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Alphabetical List of Units and Their SI

’

Conversion Factors

7o Comvert Into Muitiply By
atmospheres pamﬁa) 1.0133 E105
atmospheres pounds per square inch 1,.4696 E+01

(b/in?)
centimeters (cm) incies (in.) 3,9370 B~01
feet (ft) meters (m) 3.0480 E-01
feet (ft) millimeters (inm) 30480 E+02
grams (g) ounces (0z) 3.5274 E~02
grams (g) pound seconds squared $.7100 B~06
per inch (b - s/in.)

gram inches (g - in.)

gram millimeters (g - mm)
gram square millimeters
g - mm?

grams per cubic centimeter
(g/cm?)

horsepower

inches (in.)

inches (in.)

Inches (in.)

kilograms (kg)

kilograms (kg)

kilograms (kg)

kilogram square centimeters
(kg : cm?)

kilograms per cubic metar
{(kg/m?)

kilowatts (kW)
meters (m)
meters (m)
microinches (uin.)
microinches (uin.)
microns (uwm)
millimeters (mm)
millimeters (mm)
milllmeters (mm)

ounce inches (oz - in.)
ounce inches {0z « in.)

pound inc}; seconds squared
(b in, + 89

pounds per cubic inch
(Ib/in%)

kilowatts (kW)
centimeters (cm)
méters (m)
millimeters (mm)
pounds (1b)
newtons (N)

pound seconds squared per
inch (b  s¥/in.)

pound inch seconds squared
(b in. - 8%

pounds per cubic inch
(1b/in.%)

horsepower

feet (ft)

inches (in.)
millimeters (mn:)
microns (wm)
microinches (uin.)
feet (ft)

inches (in.)
microinches (uin.)

3.5274 E~02
1.3887 E~-03
8.8511 E~09

36127 E~02

7.4570 E~01
2.5400 E+00
2.5400 E~02
2.5400 E-+01
2.2046 E-+00
9.8067 E+00
5.7100 E-03

8.8511 E--04

3.6127 E-05

1.3410 E+00
3.2808 3+00
3.9370 E+01
2,5400 E-05
2.5400 E-02
3.9370 E+01
3.2808 E-03
39370 E+02
3.9370 E+04
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Alphatetical List of Units and Their SI
Conversion Factors (Continued)

To Convert Into Multiply By
newtons (N) kilograms (k) 1.0197 E+01
newtons (N) pounds (ib) 2.2480 E~01
newton seconds per meter pound seconds per inch 5,7100 E~03
(N s/m) (b * 8/in.)
newtons per meter pounds per inch (ib/in,) 5.7100 E-03
ounces (0z2) grams () 2.8250 E+01
ounce inches (oz « in.) gram inohes (g * in)) 2.8350 E+01
ounce inches (oz « in.) gram millimeters (g + mm) 7.2010 E<4-02
passals (Pa) atmospheres 9.8692 E-06
pascals (Pa) pounds per square Inch 1.4504 E-04

(iv/in2)
pascal seconds (Px + s) pound scconds per square 1.4504 E~04

inch (Ib - &/in.?)
pounds (Ib) kilograms (kg) 4.5360 E-01
pound inch seconds gram square millimeters 11298 E+08
squared (lb * in, + §3) (§ * mm?)
pound inch seconds squared kilogram square centimeters 1.1298 E+03
(b - in. * 8% (kg - cm?)
pound seconds per inch newtou seconds per meter 1.7513 E+02
(b « 8/in.) (N:s/m)
pound geconds per square pascal seconds (Pa -« 5) 6.8948 E+03
inck (b - &/in2)
pound seconds squared per grams (g) 1.7513 E+05
inch (b - §%/in.)
pound seconds squared per kilograms (kg) 1.7513 E+02
inch (Ib - s¥/in.)
pounds per inch (1b/in.) newtons per meter (N/m) 1.7513 E+02
pounds per square inch atmosheres 6.8046 E~02
(1b/in.2)
pounds o~ square inch pascals (Pa) 6.8948 E+03
(b/in2)
pounds per cubic inch grams per cubic centimeter 2.7680 E+01
(Ib/in3) @em?)
pounds per cubic inch kilograms per cubic ticter 2.7680 E+ 04
(Ib/in%) (kg/m?)
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" PREFACE

This monograph has been written to meet the need for a comprehensive
treatise on the baiancing of rotating equipment. The subject of rotor balancing
is a broad topic which involves inany skilly and disciplines. It has recently
evolved from what was praviously a mechanical engineering operation into an
electromechanical technology. This has resulted from the intensive application
of the minicomputer to coordinate the required balancing operations. Indeed,
the entire subject of rotor balancing has recently experienced an era of growth
and development in which technological changes have occurred in many
fundamental areas. These changes have resulted from balancing requirements
assoclated with the rapid development of advanced high-speed rotating
machinery during the two previous decades, The continued demand for
greater power output per unit weight in rotating equipment has led to the
acceptance of more flexible rotor balancing techniques. These techniques and
the associated equipment are now being used to balance advanced, flexible
rotot equipment, and they are also replacing the older, established rigid rotor
balancing procedures.

In use, this book is directed toward the professional engineer with no
significant prior experiences in rotor balancing. It is hoped that such engineers
may obtain from it an introduction to the principles of balancing, certain basic
balancing procedures, and some acquaintance with the hardware involved in
rotor balancing. Sufficient advanced material has been included so that further
in-depth study may be conveniently pursued on specific state-of-the-art topics
using the literature sources specified at the end of each chapter.

The author will appreciate advice and comments from readers concerning
other important topics and related material that might be included in future
editions of this monograph. Advice on publications of importance that have
been inadvertently overlooked is also welcome. Careful efforts have been
made during preparation to eliminate textiual errors, but advice will be
appreciated to any error that may remain, for which the author accepts all
responsibility.

Ghratitude is expressed both to Henry C. Pusey, former Director of the
Shock and Vibration Information Center at NRL and Dr. J. Gordan Showalter,
thy acting director for their supportive recognition of the importance of this
subject, and for much encousagement and friendly advice given during the
preparation of the manuscript. Special gratitude is also exptressed to Sara Curry
for her patient care, editing, and guidance in the preparation of the manuscript,
and to Dr. Ronald L. Eshelman of the Vibration I[nstitute and to Shixiang
Zhou, Visiting Scholar, Hupasi Province, Peoples Republic of China, for their
helpful review of the material herein. A special note of thenks goes to the
Computerized Tectnical Composition Section of NRL's Technical Information
Division, especially Mrs, Deborah Blodgett and Mrs, Dora Wilbanks, Without
their patience and help this book would never have been put in the excellent
shape that it is now in.

Rochester, New York Neville F. Rieger
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FOREWORD
A

Rotor unbalance is a basic conicern in the design and operation of
machinery because it is a major cause of excessive vibration,,
~"The clagsical balancing procedures available today are deceptively

.§imple: balancing can be difficult due to the number of interacting
, phenomena present. The entire area of rotor dynamics plays a role in

many balancing problems. Critical speeds are influenced by rotor and
bearing flexibilities; the weight, flexibility, and position of couplings as
well as casing and foundation properties are often integral parts of
balancing techniques and strategies. Because critical speeds involve
phase changes—between mass unbalance forces and vibration—they al-
ways affect the sensitivity of the balancing process. Balancing tech-
niques for high-speed equipment are thus intimately involved with ro-
tor dynamics. And because mass unbalance is sensitive to thermal
changes, which cause changes inn rotor shape, balancing procedures
must also account for thermal effects. The fact that such phenomena
as misalignment cause once-per-revolution frequency vibration—as
does mass unbalance—is one reason for the misapplication of balancing
procedures. It is obvious that many factors are involved in applying
belancing procedures to rotors.

Balancing techniques and rotor dynamics have evolved with the
development of machinery, particularly as operating speeds have in-
creased. The development of balancing technology began in the indus-
trial revolution of the 19th century; the first balancing machine was
developed and patented by Martenson in 1870. At that time and in the
early 20th century balancing accuracy was severly limited by the lack of
vibration transducers and analyzers. A chalk mark of the high spot of
the rotor was used to identify the heavy spot (location of mass unbal-
ance). Balancing procedures were not formalized until the 20th century
when Thearle in 1934 developed a two-plane influence coefficient
method. From that time to the present balancing procedures have
closely followed developments in various areas: the theory of rotor
dynamics, transducers and analyzets for measuring vibration, and com-
puters. All of these ingredients were essential to the evolution of the

N sophisticated flexible-rotor balancing techniques available today.
b << Onevearly flexible-rotor balancing technique, traceable to Lynn in

1928, was based on mode shapes (modal method)., In Enyland the
theory of the modal method. was developed by Bishop, Gladwell, and
Parkinson in the 1960s;5Moore demonstrated the practical application of
the method to heavy rofating equipment.- At the same time in Europe
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Federn developed a comprehensive modal balancing method that en-
compassed a wide range of rotors. The simultancous development of
X these modal methods was not without..controversy—specifically, with
d whether the so-called rigid body modes should-or should not be elim-
inated in the balancing process. Even greater wis> e controversy
between modal and influence coefficient methods began with
Goodman’s formulation in 1962 of the influence coefficient method of
L Thearle for flexible rotors.

% The exact-point speed method, which was developed fo: multiple
k

1

planes and speeds, evolved into the least squares method; major contri-

butions were made by Lund. <This method dépends hea"v on comput-
; ers, good measurements, and rigid procedures whereas the modal ap-
f proach involved physical insight. —
| The merits of the mgquand influence coeflicient methods were
! discussed with eloguence and emotion at major vibration meetings for a
! decade. Finally in the late 1970s, the opposing factions, represented by
; Parkinson of the U.K., an advocate of the modal method, and Smalley
x of the U.8,, an advocate of the influence coefficient method, worked to-
! gether to develop the unified method of flexible rotor balancing. This
method includes aspects of both the modal and influence coefficient
methods.; About the same time. Dreschlcr 195-" West Germany evolv‘e‘gx
i similar general method. 7‘“"’7“‘#")’ ....... ARE Pangg.
b Even though a huge body of hterature exnsts in rotor dynamics and
balancing, few books have been written—and uantil now, no comprchen-
sive book has been published. Dr. Rieger has written the first classical,
complete work on balancing with a strong emphasis on rotor dynamics.
And because rotor dynamics provides much of the theoretical basis for
balancing, it is fitting that a major portion of the text be devoted to it.
This exhaustive coverage of the field is reminiscent of Ker Wilson’s
books on torsional vibration.

Dr. Rieger’s book is well organized and contains many illustra-
tions, worked examples, and documented experiments. The historical
coverage of the fleld is accurate and comprehensive. It shows how and
why the rapid development of this field occurred.

Dr. Rieger is to be congratulated for completing this well-written
work. It will provide guidance for many engineers who want to learn
balancing techniques together with a necessary understanding of rotor
dynamics.

b Ronald L. Eshlsaman
Vibration Institute

1 Clarendon Hills, Illinois
4 April 1984
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CHAPTER 1
FUNDAMENTAL CONCEPTS

1.1 Introduction

Rotor balancing is now accepted as a fundamental requirement for
the smooth operation of rotating machinery. Its objective is the effec-
tive eliminaticn of the centrifugal force components that arise from the
eccéntric rotation of the rotor center of gravity (c. s) about its axis of
rotation. If such an eccentric condition exists, the rotor is said to be
unbalanced. An unbalaaced rotor experiences an overall ceritri®ugal
force that causes it to deflect in a radial direction.: This centrifugal
force is transmitted to the bearings and to the structure of the machine
as a harmonically varying force. Such forces may cause problems rang-~
ing from an irritating noise level or foundation vibration to the failure
of a bearing or other structural components by fatigue. Unbalance is
theréfore rocognlzed as an important potential cause of machinery
failure,

A number of practical causes of rotor unbalance are listed in Table
1.1. .Each cause has the same net effect; to displace the rotor c.g. off
the axis of rotation. Even with careful machining, single-component
rotors will experience some residual unbalance from dimensional inac-
curacy and material inhomogeneity. Rotors constructed fromi many
separate components (e.g., jet-engine rotors, multistagé pump rotors)
are susceptible to greater inherent unbalance because of construction
difficulties in achieving a concentric and uniform distribution of ‘mass
along the rotor axis. Most high-speed rotors are therefore manufac-
tured to production tolerances and are then trim balanced, by some
suitable procedure, to compensate for any remaining ecceniric mass dis-
tribution.

The balancing of rotors is clearly an important aspect of modern
machine construction of the and maintenance process. Without balanc-
ing, very few rotating assemblies could function smoothly. This is
especially true of high-precision machinety, such as Brayton-cycle space
power systems, aivcraft jet engines, large turbine-generutor sets, and
pump assemblies for nuclear reactor service.

The importance of balancing is now recognized in the codes of
various qualifying agencies, such as the Nuclear Regulatory Commis-
sion and the Department of Defense. Its importance in advanced rotat-
ing machinery has been widely recognized by agencies such as the
National Aeronautics and Space Administration and many branches of
the Department of Defense in their continuing support of balancing-
technology programs over the past decade.

1
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2 BALANCING OF RIGID AND FLEXIBLE ROTORS

Table 1.1. Possible causes and signs of rotor unbalance

Cause of unbalance

Observable signs*

Disk or componznt eccentric on
shaft =

Dimensional inaccurdcies

Eccentric machining or forming
inaccuracies

Oblique angled component

Bent shaft; distorted ‘assembly:
stress relaxation with time

Section of blade br vane broken

off

Eccentric accumulation of pro-
cess dirt on blade

Differential thermal expansion

Nonhofmog :neous component
structure; subsuiface voids in
casting

Nonuniform process erosion
Loose bolt or component slip

Trapped {luid inside rotor, pos-
sible condensing or vaporizing
with process cycle

Ball-bearing wear

‘Detectable runout on slow rotation

(c.g. runs to bottom on Kknife

cdges)

Measurable lack of symmietry
D_etectabie runout

Detectable angular runout; mea-

sured with dial gage -on knife edges

Detectable runout on slow rotation,
often heavy vibration during rota-
tion ‘

Visually observable; bearing vibra-
tion during operation; possible pro-
cess pulsations

Bearing vibration

Shaft bends and throws c.g. out,
source of heavy vibration

Rotor machined concentric, bearing
vibration during operation; c.g. runs
to bottom nn knife edges

Bearing vibration

Vibration reappears after balancing
because of component angular
movement; possible vibration mag-
nitude and phasa changes

Vibration reappears after balancing;
apparent c.g. angular movement
occurs, possible vibration magni-
tude and phase changes

Bearing vibration; eccentric orbit
with possible muitiloops; frequency
of vibration is one, two, or more
per revolution

*Unless otherwise indicated, the {requency of vibration is one per revolution,
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FUNDAMENTAL CONCEPTS 3

The need for written guidelines, quality criteria, and tolerance
values for the balancing of rotating machinery has received attention in
recenit years from the International Organization for Standardization

(1S0) and from various professional groups, such as the American

Society of Mechanical Engineers and the Vereines Deutsche Ingenier.
Various manuficturers’ organizations (e.., the American Gear
Manufacturers Organization, the National Electricat -‘Manufacturers
Association, the American Pump Manufacturets Association) lave aiso
published their own industry standards and guidelines for improving the
balarice quality of specific rotating machinery. In each ‘instance the
objective is to specify balanring prooedures. guidelines, and criteria that
will enable manufacturers to design und construct rotating equipment
that is not prone to failure by fatigue, is stnooth running, and has a low
inhetent noise level during operation. Adequate rotor balancing beging
at the equipment design phase and is an essential part of modern
machinery development and operation.

This monograph discusses the problem of rotor unbalance, its
effects on the dynamics of votating machinery, and practical procedures
for reducing unbalance levels. Its objective is to consolidate present
knowledge on balancing principles and procedures into a single-volume,
general reference on rotor balancing. Chapters 1 through 4 discuss the
balancing of rigid-rotor systems, which represent the largest segment of
all rotots manufactured and balanced. The dynamics of rigid-rotor sys-
tems are discussed first to provide & theoretical basis for the practical
baluncing of such rotors. Rigiu rotor dynamics is simpler than the
dynamics of flexible-rotor systems, and so this section also provides a
convenient introduction to the general principles of rotor-besring
dynamics, which are discussed in Chapter 5. The various types of
balancing machines now aveilable are described in Chapter 3. The pro-
cedures for balancing rigid rotors are discussed in Chapter 4, using the
theory and the practical concepts presented in the two preceding
chapters. Criteria for rigid-rotor balancing from several sources are dis-
cussed, although emphasis is placed on ISO Document 1940—-1973(E),
*Balance Quality of Rotating Rigid Bodies,” which is now the basic
reference on this topic. Flexible-rotor-bearing dynamics are discussed
in Chapter 5. The flexible-rotor balancing procedures described in
Chapter 6 are based on the principles discussed in Chapter 5, with
emphasis on the modal methods and on the influence coefficient
method, now the most widely used balancing procedures for flexible
rotors. Experiences with the application of each method for the baianc-
ing of flexible rotors are described in Chapter 7, which also discusses
recent ISO publications on flexible-rotor balancing procedures and cri-
teria. Chapter 8 contains a review of important trends in balancing
technology.
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4 BALANCING OF RIGID AND FLEXIBLE ROTORS

The appendix is a review of static and dynamic data for fluid film
bearings, which are widely used in rotating machinery. Such bearings
-exert an important effect on the dynamic behavior of rotor-bearing sys-
tems, and their properties are frequently referred to in the text. The
appendix is followed by a comprehensive bibliography on balancing.

1.2 Standard Terms for Balancing
and Mechanical Vibration

The nomenclature of balancing and mechanical vibration has been
standardized in recent years under the auspices of the 1SO. The ISO
documents [1-3]* are fundamental references on balancing technology
and procedures, and they contain balance quality criteria information
thst is referred to throughout this volume. Standardized terms have
been used wherever possible in this monograph.

1.3 Nuture of Unbalance

A rotor is in a state of unbalance when its principal axis of inertia
does not coincide with its axis of rotation. This causes vibratory
motion to be transmitted to the bearings in which the rotor operates, as
the result of centrifugal forces generated by the eccentricity of the prin-
cipal inertia in question. This condition is demonstrated in Fig. 1.1,
where the c.g. of the rigid rotor is eccentric from the rotor axis by a
distance ¢. The bearings have no flexibility in directions normal to the
rotor axig; they ere radially rigid. As the rotor spins about its axis of
rotation under tihese conditions, a centrifugal force will be caused by
the eccentricity of the c.g., and the magnitude of this force can be cal-
culated from the equation

2

F-Ewa
8

where

F = centrifugal force of disk, Ib
disk weight, 1b
g = gravitational acceleration, in./s?

z
]

RIGID ROTOR, ECCENTRIC c.g.

RIGID RIGID
BEARING .. o .} _— — BEARING

=

Fig. 1.1, Simple rigid rotor in righ/ bearings

*Numbers in parenthesis correspond to references liste(! in Section 1.9
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FUNDAMENTAL CONCEPTS 5

@ = disk velocity about the axis of rotation,
rad/s (= rpm/9.55)

a = eccentricity of the disk c.g. from the disk
axis of rotatlon, in.

This t‘orce is trnnsmitted to the bearings during rotation A practical
example of such a "rigid" rotor in “rigid" bearings is a slow-speed bul!
gear mounted in spherical roller bearings. The bull gear is functionally
rigid because of its large size. The shaft on which the bull gear is
mounted is very stiff because of its short length. The bearings are rigid
by design to provide high-quality smooth power transmission.

The effect of unbalance on a flexibly supported rotor is shown in
the washing-machine schematic of Fig. 1.2: the rotor shaft duflects in a
radial direction under the influence of bowl unbalance. The upper
bearing is flexibly restrained in the radial direction; the lower bearing
is rigidly constrained in the radial direction. Sources of unbalance dur-
ing operation are the eccentricity of the washload, which may vary with
location in the bowl, and the residual unbalance of the rotor bowl. At
slow rotational speeds the centrifugal force developed from both
sources is usually insignificant, but much greater loads may be
developed when the machine is centrifuging water from the wash at
about 300 to 400 rpm. Highly eccentric loads may even render the
machine unable to spin up to centrifuging speed, because all available
machine power is consumed in the work done by the washload on the
dampers.

AXIS OF

ROTATION
ROTATING WASHER
CENTRIFUGAL FORCE BOWL
FROM ECCENTRIC
WASHLOAD

DAMPER A M | [R-w—F
SUPPORT

L DRIVE

RIGID LOWER
SUPPORT BEARING

S

Fig. 1.2. Washing machinc with washload unbalance
and bowl unbalance
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An example of a rigid rotor in radially flexible bearings is the W
locomotive diesel turbocharger unit shown in Fig. 1.3a. Such rotors are
usually assembled by mounting the compressor disks onto the shaft.
Disks and shaft may possess some residual unbalance, and this unbal-
ance will not generally lie in the same radial plane or even be symmet-
rically located between the beartngs (Fig. 1.3b). If the rotor remains
rigid during operation, the total unbalance will act as a single resultant
force vector (Fig. 1.3¢c),

T

F=3F,
LY

which is the sum of the individual unbalance force vectors F, acting at
the rotor c.g. and a single resultant moment vector (Fig. 1.3d),

M-iM,-ZF[xS“ i
Iml

=

UNBALANCE 1 2 3

e e g e -

() Rigld rotor with ~ BEARING BEARING ‘
unbalance - - . e - ;
o ;

!

[

1

3

X |
F1' !

Fa !

0 |
7 5, |

Y

(b) Unbalance force vector arrangement (c) Axial view of vectors with i

resulant J
F282 |

FaS3 (d) Vecior diagratn for resultant

unbulance force

Fig. 1.3. Rigid rotor with nonuniform axial distribution of unbalance
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acting about the. rotor c.g., where M, are the individual unbalance
moments acting on the rotor as products of the F, times their distances
S, from the origin (Fig. 1.3d). Such rigid rotors may then be balunced
to operate smoothly in their bearings by the addition of balance weights
in any wo separaje planes along the rotor length, The need for only two
balancing planhes is a direct result of the unbalance consisting of two
basic components, a force and a moment. In practice, the balancing
planes are situated near the bearings for convenient access and for good
balance effectiveness (long moment arms).

The. effect of unbalance on a flexible rotor consisting of a thin rigid
disk, of weight I, mounted at midspan on a weightless flexible shaft in
tigid end bearings, is shown in Fig. 1.4a. The disk c.g. is situated in a
transverse plane, slightly eccentric by distance « from the elastic axis of
the shaft. The centrifugai force that acts on the disk from rotation at
speed w is given by

F o K4:r.n2a.
8

This force causes the shafi to deflect in the radial direction by a dis-
tance r, a5 shown in Fig, 1.4b, In Chapter S il is shown that the magni-
tude of the radial deflection / is given by

ym (W8 w?a
K - (W/g) o

where K is the radial stiffness of the shaft, considered as a flexible
beam. It is evident from this expression that in any given instance the
radial deflection will increase greatly as [K — (W/g) w?l approaches
zero—that is, as the condition

/2
-[3

is approached. This expression corresponds to the transverse natural
frequency of the disk—shaft system, and the large amplitude buildup
evidently represents a condition of resonance for this system.

The single-disk flexible rotor shown has a single unbalance force

" where the disk is mounted in a plane transverse to the shaft. If the

disk also has a small angular misalignment to the transverse plane (Fig.
1.4c), moment unbalance effects will arise in addition to the force
unbalance effects discussed above. Removing moment unbalance as
well as force unbalance requires balancing the rotor in two planes, in
the same marnner as described for the turbocharger example.

Two-plane balancing frequently gives rise to considerable improve-
ment in the overall balance quality. Rigid cylindrical rotors such as
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8 BALANCING OF RIGID AND FLEXIBLE ROTQRS

T

(a) Simple flexible rotor in rigid bearingy with 7>' -
disk unbalancs
~e

=<3

& (b) Effect of rotation causing shaft to whirl with
bending

8
(c) Transverse twisting couple caused by %
oblique mounting of disk on shaft

oz

Fig. 1.4. Unbalance properties of a simple elastic rotor in rigid end bearings

motor armatures are routinely balanced in two planes. It is also becom-
ing more common to balance disk-type rotors in two planes; for exam-
ple, increasing numbers of automotive wheels and gears that operate at
moderately high speeds (typically, automobile whecls at 500 to 800
rpm, gears at 200 to 800 rpm) are being balanced in two planes.
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These examples illustrate the nature of unbalance and how its
effects are felt in several practical applications. Where the rotor is
rigid, the resultant unbalance acts as a foérce in, and as 8 moment nor-
mal to, the plane of the rotor c¢.g. Under conditions where unbalance
forces are¢ influenced by rotor flexibility, the balancing procedure is
usually more complicated.

1.4 Classification of Rotors

It is common practice to classify rotors as either rigid or flexible,
according to their observed, or anticipated, dynamic behavior during
operation. Rigid rotors are those that may be balariced by the addition
of suitable correction masses in two axial planes along the rotor.*
Where balancing in more than two planes is required to achieve an
acceptable condition throughout the operating-speed range, the rotor
must be balanced as a flexible roior. In practice, it is frequently not
¢vident from inspection as to whether a given rotor will behave in a
rigid or a flexible manner. The required information can be obtained
by calculating the rotor behavior or by measuring it during operation.
If such data are not available e.g., during design, the following ISO clas-
sification of rotors may be used to prescribe the type and quality of bal-
ance needed in a given situation,

Class 1. Rigid rotors: Rotors that can be balanced in any two arbi-
trarily selected axial planes and will remain in balance throughout the
operating-speed range.

Class 2. Quasi-flexible rotors: Rotors which cannot be considered
rigid¢ but which can be adequately balanced in a low-speed balancing
machine for smooth operation throughout the operating-spced range.

Class 3. Flexible rotors: Rotors that cannot be balanced in a low-
speed balancing machine and which require some high-speed balancing
procedure.

Class 4. Flexible-attachment rotors. Rotors which can be catego-
rized as class 1, class 2, or class 3 rotors but which have components
that are either flexible within themselves or are flexibly attached.

Class 5. Single-speed flexible rotors: Rotors that could fall into class
3 but for some reason (c.g., economy) are balanced for operation at
one speed only.

Table 1.2 illustrates the types of rotors in each of the above categoties.
As shown, many subcategories for class 2 rotors have also been
developed. The balancing of class 1 and class 2 rotors is discussed in
detail in Chapters 3 and 4, respectively; the balancing of class 3 rotors
is discussed in Chapters 6 and 7.

*For precise definitions of the terms rigid rotor and flexible rotor see Ref. 1 and Table 1.2.
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10 BALANCING OF RIGID AND FLEXIBLE ROTORS

Table 1.2. 1SO classification of rotors*

Class Description Example

1 Rigid rotor: unbalance can be corrected In
any two (arbitrarily seiected) planes and, |
after that correction, unbalance does not [}
significantly change at any speed up to max-
imum service speed

i)

Cear wheel

2 Quasi-flexible rotors: rotors that cannot be
considered rigid but can be balanced in a
low-speed balancing machine

2A% A rotor with a single transverse plane of —
unbalance (e.g., single mass on a light shaft

whose unbalance can be neglected) Shaft with grinding wheel

==
28+t A rotor with two axial planes of unbalunce

(e.g., two masses on a light shaft whose Shaft with
unbalance can be neglected) grinding wheel and pulley

gnnnnnnon
2Ct A rotor with more than two transverse u
planes of unbalance agud 10
Jet-engine compressor rotor
2D% A rotor with uniformly distributed unbal-

ance

Printing-press roller

2E* A rotor consisting of a rigid mass of ﬂ%‘}
significant axisl length supported by a flexi-

ble shaft whose unbalance can be neglecied Computer memory drum

*Adapted from 1SO Draft Document TC108/SC 1 WG2/N16.
tRotors where the axlal distribution of unbalance is knbwn.
$Rotors where the axial distribution of unbalance is not known.
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Table 1.2 (Continued)

11

Class

Description

Example

ZFt

¢

2G4

2H3

A symmetrical rotor, with two end correc-
tion planes, whose maximum speed does not
significantly approach second critical speed,
whose service speed range does not contain

first critical speed, and with a controlled ini-

tial unbalance

A symmetrical rotor with two end correction
planes and a ceniral correction plane whose
maximum speed does not significantly
approach second critical speed and with a
controlled initisl unbalance

An asymmetrical rotor with controlled initial
unbalance treated in a similar manner as
class 2F rotors

Flexible rotors: rotors that cannot be bal-
anced in a low-speed balancing machine and
require high-speed balancing

Special flexible rotors: rotors that could fall
into classes 1, 2, or 3 btut have in addition
one or more components that are them-
selves flexible or are flexibly attached

Single-speed flexible rotors: rutors that could
fall into class 3 but for some reason (eg.,
economy) are balanced only for a single ser-
vice speed

Flve-gtage centrifugal pumip

ST

Multistage pump impelier

Impeller pump. Steam
trubine rotor

e

Genetator rotor

= e

Rotor with centrifugal
switch

High-speed motor

e i

RPN T X RS




12 BALANCING OF RIGID AND FLEXIBLE ROTORS

The ISO rotor classification is based mainly on practical experience
with many types of rotors in each category. Its purpose is to serve as a
preliminary guide to balancing and to indicate possible next steps if a
rotor fails to balance by the first procedure tried. However, no mention
is made. of the typical speed ranges for which the ISO guidelines will
apply, and evaluation of the applicable category is left to the user in
each instance. If further guidance is required, the next step will be to
calculate the dynamic properties of the rotor in its supports or to spin
test the rotor in an cnvironment that simulates operating conditions a:.
closely as possible. Modern design procedure would includa the calcu-
lation step as part of the rotor-system design process, and virtually all
rotor construction firms would spin test the rotor on preliminary assem-
bly. Practical rotor balancing is usually part of this initial rotation
checkout,

1.5 Scope of the Balancing Problem

Rotors are balanced for a variety of practical reasons. The process
of balancing roduces the net effect of the unbalance forces on the rotor.
This reduced unbalance leads to lower vibration levels being transmit-
ted to the bearings and foundations. Balanced machinery operates
more smoothly and quietly than unbalanced machinery, and longer
periods between overhauls can usually be scheduled with nu decreese in
reliability. In gsneral, a well-balanced machine gives the impression of
superior quality and greater safety. Further, in many process industries
such as papermaking, newsprint production, and office copiers, product
quality improvement is closely related to the reduction of machine
vibration levels. Much muchine structural vibration, torsional vibra-
tion, and rotating-shaft vibration can be traced to unbalanced rotating
equipment. Poor preduct quality is often correctly associated with any
observed structural vibration and noise generation.

Rotating industrial equipment is commonly categorized as low-,
medium-, and high-spesed machinery, Low-speed equipment is often
large and massive and may have relatively low natural frequencies.
Water-wheel turbine units, man-centrifuges, ship propellers, windmills,
and communications satellites commonly operate in the speed range of
10 to 300 rpm, and each comporent or system is balanced by some
suitable procedure before being put into service (see Table 1.3). Spe-
cial purpose balancing machines have been developed for satellites, ship
propellers, and other types of low-speed components. Medium- and
high-speed rotating machinery must always be balanced to operate
smoothly. The choice of balancing procedure is made on the basis of
effectiveness and economics. The ISO classification of rotors,
described in the preceding section, provides guidance as to the most
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Table 1.3. Typical operating conditions for various low-speed machines

Type of machine Speed range (rpm)  Power (W) Size range
Aerospace man-centrifuge  20-100 300~ 506 50-ft arm

Office building fans 400-1800 30,000~200,000 S5-i2ft

Marine propeliers , 80-300 100-50,000 3-251t

Large maarine diese! engine  80-300 6000—185,000 8-ft-dia. cylinders
Power windmill 60—300 30200 kW 60-ft-dia. blades
Mineshaft pulleys 50-240 100~300 12-20-f\ diameter
Francis water turbine 80-450 . 5000—30,000 10-35 fi
Satient-pole generator 80—450 5000—30,000 10-60 ft
Watches, clocks 60 10~4-10~2 0.1-3.0 in.
Hospital washing machines  120—300 7-20 S-15 1t

suitable balancing procedure for a given case. Additional guidance can
be obtained by calculating the dynamic properties of the machine sys-
tem, to determine at the design stage whether the rotor is rigid (class
1) or flexible (class 3), or otherwise, under operating conditions.
Accurate computer procedures for calculating the critical speeds and the
unbalance response characteristics of rotating machine systems have
been developed in recent years. When the dynamic properties of the
unit are known, the class of rotor will be evident from the mode sheoes
(ri~id or flexible) that occur within the operating-speed range. A suit-
able balancing technique can then be selecied, and the required nuniber
of balancing planes can be designed into the rotor/stator structure
where the addition of correction weights will be most eflactive.

The design of rotors for effective balancing is becoming recognized
as an important part of the overall design process. If a given rotor does
not deform but remains rigid throughont its speed range, it may be bal-
anced as a class 1 rotor, usually with balance correction planes near its
ends. If the speed range includes a strong bending critical speed, a
midspan correction plane will also be desirable (and possibly essential)
for efficient balancing. It is obviously easier to include such & plane
during the design stage than {0 make room for it during manufacture.

The range of machinery for which special balancing facilities have
been developed is indicated in Figs. 1.5 through 1.8. For example, the
high production requirements of the automotive industry have led to
the development of self-contained automatic balancing facilities incor-
porating conveyors, automatic handling and inspection equirment,
automatic indexing, unbalunce measurement and evaluation instru-
ments, and precise correction-hole drilling operations. Crankshafi and
clutch housing assemblies are balanced in this manner in many
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14 BALANCING OF RIGID AND FLEXIBLE ROTORS

D00 |

Fig. 1.5. Facllity for automatic motor armature balancing. (Courtesy of i
Schenck Trebel Corporation.) !

C R

o mme,

Fig. 1.6. Medium-size doubls-flow turbine rotor beiug balanced
in a hard-pedestal machine. (Courtesy of Schenck Trebel Cor-
poration.)

e L T

- e, 7 e s T S, 3R




a—— o 4

FUNDAMENTAL CONCEPTS

Fig. 1.7. Vacuum-spin-pit balancing facility. (Courtesy of Schenck
Trebel Corporation.)
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16 BALANCING OF RIGID AND FLEXIBLE ROTORS

i
i

Fig. 1.8. Semi-automated balancing facility for rigid and flexible rotors for speeds up
to 9000 rpm and transmitting up to 4000 hp. (Courtesy of Mechanical Technology ‘
Inc.)

engine plants to within precise, repeatable limits. Similar equipment is
available for automatic wheel-tire assembly balancing in two planes and
for balancing of railcoad axle sets.

Armature production is another high-volume industry. Figure 1.5
shows an automstic armature-balancing facility. Automated balancing is
attractive in high-volume industries because the installation cost of an
automatic balancing facility is frequentiy less than the overall costs of

manually operated facilities capable of the same skilled work. For i
example, an automatic armature-balancing facility can balance 100 "
f armatures per hour to within 0.01 oz-in. For an equivalent production, '
£ the comparable ongoing annual cost of semiskilled labor using nonau- 3

tomated equipment could be a sizeable portion of the capital cost of the
automated facility.

The specific balancing needs of many other industries have siso
led to the development of special purpose equipment. The balancing of
steam turbine generators has become more complex as the size of the
average turbine has increased; turbine balancers new range from the :
conventional hard-pedestal units shown in Fig. 1.6 to the large vacuum
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spin-test balancing facility shown in Fig. 1.7. Further details of h
turbine-generator balancing facilities now in operatlon throughout the "
world are given in Section 3.5. t
Ultra-high-speed power-shaft balancing is bsirg investigated at 'S
Mechanical Teclinology Inc., Latham, New York; where an installation j
has been developed to balance shafts operating at ‘speeds of up to 9000 \
rpm ‘dnd transmitting up to 4000 hp. This problém involves complex
shaft dynamics and sophisticated balancing teclmology. A semiau-
‘tomated rotor balancing facility is shown in, Flg 1.8.. {
The us$e of lasérs to remove metal for automiatic balancing has 4
been attempted by several industrial firms: Avery (United Kingdom) in
1964, Schenck Trebel (who marketed a laser-removal belancer in
1972) and by Mechanical Technology Inc. in 1974. At present, it is a
potentially useful development for future apphcation in industry,
Removal of metal by the Schenck Trebel laser balancer is shown in Fig.
1.9.

3
Q

Fig. 1.9. Equipment for motal removal by laser, It is not necessary, in the balancing
process, (o stop the workpiece frem rotating, The volume of metal removed per
laser pulse is presently small, making the cycle time longer. Rotational speed is the
range of 100 to 400 rpm. (Courtesy of Schenck Trebel Corporation.)
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1.6 Whirl Orbits | ]

Unbalance is a major cause of vibration in rotating machinery, but -
it is not the only cause. Bearing instability, seal instability, mechanical 1
rubbing, thermal instability, and externally applied vibrations are other
known causes of rotor vibration. When a rotor is undergoing initial
balancing in the manufacturer’s plant, most of these additional sources
of vibration are likely to be absent;. however, when the rotor is installed
in its own bearings and casing, and is operating under process load and ‘
flow conditions, the above sources other than residual unbalance can "
give rise to undesirable unit vibrations. For corrective action, accurate
diagnosis of the cause of any such vibrations is an essential first step. %

g

Whirl orbits are customarily obtained by means of displacement
sensors mounted on the casing to observe the orbit of the shaft. The
displacement sensors are arranged 90° apart, as shown in Fig. 1.10. A
vibration signal is obtained from variations occurring in the. gap clear-
ance as the shaft rotates. This signal iy then filtered and displayed on
an oscilloscope screen. Typically, a machine on the test stand or a unit
that is giving trouble in the field will be instrumented with shaft sensors
situated near the bearings, to obtain details of the whirl orbit shape.
Extensive experience with the orbit types shown in Figs. 1.11 through
1.15 has indicated that frequently there is a correlation between the
types of orbits shown and the sources of rotor vibrations discussed
below. '

Irregular Orbits

Rotor whirl orbits are frequently irregular in shape. This irregular-
ity arises from the presence of several simultaneous sources of excita-
tion acting on the rotor. Rotcr unbalance, magnetic field effects, exter-
naily transmitted vibration, hysteretic whirling, and stator—rotor fluid

SENSORS MOUNTED
ON CASING <

SIGNALS PROCESSED BY g
TRACKING FILTERS AND 4
TIMG-AVERAGED TO 1
IDENTIFY PRINCIPAL Q
FREQUENCY COMPONENTS ;

Fig. 1.10. Noncontacting probe arrangement for shaft orbit measurements ki

i
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—/
(a) Orbit of shaft with several con-  (b) Synchronous unbalance whirl orbit
current whirls at different frequencies  obtained by filtering out nonsynchro-

(unfiitered response) nous frequencies from above orbit
{synchronous filtered response)

Fig. 111, Typica! whirl orbits for a shaft in fluid-film bearings

interaction are all possible sources that can contribute at different fre-
quencies to the total orbit. Where one source of excitation (e.g.,
unbalance) predominates, the other excitations will be superimposed on
the primary orbit (Fig. 1.11a).

Elliptical Orbit at Shaft Synchronous Frequency

An orbit such as that shown in Fig. 1.11b can result when all non-
synchrenous components of the shaft vibration are absent or have been
filtered out of sensor signals similar to those shown in Fig. 1.11a. This
filtered synchronous orbit is the response of the shaft to residual unbal-
ance at its speed of rotation. The ellipticity of the orbit represents the
difference in bearing stiffness in the two principal stiffness directions.
The angular orientation of the orbit is the result of coupling between
the bearing radial stiffness properties in the x- and y-directions. Bearing
properties can influence the unbalance orbit in the following ways:

Property Effect on orbit
Identical stiffness in the x- and Circular orbit (Fig. 1.12a); vertical

y-directions

Diffarent stiffnesses, no cou-
pling between the x- and y-
directions

Different  stiffnesses, cross-
coupling between the x- and y-
directions; fluid-film bearings

displacement due to gravity

Elliptical orbit (Fig. 1.12b); the x-
and y-directions coincide with orbit
principal axes

Elliptical orbit (Fig. 1.12c); orbit
principal axes oriented between the
x- and y-directions; x-y offset due
to static fluid properties
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CIRCULAR
WHIRL ORBIT

““'[ JOURNAL DEFLECTION
o FROM GRAVITY

(n) Shalt in bearings with identical stiffnesses in both coordinate direc-
tions and no crosy-coupling effects

ELLIPTICAL /

WHIRL ORBIT

YT g

3

(b) Shaft in bearings with dissimilar stiffnesses in both coordinate
directions, and no cross-coupling effects

T STEADY-STATE JOURNAL
yad - ECCENTRICITY

RADIUS OF
WHIRL QRBIT
7 r

(¢) Shaft in fluid-film bearings with dissimiliar stiffnesses
und cross-coupling effects

Fig. 1.12. Effect of several bearing stiffness conditions on the journal whirl orbit

Rotors that operate in rolling-element bearings tend to show a
small gravity offset in the whirl orbit; the orbit itself is usually quite
circular. Both characteristics are due to the high radial stiffness and
isotropic bearing stiffness. High-frequency components may also be
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present at tho ball-passing. frequency. Unbalance whirling in fluid-film
bearings usuxlly dccurs in an-elliptical ¢.'bit, at synchronous frequency.

The presence of a strong filtered synchronocus response signal suggests .

that rotor unbaiancs is a possible. cause of the observed whirling. Non-
synchronous whirling at some.muitiple of the running speed is seldom
“due to residual unbalance.

Orbits with Loops

An orbit with internal loops (Figs. 1.13~1.15) indicates the pres-
ence of two or more separate excitations with different frequencies.
The examples given below illustrate how this may occur in practice.

A brlf-frequency whirl often has a characteristic orbit, as shown in
Fig. 1.13a. The shape of the orbit is due to the action of a bounded
whirl that has & frequency about half the rotational frequency of the
shaft and is superimposed on the shaft unbalance whirl occurring at
synchronous frequency. It should be noted, however, that not all half-
frequency whirls are stable or bounded. :

Forced whirling of a floating sun gear between three epicyclic
planetary gears is shown in Fig. 1.13b. The planetary gears give a
"three-per-revolution” excitation to the shaft at their rotational fre-
quency; the shaft has its own synchronous whitl caused by unbalance.
The net effect is a three-lobe epicyclic orbit.

Light rubs of a shaft against a bearing wall, seal face, or other sta-
tor component may cause the looped orbits shown in Fig. 1.14a. The
details of the orbit depend on the speed of the shaft and its relation to
the critical speed of the system; for example, at neat twice the critical
speed, the orbit may look like a bearing-induced half-frequency whirl as
the shaft responds to a light rub with a forward whirl at its natural fre-
quency, on which is superimposed the shaft unbalance whirl. Many
loops may indicate continuous intermittent light rubbing in a well-
balanced shaft (Fig. 1.14b).

Heavy occasional rubs may also induce very high speed backward
whirls, as shown in Fig. 1.14c. The shaft responds by whirling back-
ward at its natural frequency in a decaying transient whirl, at speeds
below the natural frequency. Where the contact is sustained along the
bearing or seal surface, the shaft will rotate backward with some slip-
ping. High whirl frequencies can be generated in this manner, causing
high centrifugal forces that maintain the contact between shaft and cas-
ing, as shown in Fig. 1.14d. This type of rubbing can cause extreme
weur and possible seizure of the shaft in its bearings. For a discussion
of the properties of orbital rub motion, see Ref. 4.

Shaft misalignment may be recognized by a characteristic two-per-
revolution whirl pattern (Fig. 1.15a) superimposed on the shaft uabal-
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22 BALANCING OF RIGID AND FLEXIBLE ROTORS

ance whirl at aynchronous speed. Another indication of shaft misalign-
ment occurs when the whirl orbits in adjacent fluid-film bearings lie in
opposite halves of the bearing clearance (Fig. 1.15b). Banana-shaped
orbits and "figure-eight' orbits both contain twice-per-revolution fre~

quency components for the reasons indicated in Fig. 1.18.

e

(b) Floating sun gear whirling between /

three planetary gears

N

(d) High-frequency backward whirl
induced by heavy transient rubbing

(a) Bounded half-frequency whirl pat-
tern arising from bearing fluld-film
effects

)

(c
>

i D e k03, o, AT MLy o LA

(c) Effect on original orbit as in Fig.
1,12 of sudden light rub against the
bearing (typical, not necessarily
characteristic)

]

J

N

4 e

Fig. 1.13, Shaft whirl patterns arising from various causes
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{a) Light sustained rubbing of shaft
againat bearing wall

o)
¢ @

(b) Intermittent rubbing of shaft
against stator

)

N

(c) Shock-Induced tubbing of rotor
against stator; high-feequency transient
ai shalt natural frequency decays with
transient

(d) Continuing skidding  within
rolling-element  bearing  (excluding
noise components)

7N
&%

Fig. 1.14, Typical rubbing patterns induced by varlous types of
contact between shaft und wall
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MAIN SIGNAL MISALIGNMENT

/\ SIGNAL
VoV

P AAA ELLIPSE ORBIT
WITH MISALIGNMENT

(a) Orbit indication of misalignment
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(b) Effect of misaligned coupling of orbits at adjacent bearings :
Fig. 1.15, Effects of misalignmient on shaft orbits y

Exterual Vibration Effects )

There are many possible causes of external vibration. External
vibration components (usually nonsynchronous) can appear in the whirl
orbit superimposed on the unbalance whirl motion. Possible sources B
are again suggested by the shape of the orbit and by any integer loops. i
For example, magnetic unbalance excitation from an ac generator could B
be indicated by the number of loops being equal to the number of pole ’
faces (Fig. 1.16a). Vortex excitation from a pump impeller or from
turning vanes in a fan might induce high-frequency compone .s at the
shedding frequency of the impeller or vanes (Fig. 1.16b). I ‘teresting
vortex-shedding problems in hydraulic turbine sets have been 'liscussed
by Parmakian [5]. Screw compressors or pumps that use lobed rotors
may generate forced vibrations at the frequency of the escaping fluid
(i.e., lobe-passing frequency), which is commonly two or four times the
rotational speed. This could give orbits of the type shown in Fig. 1.16c.

External vibrations consisting of regular impulses will generate reg-
ular, repeated loops in the unbslance orbit only if the impulses are
integer harmonics of the unbalance frequency; if not, the multirevolu-
tion pattern will be irregular. Intermittent impulses cause the rotor to
cespond at Its natural frequency or frequencies. The vibration orbit
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P ——

from such sources is commonly a rapidly decaying transient for rotors
in fluid-film bearings (Fig. 1.16d).

Early diagnosis of whether rotor vibrations are due to unbalance or
to some other source is of major importance in machine problem solv-
ing. Unbalance vibrations can be eliminated by the techniques
described in this monograph, However, shaft whirls that are due to ins-
tability or externally imposed vibrations cannot be removed by balanc-
ing. Unstable whirls must be treated by other techniques, which fre-
quently involve modifications to the bearings, seals, or casing [6].
Similarly, vibrations affecting the rotor from external sources must also
be treated by other means, e.g., by isolation of the unit.

A 'y "y

(a) Unbalanced magnetic fleld 4
causes four pulses per revolution in
rotor with residual unbalance (sus- 4
tained orbit)

—_—

(b) High-frequency vortex shed- :
ding transmitted to casing and rotor L
with residusi unbalance. Sustained :
orbit with stochastic high-frequency
component,

A

P

(c) Four-lobed rotor causes vibra- |
tion at four pulses per revolution )
superimposed on residual unbal- J K
ance. Sustairied orbit.

R 'R Iy 2 J

(d) External impulse causes rotor )
to vibrate at ils natural frequency 1
] during rotation. Vibrations cdecsy ]
rapidly in fluid-Aim bearings. Tran- {

slent orbit decays to synchronous ;
T unbalance orbit. !
f

L

Fig. 1.16. Effect of externally induced vibration on rotor orbits
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1.7 Literature Sources on Balancing

The general subject of rotor balancing includes rigid-rotor balanc-
ing, flexible-rotor balancing, and balancing machines. The balancing of
all classes of roiors requires a knowledge of rotor dynamics, which in
turn involves shaft dynamics, bearing dynamics, and system dynamics.
The subject of bulancing machines includes balancing principles, equip-
ment, shop balancing practices, and field balancing techniques, applied
to both rigid and flexible rotors.

The published literature on balancing is contained in the transac-
tions of professional societies, in technical journals, and in company
publications. The books by Timoshenko [7] and by Den Hartog (8]
provide a general introduction to rigid- and flexible-rotor balancing,
with some comments on balancing machines. A more recent book by
Wilcox [9] coitains a comprehensive discussion of the principles and
techniques of balancing, mostly applied to class 1 and class 2 rotors
(i.e., rigid and quasi-rigid rotors). Wilcox does not discuss the wide
range of literature available on balancing,

The balancing literature has been reviewed by Eubanks [10}, who
surveyed and evaluated several balancing methods; by Levit and Royz-
man [11], who discussed the balancing of gas-turbine engines; by Little
[12], whose thesis on flexible-rotor balancing contains selected refer-
ences on this subject; and by Kendig [13], whose thesis compures the
modal and influence coefficient methods of flexible-rotor balancing,
and discusses the literature of these iwo methods. Reviews by Kushul’
and Shlyakhtin [14] (in English) and by Dimentberg [15] (in Russian)
on flexible-rotor balanicing techniques describe selscted European works
on modal balancing of shafts in rigid undamped bearings. Floxible-
rotor balancing has recently been reviewed by Rieger [16].

The literature on rotor-bearing dynamics has been discussed in
detail at various stages by Rieger [17), Gunter [18], Bishop and Pa“kin-
son [19], and, more recently, by Shapiro and Rumbarger [20] (bearing
dynamics), Eshleman [21] (critical speeds), and Rieger [16] (unbalance
response and balancing). An extensive bibliography, without anaota-
tion, on rotor dynamics has been presented by Loowy and Piarulli [22].
It contains many Czechoslovak and Soviet references not pteviously
cited in an English-language review. The books by Dimantberg [23] on
shaft dynamics and by Tondl (24] on rotor stability problems contain
many additional references tc the European literature on rotor-bearing
dynarnics.

The most useful sources of information on balancing machines and
balancing cquipment are the sales-related publications of firms
manufacturing industrial balancing equipment. The repoits by Eubunks
{10} and by Laskin [25] appear to be the only independent critical
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reviews on balancing machines. No reference work appears to exist on
the many special-purpose balancing machines available (gyro balancers,
universal balancer, etc.), nor on the many custom balancing facilities
(turbine-generator spin pits, automated balancing facilities, satellite and
space-vehicle mass-centering units, etc.) now in use, apart frotn these
descriptive sales-related publications. The patent literature provides
another source of information on balancing devices and innovations

(see Section 3.7), but again no comprehensive discussion of this subject
has been attempted.

1.8 Historical Notes on Balancing and Rotor Dynamics

Rotor dynamics and balancing are closely related to the develop-
ment of power-generating and power-transmission equipment. Practical
steam power began with the reciprocating engine (Watt, 1769) and with
the steam turbine (DeLaval, 1883; Parsons, 1884). Steam screw pro-
pulsion of ships was proved feasible with the Great Eastern (Brunel,
1841). Steam turbine screw propulsion began with the yacht Turbinia
(Parsons, 1897) and with submarine U.8.S. Nautilus (Rickover, 1955).
Historical details are given in Refs. 26 and 27,

The first paper on rotor dynamics was published in 1869, by Rank-
ine [28}, who established the existence of a shaft critical speed, by
analysis. Such critical speeds had been observed in practice at that time
(though not explained), in association with factory overhead drive
shafting, which often carried many massive pulleys. DeLaval [26]
demonstrated in 1883 that with turbomachines of the type shown in
Fig. 1.17 it was possible to pass through a critical speed while develop-
ing useful power. At that time critical speeds were thought to be due
to unstable operating conditions, similar to the column-buckling
phenomenon. This erroneous concept was inferred from the Rankine
paper, and was indirectly endorsed by Greenhill [29) in 1883, in a paper
on marine propulsion shaft buckling. Chree [30] in 1904 explicitly
stated and endorsed this instability viewpoint. A comprehensive study
of the shaft-pulley problem was made by Dunkerley [31] in 1894. This
paper presented the results of experiments with many shaft system
models and correlated them with the elegant critical speed analyses of
Osborne Reynolds. These extensive results are still of value ioday.
Foppl [32] in 1895 analyzed and expiained the supercritical operation of
the DeLaval turbine.

In 1916, an experiment by Kerr [33] caused a controversy in the
literature about the fundemental mechanics of rotor respons» to un™i-
ance, indicating that this topic was still widely misunderstood. A defin-
itive paper by Jeffcott [34] in 1919 corrected this misunderstanding and
established modern rotor-dynamics analysis—50 years after Rankine’s
paper.
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CONICAL FRICTION DRIVE
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Fig. 1.17. High-speed reaction {(Hero) turbine with conical friction
transmission (patented in 1883) and DeLaval's sketch of supercritical
nozzie and impulse bladas (1888). (Iilustration from the DeLaval
Memoiial Lecture 1968, "Gustaf De Laval, the High Speeds and the
Gear,” by Professor Ingvar Jung, reprodured by permission of Stal-

Laval Turbine AB, Finspong, Sweden.)
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The first recorded balancing machine was devised and patented by
Martinson in 1870, in Canada.* It allowed any machitie component to
be balanced as a rigid body. Components to be balanced were mounted
in soft supports and end driven from a pulley. Dynamic subcritical
magnification of the rotor amplitudes was used to obtain an improved
balance indication. The location .of the unbalance in this machine was
.determined by -hand-held.chalk marking the "heavy" spot, according to
Dihrberg’ [35], - The number of such machines buiit and used is not
known. , _ B . e
A balancing "stand” built by Marten (ca. 1900) is shown in Fig.
1.18. Known at the time as Marten’s balancing scale, it incorporated a
10:1 mechanical lever arm magnification of rotor amplitudes to increase
readout sensitivity. This principle, coupled with the dynamic ;
magnification then available with Martinson’s balancing machine,
should have led to further improvements in the quality of balance
attained. , C

90°  FULCRUM

LEVEL

PEDESTAL

VARIATION OF |
POINTER POSITION :
ON SCALE i

ROTATION (deg)

Fig. 1.18. Principles of Martin's balancing scale (ca. 1900). Slow
rotation o1 the component being balanced gave rise to vibratory
amplitudes in the vertical direction; these were magnlified in the i
ratio 10:1 on the scale by the lever principle shown, (K. o
Dihrberg, "Schwingungstechnik bei Auswuchmaschinen," Auswur- :
technik, EED 0, Stand vom 1.1.65; ©Curl Schenvk Maschinenfa-
brik GmbH, Carmstadt. Used by permission.)

*A detailed discussion of balancing machines and facilities is pregented in Chapter 3,
which also contains illustrations of several of the machines disoussed here.
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Lawaczeck (1907) wrote a short note on the theory and design of
balancing machines, and in 1908 patented a new type of balancing
machine (see Chapter 3). This machine operated in the vertical posi-
tion and had a flexible lower bearing support, which allowed only hor-
izontal motions of the lower bearing support. The lower support
motion is then a iarge-amplitude, simple harmonic vibration at operat-
ing speed in which the maximum motion is in phase with the max~
imum amplitude. The angular position of the unbalance was again
found by chalk marking, and the iagnitude of unbalance could be
found by a few trial-and-error tests with. trial weights in the .correction
plane. One end of the rotor was balanced at a time. 'Lawaczeck (1912)
also developed a hotizontal vergsion of this machine. '

Both Lawaczeck machines suffered from the inconvenience of not
being able to interchange the “free” 2nd the “fixed® ends readily. This
meant that the votor had to be removed from the machine and then
reinstalled with the ends reversed, to remove any unbaiance remaining
in the otlier plane with a second run. Heymana [36) overcame this
limitation in 1916 with his "double-pendulum® machine, which allowed
the horizontal restraint on both end bearing supports to be varied frem
rigid {o flexible as needed. This allowed independent corrections to be
made at either balance plane without removing the rotor, simply by
clamping one end und measuring at the other and.

The ideas of Lawaczeck and Heymann were combined into a singie
machinc around 1918, thie was the forerunner of modern balancing
machines. The first Lawaczeck—Heymann machines operated by run-
ning up to a speod above the support natural frequency and then coast-
ing down in speed through resonance to obtain response-amplitude
magnification. These machines aliowed rotor residual unbalance to be
determined and corrected to a satisfactory degree for the first time.
The post World War I demand for rotating-machine components caused
this idea to spread ravidly. Soderberg [37] describes a large similar
machine built in Philadelphia in 1923,

Akimoff [38) in 1916 developed another type of balancing
machine, which was based on the concept that the effects of unbalance
could be nullified through the application of known centrifugal forces
and moments, when these effecis were appiied at suitable locstions.
Thus the required unbalance details could be obtained directly from the
vibration measured from thea pedestal signals (i.e., zero pedestal motion
indicated a null balanee condition). The annuiment was achieved by
using a second (permanent) rotor attached beneath the rotor being bal-
anced. The perraanent rotor consisted of a drum of horizotital rods
that could be adjusted radially and axially as raquited. The magnitude
of the unbalance and its angular location wzre determined from the
location of the horizontal rods when a null balance had been achieved.

T

L PP

e ez

RS S S

v

e T ol th NIV

I

T s vl

ST o it LS mialie




FUNDAMENTAL CONCEPTS 31

Other null balancing machines that were patented during this period
were the Newkirk machine [39], and the AEG—Lésenhausen machine,
which used electromagnetic forces to excite a flexibly supported
machine. frame at such a frequency and phase angle that the original
unbalance forces were canceled.

- Most machines built during the penod 1900 to 1940 measured ro-
tor.residual unbalance by some mechanical indicator. The first mention
of electrical sensing and measurement is in an Allegemein Elektricitét
Geselischaft (AEG) patent in 1932 on piezoelectric crystals, it: which
the .wattmeter method is mentio.~+ as a meter and signal filter, The
first mention of stroboscopic angle measurement occurs in a U.S. patent
in 1935. In the same year, Thearle [40] mentioned the use of an elec-
trodynamic pickup and stroboscopic angle indication, and Rose [41] dis-
cussed the use of the plane-separation principle and its application with
electric analog circuits, Thearle further developed these ideas in 1938. .

Federn [42] in 1942 developed an effective and sensitive phase-

" angle-measuting device using calibrated lines on an oscillograph. This
device, used during World War Il to balance ship gyros, made it possi-
ble to obtain a high degree of sensitivity by simple mechanical coupling,
allowing displacement measurements down to 20 uin, Flltering
remained a problem with such devices, and background noise was
diffizult to eliminate.

Following Jeffcott’s clarification of the mechanics of rotor unbal-
ance whirling, the most important problems of rotor dynamics have
been mainly concerned with certain instabilities of the rotor (fluid-film
whiirl, hysteresis whirl, parametric instabilities, etc.). Recently, howev-
er, new questions of rotor balancing associated with the increased use
of flexible rotating machinery (e.g., large turbine-generator sets) have
reemerged. Groebel [43]) in 1952 wrote a qualitative discussion of
modal balancing applied to generator rotors, and Meldah! [44] indicated
certain orthogonality relations on which modal balancing concepts are
based. In a series of papers between 1959 and 1968, Bishop, Gladwell,
Parkinson, and others [18,45,46] developed the theory of modal balanc-
ing and gave experimental verification to a high degree. Practical appli-
cation of the modal balancing method to turbines, generators, and
high-speed pumps was described by Moore [47,48] during this period.
Development of the comprehensive modal balancing method was un-
dertaken by Giers [49] and by Federn [42]. Both methods and the
differences between them are discussed in Chapter 6.

The development of modal balancing was paralleled by a practical
trial-and-error procedure which became known as the influence
coefficient method. Thearle [40] described it in 1935, and Den Hartog
[8] briefly outlined the theory of its application to rigid rotors.
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Goodman [50] generalized the application of influence coefficient
balancing for flexible rotors in 1962, and the first computer programs
for influence-coefficient balancing became available around that time.
Tessarzik, Badgley and Anderson [51] contributed to the continuing
development of this procedure from 1964 on. ' The influence coefficient
method is essentially computerized balancing performed in an. effi-
clently organized sequence of operations, capable of mathematical
optimizatlon

© A wide vatiety of special devices are, desoribed in the patent litera-
ture of rotor balancing. Noteworthy eré the original machine patents of
Martinson (1870), Lawaczeck (1908) dnd Heymann (1916), the watt-
meter concept (1932), Thearle’s balancing head (1932), the plane-
separation method (1935), electric plane separation (1938), and the
electronic measuring téchnique of Federn (1942). Automatic balancing

'devices for supercritical operation have been proposed by LeBlanc

(1904), Thearle (1932), and others; one such device has been used for
domestic washing machines .[52].
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distance from left bearing to rotor c.g.
eccentricity of c.g.

eccentricity of disk c.g.

cross-sectional area

area of ith cross section

distance from right bearing to rotor c.g.

2.71828 ...

modulus of elasticity

critical whirl frequency, Hz
translatory critical whirl frequency, Hz
centrifugal force

gravitational acceleration

effective radius of gyrotron

V=1

second moment of area

stiffness of shaft end supports

rotor length

rotor mass

critical whirl speed

translatory critical whirl speed

whirl radius vector

whirl radius at shaft centroid
dimensionless translatory whirl radius

dimensionless whirl radius of shaft ends

dimensionless whirl radius of shaft ends in
conical mode

dimensioniess whirl radius of shaft ends in
translatory mode

dimensionless conical whirl radius at bearings

dimensionless whirl radius of shaft center in
conical mode

dimensionless whirl radius of shaft center in
translatory mode
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time

specific weight

weight of disk

coordinate directions

axial distance along shaft
time-dupendent complex whirl angle
complex whirl angle amplitude
time-dependent whirl angle

whirl frequency ’

3.14159 ...

time-dependent whirl angle

shaf specd, rad/s

critical whirl frequency, rad/s
translatory critical whirl frequency, rad/s
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CHAPTER 2
RIGID-ROTOR DYNAMICS

2.1 Dynamic Properties of Rigid Rotors

The response of a rigid rotor to a dynamic forcing is most
meaningfully expressed in terms of the natural modes of the rotor
system. Rigid rotors in flexible supports have two such modes:
translatory whirling and conical whirling. The rotor experiencing
residual unbalance forces and moments responds with displacements
involving combinatiuns of these rigid-body modes. Consider the simple
tigid-rotor system in Fig. 2,1, If the bearings have identical horizontal
and vertical dynamic properties, this system will have only two whirl
modes, translatory and conical; if however, the bearings have dissimilar
hotizontal and vertical stiffnesses, the rotor will have four whirl modes
and four corresponding critical whirl frequencies. The rotor can
become resonant with its unbalance force, in each of these four modes.

Mass M« Y
Tranwiatory inertis 11 = M (an? +12)

Polar inertle 1p = %”H"'
Inertin | = Iy = 1 (synchranous whirling)

FLEXIBLE M, I p FLEXIBLE
BEARING BEARING
e s e e
(4 t
RIGID o9 RIGID
FOUNDATION FOUNDATION
THANSLATORY
WHIRL MODE

e

CONICAL WHIRL
MODE

Fig. 2.1, Whirl modes for a rigid cylindricul rotor
in flexible bearings
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40 BALANCING OF RIGID AND FLEXIBLE ROTORS

A rotor Is said to whirl when the c.g. of any cross section traces an
orbit during rotation instead of remaining at a fixed point. Unbalance
whirling occurs in gynchronism with the rotational frequency of the
shaft. Other types of whirling are also possible; these whirls may
include unstable and asynchronous whirls [1-3],

The critical frequenciés of any rotor system aré the natural fre-
quencies of the system. This meéans that under rotating conditions
these frequencies are influenced by the rotatory inertia of the rotor and
by the gyroscopic effect -exerted on the polar inertia of the rotor by
out-of-plane forces. When the rotational speed coincides with a oritical
frequency of the system, a condition of resonance develops between
the rotating unbalance excitation and the critical frequancy of the sys-
tem. Residual unbalanice then tends to excite the rotor into large-
amplitude whirl motions. In practice, such motions are usually
bounded by system damping effects. They may also be otherwise re-
strained by bearings or seals. It is well known that any resonant speed
represents a potentially dangerous operating condition for rotating
machinery. This danger can be removed by balancing the rotor and
also by choosing suitable system parameters, such as supports with
ptoperties that allow the rotor to operate in speed ranges removed from
its critical speeds.

2.2 Rotor Systems

The whirl amplitude of an unbalanced rotor depends on the
dynamic properties of the rotor in its supporting structure (i.e., bear-
ings, casing) and on the magnitude and distribution of the residual
unbalance within the rotor. For any mechanical equipmeni, the
dynamic response amplitude and the transmitted vibrations are sirongly
influenced by interaction between the rotor, its bearings, the casing,
and the foundation, Together thase components constitute a mechani-
cal system. This chapter discusses the dynamic response of rigid rotors
to unbalance forces imposed during operation.

The most significant rotor-system properties for studies of
machiinery response to unbalance forces are

1. Rotor mass, elastic, and damping properties

2. Bearing mass, elastic, and damping properties

3. Machine cusing and foundation mass, elastic properties, and
damping interaction with the environment

4. Rotor unbalance magnitude, orientation, and axial distribution

5. System oritical speeds and their vatiation with bearing and sup-
port stiffness, operating speed, machine load, temperature, otc.
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RIGID-ROTOR DYNAMICS 41

6. Variation of rotor response amplitude with speed, particularly at
bearing and seal locations

7. Variation of bearing-transmitted force with speed and load

8. Variation of foundation force witi speed and load

9. Instability threshold speed of the rotor system.

The first four items are basic mechanical properties that constitute any
rotor system. The next flve items are important dynami¢ properties of
the rotor system; they are related to the system operating conditions,
such as speed and load. Befure the functions of these five system con-
ditions are described, dynamic properties 1 through 4 will be discussed
in greater detail.

2.3 Rotor System Properties

This section discusses the factors affecting dynamic properties of
the rotor system. Most of the important terms used are defined in ISO
1925 (1974), *Balancing Vocabulary." Any unbalanced rigid rotor can be
described in terms of the properties listed in Table 2.1. Expressions for
mass, inertia, and radius of gyration for several typical rotor sections
are given in Table 2.2 [4].

Bearings

Most rotors are supported in either rolling-element bearings or in
fluid-film bearings. Both types of bearing possess static and dynamic
properties. As used here, the term siatic properties means properties
that depend on steady load conditions and constant speed, in a ther-
maily stable environment, such as load capacity and operating oil tem-
perature.

The siatic properties of rolling-element bearings are governed by
the tendency for the race to deform elastically at low spesds and by
centrifugal force effects at high speeds. Mos! rolling-element bearings
are limited to long-term operation below 77°C unless a special lubricant
is used or unless provision is made for externally cooling the race.
Load capacities and static design considerations have been discussed by
Palmgren (5] and MHarris [6]. Additional refr ences are given by
Shapiro and Rumbarger [7].

The static properties of fluid-film bearings are determined by the
bearing type (externally pressurized, self-acting; liquid- or gas-
lubricated), by bearing geometry (plain cylindrical, tilting-pad, eic.),
and by load, speed, structural and lubricant properties, and the operat-
ing environment (temperature, pressure, eic.). The governing dimen-
sionless parameters are the Sommerfeld number of operation, the bear-
ing length-to-dinmeter (L/D) ratio, and the operating Reynolds number
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42 BALANCING OF RIGID AND FLEXIBLE ROTORS

Table 2.1. Dynamic properties of unbalanced rigid rotors

Property Symbol Description
Mass M Acts at rotor c.g.
Inertia, polar Ip Acts at rotor ¢.g.; causes
gyroscopic effect
Inertia, transverse I Acts at rotor c.g.; causes
translatory inertia effect
Inertia, effective I Acts at rotor ¢.g.; /= Ir~1Ip for
synchronous unbalance whirling*
Radius of gyration H Effective c.g. radius for rotor mass
Length L Rotor length between bearings
Location of c.g. Z, Location of c.g. from reference
origin, usually at the centerline
of a bearing
Residual unbalance F Acts of rotor c.g.
force
Residual unbalance M Acts about rotor ¢.g.
moment
Location of Z,, Z; Distance from c.g. ot
unbalance planes other reference datum
Balance weight
Plane 1 W, Acts radially in balance plane 1
Plane 2 W, Acts radially in balance plane 2

*I= Ir--%l, for non-syichronous whirling, where w is the rotational speed and v is the

whirl frequency.
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Table 2.2 Geometric Properties of Solids [4]*
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Table 2.2 (Cont'd) Ggométric Properties of Solids [4]f'
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RIGID-RCTOR DYNAMICS 47

if the lubricant flow i turbulent. The static design of externally pres-
sutized bearings has been discussed by Rippel (8], Wilcock and Booser
§ 19), and others. The design of self-acting bearings has also been dis-

cussed by thes¢ authors, and by Raimondi and Boyd {10], Warner [11],
'@ Lund [12), and others. Bearing technology has an extensive literature'
the above references provide dn introduction to this subject.

The dynamic properties ‘of bearings are those characteristics that
directly influence the response of the rotor system, with time. Bearing
flexibility and damping both affect the-response of rigid rotors to unbal-
ance forces and to impulsive external loads. For small dynamic
motions, these bearing properties are commonly expressed in terms of
stiffness and damping coefficients. For rolling-element bearings,

F () =K, X + B X, whmx..%.

and
E () =K, Y + B, ¥, whers ¥ = 2.,
For fluid-film bearings,
FE()m Ky X+KyY+B, X+B,7
and '
F,(D=K,X+K,Y+B,X+B,7
The terms used in these equations are defined as follows:

X, X = time-dependent displacement and velocity in the X
direction

Y,Y = time-dependent displacement and velocity in the ¥
direction

K,, K, = stiffness coefficients relating force to displacement
in the X direction

K,, K, = stiffness coefficients relating force to displacement
in the Y direction

Ky, K,x = stiffness coefficients relating force in one direction

(X, Y) to displacement in the norrmal direction
(v, x)

B,, B, = damping coefficients relating force to velocity in the
X direction
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48 BALANCING OF RIGID AND FLEXIBLE ROTORS

By, B,, = damping coefficients relating force to velocity in the
o X direction I -
By, B,, = damping coefficients relating force in one ‘direction

' (X, Y) to velocity in the normal direction (¥, X).. "

The force-displacement properties ‘of “both: rolling-element and

fluid-film bearings are nonlinear, which indicates that the stiffness dF/de
is variable with displacement (Fig. 2.2). Fortunately, large-amplitude
journal . motions in beatings . typically . odcur only. briefly” (téansition
through critical speed with low damping), undeér conditions of machine
distress (rotor instability, instantaneous unbalance, or excessive tran-
sient). In most instances, journal orbits about the static equilibrium
position are small (Fig. 2.3). This allows the uncoupled bearing equa-

_tions to be linearized, with use of the constant coefficients indicated

above. The same is true of bearing damping, which is also frequently
linearized to simplify discussion and analysis. '

F

OPERATING !
CONDITION
dF (a) Rolling-element bearing
de
e
F 4\
OPERATING
CONDITION
dF (b) Fluid-film bearing

Fig. 2.2, Typical load-displacement ourves for rolling-elsment
and fluid-fAlm bearings
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ATTITUDE-ECCENTRICITY
LOCUS (LOAD LINE)

-

WHIRL ORBIT DUE
TO UNBALANCE

' 8TATIC
OPERATING
ECCENTRICITY

Fig 2.3, Unbalance whirl orbit about atatic equilibrium position
‘for fluld-film journal bearingy

Machine Casing and Foundation

A Most rotors are nupported in bearings mounted in a massive casing
8" ¥ on some mass-elastic foundation. The effect of the casing and founda-
%' § tion on the dynamics of the rotor may be significant if the casing has
' natural frequencies that lie in the same region as thoye of the rotor and
4 bearing system. In such cases the mass-slastic properties of the support
. B system must aiso be considered in examining the dynamic propesties of

¥ they will be thought of as being madc up of smail-amplitude linear
' R motions about a static mean position,

¥ 4 Rotor Unbalance

The two principal causes of rotor unbalunce are local random mass
§ cccentricities of the rotor c.g. along its length, and any distortion of the
“# rotor elastic axis that may arise from differential thermal expansion,
b slippage of shrink fits, and so on. A comprehensive listing of sources
of unbalance is given in Table 1.1,

Al In a rigid rotor, the cumulative effect of random c.g. eccentrioities
§) ' s felt ax a single unbalance force that acis at the rotor c.g.; its magni-

' tude is caloulated as

S
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Fa X a2,
P-4

where -
Ajadz

A, dz

is the effective unbalance radius acting about the rotor c.g. due to the
sum of the moments of the elemental rotor sections, as shown in Fig.
2.4, In praoctical circumstances, the magnitudes and the orientation of
the unbalance force and unbalance couple are seldom known in
advance, though the effect they create is routinely dotermined at the
balance planes by measurement in a belancing machine, The orienta-
tion of these effective unbalance forses to some arbitrarily chosen refer-
ence plane in the rotor Is likewise determined as part of the balancing
process,. For the present discussion, the effect of unbalance is
represented as an equivalent force and couple about the c.g. of the rigid
rotor, This makes it possible to determine the effect of a prescribed
nominal unbalance condition (e.g., 1.0 oz-in.) at the rotor ¢.g. on the
rotor response. Such sensitivity analysis provides useful insight into
the possible unbalance response of the rotor in its supports,

(n) Random distribution of unbalance
In rigld rotor

(b) Equivalent unbalunce force F und
couple M acting at rotor o.§.

Fig. 2.4. General unbalance conditions Induced
by equivalent c.§. force and moment
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2.4 Dynamic Modeling of Rotor Systenis

Rotor. properties, bearing properties, and casing and foundation
properties may influence the response of .the total machine sysiem to
unbalance, Figure 2.5 shows a typicul high-speed grinding machine
assembly. . An underslanding of the dynamic behavior of this or any
‘other rotating mechnnlcal sysiem can be. obtained by developing a
representative, model of the rotor system that includes numerical values
of the criticdl parameters listed .in the previous section. In practice,
such dynamic models are now routinely developed during the deslgn of
most high-speed rotaling equipment. The data come from rotor-system
drawings, from bearing design charts' (or computer programs), and
from other system specifications, such as dvnamic support properties
(foundation impedance), The degree of refinement used in the model

is arbitrary; it depends on the Immediute need und on the exient of
available data,

Fig. 2.5, High-speed motoi-driven grinding machine (courtesy W

of Black und Decker Corp.)

’ N

Consider now tha two rotor-system models shown in Fig. 2.6, both B

modely represent the dynamic properties of the high-speed grinder in
Fig. 2.5. Both models contain all of the parameters mentioned previ-
ously, but the amount of detail is obviously much different. The first
model (Fig, 2.6) is a simple representation that could be used to osti.
mate the two rigid-body critical speeds of the grinder and the response
to unbglance. It assumes that the rolor is rigid, tha¢ the bearings are
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flexible with low damping, and that the foundation is rigid (no dynamic
interaction). The second model would be used for computer analysis of
the high-speed grinder. It contains much more dotail, a burden readily
hendled by the computer. This model.does not assurné that the rotor is
tigld, though it may be. Both beating stiffneésses and damping effects
aré considered in more detdil (though still linear), and account is taken
of bearing-support flexibility, ‘Computér calculation of both éritical
speeds ‘and unbalance response hus been shown to be a reliable tech-
nique ‘which providés valuable guidaince to rotating machinery
designers, '

- Grinding Wheel Drive-Motor  Grinding-Wheel
" Unbalance Unbalunce  Unbalance

.

| 1 1 \ “T
Bearing /"":in »i:\\ia«rlng

() Ropresentation of high-speed grinder as a rigld rotor

- ' " TN Grinding Wheel
. Unbalance
Pt o
oxible LY Dumpad Flexible
Bearing Bm!mg
Elustic
Poundation

(b) Flexible rotor-bearing system for high-upeed grinder
Fig. 2.6, Dynamic models for rntor aystem anulysls

2.8 Critical Frequenciea »xd Critical Speeds

When a natural mode of a rotor system is excited by some har-
monic force applied at its natural frequency, a condition of resonance
exists. This condition is often accompanied by large modal amplitudes
of vibration. In general, the tatural frequsticies of & rotor system are
dependent on speed because of gyroscopic coupling between the coordi-
nate imotions. For rotating machinery, the natural frequencies are often
called critical frequencies, and each rotor system possesses seversl such
frequencies. Any critical frequenoy can be excited inio rescnance,
given a suituble source of excitation, although occasionally there may
be other sources of asynchronous excitation (e.g., fan-guide vane exci-
tation or reverse-whitl gear excitation) that will excite some less com-
mon form of whirling.
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The calculation of critical frequencies for rigid-rotor systems is dis-
cussed in the remainder of this chapter. In certain instances, only the
synchronous critical frequency is determined because of ‘its practical
importance. Simple cases using modal separation are discussed wher-
ever possible. - The following factors are examined.

Section Rotor systom investigated - Results observed
2.6 Midspan symmotry; identical Muss mode and iriertial
bearings mode are indopendent

and separabls, Simple
natural frequency
expresslony exist,
27 Offset rotor o.g.; ldentical bearings Modes coupled

2.3 Midspan c.g.; different end bearing Modes coupled;
stiffnesses, identicsl coordinate  biquadratic frequency
stiffnosses equation

29 Combination of the two systems  Modes coupled;
listed abave; offset rotot ¢.§., biquadratic frequency
different end beuring stiffnesses  equation

210 Midspan o.g.; Identical bearings,  Modes sepurable; four

dissimilar beuring coordinite natural frequencies,
stiffnosses two for each coordinate
stiffness direction
211 Midspan symmetry; dissimilar Modes coupled; four
bearings dissimilur bearing natural frequencies
coordinute stiffnesses corresponding to

coordinate stiffnesses,
fraquency determinant
2.12 Offuet c.g.; dissimilar bearings, Modes coupled
dissimilar coordinate bearing
stiffnesaes,

A numerical example is given in each case studied to illustrate specific
features. It should be noted that the effects of damping are not
included in the rigid-rotor critical speed analyses that follow; they are,
however, discussed in Sections 2.13 through 2.16. The results aré more
applicable to practical systems involving rigid rotors in rolling-element
bearings or rigid rotors in fluid-film bearings with flexible, undamped
bearing pedestals than to highly damped journal bearing systems. This

has been done mainly to demonstrate the rotor-dynamics principles
involved.
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2.6 Critical Speeds

A c¢ritical speed of a rotor system is defined as any rotational speed
of the rotor or rotating element at which resonance occurs in the sys-
tem. Critical speeds are dynamic properties of the rotor system. They

occur when some harmonic force becomes resonant (coincides in fre-

quency) with a natural frequency of the system. Only radial whirl
motions of the rotor in its supports caused by fotor unbalance are con-
sidered here.’

Eaca natural frequency of a rotor system has a particular mode
shape. At a critical speed, the harmonic force from centrifugal unbal-
ance exoites the corresponding mode of the system, causing the rotor to
"whirl" in its supports in this mode shape, in synchronism with the
rotor speed. Whirling often causes large rotor dynamic amplitudes,
large transmitted vibrations, and possible component failure. It is cus-
tomary practice to calculate the critical speeds and mode shapes of any
new rotating equipment; such calculations are also the first step in the
diagnosis of any vibration problems in rotation machinery.

The critical speeds of rotor-bearing systems are dependent on
speed for the following reasons,

1. Gyroscopic stiffening of the rotor increases with speed. At zero
speed, all gyroscopic effects are zero. The rotor translalory inertia
affects the natural frequencies of the system. At operating speed, the
inertial effect of any rigid component is (/p = I';)w? under synchronous
excitation at frequency w; here, Ip is polar inertia and Iy is translatory
inertia,

2. Stiffness and damping properties of fluid-film bearings vary with
speed, and squecze-film vibration damping properties vary with forcing
frequency. As most classes of rotating machinery incorporate eithsr
one or both of the above effects, it is evident that critical speed calcula-
tions for general rotor systems must include consideration of both
effects to ensure accurate calculation of critical speeds. For rigid rotors
this problem is simplified by the absence of rotor ﬂexlblllty Nonethe-
less, the above requiremen's still apply.

2.7 Simple Rigid Rotor in Flexible Supports

Figure 2.7a shows a rigid cylindrical rotor supported in flexible
bearings with the rotor c.g. midway betwecn the bearings. Both bear-
ings have identical stiffness properties, and the stiffnesses of both bears
ings are identical in both the x- and the y-coordinete directions. The
system has two natural whirl modes, translatory and conical, as shown
in Figs. 2.7b and 2.7c. If damping effects are neglected, the critical fre-
quencies of these two modes can be calculated by first recognizing that
these modes are uncoupled because of the symmetry of the system.
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SYMMETRICAL ROTOR
c.g. AT MIDSPAN

- LT -
e L— >
é« a b -‘%"—1
IDENTICAL
M ! BEG?’E%Z‘:SES
STl
B e (L ke "‘"i— "I~ AT EACH END
K ,,%: 71%# K

() Rigid rotor in symmetrical boarings

(b) Trunslatory whirl mode

~r

(¢) Conleal whiel mode

Fig. 2.7, Rotor with uncoupled tigid whirl modes

Translatory Critical Frequency

First consider the purely translatory motions of the rotor shown in
Fig. 2.7b. The equations of small-displacement free motions are

M +2KX =0

MY +2KY =0
where

X, Y are time-dependent coordinate displacements
M is the rotor mass
K is bearing radial stiffr.ess.

As the whirl orbit is circular in this case, the coordinate motions can be
combined into a single whirl vector R of radius

R=X+/Y
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where

i==1

X = x el

=

Y= y elot,
Substituting gives

MR + 2KR = 0,

J——

A solution for harmonic motions «t the frequency of rotation w can be
obtained by substituting R = re'®! in the above expression, r being the
magnitude of the whirl radius. A nontrivial solution for @ does not
permit re'®! to be zero, and tkerefore

2K — Mo’ =0,

This requires that

w --—--wc‘

o= wy = o / -—EMR (rad/s), !

where wry is the circular critical frequency of the free transve.ze v ora- .
tions for the simple symmetrical rotor in flexible supports. This can be §
expressed as

1 2K
fT 2" M (HZ)

60 7K )
M= N M 9‘55'\/715 (pm). t

If the system is cperated at this rotatioral speed with an unbalance
force acting, the rotor whirl amplitude will grow toward an infinite
value unless ostherwise restrained, e.g., by system damping.

that is,

i G T s B, W T HEIRe e

Conical Critical Frequency

The conical whirl motions shown in Fig. 2.7¢ are influenced by ;
gyroscapic torques that arise from angular momentum changes. Such !
changes result from the small angular displacements 8 and ¢ shown in
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Fig. 2.8 for a typicai cylindrical rotor element. In accordance with the A
right-hand rule, the direction of the torque vectors shown is determined , ;
by the 8, ¢ displacements, which cause the torque._vector to move into k
the spin vector as shown, !

T ’ .u
’ o

-t

]

\ !
A

\!
x REACTION TORQUE I, !
\ CAUSES ROTATION & /
i
REACTION i i
TORQUE SPilN “\,IuCTOR ]
( @ » !
Ipw; g
]
0 e T
[} .y
, ! i
REACTION TORQUE REACTION TORQUE |8 |
N CAUSES ROTATION ¢ i
{
lpwb ! J SPINVECTOR ;
l‘,w :
v ] . 3
Fig. 2.8, Coordinate geometry and gyroscopic moments acting t

on a massive rotating disk j
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The cylindrical rotor section in. Fig. 2.7c has hoth translainry iner-
tia /1 .and polar inertia Jp. - For small-amplitude harmomc monons. the
equations of free undamped conical whirling gre

Lo + -%-KLZO F Lot = 0

and
b + SKLY = Il = 0,
where
K = béaring stiffness .
I, = rotor length
It = translatory inertia for t}‘e rotor about its c.g. '
Iy . = polar inertia of the rotor ahout its ¢.g.
# = time-dependent whirl angle in the X, Z plane
¢ = time-dependent whirl angle in the ¥, Z plane,
To solve the above expressions, write

I;‘ Y- 0+ 1¢.
Substituting in the equations of motion gives

ity = ilpwy + ~%—KLz'y -0,

To solve for harmonic notions at rotational frequency w, set
y = Telot,

where
y = time dependent complex whirl angle
I' = complex whirl angle amplitude

For synchronous whirling, ¥ = w, and we may write
I= Iy~ Ip.

Substituting gives

l-%— KL? - M} I elol =,

T AT e Y e taE

T A o i i _ M

T N e, T R e R o o i ST



T— T T e e T ——— T TR

RIGID-ROTOR DYNAMICS 59

A nontrivnai solution for the speed that satisfies this expression
requires that .

_!_rz_ 2
ZAL va ,0.

Splviqg_t,his expression gives the critical frequency for conical whirling,
1/2
we ™= [ * (rad/s) -

or

—~—[ l Hz, Nc= 95552—’1‘- (rpm).

This expresslon allows the conical critical speed of the symmetrical
rotor system shown inn Fig. 2.7 to be calculated.

s

Sample Calculation 1

The steel cylindrical rotor shown in Fig. 2.7 is 3.0 in. in diameter
and 8.0 in. long. The rotor is mounted on two bearings of radial stiff-
ness K, = K, = 10° Ib/in. with a span of 6 in., supported on a rigid
foundation. Find the translatory critical speed and conical critical speed
of the system. Specific weight w of steel is 0.283 1b/in.>.

The rotor weight is
W %— DLy wm -;"4!- (3)%(8)(0.283) = 16.0 1b.

The mass of the rotor is

W 160
M= == 384

The translatory critical speed is

12 s )12
or= [ 28] - |20 - 210w s

=~ 0,0414 Ib-s¥in.

0.0414

Jr = 349.8 Hz = 20,989 rpm.

The translatory critical speed occurs at 20,989 rpm.
The effective inertia for synchronous whirl is

e R

S

P o A
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A= IT—II,.-VTZ—M[L%-—Q ] ‘

0.0414 )
- -—15'— [(li)2 - 3(1.5)2]

D
2

‘- 0,1975 Ib-in.-s?

/2 L "
..K_,l.‘_z_] - l._(_l.os_).(.‘llz_.] - 3019 rad/‘s

Ye= 177 (2)(0.1975)

and
fc = 480.5 Hz - 281 829 rpm.

The conical critical speed occurs at 28,829 rpm. The simplicity of the
above procedure results from the symmetry of the system, which allows
the two modes to be considered independently. When such mode
separation is not possible, the procedure described in the next section
must be applied. '

2.8 Coupled Modes of a ngid Rotor in Flexible Supports

The ¢.g. of the system shown in Fig. 2.9 is displaced toward one
end of the rotor. If the c.g. radial displacements are denoted by X and
Y, their slopes by 6 and ¢, and the displacements at the bearings by
X, Y, and X,Y,, respectively, the equations of translatory motion are

MK = — KX, - KX,
and
MY = - KY, - KY,.

The equations of angular motion are
Iy 8 = KaXy = KbXy — Ip wp

and

It & = KaY, — KbYy + Ip wl,

—

T M’dw T el s sat

———
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BEARING 1 BEARING 2
‘gﬂ 1p2p M g _
L
- ‘ IDENTICAL
i BEARING
. @ A . — STIFFNESS
Gra AT EACHEND

Fig. 2.9. Rotor with ¢nd bearings of dissimilar stiffnesses
und assoclated whirl modes

As both bearings are identical and have orthogonal radial stiffness
properties, the whirl orbit of the rotor at any section will be circular.
For a solution, set

R= X+IY

and introduce ;
y =0+ 19, ;

where / = +/=1. For small whirl motions,
X=X — a6, X=X + bé,

Y=Y = a¢, Y= Y + b¢.
Writing

R["R"d'}‘; Rg‘R"'b‘y
and substituting gives

MR +2KR — K(a = b)y =0

and
Iy + K+ )y~ K(a- bR = | Ipary.
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For a synchronous whirl solution, we set .

Rm Roe""
and ‘
oy =o',
and write
= Ip=Ip.

This gives the matrix frequency equation '
2K - Mw? ~KGa=b) . ] |Ro| [0
- K(a=0b) K@@ +b*)=1w? |Fe| |0

Expanding the determinant of coefficients in this expression gives
the system frequency equation,

s— | K2y gy + 2K) L Kia 002
‘w w[l(d + %) + Ml+ Ml 0.

This system has two oritical speeds, corresponding to the two roots of
the above expression. The terms K (a — b) in the determinant express
the coupling between the two modes. Where a = b, the c.g. is
equidistant between the bearings, and these toerms are absent. For a
uniform rotor this condition occurs when the overhung length is zero.
The modes are then uncoupled, and the critical speeds are found
directly from the uncoupled frequency equations as

12
W)= - [%l (rad/s);
1/2

2
Wy = W - l%— (rad/s).

These expressions agree with the equations obtained in the preceding
discussion of uncoupled modes.

Sample Calculation 2
Consider the rigid cylindrical rotor 3.0 in. in diameter by 8.0 in.

long with its c.g. displaced 1.0 in. to one side of the bearing span mid-
point (Fig. 2.9) such that @ = 4.0 in, and b = 2.0 in. Calculate the

T T . Sy S S Tt o Ml e . e o i

e

ez L
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critical speeds for this rotor mounted in |dentlcal bearings of stiffrniess
Kiw K, = 10° 1b/in, wlthaspan 6.0 ln. , .

As betore. the rotor mass is
. M- 0.0414‘_Ib-‘s2/in.
and the rotor inertia is
I = Iy = [p= 01975 lb-in 52,
Substituting into the second equation gives

24 a2 4 2009 | (10574 + 2)?
a9 @ + )+ 0.0414| * 01979 0.0419

wt - w?

- (,

w* = 02(1,496 % 107) + 4,403 x 10" = 0,

w = 2007 rad/s, wy = 3307 radfs,
J1=319.4 He, Sy = 526.3 Hz,
Ny = 19,165 rpm, Ny = 31,580 rpm,
These are the critical speeds of the rigid rotor in flexible bearings with

its c.g. offset by 1.0 in, More generally, the influence of the ¢.g. offset
is given below.

" Mods Critical speed (rpm)
No offset  With 0.5-in. offset  With 1-in. offset
First 20,989 20,427 19,165
Second 28,829 29,622 31,580

It can be concluded that offsetting the c¢.g. couples the modes,
decreases the first-mode critical speed, and increases the second-mode
critical speed.

The procedure for obtaining the mode shapes of rigid-rotor sys-
tems follows established lines (see, for exaniple, Ref. 14). The mode
shapes for the l-in. offset c.g. cast are not symmetrical about the
midspan. Mode shapes can be obtained by inserting numerical values
for the corresponding natural frequencics into the equations of motion:

(2 X 105) ~ 0.0414e? ~10° X (4=2) Rl o
~105x (4~2) 105 x (42429~ 019752 || o]

Ry e

R
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" Without damping; modal amplitudes can be ohtained only as relative

values, To proceed, set the c.g.' whirl radius R equal to unity and caleu-
late I', R, and R, From the first equation, the relation between R
and I is ‘

T = (z % 10° ~ 00414w2) s 1 - (0. 207 x 10-%

105
and the modal amplitudes are .
Ri= R ~al'=1-=4][l~(0.207 x 107%) w’]
Ry= R+ 60 = 142 [1-(0.207 x 10°9) &7].

For the first mode, substituting w; = 2007 rad/s gives
Iy = 0.166

R“ w (,336.
and

Ry = 1,332,

For the second mode, substituting w, = 3307 rad/s gives
- — 1,264

Ry = 6.056

and

R n-- 1.528.
R, and R, are bearing whirl amplitudes relative to c.g. amplitude R wr
1.0. The corresponding mode shapes are plotted in Fig. 2.9,

Finally, the results can be validated by applying the principle of
orthogonality. It is shown in standard vibration textbooks [14] that

(Z,}T (M] {z,) = {0},

where {Z,) and {Z,) are modal displacement vectors for modes 1 and 2;
that is,

2= [ ] [o 166]

. i e e 2, =

e e Ry L - e e
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(2al = ] llm}

and [M] is the mass matrlx

oo 0
M] = :
0 01975

e

Thus,

(Z,)T(MI(Z,) {10‘-;12641 [0'04“ 0 “ }
? e 0 0.1975] lo.166

These results verify the calculations and theory presented.

2.9 Rigid Rotor in Bearings of Dissimilar Stiffnesses

A rigid offset rotor in end bearings that have different radial stiff-
ness properties is shown in Fig. 2.10. Since the coordinate stiffness
properties of each bearing are identical, the rotor whirl orbits are again
circular. The rotor ¢.g. is offset to one side of the midspan point. The
equations of free motion for the rotor c.g. are

MR = = R K| = R,K;

SRt SaSe F i il A

and .
Ity = ilywy = R;Kja ~ R;K3b,
with
RiymR-ay PR=X+1iY
RymR+boy ymO+id.

The equations become
~Mo*R+ (K 1+ K)R+(Kjp-Kia)T =0

ST A TR L

(Kb~ Kya) R+ (K1a? + Kpb) T =~ 1o T = 0.

i
1

The matrix equation of motion is

\
K|+KQ—M02 Kyb—~ K,a R 0
Kgb - Kla (K]ﬂz + bi?) - Iwz r 0

[PURDISEPU . e et
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, X BEARING

BEARING ¥
STIFFNESS D STIFFNESS
Ky = 2% 10%/ 0T~ - ® e R 1 % 1000,
AT THIS END. el ] AT THIS END,
4 - o b-%”'
L -
by

Rigid Rotor with c.g. offuet
Translatory/conical whirl mode
Conical/transiatory whirl mode

Fig, 2.10. Rotor with coupled rigid whirl modes

The frequency equation Is

Kia*+ K2 K +K KK (a + b)?
e 2l 2 1 2 1442 -
w “’[ R 7

00

If Ky = K, = K, this expression reduces to that given in sample calcu-
lation 2 for the rotor in identical bearings with an offset c.g. If, in addi-
tion, (a—5) = ~2[-'-, the above expression further reduces the expres-
sions given in sample calculation 1 for the uncoupled modes w, and o,
of the symimetrical rotor in symmetrical bearings.

Sample Calculation 3. Critical speeds of an offset ¢.g. rotor in bearings with
dissimilar stiffness

Consider the same rotor as in sample calculation 2: M = 0.0414
1b-s,%/in., 7 = 0.1975 1b-in.-s2, @ = 4.0 in., b = 2.0 in. but Kj=2x
10° 1b/in., K; = 1 x 10° Ib/in, See Fig. 2.10.

Based on the preceding theory, the frequency equation for this sys-
tem becomes

e i b TN e e
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o_ 2} (2x10%42 + (1 x10° 22 3 x 10}
wTe [ 0.1975 * Doe14

+|@x10) ax109 6],
- (0.0414) (0.1975) !
.or AR o
w* = 0?(2,547 x 107) + 8.806 x 10'* = 0, B \
wf = 4,1257 x 10, wf = 2,1344 x 107, 3
wy = 2031 rad/s, wy = 4620 rad/s, i
1= 323.3 Hz = 19,396 rpm, S, = 7353 Hz = 44,118 rpm;
8
that is, Ny = 19,396 rpm and N, = 44,118 rpm. Stiffening one bear- j:
ing has caused an increase in both critical speeds of this system. 5
Critical speed (rpm) 5
Identival bearings  Dissimilar bearings "
Mode K, = K, K, =2x10°, zgzm‘ i
w 1% 10° Ib/in. Ky = 1X%10° 1b/in,
First 19.165 19,396 + 1.2
Second 31,580 44,118 + 39.7

Mode shapes can be calculated by the method described in sample cal-
culation 2. The matrix frequency equation is

(3 % 10%) — 0,0414 (2% 10%) — 4(2 x 10%) Rl lo
i ir] lol

RSN SE > TR ey

2x10%9 - 4(2x 109 16(2x10%) + (4% 10%) - 0.1975w

From the first equation, ‘:
-l 5~ 0.04 ) - 0.5~ 6.9 % 1078) o? i

[ m s 13X 10° - 00414 w7 = 05— (69 ) w?,

R, = 1.0 — 4[0.5 - (6.9 x 107 2], 'l
and |

L E

Ry = 1.0 + 2[0.5 — (6.9 x 10"%) w?].

-
T

LR e
RN £
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For the first mode, w, = 2031 rad/s gives
Iy = 0.2154, R =0.1385, Rj3=1.431.

For the second mode, w; = 4620 rad/s gives ,
[y ~9727, Ry;;=489], Ry =~ 09454,

Mode shapes are shown in Fig. 2.10, When comparing Fig. 2,10

- with Fig. 2.9, we can see that Ry; and Ry, of the former are smaller

than those of the latter. Verifying thess results by the principle of

orthogonality gives.

czu-[} [02]541 ="[] l 9727}

00414 0
M] -
0 01975

0.0414

T - .‘,— .
(Z,)" [M] {Z)) = (1.0, - 0.9727) 0 01975][02154}

2.10 Rigid Rotor in identical Bearings with Dissimilar
Courdinate Stiffuess Properties

The rigid-rotor system shown in Fig. 2.11 has its c.g. at midspan
and is mounted in identical bearings with. different stiffnesses in the x-
and y-directions, K, and K,;. Symmetry of the modes about midspan
allows each mode to be analyzed separately, as in Section 2.7; however,
the x- and y-coordinate motions cannot be combined directly because
elliptical orbits occur in this case. For this system the equations of free
motion for the first mode are

MX + 2K, X = 0
and
MY +2K,Y =0,

To solve for these motions, set X = x /!, ¥ = y ™! and solve for
w. This gives the uncoupled equations

QK| ~ Mw?) xet =0
and

(2K, - Mow?) ye w0,

A A W1 Y e e s
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| |
‘“# e ?‘“ 3
‘ .

STIFFNESSES
KuKg = =7
| K2 I
.. s 3
[ STIFFNESSES
L Kth

Fig, 2.11, Rigid rotor in identical bearings with dissimilar
coordinate stiffnesses

For nontrivial solutions, the critical frequencies in the principal stiffness
directions of the bearings ars given by

oo 2K T
M’ “
12 (/2
2K 2K
W) - -]—w——l-] (rad/s), wz-[*‘#] (rad/s).

This system has two critical speeds at which the rotor can become
resonant and whirl, The location of each critical speed is governed by

N
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the corresponding coordinate stiffness value of each bearing. If K, is
the horizontal beariag stiffness and K; < K, the lowe: critical speed
will occur at

2K, 12

AL
w;-[-—#] (rad/s), N,-9,55[——M-— (rpm).

At speeds close to this spoed, the roior will whirl (under the influence
of unbalance and damping) in an elongated ellipse who~ . major axis lies
in the direction of bearing stiffness K. Similarly, the upper critical
speed will occur at

1/2 1/2
Z_f;_z_] (rad/s), N, = 9.55 [3-11‘;3-] (rpm),
and the rotor will whirl in a second elongated ellipse with its major axis
in the direction of K,. Note that when K| = K,, w; = w,, and the
two critical speeds occur at the same speed. For this condition, the
whirl is no longer elliptical, but is circular. The latter result applies for
the bearings discussed in the three preceding examples.

Conical whirling in this system is more complicated. To begin,
consider a totor—bearing system that is symmetrical about its midspan
so that the modes can be separated. For identical bearings with dissimi-
lar coordinate stiffnesses, the equations of free motion are

10+ 1/2KL°0+ I wp =0

Wy -

and
It +1/2K,L% ~ lpw § =0,
The solution is obtained by setting
0O e
and
¢ - e“",
where v is the whirl frequency at the rotational speed w. This general

approach allows any nonsynchronous critical frequencies to be found.
Substitution gives

{(2/2) K]Lz - V2[T]® + (il'wlp)(b =0

= (ivwlp)® + [(1/2)K,L% - v 1) = 0,

oy et o AT B e
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The frequency equation is

2 4

4 2 _l_,}_ (K|+K2) wlp K]KQL -0

v-v [ Tk + I + Py .
Substituting

¥ Ir |4

and solving give
._y.z_l_'__l__?_{?_z:t KI_K22 CI)IP 2+_L w1p41/2
vy 2 VQ,T K] + Kz VOIT 4 UQIT '

This expression has four roots, corresponding to the forward and back-
ward whirl modes, in both coordinate stiffness directions of the bear-
ings. The frequencies are conjugates; that is, the backward whirl is the

- negative of the forward whirl, and therefore only the positive root need

be considered. Critical whirling will occur wherever the rotational
speed coincides with either frequency, but in this case the problem is
more complicated because the gyroscopic effect of polar inertia causes
the whirl frequencies to be dependent speed. The variation of the whil
frequency with speed must be found by plotting (v/vg) vs (w/wp).
Resonant speeds can also be found from this plot by drawing lines
representing the reiationship between the ¢xciting frequency and the
rotational speed: For example, synchronous unbalance excitation
occurs where w equals the rotation speed {). Several examples to illus-
trate the gyroscopic effect on conical critical speeds are given below.

Sample Calculation 4a: Thin-disk rigid rotor with It = (1/2) Iy in flexible
bearings of dissimilar stiffnesses

Substituting /1 = (1/2) Ip in the frequency expression gives

i =[5

4
+ (4 i] +4[£’-

2 1/2
K, - K,]

2
+

Vo Vo Kl + Kz
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For K; = 2K,, this expression gives values as listed below.

HH

11547 0.8165

16330 0.5774
2 4183  0.3899
3.3043  0.2853
42368  0.2225
6.1625 0.1530
81232 0.1161

';Ie

e b i e e Bt M LD

fpwo—r—~o0o
coowow

Sample Calculation 4b: Rotor with Ip= Ip in bearings of dissimilar
stiffnesses 1

Substituting /x = Ip into the frequency equation gives :j

lr"al’-l“%l%l’l

K, +K2]

"0

s et

For K| = 2K,, this expression gives ihe following range of values.

2 |\L L ,
4 Yo |y Yo |, ‘,

0 1.1547 0.8165
0.5 13186 0.7150
1.0 1.6330 05774
1.5 2.0073 0.4697
20 24183 0.3899
3.0 3.3043 0.2833
40 42368 02225
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80 - / UPPER CINTICAL FREQUENCY
20
6.0 [~
5.0 :_ "R Y]
B bp= %‘ Ip
W
- K, - 2K2
3.0
20 SYNCHRONOUS CRITICAL SPEED
£ LOWER
—
o 1.0 CRITICAL
E FREQUENCY
0
g 0 10 .20 30 40 5o
5 SPEED RATIO
:
4,
E O upER CRITICAL br=tp
E s FREQUENCY Ky = 7Kg
E .
20 SYNCHRONOUS CRITICAL SPEED
1‘0
LOWER CRITICAL FREQUENCY
0
0 1.0 20 30 40 860
SPEED RATIO |
|
20 vew l
UPPER CRITICAL FREQUENCY Iy = 101p i
1.0 Kg = 2K !
LOWER CRITICAL FREQUENCY 1 2 !
ol S VA NN S W W N | !
0 1.0 20 30 40 60 i
SPEED RATIO i

Fig. 2.12. Vuriation of critical frequencies with spued:
rigid rotor in flexible bearings ,
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Sample Calculation 4c: Rotor with I «= 101p in bearings of dissimilar stif-

ness

Substituting Iy = 10Jp into the frequency equation gives

v! lwl
I;‘;]-l+-2-63—-;:.]
' 12
2
el () s L (o], [x=X
ax10° [v] T 700 | K+K||

For K, = 2K,, this expression gives the following set of values,

w o |e|l |x
Vo Vo 1 v,
0 1,1547 0.8165
0.5 11569 0.8150
1.0 11632 0.8105
1.5 11734 0.8035
20 11871 0.7942
3.0 12230 0.7709
40 12676 0.7438

Results for these three cases are shown in Fig. 2.12,

These results all show that bearings with different coordinate
stiffnesses cause two forward whirl modes and two backward conjugate
whirl modes (i.e., v, £v;). The frequencies of all these modes are
influenced by gyroscopic effects. These modes may be excited by syn-
chronous unbalance if the excitation frequency w coincides with the
natural frequency ». The preceding figures show that in calculation 4b,
where Iy < [p, only one synchronous critical frequency will occur. In
calculation 4b, where Iy = Ip, there is still one synchronous critical
frequency, but the second frequency tends to become resonant at w =
oo, In calculation 4c, It > Ip, two resonani frequencies will occur, as
indicated by the two intersections with the synchronous excitation line.
Similar results were observed by Den Hartog [15) and Yamamoto [16)
for flexible rotors. Asynchronous excitations (v = 2w, etc.) will lead to
other resonance properties in rigid-rotor sysiems.

2.11 Rigid Rotor in Flexible Bearings: General Case

The general cylindrical rotor shown in Fig. 2.13 operates in beat-
ings with dissimilar coordinate stiffnesses in the x- and y-directions.

R L B (R NP RIOV——
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BEARINGS WITH
DISSIMILAR
COORDINATE
STIFFNESSES

Transiatory whirl:
lower principal
stiffness direction

Transiatory whirlt
higher principal
stiffness direction

Conical whitk
lower principal
stiffnass direction

Conical whirl:
higher principal
stilfneas direction

Fig. 2.13. Genera! rigid rotor in bearings of dissimilar coordinate stiffnesses
and with corresponding whirl modes

Its c.g. is at distances a and & from the left and right bearings. When
mass, transverse inertia, and polar inertia effects are considered, the
equations of transverse motion are

MX = - K, X)—~ Kj3 X
and
MY = ~Ky ¥, = Ky Vs
The equations for angular motions are
Iho+hod=KyaX —KybXy

and
IT‘.‘;— Ipwé— Kz] ] Yl'— Knb Yz.
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Introducing the expressions
Xij=X~-a0, Y=Y-ad

Xy=X+560, Y,=Y+bo

and substituting the solutions
Xuy elvf, 0 e G elw

. 'Y-y elw. ¢_¢ et

into the equation of motion yields the displacement solution

(Ku+Ki—-Myv?) 0 ~(Kj1a—K11b) 0
0 RntKn-Mv 0 ~(Rna=Knb)
=(Kyja=K1b) 0 (Knd’-t-Kub’-l-rv’) +ilp wy
0 ~(Kyya—Knb) — llpay (Knat+Knh
' . -t
x 0
Y 0
1 e - 0 .
®l o

The above expressions cannot be simplified by combining because the
whirl orbit is elliptical, not circular,

As usual, the determinant of the coefficients vanishes at any
nataral frequency. Although it is tedious to obtain, the frequency
equation for the above biquartic system has the general form

ag* + ap’ + apb + ap’ + aw‘ + ag? + ag? + aw + ag= 0,

where the coefficients 4, may be complex. For each real rotor system
the roots v, occur as four conjugate pairs, and so the system has fout
critical frequencies at any given speed w, each corresponding to a pair
of equal and opposite (i.e., forward and backward) rotor whirl motions.
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Sample Calculation 5: General rigid-rotor system in dissimilar flexible bear-
ings : .

The rotor system shown in Fig. 2.14 will be used. to demonstrate
the general critical frequency and resonant spéed properties of a rotor
in flexible bearings. The dynamic properties are determined by the
rotor mass and inertla values, the location of the c.g. with respect to the
bearings, and the bearing stiffness values, which are

M = 00828 b-s/in.  Ki=2x10*Ib/in.
Ip = 0.0932 Tb-in.-s? K= 4 x 10* 1b/in.
Iy = 1.813 lb-in.-s? Ky = 4 % 10* Ib/in,

T = Iy Ty 17198 Ibein-s? Ky = 8 % 10% 1b/in.
a = 8.0in,
b =40 in.
¢ =4.,0in,

L = 16,0 in.

D = 3.0 in,

The frequency determinant for this system is

(6% 10%—~0.08280%) 0 0 0
0 (12% 104~ 0.0828»2) 0 0 ] 4
0 0 (192x 104 =1.81307)  +/w(0.09319)» !

0 0 - iw(0,09319)y (384 x [0%—1.813s2) A
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- 3-IN, DIAMETER . o
o " STIFENESS
18IN. | DIRECTIONS

c.9.

- A % o . L—. 12,22
Ky & Kyz : -Kmif Ko | 2 !

N[ R— 1 4N, >

e 12IN, —me ' ' ' ]

fw= 1365
l‘/l/] Vartics! mode, j
f=1016 . 4
N Horlzonu| M.'
, ) t=163.8
M Horizontal mode,
e [ | f=231.8

Fig. 2.14, Overhung rotor In fexible bearings; whirl
modes at N = 4000' rpm

for N = 4000 rpm; i.e.,, @ = 418.88 rad/s. The roots of the above
expression for this speed are listed below.

|
|

v
W

v N S
(rad/s) (tpm) (Hz)

851.26 8,129.5 135.49
1,203.9 11,496.85  191.61
1,029.09 9,827.81  163.78
1,455.35  13,897.60  231.64

A computer solution for the above numerical example is shown in
Fig. 2.15, where values of the four natural frequencies v, v,, v3, v4 are
plotted vs rotor speed w. This chart shows the variation of the four
natural frequencies with speed. These frequencies correspond to trans-
latory whirl and conical whirl modes in both planes of principal stiffness
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1,039 Hz

b 1,208 Ha
) 1,042 Hz

51 Hs

0 L] 10 30
Spead, rom x 1073

Fig. 2.i5. Computer-caloulated whirling
frequencles for rigid-rotor system stiown
in Fig. 2.14

of the rotor end supports. Excitation-order harmonic lines are’ also
shown, for 1x, 2X, dnd 3x rpm, The points of intersection bstween
these lines and the natural frequency curves represent the correspond-
ing critical speeds of the system, Other potential asynchronous oritical
speeds may also arise from such nonharmonic sources as ball-passing
frequerncies, for undamped rolling-element bearings, and from the
vane-passing frequencies of rigid-rotor fan units.

2.12 Critical Speed Chart

The expressions developed in the preceding sections show how the
critical speeds of a rotor system arise and how they are influenced by
the radial stifthess of the rotor supports. This relationship between crit-
ical speed and support stiffness is the basis of a practical procedure for
presenting information on the synchronous critical speeds of any rotor
system. Figure 2.16 shows how the synchronous critical speeds of a
typical rotor systern will vary with support stiffness. Such a chart is
called a critical speed chart; its vertical axis is the rotor speed and its
horizontal axis is the rotor-support stiffness, The characteristics shown
are the synchronous speed-dependent critical speed lines. The support
stiffness may be the bearing stiffness, the pedestal stiffness, the founda-
tion stiffness, or any combination of these stiffnesses. In practice, data
for such a critical speed chart are obtained by calculating the critical
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('8

10 I l ‘ (F.’.oq\iul Critical
usnc
Conical Critical [ \Jr edusncy
Speed N

Translatory Critical
Fragquency

r)

JAAN

Translatory
Critical Spasd NT

L~
>

Baaring Stiffness
Characteristic

Rotor Spead! (rp=)
;.’
\

10° R 108
Bearing Radial Stiffness (ib/in.)

Fig, 2.16, Critical speed map for rigid rotor in externally pressurized gas bearings

speeds of the rotor system over a range of specified, or assumed, sup-
port stiffn:.-s veiues, The support stiffness is held constant in each cal-
culation, and the several critical spreds of the rotor system correspond-
ing to the given support stiffnesses are then found. Figure 2.16 shows
typical critical speed curves for a sample calculation. The stiffness vs
speed characteristic for an actual bearing support system is also plotted.
The particular critical speeds of a rotor operating in such bearing sup-
ports will evidently occur at the speed points where the bearing charac-
teristic intersects the natural frequency lines.

The following calculations demonstrate the properties of the criti-
oal speed chart.

Sample Calculation 6: Rigid rotor in undamped flexible bearings

A high-speed rotor operates in externally pressurized gas bearings
at its ends. The rotor closely resembles a 3.0-in.-diameter solid-steel
cylinder, 6.0 in. in length. The bearings have identical stiffnesses for
which K,, = K,, = K lb/in., with zero cross coupling and negligible
damping. Develop the critical speed chart and determine critical speeds
given the following stiffness properties for each hydrostatic bearing.
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N K
(rpm)  (b/in.)
1000 5000
5000 10,000
13,000 40,000
60,000 100,000

The parameters of the systém are as follows: ‘

Rotor mass

o T 36) 0.283

4 386.4
Rotor inertia

= 0,03106 1b s¥/in.

[mlp= 1 -‘% (L2 = 3DY4) = 0.0758 Ib-in.-s*

Translatory critical speed

x|

Np=9.55 [-ﬁ-l

- 76,63 (K)¥? rpm
Conical critical speed

KL?
2

2
Ng = 9.55 [—-—-—] - 9.55 l

- 147.2 (K)"2 rpm.

The c:itical speeds are as follows:

s

2 ]m (k)2

0.03106

112
36 '
—_— ] (K)V?
200.0758) ] =

K Ny Nc
(t/in)  (rpm) (rpm)

1 x 10° 2,423.3 4,654.8
3x 10° 4,197.2 8,062.5
1 %104 7,663 14,720.
1% 10 24,232 46,548.

o . v Sk e asy
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In Fig. 2.16, the logarithmic plot shows a linear increase in rotor
critical frequencies with speed, which is customary for rigid rotors. The
critical gpeeds of the rotor system are found by plotting the bearing
characteristic data on the same chart. The system critical speeds occur
-at the points of intersection shown, i.e., at speeds Ny = 10,000 rpm
and N¢ = 55,000 rpm. o

Sample Calculation 7: Uniform rotor in flexible bearings

The solid uniform, steel rotor shown in Fig. 2.17 has a diameter of
3.0 in. and a length of 16.0 in. It is mounted in two flexible end bear-
ings for which the variation of stiffness with speed is given in the fol-
lowing table.

K N No
(Ib/in.)  (rpm) (dimensionless)

1x10% 11,0000  0.20
4x%10° 19,425 0.35
2x10° 55,000 1.0
1x10° 6.1x10° 11.0

1IN,
SPERD-DEPENDENT PEED. DIPEN
BRARING STIFFNESS glA:IN% :TIFC:’ENNITSS
—— 3N, DIAMETEN
Spesd m»m' 1,000 19,436 85,000 610,000
Stifness uwm.)] 104 axio? 2% 109 109

Fig. 2.17. Uniform rotor in end beurings with variable stiffnessos

Determine the first four critical sopeeds for this case, given that the
modulus of elasticity £ = 29 x 10° {b/in.2 and the weight density w =
0.283 1b/in.’ for the rotor material.

These critical speeds may be obtained by first developing the rotor
critical speed chart (Fig. 2.18), and then plotting the bearing charac-
teristic on this chart. The rotor-system critical spoeds are determined
from the points of intersection. The speed coefficient is
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.
@: BEARING
o R STIFFNESS 16.0
2 00 CHARACTERISTIC | __J o0
m I
~— 8,28 | ]
2T [ 4.0
g 2,27 \/;_,,—-——
2 10 N ’ 10
E X S |
& -~ '
=] / \
"
Li, .
R
i . .
& 102 109 104 10 10
% BEARING STIFFNESS

Fig. 2,18, Criticul speed chart for uniform rotor in ldentical flexible supports

2 1/2 2 172
- x| |&8" | 1386.4 (29 x 10%) 32
N=935\T wA] 9.5 [16 l 0.283 x 16

w 55,000 tpm.

The bearing stiffness characteristic intersects the critical speed lines at
the following dimensionless critical speed values;

1/2
_NL? | wd
[ 9.55"21 [ gEI] 042, 1.0, 2.28, 6,25,

The first four critical speeds are
Ny = 0.42 x 55,000 = 23,100 rpm
N3 = 1.0 x 55,000 = 55,000 rpm
N3 =228 X 55,000 = 125,400 rpm

Ny = 6.25 x 55,000 = 343,770 rpm.

The first two critical speeds occur in the upper straight-line range of the
two lowest critical frequency lines. This indicates that the rotor will
bend very little in these rigid modes. The higher modes are flexural

modes in which the rotor bending displacements would be as significant
as the bearing displacements.
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84 BALANCING OF RIGID AND FLEXIBLE ROTORS

It is evident that a critical speed chart can be developed for any
rotor—bearing system. In practice, titis is done by means of a critical
speed computer program to define ths rotor critical speed lines, with
data points calculated over a range of specified bearina_ stiffnesses. The
critical speeds of a rotor in actual bearings with speed-dependent
stiffness properties can then be determined by plotting the bearing
stiffness characteristic on the chart as described above,

The main shortcoming of the critical speed chart is its exclusion of
damping effects, which, for example, in fluid-film bearing systems, can
exert significant effects on the locations of the critical speed lines.
Recent developments in rotor dynamics have included such effects in
the bearing properties [12].

2.13 Rigid-Rotor Unbalance Response

Residual unbalance causes rotors to whirl in their bearings at rota-
tional frequency; this condition is called synchronous whirling. When
the rotor approaches a critical speed of the rotor—bearing system, the
rotor whirl radius will grow as resonance develops, and the maximum
whirl amplitude will occur at the critical speed. Under such cir-
cumstances, the whirl amplitudes are restrained only by the system
damping, whereas at speeds away from the critical, the system stiffness
and mass act to restrain the rotor. Nonresonant whirl amplitudes are
therefore usually smaller than whirl amplitudes at resonant speeds. The
following sections discuss the synchronous unbalance response of rigid
rotors in several types of flexible supports.

2.14 Symmetrical Rotor System with Midplane ¢.g. Unbalance Force

A symmetrical end-bearing rotor system with equal bearing
stiffnesses in the x- and y~directions (Fig. 2.19) will be considered first.
Initially, the unbalance force F is assumed to be acting alone (couple
unbalance M = zero). For this system, the whirl modes are symmetri-
cal about the midplane, and the equations of undamped forced whitling
in the translatory mode under force Fare

MY + 2KX = MGw? cos wt

and
MY + 2KY = Miw? sin wt.
where
a = c.g. eccentricity.
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EFFECTIVE FORCE AND
MOMENT AT ROTOR c.g.

EFFECTIVE
EFFECTIVE
FORCE Fy FORCE'F;
f Ml Iy i
j BEARING 1 . 7 oo BEARING 2
A :
STIFFNESS K, ; STIFFNESS Kg
z z
BALANCE ! - 2 |__BALANCE
PLANE 1 PLANE 2
2
u b -
ol o=e o L -—-—4

Effactive unbaiance force R = Miw?2

Effactive unbolance moment T » -12- MEw2L

Effectiva forca In balance plane 1: F, = F —;—‘. + -12:

Zz
Effective force in balance plane 2: Fy = F -z-2 - %—

Fig. 2.19. Simple rotor system with force and couple unbalance

Again writing the whirl radius as R = X + /¥ with / = =T and
recalling that

cos w! + I sinwt = elvt

we find that the equations of motion reduce to
MR + 2KR = Maw? o',

The solution is obtained by setting
R = Ro e,

Substituting into the equation of motion gives
(2K — Mw?) Ry e = MGw? e,

T W AR e # R R W e WS | i
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86 BALANCING OF RIGID AND FLEXIBLE ROTGRS

and thus

Maw?

Ro = 2K - Mw?'

where R, is the magnitude of the steady-state whirl radius correspond-
ing to speed w. This can be written in dimensionless form as

R. - —R:-o— - 'sz L (m/m’r)z
T a 2K - Mo? 1 ~ (w/wp)? ’

that is,
2

Re=1"ar

where
] = -f—. dimensionless speed
T
Ry = dimensionless translatory whirl radius
0 = whirl frequency ratio = w/wy
wr = undamped trans!atory natural frequency or critical
speed of rotor bearing systemn = V2K/M rad/s
w = rotor speed, rad/s.

The well-known result for the undamped response vs speed of this
symmetrical rotor system to midplane uribalance is plotted in Fig. 2.20,
The amplitude is seen to increase greatly as the resonant condition is
approached, and this resuli is commonly observed. In practice, the
inclusion of damping in the rotor supports (i.e., bearings, pedestals)
wili serve to limit any build-up of large critical whirl amplitude to
acceptable values. This verifies the results obtained for the frequencies
and modes of the rotor system with dissimilar stiffnesses.

2.15 Symmetrical Rotor System with Midplane c.g. Unbalance
Couple

Conical whirling may be induced in a rigid rotor by an unbalance
couple M acting as shown in Fig. 2.19. For a simple uniform rotor
with equal bearing stiffnesses, the equations of motion are

16+ (1/2) KL2 @ + olp é =~ (1/2) MG w?L cos wt
and
It +(1/2) KL ¢ — w Ip 6 = (1/2) M G w? L sin wt.
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(]
Maw?
; - <£ I—
M,iplt *
4
R
3
2 } \
\

. . o

0 1 2 3 4 6

Q
Dimensioniess speed ratio: Q = ‘SET

2
Dimensionless response amplitude:  RZ = E"‘ - T?"a[

Fig. 2.20. Dimensionless response of symmetrical rigid-rotor
system to c.g, balance

Because the bearings have equal coordinate stiffnesses (K, = Ky), the
whirl orbit will be circular and the whirl angles 8 and ¢ will be equal
and related by a 90° phase difference. This may be represented by the
expressions

Jm=—id, i=J-1.
Substitution of this and the complex angle expression
y=0+id
allows the equations of motion to be writteri as
Ihy=—toly+(1/2) KLy = (1/2) Mdw? L ™,

e S e kTl e e R e i e Bt e
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The solution is obtained by setting
.y - r elﬁ)t

and writing, for synchronous whirling,
I = 11* - lp

which gives
[(1/2) KL= [ @I T = (1/2) MG w*L;

that is,

(1/2) MGw?lL
(1/2) KL? - Iw?’

Recalling that the conical critical speed for this syste.a is given by

KL?
iy

Fo-

and writing

2
Q= ll’—] , 1= MH,
ac

where M is the mass of the rotor and H is the equivalent radius of
gyration for / = Jy — [p, we obtain

2
al 'R
2H" [“c] aL [ 02 2R,

F- - - ,
U _[e)] -] L
wc

where R, is the complex conical whirl radius at either bearing. If we
write the dimensionless conical whirl radius R, for the bearing ampli-
tude as

Ry L7 af

R = =47 {T- a7

»

then R, has the same spesd variation as Ry, given that wl =
(KL*/21) for conical whirling, in place of (w2 = (2K/M) for transla-
tory whirling. Wiih this notation, Fig. 2.20 may also be used to demon-
strate the variation of rotor conical unbalance response with speed.
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Sample Calculation 8

For the rotor described in sample calculation 1, see Fig. 2.7, c.g. at
midspan, D = 30 in, L = 60in., Ly = 80 in, a = » = 30 in.,
calculate the whirl radius at 10,250 and 20,500 rom for (a) residual
unbalance of 0.10 oz-in. applied at the c.g., and for (t) two equal and

. opposite unbalances of 0.05 oz-in. at the bearing locaticns of the rotor.
Each bearing stiffness is 10° 1b/in. in both coordinate directions, and
the bearing radial clearance is 0,0045 in.

(a) For c.g. unbalance, the rotor parameters are as follows:

Rotor weight W = 16.0 Ib = 256 oz
Rotor mass M = 0.0414 1b-5*/in.

Unbalance force Uwm Wa

For c.g. eccentricity,

__ U _o010 _ g
a W~ 256 0.381 x 1073 in.

The translatory critical speed is

12
2 x 10°
wr [ 0.0414 ] - 2198 rad/s

Nrp = 20,989 rpm.

Translatory critical speed ratio is

D N=10250 rpm 0, = 10250 _ 4 4544

20,989

" 20,500
- [R == hudhch S
(ii) N = 20,500 rpm O, 20,989 0.9768.

Translatory dynamic multiplier [R1 = 22/(1 - 0P]):
e (0.4884)?
) N = 10,250 rpm, R} = —23380° __ _ 44,33
0 P R = T 0ageayr ~ 01

ot

w R, R =03133a =0.1225 x 10" in.

e R R A T T TR e W YR L RN s AR RS R T TR TR R SO e




90 BALANCING OF RIGID AND FLEXIBLE ROTORS
(i) N = 20,500 rpm, Ry = (0.9768)¥/{1 — (0.9768)%] = 20.80

Ry =20.80 7 = 8,1348 x 1073 in,

The conclusions to be drawn from this are as follows:

1. At about half the translatory critical speed, the whir! radius due
to the stated unbalance is of accrotable size (0.00012 in.) for smooth
operation within the bearing radial clearance.

2, At 97.68% of the translatory critical speed, the whirl radius due
to the stated unbalance too is large (0.008 in.) for the bearing ciear-
ance.

3. This rotor must be balanced for operation at speeds approach-
ing the translatory critical speed (unless adequate system daraping can
be provided).

(b) For end-plane unbalance, half the unbalance (0.05 oz-in.) is
located in the rotor at the bearing locations. This is equivalent to half
the rotor weight (128 oz) at a radius of 0.391 x 1072 in. in each end
plane, 180° apart. The parameters are as follows:

Conical critical speed

k2|
we ™= l—'i!— = 3019 rad/s

Nc = 28,829 rpm
Critical gpeed ratios

10,250
i g W emda——
(i) 10,250 rpm, 0, 78,829 0.3555

20,500

38.829 0./110.

(i) 20,500 rpm, Q,=
Dynamic multipiier R¢ = 04/(1 — Q)

. . (0.3555)2
Ny = 10,25 Ry = —=2__— (),
(i) Ny = 10,250 rpm ¢ ™ T (035592 0.1447

(i) N;= 20,500 tpm  R¢; (0.71100%/[1 — (0.7110)%) = 1.0223.

To determine the bearing whirl radius, recall that the radius of
gyration H is given by
i 0.1975
2 R o ma e—— -
B = 35 = G044

477
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and
roodl | _0f
07 2 |1- 02
N 2 T
® o 4m |1-a2)
thus, at

(i) 10,250 rpm

a? | aL
Ppowm [—ee | ~2i 3,558 % 1075 rad
0 [1—0,’ 2H? e

af | 12
Rev= [1—0}] 4H?

82
- (, X ——————
0.1442 4 x 47712

= 0.1014
Ry= R;a = 0.1014 x 0.391 x 103

w 0.396 x 1074 in.

(ii) 20,500 rpm
0.391 X 10~° x 6

—4
ro - 1.0223 ) N - 25135 x 107* rad
Rcb 0 2 .7712 .

Ry = R}, @ = 0.7185 x 0.391 x 10~ w 0,281 x 1071 in.

We thereforc conclude that the bearing whirl radii at both speeds due
to end-plane out-of-phase unbalance are small. The magnitude of the
residual conical unbalance does not indicate any dangerous unbalance
condition at these speeds.
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It should be noted that, as both the force unbalance &nd the couple
unbalance results are based on linear bearing stiffness analyses, the
results can be adjusted by proportioning. For example, if the unbalance
force changes to U == 0.84 oz-iri. and the moment unbalance changed
to two equal and opposite forces of Fy = F, = 0.42 oz-in., the above
results would change linearly as follows:

Translatory mode:

10,250 rpm: R = 0.1225 x 10-> 284

o1 - 0.00103 in.

20,500 rpm: R = 0.0081 x 10~3 %—8-11‘- = 0.068 in.

Conical mode:

10,250 rpm: R = 0.396 x 10~* x %’li - 3.326 x 10~ in.
20,500 rpm: R = 2.81 X 10~* x 96'51“— - 2.360 x 10~ in.

Linear unbalance response analysis can be conveniently adapted in this
manner to test the sensitivity of the system.

2.16 Rigid Rotor with Displaced c.g. in Symmetrical Bearings

If a rotor has its c.g. displaced toward one beaving, Fig. 2.9, with a
single unbalance acting at its c.g., and it is operating in identical bear-
ings with identical coordinate stiffnesses, the whirl modes are coupled
as described previously. Considering first the case of unbalance at the
¢.8., the steady-state equations of motion are

MX + KX, + KX, = Miw?cos wt,
MY + KY 4+ KY, = M3 o’sinot,
16 + olyd + KaX, + KbXy = 0,

I;dp — wlpd ~ KaY + KbY, = 0.
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Introduce the geometric relatiors

Xi=X~-a0, Yi=Y—-a¢

Xg"X'l"bo. YZ-Y‘"b(ﬁ
and write the complex whirl radius and whirl slope as

Re=X+iY R=R-ay

y=0+i¢, Ry=R +by.
Substituting gives the equations of motion as

MR +2KR ~K(a—b)y=Miaawie™
and
Ly+K@+8)y~-K(a— bR = iwlpy.

For a synchronous response solution, set

R = Ro elo!
y - ro elml
and
I = 1'[' e Ip.
The matrix response equation then kecomes
2K — Mw? —~ K(a—0») Ro 1
- Madw? .
~-K(@a—-b) K(@a®+ b9 - 1o¥| [Ty 0

Solving for the whirl amplitudes at the rotor center in the c.g. plane
gives

Rew o _ w? [(a? + ) (K/1) ~ 7]

T E T ot = oll@@ + B K/D + QK/M)] + K (a + b)Y MI

w? (a = b)(K/D)
ot = W@ + B (K/D + QK/M)] + K*(a + b)Y MI

R == -
a

== - e

B e
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Rou= GR; @a=Tga

and

where the g subscript denotes whirl caused by a single unbalance acting
at the c.g., and (R, and Ry, respectively denote the corresponding
complex conical whirl radius of two bearings. The numerators of these
expressions relate to the c.g. unbalance force, i.e., single-plane unbal-
ance. Note that the denominator is the frequency equation obtained
earlier for this displaced-c.g. case.

If @ = b, that is, there is no c.g. offset, then

Re= YO o [KLY2]) - o] - w?
TG IKLY2D - W 12K/M) — of] | [QK/M) ~ of)

o et
(w} - w?l

af
1- Q¢

and

¢R¢ = 0.

These expressions coincide with those described praviously in Sec-
tion 2.14, for the zero c.g. offset condition. Couple unbalance in the
same rotor system can be studied through the effect of two equal unbal-
ances 180° apart at bearing locations, related back to the rotor c.g. as an
unbalance couple of magnitude 0.5 Ma w2L. As these unbalance forces

are opposite and equai, no effective unbalance force acts at the rotor
c.g. For this case, the coordinate aquations of forced motion are

MX + KX, + KX, =0
MY+ KY; + KY, =0

I8 + Ipwep -~ KaX, + KbX, = 0.5 MG w? L cos wt

and
I1$ = Ipwd — KaY, + KbY,= 0.5 Mdw®L sin wt.
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% Introducing the expressions defined previously for R and y allows
i these equations to be written as

; MR +2KR - K(a—b)y=0
% and

3 Iy = iwlpy + K@+ ) y — K(a - )R = 0.5 M GwiLe™".
i The matrix equation of motion is

¢ 2K ~ Mo? ~K(a - b) Ro _ 0

& . = 0.5Maw?L

% ~K(g=b) K(a®+ b -~ I [To

g\ Simplifying gives the c.g. whirl amplitudes

b

¥ rem Ro wlL(a = b)K/2I

e TG T 0= 0@’ + 8K/ + QK/M)] + K¥a + b)Y MI
&

v re = 0 W' QK ~ w*M)/21

Ny T ot — 0@+ PDK/D + QK/M)] + Kia + )Y MI
i

’; Rpa = (REF)a =Toa

\ and

i oRup = ((REE) D — Tob,

where the e subscript denotes the whirl caused by two equal unbalarces
i 180° apart at bearing locations, and R, and Ry, denote the
X corresponding complex conical whirl radius of two bearings, respec-
W tively.

If @ = b, that is, there is no c.g. offset, then

i eRi =0

4 re o Do _ ML [QK/M) ~ o]

‘¢ a 2 [QK/M) - KLY - o]

¥ ‘

L __ KL?

L TRy Y where wé 5]

9; ML | af w?

-2 |2 | where (14§ = —
g' 2 [ 1-Qf wd

ket oL ST
T = -

— e
——— ek e
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0f

L
RE =

g

- gL |_0f
22 (1-03)

These expressions coincide with those described previously in Section
2.15 for the case of no c.g. offset,

The combined case of force and moment unbalance acting at the
rotor ¢.g. can be analyzed by linearly combining results obtained for
force unbalance with those obtained for moment unbalance. Sensitivity
to unbalance may also be studied by proportioning as described previ-
ously for the symmetrical rolor case.

Ty

Sample Calculation 9: Unbalance response of uniform rotor with affset c.g.

Consider the rotor discussed in the calculations of Sections 2.14
and 2.15, and in 2.9, but with its c.g. displaced axially from the mid-
plane by 1.0 in. The rotor operates in identical end bearings. Deter-
mine the effect of this displacement on the rotor amplitudes at 10,250
and 20,500 rpm.

The rotor parameters are as follows:

M = 0.0414 1b s¥/in.

I = Iy~ Ip = 0.1975 1b-in.-s*
Unbalance

Translatory mode
Ur = 0.10 oz-in.

Conical mode
Uc = 0,05 oz-in. (each bearing location),

where the subscripts T and C stand for translatory and conical, respec-
tively.

For the translatory whirl mode with eccentric c.g., at 10,250 rpm,
@ = 1073.3 rad/s, w? = 1,152 x 10° rad/s; then,

T T T e e e 4 L K2 e WS A, Wt

AT Ak s, AR
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Ro _ o?l(a® + ) (K/D) — w?]
a  ot—-ail@@+ )&/ + QK/M)] + K (a + b)Y MI

(1,152 % 105)

100 ¢
051575 (1.152x 10 )I

612 o[ 20x105  2x108 101%% 36

_ 1.0339 x 10
2.8125 x 107

= 0.3676

and
4Ro = 0.3676 x 0.391 x 1073

- 14373 x 10~*in.

For the conical whirl mode with eccentric c.g. at 10,250 rpm,
s8¢ 2 Aw)
- (1.152 x 109 (105/0,1975)(4 — 2)
2.8125 x 1012

_ 1.1666 x 1012
2.8125 x 100

= 0,04148
To= ¢R¢ @ =1.6218 x 107° rad

(Ruu = Rq = [ga = 0.1437 x 10* — 0.0162 x 10-*(4)
= 0,0788 x 10~ in.

(Rob = Ro + Tpb = 0.1437 x 10~ + 00162 x 10-*(2)
= 0.1761 x 1073 in.

For a translatory mode with end couple unbalance, at 10,250 rpm,
the expressions are:

> SV LT A R T W R BRI R
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R = Ro WL (K/D)(a~b)/2
TG o'=wl@®+ ) (K/D+ QK/ M)+ K2 a + b)Y MI

_ (1152 x 1096(10%0.1975)2/2
2.8125 x 101

3.4997 x 1012
2.8125 x 101 0.1244

oo = (R1G = 0.1244 x 0,391 x 107> = 4,864 % 10~ in,

For a conical whirl mode, with end couple unbalance, rotating at

10,250 rpm,
re = T0 L 9L QK — o?M)/U
oo = = Aw)
& ¢| 2%105 6 0.04_
1152 % 100 6] 5 g7 — 1152 10G7g75] |
2.8125 X 1009 2

_ 26656 x 101
2.8125 x 100

= 0.09478
Iy = 0.94787 = 0.3706 x 10~ rad

Rue = oRy — [oa = 0.1244 x 1073 = 0.371 x 10~3(4)
=~ —0.0238 x 10~} in.

Rop = oRo + Tob = 0.1244 x 102 + 0.371 x 10(2)
- 0.1985 X 10~3 in.

For a translatory whiri mode with an eccentric c.g. operating at
20,500 rpm, i.e., = 2146.6 rad/s and w? = 4.608 x 10° rad/s,

Ro _ (4.608 x 10°)[(20) {10%/0.1975) — (4.608 x 109))

Ri=
$CTTTF  (4.608 x 105)2— (4,608 x 10°) (1.4958 % 107) +4.4029 x 101

_ _2.543 x 109
~ 3.6619 x 107

= - 6.941
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and
gRo= (Ria = — 6941 x 0.3%1 x 1073

= — 2,7139 x 1073 in,

For & conical whirl ihode with eccentric c.g. at 20,500 rpm,'
o 4.608 x 10%) (105/0.1975) (4~2)
—~ 3.6638 x 1012
- 46663 x 1012
~3.6619 x 1012

-— 12743

lRé- 3

Fg» (~ 1.2743)3 = — 0.4983 x 10~ rad
Ryp=—2.1739 x 1072 + 0.4983 x 10~3(4) = —(),7207 X 10~ in.
Rop = =2.7139 X 10~ — 0.4983 x 1073(2) = —3,7106 x 10~3 in,

For the translatory mode with end couple unbalance at 20, 500 rpm the
expressions are:

Ro _ 0502 (a—b)(K/I) _ 0.5(4.607 x 105)6(2) (10%/0.1975)
a A -3.6614 x 102

oR7 =
- —3,8228
Ro= (—3.8225) (0.391 % 10~%) = ~1.495 x 10~? in.

For the conical mode with end couple unbalance

To _ 050 L12K ~ Mo?

oRE== A1

_ 0.5(4.607 x 10°) [2x 10°— 0.0414(4.607 x 10%)]
(—3.6614 x 1012)(0.1975)

= 0.0295

[




PTRITRILLi = TT  E T S T

100 BALANCING OF RIGID AND FLEXIBLE ROTORS :

J o= (0.0295)(0.391 x 10™3) = 0,0115 x 10~ rad,
Rup=—1.495x% 1073 0,0115 % 1073(4) = —1.541 % 10~3in.

oRop=—1.495% 1073+ 0.0115  10~3(2) = ~1.4719 x 10~3in.

The results of the above calculation are summnrl;ed in Table 2.3.

2.17 Rigid-Rotor Instability

, Unstable whirling is a self-excited interaction between the rotor
| ‘ and its bearings in which potentially dangerous large-amplitude rotor
: motions may occur, The resulting rotor and pedestal oscillation: take
: place at some subharmonic frequency of the rotor speed. Such motions
cannot be removed by balancing the rotor. This section describes the
properties and the calculations of the threshold speed, beyond which
_ _ unstable whirling is likely to commence. Unstable whirling of rotors in
r ' bearings has been discussed by Tond! [17), Sternlicht and Rieger [18],
: - Lund (19], Badgley and Booker [20], and many others.
A rotor is said to be unstable when the journal orbit radius :
‘ increases with time, without apparent limit, until prevented by some i
additional reatraint. Unstable motions arising from the hydrodynamic ‘
uction of the bearing fluid film on the rotor are possible with rigid-rotor
systems. Any unstable condition can be distinguished from resonant
vibrations by the fact that unstable whirls are initiated beyond a certain
critical threshold condition, referred to as the threshold speed. This
! speed is an important operating variable for such systems. Once insta-
- bility is established, continued operation beyond the threshold speed
will cause the rotor orbit to increase in magnitude with time, usually
quite rapidly, until a stable radius is found (bounded instability) or
until some restraint surface such as a bearing (or seal) is struck. Many
bounded instabilities may be tolerated, but once the journal contacts
the bearing surface, a violent counterrotating whirl can occur that is k
capable of rapidly wearing both contacting surfaces. A typical bearing-
whirl-instability orbit is shown in Fig, 2.21.
A distinguishing feature of bearing whirl instability is the fre- ’
quency at which it occurs. Bearing whirls have been observed at fre- 5_
quencies within the following ranges. !
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Fig. 2,21, Typical bearing whirl insta-
bility orbit: half-frequency bearing
whirl, » < @/2, superimposed on bear-
ing unbalance whirl orbit

7S
N

Frequency Ratio
Bearing type Rigid rotor  Flexible rotor
Hydrodynamic 0.45-049  0.38-0.49
Externally pressurized 0.21--042  0.20--0.45

These whirls can be distinguished from certain other rotor-system whirl
types that have been observed to occur at the following frequencies.

Shaft whirl Frequency Reference

Synchronous unbalance wiirl » = @, always 2,21,22

Dissimilar stiffness whirl v 2w 17,23,24

Subhartnonic shaft whirls v= w2, 03, /4, 15,25,26
etc.

Hysteresis whirl v = w,, independent 12,27,28

of w above wy

The above tables include flexible-rotor systems for completeness. Note
that only unbalance whirling and bearing whirl occur in rigid-rotor sys-
tems. The major analytical interest in unstable bearing whiri lies in
being able to predict accurately the whirl threshold speed for & given set
of operatit § conditions. A method for doing this is described below.
Consgider the rigid rotor in fluid-film bearings shown in Fig. 2.22.
The rotor is taken as a cylinder (for convenience) and has mass M,
translatory inertia Iy, and polar inertia Ip. Both bearings are identical

A T A b gt b 2e i s
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M i Inlp
' o9
FLUID-FILM 1 FLUID-FILM
BEARING | BEARING
Ko Kuy Kyx Kyy Kix Ky Ky Kyy
Bux Byy Byy By Bux Byy By By

ENDS TRANELATORY
i pHASE@_:_:_—?_“#::-‘:::& e
m%i ' ;ﬁr
)

EﬁRSSUT oF @ e e CONICAL
—— -y L b H
- T rme—i M/ WHIRL

[

Fig, 2.22, Unstable whirl modes of rigid rotor in fluld-film bearings

and share the rotor load (gravity) equally, so that they both have the
same operating eccentricity and bearing dynamic coefficients, At the
instability threshold speed w,, the whirl frequency v is usually some-
what less than 0.5w, where w iy the rotor speed (rad/s). There are two
possible modes of whirling: (a) translatory whirl (ends in phase) and
(b) conical whirl (ends out of phase); see Fig, 2.22. The question of
which mode will occur first (i.e., at the lower operating speed w, thus
constituting the system half-frequency whirl threshold) depends on the
ratio of the critical speeds, which, for synchronous whirling is given by

gl _ 41 _ 4Ur=1p)
wez) ML ML?

For the solid cylindrical rotor shown,
Iy = -lli-M BR? + L]

< 1.0

Substituting shows that the resulting expression (3R?—L?)/3L? s
always less than 1.0, and so the end-bearing cylindrical rotor shown in
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Fig, 2.22 will always experiencs haif-frequency whirl in ity translatory
mode. For a symmstric rotor with overhung ends, of lsngth Ly and
bearing span L, Fig. 2.7, the synchronous gritical speed ratio is

wcg Lf - 3R2
wcy 32

L > 3L + 3R3,

the conical mode occurs at a lower frequency than the translatory
mode, and half frequency whirl inmbillty wili ‘therefore be associated
with the conical mode. Where L§ < 3L? + 3R?, any half frequency
whirl instability will be associated with the trmlatory mode.

The above results show that the tendency for a rotor to whirl in its

. translatory mode ocours becuuse Iy is usually much larger than Ip.

“To obtain an expression for the half-frequency whirl threshold
condition, consider the rigid rotor in damped flexible bearings shown in
Fig. 2.23. The rotor is taken as being petfectly balanced and is sym-
motrical in- all respacts about the midplane. Assuming that the rotor
will whix] first in its transietory mode, the threshold conditions can be
obtained by considering the forces at either bedring as follows:

Writing Newton’s law at either bearing gives

1 [T . 3

and
1 2 3
sMYV~-KyX-K,Y-B,-X-B,V.

where the K terms K., K, K, and K,, ure the bearing linear
stiffness coefficients and the B terms By, By, B, and B, are the

bearing linear damping coefficients. The solutlon is obulned y getting
XYmxev Yapel, jmy=~T

where the instability threshold is to be determined from the condition
that v is the rotor whirl frequency at the onset of unstable whirling;
that is, where the complex eigenvalue p = a + /v is at the bounidary

of the real axis and « is changing from —ve to +ve as shown in Fig.
2.4,

R

b 2t e e e i e, T2 Bl i e e = i T T o
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ECCENTRICITY f

BEARING ,

EQUILIBRIUM POSITION OF JOURNAL 2, ;
IN BEARING

[3
ATTITUDE ;
ANGLE !

JOURNAL
PEPRESENTATION OF DYNAMIC
PHROPERTIES OF FLUID-FILM
BEARING BY EIGHT LINEAR Y
SPRINGS AND DASHPOTS BVV K
i xy
Kyx By
B
yx
Kxx
Byx

JOURNAL

RESULTANT FORCES FROM SPHINGS AND  FOUR FILM

FORCES IN
DASHPOTS ACTING ON ROTOR JOURNAL v-DIRECTION

FOUR FILM FORCES
IN X-DIRECTION

Fig. 223, Dynamic force effects for fluid-fllm bearings

Instability threshold
a=0, pmiv

imy { Generally p = a + iv

§
{
V
:

—a+|y a+lv

P2 Py

—e RO «

e~ @~ +o = trungient growth
~a = transient decay
+iv = positive whirl, direction of shaft rotation
~iv = negative whirl, oppoaits to direction
of shaft rotation

Fig. 2.24, Complex plun plot of eigenvalue: p conditions
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Substituting this solution into the equations of motion gives
(2K — M¥? + 1v2By) (2K, + 2By} | || |0
(2K, + iv2B,,) (2K, — My* + 1v28,)| |y| [0
or
(2K, — My? + iv2B, 12K, ~ Mv? + iv2B,))]

Equating real and imaginaty parts to zeto gives
2K 2K,y + (MVD? ~ MV (2K, + 2K))) — 2K 2Ky

and

2B,,2K,, + 2B,,2K,, - My*(2B,, + 28B,,)
- (2Ky28,, + 2K,,x2E,q.) -,
Writing v ™ yw, where vy is the whitl frequency ratio [:’;—-l, gives

(KywBy + KyywBy) ~ (KgwbBy, + K, wB,,)
(2.17.1)
(wBy, + @B,,)

e L Moty? e
2Mw'y K

and
Kex — Ky — 3~ KoKy _| v ’ 2
@BawB, ~wBywB,  |w] (2.17.2)

In these expressions the bearing stiffness and damping coefficients
are expressed as usual in terms of the speed of rotation and so may be
selected directly for any given operating condition. The pracedure fot
determining the whirl threshold speed for a given case is as follows:

1. Select a trial threshold speed wyyy.

2. Determine the corresponding bearing coefficients K., w By,
ete.
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3. Substitute in Eq. (2.17.1); evaluats « = % Muy?,

4, Substitute in Bq. (2.17.2); evaluate 2
5. Calculate w? from 2x/My? = wl,. Hence obtain wg,.
6. Compare wgy, With w,. If they are equal, this is the threshold

speed. If not, the required condition can bs obtained by iterating the
above procedure,

Saveral trial caloulations may be needed before agreement is reached.
A cross-plot facilitates convergence, as shown in Fig, 2.25. These equa-
tions can be easily programmed for direct solution. Values of the eight
bearing coefficients must be supplied for each trial speed assumed.

SOLUTION QF g = w,

Fig. 2.25. Plot of w,,, v§
Wyssumed

1. " e » '
{ ﬂ\‘\' WaASEUMED

A sample calculation using the above procedure has been given by
Rieger and Cundiff (29].

The threshold speed of rigid-rotor conical whirl stability can also
be found by replacing the mass term in the above equations by the
effective mass M, acting at the bearing. This is given by

2
M, l.g:] -1y = % Ip == Iy = 2,01, (cylinder),

. 41 4y = 21y)

M, i (end)
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CHAPTER 3
BALANCING MACHINES AND FACILITIES

3.1 Principles of Balancing

The objective of rotor balancing is to minimize the effects of rotor
residual unbalance on the system during normal operation. The main
effects of excessive rotor unbalance are

1. Undesirable vibratory forces applied at the rotor journals to the
supporting structure and foundation

2. Undesirable rotor runout (i.e., nonconcentric rotor operation)
and excessive whirl orbit size

3. Excessive noise level from transmitted vibratory forces.

A perfectly balanced rotor will transmit no unbalance vibratory force or
vibratory motion to its bearings or supports at any operating speed.
Acceptable levels of residual unbalance are described in ISO balancing
documents [1,2]. The basic requirement for rotor balancing is that the
c.g. of the rotor mass distribution in all normal modes of the rotor sys-
tem shall lie on the axis of rotation. The objective of rotor balancing is
to achieve this condition in an efficient manner. Typical rotor balanc-
ing involves the following steps:

1. Detection and measurement of the effect of unbalance at
selected locations-along the length of the rotor

2. Modification of the rotor mass distribution at the correction
planes to minimize the effects of unbalance at the measurement loca-
tions

3. Repetition of the above steps until the residual unbalance effect
is smaller than some specified balance criterion value.

The above balancing procedure can be undertaken in a general-purpose
balancing machine, in a special balancing machine, in a balancing facil-
ity, or at the site. Small rigid rotors are usually balanced in a general
purpose balancing facility, involving considerable ancillary equipment.
Many rotors are also trim balanced at the site. In most cases the partic-
ular needs of the machine determine the type of balancing required.

111
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This chapter describes the variety of balancing machines and facili-
ties now in use. It discusses the basic components of various médern
balancing machines and the balancing procedures involved in each
instance. Field balancing is described in Chapter 4.

Single-Piane Balancing

The simple single-disk rotor shown in Fig. 3.1 consists of a thin,
uniform, citcular disk mounted eccentrically on a uniform shaft of cir-
cular cross section. This figure demonstrates how rotor unbalance may
arise from disk eccentricity. The unbalance lies in the plane of the
disk, and its effect can be removed by adding a suvitable weight diamet-
rically opposite the disk eccentricity. Usually, neither the magnitude of
the unbalance nor its location are known at the start of the balancing
process. It is common practice to determine the angular location of the
unbalance in such a rotor by placing the shaft on two knife edges and
allowing the rotor to roli until its c.g. finds its lowest position. A
known trial weight is then added to the disk at some selected angular
location, and the disk is again allowed to come to rest on the knife
edges. The trial weight is then moved to another ‘angular location, say
120° away from the first trial location, and the procedure is repeated.
A third trial may be attempted with the weight another 120° from the
previous two locations. The required balance weight can then be
obtained by solving the resulting vector force problem. A construction
for doing this has been described by Sommervaille [3). A single-disk
rotor can, of course, be balanced in any commercial balancing machine.
The above construction is a simple alternative, to demonstrate the
nature of single-plane unbalance and balancing.

Two-Plane Balancing

Any rigid rotor can be balanced by the addition of suitable correc-
tion weights in any two separate correction pianes along the length of
the rotor. In practice the selection of suitable correciion planes is usu-
ally limited by conivenience of access to the rotor in its casing. Increas-
ing attention is now being given to effective positioning of balance

. Fig. 3.1. Simple single-disk rotor
on knife edges for single-plane bal-
ance correction
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planes in many modern rotor designs. Two-plane balancing is required
for stiff rotors of moderate length, of which the end-bearing drum-type
rotor shown in Fig. 3.2 is typical. Two-plane balancing involves a series
of measurements that are made with the rotor rotating at some low
speed—commonly between 100 and 600 rpm. Simple two-plane balanc-
ing procedures require cach end of the rotor to be balanced indepen-.
dently. This may involve considerable trial and error and some balance
weight and angle calculations.* The most. modern procedures allow
balancing to be undertaken in three steps:

1. The rotor is rotated in a calibrated balancer that automatically
defines the required correction weights needed for the specified balance
planes.

2. The required correction weights are installed.

3. The new residual unbalance condition is measured.

In general, the oncrations raquired for a two-plane talance are as fol-
lows:

1. Spin the rotor at a sultable balancing speed.

2, Measure the transmitted unbalance force and phase angle at the
left bearing.

3. Measure the transmitted unbalance force and phase angle at the
right bearing.

4. Determine the correction weight and angular location required
in either correction plane by a suitable caloulation.

5. Ingert the correction weights at the required locations in both
cotrection pla: es.

6. Measure the new transmitted forces at the left and right bear-
ings. Compare with the appropriate balance criterion.

7. Repeat the above sequence until the new balance condition
matches the required criterion value.

“» A

Fig. 3.2. Rigid drum-type sotor with end correction planes

Multiplane Balancing

Flexible rotors usually require multiplane balancing, which can be
done by a number of procedures. The best kriown of the multiplane
balancing techniques are the following:

*These calculations can now be done with certain pocket calculators: see Scction 4.3,

e -

S m 5251 i,

b STt R £

RSN

a2



e —

- T

114 BALANCING OF RIGID AND FLEXIBLE ROTORS

1. Moda! balancing, in which the respective modal components of
the unbalance are balanced out mode by motde

2. Influence coefficient balancing, in which rotor balance is
achieved using a computer to process the trial weight test data, which
are obtained in a presctibed manner. :

Muitiptahe balancing can be accomplished in a balancing facility or in
situ in the field. The particular technique used may range fiom trial-
and-error balancing to a highly automated computer specification of bal-
ance weights, Multiplane balancing requires the following equipment:

1. Mechanical drive input for required balancing speeds

2. Vibration sensors for dats acqunsitxon (displacement probes,
pedestal transducers, etc.)

3. Signal-processing and data- reductlon equipment (e.g., tracking
filters, wattmeter circuit, minicomputer, ste.)

4. Trial weights, and access to rotox cerrection pl&nes

Multiplane balancing ditfers from two-plane balancing in that it requnres
a high-speed balance. Two-plane balancing can be peiformed ai any
(low) speed at which a signal of adeguate strength can be obtained.
Several machines capable of balancing flexible roiors are described in
this chapter. Several large, flexible, rofor balanzing facilities for
turbine-generators and for aircraft jet engines are also described.

3.2 Classification

The widespread need for balancing all types of rotating machinery
has led to the development of efficient general purpose balancing
machines and a variety of multipurpose balancing equipment. A variety
of special semiautomated balancing facilities have also basen developed
to accommodate quantities of similar components on a production basis,
For the purpose of discussion, balancing machines can be classifled in
several differerit ways, each of which provides insight Into their func-

tioning and special features. Three such classifications are described
beiow.

Facility Classification

General purpose balancers. These units are designed to {alonce a
range of rotor types and sizes. They dre usually two-plane, slow-speed
balancers, but larger units have been designed to function at higher
speeds. There is a great diversity of such cquipment. Modern general
purpose balancers perform many operations ¢f the baluncing process
automatically, using a minicomputer.
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Custom balancers. Where the range of equipment to be balanced is
more restricted in shape, size, and balancing speed, special purpose
balancers are used for speci&ic balancing tasks. Small fans, gyros, auto-
motive wheels, satellite mass belancers, etc., are balanced on such
equipment. Balancing units that accommodate and balance rotors of
specific shapes and types with maximum convenience ate commercially
. available as custom balancing units,. .~ - - - -
» Complex automated facilities. Highly specialized custom balancing
facilities have been designed to incorporate the related manufacturing
functions; e.g., a crankshaft balancing facility with metal removal,
automatic weighing, and inflow-outflow conveyor system, and a 1
turbine-generator balance/spin-pit facility with resilient bearings and !
pedestals in a vacuum chember for rotor overspeed tests. Varying ’
degrees of automated operation are available, depending on require-
ments. Typical automated operations range from balance-weighing of
connecting rods to fully automated operations such as small armature
balancing and production wheal balancing. ‘

Callbration and Readout Classification "

McQueary {4] has commented that, from an operational viewpoint,
the most impottant characteristics of a balancing machine are“its cali-
bration and readout capabilities. Calibration iy the precision adjustment
of the machine readout system; it may be permanent (built in) or tem-
porary (requiring recalibration with a calibrating rotor). Readout is the
manner in which residual unbalance magnitude and phase-angle data
are acquired and displayed. This may range from trial-and-error obser-
vations of response on a voltmeter through digital displays of amplitude

and phase data. McQueary gives the following classification of balanc-
ing machines:

Class 1. Trial-and-error balancing machines §
Class 2. Calibratable balancing machines that require a balanced
prototype rotor

Class 3. Calibratable balancing machines that do not require a bal-
anced prototype rotor ‘

Class 4. Permanently calibrated hard-bearing balancing machines.

Permanently calibrated machines are the most convenient and the most
expensive. Such a machine is not always required, for instance, in field
balancing, where an accelerometer and a readout device often suffice
for the trial-and-error process involved. It is, however, evident that,
besides basic considerations of machine size, operating principle (hard
bearing, soft bearing), degree of automation, and so on, there are
important questions to consider in planning the acquisition of balancing
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116 BALANCING OF RIGID AND FLEXIBLE ROTORS

equipment—namely, the nature and extent of calibration which ]
desired mstallauon should possess. S

: Chsslﬁcmon by Principle of Operation

Balancmg machines are frequemly classuﬁed as soﬁ bearlng, hard-
-bearmg, or resonant. These terms refer to the ‘Supports (bearings 'and
pédestals) on which the rotor is mounted during the balancing process.
The influence of the'iotor supports on the. performance of the balanc-
ing -machine may be understood by. considering .the system shown.in
Fig. 3.3. The forced amplitude response for such a system, through the
resonant speed excited by the rotor unbalance, is shown in Fig. 3.4e.
This figure also indicates the regions of operation.for soft-bearing,
resonant, and hard-bearing muchines in relation to the dynamic proper-
ties of ‘the balancing machine. For a so-called hard-support machine,
the natural frequency of the. support system is high, and balancing
operations are performed on this machine in the suberitical region, well
below resonance; the unbalance force and support displacement are
then always in phase, as shown in Fig.-3.4b. With a soft-support
machine, the balancing s always performed well above the natural fre-
quency of the gupport system, in the supercritical region. Unbalance
force and résponse are then 180° out of phase (this causes no prob-
lem), Resonant balancing mechines operate by passing down through

- the natural frequency of the rotor—support system as the rotor speed :
decreases. The associated large resonant amplitude build-up is used to &
amplify the unbalance readout signals. This avoids the cost of ‘more
elaborate elecironics. These three principles of dynamic operation have
resulted in the three different types of balancing machines identified B
above. Each machine type is discussed with examples later in this
chapter, The supports of a soft-bearing machine are shown in Fig. 3.5.
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Fig. 3.3, Simple rigid rotot in damped MNexible bentings
with midspan unbalance
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Fig. 3.5, Six-stage contrifugal compreysor rotor supported on the soft-support
pedesialy of a balancing machine, The midplune probe shown measures any
bending of the rotor, Balance udjustments ure made in the two end-plane
disks, (Courtesy of LR.D. Mechanalysis.)

Rotor Classification

Balancing machines are sometimes described in general termis as
being either rigid-rotor or Aexible-rotor machines. This classification
usually refers to whether the function of the machine is to balance a
rotor in two planes at low speeds, or whether multiplane balancing must
be used. This same type of classification is intended by the terms fow-
speed and figh-speed balancers. None of these terms are precise,
because they omit important understandings of the balancing process;
for example, a two-bearing, low-speed balancer may also be capable of
multiplune balancing using properly conditioned outputs from the two
support pedestals. If this halancer were also capable of operating at

. higher speeds, a true flexible multiplone rotor balance might be possi-

ble. In such a case it is the operating speed of the balancer, not the
readout, that limits the machine function. As the terms low-speed and
high-speed balancer are imprecise, they are not used in this monograph.

3.3 Major Components of Balancing Machines
Rotor Supports

The rotor structure of a balancing machine may include (a) journal
suppor's, which may range from hardened steel rollers to fluid-film




e =

BALANCING MACHINES AND FACILITIES 119

bearings with a lubricant supply system; (b) pedestals, which are com-
monly a rigid block of material to carry the bearings; (c) pedestal sup-
ports, which are e¢ssentially lateral-motion springs possessing a
prescribed amount of flexibility ‘while. remaining rigid in the vertical
direction; and (d) a foundation base, which rigidly suppotts the ped-
estals during operation and allows axial adjustment for rotors of dif-
ferent sizes. : o

The supports perform several functions: rotor support, low-
friction rotation, calibrated motion for unbalance measurement, length
adjusiment for various rotor sizes, and provision for secure clamping
during balancing. Two types of support in current use are the so-called
soft supporis and the hard supports. The soft-support principle is
shown in Fig. 3.6. The system consists of a low-stiffress horizonial
spring support with a free period of 1 tc 2 seconds. The vertical stiff-
ness is substantially higher and hence rigid by comparison. Soft-
support machines opératé sbove the natural frequency of the rotor-
support system, They have an advantage in the inoreased strength of
the output signal from the vibration sensors because of larger displuce-
ments for the same lével of unbalance; strong signals at rotational fre-
quency require less sophisticated electronic equipment for subsequent
processing of the unbaldnce readout. Soft-support machines tend to be
simpler and less expensive than hard-support machines and are well
suited to most rigid-rotor balancing applications. They are used for a
variety of small- to medium-size universal bulancers and for. the balanc-
ing of armatures, crankshafts, fan rotors, inipeliers, and dtive shafts.

UNBALANCED

Fig, 3.6. Soft-bearing-support principle. The bearings are rostruined so that
only horizontal motlon is possible,

A typical hard-support balancing machine is shown in Fig. 3.7

The hard support is moderately flexible in the horizontal direction snd
quite rigid in the vertical direction. The journal pedestal, hard springs,
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b) .

Flg. 3.7. Hurd-support pedestul for universal balancing machine,
Shown are palented aspects of 4 Schenck machine: hurd-bearing
pedestals with velocity-mousuring (ransducer, rotor joutnal roller
supporty, with vertical adjustment and clamping, and pedestul
quick adjustment and clamping, device lor maching frame,
(Courtesy of Schenck Trebyl Corperation.)

and the movable foundaticn block are now commonly made from u sin-
gle plece of metal. Support tnotions may be sensed by displacement
probes, strain gages, and by other meurs, A typical arrangemen: is
shown in Fig. 3.8, Hard-support machines experience smaller displace-
ments than soft-support machines for the same unbalance; the resulting
displacement signals tend 10 be correspondingly smaller. The smaller
unbalance signals are accommodated by e electronic equipnient nor-
mally provided for this type of muachine. This equipment may include
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INDUCTANCE __ DL - CARRIAGE
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Fig. 3.8, Typleal hard-support pedestal

amplifiers and a refined RAlter oircuit. The amplifiers condition the
unbalance signals for amplitude and phase angle. Hard-support
machines are also more susceptible to extraneous vibrations (e.g., from
the shop floor) because these vibrations are less efficiently attenuated
by the stiffer suppori construction and the higher natural frequency of
the hard-support system. '

Hard-support miachines are used for both rigid- and flexible-rotor
balancing. Universal hard-support balancers are now available in a
range of sizes, and most large special purpose balanvers and facilities
now use hard-support equipment, Rigidity of construction is a desirable
high-speed feature, and the electronic equipment now available is
attractive because of its versatility, permanent calibration, clean and
pracise signal conditioning, and direct readout. If many other opera-
tions in a facility must also be considered (e.g., lubrication pumps,
vacyum pumps, Ward-Leonard drive), the incorporation of balancing
electronicy Is a lesser consideration.

Rotor Drive

A variety of techniques is used to impart rotary motion to the
component being balanced, with the belt drive and the end-drive shaft
being the most common. The choice of & drive system is based on the
requirernents .of the given application and is determined by rotor size,
power involved, influence of bearing eccentricity, and system dynamics,
Flat-belt drives are common in small bench-type balancers like the one
shown in Fig. 3.9a. Such belt drives are easy to set up, and allow
adjustmerit of drive tension and belt Incation on the rotor. There is
some question, however, as to how much additional vibratory motion is
impartad to the pedestal readout by the belt motion.
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Another type of belt drive is shown in Fig. 3.9b. The cantilever
belt drive spins the rotor up to speed when it is lowered to contact the
upper surface of the roter; the belt is moved away from the rotor when
the desired speed is reached (somewhat above the critical speed of the
rotor support). The roior then drifts down in speed, passing through
resonance. During measurement the belt is not in contact with the
rotor, and this eliminates uny unwanted belt excitation effects.

For installations with large rotor-inertia and drive-power require-
ments, it is often desirable to use an end drive. The end drive may
consist of a suitably sized coupling shaft, with a universal Joint at both
ends, attached from the balancer drive unit to the rotor overhung end,
as shown in Fig. 3.9c. Such drives are widely used in medium and
large general purpose balapicing machines and in many custom
machines and facilities because of their highér power-transmission capa-
bility. This ability is of impurtance for acceleration and regenerative
braking, where balance cycle time is potentially large (large-inertia
rotor) and where windage requires a large power input (e.g., fan or
bladed turbomachine rotors). In very large installations a specially
designed drive-shaft coupling may be required to supply adequate drive
power, which may exceed 1000 hp.. A surrounding vacuum chamber is
commonly used, especially with bladed turbomachines, to reduce wind-
age power consumption.

(a) Beltdrive, hard-pedestal, gerieval-purpose machine: Helt tension is adjustebls, and
motor dr)lve I8 bstween the hatd-pedestal supports. (Courtesy of Schenck Trebsal Cor-
poration.

Fig. 3.9, Vurious baluncing-machine drives
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(b) Cantilever-drive, resonant-pedestal, general-purposs muchine:
Belt drive is pivoted Into contact with rotor; alter accelorating the
rotor to speed, the urm swings back, allowing the rotor to coust down
through resonance. (Courtesy of Stewat t-Warner.)

(¢) End-drive, hard-pedestal, gencral-purpose maohine:
Motor and drive vie a unlversal coupling rotates the
motor-driven blowor fan; pedestal supports are a variation
of the rigid pedostals shown in (4) above, (Courtesy of
Schenck Trebe!l Corporation,)

Fig. 3.9. (Continued) Various balancing-machine drives

123
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The drive couplings for such drives must themselves be carefully
balanced. They are attached at a sensitive location (i.e., at an overhung
shaft end), which could introduce unwanted dynamic errors into the
rotor. For large end-coupled drive shafts the associated problems can
be very significant, not only for balancing the coupling but ajso for
lubricating it against wrnar and seizure. A further need is for balanced
quick-attach rotor flanges, to which the above drive couplings can be
secured. Patented designs for such flanges have been developed.

A third method of driving a rotor for balancing is by its own inter-
nal drive system; an example is the motor-driven gyro unit shown in
Fig. 3.10. For such applications it is frequently appropriate to balance
the rotor in its own support system. This is possible where there is
convenient access to the rotor correction planes through the casing,
For example, the gyro unil shown has its own internal electric motor
drive, It operates at 12,000 rpm and has a rotor weighing about 4 b,
The casing is mounted on soft supports for balancing, Examples of
other self-drive uuits that can be balanced in this manner are aircrafl

Fig. 3.10. Internal electric-motor-driven gyro in
baluncing machine
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cabin pressurizers (30,000 to 60,000 rpm, rotor weight 1 to 2 Ib, inter-
nal air turbine drive), and complete internal combustion engine assem-
blies (for which special assembly balancing stands are available—Fig.
3.11). The wide range of industrial equipment that is customarily bal-
anced in the field—turbines, generators, akial and centrifugal compres-
sors, blowers, turbochargers, eic.—represents another group of self-
drive balancing applications. In each instance there is some foim f
drive input to supply the motive power during field balancing, in con-
trast with shop balancer~driver applications where the components
themselves possess no driver.

Fig. 3.11. Engine assembly balancing. Complete engines can be run and tested
as assemblies in machines of this type. A (wo-plane trim baslunce is performed
on the clutch housing and on the generator drive wheel. Note the velocity
readout transducers on the frame beneath the engine. (Courtesy of Schenck
Trebel Corporation.)
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126 BALANCING OF RIGID AND FLEXIBLE ROTORS

Foundation

Each balancing installation requires a foundation with strength and
rigidity sufficient 10 support the rotor without introducing any structural
resonances that may affect the accuracy of the readings. A massive
foundation is also desirable o attenuate external vibration and impacts.
The foundation must also permit axial adjustment of the balancer ped-
estals, either manually or mechanically. ' For small balancing machines
(Fig. 3.12) the foundation may support only the pedestals, with the
electronic equipment mounted elsewhere. Medium-size balancing
installations (Fig. 3.13) ate often built as a unit, with the electronic
equipment mounted for convenience at one end, on the foundation. In
large special purpose units, the foundation may merge with the protec-
tive equipment of the spin pit (Fig. 3.14). All foundations must be
carefully designed to provide ease of accessibility during balancing.
They must also exclude undesirable dynamic effects-arising from inade-
quate rigidity and harmful structural resonances. In every instance,
foundation resonances are a serious potential source of balancing ertors.

Fig. 3.12. Wattmeter console and gyro bulancing stand with movable supports.
(Courtesy of Schenck Trabel Corporation.)
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(Courtesy of Schenck Trebel Corporation.)

127

Fig. 3.13, Medium-size balancer with electronic readout equipment on bedplate,
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Fig. 3.14. Rotur in burstproof spin pit. In the spin pit the pedestuls ure lowered
and bolied to the tunnel floor. The oll hoses are attached to the bearings for
lubrication and cooling. The spin pit is sealed and avacunted before operation.
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The heart of modern balancing ~machines 'lie_'s,vgin"'the -electronic
" equipment 'used to acquire the vibration signals and to process the slg-

nals mto unbalancc mt‘ormatlon. The following electronic equlpment is

|
| - |
Electronics . o : { -
I
|
used: |

—

S ). anration sensors (mductance probes, accelorometers, strain
gages) SRCREEE

2. Filtering’ cirouits (wattmetor circunt. trackmg ﬂlters)

3. Operational amplifiers

4, Plane-separation circuits, -

Vibration sensorsdre usually routine components oapable of sensing
velocity, displacement, or- acceleration,: depending -on the application,
Though the ‘output of the sensor may be weak or with high background -

noise, usually it ‘can. be filteréd and amplified to provide.a suitable
balancing signal. Figures 3,15 and 3.16 show vibration censors for soft-
and hard-support maohines, rospectively.

Piokup installad in
Balancing Machine Pedestal

Fig. 3,15, Vitration sensors for soft-bearing machine.
(Courtesy of Schenck Trebel Corporation.)
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Flg. 3,16, Vibration sensors for hard-bearing machine.
(Courtesy of Schenok Trebel Corporation.)

Signal filtering can be u»cofhpluhed by a number of speoial cire
cuits. The most widely used is the wattmeter circuit, discussed in the
next section. The wattmeter circuit acts as a simple efficient filter to
exclude all asynchronous ac components from the balance signal, The
output signal is a clean harmonic waveform that can then be used to
define the rotor unbalance. Other circuits use tracking filters with
analog-to-digital converters coupled to a mioroprooesqor. for example,
in field balancing equipment.

Several amplifier circuits for balancing are mentioned in Section
3.7, Review of Patents. The amplifier principles involved are relatively
straightforward, but this technology is changing rapidly as new solid
state electronic concepts are incorporated.

Wattmetér Filtering Method

Moving-coil wattmeters are {requently used to filter the signal
transmitted to the pedestals of a bulancing machine by an unbalanced
rotor. The watimeter circuit acts as a frequency fllter that excludes all
asynchronous components of the vibration signal. This occurs because
the wattmeter can furiclion only when the alternating voltage supplied
tc its field coil and the alternating current supplied te its moving ooil
are identical in frequency.
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A balancing-machine wattmeter circuit is shown in Fig. 3.17.
Alternating current from an unbalance sensor attached to the. flexibie
pedestal is supplied to vhe wattmeter field coil, and alternating voliage
. from an ac generator coupled. to the drive shaft is supplied to the
" wattmeter moving coil. The deflection of the moving coil is then pro
{ portional to the wattmeter power W = EI cos 6, where E is the zenera-
., tor voltage, [ is the unbalance sensor current, and 6 is the phase angle
| between the voltage and current signals. Figure 3.18 shows how a
' wattmeter can combine waves of identical frequency and how waves of
differing frequency fail to produce a reading. The wattmeter reading is
the average of the product of voltage and current when these com-
ponents are in phase ‘Where the unbalance current signal leads the ac
voltage, the unbalance power signal is reduced by cos 8. The wattmeter
also requires careful measurement of the sensor signal phase, to avoid
incorrect balance readings. Because it functions as a frequency filter
that excludes honsynchronous frequency components frot the wattme-
ter power signal, only voltages and currents with the same frequency
can be combined in this instrument, Typical synchronous generator
‘voltage and sensor current signals contain strong synchronous com-
ponents, together with harmonics from structural resonances and back-
ground noise. The harmonics, resonances, and noise are removed
when the wattmeter combines the synchronous component of the
unbalance current with the generator voltage frequency. An accurate
measure of the transmitted unbalanve force can thereby be obtained.

UNBALANCK

WATTMETER ANALOG
ANALOG o + SWITCHING CIRCUIT
SWITCHING CIRCUIY
———— 1 —
o croremre e ey 1
{ - i

DAIVE MOTON

IMPEDANGE
PROMK

IMPEDANCE
FROBE

X i

UNIVERBAL
COUPLING

SUPPOAT
FLEXIBILITY

SUPPONT
FLOXIBILITY

Fig. 3.17. Wattmeler unbalance-measuring system




132

- {a)

BALANCING OF RIGID AND FLEXIBLE ROTORS

El

E ¢ wt

R

~ !lln wt .

) 0wt gin wt d fut)n o)
bo Av.power & HEl

©wt

El
Ewinwt
2n . . '
| sin t+ o
sntut+9) El sin wt shilwt + 6) = » El cos #
{b} Av. powdr = % €l eos &
‘ |0+ ’ .
€1
E sih wt
2n

Bl o wt sin 2 wt dint) m O

| sin 2wt
(o)
\/v wt !
El

E ain wt
lln(2wt '+ 8

ts

{d

0
|8+ wt

Fig. 3.18. Wattmeler mousurement of power from product of current and
voltage showing rejection of nonsynohronous signals

2n
f El sin wt uin (2wt + 0) dlwt) = 0

e e e e

P

The feature by which the wattmeter is able to reject extraneous
signals is shown in Fig, 3.18d where a nonsynchronous current com-
ponent is multiplied by the synchronous voltage. The product within
the intogral is zero over each cycle of synchronous input. This results
in zero net readout on the wattmeter. The periodic integral of the pro-
duct of two sinuvoids is

I - (m » ">|
j; sin mwt sin nwt dwt)

wg (i wn),
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For the case where the initial phase differénce is nonzero, we obtain
‘ iw | Co : ‘ | =0 - fa # 1)“
J;" sint wt sin (awt + 0) d(wt) .
Ca : ] - acos 0 (aw=1),

where 9 is the phase angle between the two smusoids at + = 0-ay

shown in Fig. 3.18.
 Accurate balancing depends on obtainlns acoutate signals that
relate in a consistent, known manner to the unbalance force being

imparted to the pedestal supports. The wattmeter method is a simple.

procedure for excluding unwanted signal components from the unbal-
ance signal and also for excluding unwinted signals arising from rota-
tion, such as noncircular journal harmonics, drive stick-slip effects,
small impacts, misallznmem, and excltation from the external environ-
ment.

Plane Sepnmlon. In-Plane Unbsalance Distribution.

Figure 3.19a shows a rigid rotor that is to be corrected for unbal-
ance in the two planes indicated. The rotor is supported in two end
bearings. It has two correction planes inboard of the bearings, and the
residual urbilance force is represented by the two applied forces
shown, If the left bearing support is restrained so that no lateral
ivotion is possible at that location and if the right bearing support is
fre¢ to move, it is then possible to select a balance weight for tha right
coirection plane such that the right end of the rotor would run in a
gmooth, balanced condition. The same rotor could also be corrected by
restraluing the right bearing and inserting a suitable correction weight
in the left correction plane. The criterion of balance is that the rotor
shall run smoothly without transmitting any dynamioc force to the bear-
ings, Having thus corrected the rotor in the left and right planes
independenily, we might think that the rotor would run smoothly if
both bearing restraints were released. This is not the case: the rotor
would again run roughly. The problem arises because the force hal-
ances have not been achieved independently of the support forces.

The reason for this failure to balance the rotor can be explained by
congidering the rigid rotor shown in Fig. 3.19b, whioh has a single
unbalance force U acting as shown. If we restrain the rotor against
transverse movement at bearing A while allowing end B to movs freely,
and balance it in correction plane 2, the required correction weight for
this condition becomes:;

b
Cz"U';.
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LEFT CORRECTION PLANE RlGHT CORRECTION PLANE
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(x) Rigid rotor with two unbalance forces

CORAECTION PLANE 1 CORRECTION PLANE 2
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(b Rigld rotor with single unbalance force
Fig, 3,19, Unbalanood rigid rotors in flexible bearings

The reaction force at A is given by

U"'Cg“‘FA-‘O, and so FA-Ull—%].

Next, attemipt to remnove the trensmittud force F, by restraining the
rotor at bearing B and adding correction weights in plane 1. A moment
balance about B gives

UL ~3)—=Co(L~¢)~Ci(L=a)=0,

UL b
=15 c]

AR e 4 B e A B e I
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When the rotor is freed in both bearings simultansously, the resuiting
balance doss not satisfy the force equilibrium condition.

U- Cl el Cg w ()
that is,
v-uv b=t ptl-c_pybuy
L-a ¢c L—-a ¢
This can only be satisfied for the.condition -
a L 1] - (),
i

which cannot exist uniess ¢ = 0, or if b = ¢,

. This problem can be overcarhe using the principle of plane separa-
tion. For the system shown in Fig, 3.19b, instead of restraining the 1
rotor motion at the left bearing, assume that latsral motion can bes re- !
straitied at the left balance plune, that ls, |

IMi=0 Ub-a)=Cile=a) =, €=U 2=,

c—=b
LFm0: = F 4 U~Cym0, Fi= U0

Correction waights are then added in the right balance plane until the ‘
rotor runs smoothly. The second step s to restrain the rotor at the f
right balance plane and then to balance if in the lefi balance plane until {
it again runs smoothly: ‘

IM;=0 Ul—b)-Clc—a)=0, Cy=U <2, )

c—-a' y
b~ a ]
LFw0 ~Ci+U-Fwm, Fyw -E-T:;-_ !

!
Note from the above that C, = F, und C; = F; This indicates that, 4
taken together, the balance corrections will automatically cancel the :
bearing forces, und both moment and force equilibrium for the rotor j
are thereby satisfied directly, If the rotor is then operated with correc- 3
tions Cy und C, installed, the transmitted forces ut the bearings will be i
zeto and the rotor will nperate in a smooth, balanced manner. No o
further corroction needs to be made to the balance in either plone.

For 1 numerical example, let the rotor shown in Fig. 3.20 have two
unbalance forces U) = —8.0 |b and U, = 5.0, The correction planes
are 6.0 in. and 30,0 in. [rom the left support, A. The first step is to
restrain the rotor at the left correction plane, B. By taking moments
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CORRECTION PLANE B CORRECTION PLANE C
; © UpmBO B : :
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Uy=801b |
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 Flg, 3.20, Rigid rotor in flexible bearings
with two-plane unbalance

about this plane, the required cotrection weight in the right plane Fe I8
found to be

Uy(b + ¢) + Uyb

Fe=-—GTo7dD

1 :
-5 (5% 18~8%6)m=1751b(]).

The second step is to restrain the rotor in the right correction plane, C.
The required balance weight in the left correction plane is
P Ui(c + d) + Uyd
B (b+c+d

--.-.-z-lz(-ax18+5><6)-4.7Slb(t).

The rotor is now released, and the resultant radial force that acts on the
rolor s a free body is found to be

LFem0:  475~8.0+50~ 175w 0 (balanced).

The moments about sither bearing are then taken in turn:
IM,=475(6) — 8(12) + 5(24) — 1.75(30) = 0 (balanced)
and
L Mp = 4.75(30) — 8(24) + 5(12) + 1.75(6) = 0 (balanced).

) o am
. S ) e e e i eI
K D a2 L bt B i g -~
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Thus the resulting force is zero and the resulting moments are zero, as
are the moments about B and C (checked previously). More generally,
with the specified corrections installed, the moment about any location
along the shaft will be found to be zero. It is evident that all 1esultant
forces and momenis are now In equilibrium. As all unbalance and
correction forces relate to. speed in the same mannet, this rotor is now
in u state of balance for all speeds. This demonstrates that an unbal-
anced rigid rotor can be corrected for all speeds by balancing the rotor
about either correction plane in turn.

For balancing machines of the Lawaczeck-Heymann type, the rotor
is supported in bearings mounted on flexible pedestals.* During
balancing, it is convenient to measure the rotor unbalance from the
movement of the pedestals. This movement is read as pedestal dis-
placement with strain gages or capacitance probes, or as pedestal ve-
locity with inductive«load cells. The required expression relating the
magnitude of the balance weights in the correction planes to the niea-
sured pedestal motions is as follows,” Consider the tigid rotor in flexi-
ble pedestals with in-plane unbalance shown in Fig. 3.19a. The effuct
of the two unbalance forces Uy, and Uy for this case is found by taking
moments

Upa + Ugla + b) + Fpl = 0 about beating L
and '

Up(b + ¢) + Uye + FLL = 0 about bearing R,

Solving these expressions for the transmitied forces £, and Fg gives
- (b + C) - UL FL
w I ,
- 4 - (a + b) UR FR
where the firgt set of braces represents residual unbalance forces and

the second set of braces represents bearing transmitted forces.
Solving for U\, and Uy gives

Ul |atdb ¢ F\,
e b
~bte ’
b Fy

4
U“ b

where Uy and g represent the residual unbalance forces acting in the
correction planes, computed from the forces measurad at the bearing

*The term Slexible meuns lineur-clastic and deformable. This applies to both soft- and
hard-support machines,

- air
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locations. The balancing weight required in each cotrrection plane is
given by tho expressions

4.237
W= Uy~ - 2220 g
v= b w2r|_ Nzl'L .

and

4.237
Wy = Up ~E— = Un,
R R w’rn NzI'R R

r, and rp being the left and right correction radii, respectively, and N
being the balancing speed in revolutions per minute,

The above example demonstrates the mechanics of rigid-rotor
balancing for the simple case of in-plane unbalance.

Plane Separation. Spatial Unbalance Distribution

The general case for the prediction of correction weights for a spa-
tial distribution of unbalance is shown in Fig. 3.21, First, the rotor
unbalance distribution is represented ¢s unbalance forces U; and U, in
the correction planes (Fig. 3.21a). Next, these unbalance forces and
the bearing forces Fy and F, are resolved into rotating (¢, ) coordi-
nates, as shown in Figs. 3.21bh and 3.21c. Force and tmoment aqui-
librium in the £, z plane then give

F+rrul+ui=0
and
¢ ¢ ok
Uia+ Usj(@a+b) + FRL =0,
Force and moment equilibrium in the 7, z plane give
FP+FP + U+ U =0
and
UPa+ UP(a + b) + FPL = 0.

Sclving for the unbalance force components gives

e |- atb £ ¢
Uy b b F|

UV = - - [HI{F)
Ui 4 - btel |pf

19T AT NI AT U e

POy

=T S R SRR

is
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(a) Genera! unbalance distribution represented by
unbalances In correction planes

n, 47

Fy

Fn Flx,y) = Flh et

(c) Unbalance forces and pedestal forces for unbalanced rigid rotor

Fig. 3.21, Rigid rotor with spatial
unbalance distiibution
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and _a+b ¢ )
\ue b b | |F
U] e g = LH ).
upl | a  _btel |FP X
- | b b [ . - i
. -Hence,’ :

Uy Uf +Up, i
thatis, '
Uy = J (U + (Up)? explin)

| 1
u
uf I |

0 - arctan

Upm U +1Up,

i
ST Uy = D+ (U7 oxplioy
and | '

v
s

8, = arctan

Simijarly,
Fom FY 41 Fp,  1=y=1,

l""-"'z-———'——
| Fim ~J(FD) 4+ (F2)? expligy)

Fi

¢; = arctan

Fym Ff -+ 1 F3

Fy = ~J(FD? + (F)? expliay)
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and

¢

. ¢hy "= greian -F-?,—
-~ | R

These expressions are used for balancm? as follows: the maximum
are read. (detected) directly
from the pédestal transducer output. The pnase gngles. ¢y and ¢ ‘of

values of the force signais | Fy | and | Fy

these maximum force signals are read with reference to some Jarbitrarily "

selected marker on the rotor. Having | Fy|, IFQ !, ¢,, and ‘¢, we can hy

obtain
Fi - |1"1 | cos @y,
FP = | Fy|sin ¢y, o )
Ff - | Fz! °°9 2 R . R
and “ L L EER ’
Fp = | Fy| sin ¢, | L
The matrix expressions given above aliow u"f Uﬁ, U,,’Lr{&‘ U}' io he

obtained from these force components, givnn the rotor dithansivns a,
b, and ¢. The unbalance components are then combined using the

above expressions to give Uy, 6), U, and 05, The required correction ‘

weights are

4.732

= Ui

at (8, + 1809 from 0° phase

and

Uz%;’-— at (0 + 180"' from 0°phase

r

Modern ﬂﬁld balancers aild bal‘ancinz coniputers perfovrn the above
operations automaticaily with interna: analog circnitg, usually with digi-
tal disp‘ay of thy, required correction weights and phase angles. Equip-
ment of this type is discussed in the next section. Field baloncing with
a balancing computer is described in Chapter 4,

3.4 Modern General Purpose Balancing Mach!nes

A varieiy of general purposs balancing machines is available today
from U.S. suppliers such as Hoffman, Schenck Trebel, International

e e e 4
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Research and Development Corp., {IRD), Gilman-Gisholt, and
Stewart-Warner, and other manufacturers, Types of machines available
include soft-support, resonant, and hard-support. This section

" discusses the features of specific general purpose balancers.

'Snn-Bnrlng Maehlnel |

“The Gisholt Model 31 § (Fig 3 22) is a typical sol‘t-bearins general
purpose balancing machine desluned to operate well above the resonant

'speed of the supported test rotor. The balancer operates at drive speeds

between SO0 and 2000 xpm. It is ablé to atcoriimodate rotors weighing
between 1 ib and 500 Ib. Drive power is supplied through a belt that
wraps around the roior, with a tension pulley arrangement. Unbalance

Fin 3.22. Gisholt Modei 31 § soft-bearing
balancing machine
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data are abtained as velacity-transducer readouts from movements of

the supporting pedestals. The electronic equipment includes plane-

separation circuits and wattmeter filtering. The readout i calibrated in

terms of the required balance correction units, in ounce-inches. The

*heavy" spot can be located by either stroboscope phase measurement

or by comparing surface photocell readings against nambered strips

placed at the correction planes, The readout equipment is specified as ,
being able to read down intg the 10-um range. The machine is not |
permanently calibrated, and- precalibration againist a rotor of known _
unbalance is required. The soft-pedestal construction is achieved with a %
pair of vertice! flat springs. One end of sach spring is attached to the r
machine frame, and the other eénd is secured to the adjacent pedestal
support. A detalled comparison between this and the other two
machines described in this section is given in Table 2.1,

The Schenck R 30B/8 unit shown in Fig. 3.23 is another example
of a general purpose soft-bearing machine designed to operate above its
support resonances. ' This machine accommodates rotors ia the weight ;
range from 6 to 660 lb, at balancing spesds between 770 and 1320 rpm. q
There i provision for overload and overspeed, and for unegual gravity
loads of special nonsymmetrical rotors. Phase measurement is by the
stroboscopic illuntination of a numbered tape, as with the Gisholt 31 § :
machine. A plune«sepnration cirouit supplies the reguired balance data !

J’”'" 'r
Sy

Fig, 3.2) Schenck R 30B/8 noﬁ-benriﬁn univorsal Balnncina machine
with wuttmeter readons, set up for balancing anmatures with ewd drive
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Table 3.1. Comparison of balancing-machine features*

Parimetar Soft-suppott machines
Identification ’
. Manufaoturer .. Gishalt -
Model : Ny
Spacial nllulgmgqu i
Clusification * '
- Typd of measurament Displacament
o o bearing)
Dynamio region Above resonance
. Speed range 5002000 rpm
Capacity .
Rotor welgh! 1=500 1b
Rotor lungth 40 In, max
batween shoulders
Rotor dismeter 24 in, max
Journal diumeter 5 in, max
Drive dismeter
Acourscy
Detaction 20 ain,
© Mussurament '
Genoral
Construction
Weight 2450 b
Slte Floot space 33 X 72 In,
Buye design Thres stea! tubes pacing
: ond ouuw -
Installation
Roundation Any
Funtening Not raquired
leolation from Not tequived bevausy

axternal vibration

Mujor design
features

of signal Alter
ung horizontal motlon

Spedial foundgtlon or
mounting not required

Cohatant-spesd drive~no
wiiiting for upesd change

Signal flter sliminates
exiransaus influsnces

Complete plane saparation
with guess variety of work

Calibration in terms of
tortection unite

" Regonant muchines

" Slawart-Watner
1380 .

Displacemant
“(voft bearing)

‘At or nuar resonance

Madium, usually
3001000 rpm
with 1800 max,

1/241000 1b
4 1/2=583 in,
betwasn journals
{2dd In,
batween Journals
1747 1/21n

17224 In,

" 0,004 0z In,

1000 tb

Base 28 X 60 In,
plus overhand
and amplifier

Formed sisel

Sgund vonstruction,

preferably concrete
Bolt, levsl, und groul
Nuns

High sensitivity at
tesonance

Drive nnt In vontax
with rotor whan

- vnbalance teadingy

§ . .l ml drl

pacial ng or drive

adaplars not required

Base of ndjunstment for
work

Hardisupport machines

Schenck
HoU

- Stundard and drive

Force (rigid besring)

Wall balow resonance

- 2715~ 1500 tpm

480 lb max-aym,
4= 50 Ih,

40 1ti, max

$/8=13 1/8 on standard
roller beating

24 in, max (mlmmd) for
optional balt drive

00035 ox«in,

2000 1b without
foutidation block
Base 23 in X 79 In.

Cast bagw on 16 In,
fauindation blook

Raquires heavy foundation

Bolt*
Not required because
of flltering

Ditect reading in unbalance
ot correction unil

Complate Indiiations in one
run without calibration
telal run

Waltmeler dystam Altars out
axtransous Influences

Polar & :ale reudouts for esch
ocorvection plane with
complaie relention

*From Nel. &
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Table 3.1, Comparison of bala,nclng-machine features* (Cont’d)

Hard-support michieg

Parumater  Soft-support machines Resonant michinus

“Forcs and coupla aystem ot and right aysteni

Setup : ‘ '
. lnurl hllr-bnrlnu 0, " Position and load - Posltion and load . Position pupports
Journal (unless roller o '

type support (s ysed) Lo . ‘
: mman sunports, drive, Drive with vibrator- - Place reféterica mark . Load with-unbalancs

ldlupulnyn., I for phase angle totor )
Lond wlth ullhn ing Tune spring sysiema . Lock apring on one side Adjuit bearing suppont
" “rotofs ; {0 deoouplé thodes wrnsons heights ok
Drive and sat Altors, . Nole hoth tesongit . “Insert and lusten
catibration, and frequaticies = - . [ ooupling. ..
plats-saparation knobs ' ' '
* Roplace with unbaisnce Place reference mark Sut knobs for rotot
totor. for phase cngle . dimensions.
Place numbared angle
tefetence sirlp’
Maasurement
Drive - Adjuct damplig for ~~ Adjust daiping for Drive

snticlpated Unbalance  antloipated unbalance
Reéad unbalance in correstion  Prive (o spesd above Drive to spsed above Read unbalance and

units and-angl from sirobd - upper resonanoce [L TN Jlocation in correstion
Imagy nn one sids, ' unile far both sides,
Permit coastdown and  Permit constdown and
reud first peak reud poak amplitude
amplitude
Nole strobe image of  Nois sitobe image of
teferancs murk, st rnfmmo matk at
padl
(Altornuw! note (Alurmul nole
abrobs linugo at above nrobc imuge at sbov-
resonatos ¥peed) Nonance speed
Continue eomdown and Ropu! with other
feud sacond peak wpring lovked
Nots strobe image at
peak {or use alternate)
Cotrectlon
Apply otrections Apply forcw and couple  Apply ¢orrections In - Apply catrections an
indicated cotrections upmulr estimated proportion  Indicated
In estimated proporilon 1o readings and in
to readingy watimated dintribu-

tion betwean planes
Repeat as required, Repoai as required,
raducing damping as reducing damping
permittad o pernitied

*from Ref. 5, )
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Table 3.1. Compatison of balancing-machine features* (Cont’d)

_ Parumetor Sof\-support machine
Work supporis Co
Position adjusiment  Mova and lock
manually
Location on roior Journals
‘Typs ol bauring Half bearings
i (roum optional}
Iwolatlon from Not raquired.
bearing rnout

Dismster scjustment  Half baaring 10 sult
(vertical on rollers)

Hoaring frictibn Not requirad with
control continuou drive

Holddown of journal

Usa with unsal Half baatings to suit
Journal (vartical acjustrriont

. on rullen)

Pravantioti of journal Sultable baneing

damage material (psovmon fot
alignment?

End restraint Shoulders on roter

lsolation fromend  None
runout ‘

Drive aystem
U . Conlinuous drive
Tyie Fint belt with 100*

wrap around rowr
Ay diametor, pralurably

between jourtalr
;«uldan aduitment -

Location on rotor

peed tange -
Speed rdjustmaent Motot pulley aize
Starting and Stopping  Foot swltoh
Tonsloning at siup  Pusitioned idlars gravily

ouded against belt
Cloatance for loading LIt work aguinst idiee
walght (balt lifter
optlonal
Qperated with start-siop
fool switoh
Hot rayulred, exteansous

Braklig

Isatation from drive

tunout aignal Altured out
Spring syatom
Type Parnllel flat springs, one
ond fAxed, other
clamped?
Plane of Mutlon Hotizonial
Adjusiment Not raquired
Pravention of axiel  Relativa stiffiens of
motish flat spring axlully
Locking Not required
Damping
Type Not requirsd
Adjustmant -
Calibration -
Temparature -
stabliization
Plany-paparation Not required
pivols

Posorant machines

Lovni-onraud volumn
tatohot and look

- Journaly or other Hnlshed

dinmetors
Ballsbenring rollers in

truriton bloo
Change xlee of rollers

Two spacinga of bearing
pockels

Change size of ball-bearing
roliers

Inveriad trunnion may

» .
Flat springa in trunnlon
flax to align rollers

Bxtea cave in beutitg
slignment

Raolier or flay, with 1/16 In.

dlearance
Use ball In canter hole

To drive rotor up to apeed,
thun withdraw
Flat belt tontacting rotor

Alily diumetar, proforably

l.um owmd ratohat

3800 and 1900 fpm

Two poslilons on driva
handie swlich

Dtive handle swich

Hand pressurs on drive

handle
Titta up for clearance

Drive handle controls
balt brake

Drive not contacting during
messurementi is balanced

Flat spring with fixed end
and Intermediste fulcrum

Vertlesl

Screw-driven fulorum

Rolative wtiffneus of fut
Wpring In axinl plane

Exiornal clamps on
stabllizer link

Dashpot, viscous

Diston orifics, Ave
sliornative dismeoters

None

Nons

Special attachment
only=nol studied

Hard-aupport muchines

Move and lock manuaily,
Joumll or othar Anished
Bd?l-‘hlrln. rollm

Change size of rollers
Vdruunl u‘djul'lmont on tollar
Not mulrod with coniinuous
H:Idldawn bracket~no rollers

Vattical adjustment on
roller suppots .

Crowning on roller QR
Noia—rastraint from

drive coupling
Not ;cquprod

Contlnuoun drive

End drive through voupling
(belt drivo optional)

Lither end

Nut requlred

175, 500, 900, 1500 rpm

Leversoparatsd gear shint

Manual awitch
Not rsquired

Not requited for end drive

Dynamic braking with
molor control
Not raquivad if counling

Inherent In force
fransducer

Horlzontal
Not requlred

Nol required

Not required

Not required

*From Ref. $.
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Table 3 1. Comparison of balancing-machine features® (Cont'd)

Paramatet Soft-Suppart Machires Rasoriant Mashines Hud-Support Machines
Muasuring ,
Vibration pickup  Velonty oy magietic Velocity by magnitie Foros transducer
induction, induction! inligrated - o
: to give displacement
Spesd Not required Frequency from plkup Controller in drive
slgnat or from -mrm
L - plckup driven by
shalt-niounted magnet
Phase Tlmlnu from point of Timing fron xero displices  Timing in ralation to
maximum polilve mant en down travel phas generator driven
displacemant, l.o,, wllh tofor
whea velocity changes
from nogative lo
positive polarity
Indicating
Amplitude Mater with numbered Matst with nuinbered Not reyuired
scale, no unite acale, no unlt
. Spend Not required Moter with 1800.rpm From drive npesd satting
maximum sald
Phase Strobw light directed hor-  Strobe light gives poultion  Wattmeter sed with
ixontally givau pouition of - of reference chalk mark phaw gensraor, slgnale
heavy side b{"ltopﬂlﬂl" at or clow t tasonance displayed on vottormelat polar
omu::hunl lly wound soals
num
Unbalanve From amplitude lndmllon Brori amplliude indiuation  Inclded In vestormster
polar scale
Qther
Vibratar Nonse required Maintaine vibration in Not required
forcs or coupls mode
to permit luning.of
Yasonance
Signal Diter Two munually set 1o sscepl  Nonie Waiimoter Functiuns as
- signal at sarme fraquency Altar of nonaynchronous
N rotation Mgnals
Cumpulet for com- Nonw required Sum and dm’oronco of lsft  Nohw tequired
bining signals and rlght signaly

Callbrltlon In cors  Saparate callbration knob  None (sxcapt with plans-

rection unite
Phaso angle sdjusts =

meht
Amplifier gain Standsrd andt high (8:1)
Computer for plane Set by two knobs (from
mpsration calibrated totor)
Compen- stor None

Mamory vireult

'or tight and left

Wil hold. slecironically
or ivehanicelly, both

saparalion attechment

Scals cilibration uuln,
with senaltivity multipller

Clesul cetistance adjusimant  Nol required

10 glve 90 lay al renttinhics

with lowest dumping
Law, high, and extra high

None
None

Wil stora, hold, and read
vingle unbalance reading

loft und right unbalanoce (optional)
and angle mussureiients,

Angle measurement from

photaosl! giveult Iriggéred

(In place of stroboscope)

(optional)

Syirthronicer Not required

None

Vatlable-vensitivity
multiplier

Set by thres knobs from
toror dimenhalony

Optlons))

Witk hoid all \inbalsnce and
angle messurementy

Not requited

*From Rel. 8,
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148 BALANCING OF RIGID AND FLEXIBLE ROTORS 'y

by dialed-in values of the rotor preportions, The required correction
details for each balarice plane are read out on the two vectormeters
shown in Fig. 3.24, The machine shown has ‘&n end drive, but belt-
driven models are also available. The pedestal aupports may be moved
axially to acoommodate dlfferent rotor’ Sizes v

‘Racial s0alé 1.5 units o Rudial vesle 1.8 units
Angular scaly 50° .. Angular ucale 1920
COMRECTION
MARKER
'comcrson wy
MARKER i
Fig. 3,24, Veciormeters for machine shown ;9
in Fig. 3,23 ' g
Resonant Machines %
The Stewart-Warner 2380 S machine (Fig. 3.9b) has a uniquo 4
pedestal support that permits it to be tuned so that the natural fre. W
quency of the rotor in {ts supports will occur at the desired balancing ]
! speed of the machine. In practice the rotor fo be balanced is loaded v
i into the pedestal supports, and the dashpot damping of the supports is I
' manually set to zero. The rotor is then bumped gently, causing it to A

vibrate in its lowest mode on the supports. A vibration moter measures L
the frequency of this mode by observing the pedestal motions. A suit- i
able value of damping is then obtained, for example, as follows: A suit- 4
able critical damping ratio is i

and the critioul damping is
B = 2Mw, = 3}'-'- Wfo
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Thus the damping per support is

IBS - ..%. J -2;- th.'

where W is the rotor weight and f, is the lowest mode natural fre-
quency of the rotor in its supports. Both dashpots are then adjusted to
the selected damping value so that rotor vibrativn amplitudes wiii not
become excessive when the rotor runs through this oritical speed during

balancing. -Ar. overhead cantilever belt drive is used to-spin. the totor. .

up to speed, with the raquired rotot speed preset.on the handle of the

cantilever, drive arm. ' A common balancing-speed' for this maching is-

450 rpm, The natural frequency of the rotor in its supports iy adjustéd
o ocour somewhat below this spsed, 50 that a large mechanical ampli-
tude magnification ocours as the rotor passes through: rezonance when
the drive is removed. Rotor unbalance is read on a graduated scale (no
uhits) for the left co.tection plane and for the right correction plane
indeperidently, Unbalarce angular orlentation i3 determinbd by trig-
gered stroboflash, as with soft-bedring maohines,

The Stewart-Wamer 2380 S is a trial-and-error type ot‘ machine.
Unbalance relative magnitude and angular location are detected in one
pluic while the other support s resttained against motion, Next a
correction ‘mass (usually putty) is added in one of the balancing planes.

The rotor is then rerun to vbserve the effect on the totor balance.

After the rotor has been. made to .run smoothly with one support
secured, the process is repucted with the other support secured. Plane-
separation equipment is op:lonal' it is not lways needed in the applica-
tions for which the machine is used (8.g., motor-rebullding shops, auto-
motive single-plane balancing). Where the plane-geparation calculation
is included, it ensuras that the first plane need not be rebalanced after
the sscond plane has been oorrected. Otherwise this Is done by trial
and error,

The advantages of this design are (a) casy setup and uccess, (b)
simple mechanical magnification principle, (o) simple controls, and (d)
simple operation, There are, howover, disadvantages: (a) plane separa-
tion I8 not a built-in feature and requires a separate attachment; (b) the
trial-and-error procedure may be time-consuming; (¢) the unbalance
scale is not calibrated in ounce~inches; and (d) the quality of balance
depends on the operator’s skill.

A study of this machine [5] has suggested that balancing accuracy
down to 0,004 oz-in. (1 x 10~6 in, ¢.g. ecoentricity for a 200-lb com-
ponent) is attainable, but no basis is given for vhis figure. Further oon-
siderations are the operator experience and balancing time required to
consistently achieve this balance quality, where nesded. This type of
muchine has found widespread application in the automotive industry
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for balancing crankshafts, crankshaft—flywheel assemblies, and other
automotive components, espeolally in engine- and motor-rebuilding

shops‘

Hurd-Support Maehlnel B

The Schenok Model H30V. (Flg. 3.25) is a typical hard-bearing
mnchine. It comes with either direct- or belt-drive options, plane-
separation cirouits, wattmeter flltering and measurement, and pushbut-
ton setup of the.balancing operations. Unbalance signals are detected at
the pedestals with induptive force transducers. The balancing speed is
usually within the 1ahge of 275 through-1500 rpm; this range is consid-
erubly below the resonant frequency of the rotor on its support system.
A maximum rotor weight of 880 Ib symmetrically disposed on the
podestuls is permitted. Asymmetrical rotors (unequal pedestal loads) of
amaller welsht are also permittcd.

Fig. 3.25. Schenck HMV hard-bearing machine.
(Courtesy of Schenck Trebel Corporution.)

This machine has the following advantages: easy setup and opera-
tion; permanent odlibration—no trial weight runs; simple dial-in balance
with vectormeters; precision balancing; and ability to handle a wide
range of rotors. Among its disadvantages are a higher installation cost
and the fact that it is & somewhal more delicate machine.

AT et
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This Schenck machine is said to be capable of balancing down to
0.0035 oz-in. Such accuracy may be possible with light rotors (e.g., 30
Ib), but even so this corresponds to a c.g. eccentricity of 3.5 uin.; for
880-1b rotors this would mean 0.25 nin., which may be difficult to
achieve with such a machine under production circumstances, with long
periods between overhauls. However, instances where such accuracy is
esséntial are likely to be rare in practice.

McQueary [4] has made the following comments on hard supports
for balaticing machines:

1, The hard-bearing suspénsion system eliminates windage distur-
bances that can occur in soft-bearing machines when balancing blowers,
fans, compressor rotois, and the like. The workpiece rotates as an
assembly, with no swinging of the supports.

2.. Brratic oscillations may build up on soft-bearing machines and
mask unbalunce signals. This is less likely with hard-bearing systems.
Unbalance signals therefore come through without distortion.

3. Large unknown initial unbalances are unable to cause
dangerous or damaging excursions of the suspension system, as may be
possible with soft-bearing machines. Not only will such unbalances not
damage the gupports or pickups, but they can be directly measured with
hard-bearing machines, without any necessity for prebalancing (by
knife-edge or static means), which may often be required with soft-
bearing balancing systems.

4, Hurd-support machines measure unbalunce forces *ather than
vibratory displacements. The parasitic mass of the suspension sysiem
does not limit sensitivity with smaller workpieces, and a wider capacity
range is generally provided. Minimum rotor weight to maximum rotor
weight ratlos of 1:200, 1:250, or even more are possible.

5. The hard-suspension system is both sensitive and rugged. It is
alse difficult to damage with chips, grit, or dirt. The hard-suspension
system has no moving parts to wear or loosen during extended opera-
tion.

6. Becauso of good sensitivity and accuracy in permanenily cali-
brated hard-bearing machines, an inspector or supervisor may cons
veniently dstermine whether tequired balancing tolerances have been
achieved.

7. Permanenily calibrated hard-bearing machines are available for
ail required balancing speeds. Earlier machines were calibrated for one
or more discrete balancing speeds, but the most modern machines are
now equipped with integrator circuits so that calibration is valid for a
wids range of balancing speeds.
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152 BALANCING OF RIGID AND FLEXIBLE ROTORS

General Purpose Hard-Support Machine

A typical industrial hard-support balancing machine is shown in
use in Fig. 3.26. Hard-support machines of this type have been
designed to balance a wide range of equipment: electrical armatures,
fans, synchronous condensers, turbine rotors, jet-engine compressor
rotors, cable-winding drurs, and the like. These machines are avail-
able in a variety of sizes and speeds. Special purpose facilities of this
type are also available for industrial turbine rotors, compressos impel-
lers, and satellites. -

@" mg ol
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Fig. 3.26. QGenoral-purpose hard-support balancing machine with fan rotor
installed, The Lawaczek-Heymann principle is coupled with automatic
plane separation and wattmeter dial readout to reduce the amount of trial
und urror involved in balancing a wide range of rotors. (Courtesy of
Schenok 1cebel Corporation.)

The general purpose hard-suppurt machine is an efficient device
for two-plane balancing, It operates on the Lawaczeck-Heymann princi-
ple. Strain gages or displacement sensors are attached to the hard-
supporc frame, as shown in Fig. 3.27. These sensors transmit pedestal
motions as electrical signals to the console. One special pedestal design
for obtaining vettical rigidity and calibrated horizontal flexibility is
shown in Fig. 3.8. Both pedestals are permanently calibrated before
shipping, and no calibrating runs with special rotors are needed before
balancing. A synchronous phase reforence voltage signal is taken from
the drive, which may be either a universal coupling or a quick-attach
belt. Inductance-transducer signals are then processed by a wattmeter
circuit in conjunction with a plane-separation circuit to give the
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Fig 3.47. Strajn gage locationu on hard-aupport frame

required balance correction magmtudes and orqentatnon angles. Exther
the residual unbalance and phase angle in both'balancing planes or the
required balance weights and their orientation cdin be specified as output
on the vectormeter screen used in the model of Fig. 3.25, *A general
purpose cunsole face is shown in Fig, 3.28. S

The permaneni-calibtation feature combined with the mternal
watimeter and plane-separation electronics allows direct readont of the
required balance weights and orientaiion ‘angles on the c¢onsole; a
immediate two-planeé balence is therefore possible for & wide variety of
ISO class 1 and class 2 rotors. The basic dimensions of the rotor to be
balanced (a, b, ¢, ry, r, in Fig. 3.28) are first dieled into the balaacer
console. The ‘rotor 15 then run at the desired balancing speed, and
readings of the maguitude and location of the required balance weights
and tneir phase angles are displayed directly on a circular calibrated
scale, or vociormeter. The rotor is then stopped, the requited correc-
ticn weights are inserted in the two correction planes, and the rotor is
rerun at the balancing speed to cneck the effectiveness of the balance.
The simplicity of this process will permit a relatively unskilled operator
to balance rotors rapidly and effectively without much training or spe-
clal instructinn. The amount of trial and error required is minimized by
the sophistication of such machines. Specific advantages are the follow-
ing:

1. Adaptable to a wide range of rotor sizes and configurations

2. Direct readout of correction details, requiring less skill and
meking production btalancing efficient

3. Permanent calibration, allowing balancing to be done in one
run (though a second check run is desirable)

4, Simufianeous two-plane balancing with plane separation, mak-
jng dircct readout possible with maximum convenience and simplicity
of operation
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Fig. 3.28, Console of universal balancing machine. Rotors

of many Jifferent configurations can bo "disled in® to this

** machine. This presets the anslog plane-separation circuits
and reduces the balancing process to a few runs, The
machine’s tranaducars are precalibrated, and no trial-and-
orror calibration runs are needed. Six different rotor conf-
igurationa that can be *dialed in" are shown at left. (Cour-
tesy of Schenck Trebel Corporation.)
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5. The suppurts huve great strength and stiffness and their parasi-
- tic mass is minimal, compuréd with soft-bearing-machine. supports. N
: 6. The influence of external firces (e.g., transmitted vibration,
wmdage) is: less than with suﬁ-support machines, ¢

There are, however, everal disadwmtpaes

1. .Only two-plane balancing is. possible ‘with standard urrangq-
, ments. Multiplanc. balancitig' of ISC cliss % flexible rotors cannot be
undestaken on such a methide without additional special features (e.g.,
midplane displecement srnsor). General purpose balances are suitable

- for class 1 1]gi¢ and for class 2 flexible raiors.

2. Overhung cigks cannot be accemmodated Mthout special piovi-
gion. (no nesgative ‘distance provision is included on the standard dnal
panel) ‘More recent machines in¢lude this pi dvisnon. »
w3, Care must be taken to align the: wm‘kp.ece ‘with the dr.ve motor
qxis if the direct-drive option is vead. Such is 'not the case with the .
belt-drlve option. .Also a special adaptor coupling is required where a
ranye of roter sizes and ends is to be accommodated.

35 lhlnncins Facllttlu

Turblne aad Genemor Balanucing

Turbine and generutor balencing f‘acilities arc "dasigned to permit
toth high-spted. balancing operations and overspeed testing. of assem-

bled rotors once & given rotor is installed. Such facilities may incor-
porate the {ollowu'qx features:

Concrete overspead burstpruof tunnel

Vacuum spin-test chamber

Variable-speed drive with 20 percent vverspeed capability

Size provisiun for fully bladed rotor essemblies

Bearing pedestals cesigned to simulute machine-support propet:iioy
Transporwer to move roior assemblie:s and setup of rotor

Control room: with fuli test instrumentation

Overhead crane

Rigid clamping of transporier to tunnel foundation.

Figures 3.29 and 3.14 show details of a transporter loaded with a rotor
assombly, and certain: iniernal details of the tunnels. Figure 3.30 ic a
sectior: schematic of a turbine-generator balance facility. Figure 3.3%
shows a moderr. U.S. facility with twin tunnels. Both tunnels are
powered by dc-motor drive systems of 10,000 hp each. The lubrication
systeins are capable of supplying an oil {low of nearly 2000 gpin to each
bunker. The generator bunker is suitable for balancing large generators
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under full excitatnon. The bunker design incorporates antimagnetic
bedways and mote than a million insulated. rebar joints, with special

.. electrical grounding provisions.. Both bunkers have intérchangeable sets

of pedestals, ‘and two sets -of specially designed- steady. bearings are

B evmlable for handling extremely long rotor ovérhangs. Steel-reinforced

¢oncrete walls up to 9 ft thick provide hurst brotection. ‘Hundreds of
concrete piles form: the foundation. The hardwacuum liner contains

-i. over 800 tons of structural steel.

A variety of balancing | machinés is currently available for the

- balancing of turbine. and generator rotors. The particular ‘balancing

equipment selecied in a given cese will depend on rotor size, equipment

availahility, and the extent of the need for high-speed balancing.* .Both
JSO class 1 and class 2 votors will operate satisfactorily after being bal-

anced in a low-spead balancing machine. Class 3 rotors require high«
speed balancing. Such testing may require balance runs near one (or
more) resonant speeds within the operating range. Sustained high-
speed operating capabilities are required for such balancing, It is there-

‘fore convenient to have a common high-speed fucility in which both

balancing and overspeed testing can be undertaken. Class 3 rotors are
usually large and long and may cacry thousands of blades. This alse
influences the equipment associated with a high-speed facility.

The amount of drive power required for a high-speed facility is
evidently a compromise between vacuum pump-down power and

" Fig. 3.29. Generator rotor supportnd in transporter in special boarings. The eloctric

power unit is detachuble and is vemoved when the rutor und supports are installed in the
spin pit \Fig. 3.14). (Courtesy of Schenck Trabsl Corporation.)

*The type of balance prescribed for a given rotor is usuaily based on previous satisfuctory
balancing experience with similar rotors. For new rotor designs, the rotor classification

and balance requirements may also be guided by calculated data on machine critical
speeds and unbalance response.
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drive-power requirmeénts. = Typically, spin-pit drive power would be

. about 1 percent of the maximum rated power output of the rotor being
tested; that is, a S00-MW generator would ‘have a 5000-kW drive
motor, and the spin. pit would be evacuated down to about 0.03 to 0.07

atm. Without vacuum operation, testing of most' large-bladed rotors

would not be possible because of excessive fan-power reguirements and
the associated air heating and noise generation, - ' '

‘Modern spin-pit balance facilities are complex instaliations. Costs

(1980) may range from $3 million to $20 miltion for a large completely
installed facility. Tabie 3.2 indicates the location and details of some

" recent spin-pit installations. Figure 3.14 is a general view of a concrete
balance spin-pit facility showing the rotor on its transporter, with special
bearings and pedestals, details of the lubrication-system pipes are also
shown, The bearings are bolted to the foundation during testing, as
indicated. A 400-MW generator rotor on its transporter is shown
leaving the assembly shop for balancing in Fig. 3.29. The transporter
drive unit, shown attached to the transporter truck, is uncoupled and
removed when the rotor is in the spin pit. A section through a balance
facility is shown in Fig. 3.30 with a generator rotor installed. Details of
the drive, drive coupling, lubrication system, and other features of such
facilities are evident in this section drawing.

A section through a special bearing pedestal support for use in
turbine-generator balance pits is shown in Fig. 3.32. Such units have
been designed tc¢ provide a tuned pedestal support in which the specific
bearings of the rotor being balanced are installed, This permits the
rotor to be balanced while operating in its own bearings and simulated
pedestals. It is shown in Chapter S that the rotor-support stiffness
properties may exert a significant influence on the critical speeds and
dynamic properties of a rotor—bearing system. If a rotor is balariced in
hard bearings and then operated in softer bearing supports, the rotor-
system modes will be different and the balance achieved in the
balancing stand will not be fully realized during operation. The rotor
may then run "rough" unless corrected by further in situ trim balancing.

The support design shown in Fig. 3.33 allows the rotor to be
balanced in the bearings in which it will operats, Matched dynamic
prop- erties ate eéspecially important for large class 3 rotors in which
unbalance effects through the fourth flexural mode may influence the
balance obtained. The stiffness properties of such supports can be
adjusted within the range 30,000 Ib/in. through 3.0 x 108 1b/in.
according to whether soft- or hard-support balancing is required. This
preserves the balance quality achieved for the required operating
conditions, and leads to less field balancing, Figure 3.33 shows details
of such bearings, including the lubrication inlet (foreground) and the
tangential force transducers from which the transmitted unbalance force
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Table 3,2. Details of recént high-speed ‘bx‘uanvc
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ing facilities

Moscow, USSR

R I S i“b‘péed= © . Welght
_Date  Firm/locatien ' . """ " " (pm) " (tons) Type
1970 . Machinefabriek Stork. ,'5.-',120,000‘-,40'.000 5005 Turinel
 Hengelo, Holland S e
. Ansaldo ©-2100—4320 . 180--60 © Tunnel
_ Genoa, laly - . .
" Stal-Laval = - "3600—4590 160150 Pit
Fingpong, Sweden ‘
Kraftwerk-Union 22504500 320120 Tunnel
~ Muslheim, Germany ‘ ‘
Alsthom 200--4320 250
Belfort, Franpe
1971  Stankoimport 8000--18,000. .. 30-~9 Tunnel
Moscow, USSR .
Stankoimport 50,000 220 1b Pit.
Moscow, USSR .
Westinghouse Electrio Corp.  2200--4400 160 =80 H=ater box
Charlotte, NC :
General Electric Co, 4000 12,000 2204 Vacuum pit
Scheneotady, NY :
Westinghouse Elecirio Cotp. 440 32 Vaouum pit
Round Rock, Tex.
Electric Machinery Mfg. 2160—-4320 50~32 Vacuum
Turbodyne
St. Cloud, Minn,
1972 Allls Chalmers 2200-- 4400 250160 Vacuum tunnel
Milwaukee, Wisc.
General Eleotric Co. 2200~-4400 300190 Twin facility
Schenectady, N.Y.
. Brown Boveri 4320 270 Vacuum tunnel
Richmond, Va.
Stankolmport 1000—22,000 3300~11001b  Pit
Moscow, USSR
1973  Mitsubishi Heavy Industries  180~=15,000 20 Pit
Nagasaki, Japan
ACEC 200-~6,000 50 ‘Tunnel
Ghent, Belgium
Mitsubishi Heavy Industries 12§ Vacuum pit
Takasago, Japan
Stankoimport 2250 320 Tunnel

b
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Fig. 3.32, Pedestal-bearing support for lurge flexible rotors,. Many large rotors
tequire fluid-film bearing supports for balancing. If allowsd to remain on rolling-
element bearings they may brinell the supports with their weight (np to 250,000 Ib
per suppotrt). Also, Improved balancing iy uchleved with the rotor supported Iin
) bearings with dynamiv properties resembling those occurring during operation. This
is especially true for class 3 rotors, which can be influenced through the fourth flex-
ural mode. The bearings shown provide nearly lvotropic stiffness and musy distribu.
y tion for the pedestals. The bearings also conform more to the rotational uxis ol the
totor, The stiffness of the supports can be adjusted In the range 36,000 to 3 x 108
] 1b/in., according lo whether soft- or hard-bearing balancing is required and accord-
1 ing to the balance speed required. (Courtesy of Schenck Trebel Curporation,)
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i Fig. 3.3, Bearing pedestal for mounting rotor bearings during
}' baluncing. (Courtesy of Schenck Trebel Corporation.)
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162 BALANCING OF RIGID AND FLEXIBLE ROTORS

signals are read. Fluid-film supports also avoid the problem of
"brinelling” that may be induced in rolling-element bearing supports by
the rotor weight, which may range up to 250,000 1b per pedestal.

Automated Balanclns Facilities

High-volume production lnclustries depend on nutomated equip-
ment to deal with large numbers of repeated opetations. Automatad
and semiautomated balancing are widely usedin the automiotive indus-
try for crankshafts, propeller shafts, tire-wheel assemblies, etc., and in
the electric motor industry for vacuum-cleaner motors, blender inotors,
fan motors, and so on. These and other industries have incorporated
automated balancing equipment into production lines to achieve high-
volume balancing of the desired balance quality.

An example of an automated balance facility is the automated
crankshaft balancing installation shown in Fig. 3.34. This t‘acility incor-
porates a production line for

1. Initial measurement of residual unbalance in two planes
2. Correcting the unbalance by drilling at the required locations to
correct for unbalance in these planes

Checking that the corrected crankshaft is within required balance
specifications.

Some details of this crankshat't balancing stand are shown in Fig. 3.35.
Incoming batches of crankshafts arc loaded onto a conveyor with a
gravity-feed roller conveyor in an ordered fashion. The process is
automatic from this point. The foreground of Fig. 3.35a shows the
residual unbalance measuring stand. Two displacement sensors record
the unbalance as the crankshaft is rotated at low speed (400 rpm). The
signals are stored and the crankshaft automatically conveyed to the dril-
ling stand by the overhead conveyor unit. The orankshaft is automati-
cally indexed to the required angular position for each plane In turn,
based on the data obtained during the previous measuring operatinn.
Two separate drills then remove the required depth of metal at the
desired orientation. The drilled crankshafts are then transferred to a
balance-checking unit for a second measurement. The jaws of the dril-
ling unit open horizontally down the center, and once the crankshaft is
correctly positioned, the two halves are moved together pneumatically
to clamp the crankshaft for drilling. The linkage and pneumatic
cylinder can be seen in Fig. 3.35b.

Cycle time for measuring, drilling, and checking each crankshaft is
40 s, including the transport time between stands, about the same
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operation time is spent in each stand. Each stand has its own motive
power, and while being measured the crankshafts are driven at balanc-
ing speed (400 rpm) by end rollers under the crankshaft journals, The
measuring operation uses both plane separation and wattmeter filtering:
Afier being checked, crankshafts are ¢lassified "within tolerance® or
"outside tolerance* automatically. .Accspted crankshafts pass out on the
conveyor; rejected crankshafts are removed by a swivel mechanism that
places them on a Separate conveyor for reprocessing. Residual unbal-
ance in ur uncorrected production ¢rankshaft tends to be high because
machining of the forged crankshaft blank is- kept to & minimum to keep

_ manufacturmg costs low. When finished, the unmachined surface is still

in the "as formed" condition, except for the machined journals,
connecting-rod bearings, and balance areas, -

Two types of crankshaft-balancing ¢perations van be performed.
First thers is mass centering, in which the mass axis of the crankshaft
i$ adjusted to coincide with the machining axis. Second, there is final
balancing of the crankshaft. Machines for mass centeving are used at
the start of the crankshaft-maochining operation. Initial mass-centering

Fig. 3.34. Automatic fucility for balancing erankshali—olutch housing assemblies,
Automatic operation includes mechanicul handiing, unbafance readout, unbalancy connec-
tion by drilling or milling, residual unbalance checkout, acceptubility sorting, and dispatch
conveyors, Design Is highly customized and built to suit specific plant requirements,
Cycle time is commonly 10 to 20 s, depending on size. (Courtesy of Schenck Trebel
Corporation.)
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(a) Residual unbalance measur-
ing starid. ‘The rotor is spun up
to speed on drive rollers. The

- transducers (foreground) mea-
sure the residual unbalance
force. The transporter hooks
are shown above the rotor,

e b eTEA e

(b) Unbalance correction by
metal removal. The crankshaft
Is in a transporter, about to be
lowered for clamping, indexing,
und drilling, all automatically '
controlled. The two drill stems
are shown in the foreground.
Pneumatic clamping is used,
(Courtesy of Schenck Trebel
Corporation.)

Fig. 3.35. Details of automatic crankshaft-balancing facility
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does not ensure a perfect final balance correction, but it greatly raduces
the amount of metal removal necessary in the second step. Final
machining is undertaken at the end of the production sequence.
Although automated, it is really a trim-balancing operation, _whioh is
made neoessary by the machining of journals.

:Not all crankshaft-balancing machines are fully automatic, The de-
gree of aulomation depends on many factors, including production
volume requirements. Some machines are semiautomatic, with the
operator setting the indicated amount of acceptable residual unbalance
on the data irput panel; the subsequent drilling operations are.then car-
ried out automatically by the machine. Other automatic and semiau-
tomatic balancing machines are used for balancing clutch housings,
brake drums, chitch—crankshaft assernblies, wheel—tire assemblies,
universal arive shafts, fan assemblies, and so on,

When a aumber of balanced components aro assembicd, the ag-
sembly so formed frequently requires trim’ balancing to eliminate the
effects of component-mounting eccentricity. An example of assembly
balancing is the special machine shown In Fig. 3.11, which has been
developed for the final balancing of complete engine assemblies. This
machine provides 4 final trim balance for a total rotating assembly in its
own bearings and casing. In the machine shown in Fig. 3.11, the final
balance is achieved by correcting on the fan pulley and on the fiywheel,

Another example of an automated balancing fucility is a four-
station fully automatic machine for dynamically balancing the rotors of
drive motors for high-fidelity sound-reproduction machines, This
balancing machine is stated to be capable of checking, correcting, and
grading 180 rotors per hour to eccentricities of 0.00008 in. from the ro-
tational axis, for displacements in two planes. It is a second-stage
machine that accepts rotors that have been previcusly rough-balanced.
There are four operations in the cycle: the first measures the initial un-
balance, the second makes the requited corrections in both plenes, the
third checks whether the rotor should be accepted or rejected, and the
fourth directs the rotor to "accepted" or "rejected" conveyors, All
operations are continuous and automatic,

During the preceding rough balancing opetation, the rotors are bal-
anced at one end only by cutting a slot in the periphery. In the fully
automatic machine, this slot is used as the reference point. Rotors are
loaded by the operator into the feed hopper, from which a transfer
mechanism takes them to the balancer cradle. A field coil in the cradle
is then energized, causing the rolor to revolve at its rated speed. A
photocell uses the slot as.the reference point and vibration pickups
determine the position and magnitude ot the existing unbalance in the
usual manner.
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Measuring takes about 20 s, and ihe rotor is then transferred to
the unbalance correcting stand. Again the end slot is used as a refer-
ence. A dog key is then inserted to lock the rutor in position for dril-
ling. There are two drillheads, one facing each end of the armature,
and both are carried on faceplates. The control system rotates the
faceplates to bring the drills into the correct position, and they are in-
dexed in until a pressure switch starts the drilling. The depth drilled is
regulated by the control system or by a safety stop that prevents the
drills breaking through the rotor end plate. Drilling is carried out dry,
with air jets used for debris extraction and cooling.

The check measuting station is similar to the original measuring
station and uses the same instruments. After the chack measurement,
the rotor is accepted or rejected for reprocessing in a quality grading
station, as in the crankshaft selection process described earlier, A simi-
lar series of operations is used with automatic electric motor armature
balancing machines such as that shown in Fig, 3.36. Armature balanc-
Ing cycle time may range from 1 to 8 s, depending on size, volume, and
degree of automation,

Mass-Centering Machine for Communication Satellites

Most communication satellites rotate about their principal axis of
inertia when in orbit. Although satellites have no bearings supports,
they function as rotors while in orbit. The exterior surface of a
communication satellite should rotate concentrically with its principal
axis of inertia; this minimizes errors in signal transmission due to
eccentric runout of the exterior surface,

A special balancing machine for mass centering of satellites ig
shown in Fig. 3.37. The rotor shown is to be balanced as a rigid bady.
The outer surface can be made concentric with the vertical (principal)
axis of inertia by balancing the rotor in two planes. This adjusts the
position of the mass center and the principal axis of inertia as follows:
The rotor outer surface Is first made concentric with the axis of rotation
of the balancing machine. The balancer table rotates about its vertical
axis. The rotating table is perfectly balanced, and it spins in high-
pressure hydrostatic oil-film bearings for minimum friction and precise
position control in the horizontal plane. Its support structure is flexibly
mounted to permit small lateral motions U; and small tilt motions U3,
as shown in Fig. 3.38, Any centrifugal force arising from eccentricity of
the c.g. of the satellite about the table's axis of rotation is then sensed
by transducers at A and B. The unbalence forces /| and F, are then
measured. The force readings at the transducers are ralated to the
balance-plane corrections as follows:
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Porc.,s Uy and U, are comgplex quantities, as are the unbalance.: forces
Fy, and .F,. The signal of the horizontal transducer is proportional to

the centrifugal force directly; the signial of the vertical transcacer is pro-

poruonal to the mornent, or couple. The satellite rotor may: therefore

. .be balanced ds a rigid-body, using the customary equipment ‘aad, .princi-
" ples for plane. separation and wattimeter filtering as described previously.

Suitable analog circuits for processing the incoming signals and. for
defining the required obrrection weights are part of the satellite balancer

- unit shown.in Fig. 3.38. Direct one-step balancing can also be per-

‘formed with .this equipment by spe.uifying ‘the dimensions

a. b ¢ ry, ry, as described’ prevnously for hard- bearing balancing
machines.

Fig. 3.36. Automatic balancing muchine for electric
rotor arrnatures. (Courtesy of Schenck Trebe! Cor-

poration.)
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Fig. 3.37. Vertical satellite-balancing machine. The satellite is mounted on top of the
balancer. Readout transducers are stiown on the lower portion of the bu'ancer. A
wattmeter vector-scale consolo Is shown to one side. In the foreground is the high-
pressure lubrication system for the bearings. (Courtesy of Schenck Trebel Corporation.)
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Fig. 3.38. Satellite balancer proportions for automuted dial-in mass centering.
(Courtesy of Schenck Trebel Corporation.}
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Rotor weéights froni lesa than 1€ 1b up to 3000 1b can be accommo-

- dated in existing sateilite halancing machines. Balancing speeds of up
to 500 rpm are available, usuvally in three speed ranges. Satellites are . -
‘mounted, on- the spin-table surfave plate either directly or with the aid

of special lightweight clamps (which must.be arranged very accurately
to avoid introducing additional unbalance). Great care must be taken
to mount the rotor square and congentric with the spin axis or to keep
it from becoming tilted at some small angle. Care must also. be paid to
minimizing thermal distortions and to the effect of uneven tightening
of bolts when setting up. This also induces unwanted tilting of the
rotor. :
Staedelbauer [6] attributes substantial improvements in the mass-
centering capability of such units to the introduction of high-stiffness
radial hydrostatic oil-film bearings. Early satellite balancers used
rolling-element bearings, which proved to be the limiting factor in
detecting and measuring very low levels of unbalance at low satellite
spin rates. Noise signals from metal-to-metal rubbing and sliding con-
tacts within the rolling-element bearings were sometimes three orders
of magnitude greater than the unbalance signal itself, This produced
significantly inaccurate unbalance readings and also erratic balance
correction readings. Though much of the problem couid be minimized
by employing efficient filtering circuits, the introduction of hydrostatic
bearings eliminated such contacts entirely. The higher radial stiffness
properties of the pressurized bearings also provide improved table con-
centricity during operation. High amplification of a very clean unbal-
ance signal is then possible. Superior satellite balance quality has been
achieved in this manner.

A remote drive-control console is also shown in Fig. 3.37; it
houses the drive-control hydraulic unit and the direct-readout balance
equipment. Drive controls include variable accelerating and decelerat-

ing torque controls, a spin-rate preselector, and an analog or digital
tachometer.

3.6 Development of Balancing Machines

Early balancing began with runout marking of rotors in low-speed
machines. Resonant magnification of the unbalance runout during
coastdown was also used to improve the sensitivity of rotor-unbalance
measurements. No electtonic readout capabilities existed before 1930,
although devices for mechanically amplifying the dynamic response
were available before then.

Electrical readout and measurement began to replace mechanical
measurement between 1930 and 1950. Electronic procedures were also
developed to replace plane separation, which initially had been
developed as a mechanical procedure. The need for resonant

BALANCING MACHINES AND FACILITIES 169
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magnification became less imporiant as better signal-detection and
electrical amplification devices were developed and with the introduc-

tion of wattmeter filtering, Phase¢-angle measuremerit deveioped from a |

hand procedute, through the stroboscope method, to a direct signal-
comparison procedure. The electronics of two-plane balancers now
aliows direct and automatic readout of the urbalance vector in the
selected correction planes as an automated dial-in procedurs. This sec-
tion reviews the development of several important qariy balancing

Martinson Machine

The first known balancing machine was patented by ‘Martinson [7]
in 1870 (Fig. 3.39), It was soft-support machine, suitable for balancing
rigid rotors such as cast-iron pulleys, which were mounted on mandrels
for the balance operation. The rotor journals were mounted in blocks
containing bearing supports (possibly wooden). These bearing blocks
were supported by a pair of horizontal and vertical springs at both ends.
The rotor to be balanced was driven via a double-universal drive shaft,
from u supported belt pulley, which presumably was driven from an
overhead line shaft.

Initial rotor balancing appears to have been conducted in this
balancer at a low speed to remove gross unbalance effects such as cast-
ing eccentricities. A double-pulley drive arrangement would have been
employed to jog the rotor up to speed, For trim balancitg, the rotor
would have been run at a higher speed, probably above the rotor-
support critical speed, for resonant amplification of the uncorrected
unbalance.

Trial-and-error marking with chalk appears to have been used to
identify high spots. The soft supports provided useful response
magnification, but large response amplitudes in both directions (vertical
and horizontal) would have been a disadvantage (one-directional move-
ment is more convenient). This machine made rotor balancing a new
aspect of machine operation. It is not known whether any Martinson
machines are in existence today.

Lawacreck Machine

The Lawaczeck balancer [8,9] shown in Fig. 3.40 was developed in
1908. It was a vertical belt-driven machine, in which the upper journal
was firmly restrained against lateral movement. The lower journal was
flexibly supported to allow observation of the effect of unbalance, as in
the Martinson machine. Again, only one end of the rotor at a time
could be balanced. The belt drive was adjacent to the flexible support.
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UPPER

BEARING
SUPPORT

ROTOR TO
| ~ BE BALANCED

LATERAL
FLEXURE
SPRINGS

~ DRIVE
1 T PULLEY

FOUNDATION

*

Fig. 3.40. Lawaczeck balancing machine, vertical design built in 1908,
The lower bearing is flexibly supported in the radial direction, with an
overhung drive pulley (after Dihrberg [9)).

It is not evident from Fig. 3.40 how correction weights were
attached to the rotor, though the correction planes are shown. Presum-
ably the upper casing had access ports. The machine appears to have
been operatcd much like Martinson’s machine. The rotor was balanced
first at one end and then the other, which required that the rotor be

temoved and replaced. The overhung puliey may have affecied the
dynamic responise of the machine,

Heymann Machine

The need to reinstall the rotor after balancing one plane was over-
come with the Heymann [10] "double-pendulum” machine (Fig. 3.41)
developed in 1916, Only motions in the horizontal direction are per-
mitted with this machine. The bearings of the rotor to be balanced are
mounted in a pair of horizontal soft supports. This balancer was a
refinement of the Martinson balancer in whick the unnecessary vertical
support motions were eliminated.

Lawaczeck-Heymaan Machine

The ideas of Lawaczeck and Heymann were combined into a single
machine around 1918. This machine allows only horizontal motions of
the supports. During balancing, one end of the rotor is free to move in
the horizontal direction, but the other end is restrained with a clamping
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LUCK OPEN

HINGE

FLEXIBLE BEARING
BLOCK SUPPORTS

MAIN
FRAME

(b) Bearing block free to rotate in horizontal direstion; clamping bar lnactive

I LOCKED

AVAVAV R CRVAVAVAV
R e N

(¢) Bearing block restrained by clamping bar

Fig. 3.41. Principle of the Heymann machine. This machine was the first device
with the ability of independently lock and reloase either bearing block. This avoids
the necessity of removing the rotor and changing the rotor ends in their supports.

bar as shown in Fig. 3.42. When the free end has been balanced, it is
secured against movement with a clamping bar and the other end is
released for balancing. Soft supports are used, and there is no mention
of any special instrumentation to measure rotor runout. Trial-and-error
balan~ing was presumably the method of operation,

Akimoff Machine

In 1916, Akimoff {11] described the novel null-balancing machine
shown in Fig. 3.43. Lt consists of a rigid foundation member (similar to

————
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UNBALANCED
ROTOR

UNBALANCED
ROTOR

(b) End A free 10 translate horizontally, end B clamped

Fig. 3.42. Principle of Lawaczeck-Heymann balancing machine. The rotor is
balanced first with end A clamped and end B free to move horizontally, and
then end B clamped and end A free to move horizontally,
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(b) Detalls of balancing rotor with rods displaced

Fig. 3.43, Details of Akitioff balancer (®ASME 1918; used
with permission [11])

a lathe bed), hinged at one end and spring-supported at the other end.
The rotor to be balanced is mounted in bearings or as a machine assem-
bly to the upper surface of the becplate. A second rotor, forming part
of the balancer, is attached benecath the foundation. The second rotor
consists of a set of sliding metal rods, each of known weight and size,
supported in two end plates. The drive for both rotors is supplied by a
common motor,
Initially, the balancing rotor has all its rods aligned in a uniform
position (no overhangs), and as such it is in a balanced condition for
both forces and moments. When both rotors are driven, any unbalance
transmitted to the foundation must then be coming from the rotor to
be balanced. The magnitude and location of this unbalance can be
found by adjusting the relative axial position of the rods in the cage to
generate a countermoment, so that the unbalance effect of the top rotor
is cancelled. This occurs when zero foundation motion is nbserved at
the gpring support,

When a null condition has been achieved, the location (plane) of
the required balance correction is found from the relative movement of
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the rods required to achieve the balance condition. The magnitude of
the balance couple is also obtained from the relative movement of the
rods. Akimoff recommended choosing the foundation spring stiffness
0 that resonant magnification of the structure response could be
achieved by running close to the natural frequency of the system. The
maximum operating speed of the cage is 400 rpm. e

The Akimoff machine is a low-speed dynamic balancer suited to
removing unbalance couples from rotors, armatures, and crankshafts
that have previously been stetically balanced on knife edges. Akimoff
subsequently developed an addition that could accommodate static
balancing also.

Soderberg Balarcing Machine

Soderberg [12] recognized the need for plane separation and incor-
porated this feature into his machine (Fig. 3.44) to reduce the end-by-
end iteration sequence, The Soderberg machine consists of an unbal-
anced rotor in bearing supports that are mounted on a bedplate, This
bedplate is mounted on a movable fulcrum and end spring supports.
Under unbalance excitation, the structure pivots about the fulcrum,
The spring is tuned to provide structurally resonant properties for signal
magnification. The fulcrum roller can be moved along the machine bed
as needed to any suitable location beneath a balancing plane of the
rotor, This sets the pivot point at the balancing plane rather than at the
bearing and thus eliminates any unwanted moment about the balance
plane due to support forces. A rigid rotor can be corrected in the
tequired balance plane, with the fulcrum beneath the other balance
plane., This achieves a complete force and moment balance in two
stepy, without the need for further iteration. With its mechanical
plane-separation feature, the Soderberg machine thus had an advantage
over the Lawaczeck-Heymarn machines until plane-separation features
were developed for these machines. This was done mechanically by E.
L. Thearle in 1934 and electronically by J. G. Baker and F. Rushing in
1937. For a discussion of these patents see the following section.

Earlier versions of the Soderberg machine were limited by having
the balancing planes high above the fulcrum. This impaired the accu-
racy of observation. Later versions overcame this problem, but still
there was no direct means for accurate measurement of unbalance
amplitude and phase. Soderberg [12] described several procedures for
making such measurements, the most successful using a thin steel reed
that could be tuned to indicate vibratory amplitudes at operating speed.
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{b) End view

¥ig. .44, Soderberg movable-fulorum balancing machine
(®ASME 1923; ussd with permission {12})
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(c) Principle of Soderberg miachine

!
]
Fig. 3.44, (Cont’d) Soderberg movable-fulorum balancing nachine 4
{9ASME 1923; used with permission [12]) i{

3

Thearle Three-Ball Balancer

Thearle [13] mathematically analyzed the motion of a rigid rotor in
two supports; one support restrains the motion laterally, and the other
is flexibly supported in both lateral directions (Fig. 3.45b). Observing -
that the heavy side of the rotor would run out below the critical speed
and run in above the critical spsed, Theatle proposed a mass-halancing :
device that could be attached to the rotor during balancing and would e
allow the amount of rotor balance required to be determined automati-
cally. Thearle’s balancing head (Fig. 3.45a) is mounted rigidly on the ;
end of the rotor shaft. Pressed into the head is & hardened and ground
race groove in which two sizable steel balls of equal size are free to
move during operation. When not in use, the balls are clamped 180°
by a conical restraining clutch that is mounted on the center shaft and
held against the bails by a clamping spring. The clutch is released by
finger prassure on the end button. When freed, the balls assume a pre-
ferred position within the race during operation. At speeds above the
critical, the balls assume an angular position that tends to balance the
rotor,

The means by which balls balance a rotor automaticaliy are as fol-
lows: Assume that the balancing head is mounted at the flexibly sup-
ported end of the unbalanced rotor shown in Fig, 3.45b. By freeing the
balls at any speed of rotation, an additional rotating force is introduced.

This force is located in the plane of the balancing head, and its magni-
tude varies from zero when the balls are diametrically opposed to the
full unbalance force of the head when the balls are in contact. When
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(o) Baluncing head on left end of cotor

Fig. 3.45. Detuils of the 'Thoarle bulancing head
(OASME 1932, used whh permissiun 113))
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X

the rotor is pivoted at the left support L, the effect of any unbalance i
(Fig. 3.45b) on the system will bs proportional to the unbalancs Wy
and its moment arm L. When the rotor is running above the critical
speed and the clutch is depressad, the balls thus freed will automatically
f assume positions that tend to suppress the unbalance whirling of the
| rotor in itg supports. For this to occur, the moment of unbalance intro- >
. duced by the balls. must be equal and opposite to the unbalance
moment of the rotor. Furthermore, the bisecting line between the
angle of the balls indicates the angular location of the rotor unbalance.

The balancing head is to be used at ¢ither end of the rotor in turn,
to balance out either end component of the rutor unbalance. Some
iterations may be necessary, as the roior is not supported in its correc-
tion planes. For this, Thearle balancers on both end of the rotor would
be helpful. A further calculation is necessary to determine the magni-
tude of the balance weights required at each correction plane. The
balancers are removed when rotor balance in the correction planes has
been achieved. :

The Thearle balancing method was a novel procedure in its day.
Its disadvantages were the inconvenient end-by-end procedure, the
additional unbalance calculation requirement, and the need for plane-
separation calculations, Den Hartog [14] has discussed Thearle's
apparatus and has also mentioned a similar apparatus used to balance .
automatic washing machines during their spin cycle. Ormondroyd [15]
in discussing Thearle’s paper draws attention to the LeBlanc (1913)
automatic mercury balancer, which iy also described by Stodola [16].
Olsen [17], in another discussion of Thearle's paper, describes a device
by Sellars (1904) consisting of several balancing rings, it appears to be
identical with the washing-machine patent described by Den Hartog i

: 23: ugo comments on page 182, on the centrifuge balancing patent by
; ms).
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3.7 Selected Patents on Balancing Machines and Equipment

This section contains details and illustrations from selected U.S,
balancing patent documents. Important patents on balancing machines,
balancing equipment, and special devices are reviewed. The list con-
tains many important paterits but does not attempt to be all-inclusive.
No reference is made to foreign putent literature. The name of the
inventor is followed by the year of patent application. Tuble 3.3
classifies a number of patents by specific area.
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Table 3.3. Classification of balancing patents
Subject Inventor U.S. Patent No,
Turbine LeBlanc 1,209,730
balencing Rathbone 1,704,341
Linn 1,776,125
Groentree 2,078,796
Meredith 2,442,308
Frank 2,622,437
Sjostrand 2,731,887
McCoy 2,823,544
Samsel 2,828,626
Reud 2,842,966
Wright 2,879,470
General rigic- Huff 2,057,778
rotor balancing Siversen 2,116,221
Buckingham 2,140,398
Exter 2,210,285
Baker 2,235,393
Saltz 2,327,608
Kent 2,405,430
Lindenberg 2,547,764
Kothagen 2,554,033
Allen 2,737,813
Swearingen 2,740,298
Wright 2,861,455
Doraldson 2,878,677
Frank 2,899,827
Automobile Morsz 2,176,269
wheels Hanson 2,171,252
Hunter 2,34],444
Martin 2,553,058
Kiebert 2,718,781
Ringerling 2,722,829
Hemmeter 2,779,196
Palmer 2,816,446
Twiford 2,902,862
General Hanson 1,603,076
rotating Adams 1,952,574
machinery Hem 2,186,574
Bradbury 2,238,989
Sharpe 2,377,045
Kahn 2,534,26%
Rensselaor 2,772,465
Phelps 2,915,901
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H. Martinson (1870), U.S. Patent 110,259, December 20, 1870

Soft-support balancing machine (Fig. 3.39) for rigid rotors. The
rotor to be balanced is mounted in two end beatings supported by
springs in the horizontal and vertical directions. The drive pulley is
connected to the workpiece by a ariiversal drive shaft. This allows the
driver: end of the workpiece to move laterally. The procedure involves
trial-and-error balancing, using a marker (chalk) to locate the angular
position of the maximum runout in each correction plane, in turn.

M. LeBlanc (1912), U.S. Patent 1,209,730, December 26, 1916

A balancing device by which the rotor is balanced semiautomati-
cally. Tubes of mercury encased in resin are instalied dround the
unbalanced rotor circumference. The rotor in its supports is brought to
speed, and external heat is applied to melt the resin. The released nier-
cury then flows automatically to a new position that balances the rotor.
As the resin cools, the mercury is secured in the new position.*

A.H. Adams (1928), U.S. Patent 1,952,574, March 27, 1934

A self-balancing device for use with centrifuge equipment (Fig.
3.46), The centrifuge bowl is supported on a vertical spindle. An
annular tube surrounds the bowl, containing a quantity of heavy
flowable miaterial (e.g., mercury, steel balls). When the centrifuge runs
above its critical speed, the material causes the bowl to be self-
balancing

T.C. Rathbone (1924}, U.S. Patent 1,704,341, March 5, 1929

Field balancing machine. A pendulum device mounted on a bear-
ing pedestal is caused to vibrate by unbalance forces iransmitted from
the rotor. The pendulum motion closes a contact pnce per period to
tricger a flashing lamp. Two trial masses are placed on the rotor, and
the location of the unbalance plane and its phase are measured in the
usual mannet. This allows the location of the original unbalance to be
determined. The pendulum functions as a timing device for the lamp,
and the timing indicates the angular location of maximum transmitted
pedestal force. The rotor is balanced by trial and error.

D.D. Knowles (1930), U.S. Patent 1,979,692, November 0, 1934
Stroboscope testing apparatus, suitable for observing rapidly rotat-
ing objects. No direct application to balancing is mentioned in this

*Den Hartog [14] and Thearle [13] have both comniented on the LeBlanc balancer, giv-
ing reasons why it will not work with mercury but will work with solid balls.
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March 27, 1934, A. H. ADAMS 1,952,574

CENTRAIPUGAL TREATING MACHKING

Original Filed April 13, 1928 2 Shests=Shest 1
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Fig. 3.46. Centrifuge balancer patent by Adams (1934)
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early stroboscope patent, and no reference is made to previous strobo-
scope patents or concepts. A circuit diagram is given with full working
explanation. "Gﬁr,‘id-gl‘ow" discharge tubes are incorporated®.

S.S. Huff (1932), U.S. Patent 2,057,778, October 20, 1936

Crankshaft balancing machine. This is a mechanical device that
determines the amount and angular location of material to be removed
from the ends of the shafi to achieve balance. No direct measurement

‘of unbalance magnitude is made. No electronic circuits or direct plane

separation are specified.

* L.E. Swedlund (1935), U.S. Patent 2,092,096, Ssptember 7, 1937

‘Strobe actuator circuit. Standard balancing practice is for pickups

'to generate an electric signal from transmitted rotor motions. How-

ever, such a signal voltage is variable: it depends on the unbalance
magnitude and its distribution and on the rotational speed. For improv-
ing the strobe operation, a constant ac voltage is preferred. The
patented circuit amplifies and conditions the pickup signal and gives
improved strobe functioning by providing a strong, rapid-decay
waveform.

J. Sivertsen (1938), U.S. Patent 2,116,221, May 3, 1938

A device for determining the angular location of unbalance. A
rotating permanent magnet set in a stationary housing with alternating
magnets gives the unbalance angle. The principle involved appears
very similar to Thearle’s (1936) patent, though the configuration is
differ nt.

E.L. Thearle (1936), U.S. Patent 2,131,602, September 27, 1938
Soft-support balancing machine (Fig. 3.45). A belt drive rotates a

rigid rotor in end bearings mounted on flexible supports. The location
and magnitude of the rotor unbalance are determined by an adjustable
méchanical device that identifies the axial nodal points of the rotor
whirl motion. The deévice requires calibration with a balanced rotor.
Unbalance magnitudes are found by comparing the uncalibrated rotor
response with the calibrated rotor response. Data are obtained with
inductance probes, Synchrenous voltage is fed into a null circuit with

*Ruthbone's (1929) patent describes the principles needed for stroboscopic itlumination
but contains no significant circuit details for manufacturing such an illumination device.
Knowles patent, applies for one ysar later, appears to describe a true stroboscopic device.
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inductance current for phase-angle measurement. This invention con-
tains early versions of several features that are now standard in modern
balancing machines and circuitry: a plane-separation circuit, wattmeter
filtering, and phase-angle circuitry.

1.G. Baker and F. Rushing (1935), U.S. Patent 2,165,034, July ‘4, 1939

High-speed balancing : equipment (Fig. 3.47). = The two-plane ‘
balancing procedure includes plane separation. The magnitude and

phase of unbalance are determined .electrically without additional l

mechanical devices. The end-by-end restraint sequence of earlier j

machines (Lawaczeck-Heymann, Soderberg, etc.) is not required. Elec- é

1

é

|

!

tric circuit diagrams are given for plane separation and a stroboscopic
means of phase-angle measurement. This is a comprehensive patent
that discusses many important aspects of high- and low-speed balancing,.

J. Lundgren (1937), U.S. Patent 2,228,011, January 7, 1941
Commutator and switch mechanism for phase-angle measurement.
Amplifier circuitry for triggering strobes. The innovation is the reduc- {
tion of the rise time associated with the current reversal that triggers ‘
the strobe. i
|

J. Lundgren (1939), U.S. Patent 2,289,200, July 7, 1942

Soft-support balancing machine with mechanical means for \
establishing the balance clamping pivot location. The method employs i
the commutator switch circuitry of the previous patent. The balance ]
point is locked electrically. A null circuit is used to determine the mag- '
nitude of unbalance.
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E.C. Rushing and J.G. Baker (1937), 4,
U.S, Patent 2,289, 074, July 7, 1942 ;
A carriage-type high-speed balancing machine. This devnce elim-
inates the need for a carriage pivot point, as used in a Soderberg-type
; machine. The pivot elimination is accomplished through the use of a
" mechanical linkage device. The patent desribes the machine and link-
age construction. Little attention is paid to electronics.

o

4 1.G. Baker (i939), U.S, Patent 2,315,578, April 6, 1943 |
W Concepts for balancing complicated shafts and other rotating
‘ members. The patent describes a two-plane crankshaft balancing
machine, together with circuits with general applicability to shaft
balancing. It also describes electrical circuits suitable for the determina-
tion of unbalance in two correction planes. Angular positions for two
balance weights per balance plane are deduced by the circuits designed
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Fig. 3.47. Plane-separation circuits for bulancing machine. Baker and
Rushing patent (1939),
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to balance the rotating body, The method is suited for crankshaft
balancing where access to the correction plane is limited. A null
method is used to obtain unbalance readings. No analytical theory is
given, but there is an extensive discussion of the complex circuitry.
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§.G. Svensson and N.B. Langefors (1945),
U.S. Patent 2,500,013, March 7, 1950
Apparatus for determining the magnitudes and angular dispositions :

of unbalances in a rotating body. A standaid soft-support system, pick- :

ups, and voltage generatcr are used. Support amplitude pickups are
connected in series with each other and with a current meter. The
instrument is fed with the vector difference of the pickup currents.

Improved circuit concepts for determining unbalance are claimed.

D.R. Whitney (1944), U.S. Patent 2,551,480, May 1, 1951

Balancing machine with electrical readout. A response signal from
bearing transducers is projected onto a ground-glass screen for visual
observation of unbalance response magnitude and phase angle, obtained
with reference to an ac generator voltage signal. This appears to be the
first patent for a screen readout device.

S I Y

K. Federn (1952), U.S. Patent 2,731,592, January 17, 1956

Device for the photoelectric generation of an ac signal in syn-
chronism with the rotation of a body. The innovation lies in the accu-
rate generation of waveforms for use in determining unbalance phase
angles.

W. Pischel (1951), U.S. Patent 2,815,666, December 10, 1957

Machine for measuring unbalance. It measures forces rather than :
displacements at the supports. Plane separation is incor; orated through
a potential divider mechanism that is part of the machir .. ‘

D.V. Wright (1953), U.S. Patent 2,861,455, November 25, 1958 :

Refinement for wattmeter balancing. The electrical network
includes a ring demodulator wattmeter. The circuit is similar to that
proposed in the Baker and Rushing patent (U.S. Patent No. 2,165,024). J
A noncontacting device is proposed for ac voltage generation with a
wave-shaping circuit.

E.P. Larch (1957), U.S. Patent 2,937.613, May 24, 1960

Balancing machine that removes or adds material to balance rotor
during rotation. A nozzle ejects weighting material that adheres to the
rotor or sandblasts material off the rotor. Automatic operating controls
are provided for the nozzles.
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CHAPTER 4
LOW-SPEED BALANCING

4.1 Soft-Support Machine Procedures

Typical Soft-Support Machine System

Soft-support balancing machines are designed to operatc above
the critical speed of the rotor in the machine supports. Operation in
this speed range climinaies resonant dynamic effects frcm the rotor
response and makes accurate speed control a less important operating
variable. A typical soft-support shop balancing machine (Fig. 3.5) con-
sists of two support pedestals with an interconnecting frame structure, a
dc motor drive with a lightweight belt, a stroboscopic flash lamp to
identify the¢ angular location of the shaft maximum runout, and a
readout console with a means for determining the residual unbalance
force at the readout location, e.g., rotor supports.

The purpose of any low-speed, two-plane balancing machine is to
provide a means for removing the effects of static and dynamic unbal-
ence from the rotor response. For such a procedure to be effective—
that is, for the corrected rotor to run within acceptable vibration
limits—the rotor must act as a rigid body during the balancing process.
This means that lateral and torsional displacements of the rotor due to
such effects as centrifuge! forces, bending critical speeds, and torsional
critical speeds must be absent or insignificant in the rotor displace-
ments. Under such ccnditions the balancing machines and balancing
techniques described in this chapter will allow a rotor to be balanced so
that it will operate smoothly and without vibration in its machine sup-
pnrts.

ABC Method

The simplest commercial balaicing procedure presently uvailable
is the Schenck ABC method, in which the rotor dimensions 4, B, C,
and R, and R, are dialed into the insttument console, or "vectormeter,”
as shown in Fig. 3.28. The rotor is then rui at a seiected balancing
speed. The dials of the vectormeter will indicate the magnitude and
location of the correction masses required in the two correction planes.
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The funciioning of this instrument depends on efficient filtering of all
extraneous signals and on a plane-separation circuit that calculates the
size of the required halance weights from trensducer signals obtained
from the rotor-support planes. The ABC method does not require the
use of a strobe flash lamp to identify the phase location of the unbal-
ance, and it overcomes the trial-and-error procedure of adding trial
weights to the rotor to determine the required balance weight. The
rotor thereby is balanced in a minimum number of test runs (nominally
in two runs), whick is of importance where high-volume balancing of
rotors in involved, The cost of such sophisticated equipment is, of
course, higher than that of simplier methods, such as the stroboscope
method.

Stroboscope Method

For shop balancing, the stroboscope method requires a low-speed
balancer and a small circumferential strip of indicating surface situated
at some axial position along the rotor. A row of numbers 1 through 12
is comraonly written around the indicating circumference, or a short flat
black non-reflecting strip may be used as an angular marker. The pho-
tocell is positioned vertically above the rotor (see Fig. 4.1), and the
readout circuitry is designed to operate with the photocell in this posi-
tion unless otherwise adjusted. Stroboscopic balancing equipment is
usually supplied with a single readout dial, which may or may not be
directly calibrated in unbalance units. The procedure is as follows;

Fig. 4.1, Phovocell in position for stroboscope meesurement,
(Courtesy of Schenek Trebel Corporation.)
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1. Lock the left pedestal s0 that no lateral movement can occur,
Let the right padestal support be free to move horizontally.

2, Start the drive motor and run the rotor at the desired halanc-
ing speed (150 to 400 rpm as required).

3. Switch on the strobe flash lamp. Observe the rotor unbalance
location marking (usually 1 through 12) indicated by the stroboscopic
flash illumination of the angular location of the "eight" point on the
rotor in the right measuring plane and the magnitude of the unbalance
(or unbalance units) display on the console dial.

4. Add a suitably sized lump of clay in the right balance plane at
the “light" angular position location determined in step 3.

5. Rerun the rotor and observe the corrected rotor amplitude and
the anguiar location at which it occurs with the clay attached.

6. Repeat steps 3, 4, and 5 until rotor amplitude has been
reduced to within acceptable limits.

7. Release the left support. Clamp the right support and proceed
io balance the rotor in the left correction plane.

8. Repeat steps 2 through 6 until a satisfactory balance has been
achieved at the lefi support by adding clay in the left correction plane.

9. Release the right support and reclamp the left support.
Repeat steps 2 through 6 as required to verify that the balance in the
right plane has not been affected by balancing in the left plane. If the
balancer has a plane-separation circuit, this will have been done
automatically; if not, some trial-and-error corrections may be needed.

10. If the amplitude at the right piane is unacceptable, modify the
right-plane balance weight to achieve satisfactory balance and check the
left-plane balance. Repeat this trim balancing procedure until both
planes are within prescribed limits.

The stroboscope method clearly requires much less sophisticated equip-
ment than does the ABC method because it relies more on the skil! of
the operator, for example, more judgement is required when there is no
automatic plane-separation feature. As the trial balancing is done with
lumps of clay, it is subsequently necessary to weigh the clay installed in
the balance pianes and then to add an equivalent balance weight to
make the correction permanent.

The stroboscope method can be used with all rotors. It is most
widely used or small shop balancing and also in field balancing. The
essential aspects are the vertical pickup that triggers the straboscope,
the wattmeter filter used to detect the synchronous response com-
ponent, and the trial weight procedure.

———— g e .
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4.2 Hard-Support-Machine Procedures
Properties of Hard-Support Machines

With the development of sophisticated readout instrumentation
(semiconductor load cells, strain gages, velocity transducers, accelerom-
eters) and with back-up solid-state amplifiers, wattmetter filtering
and/or on-line filtering, hard-support machines have become more
popular in recent years. Their inherent ruggedness is attractive to
equipment buyers, though it may be obtained at some sacrifice in accu-
racy (e.g., weaker displacement signals requiring more careful filtering
and amplification). Hard-bearing balancing machines have recently
become popular for the balancing of large rotors, such as generator
rotors.

Mechanical magnification of the rotor response through resonant
operation is no longer required with the sophisticated measurement
equipment now available. Any balancing machine with pedestal reso-
nances below the balancing speed has a built-in disadvantage in that
smooth operation up to balancing speed (high or low) is desirable.
Balancing speeds in modern hard-bearing equipment are inherently lim-
ited only by the sensitivity of the readout equipment on the one hand
and by the flexibility of the rotor on the other hand. For typical rigid
rotors, balancing speeds might range from 250 to 3000 rpm. The actual
balance speed varies from case to case and is frequently determined by
trial and error, guided by the signal strength obtained in a given case.
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Hard-Support Balance Using ABC Method

The ABC console shown in Fig. 3.28 is commonly used with a
hard-support balancer. In modern units the console would be an
integral part of the balancing machine, which would consist of bearings
and instrumented pedestal supports. It would be mounted on a massive |
foundation bedplate, with a variable-speed drive motor and universal "
drive coupling directly attached to the rotor to be balanced. The balanc- i
ing system for the machine shown consists of a mechanical drive, [
readout instrumentation, signal processing and display circuitry, and i
safety equipment. i

The procedure used to balance rotors with such equipment is as
follows:

TR g R T PR

1. Place the rotor to be balanced on suitable pedestal supports
(e.g., bearings, rollers).

2. Attach the drive unit (e.g., end coupling, midplane belt). !

3. Set sensitivity S, to least sensitive position (depending on
estimated balance conditions of rotor).

f
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Set speed-range button.
Set add/remove mass button.

n e

6. a. Set Ry, radius dial for radius of left correction plane.
b. Set R;, radius dial for radius of right correction plane,
c. Set 4, the distance from the left support to the left balance
plane,
d. Set B, the distance from the right support to the right bal-
ance plane.
e. Set C, the distance between supports (All dimensions
R1, R2, A, B, and C must be in the same units.)

7. Run the rotor at the prescribed balancing speed.
8. Release reading-retention pushbutton.
9, Adjust sensitivity switch to give nearly full-scale readings.
10. Depress reading-retention pushbutton to store balance read-
ings on vectormete.s or console dials.
11. Stop machine. Insert/remove indicated balance correction
weights corresponding to the magnitude of the vectors and the phase
angles indicated on the console dials.

Periodically a series of routine tests is conducted on this type. of balanc-
ing machine to determine whether the calibration is accurate. A test
rotor with a precisely calibrated residual unbalance (or in a perfect state
of balance) is used to check the calibration of such machines.

4.3 Field Balancing

Need for Field Balancing

It often happens that a machine operating in a plant begins to
vibrate with increasing sevetity and must be rebalanced. It is usually
desirable to perform such rebalancing in situ, rather than to "pull® the
rotor and return it to the manufacturer. Such a balancing procedure is
known as field balancing. The techniques used differ in certain respects
from those used for initial rotor balancing in the manufacturer’s plant
(shop balancing).

Field balancing is undertaken with the unbalanced rotor in its own
bearings and casing. This rotor must be provided with some source of
rotational drive power, or, if the rotor is that of a prime mover (e.g.,
turbine rotor), it must be capable of developing sufficient rotational
speed in situ to permit field-balancing measurements and corrections.
Trim balancing is a common form of field balancing, in which a rotor
that has been prebalanced in the manufacturer’s shop is balanced again
after installation, to ensure smooth operation.
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Field-Balancing Instrumentation

To field balance a rotor it is desirable (though not essential) to use
equipment that can measure rotor amplitude and phase angle at the
desired balance speed. Such equipment may be portable or may be per-
manently installed in the machine frame. The essential requirements
are reliable, accurate vibration measurements of the rotor respons.
amplitudes (left and right supports) and similar measurement quality
for the phase angle of each amplitude peak with respect to some rotat-
ing reference mark on the rotor.

There is a wide variety of equipment for obtaining such data. For
example, rotor vibration amplitude can be measured (crudely) with a
hand-held shaft-riding vibration meter, such as an IRD probe. As there
are many sources of vibration, a filtering system is required to exciude
all nonsynchronous inputs. Such a probe may contact the rotor surface
directly via a low-friction shoe, or vibration measurements may be
taken from the bearing caps adjacent to the shaft. Another method
used to determine the shait motions from changes in the air gap
impedence is to install a noncontacting IRD or Bently Nevada induc-
tance probe on a bracket attached to the bearing support. A third
method is to use seismic accelerometer pickups mounted on the bearing
caps. In each case, the observed vibration signals are passed through a
filter to obtain the synchronous shaft amplitude at the readout location.
This measurement gives the required shaft amplitude for balancing cal-
culations.

The phase angle associated with the synchronous shaft amplitude,
referred to some angular datum, can also be obtained by various
methods. The simplest procedure is to use & pickup that briefly triggers
a strobe lamp once during each cycle of shaft rotation. The same
pickup can also be used to measure the shaft vibration amplitude. Such
a system has been clearly described by Blake [1], who recommends it
primarily because of its simplicity and proven effectiveness. Besides the
pickup, no other connection to the machine is required. Blake further
states that, although the wattmeter system described in Chapter 3 is the
best of the simple phase-measuring systems because of its superior
filtering ability, it requires an additional generator to provide the syn-
chronous voltage.

The basic instrumentation can therefore be restricted to a single
pickup and a strobe lamp. If more sophisticated instrumentation is
needed to officiently balance a rotor, the arrangement shown in Fig. 4.2
can be used. Signals are brought out from two probes located near each
end of the machine. The two probes are oriented 90° of rotation apart.
The signals are amplified, synchronously filtered, and then fed to an
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{s) Two probe instrumentation for. shaft orbits
/ : {b) Shatt synchronous orbit at bearing with
< / tirning marker

Fig. 4.2, Instrimentation for measuring shift orbits

-

oscilloscope, to display the shaft orbit in each case. A small mark
(scratch or magnetic tape) is made on the shaft at the same angular
location at either end, to serve as a phase-angle reference. Its angular
position is arbitrary, This mark appears on the shaft orbit as shown in
Fig. 4.2b. The angular distance between the maximum shaft amplitude
and the shaft reference mark then becomes the phase angle.

Rotor balancing requires information on the rotor unbalance
amplitude and on the phase angle, for the original unbalance condition
and for several unbalance conditions with trial weights. This procedure
is desctibed in the sections that follow.

Stroboscope Balancing

A stroboscope is used in many balancing procedures to idantify the
angular location of the unbalance. It is used in conjunction with somie
motion-sensing device (e.g., velocity pickup, dieplacement probe). The
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rotor unbalance transmits both force and displacoment to the supports,
cither of which can be monitored by a sensor. The sensor output signal
is flltered in a vibration analyzer to retain only the synchronous com-
ponent of the motion. The filtered signal is a measure of the unbalance

. effect at the sensor location; it is displayed on 8 dial, a vectormeter, a
digital. display meter, or some other device. The' signal is also used to
trigger a strobe light thut flashes at the instant the sensor output signal
reaches a maximum value. The light pulse duration is in microseconds,
-and-it is extremely bright. . y

Shop Bulancing with & Strobe Lluht A simple shop balnncer that
incorporates a strobe light is shown in Fig. 4.3. The rotor to be bal-
anced rests in its supports. At some location, a row of numbers (usu-
ally 1 through 12) is taped or painted on the rotor. The strobe lamp is

STROBE LIGHT
INDICATOR

Fig. 4.3. Shop balancer with strobe fight, (Courtesy of
Stewast-Warner Balancing Machine Corperation.)
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positioned to face this row of numbers, and the lamp circuit is so
designed that, when ths maximum force or displacement is sensed at
the supports, the lamp fires and illuminates one number in particular.
This number corresponds to the light spot at that rotor end. 1f the
numbers are located -around the rotor -end, the circuit fires. the lamp
with a suitable built-up time delay so that the light side will bs

illuminated when it reaches the lamp. Some lamps illuminate. the

entire end of the rotor without reference to any number-in particular.
1n this case, the heavy spot is usually at the number opposite the sensor
(or pedestal). The required position of the lamp for locating the high
spot in a given balancing procedure is stated m the operating manual
for this equipment.

Velocity sensors are patticularly good for tngsermg strobe lamps.
They operate with a moving coil in a magnetic field, which produces an
alternating voltage proportional to velocity. This voltage can easily be
integrated electrically to give displacements corresponding to the vibra-
tion amplitude. The maximum amplitude corresponds to the point of
zero velocity in the inotion cycle. This point (i.e., the plus-to-minus
voltage change) is much better for triggering the strobe lamp than the
peak voltage, which is susceptible to considerable error in loceting the
exact value of the peak. For these reasons velocity sensors and a
strobe lamp make an excellent combination.

Field Balancing with a Strebe Light. Essentially the same pro-
cedure as the above is used to balance a rotor in the field. The same
equipment is required: vibration sensor, analyzer, and strobe light.
However, the angular relation between the locations of the sensor and
the strobe flash must be known in advance, or there is no way of deter-
mining the significance of the number being illuminated on the rotating
shaft,

Assuming that the required angular relationship is known, balanc-
ing can be performed by any of the strobe techniques. If this angular
relationship is not available, & procedure such as that described below
[1] can be used.

Single-Disk-Rotor Bslancing with s Strobe Light. This pro-
cedure [1] is suitable for balancing rigid rotors (e.g., fan rotors) in the
field. Before balancing it is necessary either to install the rotor in a
balancing machine or to use some device at or near the unbalanced disk
to measure the motion of the rotor. This device can be a hand-held
shaft-riding probe, a probe applied to a bearing or pedestal housing, an
in-place displacement or velocity sensor, or an accelerometer. This
sensor should be equipped with a filter to read only synchronous output
and a strobe light whose angular relationship to the probe position is
known (see page 196).
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The balancing procedure is as follows;

1. Note the direction of rotor rotation and mark the rotor cir-
cumference at some suitable location :with numbers 1 through 12,

2. Select a suitable balancing speed where the vibrations are dis-
cernible but not excessive. Run the unbalanced totor at this speed.

3. Read the vibration sensor cutput and record the magnitude of
the vibration in some consistent system of units (millimeters, volts,
etc.). This is the magnitude of the vector OA in Fig, 4.4,

4. Using the strobe light, identify the circumferential location on
the rotor corresponding to the maximum rotor amplitude.* This is the
orientation of vector OA in Fig. 4.4,

5. Plot the magnitude and orientation of the orlginal unbalance
vector OA in Fig. 4.4,

6. Select a suitable balance weight of known magnitude (see
pages 203 and 204) and add this to the rotor at a suitable radius about
90° from the original unbalance location.

7. Run the rotor at the same balancing speed. Measure the new
vibration level and the new orientation of the maximum displacement.

8. Plot the new unbalance vector (original plus trial weight) as
OB on Fig. 44.

9. Join points A and B. Find the magnitude of OA from the trial
weight magnitude as follows:

Original unbalance OA = -A—ﬁ- (trial weight, oz-in.).
Check to see that the orientation of the trial weight lies at about 90°
ahead of the original unbalance vector on the diagram,
10. Insert a correction weight in the balance plane at 180° to the
original unbalance vector of magnitude equal to the original unbalance.

The following sample balance calculation will illustrate the above pro-
cedure: A single-disk overhung rotor gives an instrument reading of 5
units when run at 400 rpm. The orientation of the original unbalance is
at 3 o’clock. A trial balance weight T = 2.0 oz iy added to the disk at
radius 10.0 in,, at 6 o’clock, about 90° ahead of the original unbalance.
The new rotor unbalance condition is then measured at the same speed
as before. The new unbalance reading is 12.0 units, oriented at 5
o’clock. The vector diagram representing these conditions is shown in
Fig. 4.4. The length of the trial weight vector is 5.56 in., or 11.2 units

*For a rotor system with low damping that operates away from the rotor critical speeds,
the angular locution of maximum amplitude corresponds to the unbalance location.
Heavily damped rotor systems me) be diffioult to balance because of the phase lag that
can develop between the maximum fores and the maximum rotor amplitude.
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200 BALANCING OF RIGID AND FLEXIBLE ROTORS

3 0'CLOCK

‘ A
B UNITS. o) .
{9.00 VZ-IN,) ' f2.5° , ’

20 0Z:IN. ‘
11,12 UNITS

BALANCE WEIGHT VECTOR
12 UNITS
(21,60 OZ:IN.}

ANCE = 432
1 UNIT UNBALANCE = £33,

= 1,80 OZ:IN,

ORQGINAL PLUS BALANCE
WEIGHT VECTOR

UNITS OF UNBALANCE
SCALE: 1 UNIT =08 IN.

Fig. 4.4. Balanice vector diagram for the stroboscopic method

of unbalance (1 unit = 0.5 in.). Therefore, this corresponds to 20.0

* 0z-in., that is,

1 unit of uanlance - 20.00 = 1,80 oz-in.

11.12
Thus

QOriginal unbalance = 5§ x 1,80 = 9,00 oz-in.
and

Original plus trial unbalance = 12 x 1,80 = 21,60 0z-in.

To balance this rotot roquires installing a balance weight equal in mag-
nitude and opposite in direction to the original unbalance OA. The
required balance correction is 9.00 oz-in. oriented at 9 o’clock on the
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LOW-SPEED BALANCING 201

strobe clock (i.e., 180° from OA, which is 87.5° further ahead of the
trial-weight AB vector location). Using the same balance correction
radius of 10.0 in. gives a correction weight of 0.9 ozata radius of 10.0
in, at9 o ‘clock. ‘

Sources of Error Errors in estimatmz correctmn wesight details

may occur in. any of the following:

1. Orisinal unbalance magnitude. This is read from a dial. The
needle position fluctuates, and the instrument may be inaccurately cali-
brated.

. calibration of which is often quite rough. The location involved may
also fluctuate because of imprecise drive speed control. This is a major
source of error in most balancing operations.

3. Trial weight. Magnitude known imprecisely. Radius measured
inaccurately, Angular location does not matter, as the vector diagram
must closa.

4. Original plus trial weight. Same problems as in ltems 1and 2.

5. Correction wmght installation Same problems as in items 2
and 3.

Figure 4.5a shows the effect of cumulative plus and minus variations
on the factors listed above. Assume that the above steps involved the
following perceut errors:

Original unbalance magnitude, % +10.0 (9.9 oz-in.,
5.5 units)
Original unbalance orientation, +10
degrees
Original plus trial weight magnitude, % +10.0 (23.76 oz-in.,
13.2 units)
Original plus trial weight orientation, =10
degrees

The original unbalance is read as 5.5 units at 100° (actually, it is 5.0
units at 90°). Installation errors plus misreading of the (trial weight
and original unbalance) vector gives 13.2 units at 58° (actually, 12 units
at 68°). Trial balance is deduced as 10.35 units at 81° (actually, 11.1
units at 92°). Hence the original unbalance is deduced as (5.5/10.35)
% 20 = 10.628 oz in. ,

The corréction weight of (10.628/10) = 1.063 oz is installed at

200° (additional 10° error). The new residual unbalance (Fig. 4.5b) is:

an unbalance vector of 2.20 units at 250°, This unbalance has resulted
from errors both in measurement and in the installation of weights.
Further small errors could result from the values used for the trial
weight and trial radius.

2. Original unbalance angle. This is read from a clock face, the )
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POSITIVE MAGNITUDE AND ANGLE ERROR
-521;" IN ORIGINAL QNBALANCE READINGS

'(l RIA %BALANC)E 10,36 LNITS
~11.86% ERROR)

AND NEGAI'VE ANGLE \
ERROR IN TRIAL WEIGHT
PLUS ORIGINAL

UNBALANCE READINGS

13,2 UNITS
[+ 10%)

(a) Error effect on balance vector disgram

RESILUAL UNBALANCE

\22 UNITS

5.0 UNITS

(b} Residual unbalance
frcm arror effect

Fig. 4.5, Effect of cumulative plus and minus errors on the balance vector diagram

The new residual unbalance could be corrected furtker by repeat-
ing the above procedure. The error percentages used are realistic
values based on practical experience. Practical effects resulting from
rotor assembly procedures and from various components have been dis-
cussed by Staedelbauer [2] with reference to fan and blower balancing.

The influence of errors on balancing procedures has been dis-
cussed by Tonneson [3], Iwatsubo ot al. [4], and others. The residual
unbalance found by the procedure described above shows why it is usu-
ally necessary to make several balance moves before arriving at a
smooth operating condition.
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Size of Trizl Welghts

Wilcox [5] has proposed that for a rotor of weight W Ib with a
disk unbalance vibration amplitude of r in., a suitable trial unbalance
magnitude U, can be obtained from the expression '

W Uew?
— )y - )
g - 1ég

whete w is in radians per second. Thus
U, = 16 Wr oz—in,,

and the trial weight at balance radius ry is therefore

U
Wym — = 16W = oz
rr rr

Jackson [8] has given a procedure based om the criterion of one-
tenth of the rotating force transmitted to the adjacent bearing; that is,

11 W,
U, 07 %" (r + a).
Assuming a to be of the sume order of magnitude as r gives

U, =16 % w?r oz-in.

The trial weight is

Wem 16 L 02 Loz,
g rt

For a 20-ib rotor being balanced at 400 rpm with a disk whirl radius of
0.002 in., and a balance hole radius rp = 3.0 in., the relative values of
the trial weights are as follows:

Wilcox U, = 16 Wr = (16)(20)(0.002) = 0.64 oz-in.

W, = 0,64/3 = 0.213 0z

2
20 400 . .
Jaskson U =16 1864 [9.551 (0.002) = 0.201 oz-in,,

W, = 0.291/3 = 0.097 oz.
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204 BALANCING OF RIGID AND FLEXIBLE ROTORS

The Wilcox method leads to larger trial weights than does the Jackson
method, though both procedures lead to trial weights of similar magni-
tude.

Single-Plane Balancing: Circle Method. No Phase Measurement.

A r1igid rotor whose unbalance is known to lie in a single plane can
be balanced by the procedure given below. The graphical construction
is shown in Fig. 4.6.

1. Run the rotor at a balanving speed (i.e., 200 to 400 rpm)
sufficient to obtain a reasonable readout signal. Record the magnitude
of the transmitted unbalance force at some adjacent location—for
example, at a bearing cap near the unbalance plane.

2. To a suitable scale plot the unbalance force magnitude as a cir-
cle of radius OA (see Fig. 4.6).

3. Add a iriai weight at position 1 on the disk. Run the rotor up
to the same balancing speed and record the new transmitted force mag-
nitude at the same readout location.

4. Using the same force scale, select any point on the circle 04
as the center and draw a circle of radius A8 to represent the new
unbalance force vector.

5. Move the trial weight 90° away from position 1 to position 2.
Run the rotor up to the same balance speed. Record the new transmit-
ted force at the same readout location,

6. Using the same force scale, select a point 4, on the circle 04
that is 90° from point 4;. Draw a circle of rudius 4,8, to represent
the new unbalance vector,

7. Move the trial weight 90° away from position 2 to position 3
Run the rotot at the same balance speed. Record the new transmitted
force at the sarne readout location.

8. Using the same force scale, select a point 45 on the circle OA
that is 90° from A, and 4, Draw a circle of radius 4358; to represent
the new unbalance vector.

9. Move the trial weight from position 3 to position 4, 90° from
position 3. Repeat the procedure described above. Draw the radius
A,B, to the same scale, to represent the new unbalance vector.

10. It is seen that circles 4By, 4,B8;, A3B;, and A,B, intersect at
a common point D. This point allows the correction-weight vector OD
to be calibrated.

The original unbalance vector (OA;, OA,, OA;, OA,, equal) is defined
in magnitude by its length in relation to OD. The required correction
weight is therefore equal in magritude to OA, and its orientation is
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By

Residusl unbalance vectors: OA; 0A; OA;
Trial plus orlginal unbalance: AiD AD  AzD
Trisl unbalance vector: oD

Fig. 4.6, Diagram of the circle method

defined by the angle between the trial weight vector OD and the
selected unbalance vector OA. In relation on the trial weight in the
first test, this is the angle DOA,;. This procedure can be used
effectively when the rotor unbalance lies in & single plane and a rigid-
body, low-speed balance is required (e.g., a single shaft carrying a disk-
like rotor). This mathod can also be used to obtain a two-plane balance
in an iterative manner, although if the interaction between the balance
planes is strong, the process may not converge. Barrett et al. [7] have
recently demonstrated the effective application of this method for
modal balancing of a flexible rotor through two critical speeds.

The numerical example of Table 4.1 illustrates the above pro-
cedure. An accelerometer placed at the left bearing of an overhung
disk rotor (Fig, 4.7) gave a reading of 1.13 units in the original unbal-
ance condition. This is shown as circle OA4 in Fig. 4.8. A trial weight
of 0.0312 oz is added to the rotor disk. The rotor is spun up to speed,
and the accelerometer then reads 1.7 units. The trial weight is then
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Table 4.1, Balancing of a rigid rotor with an overhung disk*

Test Accelerometer  Trial weight  Angular iocation of
reading (oz) trial weight

1 1.13 — None

2 1.70 0.0312 330°

3 1.85 0.0312 60°

4 0.95 0.0312 150°

5 0.65 0.0312 240°

*Aftar Wileex [5] (91967 Pliman £ Sons Ltd., Londun; used by purisissiu.y),
All tests were conducted at 1250 rpm, The trial weight was inserted in the
overhung disk at 3.0-In, radius in each test,

LEFT RIGHT
BEARING BEARING
ACCELEROMETER
LOCATION
Fig. 4.7, Rigid rotor with overhung disk
Scale. 1 unit = 1 inch B8,

oD ~ 0.80 in, \__..

FIGURE DATUM

Fig. 4.8, Construction for numorical
By example of circle methed
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moved 90°, and the procedure is repeated. The accelerometer reads
1.85 units. The weight is again moved 90°, and the reading is 0.95
units. A final reading of 0.65 units is obtained with the trial weight at
the fourth 90° location.

The circle construction shows that the original unbalance of 1.13
units is located at 234° from the first trial weight position, or 204° from
the figure datum shown,

In practice the balance correction sequence would be as follows:

1. Run the rotor at 1250 rpm. Measure the transmitted unbal-
ance force of 1.13 units at the left pedestal.

2. Add 0.0312 oz at location 330° (arbitrarily selected from any
chosen datum) at 3.0-in. radius on disk. Read the vibration level of 1.7
units.

3. Remove 0.0312 oz to location 60°. Read transmitted force of
1.85 units.

4. Remove 0.0312 oz to location 150°, Read transmitted force of
0.95 units.

S. Remove 0.0312 oz to location 240°, Read transmitted force of
0.65 units. ‘

6. Draw circle OA4 representing original unbalance to scale (i.e.,
1.13 units is drawn as circle of 1.13-in. radius).

7. Mark locations of 330°, 60°, 150°, and 240° on circle OA.

8. With center at each angular location point in turn, draw scaie
circles of radii 1.7 in. (330°), 1.85 in. (60°), 0.95 in. (150°), and 0.65
in, (240°). Note that all circles very nearly intersect at point D,

9. The measured length of vector OD is 0.80 in. :

10. The magnitude of the original rotor unbalance U is given by

0A,
U= ﬁ)‘ (trial weight, oz)

o 113

~ 080 (0.0312) = 0.04407 oz.

11. The angular location of the required correction weight is given
by the direction of vector OD), which is +204° from the figure datum.

12, The required correction weight is therefore 0.04407 oz at 3.0-
in. radius, at an angle of +204° from the datum.

It is shown later in this sectior: that a similar test by Wilcox (5] gave a
correction weight C = 0.0442 oz. at 6. = 206° using a different con-
struction than that described above.
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208 BALANCING OF RIGID AND FLEXIBLE ROTORS

This example demonstrates the effectiveness of the circle method
using a bearms-mounted accelerometer for the smgle-plane balancing of
rmd rotors.

Fleld Bnlanclnu Procedure' Slmple Appllcatlam

Described below is an industrial procedure for balancing rotors in
_situ. The rotor discussed here is a rigid rigid rotor, but the method can
be used for field balancing flexible rotors as well. The basic equipment
includes a pickup (optical or magnetic), a strobe flash lamp, and a
vibration-measuring device that contains some type of synchronous
filter (c.g., a wattmeter circuit). A set of suitable balance correction
weights is also needed.

The equipment installation procedure is as follows:

-1, The pickup is installed so that the photocell is aligned normal -

to the rotating surface of the rotor. A special rigid mounting bracket is
usually fabricated to clamp the pickup to the bearing pedestal or to the
structural frame of the machine being balanced. It is desirable that the
pickup should read in the diiection of maximum vibration, which is fre-
quently the horizontal direction.,

2. The rotor circumference is calibrated into 12 equal divisions
(hour markings) numbered in sequence on the surface.

3. The measurement circuit shown in Fig. 4.9 ic set up. Signhals
from the strobe are received by the vibration analyzer, filtered, and
displayed on the amplitude meter,

A I [FT

SEISMIC - o] SIGNAL DISPLAY
TRANSDUCER| | AMPLIFIER 1  FILTER SCALE

STROBE-FLASH

TIMING
CIRCUIT
A
n

Fig. 4.9. Field-balancing equipment circuit
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In the simplest kind of field balancing, there is no phase-angle-
measuring equipment. Phase angles between the calibration zero mark
on the rotor circumference and the angular location of the rotor max-
imum amplitude are determined by the strobe flash, which is arranged
to fire when the "heavy" side of the rotor passes a certain angular loca-
tion, 4s shown in Fig. 4.10. The flash illuminates the angular location
corresponding to the unbalance location. A correction weight is then

- added to the rotor at 180° from the heavy side, in a plane close to the
end being belanced. =~ R

SEISMIC TRANSDUCER ]
TRANSDUCER

STROBE UNIT

Fig. 4.10, Strobe-flagh firing condition: rotor heavy spot triggers flash

The balancing sequence is as follows:

1. First trial run, Bring the rotor up to the balancing speed, which
may be considerably below the operating speed (e.g., 400 rpm for an
1800-rpm rotor). With the equipment functioning as described above,
\ observe cither the amplitude of the rotor journal with a displacement
{ sensor or the amplitude of a transducer voitage (e.g., accelerometer) on
Y the bearing cap. Also observe the phase angle of the maximum vibra-
f

e S T S

tion amplitude, as described earlier.

2. Stop the rotor and add a trial weight of known magnitude in the
balance plane adjacent to the rotor end being observed, 90° from the
heavy side of the rotor. For low-speed balancing, a lump of clay can be
used us a trial balance weight if desired.

3. Second irial run. Run the rotor at the same balance speed and
observe the new magnitude and location of the heavy side of the rotor.

4, Calculate the magnitude and orientation of the required correc-
tion weight using the construction shown in Fig. 4.4. Insert this
correction weight.

5. Repeat the procedure until further balance runs make no dis-
cernible difference in the balance quality.
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210 BALANCING OF RIGID AND FLEXIBLE ROTORS

6. Repeat the procedure near the other end of the rotor until that
end is also satisfactorily balanced.’

7. Check the first balance. If this has teen disturbed by the

second - balance, it should be trim balanced until ‘the quality is “again
satisfactory.

-8, Trim balance the second. end of the rotor ina vxmxlax manner

_The balancing sequence should converge in relatively. few balanc-
ing runs because in rmost instances adjustments at one end cause only
secondary unbalince effects at the other end. . Theé above procédure is
usually effective for small rotors. It can also be used for large rotors ai
low balancing speeds (250 to 400 rpm). For large rotors, balancing
weights are used instead of clay and the process requires more formal
methods to achieve rapid convergence.

An interesting example of the above procedure is given by Blake
(1], who describes in detai! the balancing of an induced-draft boiler fan,
" shown diagrammatically in Fig. 4.11. With the pickup rigidly attached

to the outer bearing B and reading in the korizontal direction, the fan
was given a first trisl run at 1175 rpm, and the shaft vibrations were
measured near the bearing. A trial balance weighi wus then added at
blade 24, When rotor was run again, it wus observed that the strobe
light flashed at the 3 o’clock position (blade 6). The rotor was then
reoriented until the strobe inidéx was brought into the same phase posi-
tion as it was when the light flashed. After placing a triul weight at this
same location, the rotor was run again. Under such circumstances, -if
the trial-weight placement is correct, the index illumination position

A A B B

Fig. 4.11. Induced-draft boiler fan

24 showing balance plancs A’ and B’

DEX MARK, 24 BLADES, After Blake (1l (©1967, Gulf
ROTATING @ Publishing Co.; used by permission)
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Will remain as beMre and the amplitude will change—or thé index posi-
tion will change by 180° regardless of any amplitude chinge. This indi-

. cates that the plane.of unbalance -has Ueen identified. What reimains |

then is amplitude reduction by thg addition of suitable balance weights
in this plane, -

The history ‘of this balance is shown in Table 4, 2 Inrun 1 the
" bearing amplitudes were 17 mils at A and 17 rails at' B, The addition of

. 2,0 oz. in plane A’ and 2.0 oz.in plane B’ increased the bearing vibra-

tion amplitudes to 18 mils at A and 23 mils at B, with no change.in
phase angle. In the third run, the 4.0-0z balancing weights were all
concentrated in plane B’ at 12 o’clock (180° from the previous position
because the unbalance plane was then known). This gave 13 mils at
“bearing A and 13 mils at bearing B, with a 'modest change in phase
angle at both ends of the rotor. Vector repre’sentations of .these
changes are shown in Fig. 4.12,

The vector of 17 mils at 7:30 o’clock was changed into a vector of
13 mils at 6:30 o’clock; a vector of 9.5 mils at 3:00 o’clock was required
to achieve this. If this argument is pursued, a vector of 17 mils at 1:30
o’clock would annul the rotor unbalance vector. The ragnitude of the
balance weight required is therefore (17.0/9.5)(4.0) oz, and the

: required orientation is'counterclockwise 45° from the 3:00 0 ‘clock posi-
tion where it was previously added.

The resuits of this change are shown as run 4. A trial weight of
(17.0/9.5)(4.0) == 8.0 oz was added at 4:30 o'clock (blade 9). This
resulted in 5.0 mils at bearing A and 5.0 mils at bearing B, both at 6:00
o’clock. The vector diagram for this suggests that the balance weight
should be increased in the ratio (17.0/14.0) to 11.0 oz and that the bal-
ance location be rotated counterclockwise by an additional blade (to
blade 8, 4:00 o’clock). This adjustment was successful and resulted in
small residual amplitudes. The weight was then welded into position
before further trini balancing was peiformed with smaller balance
weights.

Blake [1] mentions that after welding it frequently occurs that the
residual unbalance vector changes in magnitude and orientation, that is,
the unbelance is increased and its orientation is different from that in
Table 4.2; compare tun § (before welding) with run 6 (after welding).
As shown in Fig. 4.12, the unbaiance after welding becomes 7.0 mils at
3:00 o’clock. Based on prior experience, a weight of 4.0 oz is added at
blade 17 (8:00 o’clock). This reduces the amplitude to 3.0 mils at
12:30 o’clock (run 7) which is subsequently reduced to 0.4 mil at bear.
ing A und 0.7 mil at bearing B after run 8. This final adjustment was
made by reorienting the 7-mil balancing vector ahead by two blades (to
blade 19) to make the two 7-mil vectors in run 7 cancel each other.
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}'ub‘le 4.2 Details of balancing procedure for an induced-draft boiler

* ‘Triai welght amount < - Vibration amplitude at bearings.
‘ nnd location S and phase elock v
 Rup - Angle " T "Angle ' . Mils Phase - Mis . Phiie
No, ~Biade .. Blade PP. Clock . PP Clock-
1 - e T T B 7T
202y e 18 730 200
3 - 4 12 13 8:30. 13 - 830
Now increase trial weight in the ratio 17/9.5 and, becauss nn;le S is about 45¢, move .
trial weight counterclockwlu dbladesor 1.5h, '
4 - = 89 s 6:00 5 6:00 i
.. Now increase trial weight in the ratio 17/14 and, bmule un;le S ls about 15°, move )
trial welsht counterclockwise by one blade, i
s - - 1 8 25 600 1,s TS0 i
Now weld the 11-0z weight at B', blude 8, and atart a new problem., : Yy
5 - - -~ - 5 500, 7 300 !
Now From runs 1 and S' if blade 8 is the proper correction position for index ;
7:30 and pickup at 9, then this position is 2.5 h tlockwise from pickup, when strobe i
flashes, 80 now place 4 oz at blade 17, !
7 = - 4 17 .12 12:30 '3 1230 g
Now use same trial wolght and rotate through angle S, 30" clockwise, *
6 - - - 4 19 04 1200 07 7:00 {
Now weld on and make final check. : .
*From Blake [1] (%1967, Hydrocarbon Processing; used by permission). See Fig. 4.11 for a 1
schematic of the balancing. ¢
12 2 n2
" 1 "y ] 1 1 1 ‘
1{ \Xz 107/‘ 2 1 \\ 2 i
® 2 [ 3 6 : lL, 2 !
1 e 7 TRIAL WEIGHT e
L} 1 4 8 W [] 8 ~4 i
14 TRIAL MEIGHT
! 7 L 7 L] 7 5 !
: ¢ ] i
9.5 TRIAL WEIGHT )
() Aftet balancing run 3 {b) After balancing run 4 (6] After balanaing run 7

Fig. 412, Details of graphical solution te fan-balancing case history described by Blaka
{t] (®1967, Guif Publishing Co.; used by pereission)
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The procedure described --above is simple and relatively
straightforward to apply. Iis shoricomings are the difficulty of-
“achieving a rapid and effective balance by operating on a single plane at
a time and the tendency of the rotor to experience several vibration

modes simultaneously. The lutter is especially true in the case of - - .

overhung rotors. Other factors that may cause difficulties in achieving
a satisfactory -balance are rotor flexibility, any looseness of the impeller
on the shaft, and occasional problems of lposeness or excessive

flexibility of the unit on its foundation. These ‘effects can introduce

other unexpected system modes with occasional nonlinear effects.
Obvious safeguards are to design stiff rotors that operate as far below
their bending critical speeds as posslble, operating in a massive, solidly
mounted foundation and casing.

“ The balancing of the stiff rotor in rolling-elemont bearings carrying
an unbalanced overhung disk discussed previously and shown in Fig.
4,13 is also described in detail by Wilcox [5). The measuring
equipment consisted of two high-impedance coils, an integrating circuit
(to convert wvelocity measurements into displacements), and a
stroboscope to illuminate the angular location of the unbalance in the
rotor. A procedure for estimating the size of the required correction
weights has been described on pages 203 and 204 Details of the test
sequence are listed in Table 4.3,

During the balancing process all amplitude measurements were
made at the overhung disk, with the correction weights added in the
plane of the overhung disk. The procedure is as follows:

1. The unbalanced rotor was run at 1250 rpm. An unbalance
amplitude of 2.7 mils was observed at a phase angle of 240° at the disk.

2. The rotor was stopped, and a trial weight of 0.25 oz was added
at an angle of 330°, in the end disk at a radius of 3.0 in.

~ VIBRATION PICK-UP

RIGHT BEARING

DRIVE UNBALANCED
DISK

MOTOR LEFT BEARING

UNIFORM ROTOR

Fig. 4.13. Rigid rotor in rolling-element bearings with unbalanced overhung disk. After
Wilcox [5]. (©1967, Piiman & Sons Ltd., used by permission)
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Table 4.3 -- Balancing tests with stroboscopic phase measurement for a
rigid rotor with unbalanced overhung disk*

L Disk vibration o
Test - R — Details of test
number Amplitude Phase : S
: oo(nl) position .
: (deg) .

1 - 0.00270 240  "lnitial test ~

2 0.00426 195 0.25 oz added at 330°

3 0.00030 150 0.25 oz removed
0.218 oz added at 240°

4 0.00004 0.024 oz added at 150°

" *After Wilcox [S] (® 1967 Pitman & Sons Ltd,, London; uud by pormiulon) All tosta
were run al 1250 rpm. ‘ '

‘3. The new unbalance condition resulted in a disk amplitude of
4.26 mils at 195°,

4. The initial unbalance condition and the calibration condition are
shown in the vector diagram of Fig. 4.14, Initial unbalance OA = 2.7
in. Calibration unbalance OB = 4.26 in. The effect of the calibration
weight alone is the vector AB = 3,1 in., which acts at 94° to the
original unbalance vector OA. _

‘ 5. The required balance correction weight can be determined as
follows:

Magnitude = (0,25)(2.7/3.1) = 0.218 oz.

Orientation: 94° counterclockwise from the vector AB, i.e., at 330
~ 94 = 236°,

6. A balance weight of 0.218 oz at 240°. This resulted in a rotor
vibration of 0.3 mil at 150°,

Minor additional corrections reduced this amplitude to 0.040 mil at
1250 rpm. These balancing moves listed in Table 4.3 are shown
vectorially in Fig. 4.14,

A second balancing procedurs that requires only displacement
amplitude measurements is also desoribe1 by Wilcox [S]. No phase
angles are measured. The same rotor with the same initial unbalance
reading (2.7 mils at 240°) was balanced at 1250 rpm by use of this
second procedure, as described in Table 4.4, The effect of a calibration
weight placed in four angular locations equally spaced 90° apart around
the circumference of the disk is determined. Using the four vibration
readings with the original unbglance reading makes it possible to
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INITIAL
' UNBALANCE
‘ 2.7 in,

INITIAL +
CALIBRATION

MEASUHED 4.28 In,

LENGTH 3.1 In\

Fig. 4,14, Vector dingram for balancing a rlgid
rotor, with subsequent trim balance, After
Wilcox [5]. (©1967, Pitman & Sons Ltd.; used
by permission)

Table 4.4 — Balancing of a rigid rotor with an overhung disk using only
amplitude measurements

Vibrational

Test
No. amplitude Details of test
(in.)
1 0.00270 Initial test
2 0.00113 0.172 oz added at 240°
3 0.00170 0.0312 oz added at 330°
4 0.00185 0.0312 oz transferred from 330° to 60°
5 0.00095 0.0312 oz transferred from 60° to 150°
6 0.000¢5 0.0312 oz transferred from 150° to 240°
7 0.00005 0.0312 oz removed,
0.0442 oz added at 210°

*After Wilcox [5] (© 1967, Pitman & Sons Ltd., London; used by permission). All tests
were run at 1250 rpm, and all balance weights were added at a 3-in, radius.

e m—
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construct an amplitude vector diagram (similar to the force vector ‘ ‘ i
diagram described previously) that will allow the original unbaiance in
the disk to be determined. The construction shown in Fig. 4.15 was
readily achieved by trial and error. This procedure was applied after an
initlal balancing adjustment had been made (not a necessary pert of the
procadure), in which a correction weight of 0.172 oz was -applied at
240°, as indicated by run 2 in Table 4.4, Improvement was substantial.
The following trim adjustments were thén made with a calibration
‘weight of 0.0312 oz, applied at 330°, 60°, 150° arid 240°. The magni-
tude of the required correction weight from Fig. 4.15 is

_ y (ength of 02)
W, = (calibration weisht) (Uength of 24)

o o A b L il T

(1 13) ;
= (0.0312) 08 = 0.0442 o?.

Fig. 4,15. Rigid-rotor balancing by the fourscircle
method. After Wilcox (5]. (®1967, Pitman & Sons
Ltd.; used by permission)

The orientation of the required correction weight is found by
observing that, when the calibration weight is added at 240° (test 6) the
amplitude has its minimum value. When the trial weight is added at
60° (test 4) the amplitude is maximum. With the vector 24 as a refer-
' once, the above correction must be applied at (270-56) = 216°* CCW
from vector 24, as indicated in Fig. 4.16.

Wilcox [5] indicates that with the above vector solution a corrsc-
tion weight of 0.0442 oz was added at 210° (the next convenient hole).
Test 7 showed a substantial improvenient in the balance of the rotor.
The results obtained with the above amplitude method and with the
phase m)othod described previously above are almost identical (see
Fig. 4.17).

Two-Plane Field-Balancing Procedures

The procedures described previously are best suited to rigid rotors
with thin simple disks. Longer rigid rotors require more complex two-
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POBITION VEOTOR L
O TEST 4 Co

" Fig:-4.16, -Construction for dctermlAni‘ngv ‘the
anguilar location of cotrection welghts

0
CORRECTION WEIGHT.
VECTOR C
0 VELTO
¥
3 Lo
v
. ,’l
/;,// 0.0442 0z
. e
"y ‘V,'/f\ﬂ ot Ou = nitial unbalence

o gy 01 w-balance waights — first method ]
o 02 = balance weights — second method
0.024 o2 7}

L)
1

Fig. 4.17. Comparison of two rotor-balancing methods, Afinr Wikcox (5],
(1967, Pitman & Sons, Ltd.; used by permission)

plane balancing procedures. Two-plane rigid-rotor balancing procedures
must deal with the following problems:

1. Plane separation: Unbalance effects are usually measured near
the bearings. Correction weights are usually installed in planes located
away from the bearings, often about 10% of the rotor length inboard of
the bearings. The influence of the correction plane locations must be ‘.
considered when determining the required correction weights. |

2. Simultaneous two-plane balancing: Unbalance corrections
applied in one plane will disturb the balance in the other balance plane.

A procedure ‘that includes this interaction must be used to minimize |
the trial and error involved. i

Gross unbalance effects are usually removed during low-speed shop
balancing. Two-plane balancing of a rigid rotor in the field is com- i
4 monly a tritn-balancing opsration, in which the remaining small unbal-
: ance effects are removed. Built-up rotors often require trim balancing

Hadlh b b Rl s
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after having been shipped to their destination. Large jet engines are
trim belaticed in engine test cells using two end planes (first compressor
stage and last turbine stage).

The equipment needed for balancing a rigid rotor in two planes is
shown in Fig, 4.18. This is the same as that used for the single-plane
balance, except that an additional sensor dnd its circuitry are installed at
the second bearing. - The extended instrumentation network is shown in
Fig. 4.19. The end of the rotor adjacent to the strobe lamp again has a
"clockface" of numbers painted on it, and the strobe flash again occurs
as the maximum force is transmitted to either pedestal during rotation.

The theory of two-plane balancing is given in the next soction. An
application of this procedure to the overhung rotor example discussed
by Wilcox [5] is given on pages 223 through 228.

TRANSDUCER I IPHASE REFERENCE TRANSOUCER

BEARING N
- ROTOR m
PEDESTAL :] PEDESTAL
I I FOUNDATION
TIITTITI Y TTTITITTITTI

Fig. 4.18. Rigid rotor In foundations with instrumentation for balancing

SEISMIC PHASE BEISMIC
TRANADUCER REFERENCE TRANSDUCER
el AMPLIPIERS
' Fig. 4.19, Instrumentation for two-plane
i field balancing
SIGNAL
FILTERS
LEET SUPPORT RIGHT SUPPORY
AMPLITUDE PHASE-REFERENCE |  AMPLITUDE
BIBNAL SIGNAL DISPLAY SIGNAL
DISPLAY DISPLAY
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Rigid-Rotor Influence Coefficient Balancing: Theory

Consider the overhung rigid rotor shown in Figs. 4.20 and 4.21
which operates with unbalance forces F, P acting at the two rotating
disks. The rotor'is supported in two inboard bearings which experience
reaction forces R and S as a result of the rotating unbalance forces.
The unbalance forces acting on the disks are defined by the relations:

:

Wlalw

2
Untalance force F = - %— Uy U= Wia,

Wiaw? @2

Unbalance force P =

in which W,, W, are the disk weight, and a,, a3 are the c.g. eéccentrici-
ties, respectively.

Bearing
Disk 1

Fig. 4.20. Geometry of overhung two-disk rotor
in inboard bearings '

The vector equilibrium equations for the bearing reactions R, S
are:
E“~F+Eu-}_’—§-0
321'F+322‘F—§-0
where &y, &2, &1, and &y, are the vector influence coefficients relat-
ing the unbalance forces to the bearing reactions. Replacing each of
these quantities by its complex form gives:
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(afi + taf)(F' + iF') + (afy + ia{) (P" + iP') = (R" + (R')
(afy + laf) (F* + iF') + (af; + iaf) {P" + iP') = (§" + iS').
Expanding the equating real and imagirary parts separately gives:
afy —~afy afz —af| |F| [R"
afy afyafy af;
aft —af) af —ai
ajy afy afy d:’J [
or
(41(G) = (H).

The influence coefficients are each found by placing a trial balance
weight B (oz in.) in each end disk (correction plane) in turn. This
gives an unbalance force

T, = -‘95- B,r=1,
Placing T in the firsi disk the vector equations for equilibrium at the
bearings become:

ay; (F+ Pf'])*'&ﬂﬁ" E,-O

azl ‘ (F + ?1) + 3217’ - §| = (,

Subtracting the original unbalunce from the first of these equations
gives:

@y Ty=R -R,

i.e.,
- R ~R Ry jr-¢rp _ R Ga-tr)
- e ) e @ -————
o T, T, T
- afy + laf.
Similarly

_ 5i-85 S ks -tr) 5 its-ip)
Qy =~ - — ¢ - e

T T T

- a;’, + la{l.
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If the trial unbalance is then placed in the second disk the vector equa-
tions are: ‘ . ‘ o

ayy . F' + o (P + Tz) ‘-Ilig.. . ‘ : !
azpf'_-i-au'(l-’—f'z)-@. .

The influence coefficients are:
- RK-R R e:u,,—cr,)'_ R Jf&x=in)

R R T,

s _@ . _
a,,-fz,.ﬁ_fz.,“sz by _ 8 s-tr)

Tz TZ T2
- a{; <+ laiz.

The real and imaginary terms in the influence coefficient matrix are
therefore given by:

R
afi=ay cos {1 = -T—: cos ({r, ~¢{r) - —% cos ¢z = ¢r),

R
af) = ay sin {;; = 'T_: sin (g, — {r) - '% sin €r — {7,

S
afi = ay c08 {7 = -T—t cos (s, — {r,) — -7‘?—1 cos {s— 7).

S
af; = ay sin {3 = _T% sin ¢, — {r) - % sin s ~ ¢r)s

R
afs ™ ajpcos = "1'7.':' cos ({n, - Cr2) - "TIS; cos ({p - cTz)'

R ,
afy = aj; sin {1; = 'TT:' sin {p, = (1) = '18.2‘ gin Kp = {r,);

P mes - s

S
afy = az co8 {n = —7% cos (L, — (1) — -% cos {g—{=),

h
3

S
afr = oy Sinfpn= ?z sin ¢s,—4r) - “% sin {5~ ¢{ry).
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Each of the above 8 terms appears twice in the influence coefficient
matrix. When these expressions are evaluated from the trial weight

test data, the influence coefficients are. obtained. - The influence -

coefcient matrix [4] is formed from these results, Matrix [4] is then
invaried to evaiuats the magnitude of the origlnal unbalance vector {G)
ftom the operation:

[G, - [A]-l{HL

where H is the vector of the bearing force’ components resultlng from
the rotor unbalance {without trial weight effects).

The required correction weights and angles are obtained from the
real and imaginary parts of {F} and {P} from the {G} vector as follows:

B
(6} = F‘ , (Fj = {”‘] (P} = {
| p(

The required correcﬁon weights C; and C, are then found from the
expressions

Fy = T DS,
P = JBET ],

to be
Cl - - (x/w:)Fl oz in., Wc[ - U;/fl '

Cy= Uy= {g/w®)Piozin, Wcr= Uyr,

where 7, and r, are the radii of the correction planes in disk 1 and disk
2, respectively. The correction weight orientation angles {, and {, are
found from the expressions

T L Cad Gz Fh ety e S o g il R, it B bai i, W D W I, S G T e
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{F = arctan (F{/F{) + 180°
{F = arctan (P{/P{) + 180"

Note that the megnitude of C, and U, are identical, likewise -C, and
U,. The unbalance is corrected (cancelled) in each case by placing both

correction weights at 180° from the determined angular location of the
original unbalances.

Two-Plane Bllinee of Doubly-Overhﬁng Rotor

Wilcox [5] has given details of the balancing of the doubly-

overhung laboratory rotor shown in Fig. 4.21, which will now be used
to demonstrate the theory of the preceding section. The two correction
“planes are located in the overhung end disks, and these planes are
assumed to contain the rotor residual unbalance {G]. Vibration read-
ings were taken on the bearing housings. The test results are summa-
rized below, together with the unbalance corrections which Wilcox

obtained using two methods, and which he fdunq. to be effective on
trial. - C

L L 20 3/4" L3
LA ] | B
{
lo le
S o
(») Wilcox rotor
FE R s P

Disk A + £~ oo

Bearing B Baring C
(b) unbalance forcer and reactions
Fig, 4.21. Wilcox rotor and applied force distribution
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Condition ' B‘e'hrins "Masnituda, mils Angle, dos
- 'Original unbalence R~ "~ 085 - - 195 "

‘. S8 1.00 T
- Original plus SR 220 . .15 ', o
trial, plape 1 . S 090 350

Original pius R 09¢ - 150

. trial, plane 2 s 1.70 30

Balance Corrections Left disk C;  0.09 oz ' 191

' : Right disk Cz 0 235 o0 65

-Wrmng W:lcox (] data in terms. of the notation fmm the previous sec-

tioh on theory of mflaence coufﬁcieut bnlancmg. sives originnl unbal-

R 085, cR-135°-
= 100, {s=0°
-R, - 2.20, {g, = 75°
§) = 0,90, {5, = 350°

" Ry= 090, {p, = 150°
§; = 170, {5, = 30°.

Substituting these values into the expressions given previously for the
real and imaginary parts of the influence coefficients gives:

Ty 0.25, {7, = 300°

Ty = 0.25, {5, = 300°;

R
af) = ay co8 {g, = “77:' cos ({r, = {r) — —% sin {{z = ¢r)

0.85 N
025 cos (75°-3009 — 035 (1353009

- —2.93829,

R
afi = oy sin {g, = "7'% sin Qg1 = Lr) — == sin Qr — {7)
- 220 0.85 o
=025 sin (75°3009) - 025 sin (135°-3009
- 7.10252.

[
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In a similar masiner, .
afz bl 0 16606 a|’2 - —0.92002
afi = 031404, aly = -0, 0634
C ap = —2.00000, aj = 3.33590."
. 'The. influmcc goaffiuient mmix miy now be f‘ormed This is done as

. shown’ below. The original unba' Ave vector. is also’ forméd, and the .

S product-of these two terms gives the real and imazmary components of
the unbalarice vectors { F) and {P}, viz.,

710252 —2.93839 ~0.92002 016646 | o.60t04| |#f| .
0.31404 - 0.70634 —2.00000 —-3.33590] -1 r.00000| = lpff

~2.93839 ~710252 016646 092002] -060104 (R
|-070634 031404 333590 ~2.00000] | 0.00000]  [pf

~0.12262 ~0.05196 —0,02325 —0.02199
1-0.01337 0.02288 ~0.13690 0.22441|
-0.02288 —0.01337 ~0,22441 ~0,13690

- 0.60104] | 00193
1.00000( = |~0.1150 "
0.00000) |~0.2187

It now remains to obtain F and‘ P in polar form, and the correction
weights and angles. These are:

F = Fe’*f = 008503 ¢/1319,  F, = 0.08503 oz = C,
(hw 19310
Pw PP = 024727 ¢/®23%, P = 0.24727 0z = C,

L5 = 623"

These results agree with those reported by Wilcox in the preceeding
table. Note that the resulis appear in the same units as the trial weights
if the correction weights are to be inserted at the sarae locations (plane,
radiug) as the trial weights. Care is also needed in interpreting phase
angle results, as the tangent values repeat every 180°,

Two-Plane Turbine Balaucing with the Influence
Coefficlent Method

Jackson [6] has given details of how a turbine rotor (Fig. 4.22)
was balanced in two planes using a prograramed hand calculator. The

005196 '0.12262 ~0.02199 o.ozazsl [—0.60104 [ oos2s]

J WS
e e
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BALANCE PLANE BALANCE PLANE

coumna 1
EXHAUST END v R ‘ ~ Sream
. : END OF
 OF TURBINE _r- ‘ TURBINE
-

. BEARING BEARING
STEAM END WEIGHT =~ 2407 lba cameaune CENTERLINE
EXHAUBY. END WEIGHT = 2808 1be :

Fig. 422, Schematic of steam- turblne rotor for sample hnnd calculatlon of balance,
After Jackson (6], (©1972, The Vibration Institute; used by permission)

tutbine rotor operated at 11,000 rpm, which was above its second criti-
cal speed. The bearing span was 98 in., and the rotor weight was 5200
1b. Details of the vibration readings obtained at either end of the rotor
during balancing are mven in Table 4.5,

. Table 4.5 Two-plane balancing of turbine rotor

Amplitude (1073 in.)
Governor end Exhaust end

Vibration measured

Initial peak bearing-
cap relative vibration

Vertical 2.6 1.5
Horizontal 2.6 1.0
Final peak bearing-
cap relative vibration
Vertical 1.1 0.6
Horizontal 0.8 0.6
Initial absolute bearing- 0,36 0.4
cap vibration
Final absolute bearing-  0.11 0.0035

cap vibration

Sheft-to-bearing relative displacements were measured with hor-
izontal and vertical proximity probes. Bearing-cap vibrations were

[
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measured with a seismic velocity sensor, The governor-end phase
referenice. wan obtained by observing the orientation of the clockface for
‘the governor-end balance plane with a stroboscope. The 20 balance-
- correction holes weré numbered for anguldr: reference .in the counter-
clockwise direction of fotation. The exhaust-end phase reference was
taken from the 16-hole balance row, -~ - L . ,
' The 12 o'clock. position way the reference marker at both ends on
the vector ‘clockface. Displacenient probes ‘were mounted close to
‘elther bearing cap at +45° and at —45° to the vertical. :
Calculation details are shown in Figs. 4.23 and 4.24, All results
were calculated with a programmable hand calculator. A-satisfactory
rotor balance was achieved in the manner described. :

" TME RESTOUAL RUNOUY VECTORS ARE . ' . CONVENTION
IRL o« 040 Al 0.0 OEOREES

. Hotstion—~CCW ‘ r
my - 0e0 AT 0.0 OEGREES Botha AgieemCOW j
: Trlal Welghts—OW ‘ 3

: N Cotrection Weights—CW
THE ORIOINAL UNBALANCE VECTORS ARE ‘ :
21 . 04360 AT 570-0 OEOREES : {

22 . 0.400 AT 18,0 DEORELES
THE ROTOR SPEED 1S  11000.0 RPM

€ TRIAL UNBALANCES AND RESULYTING YECTORS ARE
260 AT 36,0 OEOR

™ !
Uil ] Qe [14] k
3% . 84370 AT 0.0 DOFGREES ‘
2 . 1.200 AT 261,0 DEGREES ik
uzz . 0240 AT 22.8 OECREES !
ﬂ%' . 0.250 AY  26),0 DEGREES

a

04200 At 3)J,0 DEGREES i

UNBALANCE MAONITUDE AND LOCATIONS ARE
i . 0.101 AY 0.0 DEGREES

@ s 4 AT =143:0  OEORCES

THE CORRECTION VEIGHTS AND LOCATIONS ARE: |
v 0 ATy 21040 DEOREES

woo. M My 3.0 otonces Teo 5““' Tow

AMPLIYUDE AND PHASE ANGLE ARE MEASURED TN TWO ARBITRARY
PLANES NOT NECESSARILY THE THO BALANCE FLANES,

TRIAL WETOWTS ARE PLACED IN EACH OF THE TWO BALANCE
BLANES SEPARATELYs AND THE RESULTING AMPLITUDE ANO
pnass ANGLES ANE MEASURED AT THE PROBE LOCATIONS.

THE GRIOENAL UNSALANCE YECTOR IS CORRECTED FOR

RESIOUAL Loy SPEED SHAFT PUNOUT.

THE NACANGE WEIGMTS AND AMPLITUDE CAN BE OF ANY
DIMENSIONS . guUY TME SANE DIMENSIONS MUST 8E USED
CONSISTENTLY N aLL THE INPUT OATA.

Flg. 423, Detalls of rigid-rotor balance by hand calculator. From Jackson [6). (©1972,
The Vibration Institute; used by permission)
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Fig. 4.24. Vector calculations for two-plane balancing. From Jackson (6]. ‘\‘b’
(©1972, The Vibration Institute; used by permission)
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.4 Belenclhl Stenderdl for Rmd Rotou

A number ot‘ documente cutlining criteria for balencins rigid rotors ‘
~ have been developed to provide. guidance on acceptable levels of re-
~sidual unbalance, Examples of such documented criteria- for ‘various
»_-_clmes of machines are the. following: ... ... .

1. 1SO Document 1940-1973(E) [8] This is the buic balance eri- .
" tefla document for. rigid-rotor ‘balancing. . It supersedes all previous '
requirements for rigid-rotor balancing. It contains comprehensive
_ charts of residual unbalance levels for rotor acceptance and gives defini-
~ tions of important balancing terms, based on wide industrial experience.
2. MIL-STD-167, 1954 [9]. An early balance criteria document
for balancing. Contains charts and formulas for acceptance criteria for
 rigid rotors in terms of rotor weights and operating speeds. o o
3. Nationa! Electrical Manufacturers. Association balance criteria,
. 1956 [10~12]. Specifies required quality for balancing of armatures.
Also gives guidance on balancing technolosy and etandards related to
the electrical industry.
.~ .4, American Gear Manufacturers Aseociation balance crltena [131
‘Specifies quality criteria for balancing gears, shafts, and couplings.
Qives guidance on balancing technolouy and standards relsted to the
gear industry.
5. American Petroleum Institute balance criteria [14], Statement
of tigid-rotor balancing requirements and procedures. Simple formulas
for lalance ctiteria.

Othsr criteria are given by Rathbone [15] and Yates [16] in guidance
papurs with balance quality charts (see Figs. 4.25 and 4.26, respec-
tively). Vibration tolerance criteria are given by Reiher and Meister
El7}. Figure 4.27 is a vibration tolerance that developed by Feldman
181,

ISO Document 1940-1973(E)

Required quality of balance is defined as the amount of acceptable
residual unbaiance for smooth rotor operation. Balance quality is speci-
fied in ISO 1940 [8] in terms of a range of balance quality grades, G
Table 1 in ISO 1940 is used to specify a quality grade for any rigid-rotor
application. It classifies similar equipment types into specific
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number grades; for instance, grade G 2.5 groups together the following
_machine types:

Gas turbines =
Steam turbines .

. Antennas, .rotating

__ Alrcraft engines -
* Aircraft enginie, compressor
-Alroraft ongine, turbine '

Electric motor armatures

Centrifuges, rigid =

Compressor, centrifugal

Comptressor, turbine

Compressor, reciprocating

Compressor wheels

Couplings

Crankshafts, flexibls

Crankshafts, rigid.

Cutofl’ wheels

Cutters

Fans and blowers, two-plane

Fan wheels, single-plane

Gears

Grinders, general, precision

Gyro rotors

Magnetic memory drums

Missiles, space vehicles

Propellers, helicopiers, aircraft

Paddle wheels

Pulleys, sheaves

Rolls, flexible

Rolls, rigid

Rotating optics

Satellites

Spindles, machine

Shafts, high speed > 10,000 rpm

Shafts, medium speed 1000-10,000 rpm

Shafts, low speed < 1000 rpm

Torque converters

Turbine wheels

Turbinss (steam, gas, hydraulic), high speed > 10,000 rpm

Turbines (steam, gas, hydraulic), medium speed 1000-10,000
rpm
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Turbines (steam, gas, hydraulic), low < 1000 rpm
Utilversal joint shafts '
Wheels, automotive, aircraft landing
Generul machine and tool parts .
high speed, 10,000 rpm (bobbins, etc.)
medium speed, 1000-10,000 rpm (rotary brushes, clutches,
flywheels, lextile flyers, cutters, size reduction equipment,
air clagsifier, household motorizeéd appliances, etc.) -
low speed, < 1000 rpm (brake drums, propeller (ship), pump
refiner, pulverizer, telephoto machine, instrument
components, recording drives, etc.)
Marine main turbines
Rigid generator rotors
Turbocormipressor rotors
Machine tool drives
Medium-size electrical armature rotors
Small electrical armatures
Purp rotors.

The classification is broad, atd it should be used with care, since there
ate exceptions and borderline rotors that do not fit this giouping. It
should also be remembered that it is the dynamice of the rotor system
(rotor, bearings, pedestal) that determins the cverall response to vrbal-
ance, For all rigid rotors in any grade, the spesific balance requirement

for that grade should provide smocoth operation. The grad® number

repregents the product of
aw = {rotot c.g. eccentricity, mm){speed, rad/s}, mm/s.

Thus a pum, rotor that weighs 40 1o and operates at 2000 tpm should
be balanced to 2.5 msa/s, or

2000 2.5
dw = 25m g 545 mm/s = 354" 0.1 in/s.

The residual ¢.g. eccentrivity is therefore ¢ = 0,0005 in. From ISO
1940 Chart 2, at speed 2000 rpm quality grade 2.5 gives  c.g.
ecrentricity g = .0005 in., which agrees exactly with the above.

The source of ths numerical data from which the criteria charts of
IS0 1940 were consiructed is a rotor balance sutrvey made by Muster
end Flores [19,20]. Responses wore obtained from menufacturers
represunting 8 veiy wide variety of machinery, as listed below [19).
These rotor types were also divided into the following rotor weight
classes.
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less than 0.1 1b 100390 Ib

0.1~-0.3 1t © 300-~100C Ib -
0.3~11b © 1000--300C.Ib’
1-31b 3000—10,000 1b
3-10 b, B {7 ooo—soooou:._

A statistical survey of the levels of acceptable unbalance reported
by various manufacturers was made for each rofor class. The mean
result for éach instance bacame the level of acceptabiticy for the speci-
fied operating speed. The chart shown in Fig. 4.28 wes plotted from
this data. This figure shows vaiues of acceptalie residual unbalance
(in. Ib/rotor 1b) plotied against speed of rotation. For each class of
machinery, at each speed level, the mean reported acceptable tesidual
unbalance level was taken as the grade level, where ao (in mnllimeters
per second) was the grade number, as deﬂned above.

The data obtained in the Muster and Flores survey, ‘a'nd the
manner in which the results have been formalized. now constitute the
basis of rigid-rotor balance criteria. These data can also be used, as
specified in ISO Document. 1940-1973(E) (8], as balatice criteria for
flexible-rotor bulancing, where no other values are available, The need
for overall, comprehensive, and validaied rigid-rotor balancing criteria
has been met with the develogment of ISO Document 1940-1973(E).

MIL-STD-167 (19%4)

The military standard document, Mkhanical Vibrations of Shipboard
Equipment [9], is based ot the fohowing throe formulas for maximum
permissible residual unbalance:

Speed range, M (rpm) Mnximum residusl unbalance

0to 150 U< 025 W
150 to 1000 v 20K 5630 L4
Abovs 1000 U< T

where N is the speed of rotation in rpm, Uis the maximum permissible
residua! unbulance in the rotor in oz, i, and W is the rotor weight in
pounds. ‘Thus, for example, the maximum permissible unbalanco for a
shipboard generator weighing 220 1b and cperating ut 2400 rpm is found
us follows:

el S
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v,
e 4 x 220 ‘

MIL-STD~16‘7 is & vlb"ation mndards documcnt., Besldas miduul _
- unbaldiice formulas, it includes the standard. for acceptable shipboard .
! .. machinery. vibration levels (Fia 4.29), In lhipboud {and other)

“there are mmy othar potentlal lourm. ‘This fact is recosntred by the

vibration tolercnce chart' (Fig. 4.29), in which the maximum vibration

«critetion corrosponds to a maximum peek-to-peak displacement levsl
étjval to 10 timq# &, the rolor c.g. eoeentnclty \

101 . . .
- e NOTE: SLOCKED AREAB INDICATE TOLERANCRS
T - ' SUGGERTED BY RYDEAN 7

- LOW BPEED \ / IL-87D-1
N N L

bt \

109 "

R DN MEDIUM Spmzb. o

..{. Bl " \

\4 .
hoits ts st -—.kin- —— ;-l e it e o g -—\
16t —— \\ - : \N
L N j -
| — 0.9, DISPLACEMENT —, HIGH BPE#D .

DUE TO 4 = 4W/N

1 TN
. _ 11 \
" ' . S
10—2 L~ i N 1 l "
102 R | L 104

8PEED (rpm)

Fig. 4.29. Comparison of vibrailon ctitsria by Federn [21) and
MIL-$TD-167 [9]. Afier Foldman [18}.
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An informative review of MIL-STD-167 has been givén by Feld-
man [18], who discussed the selection of unbalance tolerances for rigid
rotors in terms of the overall vibration probiem of shipboard equip-
ment. Although balancing a rotor can do much to reduce the vibration
of rotating machinery, other factors, such as structural resonances of
the equipment support system, will also influence the transmitted force
(and hence the: transmitted noise level). Otrer sources of excitation

- occut from the windings of electrical machinery, from fluid-flow effects
(e.g., cavitation flow vibration) in pumps, and in forced-draft fans,
Each factor also influences the overall vibration level. Feldman [18)
‘has used other published work by Rathbone [15], Yates [16], and
Federn [21] to develop guidance charts for the overail vibration levels
in shipboard machinery. ' ‘

NEMA Vibration Criterla

Vibration criteria are available in National Electrical Manufactur-
ers Association (NEMA) standards document: [10—-12]. These criteria
do not apply to maximum residual unbalance values. They are speci-
fied in terms of maximum permissible vibration levels. The starndards
for ac and dc motors (10,11] give tables for recommended peak-to-peak
vibration displacement amplitudes, measured at the bearing housing.
Permissible vibration levels are specified in terms of unit frame diame-
ter (see Table 4.6). The drive-turbine standards 112] give charts of
recommended peak-to-peak amplitude criteria for shaft vitration ampli-
tudes, measured close to the bearing housing. The acceptaitle level of
vibration i¢ related to the speed and weight of the turbine, as shown in
Tahle 4.7,

Table 4.6, NEMA Acceptable limits of vibration for
electric motors

Peak-to-peak displacement on
bearing housing (in.)

180, 200, 210, and 220 0.0601

250, 280, and 320 0.0015

360, 400, 440, and 500 0,002

Nute: In general, larger frame sizes are assoviated with motors of
higher power. rating and/or lower operating spoed.

Frame diameter series

P
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Table 4.7. NEMA Acceptable limits of vibration
for turbines

Peuk-to-peak displacement on 1
Rated I'p_“d (epm) shaft at bearing support (in.) ,
<4000 0.0030 ‘ ;
4001 to 6000 - 0.0025 ,
> 6000 0.0020 f

Note: Where it Is not possible to measure the displacement of
the shaft directly, the peak-te-peak displacement shall not
qxceed 50% of the above values.

Neither criteria were chosen for rigid-rotor balancing operations. ‘
The criteria values provide some guidance for deciding whether a given ;
motor or turbine unit has an acceptable level of residual unbalance,
based on the observed vibration levels. A disadvantage of the support-
vibration test is that the structural dynamic properties of the rotor-
support system are involved in the given criteria values and also in the
measured vibration amplitudes. Measurements taken on the bearing
. caps do not provide any measurc of unbalance, per se. It appears desir-
able to incorporate the rotor balance criteria of ISO Document 1940-
1973(B) into the NEMA standards to guide electrical rotor balancing,
as unbalance is often a mejor source of observed vibrations. Eiectrical
equipment is specifically included in ISO 1940-1973(E} in severa! rotor
categories. Muster und Flores [19,20] mentioned in their review of the ;
NEMA standard for the balance of motors [10] that the displacement A
rieasurements gioted were obtained with each unit soft-mounted on a :

|
)

T D s Hs s

EEUEIRY Vs TN

resilient suspension syatem. For such arrangements the ratio of operat-
ing speed to natural frequericy iay in the range of approximately 5:1.

Other Vibration Criteria ki

Rathbone {i5] and “Zates [16]) have ulvo published charts of pro-
posed vibration criteris for machinery, based on observations of many
rotating machine sysieins. Charts given by these authors are shown in
Figs. 4.24 and 4.25. Other data for human perception of vibration were
developed by Reiher anc Meister [17) and by Crandell [22]. These data
are shown, together with certain limits from the Rathbone and the
Yates curves, in Fig. 4.26, Futther discussion of the above critaria and
charts can be found in Ref. 18,

Several other industrial criteria are used for vibration level assess-
ment, such as the American Petroleum Institute (API) criteria [14] and

O IR LR LT AR MM Rt gy
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the American Gear Manufacturers Association (AGMA) balince cri-
teria [13]. These criteria are relatively simple and are confined to lim-
ited types of rigid rotors. Both sets are covered by the rotor categories
included in ISO Document 1940-1973(E). In general, though specific
industry standards may accommodate the vibration requirements for the
rotating machinery of an industry, the guidance provided for rotor
balancing is often minimal and may not reflect the requirements of
modorn rotating equipment. 1SO Document 1940-1973 is preferred ix
such instances because of its broad data base and comprehensive guide-
lines.
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CHAPTER §
FLEXIBLE-ROTOR DYNAMICS

cross-sectional area

eccentricity of disk c.g. from shaft axis
major axis radius of whirl ellipse
damping matrix

components of bearing radial damping
minor axis radius of whirl ellipse

radial clearance of bearing

bearing diameter

modulus of elasticity

unbalance force vector

shear modulus

gravitational acceleration

second moment of area of shaft cross section
discrete translatory inertia at location n

V1

polar inertia per unit length
transverse inertia per unit length
bearing radial stiffness

stiffness matrix

K/EIN\3

shaft radial stiffness

components of bearing radial stiffness
dimensionless stiffness and damping coefficients
bearing axial length

shaft length

local bending moment

mass of disk

mass matrix

discrete local mass

number of bearing location
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whirl vadius vector, R = X + /Y
-modal amplitude

unbalance, Wa

compon=nts of local unbalance
local shear force’

~ specific weight .

rotor displarement vector .
rotor coordinare displacements
axiai coordinate along rotor
cross section shape factor
flexibility coefficients
angle betweon x-axis and major axis of allipse
(El/2aGA)Y2 |
B/B,, whére B, = 2Mw,, w3 = K/M
_ coordlmtl?‘ slopee corresponding to displaccments x, y

pdn?
EI

AT+ @ANV2~ (8)Y) V2

MIA + @a)4V2 + (ar)3 V2
whirl frequency
distance between. disks on rotor
rotating coordinates in shaft
mass density (w/g)
" phase angle vector
angle between unbalance force and major axis
rotational frequency
KU + IG)BU

e e
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CHAPTER § v
FLEXIBLE-ROTOR DYNAMICS

5.1 Conceptl and Clnulncatlons of Flexible Rotors

A flexible rotor ls defined as being any rotor that cannot be effec-
tively balanced throughout its spsed range by placing suitable correction
weights inn' two separate planes along its length. The operating speed

. range of such rotors includes or closely approaches at. least one critical
"speed in which transverse bending is a significant cause of the

corresponding rotor-system mode shape at that critical speed, The
modern concept that distinguishes & flexible rotor from a rigid rotor lies
in the nature of the balancing process required to make a given rotor
oporate satisfactorily throughout its speed range.

The classification of the International Organization for Standardiza-

tion (ISO) is given in Table 1.2 for flexible-rotor types. Class 2 rotors

T i RV b

are divided into a variety of subclasses to relate them mors readily to
specific industrial applications. All class 3 rotors are classified as flexi-
ble, meaning that they must be corrécted in more than two planes by
some floxible rotor balancing technique. Note that Table 1.2 is rotor-
based rather thun system-bused, and should be used for guidance only.
A good estimate of the dynamic properties of a machine can be
obtained from a computer calculation of the system, but an absolute
definition can be obtained only by testing under operating conditions.

Class 2 rotors are those that cannot be considered rigid but can be
balanced for smooth operation with a low-speed balencing machine i.¢.,
by rigid-rotor, two-plane techniques. There are two subcategories of
class 2 rotors:

1.. Rotors whose axlial distribution of unbalance is known, classes
2A through 2E.

2. Rotors whose axial distribution of unbalance is not known,
classes 2F through 2H.

The axial distribution of unbalance is known in the sense that for
balancing purposes the unbalance can be considered as concentrated in
specific planes—for example, in the disk of the class 2A grinding-wheel
rotor. By balancing in one (or preferably two) planes at the disk, the
rotor can be balanced for practical operation. The same is true for the
grinding wheel and pulley in the class 2B zxample, In formulating a
balancing strategy, the axial unbalance distribution can be likewise sur-
mised for the remaining machine categories 2C through 2E.

It is more difficult to surmise the axial distribution of unbalance
for the 5-stage centrifugal pump rotor, class 2F, Even when the impel-
lers appear identioal, neither the magnitude of the unbalance nor its
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~_==,_

iy

S M
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spatial orientation is known. Similar remarks apply to class 2G and
class 2H rotors. The class 2H steam-turbine rotor shown is an integral
forging, which may carry several thousand atiached blades whose
weights are measured and are statistically distributed around each stage
to minimize the overall unbalance. The blade-weight unbalance vector
for each stage is therefore statistical and varies from case to case. The
overall rotor unbalance comprises shaft unbalance und the unbalance
contributions from each of the blade stages. Low-speed belancinig is
possible because of the geometry of the rotors shown, in general their
mode shapes involve both substantial rigid-body motion (which can be
removed by two-plane balancing) and a limited amount of flexure,

The effect of bearings on the dynamics of flexible rotnrs is shown
in Fig. 5.1. Stiffening the bearings. will raise the critical speeds; usually
only the lowest critical speed is of interest in this class of rotors. Mak-
ing the bearings more flexible lowers the critical spseds of the rotor
system and increases the rigid-body component of the lowest modes.
These effects can be seen in a critical speed chart, Fig. 5.2. Thus,
where only the lowest mode of the rotor system is of practical interest,
a two-plane balance will often be adequate. The dynamic properties of
all rotor systems should be calculated before construction to ensure that
the most suitable modes and criticul speed location are selected to make
the balancing operation most éffective.

Class 3 rotors are fully fiexible rotors requiring high-speed balanc-
Ing; a large generator rotor is a typical example. During operation a
large 3600-rpm generaior rotor may encounter critical speeds in the
region of 700 through 2300 rpm, and its operation may also be influ-
enced by higher critical speed effects occurring around 4200 rpm,
Operation betweeri the second and third critical speeds requires more
complex balancing procedures than the relatively sitrple two-plane tech-
nique discussed previously. The reasons for this complexity and
methods for balancing claga 3 rotors are discussed in Chapter 6.

Class 4 rotors carry flexible attachments such as blades. They can
be prebalanced by a technique related to their basic rotor class and then
trim balanced, if needed, by a suitable flexible-rotor technique. Class §
rotors are essentially class 3 rotors that aie balanced to provide smooth
opcration at a single speed only. This spsed is commonly the operating
speed, but to achieve smooth operation it may be be necessary to bal-
ance out a flexible critical spsed within the operating rauge. An exam:
ple of a ¢lass § rotor is a 400-Hz motor that has a critical speed of about
17,600 rpm (Table 1.3). Response amplitudes at the bearings before
and after three-plane balancing are shown in Fig. 5.3. This rotor was
balanced while operating near its first (bending) critical speed, to pro-
vide smooth operation at its design speed.

R
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__@:‘ 'tb% {a) Class 5 rotor
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(b) Response curves before ' BEFORE | / |\
and after balancing [ N
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AFTER
L]
015 ] 10 15 20 2

ROTOR SPEED (rpm x 10°9
Flig. 5.3, Class 5, 400-Hz motor and response curves

The ISO rotor classification in Table 1.2 can be used to assign the
type of balancing that will probably be required. A rotor-response study
will usually be made during the rotor design process to define the
dynamic characteristics of the machine system more exactly and to
optimize these characteristics for low sensitivity to unbalance
throughout the operating-speed range.

The following examples demonstrate the application of these prin-
ciples:

Example 1

A 40C-1b armature rotor {s required to drive a shipboard fan unit at
2500 rpm. After balancing, the maximum whirl amplitude at either
bearing is to be 0.002 in, peak-to-peak. The lowest critical speed of the
rotor in its bearings is calculated to be 3500 rpm.

The rotor was two-plane balanced to 0.5 oz-in. in both correction
planes In a low-speed balancing machine. When installed, it operated
satisfactorily at all speeds within its range.

For a second application, the same fan unit was required to operate
at speeds up to 3350 rpm. The armature was first low-speed balanced
in its two end planes to 0.1 oz-in. On installation in the fan unit, it
again met the required whirl amplitude criterion of 0.002 in. peak-to-
peak at all speeds within the extended speed range. The armature
mode shape consisted mainly of bearing displacements and some small
flexing of the rotor at the higher operating speed (see Fig. 5.4).
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(b) Mode shepe

{ Fig. 5.4. Armature and fan rolor with whiri-mode shape
4 In first mode

fi‘ This armature is evidently a class 2 flexible rotor. As shown in
’ Fig. 5.5, ISO Document 1940-1973(E), the rotor quality class iz G6.3,
and it can have a residual c.g. sccentricity of 10~! in (6.4 oz-in.) at
2500 rpm, and 0.6 X 10~ in (4.0 oz-in.) for operation at 3350 rpm.
Both balance criteria exceed the balance conditions indicated above.
Although the rotor 'exhibited some small fiexural displacements at the
higher operating speed, it was still possible to achieve satisfactory
operation by balancing in two correction planes.

Example 2

An 800-1b centrifugal gas-compressor rotor operates at 10,500 rpm.
It was observed to pass through a first critical speed at 7720 rpm. The
maximum alowable journal whirl amplitude was 0.001-in. peak-to-peak
when passing through the critical speed and at the operating speed,

It was found that & satisfactory balance could be achieved in two
ways: (a) by balancing in three planes using data taken at 7500 and
10,000 rpm, (b) by rigid-body bclancing all rotor components, and
finally trim baloncing in two end planes at about 7000 rpm.,

This votor is actually a olass 3 flexible rotor that requires flexible
or multiplane balancing for smooth operation. The first method pro-
vides the required balancing procedure directly, whetvas the second
method ramoves ali gross low-speed residual unbalance effects plane by
plune. The trim balance made near the critical speed in two planes,
when the amplitudes of the flexible whir! mode shape can be measured
and compensated for, directly confirms its class ? classification. A class

e —— — e e .
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-2 rotor can be balanced in a rigid-rotor balancing machine, whereas a
class 3 rotor requires more sophisticated balancing techniques (see
Chaptei 6). An effort should be made dyring dq‘blgn to’ make evesy
rotor a class 2 rotor. This will simplify the Initim halancing process by -
allowing a two-plane balance in a low-speed. mack: ine, It will also. make

subgequent field balancing easier by requirmg correctnons i twu piavies ' 

only. For rotors that clearly belong in class > " thns fact should be, recog-
nized early in the design process.

The modern tendency is to provide rotor midcpan balance planes
along with easy-access ports through the machine casmg. Field balanc-
ing of such rotots is much simpler, and the need to remove the 1‘otor
from its casing for balancing is less likely to arise.

5.2 Dynamic Properties of Flexlble-k,dtom_“Syste'ins

Flexible-rotor systems have critical speeds and characteristic mode
shapes in the same manner as described for rigid-rotor systems.
Flexible-rotor mode shapes tend to he more complex, though the
underlying modal principles are identical in both cases. The important
dynamic properties of flexible-rotor systems are given in Table 5.1.
The interrelations among these factors are indicated in Fig. 5.6.

The matrix equation of motion for any rotor—tearing-foundation
system acted on by any force vector can he written as

(M1 {x) + [B) (x) + (K] {x) = {F),

where
M] = mass mattix for the systam
[B] = damping miatrix
K] = stiffness matrix
(x], {x}, (X} = harmonic displacement, velocity,
and acceleration vectors, respectively
(F) = force vector.

The above interrelationiship arises through the system dynamic equation
as follows:

Undamped critical spred
(M) (X} + (K] {x} = 0.

The undamped critical speed equatior arises from the omission of
damping and forcing terms in the system equation. The roots e of this

[
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ROTCA . : ST
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BHAFTE . - MASS DISTHIBUTION ‘= UNDAMPED |
DISKS, BIADES, o CRITICAL:

COUPLINGS . . o] / BPEEDS
ARMATURE o , A d
PELEST t ‘ +LTIFFNEBS | : : S

‘lEcUNDATION ] DISTRIBUTION ) \ ‘ ‘

‘ : DAMPED
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:eAnmas —
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PEDESTAL DISTRIBUTION ‘
FOUNDATION - ‘ ‘ ;rmwggg

. {80iL, FLuiD ‘ 1~ el
" e
UNBALANCE. ‘

.| 6As FORCES ] o] ROTOR.
LIQUID FONCES -;‘l’&i"‘"“\’"m ‘ SYSTIM
guocK , RESPONSE
- TRANS{ENT ‘

Fig. 5.6. Factors irfiuencing rofor sygtem properties and thelr
relation to rotor dynainics calculations

Table 5.1 Important aynamic p'foperties of ﬂexible-rq;or sysiems

System property Reason for importaxxée

Critical speed D=fines speeds at which poientially large ampli-
tudes may devejop
Mode shape Gives rotor amplitude distribution along length

at a critical speed; indicates potentially large
strain  regions and rotor senmsitivity in
correction-plane locations

Unbalance response  Indicates effective system response at specified
locations to given unbalonce distribution,
including the effect nf bearing/support damping

Defines the magnitude of the transmitted
forces, incorporating the influence of systein
dynaniics, damping (especially at bearings), and
unbalance magnitude and direction

Stability threshold Defines the speed at which the rotor may
become unstable in its bearings and tend to
whirl in an increasing orbit unless otherwise
restrained

Transmitted force
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expression give the undamped natural frequencies wgy, /=1, 2, ... of
the rotor system. The vector {x,} give the correspondins mcde shnpe

Damped critical speed ' | o B
(M1 {%) + (B]{%} + K] (x) =

When the dampins force terms are retained, the damped rocts
wg, = a; = ly; contain both damping (a,) and frequoncy () terms
for each mode solution for the damped response (%) to lnltial time
boundary conditions may be obtulned for a speciflc time interval.

Forced response ampliiude
(M1 {%} + [B] {x} + (K] {x) = (r(r))

The damped system response to spwlﬂed forcing iqputq including syn-
chronous forcing from unbalance is obtained by solving the complete
system matrix equation. For unbalance forcing thls solutlon is. obtamed
at specified rotational speed values. S

Transmitted force o
(F,} = (B,] {%,} + [K,]{x,),  (nth bearing).

The force transmitted at any bearing location # can be determined using
the force matrix equation. Both real (F in-phase) and imaginary (F}
quadrature) force components are obtained and combined to dlve tho
magnitude and phase of the transmitted-force responses,

-Fl+F, (i=+=1),

i -

S

[

.

S e s T T

,
i
:

F, = [FD2 + (F)3V2,
and 1

F,
¢, = arctan -F

Stability threshold speed
M] (%(w)} + B {k@)) + (KG)] {x(w)) = 0.

Solving the modifled system equatior: for its lowest roor, where both
damping and stiffness are functions of the nonsynchronous whirl fre-
quency », gives the stability threshold spsed w, at which the rotor wil!
begin unstable whirling with frequency ».

The matrix equations presented above can be solved for constant
coefficient values, though in practice the damping matrix and the

1 A e A M AB AP T
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stiffness matrix may’ vaty with frequency, amplitude of vibration, and
other factors. In perticular, the bearing coel'ﬁcients may -vary non-
llnearly with amphtude and frequency. The matrix equation can be
solved point by point with constant coefficients over specified ranges of
speed “for  amplitude ‘or natural ‘frequency vaiues, Where. the coeffi-
cients are nenlinear, special techriques involvlna tnm* step imegratlon

drd required [1-3].

- Ssverel methods'are avnilable for the dymmic nnalysrs of rotor sys-

- tems, The Mjklestau -Prohl iterdtive method has been exteasively

developed by Lund [4--6] and’ others for critical speeds, unbalance
response, &nd stability analysis. Matrix analysis_ of rotor systems has

. been developed by Morton (7,8}, Ruhl and Booker [9], and Thomas

[10). Matrix rotor-anclysis *schniques have not been widely used,
probably because of the highly developed state of ths iterative method
and because of the inconvenience of the large coefficicrit matrices,
which are commcaly asymmetrical dve to differing beanng coefficlents
in the coordinate dlrectlons

5.3 Simple System Models Used for Rotor-System Analysis

Considerable insight into system response can be obtained with
relatively simple analytical moilels. Such models are based on prior
knowledge (or assumption) of the system response modes. For exam-
ple, the lowest critical speed and unbalance response of a flexible rotor
in rigid bearings (Fig, 5.7a) cun ensily be estimated by representing the
Totor as a point mess on a massless beam, supported as shown in Fig.
5.7b, If the correct proportion of the rotor mass required at midspan
for this case is not knowr in advance, a greater number (two or three)
of masses can be used, as in Fig. 5.7c, and an influence coefficient
matrix technique can be used (see below) tu avoid matrix inversion
problems when soiving for the lowest root. Rotor--bearing systems
may be analyzed in a similar manner, Several examples of rotor system
analysis using simple models will now be given.

Symmetrical Single-Mass Rotor in Undamped Bearings

The system shown in Fig. 5.8 is symmetrical about midspan, and
the bearings have identical properties in the x- and y-directions. Shaft
stiffness K is identical in all transverse directions. The equations of
motion for the disk c¢.g. are:

-;-Mx'l + Ki(x) = x9) = -%-Mam2 coS wt

'%'Mjﬁ + Kl(y1 - y;) - -%—Maw’ sin wt.
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(a) Uniform rotor in rigld

" bearings
W = wAL/2
E| n El
+rr u ,,?,,
|l .
L

(b) Representation of rotor for
first mode analysis

wAL/3  wAL/Q  wAL/3

1 I N
Hrr U R U ”9”
i L .
vyt i

(c) Representation of rotor for
first three mode analysis

Fig. 5.7. Point-mass and massless-beam representations of rotor

Fig. 5.8. Single-disk, flexible rotor in undamped fexible bearings:
E = Elustic axis of shaft at disk, G = c.g. of disk
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Bearing force equilibrium gives:

o K,
s sz?- Ky (e, - x_!); Xy= K, +1‘K2 xl

o K _
F=Kyyy= Kii - »2); y:-mm-

Combining the above expressions gives:..
1

5 MR, + KiR, = %—Mamz e,

where
Rymxi+ iy

Ry= x4+ 1y,

K\K;

Ko'- Kl+K:‘

For harmonic motions,
Rym rle’“‘. Rz b I'ze“".

Substituting leads to the c.g. whirl radius response solutions,
1 2 RV

3 Maw K, 7 Maw
P —— »

KQ- '%'sz

"KitK: p L
Ko 2 Mo
In dimensionless form,

. r 2K
|l wl= ==2 at mass c.p.
a

M

7, at journal

:
B ]

L T T Lo T Ve SR B
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The transmitted force is o
Fx -'K),x:. F:v - K:y:. i.e.. Fm 'KgRj‘

and |
Fm KK, 2 Mf“"
Kl +K2 ‘Ko_%sz
_ L4t aw?
7 Maw
- Ko __T———',
Ko~ = Mo?
2
In dimensionless form,
F 1 )
F* - | —— . - |
%Mam’ 1= (w/w,)? 1-~p2 r=(w/w)

Example: A 400-1b single-disk rotor has a bending stiffness of 10°
1b/in. It is supported in identical end bearings, each having a stiffness
of 3 x 10° 1b/in. If the disk has a c.g. eccentricity of 0.005 in., find the
journal response and the transmitted forns (a) at 3000 rpm and (b) up
to a speed of 10,000 rpm.

Solvs the problem in dimensionless form. The stiffness K, is

KK, _ (0% (6% 10%

$
TR~ Oxigh 0857 X 10° 1b/in.

Ko =

The system critical speed is
l ] [z(o 857) (10’) (286.4) )"

= 406,9 rad/s.
N, = 9.55a, = 3886.0 rpm,
The c.g. whirl radius at 3000 rpm is

» N 3000

w3886 ~ asse 0772

i
l:‘-’-l - 0,596
Wy
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2
o
. W 0.596 5
ry = ° \T ™ 1~ 0.596 1.475 :
1 = - ) "
Fy = ar} = (0.005) (1.475) = 0,00738 in. f
ol - [ \
" - Kl We ;
Ki+kK | fa) ;
W, I\‘ ‘
Kl » g

1 .
- K+ K, ro= (1.475) = 0.2107 4

ry = rya = (0.2107) (0.005) = 0.00105 in. )

Bearing transmitted force is

LY S S T T )

L p au? 1~ l.‘_"_

2

F o (—;- M aw?) F*

_| 200
386.4

2
3000 :
(0.005) l 9.55 ] (2.475) = 632.2 Ib.

Transmitted force per bearing = 316.1 Ib

The undamped response curve for c.g. whirl radius, journal whirl
radius, and bearing transmitted force is shown in Fig. 5.9.

Symmetrical Two-Mass Rotor in Undamped Bearings

Warner and Thoman [11] gave the rotor c.g. equations for the case
shown in Fig. 5.10 in the following form:

1 M, + 1 (xx) = §x;) m L Maw? cos ot
2 a 2
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WHIRL R£TIO, R® = R/a

med s

0.8 1.0 1.8 2,0

e

4

P N e e

FORCE RATIO F* = F/Maw?
x105)

{w/eg)

(b) Dimensioniess transmitted force vs whirl frequency ratio .

Fig. 5.9. Variation of amplitude and transmitted force with
rutot speed for singla-mass rotor in undamped beurings
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%M . WM
Lt s
' [} . | e
"’# ! T w Ut f*"’
ln—k-—--b....—.—_p.‘ ’ <A
' e ' b
~ t " 1
@) Rowr sysiany proportloni .
HMaw? “Maw?
(b} Firot whirl-mode shape uird enbulance micitation
HMaw?
L7 L i
T “TM
W Miwd
(c) Second whirl-mode shupe and unbulance excliution
Fig. 5.10. Two-mass, flexivle rotor in undamped flexible buarings
and

v 1 1 ., ,
'%‘ My, + 7;(}’1 —~Eyy) - 7 M aw? sin wi,

in which M is the mass of each rotor disk, £ is the distance between the
disks, and a is the disk influence ccefficient defined by:

First mode: (xy = xp) = Fya,, + Fyag

Wy =y) = F.waaa + Fbyaab
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Second mode: x) — Exy = Feae, — Fucag

Y= €y m quaaa - Fbyo‘nb'

Intradiing the cunventions

Mod@ £ «
First 1 O aa + g
Second §  ag —ag

allows the above expressions to be written as
| X; = €xy= Foo
and
Y= €y~ Fa.
The bearing force balance is

'i"(xl - fxz) - Kyxs, X - (& + aKy)xy
and
‘};‘U’l = &y2) = Ky, Y1 = (E+ aKy.

Solving gives the whirl radius at ttic journal as
(a/a) (w/w,)?
Kol = (w/w,) - (w/w,)?/a’

rym Xyt jy; =

and at the disk c.g.,
(¢ + oKy (a/a)(w/w,)?
K, [1 = (w/w,)?] = (w/w,)*(¢/a)

r1—x|+!,y|-

where w? = (2/Ma) and i = ~/=1. In dimensionless form these equa-
tions can be written as :

. ry (w/w")z

2= .; - akK,(l — (w/w,)?] - f(w/wn)z
and

¥ " (¢ + aKy) (w/w,)?

l L

@ aKall — /w)l — lwlwy)?

B ]

2 Ll FemTs e
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The besring transmitted force is
Ki(a/a)(w/w,)?
Ky [1 = (0/w,)?) = (w/w,)*(¢/a)

and the dimensinnless transmitted force is
2F 2
o v (o |
0 Maw? @n

Whirl Modes of Uniform Rotor in Undamped Flexible Bearings

F o= Kgrg-

2 -1
-

L
a, i ak;

|

The rotor modes for the system shown in Fig. 5.11 can be
represented by the general modal equation

r=A4 cos Az + B sin Az + C cosh Az + D sinh Az,

where r is the whirl radius, 4, B, C, and D are constants of integra-
tion, and A is (pAw?/ EN)VA,

L

4

o
]

| 0

K p- E»IIA;W K

R (a) Uniform eylindrical rotor in i
Mlexible end bearings

Fig. 5.11, (a) Uniform rotor in undamped
Nexible bearings. (b) —(d) Mode shapes
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The integrotior: constarnts can be determined from the boundary condi-
tions, which are:

Forz = (,
er oo )
;.z.i. - zero end moment;
and
d’r \
Ky = El pe) (forse equilibrium;,
Forz = L,
i zero end moment
oz
and

3
~Ky = E1 &L (force equilibrium).
14

Substituting give‘s
-4+ C =0,

2KA - B+ D=0,

—A {cos AL + cosh AL) —~ B sin AL + D sinh AL = 0,

BIK (cos AL + cosh AL) — 2K?* sin AL -+ (sin AL - sinh AL)
+ 2K cos AL]
—DI[K (cos AL + cosh AL) + 2K sinh AL + (sin AL ~ sinh 4 L)
+ 7K vosh AL] = 0,
where

P K oKLY 1
EI\} El  (\L)?
is the dimensionless stiffness. Simplifying gives the frequency equution

(cos AL cosh AL — 1) = 2K (cus AL sinh AL — sin AL cosh AL)
— 2K sin AL sinh AL = 0.

This expression reduces to the well-known frequency squations
cotresponding to the {imiting cuses K = oo (pinned-pinned) and K = 0
(free-free).
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The mode shapes depend on the dimensionless stiffness K, which
is frequency dependent through the A-term. The normalized modal
displecements J; for the i th mode are given by

Jj cos Ax; + cosh k,x — 2K sinh A,x, + a,(sin A,x, + sinh X,x;),

‘where

(cos AL — cosh AL + 2K sinh A L),
(sin AL ~ sinh ALJ, ’

(¢ il 1-1,2,,...}

Typical mode shapes are shown in Fig. 5.11,

Whirl Modes of a Roter with Overhung Couplings in Undamped
Flexible Bearings

Consider the rotor system shown in Fig. 5.12a, which consists of 4
flexible three-mass rotor, such as an auxiliary drive turbine in a
compressor train with overhung couplings. The rotor operates in flex-
ible undamped bearings with isotropic radial stiffriess properties.

The system equivalent dynamical model is given an assumed dis-
placement such that R; > R, > ... > Rs and 6, > 6, > ... > 6.
The K, coefficients are the bending elastic coefficients; the K,
coefficients are the slope elastic coefficients for the shaft sections,
Neglecting the slope elasticity simplifics the model and the equations of
motion. The cquations of motion for this case are

MR, + K\R, — K\Ry= 0,
- KR, + (K| + Ky + K)R; — K3R; = 0,
M3ji3 - K3R2 + (KJ + K4)R3 - K..R‘ - 0,

- K4R3 + IK4 + Ks + K6)R4 - K6R5 - 0.
and

MRs- KeRy+ KeR; =0,
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Ry Ry Ry ‘Ry Rs
‘ 63 0,

oo, oy s :
+o(\t M K Ky |M;|\_ Ky + Ky N

(b) Displacerd system—slope effects neglooted

Kgixg-xg)

c.g. 1
I 6g. 3 I ¢ Bl
Y || kginerel
“Kixy=xy)  -Kzi{xz-xa
-Kzxz

-st‘

(¢) Free body diagrams—siope effects neglected

Fig. 5,12, Equivalent dynamical model, displaced system, and free-body
diagrams: rotor with overhung couplings and undamped flexible bearings
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Assuming harmonic motions, substituting into the equations, and

arranging in matrix form gives

(K-Mp?d)  ~K; 0

where R, = 1, e'!, the 1, are constants, and / = 1 through 5.

0
-K(  (R+KytKy) -K, 0
0 ~Ky; K3tk ~Mpwd) =K,
0 0 -K, (K o+ g+K¢)
0 0 0 -Kg

b ¢ A et S b ot

0 ry

0 4]

0 r
-Kg ra
KM |y

The resulting amplitude matrix expression is
[K - Mw?) {r] = {0).

For the specific case in which
Ki=mKy= Kj=Kg=1,

Ky= K¢= 2,
My=M;=1,

M3-2,

substitution gives

0 0 0

The matrix expression can be reduced by expanding rows 2 and 4 and

solving for the amplitudes o r; and rg:

-~ +4r2 — Fy - 0,

-r3+4r4-— r5—0.

(1-0? -1 0 0
~1 4 ~1 0
0 -1 (2-20%) -1
0 0 -1 4

0
0
0

-1

-1 Q --w’) rs

h
)
rs
ry

ettt i B e o i

e T TR
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ry = 0.25 (rl + fa),'

re=0.25(r; + ry).

Substituting these expressions mto the matrix for ry and r, gives

G-d0d -t . 0 Jin|:
-1 (6-8w) :‘-b?l RS -0, -
0 -1 =4 |}

The nontrivial solution req\mes that the determinam of the coeff‘imem
matrix be equal to zerc. Thus

G =402 - 301+ 1) =0
The solutions for w? are
whas = 0.5, 075, 1.0,

Expanding the amplitude matrix gives
ry= (3 ~ dwdry,
rs = [(6 — 8w (3 — Sw?) — 1]r,.

If ry is unity, then corresponding values of ry and rq for the first three
modes are found as follows;

Mode1 Mode2 Mode3

LA 1 1 1
L) 1 0 -1
rs 1 -1 1

rym (1/4)(ry + ry),
ry = (1/8)(ry + 1),
and

r} = 1/2, r{ = 1/4, ri =0,
rd =1 13 = —1/4, r} =0

The three mode shapes are shown in Fig. 5.13,
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H\w/'\M

(a) Flest mode. wf 0.5

1.0
. 028 N
038 ‘cq
-tol

(b} Second mode wf = 0.75

Ay

" A/T
-1.0 \./

Aj

(¢) Third mode wf = 1.0

Fig. 5.13. Mode shapes for rotor with overhung couplings in
undamped flexible bearings

Uniform Shaft in Rigid Bearings with Overhang

The right-hend bearing in Fig. 5.14 represents a loading discon-
tinuity that cannot be accommodated within a single equation of
motion. There are thus two domains of integration for this system, for
which the ganeral modal equations ate

ry= A cos Az; + B sin Azy + C cosh Azy + D sinh Az,
for0 < z; < L)and
r;= E cos Az, + F sin Az; + G cosh Az; + H sinh Az,

for 0 < z; < L, In these equations A, B, ..., G, H are constants of

integration, to be determined according to the following boundary con-
ditions:

For z; = 0,
d2
ry=0, =——t=0 (zorc moment);
dzf

B
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j - Ly :i—- L2 -i
| "
ElLAW ,»7 ElAw
m l
|

(a) Rotor proportions

(b) Rotor deflection shape
in first mode

Fig. 5,14, Uniform shaft in rigid bearings with overhang

For - L], L{
' dry dn . 1
r =0, " % (equal slope); 1

f

For Z; ™= 0, !

dry,  d*r, 31
=0, —_—-— : %
r a7 23 (equal moment) )
For z; = L,, [
d*ry =
—=" = () (zero moment);
72l ( ) !
3 |
g 0 (zero shear force). )
dz3 |

Substitution and elimination gives the frequency equation
(cosh AL, sin ALy — sinh AL, cos AL)(cosh ALj sin AL,

— sinh AL, cos ALg)~ 2 sinh ALy sin AL,

X (14 coshALycos ALy =0,

This expression was obtained and solved by Dunkerley [12], who gave
the following eigenvalue results for the lowest whirl mode,
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Ratio Ll/lag XL]
1,00 1.506
0.75 1.902
0.50 2,507
033 2.905
0.25 3,009
0.20 3.044
0.00 3.080

Dunkerley gave no results for the system normal mode shapes, but
these are readily obtained by applying appropriate boundary conditions
to the general solution, Egs. (5.1). Writing J'*’ and J® as the normal-
ized modal forms across L, and L, for the / th mode, and aV and ¥
as the integration-constant ratios defined previously gives the following:

For 0 < x; < L,
Ji(l) = §in AXx; — a,m sinh AX;

and

) (Sh'l AL])[
o) - —————
(sinh AL)),

For 0 < x; < L,

e he . L —ran - e

cos ALy + cosh ALj
sinh AL,

J® m cos Ax;, — cosh Ax; + sinh Ax,

sin AL;

+ (2) o + —
a;” sin Ax; sinh AL,

- sinh Ax;.

L - [sin AL, + (cos AL, + cosh A L) (cosh AL,/ sinh ALy,
! {cos AL — (sin AL,/ sinh A L,) cosh AL;], '

5.4 Dynamic Properties of Rotors in Real Bearings

IR S

The practical deficiency in the analyses given in the previous sec-
tion lies in the representation of the bearing dynamic properties. The
rotor models, though they may appear simple, will often be adequate to
represent the contribution of rotor flexure to the system modes. For
instance, an analysis using a single-disk rotor system may provide use-
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ful data on the lowest system mode; but it cannot provide data on the
second system - whirl mode, i.e., only one disk. Neither can the

whirling. An important principle of practical rotor-dynamics analysis is
to obtain the desired information with the simplest system model.
Several efforts have been mads to correlate results obtained from
the rotor models described in the preceding section with practical test
results, This is desirable because to the extent that reliable calculations

minimized or even eliminated. Such a capubiiity also represents an
important diagnostic tool for troubleshooting. System modeling may
begin with the rotor configurations described previously,* but a more
sophisticated bearing representation is usually needed to determine the
performance of real systems. The concept of bearing dynamic proper-
ties dates back to Stodola [13], but the first significant contributions
were made by Hagg [14], Hagg and Sankey [15], Raimondi and Boyd
[16], and Sternlicht [17]. The Appendix gives a review of important
aspects of the theory of bearing dynamic properties, with a selection of
results from the open literature.

For the linear analysis of rotors in bearings, & major aspect is the
ropresentation of bearing dynamic forces in terms of stiffness and
damping coefficients. For fluid-film bearings, the following linear
represeéntation is widely used:

Fo= KuX + KoY + Bo X + By ¥
and
F,m=K,.X+K,Y+B,X+B,Y

For rolling-element bearings, no cross-coupling exists and the bearing
finear force relations become

F,= F.X + B, X

and

.

F, = K,X + B, Y,

where F,, F, are the bearing dynamic force components occurring
about the journal position of static equilibrium; K,, ... K,,, B, ... B,
are the bearing dynamic coefficients; X, Y are the journal dynamic dis-
placements; and X, Y are the journal dynamic velocities. The appendix

P et

*More complex rotor models muy be used in computer studiss.

assumption of isntropic bearings provide information on elliptical orbit -

can be made, the need for prototype testing of actual rotors can be
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gives details of the derivation of such coefficients for fluid-film bear-
ings. References [18) and [19] give data suitable for use with rolling-
element bearings. Typical charts for several types of fluid-film bearings
ar¢ given in the Appendix. ‘

The study of rotor motions with the. bearing dynamic coefficient

approach has allowed the development of efficient computer programs
for uss in the analysis and design of rotor systems. Although this
approach continues to be the basic analytical procedure used in industry
today, there are certain instances where it is inadequate: rotor opera-
tion at a high bearing eccentricity ratio, prediction of post-threshold
speed, and all strong nonlinear conditions. In such instances accurate
analysis requires that the instantaneous forces (bearing, gas seal, blade,
etc.) acting on the rotor be incorporated into a time-step integration
procedure. A general purpose computer program for performing this
type of nonlinear analysis has been developed by Giberson [2].

Details of several linear rotor-and-bearing unbalance-response ana-
lyses are given in the remainder of this chapter. These studies demon-
strate the analysis technique and include typical results that can be
achieved through the use of such calculations. Good comparison work
between predicted and measured results is rarc in the open literature,
but that which exists demonstrates that computer rotor-dynamics
analysis can be both valid and accurate when properly applied. Several
studies of the damped response of rotors will now be discussed.

Unbalance Vibrations of a Single-Mass Roior
in Fluid-Fllm Bearings

The rotor-and-bearing system considered [14] is shown in Fig.
5.15. It consists of a flexible shaft of stiffness K, (Ib/in.) carrying a
rigid mass section with a c.g. eccentricity @ (in.) from the shaft elastic
axis. Both bearings have a radial stiffness X (Ib/in.) and radial damp-
ing B (Ib s/in.). The bearing properties are assumed to be identical in
both the x- and y-directions. The whirl orbits are therefore circulat.
Charts of the bearing stiffncsp and damping properties vs Sommerfeld
number § = [(uN/p)(R/C)¥ are included for bearing L/D ratios of
k.0 and 2,0. Stiffness coefficients in both horizontal and vertical direc-
tions are given. Only a single curve for damping coefficients is given.
For this system the equations of motion are:

Mi| + 2K|(X| - X;) = Maw? cos wt,

MY, + 2K (") - Y) = Maw? sin wt,
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Mau? aivt
§
K,8 ’i E-[| | é 3 kB
T Ky -
x.v

Fig. 515, Single-mass rotor in Nuid-Rim bearings, after Hagg [14]

K, (X, = X;) = K, X, + B.X,,

| K (Y= V) =K, Y,+ B Y,
With the stated assumpiions X, = KX, = Kand B, = B, = B, the
whirl orbit is circuiar and the above expressions when combined give

MR, + 2K,(R| =~ Ry) = Maw?e's!
and
K,(R,— Ry) =~ KR, + BR,,
where
Ry=X,+iY,, i=v=I, n=1,2
For harmonic motinns,
X,=x, e Y, =y, e"
and
R, = r,e'".

Substituting gives

2K, K — (K + K)Ma? + i0BQ2K, - Ma?)
(K+K,)+ inB

r - Maw’.
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Writing

gives
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@ 1-F U-KG/1-) + 2

T

_ K,
K-T’

2

]

rl - {-‘2—

9

2K
.

M L

B
C"Bc

U+ K)+i2¢

. B
Muw,

r

——

K

7 1-8 -K@/ - +i2¢

These are the normalized vector forms of r, and r,. The respective
modulus and phase angle tor each are given by

and

where

1o g [0t B2+ Qo2
a a-KeP?+ Qe?|
| .:2- -I'& — Ez 1/2,
a (1 - Krd? + (2¢r)?
(1- K+ Q@ m’]
b1 = A TR Qe |

¢, = arctan l

k’l

rft

rf = ———s

I

(- Ked)?+ (zmzl
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Hagg [14] gives
2wk . )V (280 ) v
AR 41] #5228
I’l' w) [K' ! X, ,
[a 1™ loa) |2k, _ o2]_ o), [280]| °
K. w} wz Kl

which on substituting for the dimensionless quantities will be found to
correspond with the first expression (for |r;/al) given above. In
discrete form the expression for the journal whirl radius is

\/2
2k’
11_-.9_2 KJ
al o) [[2kf, _ 02| _ 2], [28a]
Kl ‘-"2. “’3 K,

The following numerical calculation for a turbine-rotor system is
given by Hagg [14):

Rotor weight W = 20,000 Ib

Rotor mass M = 621.118 1b s¥/ft.

Shaft stiffness X, = 2.07 x 10 ib/in,
Bearing type = 120° partial arc

Bearing length L = 10.0 in,

Bearing diameter D = 10.0 in.

Bearing area A = 100 in.}

Bearing unit load p = 100 1b/in.?
Lubricant viscosity u = 3.5 x 10° |b s/in.?

2
Sommerfeld nuraber § = lf‘;}!] [%] - 6.5

Bearing operation variable (45) = 26

Horizont* bearing dimensionless stiffiiess CKy/ W = 5.0

Vertical earing dimensionless stiffness CKy/ W = 6.4

Bearing di rensionless damping CwB/W = 10.5

System stiffness ratio K = K/K, = 4.0

System damping ratio { = Bw/2K = 6.0,
The dimensionless c.g. response amplitude |r;/al of this system is
compared in Fig. 5.16 with that of an undamped system and also with
the undamped rigid-bearing case. It is evident that the peak amplitude
response is less than that of sither undamped system and that system
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" ' l ; "' Sli}ﬂ.l lUP;ouY
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Fig. 5.16, Unbalance response of a simple massive rotor in
fluid-Alm bearings. (After Hagg [14).)

damping increases the critical response frequency toward the rigid-
béaring critical frequency.

This response could be converted into half-amplitude whirl data
|r;| if a value of the unbalance eccentricity a were given. The rotor of
this example would most likely be a class 2 rotor, and it would fit into
Quality Grade G 2.5. From Fig. 5.5 at 1950 rpm (200 r/s) a residual
balance of 0.16 0z-in./100 1b would be required for a satisfactory bal-
ance. This corresponds to a total unbalance of

U= 0,16 x 200 = 32 oz-in,
The c.g. eccentricity corresponding to this unbalance is

Y 20 P _
W ™ 30,000 x 16 — 100 % 107 in. = 100 uin. = .
The corresponding c.g. half-amplitude at the critical response peak is
L =90,
and a

£ 0.955.

n

il P
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resonence is therefore 1,8 % 1073 in. under steady-state conditions.
It is of interest to extend Hagg's result to obtain the journal whirl
amplitude, which is given by

- rd

"
i
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o Thus
%‘ lrq] = (9.0)(100 % 107¢) = 0.9 x 10~ in,
f The c.g. peak-to-peak unbalance vibration amplitude for this case at
3

r2

o

Q

EQ 1/2
u+i@+um4’

i 2
4 rfm e 22 4439,
i

=12 " 0,088

V2

- 0;939,

n ‘ 4)?
a 1Q”[0+4xluﬂﬂ+(2x®’

and
7o = 0,939 (100 x 107%) = 0.9939 x 10~3 in,

‘The journal peak-to-peak unbalance vibration amplitude is therefore
5 0.188 x 107° in. under steady-state conditions. For the bearings
' described (radial clearance 0.008 in.), this is well within acceptance
ﬁ requirements. As a rule of thumb, for eccentricity ratios less than 0.5,
a whirl radius one-tenth of the radial clearance is acceptable. In the

? above case this corresponds to a whirl radius of 0.008 in., which would
; result from an unbalance of 1362 oz-in.

X

¢ Single-Mass Flexible Rotor in Fluid-Film Bearings: The Influence of
z Different Bearing Types on Unbalance Response

‘ A more extensive study of the influence of bearing properties on
i the response of a single-mass rotor was made by Lund and Sternlicht
& [20]. The bearings were represented by eight dynamic coefficients for
. which values had been obtained using (then) newly developed digital
i.x computer programs. Curves of the dimensionless transmiited force vs
g speed ratio are presented for various bearing operating eccentricity
e ratios, for the case of a plain cylindrical bearing with L/D ratios of 1.0
o and 0.5, A typical result is shown in Fig. 5.17. These results show the

) influence of bearing operating eccentricity on the transmitted force.
N They show that transmitted force increases and then decreases as the

———
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WHIRL RADIUS, DIMENSIONLESS
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Y G A = JOURNAL CENTER
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Kux BN SHAFT AT DISK
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Fig. 5.17. Typical plot of dimensionless transmitted force

vs speed ratio for simple rotor in damped bearings
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rotor passes through the system critical speed, and that this increase is
less when the rotor operates at low eccentricity than when the operating
eccentricity ratio is high. This ccours because the available stiffness
effect is lower at lower eccentricity, and there is also more squeeze-film
effect. More precisely, the parameter

Bw

ekl

is higher, and, as shown previously, this factor determines the rotor
whirl amplitude and hence the bearing transmitted force throughout the
critical speed range. The results are applicable to any rotor in plain
cylindrical bearings with the given L/D ratio, in terms of the stated
Jimensionless parameters.

Data on the influence of two other bearing types—four-axial
groove bearings and elliptical bearings—are given in a more
comprehensive report by Lund and Sternlicht {21], The same general
force vs response pattern is again shown. Bearing geometry is
prescribed, and the results are restricted to the bearing proportions
given. Data on the dynamic properties of all bearing types used in this

study are tabulated, and details are given of the theory from which
these data were obtained.

Two-Mass Flexible Rotor in Fluld-Film Bearings: Design Charts for
Response and Transmitted Force

Warner and Thoman [11] extended the work of Lund and Stern-
licht to the case of a flexible rotor in 150° partial arc bearings. An
eight-coefficient bearing model was again used. The rotor carries two
disks, each with a mass of (1/2) M a distance ¢L apart, where L is the
rotor span between bearings and ¢ here is a coefficient < 1.0. The sys-
tem has midspan symmetry; see Fig. 5.18.

Two disks are used in this example. By using the principle of
mode sepatation, either the translatory whirl mode or the conical whirl
mode can be obtained from the analytical formulation simply by select-
ing the appropriate value of the coefficient ¢, For a symmetrical first
mode ¢ = 1. For the second mode, the rotor inertia gives ¢ = JVI/M .

For the first mode, the shaft bending deilection between the disk
and the bearing due to force F is given by

(Xl - X) - F,,xa“ + thaﬁ,,
and
(Yl - Y) - F,,).a,,, <4 Fbya,,,,,
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Maw? Maw?
|G| I Il‘ I

vl ML
K B a
In-phage unbalance

Maw?
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L
™ ! M ;a
K : :B 2 B8 K
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x

Antiphase unbalance

Fig. 5.18. Symmetrical, two-mass roior in damped f{lexible bearings

Foy = Fye = Fy, (X1 = X) = Fylag + an),
FoymFyy=F,, (Y~ Y) = Fa, +agy).
For the second mode the expressions ate
Xy~ §X = Foetag = Foxtap,
Y| =&Y = Fya, — Fyag;
that is, as previously shown,
Xi—tX m= Flag, — ay)
Yi = €Y = Flag ~ ag).
With use of the conventions

Mode ¢ o
First 1 agtagy
Second ¢ ag, —~ an
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the following expressions are obtained for both modes:
X 1= fX - an

and
Yl—éY-F}a.

The equations of motion can now be formed by recognizing that
MY, = — F, + Maw? cos ot

and ) 5.1
MY,=~F, + Maw? sin wt.

Hence,
aME| = (X, ~ £X) + Maw? cos wt,

. (5.2)
aMY; = (Y, — ¢X) + Maw? sin ot

The force balance at the bearings in the first mode is
Lt e0 = KaX+ KoV + B X + B, ¥
and
Lir-en =K.+ K, v+ B X+ 8,
Similarly for the second mode moments,
FéL = (KX + Ky ¥ + BoX + By V)L = % (X, — ¢X)
and

RL = (KX + K, ¥+ B, X + B, 1)L = $£ (v, - ¢ 1),

With the convention given above, the equations for both modes
can be written as
S, —¢X) =Ko X+ K Y+ B X+ B, ¥
a Xy L4

and (5.3)

(-0 = KX+ K,V + Bk + B, T

PPV I
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It is now necessary to eliminate X;, Y, from the above equations
by substituting

XI - X elm’ Y - xelwl’

Yl -y, e"", y_,yelut

into Eq. (5.2) and by solving for x;, y;. This gives
fx+a _ _fx+a
1-aMo® 1 - (0/w,)?
and (5.4)

&x — la - ¢y — ia
1 - aMw? 1 - (waw,)?’

X| ™=

Y=

where w? = 1/aM. Substituting Eqs. (5.4) into Eq. (5.3) gives

£l _gx+a _ |
o |T= fw 7~ = Ko+ Koy + luByx + laByy (5.5)
and

- la
'ﬁ- ]—;{%17«7;)—2 — &y = Kyx + K,y + iwBy,x + iwB,y

on canceling the e/*!. Multiplying through by C/ W and writing

_cf ()’ - C¢ a

K Ve T % Wa T=(wa))?

allows Eq. (5.5) to be written in terms of dimensionless stiffness and
damping ratios, as follows:

Ko + K + l0B,, Ky + iwB,, x 1
-q .
y —i

K, + iwB, K, + K + iwB,
where
- CK, - CwB
Ky = —ﬁ,&" WOy = _W'&y
- CK. = CwB,
KX)’ - _Tyi’ wB.w i W” ’
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- CK - CuB,
Ky = _”;&v wBy = _%}'E"
= CK = CwB
K, = '—“‘3&» ©B,, = "_nTyL

Selected results by Warner and Thoman from this analysis for the
dimensionless transmitted force and whirl radius are given in Fig. 5.19,
The paper gives results for bearing eccentricity ratios between 0.01 and
0.95, and for a range of rotor-stiffness parameter a valuss. The bear-
ings for which these results apply are 150° partial journal bearings.

The elegant formulation used by Warner and Thoman for this
problem allows a great deal of valuable information to be presented in a
relatively few charts. The charts apply for any value of L/D, and the
only bearing parameters in the analysis are load W, radial clearance C,
and operating eccentricity (n), which can be obtained from a table of
Sommerfeld number vs eccentricity ratio given in the paper [11]
Furthermore, the entire range of rotor stiffness has been included with
the rotor parameter a. The simple set of response curves describes the
rotor response and transmitted force to both in-phase and out-of-phase
unbalance. The main limitation is the symmetry of the system.

As the analysis model includes the complete set of eight dynamic
coefficients, the rotor-whirl orbits are elliptical. The charts therefore
contain data for the major ellipse amplitude radius and for the
corresponding major force radius.

Yalidity of Results from Simple Rotor-System Models

The studies by Lund and Sternlicht {20] and Warner and Thoman
[11] relate to discrete-mass rotors. The results obtained should be
accurate where the shaft is relatively massless (Myny < My /10) and
where the rotor mass is concentrated in the disk, as in centrifugal
compressor rotors and low-pressure turbine rotors. The results would
also be accurate in cases where the rigid-bearing critical speed were
known, so that an effective shaft stiffness and effective rotor inertia
could be chosen, i.e., for a single-mass rotor,

K,= Mol

where M is the total rotor mass (Ib s¥/in.) and w, is the rigid-bearing
critical speed. For a two-mass rotor,

K,= (1/2)Mw},
and

I = MEL?,
where ¢ L is the effective distance between the rotor disks.
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The above studies give useful design information on the influence
of the bearings on rotor behavior in the first and second whirl modes.
The influence of the bearings on rotor response in the higher modes
cannot be determined because of the nature of the rotor models
chosen. Such modes may exert an important influence on the
effectiveness of the balancing process. Bishop and Parkinson [22]
describe a procedure whereby the effects of higher modes can be con-
sidered during modal balancing. Moore and Dodd (23] discuss higher
mode effectn in relation to a pump rotor-balance problem. Rieger and
Badgley [24] encountered troublesome effects from higher modes in
computer balancing a gas-turbine rotor. These studies are discussed in
Chapter 6, and the underlying modal theory is developed in Section S.6,

Rieger [25] examined the influence of higher modes through use
of the rotor model shown in Fig. 5.20, This rotor has a continuous dis-
tribution of mass and elastic properties along its length. The shaft is
supported in identical fluid-film bearings at its ends. The bearings have
direct and cross-coupled stiffness and damping properties in both the x
and y-directions (Fig. 5.21), The unbalance force rotates in synchron-
ism with the shaft, causing it to whirl about its stationary equilibrium
position. Shaft motions are opposed at the journals by the bearing
forces. Any externally impressed journal motion gives rise to fluid-film

r)(z“-z)

Vi(Li'/!

Fig. 5.20. Uniform rotor in damped flexible bearings

Y
\
Fig, 5.21. Bearing stiffness and Kyx
damping model __.:D_
Byx Byx
va BW
0 Ky Y fw >
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forces that oppose motion, both in the direction of the displacement
and at right angles to it. The maximum and minimum values of the
whiri amplitude and the transmitted force were calculated. Selected
results for the maximum whirl amplitude and the maximum transmit-
ted force obtained in this study are shown in Figs. 5.22 through 5.27.

LAT= — ot
= e =
- ; !
I |
-nl-n = : 40 -4 A i
g ‘ | E5 :
% -3 130173 7
g \ _% % '8' r | h
E ot 3E Lot THIE
g 77T L [/ . ‘
| } / | T
w! JEl oy ! HifE- SSEo H
7, b = FHE t 3
J UNBALANGE POSITION 5L + 0 Anmnngiiiine L TWC POSITION 003
BEARING ECCENTRICITY 102 LI 1 seammo £ccenTRIGITY 5208
Wity - " ] ol | 0 r9
SPLLD mATIO L SPEED MATIO -
(a) n =102 (b) =05
ot r
S i
- ‘ -
i
0
e X .E; : Fig. 5.22. Rotor amplitude at midspan vs
i WA Vi spaed satio for three bearing eccentricities—
x A axially symmetrical unbalance 25} (©1971,
N / ASME; used by perm sion)
1 e
§ Y
E 7 -
0!
UMSALANE PONITION <L 108
BEARING ECCENTRKCITY 9007
ol T 1Ju
SPLEY AT M-
]
(¢) n =107




287

FLEXIBLE-ROTOR DYNAMICS

(uorsstoizad £q Past ‘FWSV (uoissiuiiad £q Posn “JWSV
“Ii61g) [ST] 3°U¥SQUN [EANIWNIASE A[fEIXE— ONEL ‘1L61g) [SZ) ouPIEGuN [esIPWLIAS Afjprre—onel
poads sa Tewnof e opndwre I00Y ¥TS R poxds sa jewnof e spmndwe 010y g7's g
oy s 37 ooy a3
o0t o 3 0 oo o )
T I [ I L
$0-& A10MUE0] WNYR A : ok
1 : 7i ALDMINIIY
vo-1 / amwvn
§V0= - ROLLISOd IV TYONn | el
L L Iy ~+
i T 71 I T T
S i 7
w . F : _ F H ~F 1o o
g L\a.\\ : 2
W i
! 4 - g 5
- T ~ [ - d 1t -
7 e R g
1 : RS o ' =
B [ ” M auIU|l %
g - ® (RN =
W . M s h_ Hl 8 ., . m
7 Tt S m—— = " ]
AT NN .. ,,
[ v :
'E
Nﬂ 4 mﬂﬂ
m Wil
LT T i e g e TR S




‘i
|
|
|

288 BALANCING OF RIGID AND FLEXIBLE ROTORS
100
-
0.0
10| f 0
g | “
\
-] i
«|m, 10 / N 100 Fig. 5.25. Rotor amplitude at
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Fig. 5.26. Maximum transmitted force vs
speed ratio for three bearing
eccentricities—axially symmetrical unbal-
ance [25] (®1971, ASME; used by per-
mission)
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(©1971, ASME; used by permission)

5.5 Experimental Verification of Unbalance Response Theory

The analyses described in Sections 5.3 and 5.4 derive from the
Jeffcott {26] theory of whirling, which claims that a synchronous whirl
develops about the axis of static equilibrium, as the shaft deflects to
reestablish equilibrium under the action of rotating centrifugal unbal-
ance. Downham [27] appears to have been the first to test this theory
in a comprehensive manner, although Jeffcott’s paper describes an
experiment in support of his theory. Robertson [28,29] also describes
certain supporting experiments. While there appears to be no doubt
concerning the validity of the theory,* there is remarkably little pub-

*Development of the Jeffcott theory followed a discussion of certain experiments by Kerr
[301.
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lished work in which practical rotor experiments have been compared
with a predicted unbalance response. In such an experiment the rotor
would first be carefully balanced to a high degree of precision; con-
trolled unbalances would then be systematically inserted to test the sys-
tem response. In a recent survey of industrial practice, Rieger [31]
found that most users considered correlation between observed critical
speeds (usually the lowest) and critical speed values predicted by their
unbalance response program to be sufficient validation of an unbalance
response program. .

Several experiments that demonsirate the validily of the
synchronous unbalance theory of rotor whirling will now be discussed.

Unbalance Response of a Three-Mass Rotor in Tilting-Pad Bearings

An extensive series of tests [32] was made on the rotor system
shown in Fig. 5.28, covering both the unbalancc response and the
balancing of this rotor system.

41.0
- 3.0 -+ p-— 6.0 — *B.OJ

- 25 26
T 26 Tl 25 ,

p
8.0 [ ®
1
4 P
L= | =
BALANGE |._ . I BALANCE
PLANE 125 126 PLANE

ROTOR WEIGHT: B8 LB BEARINGS: FOUJR-SHOE TILTING PAD
END DISKS: 18 LB EACH L/D RATIO: 1.0
CENTER DISK: 36 LB CLEARANCE RATIO: 3 x 10 IN./IN.
DRIVE: ELECTRIC MOTOR AT END {MACHINED CLEARANCE)
SPEED RANGE: 24,000 RPM PAD ARC LENGTH: 80
FLUID VISCOSITY: 0.86 cSt {77°F) PIVOT POSITION: 44°

0.51 cSt(130°F} FAOM LEADING EDGE

GEOMETRIC PRELOAD: 0.5

Fig. 5.28. Three-mass rotor mounted in fluid-film, four-tilting-pad
bearings [32] (©1965, ASME; used by permission)

The rotor was lested as a one-, two-, and three-mass body
mounted in fluid-film, four-tilting-pad bearings. The system was
clamped to a massive, rigid foundation. Controlled unbalance weights
were inserted inlo a precision-balanced rotor during each test, as dis-
cussed previously. The rotor was driven by a high-frequency (400-Hz)
motor, and the speed-control system was designed to allow precise
operation anywhere within the range 0 to 24,000 rpm.
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‘The system was so designed that with the three-mass rotor a strong
bending critical speed would occur at about 12,000 rpm. This was the
free-free bending mode of the rotor, which is to be anticipated from the
disposition of the concenirated masses, and from the locations of the
bearings, which are situated where the nodes of this free-free mode
occur (Fig. 5.29). Thus at the hending critical speed the three-mass
rotor will whirl in a mode where no motion occurs at the bearings, and
hence no damping forces are generated.,®* The purpose of this design
was to impose a severe test on the balancing theory. If the rotor could
be balanced for smooth operation at its bending critical speed, with
negligible external damping (i.e., theoretically infinite whirl amplitudes)
and with overhangs, then the theory would have been fully tested.

pd

~_

Fig. 5.29. Free-free bending mode of three-mass rotor

This balancing test, however, does not provide a complete test of
unbalance response theory since fluid-film bearing effects are not
included and there is no significant source of system damping with
which predicted damped resonant response amplitudes might be veri-
fied. Tests were performed on one- and two-mass versions of this rotor
to accommodate this requirement (see insets, Figs. 5.30 and 5.31).
These figures show the extent of correlation achieved in the
Lund—Orcutt study [32] and subsequently by Thomas and Rieger [10],

*Since the bearings have a finite length, some damping might result from the angular
(slope) motions of the shaft. The tilling pads track the shaft and are mounted on
spherical buttons of minimal angular resistance. With low pad inertia, both lateral and
angular damping should be very small.
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who used the Lund—Orcutt study as a test case for verification of their
dynamic stiffness matrix unbalance. response program,

When Figs. 5.30 and 5.31 are compared, the following conclusions
can be drawn, at least for this study of unbalance response predictions
Vs experiment: ‘ '

1. For small-to-moderate rotor amplitudes the linear theory is
validated by the experimental results,

2. Correlation between results is generally very close, being
closest where damping is smaller.

3. Discrepancies between response amplitude results are greatest
above the critical speed and where the bearing forces strongly influence
the motion.

I .
14
. |os 05|

I O

END POSITION

=)

p=g
Py
i

RESPONSE ORS(T RAOWS (MN.S/IN - OZ UNBALANCE)

: e THEORETICAL RESULTS
1 .1 1D EXPERIMENTAL DATA
| oo COUPLING END

Lo aa FREE END
AN A

] 2 6 20 74
SPEED, RPM 1 10°

>p—

0.0!5

Fig. 5.30. Unbalance response of one-disk rotor, end positions
[32] (21965, ASME; used by permission)
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Fig. 531, Unbalance response of two-disk

rotor. with weights in fline (32] (©1965,
ASME; used by permission)
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4, These discrepancies most probably indicate that further
questions remain concerning the accuracy of the stiffness and damping
coefficients used. The extent to which the observed amplitude differ-
ences could be resolved by the inclusion of nonlinear effects is not
known.

5.6 Modal Theory of Rotor Motions

All linear structural motions can be described in terms of normal
modes of vibration. The normal modes of a structure are the funda-
mental vibration forms which the structure will assume when disturbed
from rest. Thorough discussions of the general theory of linear struc-
tural vibration have been presented by Rayleigh [33], Timoshenko (34],
and Meirovitch [35]. The theory has been applied to shaft motions by
Bishop and co-workers in a series of papers [36—39]. The purpose of
this section is to describe the technique of modal analysis applied to
rotor dynamics. Because a flexible rotor mounted in elastic bearings
with damping constitutes a structural system, it follows that the dynam-
ics of such a system can be examined by means of the normal mode
theory, This powerful method is of fundamental importance in the
analysis of rotating elastic systems. It also forms the basis of the modal
balancing method, to be described in the next chapter.

Consider the prismatic elastic rotor shown in Fig. 5.32. In the
absence of gravity deflections thi; shaft rotates at speed ) and whirls
about the axis OZ under the influence of residual unbalance. Both the
rotor mass and the rotor elastic properties are distributed along the
length of the rotor. An elemental slice taken from the rotor length is
shown in Fig. 5.33. The displacement o. this slice during the rotation
can be resolved into two components at right angles projected on to the

s e

e T

o}

Fig. 5.32. Cylindrical elastic totor
with general distributed unbalance
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Fig. 5.33. Elemental slice of rotor length

planes XZ and YZ. As the shaft steadily rotates, the projected time- !
dependent components of the rotary motion will appear as vibrations on

either plane, though the magnitude of the whirl radius itself does not
vary—~that is,

R=re™m X+ Y,

‘ X = xel (x = r cos wt),
' Y= pele (y = r sinwt),
Rim X2+ Y2
and
P x? 4y re=(x?+yhv2,

Now suppose that a second pair of axes OX' OY'is Introduced to
describe the harmonic motion of the shaft, and rotating in synchronism
with it, about axis OZ at speed 1 that is, the plane OX'Y’ rotates about
OZ as shown in Fig. 5.33. In terms of these new axes the location of
the elastic aris of the elemental slice can be expressed as
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Row (e - (¢ + Im)e, £ = {cos ¢,
x = ¢ el n = { sin ¢,
y=n elut L= (62 + "2)1/2

The projections of the whirl radius on to the rotating planes are con-
stant in time since there is no relative rotation between the axes OX'
and OY' and the shaft,. With this concept it is now possible to study
the shaft motions as two simultaneous vibrations with a phase differ-
ence of 90°, each of which can be considered as a component vibration
of the overall steady rotation vector.

The equations of free motion for the cylindrical slice A4’ in Fig.
5.33 can now be obtained. The slice is in equilibrium with the end
moments and end forces shown, No axial force exists, and, for the
present, no damping (external or internal) will be considered. The
forces and moments can also be resolved into fluctuating components
in the XZ and YZ planes, and the equations of motion are

0'X 8V,
pA dz Y [V, + 31 dz — ¥y
and
[ 4 L1/
pA dz arl v+ Y V.

From the Bernoulli~Euler beam theory, we have

oM ) 8y
e’ SR
Gl PR 7 lE’ o |
and hence
§? X 8ix
e El 1+ p4d —=- =0
922 azi )" P*
and

e mee o et - —— -
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Writing the local whirl radius as R = X + /Y and combining these

equations give
a’ 9%R &R
(o 2] e 82
For harmonic motions of this shaft section, the solution is
R = r(2) e,

where r is a function of coordinate z only. The equation of harmonic
motion is then

d2

dz’ EI-—— - pAw?r = Q.

If the slice is uniform in cross section along its length, £/ is con-
stani, The equation of motion becomes

d‘ 4 4 Qsz
pys A'r w0, AY - Tk

The solution to this equation is
r=4 cosJ\z+len)\z+Ccosh)\z+Dsin.h)\z,

where A, B, C, D dre constants of integration to be determined from
the boundary conditions of a given case. The following examples
demonstrate that, when these coefficients are known, the mode shape
at any speed can be determined. '

Uniform Cylindrical Rotor in Rigid knd Bearings

Consider the system shown in Figs. 5.34a with the following boun-
dary conditions:

For z = 0,

dZ2
For z = [
rw=0
M=—-E Ly
dz?
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ELA L

(a) Uniform cylindrical rotor in rigld bearings

_ B v

2n PA
(b) Mode |
z
. 2 %
g (8) (%) e
(¢) Modc 2
L

L\_/ =R (R)"

PA
(d) Mode

Fig. 5.34. Uniform oylindrical rotor in rigid end
bearings with mode shapes and critical speeds

Substituting gives

Owm 4 4+ C
0=~ A4+ C
Ow A cos AL 4+ BsinAL + Ccosh AL + D sinh AL,

Om —~ 4 cosSAL ~ BsinhL + C cosh AL + D sinh AL,

from which it follows that 4 = C = Q, and for nontrivial values of AL
the characteristic equation for this system is

SiNnAL = 0,

This expression is satisfied when AL = nw (n = 0,1, 2...). The
critical speeds of this system can be found from
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Ao 1/4
ngwm \L = L—EI L,

that is,

2 12
- 2|l | EL
w™=n l" oA rad/s),

or

2 1/2
-850 =] |El
N, ryal [L] -—-pA] (rpm).
At such speeds the mode shape is given by

r-BsIn.\z-BsIn(-"lLTi (n=0,1,2...).

Corresponding mode shapes and critical speeds are shown in Fig. 5.34
for this case, This examnple demonstrates that the normal modes for a
rotor in rigid end bearings are composed of half sine waves, as
expressed by the normal mode squation given above,

Uniform Cylindrical Rotor with Negligible Bearing Reatraint

The boundary conditions for the system shown in Fig. 5.35 are as
follows:

For z = 0,
2
M=—E 4L
dz

dr

V--El"-i;-s'-o.
Forz = L,
d*r
M--—EIEE--O
d*r
V-—E’I;;;-O,
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(a) Uniform cylindrical rotor with negligible bearing restraint

fo= 0 Hz
(b) Mode 0
)P -
7 7
\ 1 AUEen
(v) Mode |
~ 2
/—"\ '2.‘!1_‘(&%(%)%""
m2 \p
O Mode2 S’
/ ;;

2N

N NS

(e) Mode )

TR
13 -ﬁT{-(PA) Hz

Flg. 5.35. Uniform cylindrioal rotor with negligible bearing restraint,

and mode shapes and criticul speecds for rotor

Substituting the first two conditions into the general modal expression
gives B = D = 0, The second two conditions give

A(=oos AL + cosh AL) + C(~sin AL + sinh AL) =0

A(sin AL + sinh AL) + C(— cos AL + cosh AL) = 0,

iy

=l e 23
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The frequency equation is
cos AL coshAL — 1= 0,

which Is satisfied when AL = 0.0, 4,730, 7.853, 10,996, ..., or approx-
imately when

- e AT e R

o=l (o),
k!

; ‘l The normal modes for this case are given by
r= A (cos Az — cosh Az) + C(sin Az + sinh A2).

’, The mode shapes shown in Fig. 5.35 were determined by evaluat-

' ing the ratio 4/C from either of the two above expressions for a given

) value of AL and then substituting into the normal mode equation for
b - this case, Finally, it is important to note that the lowest root AL = 0

} has a special significance in this case, that of a rigid-body whirl mode.
| The corresponding mode shape is found by observing that, on substi-
i tuting this root into the equation of motion, we obtain

d'r

LAY
% Azwm= 0,

Integrating and substituting the above boundary conditions give
r=F + Fz,

which corresponds to & rigid-body whirl motion where E and F are

integration constants. This feature has practical significance for rotors
in very flexible bearings.

Uniform Cylindrical Rotor in Flexible End Beazings

This rotor operates in end bearings of identical stiffness X in all
radial directions. As shown in Fig. 5.36a, the boundary conditions are

as follows:
For x = 0,
dzl'o
M w — E] —— -0,
dz?
1 S - K’O - O'

|
3]
&l;‘u
<o
}
>
~
(=]
1
)
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ElaA
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Fig. 5.36, Uniform cylindrical rotor in flexible end
boarings, and mode shapes and critical speeds for

rotor
For x = L,
drd
M = — El — =0,
dz?
o K"L L 0,

dJI‘L
- El _d;,T + Krp, = 0.

From the general solution
re A4 cos Az + BsinAz + C cosh Az + D sinh Az,

PP~

R FEERPY




g

P
g

: oW

P
i ea i AR S R

304 BALANCING OF RIGID AND FLEXIBLE ROTORS
and
A - pA w?
El °

where 4, B, C, and D are integration constants and other terms are as
defined previously. Differentiating and substituting give the frequency

determinant:

[cos AL — cosh AL + 2K sinh AL)

+ 2K (cosh AL — K sinh AL)]

in which

[~ sin AL — sinh AL + K(cos AL

+ cosh AL)

= K

[sin AL —sinh A L]

fcos AL — cosh AL

K w ——,
EI\?

This expression reduces to

(cos AL cosh AL — 1) — 2K (cos AL sinh AL ~ sin AL cosh AL)
— 2K sin AL sinh AL = 0.

The influence of the bearing-shaft stiffness ratio X on the first

+ K (sin AL + sinh AL)]

three eigenvalues of this expression is shown in Tabie 5.2.

Table 5.2. Variation of eigenvalues with stiffness ratio

1?»

Model Mode2 Mode3
0 (Free-free) 0 0 4,731
0.1 0.200 0.600 4,951
1.0 1.815 4.694 7.855
10 3.037 6.178 9.320
o (Pinned-pinned) 3.14159 6.28318 9.42477

K

.. bearing stiffness

shaft stiffness *

nno’

Mode shapes for the uniform rotor in flexible bearings are found by

substituting the expressions for C and D in the general solution. This
gives

r = A(cos Az + cosh Az — 2K sinh Az) — B(sin Az + sinh Az)
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and
Jy=- :;— = coS A;z + cosh A,z — 2K sinh A,z — % (sin A,z + sinh Az).

From Eq. (5.6),

B _ cosAL —cosh AL + 2K sin AL sinh AL
A sin AL — sinh AL ’

The normalized mode shapes J; for any system with a specified value of
K can be found by evaluating B/A for successive eigenvalues and then
plotting values of the modal equation. For K = 1, the following values
apply.

Mode (L) (B/A)

] 1815 —1.192
2 4.694 +2.946
3 7.855  —1.001

The corresponding mode shapes are shown in Fig. 5.30.
5.7 Computer Analysis of Rotor-Bearing Systems
Nature of Analysis

In this section certain general results are developed thiough which
the response of real rotors acting in real fluid-film bearings can be cal-
culated. No new principle is involved, merely an efficient application
of previous concepts using the Myklestad-Prohl recurrence formula.
Very complex rotor systems are now routiriely solved by this procedure,
which forms the basis of most modern unbalance response computer
programs,

The following types of roior-response problem can be solved with
existing programs:

1. General multimass, multib~aring rotor, circular orbits, flexible
damped pedestals, discrete foundation.

2. Same as item 1, except bearing properties in different coordi-
nate directions are included. Elliptical orbits are obtained.

J. Same as item 2, with bearings set in a continuously flexible
foundation. Known as a ‘multi-level’ problem.

The first type of analysis for a general rotor with circular whirl orbits
will next be discussed.

T
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Analysis Procedure

The following analysis is for the whirl amplitudes of a generalized
unbalanced rotor in fluid-film bearings. The analysis takes into account
the anisotropic stiffness and damping characteristics of the bearings
causing the rotor whirl orbit to be elliptical. Furthermore, the gyros-
copic moments of the rotor disks are included. The original analysis
was given by Lund and Orcutt [32] in 1967, together with experimental
verification as noted previously.

The rotor motion is defined in terms of the coordinate system
shown in Fig. 5.37. The origin of the X and Y axes at any axial loca-
tion coincides with the static deflection of the rotor, corrected at any
given speed for the eccentricity of the journals in the bearings. Thus
the rotor amplitudes are X and Y, the corresponding slope components
are 9 and ¢, ard the bending moment and the shear force in the rotor
are denoted by M and ¥V, respectively. These have harmonically vary-
ing components M, and M,, and ¥, and ¥, in the coordinate directions.

DISK MASS
PROPERTIES, M, ip, Iy
Y
>/

K ax Ky B B-y
Wy Kyy! (ByyByy)
Kpx Bay (Ky B

— 7

e

N igananannnsn; m‘.)g__
!

BEzRI?IGWTS | d
OEFFICI < | 2
. E ll-.d s

t

PEDESTAL PEDESTAL
OEFFICIENTS] MASR

Fig. 5.37. Generulized rotor-bearing model

The rotor is represented as a series of mass-inertia stations, con-
nected by cylindrical shafts of uniform cross section. Each station is
assigned a mass m,, a transverse mass moment of inertia Ir,, a polar
mass moment of inertia /p,, a bearing reaction, and an unbalance force.
These unbalance forces are included by introducing two mutually per-
pendicular rotating axes in the rotor, denoted as the ¢-axis and the »-
axis. The instantanevus angle between the £-axis and the x-axis is wt,
where w is the angular speed of the rotor and ¢ denctes time. The
rotor unbalance can then be defined by its components U, and U,, and
the corresponding forces, measured in the X-Y system, become

w U, = w?U; cos (wt) — w?U, sin (w8}
and

WU, = 0l sin (w1) + w2V, cos (w1).
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Considering the nth rotor station as shown in Fig. 5.37, a forcs balance
and a moment balance yield

X,

dX - dY,
My =g = Vo = Vau' + 07Uy = Ko Ko = By = ~ Kw Yo = Bon =L
Y ‘ dy
" %,T = Von = Von' + 00y = Ky Xy = Byen & = Ky Yo = B —‘
d’e d¢
Iy, ?L + wlp, "‘""”_” - Mxn’ - My,
and 5.7
d2¢n do"

Iyy & wlp, - My,' = My,

| Tdt
The rotor is caused to vibrate by the unbalance forces at frequency .
Since the vibration is harmonis, the amplitude, the siope, the bending

moment, the shear force, and the unbalance can be expressed in c0m~
plex notation:

X - Felot M= j‘]etm‘
9= aelm’ V - Velwt‘
w? Ux - NQUelut‘ w? Uy - lwlyem,"

where U = U, + iU, X = x, + Ix,, aud so on, and only the real parts
apply.
Similar definitions hold for the j»components. Further define

Zo = Ky + 0B, (5.8)

and analogously for Z,, Z,, and Z,. With these definitions, and
dropping the bar notation, Eqs. (5.7) become

V' = Ven + (@Pmy =~ Z) Xy = Zyy Yy + 0?0,
V,)M' - l’yn el Zyx" X, + (‘ﬂz'"n - Zyyn) Y,, - wz U"; (5&9)

Mxn' = My = ot Ity 0, + iw? Ipy &,




N T A TR T TN

s )

BT AU TR 250050+ et b o £ I T bt M SRR Y A 1A e S e e 548 AR )AL S S e 9 -

308 BALANCING OF RIGID AND FLEXIBLE ROTORS
and
M, = My, ~ il lp, 0y = w? Ity &,

These equations express the change in shear force and bending moment
across a rotor station, :

The nth station is conneoted with the (n + 1)th station by a shaft
section of length /, with a cross-sectional area A4,, a cross-sectional
moment of inertia /,, and a cross-section shape factor a, for shear
deformation. The shaft material has a mass density p,, Young's
modulus E,, and shear modulus G,. Then, as shown in this section, it
is possible to express x,41, 6,41, My 441, and ¥, .., as linear combina-
tions of x,, 0,, M,,', and V,,' (the relationships for the y-components
are analagous). The equations are given as Eqs. (5.19) in this section.
The coefficients in the equations are functions of the shaft properties
and the speed of the rotor. For simplicity, it is assumed that unbal-
ance, rotatory inertia, and gyroscopic moments in the shaft can be
ignored and that these effects instead are included at the rotor stations.

. Equations (5.9) together with Egs. (5.19) are a set of recurrence
relationships from which the rotor amplitudes can be computed. If the
rotor is assumed to have free ends, the bending moments and shear
forces at the ends are zero: '

My = My = Vyy= V) =0

My'= Myy' = Vig' = V' = 0,

where station ¢ is the last rotor station. If x), y;, 0, and y are
selected as unknowns, repeated application of Eqs, (5.9) and (5.19)

leads to:

Xy
Xn M1 Cn1s
- {C”] +
In L) Cn2s
b

e
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and

My’ xi| |dis
M, il fdas
- (d} + -0,
qu' 01 dys

V' b1 das

where {c,) is a 2 X 4 matrix and {d} is a 4 X 4 matrix. The matrix ele-
ments c,, and d; are complex. They are found by performing a total
of five rotor calculations. In the first calculation, set x, =1 and
Yy =0 = ¢ = U, =0, whereby c,11, ¢ya1, dy1, day, dyy, and dy; are
obtained. Next, set yy = | and x| = 8, = ¢, = U, = 0 and determine
the second columns of the matrices. In this way, all the coefficients are
obtained. Solving Egs. (5.9) for x,, »,, 6;, and ¢, allows computing x,
and y, from Eq. (5.8) for all the rotor stations. Noting that, for x,,

Xy = Xon ¥ Dy,

X, = X, e/ m x. cos (wt) — x,, sin (w1),

and similarly for y,, the semiaxes and the orientation of the elliptical
whirl orbit are calculated from

ap = l%'(xtzn + xﬁ. + yczn + yu%v)

. ‘ i/2
1 1/2
+ ‘i'[(xczn + xsao - yc%: - y:%n) + 4(xan’cn + xsnym)zl ]

XsnVen — XenYan

1. 2(Xpnen + XenYsn)
¥y ™= —-tan 3 ; 2 T b
2 Xin + Xgy o= Yon = Ve

SRR ez s,
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and

1, 4 2(%en Xy + YonYn)
'1"'-51&“ 7 2,._ 2 2D
Xen = Xgn v Yoy = Yan

where a, is the major semiaxis, b, the minor semiaxis, vy, the angle
from the x-axis to the major semiaxis in the direction of rotor rotation,
and y, is the angle between the minor semiaxis and the y-axis in the
direction of rotation. Thus y, and ¢, represent the local phase angle.
The definition of the phase angle is such that, if the x, y-coordinate
sysiem is rotated into the a,, b, system (i.e., x' is along the major
semiaxis), then the rotor motion can be expressed as

x,' = a, cos (wt + y,)

and
Yy = b, sin (mt + y,).

If the value for the minor semiaxis is negative, the rotor pracesses
backward.

For those bearing types where Z,, = 2,, and Z,, = — 2, it is
seen from Eqs. (5.9) that

y=-—ix, ¢ =10

In this instance, tie whirl orbit is circular, and the outlined calculation
procedure can be considerably simplified. This condition applies to the
four-shoe tilting-pad bearings used by Lund and Orcutt in tests of this
analysis.

Now consider a umniform shaft section. Relationships are
established for the amplitude, slope, bending moment, and shear force
at one end of the section in terms of the corresponding quantities at the
other end.

Including shear deformation, the rotation 6 of a shaft element
becomes

4 9x
0= 264 T 5z

and similarly for the y-component, where G is the modulus of shear
and « is a cross-sectional shape factor (x == 0,75 for a circular cross
section), The bending equation is given by

88
My = EI 0z
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and .similarly for the y-component. When the shaft is subjected to
unbalance forces per unit length of w?y, and m’u,,, a force balance
yields

2
pA %—%-—%—E+wzux.

and analogously for the y-direction. Finally, if the shaft has a
transverse mass moment of inertia Jy per unit length and a polar mass
moment of inertia Jp, a moment balance gives

3 3¢ _ M, _
"T 6(2 +w1p 6‘ 62 Vx

and

8 _ g 00 0M,

If the shaft section is assumed to have constant cross-ssctional proper-
ties, 8, ¢, M, and V can be eliminated from the equations. In this way
the equations governing the shaft motion become

Bx G E  dr| 8w 8% plrdtx o, 8y | wple ddy
ST PY -pllaz’oﬂ“"‘aﬂ FaG ar ot a6 o7

Jr 9% wlp U Bl 8%y
P P x du __EL 8w
© ["*" «GA 8f T aGA 8t  aGA 87

and (5.14)

Yy, d, el e, O seh o
2o Y PASE T aG o T 0081 aG 8P

8y o |E Ll
Elgar —el lna+ ol

..oﬁ[u,,+ S 8, wle 84 _EI o’g,]

aGA 08  aGA 8 wGA op

Since the analysis is restricted to forced vibrations with a frequency
equal to the angular speed of the shaft w, the following expressions

X - % elwl
and

y - :V‘ehnl
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can be used for the coordinate displacements at any shaft cross-section,
and similarly for the siope, the bending moment, and the shear force.
Only the real part applies. Furthermore, setting

U= U el
results in u, = — { u e/*', Thus Eqgs. (5.14) can be written

- 2% 2
El%m*pl[—@-— + -{1]-“-—’{— wipd ll A

aG  pl) d2? aGA
(5.15)
. 4 2 — ? 2
AL C .2 T w'(p~ o) | _ w'El dPu
fde Gt = a6 T Tt TG aGA dit’
T WU | o R PR, |
Py Proiy] ity Uyt
(5.16)
1 &% weles g wllp = J) | | Wikl d'u
+lwlpdzz+lac.'\’ lwu[1+ oA FGA @t

Although these aquations can be solved, the resulting solution is
impractical. Instead, it will be assumed that the shaft section is free of
unbalance forces (¢ = 0) and that the effect of rotatory inertia and
gyroscopic moment can be neglected (Jy = Jp = 0). If these effects
are significant, they can be accounted for with good accuracy by fump-
ing them at the ends of the shaft ssction (i.e., at the rotor stations). It
shouid be noted that, even though it is simple to keep the rotatory iner-
tia terms in the foregoing equations, this is not permissible without also
including the gyroscopic moments since they are of the same magni-
tude,

With these assumptions, Eqs. (5.15) and (5.16) become identical
and it is necessary to consider only the first equation. The definitions

4 Esz
A I } .17

as previously, and
El
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are introduced, If we drop the bar notation and set y = Jp = J, = (,
Eq. {5.15) becomes

d*x 2 4 dx ‘.

dz* + 280 de? X

The characteristic equation has the roots =\, and =+ /x;, where
1/2

Ay = A1+ (BA)4)V2 (ln«)21

and
. 1/2
A= Afl1 + (A2 4+ (A0)?} .

Hence the general solution can be written

x = C, OOSh(MZ) + C; Sinh(MZ) + G COS(A:Z‘) + Cy Sin(hzl). (5.18)

where C; to C, are constants to be determined from the boundary con-
ditions, Combining Eqs. (5.10) through (5.13) and setting u = J; =
Jp = 0 gives

AV dix
7 Mx = (\f ADx + ey
M,
V= dz ’

Y R N L

8 o E Y&

Substitution from Eq. (5.18) allows My, ¥,, and @ to be found. Next,
the four constants can be evaluated by setting, at z = 0,

x=x, 0=0,, M= M, Vewm Vi
At the other end of ihe shaft section, we set, at z = /,,

X Xyy 0 =0y, M, = Mx.n+h Vi = Vx.nH‘

. .
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Thus the desired relationships become
Xntl = AiuXy + Iy @340, + KagasnMy,' + kypaq, V',

Opr ™= %'“nanaSnxn + 3,0y + kyy@6y Myy' + K2p@4n Vi,
(5.19)

1 p '
My g = "%'P'n ly@anxy + _6'I“nln2a5n0n + ay My’ + a3, V'

and (5.19)

1 1
Ventl ™ tn@3pX, + ?“n’nah’on + ?“nkh“SnMxn' + a1, V'

where
ay, = (\f cosh By + Afcos 8)/(AE + AD),

azp = (Af cosh B; + Af cos B))/ (A + AD),

a3, = (A sinh @ + Ay sin B)/ (A + AD,,
a4, = 2(cosh By — cos B)/(AE + A 12,

asy = 6(\y sinh B = Ay sin B)/ (A f + ADA2Y,
agn = (AF sinh By ++ Af sin B)/ A\ + ADA2,,

a7y = 6(A{ sinh By — Af sin B2)/(NE + APAYS,

Bi = Aihy, Bz = Ayly,
L wsz[",
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It should be noted that ky,, k,,, and kj, are the static influence

coefficients, neglecting shear deformation. Furthermore, for suffi-
ciently low speeds and 4 sufficient number of mass stations, the shear
¢ffect can be ignored and A = 0, Then, the coefficients a;, to ay,
become equal to 1 and the shaft mass can be lumped with good approx-
imation at the ends of the shaft section, setting u, = 0 in the forego-
ing equations. In many practical cases, this will be sufficiently accurate.
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CHAPTER 6
FLEXIBLE-ROTOR BALANCING

Nomenclature

&

3~
~~
NS

~NSY TP YR ..UZZ\_;

u(z)

mass eccentricity of local shaft c.g.

modal coeflicient

influence coefficient

sections of shaft span

Cross section area

matrix of influence coefficients

number of bearings along the length of a rotor
internal, external damping coefficients
unbalance mass vector

modulus of elasticity

concentrated force

state vector for transfer matrix

V-1

second moment of area of shaft cross-section
modal equation

correction plane number

stiffness of end bearings

length between bearings

axial distribution of mass along shaft

discrete unbalance mass

number of critical speeds within the operating speed range
rotor speed, rpm

bearing force

load per unit length

whirl radius at given shaft location, = x + i
correction weight radius

unbalance eccentricity from local shaft centerline
trial unbalance weight

distributed unbalance = p 4 (z)a (z)

residual unbalance in rotor

local unbalance at pth location
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BALANCING OF RIGID AND FLEXIBLE ROTORS

vibration amplitude (peak-to-peak)

vector of forced response measured at rotor supports

lateral deflection of shaft

rotor radial displacement

unbalance vector

balance weight

calibration weight

coordinate amplitudes of shaft deflection

modal displacement coefficients

axial coordinate along shaft

complex correction mass distribution

Dirac delta function

modal determinant

shaft transverse displacement in rotating coordinates

axial location factor for correction plane locations of class 2 rotor
velocity damping ratios corresponding to B,, B,

rotating coordinates of shaft center displacement during whirl
frequency function = w/w,

mass density of shaft = w/g

phase angle

modal functions representing shaft transverse displacements
speed of rotation (influence coefficient method)

frequency of j th mode

speed of rotation (modal method)
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. CHAPTER 6 ,
FLEXIBLE-ROTOR BALANCING

6.1 Preliminary Considerations

Flexible rotors represent a special topic in balancing practice
because of additional considerations raised by rotor flexure. Many flex-
ible rotors are large and may rotate at high speeds; therefore, they can
: experience significant bending deformations along their length caused
i by interactions between the rotor residual unbalance and the rotor whir!
L modes. Bending deformations are usually largest in the vicinity of
some flexural critical speed of the rotor system. Rotor deformations
are speed-dependent in both magnitude and shape, and maximum
modal amplitudes occur at resonant speeds. A given rotor may have
several critical speeds within its operating range, and significant vibra-
tions may occur at any of these speeds uniess the rotor is adequataly
balanced. : ‘

To balance a flexible rotor requires cancelling the effects of its re-
sidual unbalance on all modes likely to cause rotor vibrations. Pro-
cedures that can be used to achieve multiplane corrections are described
; in this chapter. To select a suitable balancing procedure it is first
necessary to know whether the rotor can be balanced adequaiely by the
! addition of correction weights in two correction planes, i.e., as a class 1
; rigid rotor. For an unproven rotor type, a two-plane balance should
. first be attempted, in a low-speed balancer. If the rotor remains unac-
ceptably out of balance at its operating speed after two-plane correction
. at low speed, the rotor is classified as a class 3 flexible rotor. If the
i} residual unbalance is acceptable for operation, the rotor needs no
further cerrection and is classified as a class 2 quasi-flexibie rotor. This
category includes rotors that experience some bending but remain in
satisfactory balance after being corrected as rigid rotors, Other special
types of flexible rotors—for example, impellers with long flexible
blades and high-constant-speed armatures—can alse be balanced in two
t correction planes for satisfactory operation with low transmitted-force

levels. These rotors are respectively class 4 and class 5 flexible rotors.
Class 3 flexible rotors require multiplane balancing to operate
y smoothly. Thev commonly have one or more critical speeds within
' their operating range, with uncorrected mode shapes that may involve
substantial bending of the rotor. Excitation of these modes by the rotor
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j22 BALANCING OF RIGID AND FLEXIBLE ROTORS

residual unbalance may lead to noticeable (or even dangerous)
transmitted vibrations, unless the rotor is balanced by some effective
multiplane balancing procedure. The rotor must be balanced in such a
manner that correction weights added in the balance will effectively
cancel all rotor unbalance effects within the operating range.

Commonly used methods for muitiplane balancing of flexible
rotors are

1. Various iterative modal methods (Lindsay, others)

2. Modal averaging method (Moore, Bishop)

3. Comprehensive modal method (Kellenberger, Federn)
4. Influence coefficient method (Goodman, others).

Each method is described in this chapter. Also included is a discussion
of experiences, from the published literature, associated with the use of
each method. Each method has the following qualifications:

1. It is a general balancing procedure, i.e., capable of balancing
any flexible rotor. ‘

2. It has been verified in practice on real rotors,

3. It is supported by significant published literature.

There is at present some controversy concerning the various methods
used in multiplane balancing. It centers around the need to remove the
rigid-body modes before multiplane balancing. This leads to the larger
question as to the "best" balancing method. Present information sug-
gests that there is no simple answer to this question. The practical
answer must always consider the availebility of the requisite operator
skills, the availability of suitable instrumentation, and the number of
repetitions needed to balance the rotor 1o 4 degree thai is suited to the
application involved, in addition to considering which multiplane algo-
rithm shouid be used.

Factors Affecting Flexible-Rotor Balance

This section discusses various questions that must be decided
before attempting to balance a flexible rotor. Many of these questions
can be answered from previous experience with related equipment or
with similar types of equipment. Some are related o facility scheduling
demands.

Type of rotor. Rotor size, speed, and previous operational charac-
teristics determine the type of balance facility required. A small rotor
may be shop-balanced In its casing; a large rotor will require special
supports to simulate field conditions in the spin pit. Rotor type also
determines the planes available for balancing.
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Class of rotor. All rotors are now readily classified for balancing, 1
according to ISO procedures [1], The prescribed rotor classes in [1]
give guidance based on experience and indicate the type of balance gen-
erally needed. This helps to decide on the facilities required, the
number of planes, the number " Malance speeds, and soon. !

Balancing facility. Small flexible rotors are balanced either in their j
cusings or in a balancing machine. Medium or large flexible rotors are i
prebalanced in a balance facility (machine or spin pit) and/or at the
gite. Low-speed balancing may also be prescribed as part of the pre-
balancing preparation.

Onsite balancing. Onsite balancinn is usually a final trim-balance
operation. If there are severe unbalance problems, such as after initial
construction or repair, shop balancing in a machine or in a facility may
be required.

Correction method. A variety of proven flexible-rotor balancing ,
methods are in use. The method used depends on rotor size, speed,
number of planes, plane accessibility, field requirements (such as easy 4
trim balancing and rotor handling facilities), access to a computer and
personal preferences, g

Low-speed balancing. Comprehensive modal balancing requlres a
low-speed balance; pure modal balancing does not, nor does the modal
averaging method or the influence coefficient method. The decision
whether or not to balance at low speed depends on the dynamics of the ;
rotor system. The cloger the system resembles a flexible rotor in rigid |
bearings at its operating speed, the less significant is the low-speed i
balance requirsment for smooth operation. '

|
|

Correction planes. The number of correction planes required
depends on the balancing method selected. Pure modal balancing and
influence coefficient balancing usually require N + 1 planes, where N !
is the number of critical speeds in the operating range. The extra plane
is for residual unbalance effects from critical speeds outside the operat-
ing range. The comprehensive modal method requires at least N + 2
planes for N flexural critical speeds and two additional planes for low-
speed balancing. Additional planes may be required for any significant
critical speeds beyond the operating range.

Correction speeds. Balance corrections are usually defined near
each critical speed and also at the operating speed. This helps in decid-
ing how many measurements must be taken in relation to the balancing
method being used.

Measurement locations. Measurement locations are primarily deter-
mined by rotor accessibility. Certain generator rotors can be balanced
using only pedestal-mounted accelerometers. Centrifugal compressors
may require shaft-displacement sensors (rigid casing) plus one or more
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midspan probes, depending on the number of critical speeds inﬂuencinu
the rotor operating range.

Instrumentation, Many types of instruments may be used in balanc-
ing: accelerometers. proximity sensors, velocity probes, tracking filters,
spectrum plotters, tape recorders, etc. Good diagnostic instruments
" such as accurate signal filters and phase meters assist the balancing pro-
cedure. It is also necessary to know whether the shaft will be stable in
its bearings. Tape-stored balance data from similar machines or from
previous balance runs provide helpful guidance.

Trial runs. The number of trial runs must be minimized consistent
with balance accuracy and production demands. Ultimately, flexible-
rotor methods will seek an optimum balance quality with a minimum of
efficient data-taking and data-processing effort,

Preliminary analysis. For new rotors, calculated estlmates of
damped critical speeds, damped mode shapes (with plots), and stability

threshold speed should be regarded as mandatory basic information

before balancing. Unbalance response data give additional guidance,
and any likely instahility problems should be anticipated in advance,
rather than being discovered on the test stand. For repaired or rebal-
anced rotors, these deta, together with a log of previous balancing
experiences on present and similar rotors, should be available for refer-
ence, preferably in computer files,

Balance quality. Guidelines for setting acceptable balance quality
criteria are now available for all rotor classes from ISO documents 1940
and 5343 [1,2]. Balance quality and acceptable operating vibration lev-
els should conform to these standards and should be agreed to before
rotor balancing, as a basis for machine acceptance.

6.2 Modal Balancing

Modal Properties of Rotors

Modal balancing is a process by which the principai modal
responses of a rotor in bearings are corrected in succession, to remove
any undesirably large rotor whirl amplitudes. As the rotor modes are
orthogonal, any mode that is removed by balancing cannot cause vibra-
tions at any other speed, provided it is not reintroduced (reexcited) by
the balance-correction weights of some other mode. This general pro-
cedure is demonstrated in the sxamples that follow,

Consider a uniform cylindrical rotor in rigid end bearings, with the
normal modes shown in Fig. 6.1. For convenience assume that these
modes occur in the same radial plane. Only the mode shapes and the
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Unbalance qy W/in,

(») Rotor and first modal (b) Normal modes
component of unbalance

~ WHIRL \ WHIRL
AMPLITUDE | AMPLITUDE |
! |
' |
|
| | |
! Ney SPEED J Ney SPEED
(c) Amplitude buildup in region (d) Decreased amplitudes after
of first oritical speed addition of correction weight

Fig. 6.1. Unbalance effects on first mode of rotor

location of the correction planes are important. Let the modal distribu-
tion of unbalance in the first mode be as shown in Fig. 6.1a. This dis-
tribution will cause rotor whirl amplitudes to build up in the first mode
as the firat critical speed is approached, as shown in Fig. 6.1c¢.

It is evident that the addition of a balance weight of suitable mag-
nitude at rotor midspan, oriented 180° from the direction of the unbal-
ance force, is capable of eliminating the rotor midspan whirl amplitude.
It should also cause near-zero amplitudes to develop elsewhere on the
rotor, as shown in Fig. 6.1d.

If the rotor midspan deflection in mode 1 under the uniform
unbalance ¢; oz in./in. shown is w;, the required balance load is found

by setting so. LA
q

WI= 384E]

for the unbalance deflection at rotor midspan, and

- iiiiss g5




.- — — - X R
RIS b A I AL S0 RIS T e~y mbr P AR 1 P a3 e IX et <o remn 1h 6
326 BALANCING OF RIGID AND FLEX!BLE ROTORS
o F L}
! 48EI

for the correction-weight effeét on the deflection at midspan. Then for
zero midspan deflection,

w = W; - 0,
and thus
5
: Fi=gal

Next, let the modal distribution of unbalance in the second mode be as
shown in Fig. 6.2. This distribution will excite the second mode, and
the required correction force for zero deflection at the quarter-span
points can be found by setting

- 5q2(L/ 2_)1
2 384 E/
for the original unbalance deflection and
, Fz(L/_Z)_J_

) W

48 EI

for the balance-force deflection. Thus, for zero quarter-span deflection
under this load,

Fym T% qa2L.

WHIRL
AMPLITUDE

e I

MUDR1  moDE 2

-c/_\\ A -
ROTOH SPEAD
Fig. 6.2, Modal unbalance and ity offects on the socond mode of rotor

Similar conditions apply for the third mode: for the unbalance dis-
tribution shown in Fig. 6.3, the third-mode shape will be excited and
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Fig. 6.3, Modal unbalance effects on the third mode of rotor

et 2y

the required balance force for zero deflection at the one-sixth-span
points is

p

FJ 54 qSL

il

The modal method of balancing is to select a distribution of the
required correction weights such that individual modes will be
suppressed by these corrections and not be reintroduced by similar
effects from other modes. For the example this can be accomplished as
shown in Fig. 6.4.* First, mode 1 is removed by applying the F
correction at midspan, This leaves only small residual first-mode dis-
placements along the rotor, as noted above. Next, mode 2 is removed
by applying F; as a couple at the two quarter-span points to oppose the
unbalance distribution of the second mode. This does not reintroduce
mode 1 since there is no resuitant force; the two ¥, values, being equal
and opposite, cancel each other out. Only minor residual deflections
then remain from the difference between the uniform residual unbal-
ance and the: point loads that balance the shaft in those modes.

Mode 3 must be balanced in a slightly different manner, If F; is
set to counteract the residual unbalance shown over each one-third of
the total span, the third mode will be suppressed in the manner
desoribed for modes 1 and 2. However, mode 1 would be reintroduced
with & +Fj, —F;, +F; arrangement, due to resultant of +F;, Mode 2
would not be reintroduced because of the symmetry of the balance cou-
ple. The force summation for mode 3 is

G- Gt oE B B+ =0,

*The influence of the axial location of the correction planes on the correction mass valuey
Is discussed later in this section.
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. (a) First mode correction
)\ gz Lf2
(b) Second mode correcticns I
atzwm L/4, z=3L/4 { z

/\ ! TNy . (c) Third mode cor;eotlonu
o A atzm L/6, z=L[2 z=
¢ \_/ S SL/6

Fig. 6.4, Modal baluncing theory of balance-weight distribution

but, considering the radial force balance,
Fg—F3+F3-+F3.

Thus there is a residual radlal force that could excite mode 1. This
force can be removed by making F; = ¢;L/4 and by placing two
balancing forces F; at the midspan and two at the one-sixth-span
points. Then we have

L L
% = 4§ + aye + Fy= 25 + Fy= 0

Fy = 2Fy % Fy= 0,

As shown in Fig. 6.5, the balance thus obtained for mode 3 is effective,
but not perfect.

In practice it is desirable to minimize the number of balance planes
used. Thus, for the example presented, it would be preferable to use
only three correction planes (excluding for the present any other fac-
tors, such as lack of suitable access to the rotor, that may preclude the
use of a specific location) to cortect the first three modes of the rotor.
Furthermore, it is usually preferable to locate certain correction planes
fairly close to the ends of the rotor—but usually not at a bearing loca-
tion since the least effect is achieved where modal amplitudes are
small.

Many end-bearing rotors are of the "generator® type shown in Fig,
6.5, with correction planes at the ends of the large-diameter section. It
iy informative to reconsider the above discussion of modal balancing in
terms of such a rotor. The objective is to obtain a modal balance of the
generator rotor with a minimum number of correcticn planes. Con-
sider first a rotor with tigid bearings and principal modes as shown in
Fig. 6.5.
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(a) Generaior rotor in rigid bearings with three - I ] |
correction planes [ %— i
aw I A (b) Balance weight in midspan plane bulances

the lowest mode

]
(c) Balance welghts in end planes balance second Y A !
mode without disturbing first made L o ——

f OO ]

2y '
ﬁcbﬁ (d) Balance weights in end and mid-planes ‘
balunce third mode without disturbing first !

P Fa and second moden
IR =0, TMg=0

Fig. 6.5. Modal balance of the first three mdoes of generator rotor

The procedure is the same as that described previously. The !
second mode has the condition that the sum of the radial forces must j
equal zero, LF, = 0, so that the first mode will not be reexcited. The |
third mode has the conditions ZFy = 0 and TM; = 0, so that neither !
the first nor the second mode is reexcited. The magnitude of the bal- ‘
ance weights must be chosen to achieve the above conditions. In prac- i
tice it is necessary to know the magnitude and the form of the mode ! 1
shapes. This is best done by directly measuring the rotor amplitudes, }
where possible. Another procedure is to make a computer calculation .
of the mode shapes, with spot checks on the machine to verify the rela- %
tive proportions,

To demonstrate how the correction weights must be adjusted in
accordance with the plane location, assume that the modal loops are
half-sine waves and that the end balance planes coincide with the one- |
sixth-span points along the rotor length (Fig. 6.6). The balance weights
will have their maximum effect at the crests of the loops and zero effect
at the nodes. Thus, moving the F, weight from L/4 (o L/6 reduces its :
effectiveness from 1.0 to 0.866, that is, from sin(w/2) to sin(x/3). ;
Thus, as the weight is moved from L/4 to L/6, its size must be j
increase/d by the inverse of this proportion to achieve the same effect as
Fyat L/4.

The influence of bearing flexibility is shown in Fig. 6.7. For
demonstration purposes, sine-wave modes have been assumed, together

s S I
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P i By

(a) beneral location of balance planes for
first three modes

*1%r- —-‘%r~L b ——
! *' =R R '—
‘EL ! \—JL}' TN TN
T —~ b s ine N— [
(b) Most effectiva tocation of balance (c) Most effactive location of balance
welghts for sacond-mode correction weights for third-mode correction

Wyy - l?‘. wy In second mode

ot Fpym 72-1’3 for same effect at reduced

37 ampllitude, waa. Larger balance
weight nesded at location A than
location B,

Fig, 6,6, Bulance weight adjustment to compensate for reduced effectiveness.

Flaxibte —_— T Flaxible

beuring baaring
way FAS

(a) First mode with midplane
balsnce weight

\ '
(b) Second mode with endplane

balance weights "’t \‘\f

N s | (0) Third mode with endplane and
q N— _ jP midplane bulance weights

Fig. 6.7. Flexible rotor in flexible bearings; balance at first, second, and third
modes at ends and at midplane
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with bearing flexibilities equal to rotor flaxibility at maximum deflec-
tion. The mode shapes will then be as shown. Note that the third |
mode has nodes close (0.21L and 0.79L) to the crests of the second- 1
mode loops (0.25L and 0.75L). Unless a five-plane balance is f
required, it is necessary to define end balance planes close to the bear- |

!

LeE

ings, where both the second and third modes show significant modal
amplitudes, simultaneously (in space). The first mode remains unaf-
fected,

The adjusted magnitudes of the balance weights are then as fol- i 1

that is, F} must be 25% greater than the corresponding F; for a rigid-
bearing rotor that is balanced at the quarter-span pnints. The F
welghts must again conform to the conditions ZF, = 0 to avoid reex- . (
citing the first mode.

Mode 3; Balance weights near ends, 0.05L and 0.95L, and at
midspan., Proportions +F,, ~2F;, +F;. The F; welghts must again '
conform to the force condition £Fy; = 0 and to the moment condition
LM, = 0 about the node of mode 2.

As a final example, consider a two-bearing generator with a heavy :
overhung coupling shaft (Fig. 6.8), The modes are found (by .
measurement in a spin pit or by calculation) to be those shown, A
three-plane balance is desired. ,

The first step is to select the balance-plane locationis. To facilitate !
field balancing, these planes will be located in the generator end planes k
and in the coupling (no generator midplane correction). It will first be
shown how a rough first mode may result from an inappropriate
distribution of correction weights between the modes;, how this
condition can be improved will next be shown.

First, mode 1 is balanced with weights in planes 1 and 2, These
can have any desired relative proportioning, but usually equal in-phase
weights would be chosen, as shown. Next, mode 2 is balanced with
equsal and opposite weights in the generator end planes. Finally, an
attempt is made to balance mode 3 in the generator end planes and at
the coupling, so that LF; =0 and IM; = 0, The latter conditions
determine the magnitude of the correction weights (see Fig. 6.8). The
weight distribution shown will balance mode 3, but it will also reexcite
mode 1. This is because a resultant force

i':r lows: {
8 - Mode 1: Unaffected; I*; as found originally. i
S Mode 2: At modal crests, amplitudes = 0.5 + 1.0 = 1.5. At {
¢ 0.05L, modal amplitude = 0.95 + 0.3 = 1,2 and ‘
% Fi = 15F= 125 by,
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Flg. 6.8. Modal bulance leaving a rough first mode
in generutor rotor

b+
Fs‘g"l's"”"b“g"'Fa

acts on the first loop of mode 1 (Fig. 6.8a) and a force + F; acts at the
coupling on the second loop of mode 1. These forces tend to develop
mode 1 amplitudes even though they are equal and opposite.

To avoid such a situation, an alternative balancing procedure can
be used. Mode 1 is balanced as shown in Fig, 6.9, using plane 1 and
plane 3. Next, mode 2 is balanced in planes 1 and 2, so that LF; = 0,
that is Fy = Fj.

Mode 3 is next balanced in planes 1 and 3 only, with both correc-
tions acting in the same direction. For the modal amplitudes shown, of
approximately equal magnitude, this is sufficient to balance mode 3.
The effect on mode 2 is to introduce additional correction forces to
counteract the mode 2 amplitudes. This additional balance effect
should be considered in establishing the mode 2 correction weights.
The effect on mode 1 is to introduce two opposing forces that will can-
cel each other if the condition

Wy Fa) = wy3Fa;

is satisfled, wy; being the amplitude in mode 1 at plane 1 and w3 the
amplitude at plane 3 in mode 1,
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BALANCE BALANCE IM.ANC!
PLANE 1 PLANE 2 LANE 3
BEARING 1 BEARING 2
= T Tt = 1
d 1 Wiz !\ wn
{
!
i
wa| |
B L
\M
wa
s’ ™" Y
i Wy

Fig. 6.9. Modul balance to ininimize re-excitation of the

first mode by effective distribution of weights in the third
mode

This example saows that any procedure for balancing flexible
rotors becomes more difficult to use when the balancing planes are re-
stricted to practical locations and alsc when the rotor has flexible bear-
ings and adjacent rotor spans or shuft overhangs. Some knowledge of
the rotor modes is always required in advance; it can be acquired in
practice either by direct measurement (though this is inconvenient and
time consuming and requires good speed control and tracking filters),
by computer calculation with adequate knowledge of the relevant bear-
ing dynamic properties, from previous experience with similar rotor
systems, or, ideally, by all of these methods.

Theory of Modal Balancing

The theory of modal balancing has been discussed by Bishop and
co-workers [3—5] Federn [6], Miwa [7], and others. The discussion
that follows is based on the works of Bishop, Gladwell, and Parkinson.
The objective of the theory presented in this section is to provide a
theoretical basis for the normal mode analysis of shaft dynamics as a
preparation for the various modal balancing methods described later.

It is shown in Chapter 5 that the synchronous whirling induced in
a section of s uniform circular shaft by mass unbalance can be
described in rotating coordinates by the equations

s Tl - D i
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- 1 '4-_..’-3".1_145.__31&__!;!. o
¢ (£+a,)q 2009 Ao o " Ap ~ Ap E-ayn

and

o H EI 84 B'ﬂ‘ B. .
- 2 -2l 9m 21N Ze

- (n+a)0%+20¢ 2> 37 Ap ~ Ap n+ 0o,

 where

& = rotating coordinates shown in Fig. 5.33
a, a, ™ coordinates of mass unbalance from shaft axis
Q. = gpeed of rotation
El = flexural stiffness
Ap == mass per unit length
B,B, ™ internal and external deamping coefficients
z w ghaft axial coordinate.

These expressions can be reduced to a single equation in terms of the
complex whirl racius { by writing

{=E+in 1w,
a=a + la,
Bi= 2vwip,
and
By=2uwAp,

where v and u are velocity damping ratios and o is the fraquency of
shaft vibration. Substitution gives

E+ 200 + we + 101 + TE")— (V= (@2~ 2ipwQ){ = 0.
To solve this equation, introduce the substitutions
P celnt' (= re— it

and r = x + {y. The motion of the shaft referred to nonrotating axes is
thus found to be

P4 20 + web + -f—;— MY = 2ivaldr = N12q ¢i0,

This equation may be solved by the normal mode method. This
method is well suited to shaft balancing analysis, as the shaft oriticgl
speeds are discrete modes of the rotor and may be corrected in
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sequence. To proceed, we first express the mass eccentricity a .in the
form of a modal series:

‘aw=a(z) = a ¢,(2) + a; d:z(z‘) .- i a) ¢,(2),
J=1

where the a, = a® + ia} are complex cosfficients and the ¢, (z) terms

are characteristic functions of the shaft. Next write the complex dis-
placement { as the series

{m 0G0 = 60 1) + L) d3(D) + o= T4 (),
J=1

where the {; = ¢} + 1{} are complex coefficients and the ¢,(z) zre
again the characteristic functions of the shaft. Recalling the property of
characteristic functions that

El
Ao V() = w}¢,(2)

and substituting this property and the above series into the {-equation
of motion gives the set of independent modal equations

E o+ 20, kg, + 100, + @F - 02 + 2ip,0,0)¢, = Q%;,

where v; and u; are the modal damping ratios and w; is the jth natural
frequency of free undamped flexural vibration. Bishop and Gladwell
[3] have commented that, because the coordinates {;, remain indepen-
dent both with and without damping, the mode shapes with shaft damy-
ing are the same as those for the undamped modes. It should te
noted, however, that different conditions may apply when damping s
imposed by the boundary conditions. The equations may then te
decoupled only under certain circumstances: see Meirovitch [8] for a
discussion of this topic.

The solution of each separate modal equation consists of &8 comple-
mentary function plus a particular integral. If only the forced-response
case is considered, the solution for the jth mode is

a2 an?e’” _
@}= 0 +2ip,0,0 @]~ 0D+ 4(u0,0)47

¢

and

6, = arctan

2[.&[0]0 )
wf'-ﬂ’
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In nonrotating coordinates, the above transforms to
_ aln2elnl . ajnge'l(ﬂlwlj_)
(w}-0Y) +2pw,0 [} - 6D+ 4(u,0,0)/?

y
and \
ro= Xty

with the appropriate components.

It remains to svaluate the @, modal unbalance terms in the above
result. To do this multiply the a(z) series by the kth characteristic
function:

a(z) 6,(2) = 3 @) ¢,(2) ¢y ().
Jm]

Integrating over the shaft section gives
L , o L
j; a(z) ¢, (z) dz = j§ a j; ¢,;(z) ¢, (2) dz.

For J # k, the orthogonality principle gives
J;L @,(2) ¢4(2) dz = 0
and for j = k,
L L
S, 0,0 94 () dz = [ [8,() dr = 2.
Thus

L
a(z) ¢,(z) d
J:)L l: z—'lzLLa(Z)¢j(2) dz.
S, @F &

Tables[o]f resulty for g, for several unbalance distributions arc given by
Miwa (7].

The unbalance effects of any concentrated load (e.g., disk unbal-
ance, correction weights) can also be resolved as a modal series, First,
we write the pth discrete unbalance as

Uy = Mpa,

and then
Up - U,B(Z - ZP);
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whete 8(z — z,) is the Dirac delta function, defined as follows:

w-n=|2 623

and

L 1, 1z € [0,L]
_fo 8(2—:,) dz-lo’ z: ‘ lo’Ll.

The modal components of such diecrete forces are found by writ-
ing o .
Mya,; = M, 3,0, ¢,(z) = U, 8(z = 2,).

Multiplying through by the gth modal function ¢,(z) and integrating
over the length of the shaft section gives

L
o, = A fo $,(2) 8(z — 2,) dz _ Y@
Py '
Mo [ 8,00 a M,z

The a,; value is the jth component of the pth discrete unbalance.
Similar relations will apply for any other discrete force applied to the
shaft,

Bishop and Gladwell [3] state that the two objectives of rigid-roior
low-speed balancing are, first, "to ensure that the center of mauss of the
rotor lies on the centerline of the bearings so that no net force is
applied to the shaft due to centrifugal action." This condition requires
that

L
fo Apa(z)Q2dz =0,

where a(z) is the vector distribution of unbalance along the rotor. If
this condition is to be met, correction masses can be added, and the
first balance condition becomes

L 2 : 2
INRTYION arz+El M,r, 02 = 0,

where M, is the mass and 7, is the radius of the pth balance correction.
For two-plane balancing, p = 2.
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The second purpose of low-speed balancing is to ensure "that the
rotating shaft does not transmit to its bearings a rotating couple—due to
centrifugal action.” For a balanced rotor this requires that

L .
j; Apa(2)Q%dz = 0.

B balance oorrections'are required, the couple balance condition is

— i e o T e A i

L ' 1
S, Apanar + Z Myr,(2) 0%, = 0
’-

|
. !

It should be noted that the unbalance distribution a (z) along the rotor i

will be changed to a(z) when unbalances U, act on the rotor. Like- ]

wise, each modal component will then have an unbalance acting on that !

mode: 4

) GJ(Z) - aj(z) + —I{L" ¢J(2)- :::
! ‘ M,z ;
! Bishop and Gladwell [3] have shown that, if the balanced mass dis-
: tribution is written as the complex vector a(z), the new modal series B
i for the rotor unbalance is !
= Mr Mjr, i

a(Z) j?l a; + Apz ¢j(2|) + Apz ¢/(Zz) ¢/(2); r

where a; and ry, r, are complex quantities as mentioned previously. ""

This modification of the unbalance distribution will affect the rotor |

response in all modes because of the addition of low-speed corrections. {
The previous balance conditions can now be written as ‘ ,

z AJQ/ (z) - 0, y

J=1 '

where ;

L !

AJ-L ¢, (2) dz, ¢

and {

z Bj a_/(Z) - 0, :

} J=1 ‘ 1}[
where

L
Bj -j; Z¢J(z) dz.




i

FLEXIBLE-ROTQR BALANCING 339

The quantities 4; and B, can be evaluated for each rotor system. For a
pinned-pinned shaft, the characteristic equation is

¢/(Z) =~ gifi ‘LZ‘
and thus
LZ
0 Y
Aj - lli_ B/ - + _é—
m/ m)

Substituting gives the balance conditions

j; Aja;(z) = a) - %-a_; + -;—as + ... (odd modes)

and

i}BJa,(z) - %az +%a4 + -é ag+ ... (even modes).

Bishop and Gladwell [3] have commented that, where a rotor is
balanced as a rigid body though it is experiencing flexure, the above
result shows that some residual modal unbalance may still exist, even
in the rigid-body modes. This unbalance may also be felt in the higher
flexural modes where its effect may be quite substantial, unless some
appropriate form of flexible-rotor balancing is subsequently applled to
these modes, THhi4 point is illustrated in Fig. 6.10.

The conditions for modal balancing of flexible rotors can now be
discussed using the ahove developments as an introduction,

Methed of Bishop, Gladwell, and Parkinson

The following modal procedure was first developed by Bishop and
Gladwell [3]. Additional aspects have since been develaped by Bishop,
Gladwell, and Parkinson [4, 5, 9—11]. The literature on modal balanc-
ing has been discussed by Bishop and Parkinson [12], Parkinson [13],
and Rieger [14]). The modal procedure specified by these authors is as
follows:

1. Locate the plane of the shaft radial deflection in the first whirl
mode, slightly below the first critical speed, This can be done either by
using x, y displacment sensors to measure shaft motions, by pedestal
transducers, or by any suitable method of identifying the angular posi-
tion of the shaft runout.

3
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~CORRECTION PLANES
— -] _ (@) Rotor in rigid end bearings

: MASS AXIS
(b) Mass axis and flexural axis of given m
uncorrected rotor PRSI, oafN ey oyt sl R, .

MABB AXIS

. ][, FLEXURAL AXIS . {c) Mass axis efter low-speed balancing

(d) Deformation at spesd approaching R
first flexural critic - et P—»«‘“_.

(s) Deformation at speed approaching
third flexural critical speed

Fig. 6,10. Influence of rigid-totor corrections on flexutal modes,
Aftér Bishop and Gladwell [3]. Used by permission,

2. Add calibrating weights to the shaft in the plane of maximum
shaft runout to determine the magnitude of the first-mode unbalance.
These weights should be so located that they cancel the effect of the
original first-mode unbalance. They should be placed close to the max-
imum modal amplitude location to minimize the size of the calibration
weight required.

3. Add correction masses that cancel the first-mode unbalance.
The conditions for achieving this are given later in this section. Since
the correction masses should not excite other modes, they should be
inserted at shaft axial locations where the amplitudes of other modes
are small or zero (e.g., at the nodes of other modes). The first mode
has been completely balanced when the unbalance distribution lies on
the shaft flexural centerlina for this mode and no forces are transmitted
to the supports.

4. 'The second mode is next balanced by the same procedure. The
angular position of the plane of maximum runout in the second mode
is determined by running the rotor close to (but below) the second crit-
ical speed. Second-mode correction plane locations are selected so that
the required balance conditions may be satisfisd with minimal excitation
of other shaft modes.
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5. Secund-mode calibration is then undertaken with a pair of cali-
bration masses, subject to certain modal conditions mentioned below.
The calibration masses are installed. 180° apart around the circunifer-
ence of the shaft, in two correction planes a specified distance apart.
Both calibration weights are positioned so that their effect is to reduce
the modal unbalance and shaft runout. The size of each calibration
mass is again influenced by the amount of modal participation occurring
at the pregcribed calibration location.

6. Second-mode correction masses are added to cancel the
second-mode unbalance. These corrections are added in two planes, at
axial positions that are most effective in canceling the second mode.
The second mode has been completely balanced when its modal unbal-
ance component lies on the shaft flexural centerline, when no forces
are transmitted to the bearings, and when no adjacent mode has been
excited by the second-mode corrections.

7. The third mode is then balanced in the same manner. The
plene of maximum runout is determined for the third mode. Correc-
tion planes are selected into which balance musses can be inserted
effectively for the third mode, and which are least likely to exciie shaft
response in the other modes,

8. The third mode i5 calibrated with three masses inserted in the
selected correction planés. The relative proporiions of these masses are
given later in this section. Each mass is inserted in the correction
planes at 180° to its neighbors and at 180° to the angular position of
maximum runout.

9. Balance corrections are added to cancel the effects of third-
mode unbalance in che selected correction planes. The third tode has
been completely balanced when its unbalance lies on the shaft flexural
axis for this mode, when no forces are transmitted to the bearings, and
when no adjacent mode has been excited by the chusen disposition of
correction masses,

10. The fourth and higher modes now remain to be balanced by
the same procedure.

Analytically, the conditions for balancing a rotor in the above modal
sequence are outlined below.

First mode
Force equilibrium is given by

mr
a, + -#E $1(z)) = 0,
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where a; is the first-mode unbalance, m is the first-mode correction i
mass, and ¢,(z) is the first-mode participation factor. For the first
mode of the simply supported shaft shown in Fig. 6,11, ¢,(z) = 1 at
z= L/2, In practice a; is unknown and is found by trial and erfor
using the calibration-weight procedure. The quantity ¢,(z) is also un-
known, it can be estimated from experience or calculated. To minimize .
my, it is desirable to maximize ¢,(z).
The first-mode balance correction is therefore

- g, APZ ’
M= A Gy ‘ n
at 180° from the maximum runout amplitude. ~,
E= iy ) "§1||‘|‘ll H
T ] |
| |
‘ hieg) = 1
A il $ =ain El
AN ~
—talzg) = ‘
hleg) =1 — % _.1
a’ $2 = #in ? x
i) =1 | ¥
' by s

Yylag) =1

Fig. 6,11, Vulues of characteristic functions in the )
first (hree modes :

Now myr, is placed at the node of the second mode, where

a;y(z) = 0. The second mode will then be unaffected by this first-
mode correction.
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Second mode
The force equilibrium condition is
a; + Z é2(z2) + ¢2(23) -

where a; is the second-mode unbalance, m; and m; are the second-
mode correction masses, and ¢,(z;) and $;(z3) are the second-mode
participation factors. The condition for the firsi mode not to be
affected by second-mode balance is

mady(z;) + mydy(z;) = 0,
and the second-mode corrections are found ftom

&1(z2) (2| [myr 0
- ApZ ,
2(z))  @2(z3)| |mar - a

which glves

(z)
mr doZ 12y
mar 2| ¢a(z9)

A, being the determinant of the ¢(z) matrix.
The condition for no singularities to exist in the correction mass
values is

$1(z2) ,(z3)
- =0
d2(z2) &y(z3)

Third mode
The foroe equllibrium condition is
mer
a3 + ¢3(24) + Z¢3(25) + ;Zd”‘(zd) -,

where the symbols correspond io those given previously.

The condition for the first mode not to be affected by third-mode
balance is

e e AT Ee
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myb1(z)) + msd,(z5) + medy(z¢) = 0,

the condition for the second mode not to be affected by third-mode
balance is

myba(zg) + meda(zs) + meda(z) = 0,

and the condition for no singuiarities to exist in the balance details
selected is '

&1(24) @1(z5) ¢1(z¢)
Az = |62(24) $2(zs) Bi(zg) | 0.
$3(z4) $3(zs) @3(z6)

The third-mode corrections are found in the mannar described:

myr = @1(25) Pr(26) + Pa(z5) ) (z¢)
msr} = a, Af- $1(24) da(zg) — @2(z4) o1(28)
mgr — ¢1(z0) &y(z5) + balzy) b (29)

Fourth and higher modes can be balanced by applying the procedures
demonstrated above,

Bishop and co-workers, notably Parkinson, have extended this pro-
cedure to deal with many additional aspects of flexible-rotor balancing
(see, for example, Refs. 10, i1, 15, and 16), The modal balancing pro-
cedure has been applied to industrial practice by L. S. Moore and E. G,
Dodd [18]. At present, the analytical procedures described above do
not form the basis of any balancing algorithm or technique in use,
though with a dedicated minicomputer it should be possible to use the
analytical procedures of Bishop et al. to balance indugstrial rotors.* The
steps given therefors serve mainly to validate the mechanios of the pro-
posed modal balancing process and to provide a set of basic guidelines
for practical rotor balancing (which Moore has utilized). As Bishop et
al. have indicated, certain practical questions still remain concerning
definition of the precise location of each modal unvalance, since meas-
urement errors always exert a strong influence on the quality of the bal-
ance obtained,' Knowledge of the shaft modes, and of the influence of

*Kendig (17] has programmed these procedures and has Investigated their use on typical
#nduulrlal totors via computer studies,

Identification of maximum runout locations is now 4 minor problem: when modern
instrumentation (sensors, tracking filters, digital readout) iy used,

[
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damping on these modes, is usually needed for selecting the correction
planes, for selecting the ¢(z) values, and for evaluating the Z integral.
Time-efficlent trial-weight procedures and modal data acquisition pro-
codures are also needed for any production balancing method. Weight-
traversing methods and multiprobe observations of modes are now too
inefficient for modern flexible-rotor halancing.

The section that follows describes the practical procedures for
modal balancing developed by L. S. Moore.

Practical Modal Balancing

The application of modal balancing to large industrial rotors has
been described by Moore and Dodd [18,19] and by Moore [20,21].
The procedures developed by these authors depend on modal principles
and are quite simple in application. The methods described here have
been applied to rotors with overhangs and couplings, supported near
their ends in bearings with both stiffness and damping properties. Such
rotors may be class 2 or class 3 flexible rotors, The modes encountered
during operation with such rotors will be similar to those shown in Fig.
6.12,

E R e |

Fig. 6.12. Class 2 or class 3 rotors In First made
bearings: typical mode shapes consisling
of both figid-body and flexural effects
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It is important to recognize that the modes shown in Fig. 6.12
apply with mhior variations to all two-bearing rotors. The effectiveness
of the modal methods described by Moore and Dodd depends on an
understanding of these modes and on the positioning of correction
weights for maximum effectiveness at locations where other modes
have nodes, or may be counterbalanced out.

Simple Procedure for Flexible-Rotor Balancing. Consider first
the modal balancing of the single-disk flexible-shaft rotor shown in Fig,
6.13, For simplicity, let the bearings be radially rigid. This rotor can
be bhalanced in its ‘owest flexvral mode, Fig. 6.13b, using' either
accelerometers mounted on the bearing pedestals or proximity sensors
that observe shaft motions (e.g., near the disk)., The balancing pro-
cedure is as follows:

1. Run the rotor up to some speed below but close to the first
critical speed at which safe, measurable vibration amplitudes occur.
Record the vibration amplitude wy and its phase angle ¢,.

u.»—' DISPLACEMENT SENSOR
o

(a) Flexible single disk
rotor . - — [ (DT
e rAs

e

TIMING MARK

EFFECT OF DISK UNBALANCE FORCES
""" ON RQTOR IN FiRST MOLE

—— . b) First flexural
= > (b) First fle mode
BALANCE CORRECTION MUST
BATISFY MAGNITUDE AND
QRIENTATION REQUIREMENTS

+ ORIGINAL
UNBALANCE

TRIAL CORRECTION
(¢) Phase refsrence

Fig. 6,13, Practical modal baluncing provedure for flexibls single-disk rotor
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2. Stop the rotor and insert a small known weight W (0z) in the
disk at a given radius r (in.) such that Wr = T (0z-in.). This will pro-
vide a known calibrating unbalance.

3. Rerun the rotor with its calibrating unbalance at the same
speed, and measure the vibration amplitude w, and phase angle ¢, rela-
tive to the same datum.

4, Plot both unbalance vectors to some convenient scale as shown
in Fig. 6.13c, Here OA represents the original unbalance and OB
represents the original unbalance plus the correction weight. The vec-
tor AB then represents the effect of the calibrating unbalance in ampii-
tude and phase at the chosen scale.

5. Calibrate the original unbalance vector by the ratio

0OA .
U=0A AB T oz-in.

6. The orientation of the trial weight A8 to the original unbalance
0A is angle OAB.
7. The magnitude of the required balance-correction weight is
therefore
0A

C—U--ZET oz-in.

8. The angular position of the required correction weight is at
do= 180 + ¢y (deg)

to the phase reference datum i.e., at ¢ = 180 — angle OAB degrees
ahead of its present location, as shown in Fig. 6.13.

The rotor in this example could therefore be balanced by the installa-
tion of a correction weight of C oz-in. at an angle OAB degrees ahead
of the calibration weight location.

Industrial Rotor Without Modal Coupling. Next consider the
balancing of the symmetrical rotor shown in Fig. 6.14 in its lowest flex-
ural mode. For shop balancing the rotor should be mounted in bear-
ings and pedestals that simulatc onsite conditions as much as possible.
Where balancing is performed at the site, no support problem arises,
but If the bLalance is performed in a shop facility, the type of beating
supports described in Section 3.5 should be provided. The required
steps are as follows.

1. Run the rotor at svme convenient speed near its first critical
speed 10 magnify the vibrations in this mode. Record the synchronous
vibration amplitude wq and relative phase angle ¢, as described previ-
ously. Assume for now that identical readings are obtainsd at either
pedesial.

st IANAT L
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MODE SHAPE

c"-%v,

{a) Correction of first flexurai mode

N
MODE BHAPE o e”

(ﬁs-%w

{b) Corraction of second Flexural mode

Fig. 6.14, Correction of flexural modes for symmetrical roto.

2. Add a single calibrating weight W oz at a radius r in a correc-
tion plane near the rotor tnidspan. Again record the rotor synchronous
vibration amplitude w, and phase angle ¢,.

3. Plot the original unbalance vector w{ = OA and the original-
plus-calibration unbalance vector w} = OB to a convenient scale as
shown inl Fig. 6.14. The effect of the calibration weight is the vector
AB = T,

4. Deatermine the first-mode balance correction weight,

| OA
C AB W oz.
5. Determine the required angular adjustment of the first-mode

correction: ¢! = angle OA4B degrees circumferentially forward from
the iocation of the calibration weight,

On inserting the recuired correction weight  at the calibration radius »
at midspan, the rotor will be balanced in its first flexural mode.
Approximately the same correction would be determined from trans-
ducer measurements at either pedestal. Some small residual vibration
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would remain after balancing, primarily from the second mode and pos-

sibly from higher modes also. The second mode is now balanced by

rurining the rotor sufficiently c¢lose to its second flexural critical speed,
Vibration and phase readings .are taken at both pedestals. Again, if
these readings are assumed to be symmetrical, the second-mode correc-
tion is obtained as follows:

1. Measure the vibration amplitude w¢ and phase ¢¢ on a bearing
cap. , : .
2. Insert a pair of calibration weights W in planes located near the:
ends of the rotor but on opposite sides to form an unbalance calibiatior:
couple.

3. Rerun the rotor near its second critical speed and again meas-
ure the vibration amplitude wi and phase ¢¢.

4. Plot the original unbalance as.vector OA and the original-plus-
calibration unbalance as vector OB in Fig. 6.14 to a convenient scals,
The calibration couple effect is then the vector AB = T2

5. The required correction weights are then

Cz—%%- W oz.

6. The required orientation for this second mode Is ¢? = angle
OAB degrees circumferentially forward from each calibration-we:ght
lecation,

On inserting these correction weights at the required radius r and
angle ¢, the rotor wiil be balanced in its second flexural mmode.

The third mode for this symmetrical rotor can be balanced in a
similar manner, with a combination of three correction weights in three
planes, To avoid reintroducing the first mcde may require use o the
following relative third-mode correcticn-weight proportions: C* (plane
1, 0°): .2C° (plane 2, 180°): C? (plane 3, 0°) (see Fig. 6.13),

The exumple demonstrates the balance procedure for a symmetri-
cal rotor in which the unbalance modal interactions are negligible. Pro-
cedures for cases where the modes are coupled are discussed in tha fol-
lowing section.

Industrial Rotor with Modal Coupling Near the First Critical
Speed. Moore [20] has observed that "it invariably becomes apparent
that the rotor is distorting in two modes simultaneously" durirg any
flexible-rotor balancing operation. Modre and Dodd [18] havi pro-
posed a series of operations for dealing with such conditions. Vibration
readings musi now be taken at both bearings as follows:

I TR e il 0 AL Tt
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I, Run the rotor close:tc the first oritical speed.  Record the vibra-
tion amplitude and phase reference at both bearings.* '

2. insert a calibratisn waight in the rotor midplare, - |

3; Rerun the rotor at the same speed and again record the vnbra-
tion anplitude and ‘phase at both bearings.

4, Draw the original unbalance vibration vectors OA and OB to
some convenjent scale, at in Fig. 6.15.

5. Draw the ariginal-plus-calibration unbalance vectors OA, and
OB, to the same scale, The effects of the calibration weight are the
vectors AA, and BB,

" 6. loin AP and 4B, Bisect AA1 in T and BB, in T, Join ""I‘l
Join OT.

7. It Is now presumed that OT is the unbalance vector in the first

mode. The required correction is

oT
C = T, W oz.
at

¢y = angle OTT, degrees.

C lags the vector OT in the configuration shown, The first mode ig
then corrected by installing a weight C| in the rotor midplane at angle
1

8. The second mode is corrected by installing a pair of weights,
each with a magnitude of

c,=0A , OB _ OB

AA, AA, BB, W

Fig. 6.15. Balancing construction for u mixed-mode
condition near the first oritical speed (191 (¢ C. A, Parsons
Co., 1970; used with permission)

*If the orbits are elliptical, record the major-axis amplitude and orientation using an
oscllloscape.
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at angle o l
¢2 = angle OAA, = angle OBB, ' : 1

to the plane of the calibrating unbalance (see _Fig. 6.15). g
Step 8 is not included in the procedure given by Moore {20].. It can, :

however, be used to suppress strong effects from the second mode
which occasionally arise at the first-mode balancing speed, to ¢nable the
rotor to safely approach the second mode after first-mode effects have
been corrected. With the ‘otor at a speed close to the second critical
speed, the second mode can be corrected as described below. The ‘
given construction ailows the second-mode correction to be determined i
when there is a mixed-mode condition bstween the second and third {
modes at the balancing speed.

1. Record the original unbalance magnitude and phase at both
bearings. '
2. Insert a pair of tznown calibrating weights near the ends of the
rotor, 180 apart circumferentlally.
3. Run the rotor at the same balance speed and again measure the
original-plus-calibration unbalances and phase angles. i
4. Plot the original unbalance vectors as OA and OB in Fig. 6.16. i
Plot the original-plus-calibration unbalance vectors as OA, and OB, and
identify the calibration unbalance vectors as AA; and BB,. ‘
5. Divids AB at T so that TA/TB = AA,/BB,.
6. The required second-mode correction weights are each

: e
C AAZWoz.

4‘@
;
é\

o

Fig. 6,16, Balancing construction for a mixed-mode
condtion near the second critical spped [19) (¢ C. A.
Parsons Co,, 1970; used by permission)
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7. The required circumferential angle through which the correc-
tion weights must be moved is

¢, = angle TA4; = angle TBE,.

With these correction weights in the rotor-end planes, the rotor will be
balaticed in its second mode.

Balancing for a Mixed-Mode Condition Remote from Either Crit-
lcal Speed. Consider the case of a rotor that is balanced in its first
mode but remains unbalanced in the second and third modes. Further,
assume that at full speed the rotor is running well below either its
second or third critical speed. Under this condition there might well be
a significant contribution from both higher modes. The measured vec-
tors of vibration must first be split into modal components where the
asymmetry of the modes is not known. Each component is then
corrected independently.

For balancing purposes it can be assumed that the effect of cali-
bruting weights added mostly for the second mode represents the asym-
metry of the second mode and that the effect of such weights added
mostly for the third mode represents mainly third-mode asymmetry.
Thus it is necessary to split the observed original vibration vectors into
second- and third-mode (or out-of-phase and in-phase) components of
the same proportions as those deduced from the calibrating weights.
The way this is done is shown in Fig. 6.17, taken from Ref, [19].

Fig. 6.17. Balancing consturction for u mixed-mode
condtion remote from elther critical speed [19] (® C. A,
Parsons Co., 187, used by permission)
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1. Let the vectors OA and OB represent the original unbalance.

2. Let the vectors OA; and OB, represent the vibration measured
when a calibration pair of weights is added to the rotor, mostly to affect
the second mode.

3. Then the vectors AA, and BB, represent the effect of the cali-
brating weights for the second mode.

4, Let the vectors OA; and OB, represent the vibration when the
calibrating weights for the second mode are removed and replaced by a
three-weight calibrating configuration that will have the greatest effect
on the third mode.

5, Then the vectors AA; and BB; represent the effect of the cali-
brating weights for the third mode.

6. Divide AB at T so that TA/TB = AA,/BB, and call this m.
Let AAy/ BBy = n.

7. Construction: Draw TO and lines parallel to it through 4 and
B. Produce AQ to meet the parallel line through B in D. Divide DB
in B’ so that B'D/BB’' = n/m. Join B'O and produce it to meet the
parallel line through 4 in A’. Then the original vectors OA, OB are
equivalent to an out-of-phase component OA', OB’ plus an in-phase
component A'A, B'B. It can further be shown that OA'/OB' = m and
A'A/B'B = n, Therefore the out-of-phase component can be corrected
by adjusting the calibrating weights for the third mode,

8. Second-mode correction: Increase the calibrating weights for
the second mode in the ratio O4'/ A4, and move them circumferen-
tially through the angle labeled ¢,.

9. Third-mode correction: Increase the calibrating weights for the
third mode in the ratio of 4'4/44, and move them circumferentially
through the angle labeled ¢;.

Mote that in both cases the proportions among the individual weights in
each configuration must be maintained. As it happens, in the example
illustrated, the correction for the second mode would have to be placed
clockwise from the calibrating position, and the correction for the third
mode would have to be placed counterclockwise {rom the calibrating
position, always regarding the rotor from one end throughout.

Example of Rotor Balance Corrected In the Second and Third
Modes. Moore and Dodd [18] desoribe an application of the pro-
cedures discussed above to an actual boiler-feed pump rotor that had
coupled (mixed-mode) unbalance in its second and third modes. This
unbalance distribution was preventing smooth operation of the pump
between its first and second critical speeds: see Fig. 6.18. The shapes
of the first three modes are shown in Fig. 6.19. The best available
balancing planes for the second mode are at 25 in. and 70 in, from
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Fig. 6,18, Unbalance-response representation for rolor balanced in the
first mode with residual unbalance in the second und third modes

1) % 441N FROM A

BEARING A y BEARING B
= 28N
23~ 70N,
= 10N, 2= N IN

2y = 44 IN,

Fig. 6.19. Modes and correction planes for feod
pump turbine rotor
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bearlng A, respectively, and for the third mode at 10 in., 44 in., and 90
in, from bearing A All weights were added at the same radius in each
balance plane.

A construction for determining balance weights for the second and
third modes is given in Fig. 6.17 as follows:

1. Let OA be the original unbalance vector at pedestal 4, and OB
the original unbalance vector at pedestal B.

2. Add a set of calibrating weights for the second mode. Let the
ratio of effects at the pedestals be

- effect on reading A4 -
“effect on reading B

3. Add a set of calibrating weights for the third mode. Let the
ratio of effects at the pedestals be

effect on reading at 4
effect on reading at 8

4. Find the componenis of OA and OB in the second and third
modes as follows:

a. Join AB. Divide in T'so that AT/TB = m,

b. Join OT. Draw lines parallel to OT through A und through B.
Produce 40 to meet parallel line through Bin O.

¢. Divide DB in B'so that DB'/B'B = n/m.

d. Join B'O and produce it to meet the parallel line through 4 in
A

e. Let BB~ Y Then DB = ny/m, OA4' = MOB, and
A'A = MB'D = ny, Hence A’A/B'B = ny/y = n,

f. AS OA + AA = OA and OB’ + BB = OB, the vibration read-
ings ©A, OB consist of the out-of-phase components (O4', OB’, where
OA’' = MOB’, plus the in-phase components A'A, B'B, where 4’4 =
nB'B.

The above construction can now be applied to the boiler-feed rotor as
follows:

1. Let OA and OB be the original unbalance vectors at bearings A
and B, respectively.

2. Let 04y, OB, be the original-plus-calibrating weight effect for
the second mode. Then AA,, BB, urc the effects of the second-mode
calibrating weights.

3. Let OA,, OB, be the original-plus-calibrating weight effect for
the third mode. Then 44;, BB; are the effects of the third-mode cali-
brating weights.
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4, Calibration for the second mode

effectonend 4 _ o 230
¢ffect on end B 1.17§

5. Calibration for the third mode
effect on end 4 L175

effect on end B =n= 0.525

6. Join AB. Divide at T so that AT/TB = m.

7. Join OT. Draw lines parallel to it through 4 and B.
8. Produce A0 to meet parallel lines through B to D.
9. Divide BD in B’ so that B'D/BB = n/m = 1,145,

10. Join B’D and produce this to meet he parallel line drawn
through A4 at 4’

11. The required correction weights can now be obtained as
OA, OB = OA', OB' + A'A, BB,

where OA, OB are the original readings, OA’, OB’ are the out-of-phase
components, and 4’4, B'B are the in-phase componnts. Thus, for the
second mode,

1.96.

2.24,

0A’ OB’

L . 22, = 63

A, = BB, 238 (9, =639
and for the third mode,

AA’ BB’

44, - BB, =250 (8;= 1509,

12, To make the second-mode correction add (5 x 2.38) = 11.9
oz-in. in correction plane B, both 63° clockwise from the position of
the second-mode calibrating weights.

13, To make the third-mode correction add 4 x 2.5 = 10 oz-in. in
correction plane C, 5 X 2,5 = 12,5 oz-in. in correction plane D, and
6 x 2.5 = 15 oz-in. in correction plane E, all 150° counterclockwise
from the positions of the third-mode calibrating weights.

Mootre [21] gives no details about the final balance state achieved with
the above construction, He has, however, given a mathematical pro-
cedure [21] for the determination of the ratios m and n. It is stated
that the advantage of this modal technique lies in the time saved in
bulancing large rotors. However, any time spent calibrating the rotor
for the influence of the traverse weight and in defining the mode
shapes must also be included in the assessment of balancing efficiency.
Runup and rundown time in such cases can be substantial. The taking
of trial weight readings can be a costly aspect cf any balance procedure.
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Comprehensive Modal Balancing. Federn [6] began the develop-
ment of modal balancing procedures for flexibie rotors in which the
rigid-body modes were corrected first in a low-speed balancing machine,
followed by balancing of the higher modes in a systeratic modal
manner. Kellenberger [22] described the application of this procedure
to generator rotors and subsequently [23] compared the modal N-plane
balancing procedure with the comprehensive (N + 2)-plane balancing
method. Miwa [24~27] developed vefined theories for comprehensive

modal balancing and demonstrated the effectiveness of this method

with a six-disk rotor mounted on supports with transverse flexibility.
Giers [28] compared comprehensive modal balancing with modal
balancing.

Consider. a cylindrical rotor that operates in lincar elastic bearings
located near its ends. The rotor bending stiffness is linear and isotro-
pic. The influences of viscous and hysteretic damping are considered to
be negligible, and the rotor gyroscopic effect is negligible. Rotor
stiffness E/(z) and mass distribution p4 (z) may vary along the rotor
length,

The rotor distributed unbalance is represented by the expression

up(z) = pA(2) a(z),

where pA (z) is the distribution of rotor mass per unit length and a(z)
is the mass axis eccentricity. The discrete unbalances acting on the
rotor are written as

Up - Upa(z - Zp)y
where U, Is the vector unbalance at location z, and 8 is the Dirac delta
function. The total axial unbalance distribution is therefore
u(z) = uplz) + U,8(z ~ z,).

The balance conditions for a rigid rotor require that force equilibtium
and moment equilibrium must each equal zero, In terms of the above
equations this gives

J u@ dm f) @ e+ T UG- 2) =0

and
L L
fo u(z)zdz = J; up(z)z dz + ; Uz ~ 7))z, = 0.

For a flexible rotor it is also necessary to ensure that the rotor
deflecticns under the influence of the unbalance disiribution are zero In
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addition to satisfying the above rigid-rotor conditions. To develop the
required conditions, first express the unbalance distribution as

u(z) = uy(z) + i u; $,(2) %
. | jul :

and _ |
) ' Up(z) = 3, Uy (z ~ 3).
, ‘ . »

Also express the mass axis eqcentrlclty ns the series

a(z) = ag(z) + i a; ¢,(2),
J=1

and the rotor elastio axis deflection vector as the series

r(z) = i; (0 ¢,(2).
J=

If these forms for a(z) and r(z) are used the modal unbalance com-
ponents a;, and the shaft modal response components r; can be
evaluated. As already shown, the complex rotor response

r(z) = x(z) + y(2)
is governed by the equation of motion in nonrotating coordinates,
P4 200 + plob + % Yo 1200 r = 1% /01, y
For present purposes the damping terms » and u can be omitted. To ;

obtain a modal solution to this equation, the rotor defiection r(z) and
‘the unbalance distribution a(z) are expressed in series form:

F(at) = 1 () $12) + 1D $2(D) + ... = T 1y (0) ¢, (2)
J=1

a(z)=a; 92 +ay () +...= ¥ a, ¢,(2),
Jul ;
where the coefficients r;(+) and a, are complex quantities and the |

S e ey st st

and

¢,(z) are charactaristic functions of the rotor, We again recall that, for
shafts with distributed mass and stiffness,

-f{; oIV () = w0} ¢, (2).

g p e e i ara 1T
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Substituting the above series and the characteristic function condition
into the equation of motion gives the infinite set of modal equations:
P+ fr = 02 e,
In each case the solution for the forced motion is
2, L0
- 0 q e -,
w } -

where

1 el
4 == ), 4@ () az

z=f" 16,00 a2

It is evident that the shaft displacements r(z) depend on a(z), and
hence we may write

M) = T4 g (), with 4,(w) =

g=1

02
wf~a?

Consider now the equations of force equilibrium and moment
equilibrium for a flexible rotor in two bearings:

P, + Py = (1% '™ foL (pA (2) r(2) + u(z)] dz

and
L
PaL = Q2™ [ " (pd(2) r(2) + u(2)z de

If the unbalance distribution i written as

u(z) = pA(2) a(2) = pAd (@) |ao@) + T a 6,(2)
Jml

w pA(z) ap(z) + i‘, pA(z) a; ¢,(2),
J=1

the shaft centrifugal force may now be written as

pA@) 1) = pA (D) T 4,) a, ¢,(2)
J=1

- i} A;j(w) pA(2) a) ¢,(2)
Jm=

—T

el iz e
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- i Aj((ll) L ¢j(u’-),
J=1

where
u(z) = pA(z) a,(2).

Substituting into the equations of equilibrium gives

L
PA +P5- 0l Bm'f

i A () ue,(2) + u(z)| dz
0
J=1

Lo
- 02 !0 _I; Y (4,(0) + 1y ¢,(2) + uo(z)l dz,
J=1
as
u(z) = up(z) + i w ¢,(z).
J=1
Hence
oo L
PA + Pg - ﬂz e'f! [E Bj(w) U fo ¢_/(Z) dz + Z Upl
J=1 [
and
oo L
PyL = (12 /0 lz B, (w) u; fo é;(2)zdz + 3, U,,z,,l,
Sl ' p
whete
B(w)-A(w)+l--—~“-’-Z~——~
] J ’ wjz_ 0?

The conditions for flexible-rotor balance can be deduced from these
equations. It is required to make

P+ Py=0 and PyL = 0.

These conditions will evidently be achieved when
L
_’; u(z)dz =0

L
fo u(z)zdz =0
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and
L
J; u(z)¢,(z)dz =0 for j=1, 2, ..., o,

In terms of the distributed unbalance and the discrete unbalances
) u(Z) bl uo-(Z) + ; Uky
the balance conditions become

[ w@d+ 3 U0,
k

L
J, w@zd + 2 Uz =0,
?ﬂ
and

S n@) ¢, &+ UGG =0, k=12, ...
k

It can now be seen that if p modes are balanced using (p + 2)
correction planes, the above expressions will form {» + 2) equations in
(p + 2) unknowns; that is, the balance conditions become

J; w0 e+ 78 v =0

L p+2
fo ug(z)z dz + kg Uz, = 0,

and
L p+2
J‘O uo(z) ¢j(Z) dz + ; Uk ¢j(zk) =0,
or k=
C 1 t o1 [ J‘obuo(z)dz
L

2 Z; Zy42 U, fo uy(z)z dz
Siz) $ilzy o b || Us £ w0 810) @
$:(z))  i(z) 0 Pa(z40) 1 U, }- foL up(2) ¢,(z) dz

“m oaam —— — -—

L
6,20 6, 8, [ L U] LS (@ ¢, dr_
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These expressions were given by Miwa (24], Similar relations have
been presented by Kellenberger [22]. Sample calculations developed to
demonstrate the above procedure now follow

Example 1: Uniform flexible rotor in simply supported end bearings.

For the rotor shown in Fig. 6.20, uniforr unbalance distribution
#(z) = U/L = constant, uniform l‘lexlble rotor (EI(z) = El, pA(2) =
pA = constant, and .

&, (z) = sin L‘;"‘J_

Ugla) = Y/L

tJT TT T T J TT T T 11 Fig. 6.20, Unlll‘orm'rolor in rigid end bearings
ol :

with distributed unbalance. After Miwa [7).
3 Used by permission,

Uy Uz Uy
2y=02L 2= 08L =078

The requirement is to balance th= first mode (/ = 1), and this requires
k= p+ 2 correction planes. The integrals of the forcing vector
become

L Ly
_‘; up(z) dz = j; —L-dz -,
L Ly UL
j:) ug(z)z dz = j; Tz dz = =3
I L
j; ug(z) ¢,(z) dz = J; YoinZz g = U(%).

L L

For correction planes k = 1, 2, 3 at z; = 0.25L, z, = 0.5L, and z; =
0.75L, sin (wz,/L) = 0.707, 1.000, 0.707, and thc balance equations
become

1 1 1 U, 1
025 0.5 075] {Uy}=—-U{0.5],
0.707 1.0 0.707 |U; Ym
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which gives U;= —0.6203U, U, = 0.2406U, and U, = —0.62030.
This agrees with the result for the balance corrections given by Miwa
[24], who has also plotted the corrections as functions of axial location.

’ Exammple 2: Uniform rotor in flexible end bearings

The rotor shown in Fig. 6.21 is to be balanced in its first mode.
Correction planes are located at z; = 0, z3 = 0.5L, and z; = L. The
end bearings have identical stiffness properties k, and the flexural
sti{ness of the rotor is K = 48EI/L* (first mode). This indicates that
only symmetrical modes need to be considered in balancing this rotor,
The characteristic equation is therefore

¢,(z) = a; + b sin lﬂz—zl

4on
uglzl = U/L K="12

K i{x) = conetant k
pA(z) = conetant

n-j

n=0 =L
FIRST MODE OF
AOTOR SYSTEM

Fig. 6.21. Uniform rotor in flexible bearings with distributed
unbalance. Example from Miwa et al. [26], Used by permission.

To balance the first mode, / = 1, and the mode shape can be obtained
from the deflection diagram, i.e., a; = k, by = 48EI/L3, and a = b,/a;.
Normalizing this expression gives

48E1 .

—msmﬂ

G(z) =1+ T

The balance conditions can now be formed. For a uniform radial distri-
bution of unbalance along the rotor, uy(z) = U/L = constant, and

L
fO UQ(Z)dZ - U,

L
f,v_ uo(z)z dz = 0.5UL,
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and'

_‘;L uo(z) o) (z) dz = -% J;L [1 + o sinl%” dz= U

The balance equations are therofore

0 0.5 1Us} -—-U
l1+a 1 l+2a/1r

The required balance corrections are U,/U = —0.18, U,/ U = —0.64,
and U;/U = —0.18. [t is noted that the balance corrections are
independent of the shaft-bearing stiffness ratio a. Thus the above
corrections are valid irrespective of the stiffness ratio. In an actual case
it now remains to determine the unbalance U by a trial-weight pro-
cedure. The required corrections can then be determined and applied.

Exampie 3: Uniform rotor in flexible end bearings with nonuniform unbal-
ance distribution

Figure 6.22 shows a rotor of uniform stiffness X = 48E!/L and
mass distribution 4 p; it is supported in end bearings of stiffness k, and
ky. The rotor is to be balanced for smooth operation at its first criticai

speed, using three correction plznes symmetrically situated about the
midspan.

The number of correction planes k = p + 2 = 3 meets the siated
requirements for comprehensive modal balancing. The unbalance dis-
tribution varies linearly along the rotor length, that is,

u(z) = uy+ uy 7’:

Let the shape of the first mode be described by the characteristic equa-
tion

Y - = _...
$,{z) A+BL+Csm T

Let U,, Uy, U; be unbalance corrections applied in the three correction
planes at z; = {L, z; = 'g‘f', and z; = (1 — {)L, respectively, { being a
chosen fraction of the rotor length, Miwa [27] has given a general

= s e e R T — LTI Ay or

l+-2—a].
]
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uohl-u,+u3|!_ \
[ 1 ‘
ABE|
ks K==3 = ko
.i . whrr
L] L]
2
-, > L e
————————~ 2 —

L ]
Fig. 6.22, Uniform rotor in flexible bearings with linearly varying unbalance.
After Miwa [27]). Used by permission.

solution for this problem in terms of measured forces U, and Uy at the
rotor supports. If U, and Uy are measured close to the first critical
speed, the required balance corrections will be

U]"ULII—'%I—UR'%,

Uy= U,B + UrB,
and

U,--—[%l U, + Ug [1-%],

where

g - (2/w) = sin w¢ .

1-sinw¢

It is again noted that the required balance corrections are independent
of the relative stiffness a of the rotor and the bearings. Furthermore,
the balance corrections are independent of the relative bearing
stiffnesses. The corrections are dependent on the location of the
correction planes along the rotor.
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Miwa [27] has commented that, where { = O (i.e. for correction
planes at the ends of the rotor), the ratio 8 = 0.64. :He also notes that,
when { = 0,22, the central correction U, becomes zero. Two-plane
balancing with { = 0.22 and { = 0.78 is therefore optimal for this
balancing case. Figure 6.23 shows a chart developed by Miwa [27] for
determining the correction ratio as a function of balance-plane loca-
tion ¢.

p= cenal Correction
Tnitial c Unbalance

.1 Balanca Plane
"¢ Location
0.8 T T 1
8 :\ . Fig. 6,23, Variation of balance weight ratio
8.4 N with location of correction planes Along rolor,
Balance \ After Miwa [27]. Used by permission,
Weight. B -1
Ratlo &
0 o)1 0 1\ ofs &
oaul_g I )

Example 4: Alternator rotor in undamped flexible bearings

Kellenberger [22] has described the balancing of an alternator
rotor supported in flexible bearings (with zero demping). This machine
runs above its second critical speed, and there are therefore at least two
modes requiting balance corrections. The minimum number of cotrec-
tion planes by the comprehensive modal method is therefore p =
k+ 2= 4 1t is further assumed that this rotor has previously been
balanced as a rigid body in two planes. If the origin of the coordinates
is set at the left bearing, the chosen correction planes are at z; = 0,
z3 = 2535 mm, z; = 4935 mm, and z, = 7440 mm = L, as shown in
Fig. 6.24a,

The mode shapes for this rotor were calculated with a computer
and are shown in Fig. 6.24(b) and (¢). Calculated modal amplitudes at
the correction planes for both modes were used for the characteristic
function values ¢,(z) in the third and fourth balance equations.
Terms in the forcing vector were obtained by setting

foL Uo(z) dz = foL Ug(z)zdz = 0

for the first and second terms because the rotor had been previously
balanced as a rigid body. The third term is arbitrarily set equal to

L R

T i B s a5 5 e Ll

e e



Table 6.1,

FLEXIBLE-ROTOR BALANCING

cm cP3

cPl | | cPy

| |

A . ' .

z i ;

[e— 21335 mm )

4938 mm
P——— | | T Y T ]

| EREEEEe— ] | | ¥ | SIS

{a) Correction plana locations

{b) First mote

(c) Second mode I

Fig. 6.24. Alternator rotor in flexible bearings:
first and second mode shapes

Table 6.1, Balance equation terms*

367

100 ¢;, where ¢; remains to be calibrated from first-mode measure-
ments (presumably by trial-weight runs). The fourth term is also set
equal to zero, as the first-mode balance correction must not influence
the second mode. The balance equations for both modes are given in

Mode 1 Mode 2

Ui U Us Us balance balance
1 1 1 1 0 0
0 0.341 0.663 1 0 0
3.426 18.734 18.569 3418 —100 ¢ 0

11.225 12.241 —12.457 —-11.453 0 —100 ¢,

*From Ref. 22, used by permission,
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The solutions for the unbalance corrgctions are as shown in Table 6.2,

Table 6.2. Unbalance corrections for Alternator Rotor

Unbalance Mode 1 Mode 2

correction Absolute  Normalized  Absolute  Normalized
U, +3.264¢1 +1.000 +1821¢, = +1.000
U, —~3.264 ¢, —-1.000 —5.7118 ¢, -3.140
U, =3.303 ¢, -1.012 +5.779 ¢, +3.174
U, +3,303 ¢, +0.012 -1.882 ¢, -1.034

*From Ref. 22; used by permission.

The balancing procedure requires the first measurements near but
below the first critical speed. The actual magnitudes of the first-mode
corrections are found by a procedure similar to the trial-weight methods
previously described. The remaining unbalance corrections are then
obtained from the ratios given in Table 6.2. When the first mode has

been corrected, the procedure is repeated to balance the second, third,
and fourth modes.

Discussion of Modal Methods

The three modal methods described on the preceding pages are the
most widely used modal balancing procedures in current practice, and
they merit some further comment. Two questions are consistently
raised about these methods: What are the differences between them,
and which method gives the best results?

The modal balancing method of Bishop, Gladwell, and Parkinson
is basically a set of instructions given together with a matrix equation
that can be solved or satisfled for the modal correction weight values as
desired. As far as is known, the balance matrix equation given by these
authors has never been implemented as an analytical procedure for
determining balance weights and locations, though it appears possible to
do this if desired. Publications on the modal method have been mainly
concerned with the definition of procedures based on rigorous princi-
ples for the balancing of flexibie rotors. These publications have exam-
ined a wide range of balancing problems (flexible supports, anisntropic
supports, dissimilar shaft stiffnesses, etc.) with this in mind and have
been less concerned with the pructical details of flexible-rotor balancing.

The modal balancing principles defined by Bishop et al. have been
applied in practice by Moore, specifically for the correction of medium
to large, two-bearing, electrical equipment rotors. Moore has had good
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success for more than 20 years, using the modai guidelines described by
Bishop and the practical vector techniques for unbalance determination
that he devised and perfectéd over several. decades, Moore does not
mention having made any use of the matrix equations of Bishop and
Gladwell,. though he ‘8PPOArsS to have sntisﬂed these crlteria mode by
modé with his diagram approach.

The methods of Bishop and of Moore both nomlnally use N.
planes,” where N is the number of modes to be balanced. 'Bishop and
Parkinson [5) have discussed methods for reducinu effects from modes
that lie beyond the operating speed, and Moore [20] has described prac-
tical techniques for dealing with such modes. - Although Parkinson [15]
has 'analyzed the influence of massive flexible supports on modal
balancing, the influence of bearing damping appears not to have been
included in any modal analysis. Shaft damping has been included,: and
this does not invalidate the modal approach. The possible effects of
modes coupled by damping in the bearings on the attaiuable balance
should be examined because the quality of baiance may indeed be
affected by such damping.

In contrast to the other balancing procedures described in this
chapter, it appears that there have been few experimental investigations
of the modal method. While there is ample evidence that the method
is congistently successful in practice, questions concerning its effective-
ness are inevitable, especially in comparison with such methods as the
comprehensive modal method and the influence coefficient method,
both of which have been extensively tested. There seems to be little
doubt that claims advanced for the modal method are weakened by the
lack of a series of experimental studies that could test the effectiveness
and the efficiency of the method. Such tests appear to be particularly
needed, since studies by Giers [28] have pronounced the comprehen-

sive modal method to be superior: see Chapter 7.

The comprehensive modal method has been studied by Federn,
Kellenberger, Miwa, and Giers. The most notable difference between
this method and the modal method of Bishop and Moore is the require-
ment that the rigid-body modes be balanced before proceeding to the
flexible modes. Claims that this leads to a balance of superior quality
have been made by Miwa et al. [26] because of the removal of an O
term in the dynamic magnifier equation; by Kellenberger [23] oecause
of the satisfaction of the three balance equations; and by Giers [28]
based on comparisons of comprehensive modal test results with modal

*Moore [20) describes haow the correction weights are typically distributed along the
length of a generator in practice. The principle, however, iy valid and is used widely in
fiold balancing.
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results obtained by Moore’s method. These tests are discussed in
Chapter 7, :

On examining the shaft equations of motion written in the most
general terms, it appears that one must work with the true modes, and
not with pseudomodes such as the rigid-body components of class 2
rotor rigid/flexible modes. If this is so, it could be expected that a
single-plane balance of a claas 2 rotor would give at least equivalent bal-
ance quality as a low-speed plus a high-speed balance of such a rotor
(see Fig. 6.25). It also appears that all significant “rigid-body" effects
are taken into account in the modal methed because it deals with real
modes at all times. Bishop argues convincingly that it is meaningless to
balance rigid modes in a. rotor that experiences only highly flexible
modes. Kellenberger and Federn reply that it is frequently necessary to
balance at low speed in order to be able to run up to higher speeds.
This appears to be a clear case for the removal of gross unbalance
rather than a need to remove modes. Therefore the rigid-mode argu-
ment does not appear to support the comprehensive modal method.

- ¢

L

-n[; (c) 'Mode' and corrections
In low speed balancing
machine,

3 )
(a) First mode showing (d) First mode with distrib-
correction mass. ution of low spesd

correction and first
mode correction,

P e ) o N e S
(b} Rasiduai rotor defliec- (@) Carrected first mode
tion near first critical tiear critical speed.
spead,
Comprehensive Mocal Method.
Modul method: N-piane corrections (N+2)-plane corrections.

Fig. 6.25. Rotor in flexible bearings with uniform unbalunce: effoctiveness of
corrections by the modal method (left) and the comprehensive modal method
(right)
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Miwa’s elegant series of papers with their experimental confirma-
tion clearly demonstrate the effectiveness of the comprehensive modal
method. Kellenberger’s paper, [22] is also interasting in the sense that
he selects four planes to balance the first two flexible modes, after hav-
ing balanced the rigid modes (i.e., gross unbalance he+ first been effec-
tively removed). Even if shop procedures do frequently result in rotors
that are slightly bowed or have slightly eccentric disks requiring two-
plane removal of gross unbalance, it is still not clear why four planes
are needed to achieve what the modal method could presumably
achieve with two planes, and without gross unbalance correction.
Moore does not discuss this situation. The fact that modal practice
commonly distributes the correction weights along the length of the
rotor is irrelevant. Adherance to the principles of the method should
ensure balance even if only two planes were used.

Another point that should be mentioned is the plane of unbalance
Kellenberger refers to; in practice it must be found and calibrated. This
in turn appears to require a trial-weight procedure, and, as the genera-
tor rotor used in the example is similar to Moore’s rotors, it must pos-
sess the same transmitted-force vector properties. Therefors construc-
tions similar to those developed by Moore are needed to balance such
rotors, or else some type of influence coefficient method must be used.
This Lrings the entire procedure into question: could not the same
result be achieved with gross unbalance correction, followed by
Moore’s procedure or by a simple influence coefficient calculation? It
would be useful to have the authors of comprehensive modal balancing
explain how these aspects are dealt with in practice.

There appears to be no meaningful answer to the question as to
which method is "best." Best balance commonly means three things:
convenience in operation, high quality throughout the speed range, and
minimum time and minimum operations. A summary of experience

with the N modal method and with the N+2 modal method is given
below:

Modal method

Sound in principle

Entensively tested in practice

Simple to apply (vector constructions)

Rated inferior in tests by competitor

Efficiency not known

Lacking in independent experimental verification
Not yet adapted to computers

Experience restricted to turbine-generator industry

i ar AR e 2
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| Comprebenslve modal method

. ."Less rigorous theoretical foundation
" "Bktensively tested in practice

Found competent in tests by several investigators
: + Caloylations tnore complex '
"""~ More operating steps'
' Efficlenicy not known'

_Rated superior in tests by proponents
Well adapted to computers
Experience extends to all high-speed-machine industries

Further comments on modal balancing methods are glven in Section

65

6.3 Influence Coelﬂclent Methods

The influence coefficient method is a formalized correction pro-
cedure whereby

1. Trial weights are inserted at seleoted locations along a rotor in a
specified sequence of locations and speeds.

2. Rotor amplitudes and phase angles are read ai convenient loca-
tions along the rotor at selecied speeds where large amplitude vibrations
may occur.

3. Required balance corrections are determined from the ampli-
tude and phase data, using a computer program.

4, Balance weights are installed in the rotor correction planes.
The process may be repeated until the rotor runs smoothly.

This method requires no advence knowledge of the system dynamic
response characteristics, though such information may be helpful In
selecting the most effective balance-plane and readout locations for a
given system. The influence coefficient method has been applied with
equal effectiveness to class 1, 2, and 3 rotors with the properties listed
below.

Unbalance

Distributed
Concentrated
Bent rotor (geometric or thermal)
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Bearings

Rigid

Flexible undamped (support springs, roiling element)

Flexible, damped (fluid fiim, rolling element with
backup squeeze fllm damper)

No bearing effects (free-free modes)

Aligned bearings, poorly aligned bearings, and catenary-strmg
rotor sets (e.g., turbine-generator)

Symmetrical and nonsymmetricel bearing properties

Foundation

Rigid

Discrete flexible, with and without mass effects

Continuously flexible (rotor in flexible outer casing—e.g.,
jet engine)

Damped flexible foundation

Axisymmetrical and asymmetrical foundation

The influence coefficient method is not a modal balancing pro-
cedure per se, but in view of the modal nature of rotor unbalance
response, it is- evident that a similar overall effect is being achieved to
balance the rotor. The emphasis here is on procedure and formalized
convenience rather than on physical understanding of the mode shapes.
Becuuse of the size of the matrix calculations in most instances, it is
desirable to use a computer program or a dedicated minicomputer when
applying the influence coefficient method. The use of a computer pro-
gram is now essential for balancing all but the simplest rotors, because
of the complexity of the mode shapes which arise due to bearing
stiffness and damping, support asymmetry, and multiple and concentric
shaft and foundation effects.

The earliest theoretical studies on the influence coefficient method
appear to have been made by Goodman [29] and Lund [30]. Brief
comments on this method have also been made by Thearle [31], Groe-
bel [32], Den Hartog [33], and others.

Basic Steps of the Influence Coefficient Method

Let the flexible rotor in undamped bearings shown in Fig. 6.26
have p planes along the axial length of the rotor where measurements
of whirl radius and phase angle (referred to some angular datuin on the

DSl S =
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Fig. 6.26. Flexible rotor in undamped bearings with
Identical stiffnesses in coordinate directions

| rotor) may be taken. Also assume that there are ¢ prescribed correc-
tion planes in which balance weights can be added and oriented as
required. The influence coefficient balancing sequence is as follows:

! 1. Run the rotor up to some suitable initial balancing speed w;.
| Measure rotor whirl amplitudes and phase angles at each of the p
i measuring planes for this speed. Record the acquired data for subse-
= quent processing.

; 2, Place a trial weight of known megnitude and radius in correc-
| tion plane 1 at a phase angle equal to zero.

3. Again run the rotor at speed w; and take measurements of
whirl amplitude and phase angle in the p measuring planes., Record the
data.

4, Remove the trial weight from plane 1 and place it in correction
plane 2 at phase angle zero.

5. Run the rotor at speed «;, measure the whirl amplitude and
phase angle, and record the data.

6. Repeat steps 4 and 5 for the remaining correction planes.

7. Compute the coefficients:

whirl amplitudel _ [ whirl amplitude
with unbalance without unbalance

trial unbalance welght

s

0
W,f, = Wy .

e
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Note that beth the w,, (and w2) and the a,, are complex:
who= (wp + iwWh) Gy = (@) + i(ay)y (= ~+~1).

8. Form the influence coefficient matrix [A] that relates the origi-
nal rotor whirl amplitudes {w°} (a p-row vector) to the original "discre-
tized" unbalance {U% (a ¢-column vector), which unbalance is assumed
to be concentrated in g correction planes, as follows:

{w?) = [A]{U9).
9. Determine the original discretized rotor unbalance {U% by

premultiplying the original whirl-amplitude vector by the inverse of the
[A] matrix:

{(U%) = [A-1){w?).

10. Determine the required correction weighis and phase angies
from the negative of the original discretized unbalance,

(UY) = —{u9}.
The U terms are also complex,
Ul = (UYg + HUY),, {= =1,

and hence

(170
U0 = (UDE + (UDE  tang, = (U’)’.

(UNg

Theory of the Influence Coefficient Method

Consider the elastic rotor in damped flexible bearings shown in
Fig. 6.27. The rotor system is axisymmetrical and may include any
practical variation of its axial geomotry. At speed, it experiences circu-
lar synchronots whirling under the influence of residual unbalance and
mode distertion. The Influence coefficiont procedure requires only that
the whirl amplitude + and phase angles be accessible to measurement at
the specified locations. In essence, the mettiod is a formelized pro-
cedure for determining the influence coefficients aU(w), which are
speed dependent and relate the rotor whirl amplitudes w, to the un-
known rotor untbalances U, by the metrix sxpression

T A R SO 4 A ALY T BIANTY AESTITE 1 S0 G 7y
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Fig., 6.27, Elastic rotor in bearings with identical damping
and stifnesses {n coordinate directions

e o et S YA i R Y RIS AT

i t
i wio| o ada  ad] (U
’ |
i Wgo a‘h ap ... agn UZ
: . - * + [ .
)
Wl ah Gy v ag) |Us

This expression is equivalent to modeling the unknown rotor unbalance
distribution by a se( of equivalent unbalance forces in the g correction
panes. If the rotor unbalance is concentrated in the correction planes,
the balancing procedure is to first run the unbalanced rotor at speed w,,
and at this speed to measure the maximum rotor whirl amplitudes wg
, and phase angles ¢, at p locations along the rotor due to this original
i unbulance, This gives

i {W(“ - (A (Nx)”Uo] - [a/”(uo),
whete

w= w(cos ¢+ {sing) = w, + iw,,

as shown in Fig. 6.28.
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Fig. 6.28. System of fixed (x.») and
rotating (¢,7) coordinates
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Next insert a trial weight T in correction plane 1 and rerun the
rotor at speed o»;. Again read w and ¢, which correspond to

whl [ abiabyal, |(i+T
wih ayady ady | |U;

[ . [} . . ¢
‘ L 4L gl
Wai a1 ap2 't Gy | (Uy J

(measured) (unknowns) (unknown) (known)

Subtracting the trial weight response {w!} from the original response
(w0} gives

wi _ wh]  [ah alz el [0+ T -0,
wh - who| |adi ada ... ady| {U: -U,
. . L 0 . .

N N )
1 - el 1 -
Wp1 = Wpo %1 ap‘! e apln Un Uy

from which we obtain

_“'_4’1 = wl
T ’

aJl - le ;WJO,

aly =

1 .
Al M W
pl T .

Tt e D amiae o Tom L2

= =t
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The trial weight 7 is then removed from correction plane 1 and is
inserted into the remaining (g — 1) correction planes as required, to
acquire additional data. Successively rerunning the rotor at w; and
measuring wand ¢ for each trial gives, in gencral,

wh — W
ahl - -Lf—-&n.

This procedure must be repeated ¢ = (n/2) times (neven), and ¢
= (n+1)/2 times (n-odd), where n is the number of modes to be bal-
anced. This results in the following set of simultaneous equations
which are then solved to obtain the rotor residual unbalance, referred

i
¢
L
%/
£
i
E»
%
=
k
i
5?
b
!
i

|
|
|
|
{
]

to the correction planes:
: _ _
) WAt ali aly aly o ain U,
Wh1 ahy ah aly v ag U
Wpi @1 Gpy @y vt Gpy U,
Wq2 aly al aly e aly
Ws2 afy afy afs 0 aj, '
| j : L - - <P
| Wp2 a4y @y gy e ag
W43 aly ad ajy v df,
f Wg3 agy ady agy ag,
; . . ] .
Won L ah e afy v af ] U,

lLe.
{w] = [Al{U]},

where [A] is a square matrix of coefficients as defined above. Inverting
[A] gives

{U) = [A]"Y{w).
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Once the effective unbalance vector U has been determined, the
placement in the correction planes of »n weights equal in magnitude but
opposite in sense to {U} has the effect of canceling the original unbal-
ance of the rotor.

Verification of the Influence Coefficient Method

In 1934, the application of an.influence coefficient method was
described by Thearle [31] with referenice to the balancing of a two-
rotor, three-bearing turbine generator. Between 1940 and 1955, Groe-
bel (32] used practical influence coefficient methods to balance large
generator rotors mode by mode. Den Hartog [33] has commented cn
the influence coefficient principle (for two-plane correction) in his
book. It appears that influence coefficient methods were used effec-
tively for several decades before development of the computer.

An analytical study of the effectiveness of influence coefficient
balancing was made by Rieger [34], who examined three practical
rotor-bearing systems: (a) rigid rotor in gas bearings, (b) a supercritical,
flexible, three-disk overhung rotor in fluid-film bearings, and (c) a
supercritical, flexible rotor with one disk averhung in three fluid-film
bearings. Rieger studied the effect of measurement errors and of
correction-weight installation errors on the resulting balance, as well as
the relative balance improvement obtained with two, three, and four
correction planes. The number of bearing supports involved was shown
to exert no direct influence on the quality of balance attainable. Bear-
ing misalighment may affect the critical speed lucation and shaft bend-
ing stresses, but it has no effect on the quality of balance attained
unless the whirl ellipses are excessively elongated or the ellipse axes are
oriented at different angles by the misalignment.

The effectiveness of the influence coefficient method was
evaluated by Tessarzik et al. [35] with a flexible three-disk rotor operat-
ing through its lowest bending critical speed. Tessarzik calculated the
balance weights by a computerized influence coefficient procedure.
The flexible rotor-bearing system used was designed to contribute
negligible damping to the rotor whirl mode at the bending critical
speed. Under such circumstances, large resonant amplitudes could be
expected unless the balancing procedure was effective. After the bal-
ance corrections were made, maximum peak-to-peak critical whirl
amplitudes of 1.6 X 1073 in. were measured. Tessarzik and Badgley
[36] also developed u least-squares influence coefficient procedure
along the lities proposed by Goodman [37] to obtain a best-fit balance
for a rotor operating over a speed range containing several critical
speeds.

'
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Other experimental studies using a least-squares approach,
d_scribed by Lund and Tonnesen [38], further verified the offective-
ness of this method. Another interesting least-squares development
has been reported by Little {39], who used a linear programming tech-
nique to optimize the balance of rotors operating through several bend-
ing critical speeds. Baier and Mack [40) describe the balancing of long
helicopter drive shafts through six critical speeds, to speeds beyc:d
7000 rpm. They report having achieved smooth shaft operation by
developing their own influence coefficient balancing, after having tried
modal methods and other flexible-rotor balancing techniques.

The influence coefficient method has the advantage of simplicity
in application and is readily adapted to computer-aided balancing.
These features make it suitable for balancing a wide range of complex
turbomachinery (helicopter shafts, multispool aircraft engines, ultracen-
trifuges, etc.) and for computerized unbalance weight calculations, Its
effectiveness is not influenced by the presence of damping in the sys-
tem, or by vibratory motions of the locations at which readings are
taken. Initially bent rotors can be balanced as readily as straight rotors,
and no assumptions concerning perfect balancing conditions are
involved to detract from the quality of balance attained. It shares cer-
tain disedvantages with the other balancing methods: the number of
readings required to acquire the input data can become large, and must
be minimized. The accuracy with which these amplitude and phase
readings must be made requires care in the data-taking. This has been
simplified by recent equipment developments. Existing computer pro-
grams for this method assume circular whirl orbits. Where elliptical
orbits occur (e.g., from certain fluid-film bearing conditions or from
some dissimilar pedestal stiffness condition), the dissimilar amplitudes
can be averaged to achieve an average balance, or a technique similar to
that proposed by Parkinson [11] can be used. Changes in bearing
operating eccentricity induced by load changes will not affect the bal-
ance of the rotor or its operation unless the mode shape is substantially
changed. Such effects are independent of the method, as are the
effects of drive torque fluctuations, bearing stiffness changes, system
nonlinear influences, and parametric resonances.

The major experiments that have been conducted on the influence
coefficient method are described in Chapter 7,

Least-Squares Optimization of Correction Weights

Goodman [37] developed a theoretical balancing procedure that
uses a least-squares technique to minimize the rms residual whirl
amplitudes at selected locations along the rotor. This procedure allows
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optimum balance corrections to be obtained. The least-squares pro-
cedure can also be used as a data-conditioning tool where large
numbers of readings are utilized (time-monitoring) or a rectangular
matrix array must be adapted before being inverted in the influence-
coefficient program.

Consider a rotor that has ¢ correction planes and on which m
vibration readings (m > q) have been obtained for K different speed
conditions, at ! different locations, then m = !!. The least-squares
balancing procedure finds the optimum size and angular orientation of
the required ¢ balance weights by minimizing the sum of the squares of
the m vibration readings. The initial unbalance data w, and the trial
weight unbalance data w;, at the m measuring locations are first
obtained. Influence coefficients a; are then calculated by the pro-
cedure described previously. However, the previous case is for m = ¢,
in which the required values of the correction weights wers computed
directly by matrix inversion. This reduces the whiri amplitudes to zero
at ¢ locations at the selected speeds and generally reduces the ampli-
tude whirl rotor throughout the speed range (see Fig. 6.29). At speeds
other than the balancing speeds, a small residual unbalance e, remains
such that at the r th location and speed

%0
W = Wo + iWg = wo+ a Uy + - + au Uy = wo + 3, a,U,.

s=]

w
WHIAL
AMPLITUDE
IN CORRECTION
PLANE

prs
Fh 4
- - ”
~ \\ ,” ..\\ ”
N / \ 4
U/ \ P
Al \
Ny Nz SPEED N

Fig. 629, Typical result of Influence cnefficient balance at
correction plane: correction of the first and sacond modes and
ovetall decrease in rotor whirl amplitude

The response amplitudes w, and wyg, the influence coefficients a,,,
and the unbalances U, are complex quantities. Dividing this expression
into its real and imaginary comporients gives
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o0
Wer = W + a/U[ — ah Ul + = wh + 21 (ag Ui - ar;Usi)
”-

weir - Wr‘O + arll U{ + arrl U[ o wriO + z (arls U; + arrsUJr)'

nm=1.
Let
§= 3 ()2 = 3 [w5)? + (Wl

re=gs tmg

The objective is now to select the balance weights W, = W) + (W, so
that S is a minimum. This requires that

8 _ 88 _ ... _ 38 _ 8§

92 92 g,
AWl aw] awW; W),

This leads to 2N linear equations of the form

: |arrs wi, + 2 (az US - ar!t Uai)l

+ a,

wh + X (ah UL + af U.‘)” -0
E ]
and

r

3 [—a:.

W&s + 2 (ajUs - arfi Ual) ]
'

+ a5

wh 4+ ¥ (@l U + af U,‘)” -0,
B

The unknowns in these equations are the components of the balance
weights U, and U/ required to minimize the rotor response. These
terms can be found using standard equation-solving routines when the

above procedure is programmed.

Goodman [37] has described the first iteration that is performed
with this procedure, followed by a weighted least-squares procedure to
be applied in several successive iterations. This will minimize the resi-
dual unbalance remaining aft2r each iteration until a satisfuctory final
balance is achieved. The final set of balance weights and orientations
can be obtained automatically by continuing the iterations until a

R R A
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prespecified balance criterion is achieved. See Refs. 41 through 44 for
more on computerized balancing.

Linear Programming Optimization of Infiuence Coefficienit Method

The influence coefficient method involves the solution of the
matrix equation

(w} = [Al{U}, (6.1)

where {w) is a column vector of observed displacements, [A] is the
matrix of influence coefficients and {U) is an unknown column vector
of the effective rotor unbalance related to the corrections planes, to be
determined from trial-weight tests. Little and Pilkey [45] have sought
an optimum solution to this problem through the use of linear pro-
gramming techniques, as follows. Let it be raquired to minimize the
above matrix expression, and to determine values for the unbalance
column vector {U} = {U,U,, ..., U,JT (T = transpose) subject to this
minimum condition. Suppose the number of observations is less than
the number of unbalances wa sought (i.e., m < ¢); then Eq. (6.1)
becomes a system constraint, which is expressed as

wg = [C]{U). (6.2)

Equation 6.2 is called the system constraint equation, It represents the
response of the rotor at a particular speed and axlal location, where C is
a row vector representing suitable combinations of influsnce coeffl-
cients. Equation (6.2) can be taken to represent what in linear termi-
nology is known as the objective function. 1f wg is chosen at a particular
axial location--such as at a bearing, where large deflections would pro-
duce large forces—or at a particular speed-for example, at a high
speed that cannot be successfully negotlated with the untilance
rotor—then mmaximization of wy leacds to the identification and subse-
quent removal of a potentially troublesome unbalance distribution
telated to that particular mode.

The size of the unbalance moments in this procedure is controlled
through constraints of the type

U;’ < Up < UpU, b= l, 2» vy Ny (6-3)

where Uy, UY are lower and upper bounds chiosen for the parameter
U,. In terms of linear programming, this inequality constraint is con-
verted to the equality form of Eq. (6.2), which is thersby increased in
its permissible size. In practice, with most major linear programming
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software systems this conversion is fully automatic und is simple to
apply in practice with standard routines.

In applying a linear programming formulation to a rotor, the vec-
tors {U), (w) are considered to contain the components of the unbal-
ance momernts and observed deflections. If there are ¢ correction
planes, and m observations, {U} and (w) are 2¢- and 2m-dimensional
column vectors and [A) is 2¢ X 2n. Since the unbalance moment com-
ponents may be negative, a change in variables is required to satisfy Eq.
(6.2). This adjustment is accommodated automatically in most major
linear programming systems. ,

For a given rotor in supports, the influence coefficients a; can be
obtained either experimentally or theoretically. If the objective func-
tion is taken at a speed or location that cannot be dealt with experimen-
telly. then it is necessary to compute the influence coefficients for the
objective function theoretically. This is normally done with a rotor-
résponse computer program. Where possible it is also desirable to ver-
ify the accuracy of the rotor-system model at speeds that can be
observed experimentally.

The linear programming formulation requires the maximization of
the objective function, Eq. (6.2). It is elso desirable to maximize the
response amplitude wg at a given speed and location, given by

lws| = (wd, + w)V2, (6.3)

In this form |wg| is a linear but inconvenient function of the response
components and therefore of the unbalance components. The use of
Eq. (6.3) as an objective functicn requires that the problem be under-
taken in a quadratic programming form. This is not as desirable as
linear programming from the standpoint of available computer software.
However, it is also possible to maximize the linear combination
['wgy + ws,| of the x und y componenis of the objective-function
response. It should be noted that the set of unbalance components
thus identified might not, in all cases, correspond to the set that pro-
duces the maximum objective-function response, although the
corresponding response should be large. Thus, instead of identifying
tho unbalance that sutisfies all observations and is potentiully most
harmful to objective-function response, one obtains #n unbalange distri-
bution that is simply potentially large. This formulation, which max-
imizes the lincar combination of the objective-function response com-
ponents ingtead of the aotual magnitude of the response, produces
excellent results while allowing for a linear programming solution,
Using linear and quadratic programming, Little and Pilkey [45) have
computed several sets of unbalance moments with virtually identical
results,

R ST
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As an example, consider the rotor system shown in Fig. 6.30. The
rotor consists of an aluminum shaft 180 in. long, 3.0 in. in diameter,
and with a maximum speed of 6000 rpm. It operates in damped flexi-
ble bearings both with identical isotropic stiffnesses K ~ 5000 lb/in.,
and with damping B = 3.0 1b s/in. The mode shapes at the thyee critical
speeds within the operating range are shown in Fig. 6.31. Details of the
assumed initial unbalance distribution are given in Table 6.3,

!—4» B TR [ TR TR ~r————*1
| -’ AT b (1MmmI EACH |
2 E 4% 678910012 !:] Wik aMn _}wﬂ_
r O Jom
78nm
Py !
o d
k = B0OOO Ib/in, {876 kN/m) ly=0728 b In {21241 kg enm?) for 1 and 25
o = 3,0 lb-8/in, {0.526 kN-s/m} 1,453 Ib in2 (425,11 kg mm?) for 2 through 24
E = 10.4 x 10% psi {72.8 GN/mY)
| = 0,98 (n.* 139.96 om*) DISK MASS = 0,345 Ib (0,158 kg! for 1 any 26

0,699 Ib {0,313 kg} for 2 through 24

Fig. 6,30, Model of uniform shaft on two end supports.
From Little and Pilkey [48], Used by permission.

891 arMm

A S S By s S L e S
ROTOR S$TANHON
Fig. 6,31, Critical speeds und mode shapes for Little and
Pilkey rotor [45). Used by periission.
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Table 6.3, Arbiltrary initial unbalance
distribution for rotor in Fig. 6.30*

Rotor x-Component »Component
station oz-in., mMNm ozdn, mNm

1 0.56 4.0 0.74 52
2 0.84 5.9 0.37 2.6
k] 0.47 3.3 0.74 5.2
4 0.74 5.2 0.46 33
5 -020 -14 0.28 2.0
6 0.46 3.3 -0.59 —4.2
7 0.37 2.6 —044 =31
8 -0.58 -4 -0.25 ~-1.8
9 -0.14 —-0.99 0.50 3.5
10 0.58 4.1 0.26 1.8
11 0.24 1.7 0.46 3.3
12 -042 -3.0 -029 =21
13 0.46 3.3 -044 3.1
14 0.10 0.8 =029 2.1
15 0.68 4.8 027 1.9
16 0.27 1.9 041 29
17 0.66 4.7 -0.52 -3.7
18 =023 ~-1.6 0.36 2.5
19 -052 =37 0.09 0.6
20 0.49 3.5 0.31 2.2
21 0.42 3.0 -077 54
22 -0.18 -I1.3 0.69 4.9
23 -0.36 2.5 —-096 —6.8
24 0.18 1.3 0.25 1.8
25 -0.30 -2.1 -0.50 35

*Afer Little und Pilkey [45]

Modal response curves corresponding to the initial unbalance con-
dition are shown in Fig. 6.32, examples of rotor amplitude response
curves are given in Fig. 6.33. Eight balunce planes were chosen along
the length of the rotor. Data from seven sets of observations at
selected rotor stations and speeds were used in conjunction with the
selected balance planes. A stundard linear programming code was used
to satisfy this optimization problem. The results are shown in Tables
6.4 and 6.5. In each instance the original response amplitudes were
potentially high and an amplitude reduction of about 99 percent was
achieved by linear programming optimization of the balance correction
vector. Thus the optimization method has been shown to work satis-
factorily, and the required number of steps and balance planes required
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Fig. 6.32. Response of Little and Pilkey rotor to
original unbalance [45]. Used by permission.
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Fig. 6.33. Response of rotor to unbalance, before and after

correction {45]. Used by permission.
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Table 6.4, Comparison of balance weight distiibutions used*

Linear programming' Direct inversion*
Rotor x-Component J»Component x-Component »Component
station

oz«in. mNm ozin. mNm ozin. mNm ozin. mNm

5 =211 ~-1490 -133 =939 =203 -143 -149 -105
7 0.24 1.70 081 51 0.22 1.6 1.04 135

11 -120 —-848 ~150 -106 245 =173 -344 -243
12 3.00 21.2 214 15.1 7.23 51.1 6.71 474
13 -193 -136 087 -—-47 -632 -—-446 -379 -268

16 -289 ~204 -031 =22 - - - -
19 3.00 212 =003 -02 -0.17 —-12 046 33
21 =204 -144 0.41 29 019 -13 -004 03

*After Little and Pilkey [45]1 (© 1976, ASME; used by permission).
tSeven observations, eight planes.

*Seven observations, seven plenes,

Table 6.5. Comparison of unbalanced and balanced response of
rotor shown in Fig. 6.30*

Initial unbalanced Balanced

Rotor Speed response response Percent ‘
station (b)) (mils)  (mm) (mils) (um)  reduction
13 600 654 16.4 5.37 134 99.2

7 2400 109 273 2.52 63.0 97.6

19 2400 91.6  2.29 2.28 57.0 97.4

| 5 4800 56.1 1.40 1.14 28.5 98.0
11 4800 755  1.89 0.33 8.3 99.5
12 4800 824 2,06 0.56 14 99.1
21 4800 520 130 1.08 27.0 98.1
16 6000 239  0.598 0.29 7.3 98.8

*From Littte and Pilkey {45). Seven observations, eight planes.
1Objective function, no observation.
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to achieve this amplitude reduction has been demonstrated. A compar-
ison between the linear programming approach and the influence
coefficient method is shown in Table 6.6. The results obtained with
both methods are comparable through three critical speeds. At the end
of the speed range (i.e., 6000 rpm) the linear programming amplitude
is significantly smaller than the influence coefficient result for the
example and procedures applied.

Table 6.6. Comparison of rotor rdsponse obtained by ;ciliﬂ’erent balanc-
ing techniques*

Initial Balanced response
Unbalanced Linear programming’Direct mversnon‘
Rotor  Speed Response
station {rpm)  mils mm mils mm mils. um
13 600 654 16.4 5.37 134 5.37 134
7 2400 109 2.73 2.52 63.0 0.45 11
19 2400 91.6 229 2.28 57.0 0.16 4.0
5 4800 56.1 1.40 1.14 28.5 0.87 22
11 4800 75.5 1.89 Q33 83 0.72 18
12 4800 824 206 0.56 14 0.58 14
21 4800 52.0 1.30 1.08 27.0 0.63 16
16 6000 239 0598 0.29" 7.3 5908 148

*After Little and Pilkey {45) (®© 1975, ASME; used by permission). Rotor from Fig.
6.30.

fl!lght observations, seven planes,
*Seven observations, seven planes.
"No observation, objective function.
No observation, no bulance piane.

Difficulties expernenced by Little and Pilkey [45] in applying this
method are described in their paper. A relatively laLge number of bal-
ance planes has been used in the example, and froii a practical stand-
point the volume of data reduction and time involved might not be
justified, except in special applications. However, in emerging versions
of the influence coefficient method such data-taking is performed
automatically. A comparison calculation using, say, three or four bal-
ance planes to remove the effects of two bending critical speeds (e.g.,
of the rotors analyzed by Kendig {17]) would provide an indication of
the accurucy of the method under more usual circumstances.

Discussion: of the Influence Coefficient Methed

Successful applications of the influence coefficient technique
appear to include a wider range of rotating inachinery types than those
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reported for other flexible-rotor balancing methods, although there are
substantially fewer publications on influence cosficient balancing then
on the other methods. Known applications " include a hlgh-Speed
(24,000 rpm)- pump simulator; a long helicopter drive shaft (28 ft, six
critical’ speeds) tertain ultracentrifuge applications; and several small
steam turbines and small aircraft gas-turbine applications. Notable
features reported in these applications ate summarized below,
Convenience of Application. The method is simple to apply but
usually requires the acquisition of a largé amount of data; 2N sets of
amplitude and phase-angle -data are required for the exact-point-speed
version of this method and preferably several more than 2N sets {or the
least-squares version. The data acquisition is fairly straightforward, but
the amount of data required may become very large in cases where the

operating speed range involves many critical speeds (e.g., helicopter’

drive shafts). Some automated form of data taking and tecording on
tape or minicomputer is needed, preferably arranged in a form suitable
for direct use as input for the balance weight and angle calculations that
follow. Such equipment is available, and with such an arrangement,
this method provides a rapid and officient balancing procedure.

Accuracy of Balance Attalnmble. The factors that limit the
present form of the influence coefficient method are (a) the precision
to which measurements of amplitude and phase can be taken, (b) the
repeatability of the readings taken during a balance operation, and (c)
the assumption of a circular rotor whirl orbit.

To remove the first two shortcomings involves the use of a preci-
sion electronic data-sampling system capable of reading and storing
amplitude and phase data at all readout locations simultaneously, cou-
pled with a programmed statistical technique for evaluating the sampled
amplitude, phase, and specd data. Experience shows that these input
data may vary substantially, even over a short time period. The varia-
ton comes mainly from speed ﬂuctuations, and is especially serious in
the vicinity of a critical speed. With precise speed contro! cach reading
can be electronically sampled many times over a fairly short time period
(1000 revolutions, 1000 readings). The statistically analyzed results
may then be used to compute the required balance weights and angles
to give a refined statistical balance. An indication of the accuracies
attainable in practice with present methods is shown in the results of
Bishop et al., Hundal and Harker [46], and Church and Plunkett [47).
The effect of errors in measurement and in balance-weight installation
on the quality of balance obtained has been studied by Rieger [34).

The third shortcoming mentioned occurs when the whirl orbit is
elliptical because of the asymmetrical stiffness properties of the bearings
or their supports. To date, nv analytical balancing techniques that
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account for such elliptical whirling have been published. Anisotropic
rotor stiffness effects on the rotor orbit can be accounted for by split-
ting the rotor unbalance' U%, deflections wj, and influence coefficients

* ay into components corresponding to the principal stiffness directions

of ‘the rotor: ‘
UJO - H]o + lVo; W) - SJ + {7}
dﬂ‘x-aﬂ,*‘fﬂﬂ‘; ‘a,k,-a,*+i¢,,,.

The resulting influence coefficient matrix is then

r n =~ - - -
S o ettty €yttt ayg € HY
T, Bu 8y By 8y By By Ve
Si - a €yt by ey Ay €y Hjo
T, Bn Op By 8y By 8y VP
S Gpl €y Oy €yttt Opg €y qu

| L Bot Bpr By 8y vt By JL v J

To obtain the above expression requires that trial weights be added in
both principal directions in each of the n balancing planes. In general,
two ocorrection weights must be added in each balancing plane,
corresponding to the H}’ and V)’ unbalances, It may be possible in
some correction planes to insert a single correction weight whose mag-
nitude and angular orientation are determined by the vector addition of
the H° and ¥° unbalance vectors.

6.4 Othe: Flexible-Rotor Balancing Procedures and Experiences

Many other methods for balancing flexible rotors have been pro-
posed, and several are discussed in this section. In general, the
methods described have not received the widespread acceptance
accorded the methods of Sections 6.2 and 6.3, usuaily due to some lack
of generality in the proposed approach.

——
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Church and Plunkett [47] applied the mobility' method to the
balancing of a simple, uniform, flexible rotor. This method depends on
the known relationship between a point force F applied at location k on
a uniform shaft in rigid supports, and the transverse deflection of. the
shaf't at location

2L’ = sin (mr_/L) sin (nwz/L) F
"q 4*2 — wZLI

where L is shaft length, Ap is the mass per unit length, n is the mode
number, c is the location of Fy, and z is the location of r;. Evidently,
depends on the location of F, as well as its value. Also, for several
forces applied simultaneously,

Y -'auFl + aszg + angg, etc.

Letting each force correspond to an unknown rotating unbalance gives a
specific relation at each speed between the whirl radius r, and the
effective distribution of unbalance at the measurement locations.

The method was tested experimentally with a long, uniform, flexi-
ble shaft in end ball bearings with critical speeds at 500, 2000, and 4500
rpm. Maximum shaft speed was 2000 rpm, Measurement locations
were at 0.4L and 0.7L. Correction planes were at 0.2L, 0.5L, and 0.9L, ;
to balance first-, second-, and third-mode effects, "Mobility" values :.
| a = r/F were calculated for the test rotor using the above expression. ]
! Simultaneous equations relating measured displacement to unknown
| unbalance were then formed:

bt A © AR T b A e, B D P et 0
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These expressions relate whirl amplitude at locations j= 1, 2, 3 to
unbalance at locations k = 1, 2, 3. The shaft balancing procedure was
as follows:

|

1. Shaft runout was measured at each location j by hand rotation !
in 30° steps. Runout size and orientation were measured. !
2, The shaft was then rotated at three selected speeds, in turn.
The whirl maximum amplitude and its orientation were determined at §
each capacitance displacement sensor location, ‘q
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Since considerable difficulty was experienced in confirming the «-
mobility' values, the shaft was shaken with a vibrator. The critical
speeds were measured at 550, 2000, and 4180 rpm. Resonant frequen-
" cies were about 15 percent beiow calculated values. Nodes did not
occur precisely at the ideal locations (e.g., second mode 0.49L, third
mode 0.353L, and 0.676L). The effective unbalance at each messure-
ment location was calculated, and correction messes were added to bal-
ance the shaft: The shaft was tested through the speed range nfter
balancing. It continued to show amplitudes on the order of 60 x 1073
in. at the first and second critical speeds. Church and Plunkatt con-
cluded that the method represented a practical procedure for flexible
rotors and that it is not feasible to balance a shaft for operation at high
speeds when the data taking must be performed near the required
operating speeds. Recent practics has now overcome this rastriction,
using other methods.

The procedure described is an influence coefficient method that is
without the trial-weight steps, which has been optimized using modal
concepts. Such a procedure should be very efficient, but the test re-
sults showed that excessive amplitudes remained. Since other studies
have shown that the influence coefficient method is workable, the
problem appears to reside in the influence (mobility) coefficients them-
selves. With small very flexible rotors, high-precision measurement is
ossential and very precise speed control is needed. The control over
these factors may have been insufficient in the test described [47].
Similar problems were reported by Voorhees et al. [48] in model tests
on long, flexible, helicopter drive shafts. The substitution of calcula-
tion procedures for teats to determine the influence coefficients is po-
tentially a time-saving alternative, but it remains to be seen whether
calculation can give sufficiently accurate influence coefficients in prac-
tice.

Hundal and Harker [46] developed a modal procedure for balanc-
ing flexible rotors having an arbitrary distribution of mass and stiffness
along their length, with or without lumped masses, and without rotor
damping or gyroscopic effects. The unbalance distribution is not known
initlally and is also assumed to be arbitrary. The unbalance "function”
is determined by calculating a limited number of natural frequencies
and normal modes, which are subsequently calibrated using measured
dynamic amplitudes at selected axial locations, at suitable speeds.
Much of the work described is similar to the analysis of Gladwell and
Bishop [4], of which these authors appear to have been unaware. Hun-
dal and Harker begin with the basic dynamic equation of shaft dynam-
ics:

d
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where the symbols have their previous meaning. Rigid bearings are
next assumed, and a solution is sought for the boundary conditions

r(0) = r"(0) = (L) = r"(L) = 0.

The expression for the compiex unbalance whirl radius r(z) = x(z) +
iv(z) is again used to specify the shaft whirl radius in terms of modal
coefficients Y;(z) and shaft characteristic functions ¢,(2):

r(z) = i Y,(2)¢,(2).
ju

The transfer matrix approach is next introduced as a procedure for cou-
pling the critical frequencies and characteristic functions (modal
equations) of the rotor:

{gq} - [qullxply
where

.lg’}T - [’pn ’p'9 rpo’p]

and (g,}, (g,) are state vectors of the transfer matrix [7,,], which can
be solved for critical frequendies w and mode shapes ¢(z$ of the totor
in the usual manner (see Ref. 49),

To define the rotor balance conditions, the rotor eccentricity is
expressed as a modil series;

a(z) = 2 a; ¢J(Z)'
J=1
and the orthogonality relations

0 (#k)

L
j; m(z) ¢,(z) by (z) dz = M U=k

and

0 (#™k)

L
El(z) ¢,(2) ) dz =
J; z) ¢,(z) ¢, (2) dz K G-k

are used to define the generalized mass M, and the generalized stiff-
ness K.
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The coefficients in the rotor amplitude equation are then obtained
by writing

S m@ @) ¢, de =8, [ m) 97) dr = 8,M,

or

8, = -k [“ m(@) r(2) ,02) a2
) MI Q J 4

where M, corresponds to Z; in the modal analysis of Bishop and
Gladwell i4l. The principle of virtual work is then used to find that the
Jth modal amplitude is given by

() "'wz ()
Fle) = = a\z).
/ m}-wz /

Consideration is then glven tc expressing the modal components of any
concentrated unbalance (eccentric disk, correction mass) as a modal
serles. A concentrated correction P at z = ¢ is thereby expressed as

P, = i Pm(;){d’!(c)u
Jo J

Hundal and Harker [46] state that, in order for the rotor to be balanced
in the jth mode, the jth component of the unbalance must vanish,
Writing the unbalance as

m(@) r(z) = m(z) ¥ a; 8,0

J=1

means that, for a rotor with inherent unbalance, a correction P must be
located at a point z = ¢ such that

a ¢J(Z) + b_/ ¢J(Z) b 0',

that is, a4; = —b,. Substituting allows the balance equation for the jth
mode to be written as

Pm(@ ¢,(0) == [ m(z) atz) 4,(2) ds = —a,.

This determines that a single correction P applied at any point along
the rotor other than at a node will cancel the component of distributed
unbalance associated with any selected normal mode. The optimum
location of the correction plane is such that the least amount of correc-
tion is required. This requires that m(c) ¢,(c) be maximum in the
above expression (that is, at a local maximum in the characteristic
function for the mode),

A S A
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Balancing may be undertaken in several modes simultaneously,
The component of unbalance in the / th mode is

1
| -;ij'- a d)J(Z)
and therefore, for the rotor to bé balanced in the jth mede as a result

of the combined effect of corrections P, (k = i, 2, ..., ), the sum of
the balance equatlons should vanish, or

¢ &) ; Pk M(Ck) ¢J(Ck) + """‘ aj "ﬁ_,(l)

and

P, m(c) 8)(c) = ~a.
fm

Therefore, selecting the number of modes & to be balanced and assign-
ing values results in a set of simultaneous equations of the form

(mg){P} = —{a)),

which can be developed and solved for the required values of the P,.
Hundal and Harker specify the following rotor-balancing pro-
cedure:

1. Determine the required critical speeds and modés of the rotor,

2, Measure dynamic deflections at speed close to each critical
speed.

3. Determine each modal unbalance a,(z).

4. Evaluate the integrals for M, and ¢,(2).

5. Select the most suitable correction planes z.

6. Calculate the required modal coefficients at the correction
planes,

7. Formulate the simultaneous equations required to balance the
rotor and solve for the required corrections F,.

Note that the determinant |m¢| must not vanish. Also, the number of
vorrection planes must equal the number of modes to be balanced.
Numerically, a weli-defined solution for 2 will exist when the elements
on the main diagonal of the matrix are the dominant elements of the
matrix. This emphasizes that the balancing planes should be located
(a) at the maxima of the successive mode shapes, and (b) at the mux-
ima of the mass-distribution curve of the rotor.

Hundal and Harker [46] conducted experiments on a model rotor
of general shape to verify the above analysis. The first three natural

e e

SR P N




E A

TN TETTRIES

PFLEXIBLE-ROTOR BALANCING 397

frequencies were computed by the matrix method and confirmed by a
vibration test. The dynamic response of the rotor was measured by
swaeping the length of the rotor at given speede with a special ampli-
tude transducer head. Balancing was carried out in the first and second
modes, and a 4:1 reduction in amplituds was obtained. An important
observation made by the suthors is that no triil weights are required.
Their subsequent comment that successive approximations are needed
does not appear valid (as far as the balance obtained is concerned),

- though it may be correct in the senss thet a closed-form exact solution

can be achleved without iteration,
This method closely resembies the Bishop and Gladwell method in
its analytical approach and in the final balance squations. The balancing

" experiment, - though simple, domonstrates the effectiveness of the

modal balancing method using a computer approach.

Findlay (50] mads a useful review of the modal balancing method
with special reference to the analysis and experiments of Hundal and
Harker [46]. Findlay lirst reviewed the modal approach and its assump-
tions, and then discussed the practical limitations of modal methods. It
is noted that the rotor must bo run close to each normal mode when
obtaining modal data in order to achieve the accuracy required for
offective balancing calculations. Also, in practice, residual unbalunce

" makes mode-by-mode balancing essential in almost every case. Several

questions are left unanswered by Hundal and Harker: How sliould the
balance planes be solected? Which combination of correction weights
and angles will optimize the balance? How to deal with the problem of
two critical speads close together? Details of the number of balance
runs and measuréments required to obtain suitable balance dats were
omitted. Findlay has not commented on questions of satisfying the

“orthogonality conditionas for a rotor in flexible damped (real) bearings,

though this is covered by implication in the Hundal-Harker analysis.
He commented in general termis on several other balancing procedures,
such as the Influence coefficient method, and briefly compared these
with the modal balancing method. Findlay's conclusion was that pure
modal balancing is not a genermlly applicable balancing technique
becauss of serlous practical difficulties involved in acquiring useful
tolor response data and because the method described relies on calcu-

"Iatod normal modes and frequencies. Subsequent . experience has

demonstrated that, while these comments may psrhaps apply to "pure"
modal belancing, such methods as modal averaging huve iiidesd proved
effective in practice. .

" Den Hartog [33] discussed the requitements for shaft balancing
and reduced his results to the following theorem:
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- A rotor consisting of a straight weightless shaft with N concentrated
masses along Its lengrh,. supported in B bearings along lts length, and having
an arbitrary unbaldnce disiribution along the shaft but not restricted to the
locations of the concentrated masses can be perfectly bulanced at all speeds
by placing appropriate small correction masses in (N — B) d(fferent planes
along the length of the shaft. - o ' '

By perfect balance Den Harfos means that, "The bearings have no

motion at rotational frequency, and feel no force at rotationa! fre-.’

quency." He claims that nearly perfect balances can be obtained at all
speeds by balancing in N — B planes, where N now means the number
of rigid-bearing rotor critical spseds in the range from zero to four
times the maximum service speed of the machine. The objective of the
balancing process is to achieve the following conditions:

1. Cause the shaft deflection to be zero at all concentrated masses

and at all intermediste bearings; these conditions can be expressed as

(N - B ~ 2) equations.

2. Cause the sum of all centrifugal forces acting on the shaft to be
zero (one equation). :

3. Cause the sum of all the moments of the centrifugal forces te
be zero about some fixed point (one equation).

When this is achieved, the deflection at the disks is zero and their cen.
trifugal forces are zero, and the only remaining forces are due to small
unbalances and the correction masges themselves. Since the rotor then
has no significant centrifugal force, no force is transmitted to any bear-
ing. Whether the bearings are rigid or flexible then becomes irrelevant
because no force is transmitted. The basic requirement is to force
nodes to occur at the disks and at the bearings. The above is expressed
by the balance equations : '

L ma, =0 (one equation),
L zympa, = 0 (one equation),
Layma, =0 ((N- B - 2) equations),

Den Hartog next demonstraies this procedure with four numerical
examples: (a) uniform shaft in two rigid end bearings, (b) three-span
shaft in rigid bearings, (c) two-span rotor in rigid bearings, and (d)
two-span rotor with midspan hinge. These examples are all for uniform
beam rotora for which the influence coefficients are easily obtained; the
rotors are mounted in rigid bearings. The requirement that all rigid-
bearing whirl modes should lie within the range of four times the
operating speed is based on practical considerations.

e e iyl e e
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For practical purposes the procedure for Den Hartog’s method is
as follows: : '

1. Determine the vequired number of correction planes based on
the rules given above.

2, Solect suitable locations for the correction planes.

3. Determine the influence functions for the proposed correction
planes. The rotor is to be tested for these functions throughout the
operating speed range, using the trial-weight method. At each balance
speed, an influence function is required for each correction plane with a
trial weight in the other correction planes,

4, Set up the required (¥ — B) balance equations.

5. Solve the balance equations for the required correction masses.

Theory and examples are given to demonstrate this method, which is
quite gencral in application. The balance conditions are vector equa-
tions in the general case. The method appears to prescribe reasonable
balance conditions and gives clear guidelines for required correction
planes and balance speeds. in general, the requirement to run through
the speed range to determine the influence functions would seidom be
possible initially: a mode-by-mode procedure would be required until
an approximate bulance was achieved. Then the full-speed-range bal-
ance could be undertaken, checked, and repeated where necessary.
This procedure should give excellent results.

Teng and Trumpler [§1] described a balancing procedure for rotors
with shrunk-on disks in which the angular orientation of the disks on
the shaft would be arranged to reduce or eliminate the rotor residual
unbalance effect. A "disk sensitivity" criterion is described for deter-
mining which disk locations would exert the greatest balancing effect on
rotor performance. The bearing transmitted force is used to assess the
quality of balance attained, and, as described previously, this involves
tigid-rotor equilibrium and modal equilibrium considerations. A nu-
merical example of the proposed pronedure is presented. Calibrated ro-
tor mode shapes, obtained both before and after balancing by the disk
reorientation theory, are shown. The calculated transmitted force at the
overhung bearing is reduced from 3024.6 Ib (unbalanced) to 24.6 1b
(halanced). It is the authors’ recommendation that built-up rotors
should be assembled qfter the optimum orientation of disk unbalances
has been determined by calculation, as opposed to the current pro-
cedure of assembling the disks in & random sequence, followed by as-
sembly balancing. However, assembly eccentricity, warping misorienta-
tion, misalignment, high-temperature operation, etc., would still require
trim balancing after rotor assembly. It appears that this procedure
remains to be tested on an actual rotor.. Also, overspeed testing of all
high-speed rotors is now accepted practice, and with a rotor set up in a
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spin pit, the balance operations are readily undertaken. A possible
compromise is to assemble blade-carrying rotors in the usual manner
and to distribute the blade masses around the circumference so that any
differences in blade masses are used to optimize the rotor balance. It
appears that the Tang—Trumpler procedure will satis{y the condition

I m(z)r(z) = 0.

It may also be possible to satisfy the second rigid-body condition
T m(z)r(z)z =0,

but with evidently greater inconvenience. This condition could require
require axial disk movement, which clearly is less possible for most tur-
bomachines. Further, this condition must be satisfled with (at least)
the first modal condition

Y m(z) a(z) cﬁ.(z) - (

if the Tang—Trumpler procedure is to apply to a flexible rotor. Thus
the proposed procedure becomes more difficult to implement in practi-
cal flexible rotors.

Lindsay [52] has described certain practical balancing procedures
used in the turbine-generator industry. A vibration reduction of up to
75 percent in one balance "move" is claimed. The method relies on
reasonably circular journal whirl orbits and assumes that vibration
responses are independent from span to span in a unit. These pro-
cedures rely on extensive previous experience with similar size units in
similer bearings. Also, the size ranges of the various influence
coefficients that relate rotor response to correction weights must be well
understood. The steps involved are

1. Vibration vectors at both ends of the rotor are separated into
modal components.

2. Location of the "high spot" for each mode is determined.

3. Location of the phase angle of the high spot is determined for
each mode. This is done by observing a high-sput traverse of 180°
through the speed range for each mode.

4. Calculation by computer of the amount of the required correc-
tion for each mode.

The shaft vibration vectors can be divided into modal componentis by a

a Braphical method, related to the construction given by Moore [20] but

“without any trial-weight procedure. Lindsay [52] indicates that if the

three-loop mode is to be corrected, its components are separated from
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the single-loop components bv an analysis of relative journal displace-
ments at the respective critical speeds. Details are given of how the
dynamic high-spot phase angle can be found for each mode. A refer-
ence bolt in the turbine coupling is used as a phase datum. This
method requires no trial-weight runs, and accurate placement of the
correction weight in the first trial 1equires an understanding of the
high-spot traverse mechanics assoclated with the relevant critical speed.
Details of a sample balance for a 200-MW unit are gi -en, including the
use of the "balance shot calculator” used by Lindsay. It is stated that
more than one hundred rotors have been balanced in this manner, with
good (50 to 75 percent) vibration reductions achieved in most instances 1
in one balance move. ,
LeGrow [53] has discussed multiplane balancing of flexible rocors
and has described a matrix method for the direct solution of the equa-
tions of motion, in which the disk unbalance is the unknown. Reliable
solutions by this procedure depend on accurate measurement of the
whirl amplitude and especially the phase angle. The direct method has {
the practical advantage of not requicing many costly trial runs to estab-
lish a matrix of influence coefficients. In this procedure the rotor
influence coefficients are obtained by calculation, not by trial-weight
tests. The resulting coefficients were verified by a critical speed test on
, a model rotor. The observed ciitical and calculated critical speeds were
\ 3200 and 312> rpm, respectively (2.4 percent accuracy based on fre-
) quency or 5.8 percent accuracy in the coefficients themselves).
Unbalance-response data were taken at 2800 rpm, und the balance
g! welghts were calculated. The balance corrections obtained were found
_ ‘ to be insufficiently precise to balance the rotor, and a triai-weight pro- )

o+ g o e it

cedure was used to obtain an average amplitude reduction of 8:1. Sub-
sequent experience with medium-size generator rotors appears to have
been more encouraging: amplitude reductions of between 9:1 and 43:1
have been observed at various locations using the direct method.
Kushul’ and Shiyakhtin [54] have given a detailed review of modal
balancing theory, together with descriptions of certain modal balancing
techniques used in the Soviet Union. The theory and procedures apply
to complex multidisk rotors with both concentrated and distributed
mass-elastic properties. Two or more radially rigid bearings are
- included. The authors give a number of theorems for balancing flexible
. rotors and discuss the determination of balancing planes for the most
! effective suppression of certain modes for four given rotor
. configurations. Three numerical examples are given to demonsirate
practical applications. Although complicated, the mathematical pro-
cedures are described in sufficient detail to make this a valuable peper.
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The influence of gyroscopic and rotatory inertia on the balancing
process is recognized as a defect in the theory that affects the critical
frequency and the associsted mode shapes on which the balancing
theoremns dopend. The methods presented are further restricted to
rigid-bearing concepts. The authors comment on the procedure given
by Den Hartog in this regard—perfect balance requires zero journal
motion—and they express reservations about the degree to which this
" ¢ondition can be met with a continuous mass-electric rotor for which
only the lower mories are corrected. Furthermore, they have observed
slow convergence of the modal series, which again suggests tc them
that the higher modes will in general require some degree of correction.
They again concur with Den Hartog's recommendation that rotors
should be corrected for all modes below four (or five) times their
lowest rigid-bearing critical speed. The influence of damping is omit-
ted, and the modal forms are plane curves. These assumptions are
necessary 10 make the analysis tractable. No corielation with experi-
mental or test results is mentioned.

The modal theory developed by Kushul’ and Shlyakhtin results in
the following theorem for flexible-rotor balancing:

In order to remove vibrations to the k-order under any angular rate of
rotation with the use of n balance welights distributed in the given roior sec-
tions, without causing vibrations of order 1, 2, ..., (k—1), (k+l). ceea iy
the balance weights must first of all be placed in axial plane k and irclined
at a specified angle. Secondly, n static moments Uy of mass My; (j=1, 2,

.., n) for the balance weights must be determined from the system of
equations:

z Mki ¢k(2/) +a, = 0
J=1

and
2 My ¢,(z) =0,
J=1

where s=1,2,...,(k—=1), (k+1), ..., a The first equation is
identical with the modal balance condition expressed by Bishop and
Gladwell (4]. The second equation is the condition for suppressing the
higher modes. Kushul’ and Shlyakhtin [54] comment on this pro-
cedure as foliows:

In this manner, for each order of vibrations a strictly determined
relationship of static moments M, is established; they do not depend
on the distribution of inbalance {sk] of the rotor, bu! are determined
by its calculated diagram (mode shape) and the selection of places of
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distribution of the balance weights alone. Tne proportion of M,
M2, ..., My, can be calculated in advance for each mode. Their .
knowledge simplifies the process of rotor balancing, By keeping these
ratios fixed It is sufficient to vary only one parameier, independent of
the number of .balance weights, lo completely eliminate the & har-
monic, as long as its plane of aclion Is-known,

The requisite theory for these operations is included in the paper.
Higher orders than » remain unbalanced.

"~ Kushul’ and Shlyakhtin discuss several other topics, using the
theoretical developments as a basis for the explanations, in a general
attempt to formulate guidelines. For example, they consider the most
effective location of the correction planes, together with certain practi-
cal f)actors that influence plane selection (e.g. maximum error toler-
ance). :

The authors next present a ‘neoretical treatment for the balancing
of multibearing rotors, stating tt.at, irrespective of the number of bear-
itigs, k balance planes are able to correct the k lowest modes of a rotor,
Again, k is to be selected so that the kth mode is four to five times
greater than the lowest critical frequency of the system. A "combined"
method of balancing is described in whick (» — k) additional correc-
tions planes are used (n > k) to correct through the nth mode.

In this manner, the lower modes are to be completely wuppressed
and the higher mode effects are reduced. Mathematically, convergence
of the modal series to zero is hastened. A sample application for &
rotor in b bearings with a single concentrated mass per span is given,
The authors 4lso give a procedure for estimating the unbalance force at
the sth bearing from unbalance in a given plane for unbalance. The
resction at the bearing distance z from the origin is

wz
Pl(w) - :o}— PI(“’O) + zasl’s {¢R ¢L}l

where
w = circular fisquency for which force P,(w) is required
wy ™ circular frequency for which bearing force P,(wg) is known
a; = modal unbalance for the sth mode
¢, = characteristic equation value to left of the sth bearing
¢x = characteristic equation value to right of the sth bearing.

The quantity », is defined as

R - S W o
vy Aul 3 (ww&)Elws]qb()«,z).

S adi. T Fiz S A s L i, e




404 BALANCING OF RIGID AND FLEXIBLE ROTORS
with .
BRY ! . 2
(/)]
El'&n - _‘u— + 1‘ Jl. _-9" + ey
Wy Wy W,
P a
A, “E

w  critical frequency for the sth mode, . ‘
¢(A,.z) = value of the modal function for argument Az,

and p(= w/g). The terins £ and [ have their usual meauing tor a uni-
form rotor. The authors recommend the above formula for evaluating
the quality of balance. :

Dimentberg [5S] has discussed the theory of flexiole-rotor balane-
ing, a topic which is not covered in his book [56] on rotor dynamies:
This paper is a review of balancing papers that includes selected results.
The stated intention is to describe most of the recent developments.
The basic criterion for balance is that the bearing reaction forces shall

be reduced to negligible proportions. This question resolves itself into .

(a) determining the axial locations where the correction weights are to
be placed, (b) how many axial planes are required, atid (¢) measuring
the effect of the rotor residual unbalance on response magnitude and
phase with the rotor tevolving.

Several charts are presented for the effect of balance weights at
various locations on a two-bearing rotor. Brief discussicns of several
methods with applications from Soviet authors are given. The paper by
Den Hartog [33] is briefly discussed.

In addition to the balancing of deformed shuafts and othier rutating
components that have not yet been fully studied, Dimentberg indicates
several important problems:

1. The balancing of rotors carrying large disks subjected to angular
precession of a veiocity different from the velocity of the rotor,

2, Methods for correcting unbalances induced by differences in
the elastic properties of both the rotor and the bearings in two mutually
perpendicular directions and induced by the torsion of a long sheft sub-
jected to constant torque (turbogenerator rotors).

3. Temperature effects and complex conditions in bearings.

4, Methods for balancing rotors of varying masses in process
machinery.

5. Developments in automatic baluncing of flexible rotors.

Dimentberg discusses t1e¢ work of Hubner [57] in some detail. He
makes no reference 10 the influence coefficient method as an important
recent development. (Bnth paners may have been in press at the same
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time.) He makes no reference to any application of computers to
balancing. : :

~ Several other interesting papers by Czechoslovakian and Russian
authors are discussed below. In general, ihe Russian papers appear to

be oriented more toward theoretical procedures, whereas the ]
Czechoslovakian papers deal more with the practical aspects of the
problem. :

‘Simek [58] proposed an early balancing method that uses two sets
of balancing masses in several (four to six) balancing planes. Three
trial runs are needed to determine balancing masses. The first run is
made with the first set of three balancing masses chosen in such a way
that the balance of the rigid rotor would not be influenced. The third
run is made with the second set of three balancing masses. The test
results are used in the following equations:

Vol |Ba2Bas] D1

Vol  |Bs2 Bas] |
where (V) is the forced-response vector measured at the rotor supports, ‘
(8] is a matrix of influence coefficients to be determined, and (D) is .
the unbalance mass vector. The method has been used in practice and P
is suitable for rotors whose operating speed does not exceed the first
critical speed by too great a margin. This paper was one of the first
publications to deal with flexible-rotor balancing and is a condensed
rosearch report written in 1953 at the National Research Institute for
Machine Design, Prague, Czechoslovakia.

Frym) and Boruvka [59] have proposed a method for balancing
rigid and flexible rotors that have unequal shaft stiffnesses. This
method is suitable for an operating speed approaching the first critical
speed. In the case of a rotor with equal stiffnesses, at least three
balancing runs are necessary; in the case of unequal shaft stiffnesses, at
least five runs are necessary. This paper and that by Parkinson [16]
appear to contain the only methods specifically proposed for such
shafis. A paper by Julis und Boruvka [60] describes a procedure for the
optimal placement of balancing planes (two planes a2 considered in the
enxample). The influence of the balance plane locations on the responss
curves is shown for different cases. In each cese the rotor was balanced
for its operating speed. The second part of the paper discusses the
effect of unbalance distribution on response curves.

Julis [61] has discussed the problems of balancing a rotor that
operates in several bearings. The paper covers both rigid and flexible
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rotors. First, a theoretical discussion of a rotor mounted in three sup-
ports suggests that the balancing of such rotors may be very difficuit,
and then a balancing method for these rotors Is described. After low-
speed balancing, a set of three balancing masses is used to eliminate the
deflection due to the internal moment. The balancing masses should be
chosen in such a way that the resulting static and dynamic effect of the
set of balancing masses equals zero. The location of the necessary
three balancing planes should be based on the mode shape of the shaft
at speeds close to the critical speed.

Gusarov and Dimentberg [62] studied the dynamic effect of distri-
buted and concentrated unbalance forces on the balancing of rotors,
including the problem of balancing flexible rotors with a limited
number of correction planes. The absence of dynamic reactions at the
supports and optimal reduction of bending stress is required, and the
influence of damping is considered.

Mikunis [63] has investigated the forced vibrations of a flexible
shaft mounted in two rigid supports. A constant cross-section and a
uniform mass distribution of the shaft are considered. The effect of
external damping Is incorporated into the solution for forced vibrations
of the shaft.

Gusarov [64] has investigated the problem of eliminating the first
and second unbalance modes for speeds below the second critical speed.
The balancing is provided in two balancing planes by two correction
masses. It is assumed that the influence of higher modes on the low-
speed balance can be neglected. The question of the optimum locations
of the balancing masses is also discussed. A shaft of constant cross sec-
tion without disks is vonsidered. The paper indicates that, unless the
rigid-rotor modes have been previously removed, there may be
insufficient balancing planes available to significantly improve the rotor
balance condition.

Yanabe and Tomara [65] have presented an analytical study of
multiplane balancing for a4 general two-disk rotor with end bearings.
Their method makes the usual assumptions: bearing amplitudes are to
be reduced to zero by correct balancing, damping is negligible; gyro-
scopic and rotatory inertia are negligible, and pedestal—foundation
resonances do not affect rotor operation. The method is a matrix solu-
tion for the amplitudes at both bearings and at the correction plane 1o«
cations: that is,

[lul [X} ~ wzlm] lx, - O)Z{U}:

where
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{ay] = matrix of influence coefficients (6 X 6)
(m)] = system mass matrix (6 x 6)
W s Irotor circular frequency |
(U} = unbalance vector (6 x 1)

(x) = displacement amplitude vector, (6 x 1)

This expression is then inverted, and a solution for {x} is obtained:
(x} = [(ay) = &?(m]]" {U); (U}T = (U,,U,)7.

Next {x} is set equal to zero, and the above expression is partitioned to
solve for the four unknown balance corrections {U.} by substituting
measured values of the disk amplitudes, from which the disk unbal-
ances {U,} are determined. The required solution is

2,0 =~ o?m, a{?] (Uy] [0
'b:l) .l(f) U, “lol’

(Uc} - {.{,2)]-1 [(lbl) - wzm,)] (Ud’.

The method should be generally applicable for an N-disk rotor
with (N + 2) arbitrarily selected balancing planes, As presented, the
method requires that a matrix of influence coefficients be calculated
from the rotor geometiry to establish the balance conditions. The use
of a computer is required, and while the method works quite well for
the simple examples given, the analytical approach could lead to
numerical difficulty and error with rotors of complex geometry or with
multibearing rotors. The calculated rotor stiffness may be significantly
in error where disk shrink-fit construction contributes any stiffening to
8 built-up shaft assembly.

The procedure is a discrete mass version of the (N + 2) modal
method in which the balance corrections are to be developed directly
from the whirl amplitudes, similar to the procedure described by Hun-
dal and Harker [46]). Two shaft measurement locations adjacent to the
bearings were used. Amplitude reductions of about 4:1 were observed
from the test results, and the resonant amplitudes appear to have been
eliminated in each instance. It remains to be seen whether repeated
application of such "direct" methods will lead to improved balance.

that is,
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Present indications are that residual amplitudes are high. Experiments
with modern instrumentation are needed to resolve this important
question. Lindsay's [52] successes. should provide strong encourage-
ment for additional work with direct methods.

6.5 Comparison of Flexible-Rotor Balancing Methods

The basic requirements for ali rotor balancing methods are

1. Functionality,. The method must work in a reliable, consistent,
and predictable manner. :

2. Efficiency and economy. All aspects of the balancing process
must be undertaken in an efficlent, cost-effective manner, with a
minimum number of intermediate steps.

3. Quality of final balance. The method must be capable of bring-
ing the rotor to a prescribed balance quality consistent with its function.

These basic requirements can be used as criteria to evaluate the various
methods and procedures described in this chapter. In making this com-
parison, information on each method was obtained primarily from the
aviilable literature, though personal experience and discussions with
various authors have also contributed. It should also be recognized that
not all methods need be general techniques. The eventual criterion is
the extent to which a given method meets the above requirements in a
particular circumstance, which clearly may involve the facilities avail-
able to the balancing engineer as well as his skill and experience. The
comments presented here therefore attempt to compare the various
balancing methods on the basis of the above criteria,

N-Modal Method: Bishop, Gladwell, and Others

This method is a set of guidelines and criteria for N-modal balanc-
ing. No specific hardware or algorithm is associated with this method,
though Kendig [17] has programmed the results and computer-balanced
two rotors by the procedures described.

Ffunctionaliy. The method works in that & capable engineer can
balance a given rotor by adhering to the guidelin~s provided. Parkinson
et al. [66] have verified this method in the lavoratory. Lindley and
Bishop (67] and Morton [68] have applied it to turbine-generator rotors.

Efficiency and economy. The required steps are concise and
efficient. The time needed to balance any rotor depends on operator
skill and the equipment avaliable.

Quality of final balance. Not documented. Kendig found balance
quality comparable with that obtained by other methods In most
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instances, This method was generally superior to the (N + 2) modal
method and inferior to the influence coefficient method. Miwa (25]
found the N-modal method to be inferior to the (N +2) modal
method in a theoretical comparison. -

Comments. The Bishop—Gladwell method will oontlnue to be a
valid set of guidelines, which are now well accepted. The method is
gonerally applicable to high-speed rotating machinery. Baier and Mack
(40] found difficuity in applying these principles to long slerider shafts.
Published work suggests that the method bscomes Increasingly diffiult
to apply as the number of modes involved becomes more than three.

Practical N-Modal Method: Moors and Dodd

This method is & set of empirical procedures based on N-modal
principles. The iechniques involved are simple and well documented,
Several vector constructions are available for specific balancing prob-
lems encountered in practice. The method has been proved on high-
speed electrical equipment and turbine rotors.

Functionality. Moore has applied this method for 20 years to
medium and large flexible rotors, Giers has tested the method against
the (N +2) comprehensive modal method. Kendig has tested the
method for two rotors. There is ample evidence that the method works
well,

Efficiency and economy. No documented information is available
on how long this method typically requires to give a balance of the
prescribed quality. Few trial runs seem necessary, but this could result
in leas quality improvement per operation. In practice the hand opera-
tions can easily be performed on a programmable calculator, The bal-
ance inoves are time consuming, and a moderaie level of operator skill
appears to be necessary,

Quality of final balance. Acceptable Lalance quality may be inferred
from the number of rotors (hundreds) that Muore has successfully bal-
anced for shipment. No additional documentation appears to be avalil-
able on quality for this method, though Bishop (private communica-
tion, 1971) has commented that superior resuits were being achieved
with this method compared to other flexible rotor balancing procedures
then in use,

Commenis. Data published by Moore and Dodd, Glers, and Ken-
dig establish this method as a primary one for flexible-rotor balancing,
It requires a well-trained operator and apparently has not yet been com-
puterized in general usage.
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(N + 2) Compuhenllu Modal Balancing: Federn and Others

This method is a a8t of procedures widely used under a variety of
names. Rotors are first low-speed balanced and then modal balanced.
The low-speed balance step is controversial but _la‘practlcad extensively.
Certain users have recently computerized this metliod. .

Functionaliy. The method has been widely applied, and its abllities
have been well documented by Federn, Giers, Kellenberger, Miwa
Kendig, and others. Widespread use demonstrates that it works well.
Effectiveness may depend on the olass of rotor involved, and on the
quality of rotor manufacture.

Efficiency and economy. No information appears to' be available on
the efﬂciency of this method The low-apeed step requires additional
time,

Qualiy qfﬂnal balance. Acceptable quallty may again be inferred
from the number of rotors that have been balanced by this method‘
This method also requires a trained operator.

Commenis. Most applications appear to proceed with a trial-weight
technique. Commonly, this is doré in a balancing machine or balance
facility' where low-speed balancing can be undertaken. Kellenberger has
computerized the (N < 2) procedure, and he does not specify the use
of trial weights [22). If (N + 2) balancing were to be computerized

and effectively converted to a direct procedure (no- trial weights, just

mode shapes and rotor measuremerts), it would be far more time-
efficient than the other modal methods.

Influence Coefficient Method: Goodman and Many Others

A specified sequernice of measurements is made involving the nrigi-
nal unbalance condition and for trial-weight runs. Neither modal
knowledge nor precalculation is necessary, but such lnformation is use-
ful for guidance.

Functionality. A wide variety of different rotors has now been
docuraented as having been successfully balanced by this method. The
method has been extensively documented in the literature,

Efficiency and economy. Even though the method has been compu-
terized, the trial-weight procedure is time-consuming; this reduces
efficiency. In use, the method inay be comparatively costly because of
the equipment now available for data acquisition, signal conditioning,
and date reduction. Conversely, m