-2py)” (‘,x ) 1T =8N s e, 5
>,
v
T dp 2/3
w + . —1 __q + L [yl
(M, (;—31A * %0 [(1-2p)) ~ (7)) 1 =@, »0, N
X e !
(ARD)A - 5-1/3.* . - Sé -
U 1/2 d ¢ /8 f‘
- y P, i/ N
Y ool . a6 o 1/2 _ ,-2/3,-1/4 1/2 = 3
(¥), =cy: (=, s (=) v N 0
-
- u -2/3,-1/4 u t
(W), ~uu: (7, ~8 Ne . . (7.6) o
P uio = ::\
v
W, g
LY .*
+ = {
In Afzal's analyall. it is taken that (A) (Rp)A -~ », and (ARP)A ~ 0(1). A
Note that (u® /a8) = (M), = @A, = 0. T
o
r".' «
- FY

(48]




Afzal's inner-layer representation for the streamwise velocity and its

expression in the present intermediate-layer notation are

" Uy 1/2
[ = 35 (1 +5.4n) I + 2.5 (AR )]
P v p A

L. (3.5 (1 + 5.4 (@A) 3]+ AV 4258 %)) . (7.7)
u
10

) +

The representation of Stratford (1959b) for the streamwise velocity in the
intermediate layer is

.2 14dp1/2.1/2 ¥ dp,1/3 .
(u p (p ax) Y +C (p dx) ]S' with C = const.

-

R e R e X e

1. (7.8)

Y0
Thus the intermediate-layer streamwise-velocity representations of Kader &
Yaglom, Afzal, and Stratford, {.e., (7.5), (7.7), and (7.8), respectively, are

compared to the present one, (7.3a). The conpafison indicates that the three-

layer theory provides an improved characterization of the overlap domain over
that provided’by the (classical) two-layer theory.
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