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until recently, the one-ommter ingular expressio for streemnear a crack-tip was widely thos* to be sufficiently a alte over a
reasonable region for any geometry and leafig conditiom. This view hasbeen fast changing due to the growing e I aps that the lakk of higher
order terms can significantly affect the solution. particularly ,,. certain
biaxial loading conditions. In this context. the present paper' exguaines the
strain energy density criterion for fractuM, and the onseqwwas of the
assumption of a 1/r energy singularity in the formulation an its application. It
is found that this assumption imposs a rather severe restria" oa the region
for which the criterion is applicable, and that its application on as arMitrarily
selected 'small' distance from the crack-tip (a procedure which ha been
adopted by many experimentalists and finite element analyts), can lead to
erroneous results.
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NOTATION

A,C, Fins three coesciests of the ledi" expansion of the strain energ
density fanction

* Half crack ength of specimen

& Half width of specimen

E Elastic modulus

F Futlon of elastic modulus and Poisson's ratio

A Half height of specimen

J J-lntegrl

je Critical J for determining fracture

K1, K Mode-I1 and Mode-I Strews Intensity factors

K1. Critical stres Intensity factor for Mode- frctre

k Ratio of remote lateral load to remote vertical load

r Radial distance from crack-tip

rj Incremental crack growth

rc Critical crack growth increment

ro Radius defaing core region

S Strain energy density factor

S*, 5,, S First three coelcieats of the series expansion of the strain enewg

density factor

S) Strain energy density factor at load incrementj

S, Critical strain energ density factor foe determiaing fracture

s Integration path for the J-integral

T 1Tio vector on s

a Displacement vector on s
Ve Displacement in the y-dlrectloa at the first corner node behind the crack-tip

W Strain energy density fuction

we Critical strain energy density function

e.# Cartesian coordinate axis system

3 Complex vector &+ i

o Length parameter2Tr

Inclination of the crack
rxr Complex fuaction of lad, biaxinity and age of mnclination

a1 Distance of the lest comner node behind the crack-tip to the crack-tip
is d,fS, Normal and shear strains

* Angular coordinate at crack-tip

A Fitnctio, of Poisson's ratio

V Pewsosna ratio

IF Ratio of the circumfree to the dinkmet of a circl

*rs, op few Normal and shear srse

0. fl W I'e ERlomoephic functions



* 1. INTHODUCTION
The analysis of the strem field araoad cracks is an elastic wld has been well documented mad
kt perbaps mochi older than the &Mi now know as Liner Elastic Fracture Mechanics. One
of the early woek Is due to Westergad III, who as"aei the shaip crack proliem using a
I IS IfI ctlom expasion appcoach. ha a lawe paper, Westergased 14 1 xpse $be solusom to
the sam problem bn term of opIe- amalyi Inactions. This. lowe work has since gained
mws meeg -t6a and itfrequestl reeif by the amabse dactvu moanks. It ean be
ahwam that doe Watergasrilm"h baob to the hlowlag claualal mob for the sitems laid
am the tb' of a sutre-crask coatained in han lS. plate lairled by a reot ww Imaltale

sum (sa(y aa l

K, e
2 2 )

*sa - - - em -)-

way ~ 2 2o 2* 0"~

where K, is known as $be dtress intensity factor.
However, a smal error made is the Weatergaaud solution remwaasindetected for aheost

thirty yeary. By using the move general complex potentias approach ot Muahheliahvili IM.
Sih 14 showed that the arbitrary msttig of a particular consant is the Weaterpard soles"o
to sero was generally lawaldi. Discussion ans the effects of the error was subsequently laws
up by ft n i Liebowkts . il late, Elis st aW M showed tha the amro was eaqulem

* to the omission ofa aca-slaguhareri am r th sream expresios. Dy -anl.lmlg a m agit
eatre-cracbed plate under blzal remote bmade r 1peependleular to the crc) ail he lpl.a
to the crack), it was shown that the solution, correct to the sero-th order teem is r, b

*=KI~*

' I coi g 2 2 + Si(lW1b)

Comparing Eqs 1.2 with Eop 1.1, ad aettlg k 0 for malaxial loadlag, it iswe that
the only dlbfeance is the aen-slagulac sem #is the expression for r,. Of course. as r - 0,

t thibistism bt expected to become aqliglhl . However, kt does adt do so as rapidly as oe would
Mea. malaly because of te square root ect of the singular temn. For the sakajal tase as as
examople, & - 0 ad K, - vuwii, so that hr 9 - (r, Eq. 1.2a becomes

68 9 st - 11]. (1.31

hm the er caused by neglsetlag the noneliaguiag, term to be lms shaa 1% my,. is in required



u6m hW e md -I h dog Vow ~i,. NOA dotht a k he.. Poet (h - )
doh mm~h mr/a weaM he.. ewe a=no NV406 MINs lP jewel AM for O. am of

fe~ar, b pbeoedsooe amu mloh pamde deram s v mlog ONe md &ad
am.. at labm hadpoomlma Gwhimedo with commoid data. h.asuheegmmtpepm,

Ebb at i M I meataed that o hea ohmi -td Imow deadl m $owne mg rat
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t oh. inbegml tam dIl. Ih s ek m Okd toh iaxt M decO ml thmbob el to biemest
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Tbli werk cetama oh. liwatga. em o dof 1th eAslem d1th. aem-eblov Wm
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*~~~cs Cos-~osD f2?.

2 2

wbee K, and Kr anth. stsu inkemity kctos given by

K, - -(lk) sll~. (2.9)

Flemming FeIDe's law, the in-planme elastic strains are

ewhe!(o

F -,--ILj fo plane strain,

and E ad vawe the elastic modules and Poissom's ratio respectively.
Hence, the strain energy density function W for a plane problem is gies by

W - (msts + tri + 26(2.11)

+ "[u + 20., +au,- t aiJ

Substituting Eqs 2.? into Sq. 2.11, we obtain

A-4 B+C

A- j~2K7'(14eas)I(3-cs#J- All+cos)l

+ 41(0 - 4*0+IcomW) +.%(I + #Cos* + acos0)I
+SWKKguisofems - 1) +Alen#+1)jl,

2FVIAco c(2+1),sW~

Cm -'-k) ca 2.
iF
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Note that the heackim at the Oo~hplwen ba the Slstrum uf leank.kds to two
additional tam in W. me df which Miar'dhusFw the other In nmssmgimr.
To m hew this aaet t application of the S-Ibee~my, i tdv Ie Wuansube the hubs
elthdohebsy.

The sa snamg daft altuiem wa ftat Iepe by Sib ~and Ifu appleat an beenu
well deemm-I Ie (use for eimmple MI - lUi). INe hamltin bahsed as the assumpton thut
the Atas mer dafth function now the crackl* poessus a I/r tisguity Thin mW he

dellnedsuh*m

The criterion cosemlag cack iiito a h nl fpwbi hnbsdo h

By thsi 1 Crc W %tesombegn n. diset rthe subeegde si ty betoe

ypthe ub1 2. rcueI mmms hntelclmamu d ece a critical value S.,
andtha Sois smteral ammterwhch aracterimes the fracture stregt

orr cetcahed sptecie ue oe odtos as h ietos rc rp

By* kgWA - aTe Eq .4 ofe, eln stalInrnal cod it , a j.. coaetaresl gore rbyt

lagSSt

whenr upo reachhesg 3, Ittal showsp tht heamun o
orm irntal sei nermd Indtion bofth pltse dfm of sad c t pmtrial

that W w a u W pact i ouhes r e hnowee, rak e nsito of 0su a 0,flee=
Ktead 0 ippoied. 11 acouv es thm phenoetancdton, a hesoldnvaeen xressied sfoh thlat.
ing So *(rre to exstn bate orem deata, catummehnc uue oUtsoto

re gurty soh a raphyicad eepreiction Hy pothi &It Shew hAMous the cMoe
re-n Thart hh conberdiion by rmt he setiond t tepo@o a W c ad that e materia

awhiWE ahu intersec te wth (e.Practc hevtter aeril mot ro unles a 40tellit

Varou Aiel stengths and fracture touighaes. Sih J12l showed that r. rasged krm 0.000
Is. (0.015 mms) to 0.01M4 In. (&.3416 mas).
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. THE APPLICATION OF THE S-THEORY IN PREDICTING BRITTLE FAIL-
UE
One advantage of the strain energy density criterion over most other fracture criteria is that
both the angle of growth and critical load may be predicted by a single parameter. Furthermore,
without the restriction of self-simlar growth as required by other criteria such as the critical
energy release rate approach, the 5 criterion may be applied in complex load systems. For
example, by means of Snite element modelling, the S distribution around a crack-tip contained
in a complex structure under an arbitrary load system may, in theory, be used to predict the
failure load as well as the direction of propagation. However, it will be shown in this section
that without sufcient care, this practice can lead to erroneous results.

3.1 Predicting the Onset of Failure

Consider the uniaxial problem described previously. Since the direction of growth for this case
is known a priori (namely along the x-axis), substituting 0 = 0*, 0 = 90* , K11 = 0 into Eq. 2.12
and multiplying through by r yields an expression for S along the critical direction, viz.,

S K2 (I -A) - Ki(I-A) +02r (3.1)

And since K, = e a,

' [.(I - (I - k)V'ii/+ () (3.2)

IT
The one-term representation, Eq. 2.14, may be obtained by taking the limit of Eq. 3.2 as
r/a - 0, giving

S = -( -A). (3.3)

Taking a typical value of v = 0.3, Fig. 4 shows a comparison between the one-term rep-
resentatiou and the higher order expression for S . It may be seen that there is significant
diference between Eq. 3.2 and Eq. 3.3 At the relatively small value of r/o = 0.02, the neglect
of the higher order terms gives rise to eera of appxocimately 20% in both the plane stress
and plane strain results. Indeed, values of r/a ? 0.02 have not been uncommon in many anal-
yses using the strain energy density method (e.g., 1101, J131). What is more important in this
example is that along the critical direction, the one-term expression always over-estimates the
correct value of S for r/a > 0. Since S. is derived from the one-term expression (Eq. 2.16),
the prediction of fracture load using the S-theory by means of finite element modelling, or by
physically monitoring the elastic strains at some small but finite distance from the crack tip,
will invariably produce an over-estimate. In the above example, if the strain-energy density S
at ra = 0.02 is monitored, and Hypothesis 2 of the criterion is applied so that fracture load
Is assumed to be reached when S = S., then S(r/o - 01 would be greater than Se by about
20% and hence the fracture strength would be over-estimated by 9.5%. The non-conservative
nature and the relatively large magnitude of the error involved is certainly undesirable, and it
shows how the blind application of the S-theory in design work can be extremely dangerous.

For the S-theory to be applicable, the analysis must be confined to a region for which the
one-term expression, Eq. 3.3, is valid. Allowing an error of say 6 %, we get from Eq. 3.2

, 6
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( -(A)VTa -r/a :5 0.06. (3.4)

The solution which satifies the condition 0 < r/a 4: I is given by

r< 0.00124. (3)
a-

Equation 3.5 represents aa upper limit to the region where the strain energy density analysis
may be applied with acceptable accuracy. However, we recall that there exists also a lower limit
r. which defines the core region (see §.1). Consequently, the region where the S-theory is valid
may be given by

r. : r : 0.00124a. (3.6)

Equation 3.6 implies

ro
0.00124(

The restrictions inferred by Eqs 3.6 and 3.7 are severe, and in some cases, may be considered
as impractical. For the high fracture strength 4140 steel (t. = 0.01345 in.) quoted in 112 as an
example, the minimum crack length required for a valid LEFM analysis would be 10.85 in. (275.6
mm). Such a condition would be difficult to satisfy, particularly for real life situations where
cracks of much shorter lengths are detected and require analysis. Equation 3.5 on the other
hand can almost always be satisfied in a finite element model in which mesh sizes of the order
of 0.001 a may be readily handled on a modern computer. However, using such a fine mesh
for a linear analysis may be difficult to justify as stress intensity factors have been successfully
computed by other methods with much coarser grids. To highlight this point, a finite element
model of a centre-cracked plate (v = 0.3) subjected to uniaxial tensile loading and plane strain
conditions was established. Because of symmetry, only one quarter of the plate which has a
width to height ratio b/h = 1, and a crack-length to width ratio a/b = 0.25 was modelled.
Figure 5 shows the two mesh schemes adopted for the analysis. The parameters calculated
include

1) The stress intensity factor K, given by the expression (141

,F
K, = -2v r- (3.8)

where v, and A, are respectively the y-dispacement and distance from the crack tip at
the Arst comer node behind the crack tip, and F is as defined in Eq. 2.10.

2) The J-integral given by the numerical integration of the expression 1151

S= Wdu - T. On d., (3.9)

where T and u are the traction force and displacement vectors along the path # respectively.
The integration path chosen in this case is shown in Fig. 5. It may be shown that J is
path-independent for an elastic material and is related to the stress intensity factor by the
following expression

K, = V3F. (3.10)

6



3) The strain energy density factor 5(= rW) at nodal points along the critical direction
(0 = 0"), where W is calculated from the computed stresses (Eq. 2.11). To estimate the
stre intensity factor from the strain energy density factor, the conventional expression
which neglects the higher oeder terms is used 1121

K, 2sES
= ( + -)(, - ,)

In the following presentation, all values of KI and S have been normalised by ut/i and
w'a/E respectivel. The computed strain energy density along the critical direction (0 = 0")
for Mesh-I is shown in Fig. 6. An immediate observation is the systematic scatter of the results
about some mean value. The strain energy density factor appears to be over-estimated at the
corner nodes, and under-estimated a mid-side nodes. Whilst the average deviation of S from
the mean amounts to appraimately .T %, the scatter of the computed stresses would be only
apprdmately 2.8 % and is therfore considered acceptable. U the assumption of a constant S is
made over the reion say 0 < r/a f_ 0.04, then a best fit to the datagives the result S = 0.259T,
which when used in Eq. &1, gives K, = I.1 This compares with K, = 1.950 obtained using
the analytical solution given in Rooke and Cartwright 1161, and therefore represents a 9.2 %
under-estimation.

The computational results for the refined mesh are shown in Fig. T. Again, a similar
systematic scatter is apparent, and the assumption of a constant S in the range 0 < r/a :5 0.04
gives S = 0.2B27, or from Eq. 3.11, K, - 1.848 which is in error by 6.2 %. However, the
downward trend of the S-distribution as predicted by the analytical solution is clearly evident
in this case, and compares well with the plot of Eq. 3.1 (where KI is taken to be 1.950). This
suggests that some sort of curve fitting to the correct form

S=S..-Fl!+S (3.12)

would provide a more accurate prediction of strain energy singularity. This was indeed found
to be the case. Applying a least squares It for the S data of Mesh-2 to Eq. 3.12, it was found
that S. = 0.3082. Substituting S. for S in Eq. 3.11 yields K, = 1.930, giving an error of only
1 %.

Table I summarises the various methods of computing the stress intensity factor and their
errors with respect to the analytical solution obtained in 116].

K, K,(v,,Al) K,(J) K,(S=onat.) KI(S.)

Ref. 1161
Mesh-1 Mesh-2 Mesh-I Mesh-2 Mesh-I Mesh-2 Mesh-2

1.O0 1.892 1.902 1.894 1.896 1.771 1.848 1.930

% Error 3.0 2.5 2.9 2.8 9.2 5.2 1.0

Table 1. Stress Intensity Factors Calculated by Various Methods

7



It may be seen from Table 1 that the stress intensity factor is predicted accurately by
both the crack opening and the 1-integral even for Mesh-I. The evaluation of K, from S
however required the much finer mesh to achieve an accuracy to within 5 %. For a more
accurate prediction, a least squares fit of the correct form was required. Whilst this curve
fitting technique proved to be useful in the case of Mesh-2, it would be unreasonable to apply
this to the data of Mesh-I where a poor correlation to the true solution is expected.

It is also interesting to point out that whilst the J-integral involves the integration of a
strain energy term, the problems associated with the S-theory do not appear, as it has been
shown by Eftis et a1171 that the truncation of the higher order terms has no effect on J and
Eq. 3.10. Another feature of J is that the integration process tends to nullify the systematic
scatter of the numerical data and was therefore able to predict K, accurately without the
application of any best fit technique. In practice, it is most likely that J is used in a non-
linear analysis where stress intensity factors are not defined. Hence, J is not generally used for
computing K,, but instead, it is calculated and compared directly to a critical value J, (which,
like K,, and Sc, is a material parameter) to determine whether failure is to occur. The above
results merely show that a finite elements approach to the J-integral can be applied with some
confidence. However, it must be remembc red that the restriction of self-similar growth must be
observed, and that its usefulness when extended to true elasto-plastic materials is yet uncertain
0i7J.

3.2 Predicting the Direction of Growth

Having seen how the neglected higher order term can affect the prediction of crack initiation by
the S-theory, its effect on the prediction of the direction of crack extension is now examined. In
testing the maximum normal tensile stress theory for predicting the direction of crack extension,
Williams and Ewing 1181 conducted experiments on PMMA (polymethylmethacrylate) sheet
specimens which contain a central inclined slit crack and subjected to uniaxial tensile loads.
It was found, particularly for steep crack angles (0 -* 0), that the angle of growth deviated
from the predicted results presented by Erdogan and Sih [191. The authors attributed the
discrepancies to the fact that only a one-term expansion was used in the expression for the
stresses, and showed that by selecting a critical parameter a = f = 0.1(r/a = 0.005), and
including higher order terms in the expansion, a better fit of experimental data with theory is
achieved. In a subsequent discussion, Erdogan and Sih 120] showed that, unlike the maximum
normal tensile stress criterion, the strain energy density criterion provides a better fit to the
experimental data and is relatively insensitive to the parameter a. To investigate this point
further, Eq. 2.12 is differentiated with respect to 0 to form

8S 8A aB
80 ~ (3.13)

82S 82
A 8 2

B
80-2 802T + 802 r

and from Hypothesis I of the criterion, the direction of crack propagation is determined when

85 8 $
= 0, and - > 0. (3.14)

Assuming v = 0.33 and for plane strain conditions, the solutions to Eq. 3.14 over the range
0* < 0 " for s = 0, 0.1 and 0.2 are presented in Fig. 8 together with the scatter band of the
results in 1181. It may be seen that the one-term representation of the S-theory (equivalent to
the case a = 0) fitted the experimental data better than the one-term approach to the maximum
stress criterion. It is also noted that the solutions for both a = 0.1 and 0.2 fall within or near the
experimental scatter band. However, there is some evideece that the use of a = 0 for 0 < 45"
and a = 0.2 for 0 > 45* can result in a more accurate prediction. This has the implication that
the core radius r0 may in fact not be a material property. The question of whether r. may be

8i



considered as a material constant has previously been addressed by Ch--g 1211. Chang found
that in order to obtain reasonable agreement between the experimental data of 1181. 1221. 1231
and the strain energy density theory, various values of r./a (ranging from 0.006 to 0.15) had to
be used despite the fact that al data were presented for the same material (PMMA) and for
similarly sized cracks. He therefore concluded that r./a (and hence r.) 'can hardly be justified
as a material parameter in the S-theory'.

Chang 1211 also discussed, at length, the dilemmas which may arise in applying the S-
theory when no relative minimum, or alternately, when more than one relative minimum in S
exist in the solution. Swedlow 1241 showed that for uniaxial loading configurations, the choice
of the global minimum leads to incorrect predictions. Swedlow then proposed the additional
requirement that the Sm, which governs fracture must be associated with a tensile hoop stress.
On the other hand, Sih and Madenci [101 assert that it is the maximum of all S,.'& which
first reaches the material threshold and is therefore the critical factor. For the inclined crack
problem considered, two local minima are found for all 0 except for f = 90", and indeed, it is
the maximum of the two at any given r which corresponds to the results presented in Fig. 8.
However, an interesting situation can arise when other loading conditions are considered. As an
example, under a biaxial tension-compression loading system with k = -1, and for P = 60, the
paths of the two minima are as shown in Fig. 9. The corresponding plots of S along the paths
denoted by i and ii are presented in Fig. 10. It is clear from the plots that the determination
of the maximum of the minima would depend on the selection of r/a.

It has been seen in the uniaxial case that although the use of the S-theory to predict
crack initiation requires an extremely small value of r/a, the restriction was much less severe
for predicting the propagation angle as reasonable predictions may be achieved for the range
0 < P/a < 0.02. However, the above example shows that this may not be valid in general as the
choice of r/a appears to be crucial in determining whether the crack is to grow in direction i or
ii. Perhaps this is also evidence for the possibility that the S-theory alone may be insufficient
in determining the direction of crack propagation in general, and a modification such as that
proposed by Swedlow [241 may be in order.

4. CONCLUSION

It has been shown that the usual assumption of a 1/r energy singularity is valid only within
an extremely small regime around the crack tip. For the centre-cracked plate considered, this
region is typically of the order of r/a < 10

-
3. As a consequence, the application of the

S-theory at some distance outside this region may result in substantial errors in the prediction
of crack initiation. For a finite element analysis, an extrapolation technique using the more
accurate form is proposed and found to be useful. However, this technique still requires a
relatively fine computational grid, and a guideline for maximum mesh size, optimum number of
data points and the valid extrapolation domain for arbitrary crack and loading configurations
has yet to be established.

It has also been shown that the restriction on r/a is somewhat less severe for predicting
the crack growth direction, and that for the uniaxial load case, reasonable agreement between
experimental data and predicted results may be achieved over a relatively large range of r/a.
Unfortunately, this may not be taken as a general rule as illustrated by the biaxial load example
where a dilemma in choosing the correct S.j. may arise when r/a is arbitrarily selected.

In closure, it should be emphasised that, despite the problems revealed by the current
work, the strain energy density factor should not be disregarded as a useful parameter. There
is no doubt that the S-theory works well under certain conditions, and its potential in handling
mixed mode fractures is particularly valuable. The close relationship between S and the stress
intensity factors (Eq. 2.12), and the reasonable agreement between predicted and existing
experimental data on propagation angles, tend to support this. On the other hand, limitations
to the theory must be identified and realised. Questions such as whether or not r. is a valid

9
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materWa parameter, ot what; sh..Id be dome when multiple minima in S aes, have, in the
present author's opinion, yet to be positively resolvedi.
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