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Executive Summary

The research objective for Phase I of this work was to demonstrate the feasibility of

establishing optimal shapes for hypervelocity projectiles, considering simultaneously the

effects of drag, Internal volume distribution and Impact effectiveness. Utilizing classical

optimization analysis and hypersonic Inviscid flow theory, minimum pressure drag bodies

were obtained subject to various constraints. It was then assumed that the shapes so

obtained corresponded to the solid body plus a viscous displacement. Utilizing state-of-

the-art turbulent boundary layer theory In an Iterative mode, the solid body shape was

then determined along with the skin friction drag. Relative to any specified reference

penetrator shape, the Internal volume distribution effectiveness may then be character-

ized. Subsequently, the loss In kinetic energy of the projectile along Its trajectory Is

computed and the Initial stage of Impact Is computed from a Navler-Stokes numerical

simulation In order to quantify the target damage. As a result of this procedure, various

candidate hypervelocity projectile shapes may be competed against one another from an

overall mission point of view



Discussion

The prediction of optimum aerodynamic shapes has a heritage dating from Newton to

the present time. Traditionally, simplified InvIscId flow models are combined with classi-

cal optimization theory in order to derive minimum drag configurations . More recently,

Incorporation of viscous effects at on- and off-design conditions has been approached,

as shown In the Appendix. Relative to the smart hypervelocity projectile design problem,

additional considerations beyond aerodynamic drag are relevant. Included In these are

the Internal volume distribution and the impact mechanics of the penetrator which fits

within that volume. The present research sought to make a contribution to the design

of opUtmally-shaped hypervelocity projectiles by considering all aspects of the mission,

Including viscous effects on the minimum drag body, as shown In Fig. 1.

Initially, the minimum pressure drag shape (herein assumed to correspond to the solid

body plus Its viscous displacement) for various constraints may be sought from standard

optimization techniques applied to the Integral:

I f cp A

where C Is the local pressure coefficient and •A Is the local surface area Is the stream-
p

wise (drag) direction divided by the base area. k.coiJIng to the EuPrr-Lagrange equation,

the pressure drag Is minimized when.

d/dx (a3/arl) Wa1r =0 ,



where:

- E Cp d /dx

dA/dx = 7 Y'

r•=- r/rbase

r'= d`I/dx

For axlsymmetrlc flow, the Newton-Busemann approximation for the local pressure In

hypersonic flow may be written:

C v 2.0 (02 + rO'/2)p

where 0 Is the local Inclination .of the surface to the flow. This simple formula allows

the Euler - Lagrange equation to be Integrated subject to various constraints, as we

shall see. In addition, týowever, It Is possible to Integrate the Euler -.Lagrange equation

S"numerically and compute the local pressure field from hypersonic small disturbance theory,

wherein the streamwlse variable becomes 'tIme-like" and we are able to compute the

Inviscid field from the equations presented here. This approach readily admits the treaL-

ment of non-axlsymmetrlc, for example square cross-secto n, bodies.

-- • 3.



THE HOKENSON COMPANY

HYPERSONIC SMALL DISTURBANCE EQUATIONS

y

19 U&v girt I aB
e. x ty

go

+ +

-- 0

GUSTAVE J HOKENSON. PhD* CHIEF SCIENTIST• 840 S TREMAINE AVE, LOS ANGELES. CA 90005SNTEL0 1131 93S.3743



Various shapes which result from the Newton-Busemann formula shall be discussed In

the next section.

As mentioned earlier, for the purposes of this research, the shapes so derived were

assumed to be associated with the solid body plus Its viscous displacement. The validity

of the assumption In hypersonic flow rests on the fact that the displacement thickness,

6", approximately equals the boundary layer thickness, 6, and, from considerations of

continuity, the slope of the Inviscid streamlines at the edge of the boundary layer equals

the streamwise gradient of the displacement thickness:

tan 0o e = Ve/Ue = d6*/dx .

Therefore, In hypersonic flow, the edge of the boundary layer Is approximately an Invi-

scid flow streamline. It Is well known that, In InvIscId flow, any streamline may be

replaced by a solid boundary. As a result, the solid body shapes which support the com-

puted optimum viscous displacement shapes may be obtained simply by subtracting 6.

Several caveats apply. here, however. First, If the flowfleld conditions do not justify the

"approximatlon that 6P * , the 6P correction procedure must be modified. in addition, we

note that In hypersonic flow this approach Is not equivalent to the heuristic use of 6P

corrections In, for example, Internal flows where the equivalent uniform inviscId flow Is

often Introduced on the basis of global conservation of mass flow arguments. Finally,

the definition of 6P for slender bodies must be treated with some care as explained In.

the following article.
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D =local body diameter The terms on the right hand side of Eqs. (4) and (5) are also
H =shape lactor,.56/0 the exact form of the grouping of variables which appear in
h =enmaalpy the two-dimensional integral boundary-layer equations.
M =.Mach number For the axisymmetric situation, the local differential area
N = exponent in power law property profiles through the boundary layer may be written
Pr = Prandtl number
R =local body radius dA =2T(R *.y cos a)dy (6)
Re = Reynolds number
T = temperature where:
U = streamwise velocity component
W = two-dimensional width, Eq. (3) a-tan" - "dR/dx) (7)
x = streamwise coordinate
y - coordinate normal to body surface The + or - sign in Eq. (6) is appiicable to external or internal
a = local slope of body surface. Eq. (7) flows respectively and R is the local perpendicular distance
I = ratio of specific heats from the axis of symmetry to the body surface. Utilizing this
6 =boundary-layer thickness differential area in Eqs. (1) and (2) results in the following
V - displacement thickness. Eq. (1) expressions for the displacement and momentum thickness
61, =enthalpy thickness
e = function of Prandtl number and flowfield I t

parameters IrF4+ 3 - (!-)(I+2v)dtaO (8)
A -density
* -momentum thickness. Eq. (2) and:
r a transverse curvature parameter. Eq. (10)
4 - normalized y coordinate, Yih
- aindicates quantities nondimensionalized by 6 for. e 4- (J-Illl+2vld•aO (9)

integral thicknesses and by freestream values for
dependent variables Two-dimensional flows are embedded in this general for-

.OWA.RS mulation as the limiting case of , 0, whereaw -adiabatic wall cendition
4 . freestream conditions ro *6 cos aiD (10)
o -integral parameters in the formot(Eqs. (11) and (12)
2D a two dimensional and the * sig. carries the same slignlficam•'e as previously
w awailconditions noted. Since r. 6 and i are significantly less than unity for the

majority of cases of intestr. Eqs. (8) and (9) can generally be
OUNDARY-layer displacement and momentum appoximated by
ithicknesses may be introduced by comneptually.

unifortnizing the flowflield properties throughout the
boundary la)er. In order that the mans flux past the wall in the
sueamwlse direction equal that In the boundary layer with
nonuniform flow, the wall (and therefore ihe external flow
streamlines) must be shifted a distance 6' normal to its own
plae Ej e in mathtnaical terms. thscan be written (12)

Upon Integrating, the dsymmettic equations of motion
acrots the boundary layer (Ref. I). the resulting momentum

"Similarly. the net momentum defect of the nonuniform flow integral equatio expliisy involves the term HM, and ., in the
In th,.boundmay layer mutt be matched by the uniformhzW. ,
flow, foarng the total momentum in a layer of thickness 9
adjapent to ft wall to be accountd for duou the do, 0d

dt 'dx dx 2

(1) wh.er

In both Eqs. (1) and (2) a cordinat system which Is at. Hu6*. (14)
tahed to the wall has been utilized and the y4xis is assumed
to be nmal to the local body surlace. In the two. da 6 and (l. •and C6 at) m calculaed from the
dimnsional conf•guraton. the differential arf throtugh dw anmenioal counterparts of Eqs. (ll)acd(12).

It Is now apparent that the uniformly valid physical
e fa d W4- (j) desriptions of the diplacement and momentum thickness, is

eapesud matheMically bY Eqs. (1) and MZ). suppy
where W Ithe local transveseflowfNld dimention. With this telationihips which are identi"l to those aIppring in the
epretssion bpUleW to Eqs. ti) and (U the followi 8 casicai goternin8 momentum integral oqutios for valoes of ir

g"enerally tnwuntered. Howctte, fo( tae of ta, I r *wth
Elowlied Mcoditios w hic generate large values of 61 and 9.

"- Eqs. (8) and (9) shoul be applied when aluvisati•n the in.
*, _")49-i;• (4) (tital thickness patanwitts *,hik hav-e been descrbed

phys•cally (8'. 9). while the appropdate forms of 6. and#, aur
utilited In the solution of the equations of motion.

The prinwipal point 4f this Note is to emphasize those
.stuations in which the terms 6" and i are bin considered,
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apart from their relationship to terms appearing in the --.
governing conservation equations, and in which the ex- T..
pressions generally employed for their evaluation are those .. ,
appropriate to 47 and 9,, For example, consistent empirical --...

correlation of the skin friction coefficient with momentum
thickness and the shape factor with the various independent Fig. I Depeadence of 0 and
flowfield parameters should extend more universally into the H on t and T. for a constant
large r domain utilizing the general expressions contained in pmrese turbulenl boundairy -' 5 1 5 20 25
Eqs. (8)and (9). In addition, the use of displacement thickness layer. AM., -.1 1.4 T
distributions to generate "effective bodies" in hypersonic and Pr.0.72.
flow utilizing the tangent cone approximation or in the study -
of the entry region of an axisymmetric pipe flow would '
benefit from the use of Eqs. (8) and (9) which result directly
from the simple physical descriptions of displacement and ,, 2 r . .

momentum thicknesses.
The results of the investigation reported here provide

general indications of the limits on r for which the terms 8., becomes increasingly positive white the shift in position of the
P. and H, that arise from the integral conservation curves for a varying N amounted to a few percent for each
equations are valid measures of 9, P and H which have their integer change in the exponent.
basis in the dcvelopment leading to Eqs. (I) and (2). Given the Utilizing the results presented in Fig. I and Eqs. (15). the
dependence of ,. P and H on r and the parameters which percentage difference between the two displacement
characterize the flowfleld, the values of 0,. 8% and H, can be thicknesses at r = 1.0 and t'. - 4.0 has been calculated to be
obtained from the following relatioks, derivable from Eqs. 40% while the shape factors differ by 2847s. It is thus clear
(8). (9). (11). and (12): that, for high ? boundary layers, utilization of the physically

describable entities F" and 9 must be carefully distinguished
from the terms 31,, and i,, which arise in the governing in-

•- : (I5a) tegral conservation equations.
To this point, other commonly used integral boundary.

layer thicknesses (Ref. 3) have been neglected. inasmuch as
--- +j.-- (I Sb) their usefulness lies primarily in the fact that they allo% the

governing equations to bc presented in a compact for.

S- H • imutation. Their application to procedures outside the scope of
(ff•' . ) 0 SO solving the equations is relatively limited One infrequent

H I To exception is the use of the enthalpy thickness (64) to correlate
the dependence of the Stanton number on the Reyntld

These equations also provide the percentale difference number, Ret. as shown in Ref. 2.
between the two sets of integral thickness variables of interest. The enthalpy thickness can be introduced on a purely

In order to determine the quantitatlivc effect of r on the physical basis in a manner Identical to that used for the
displacement and momentum thickness" for a repretsentative momentum thicknets. The rfeltinl mathemtical expession
case of interest, the followint formulas for the distributions for this physical teit-y i
of velocity and temperature through a constant prtewre
turbulent boundary layet have been utilized:

By Integrating tht axltsymmarrc entegy equation through the
tP.0 + b ÷ CV(16b) boumlary layer, the term 6,,ises naturally rorm dt in.

leratlon procedUr. Qwhere
for thewe computations. the term # in the coefficient b of Eq.
(16b). which chatacteres the lack of similarity betw*e the
velocity and temperature fields for PNandrl utmbers diffet-nt . (19)
from one, has been set equal to unity.

If it is assumed that the ptesure is tonutant aros the E4.(l$8)cathetefocebewtitn:
boundary layer (anmhe apwt of large r layers to be
quantitsttiely evaluated), Eq%. (161 can be applihd to kqs. ti)
and (9) and the resultAnv intetral pitametets computed ai a
function of thbe pitwicpa[ ideptndewt flowfield vatiablet How-ever. for a perfctc gat botndary4svtt flOw with cwstant

N. . +.H PV1..M.MI (lv) pee tisreactro thei vsous tegion. it is posiblt so shoA that

The effects of t,Pe.M. and Ndid nt significantly arfect the p, m'5-I1 (+2tI.(
specification of a chatactemoic r for %hich the integral
bounda.y-layer characteristics, as evaluated ti) Eq%. (S) a If a v4ci4t profile of the form pIfctsltd I& Eqs. (161 is
(9). depart Itom thesaluri cakulaited from L4%. (I I WnW(I-. utuiz.l Eq. (2il fesull ig
Therefore, at M. -2 and X- 7, the influence of t. arid -. on
the itegrail patameters and M hits been computed for sit ___+_

with Ii1.4 and Pi.ta12 a' thown in Fig. 1. The data ent. - [ N.1)(J N+I)J
compa,- a wide range of ,alue for t and t., no! because they
ate phy•ially likely to occur but solely to etpose the vatiable Tiefore. the generalied etnhalpy thidires, ith which the
dependeactt of interest. coevectise heat transfer it to be •otoelated, may be computid

Mach tIumitt from 0-4 and poott-lia eponntI fkotm rom F4. (M&5j•. wtiui in the (tom
$- 10 all eshitlhed cur'et of similat shape At higher Mah
numbert the sensottsit) of H to r fot cod wall condmt-on(
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with 6h being evaluated utilizing Eq. (22) and the results of
"computations similzr to those presented in Fig. 1.

Finally, the generalized definitions for each of the integral
thicknesses employed here are compatible with the limiting
case of axial boundary-layer flow over a needle. In this
situation r approaches infinity and each of the integrals
reduces to the form of the following equation for
displacement thickness

OU -,Al -•a)d (24)
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With this justification, the solid bodies which support the optimum viscous displacement

bodies may be established by first computing the displacement thickness and then sub-

tracting it from the optimum snape. This procedure is necessarily iterative inasmuch as,

although the Inviscid pressure field is known, the solid surface Is not. Therefore, the

location of the surface boundary conditions Is also unknown. The iteration begins by

assuming, Initially, that the solid body shape is the computed optimum shape. The resul-

tant boundary layer displacement Is then subtracted from the optimum shape and the

entire procedure is repeateo. At high Reynolds number, convergence is obtained within

a few cycles. At low Reynolds number, convergence may be ensured only by partially

correcting the first guess solid body sh:.pe so as to ensure that a large overshoot does

not occur.

Computation of the viscous flow displacement and skin friction at each Iteration Is

carried out within the framework of the following equations, utilizing standard notation.

.10-
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Cncne the solid body shapes have been computed, the Internal volume distribution may

be calculated. During Phase I, a simple right circular cylindrical penetrator shape was

assumed. The maximum volume of such a cylinder which can fit within the solid body

shape divided by the total body volume Is defined as the prismatic coefficient, P. During

subsequent work other reference penetrator shapes, including dual In-line cylinders of

different diameter, may be considered.

The loss In kinetic energy along the trajectory may then be computed from simple rigid

body dynamics:

V/V0 = exp (-B •CD/2)

where: V -=iaunch velocity

CO avelage cD along

X X/,-ref

X length of flight

Lref = total volume/base area

P = ambient denslty/average pro~ectlle density

For preliminary cormputations, the average projectile density may be approxrr.-ted as

the prismatic coefficient, P. times the density of the penetrator, Therefore,, for a

given length if fllghtamblený density and penetrator material density, the minimum

velocity degradation Is associated with mln'mlzlng:

-12-



It is clear that Lref varies from shape to shape so that the actual degradation In velo-

city, even for a given range and equal CD/P, changes also.

Unfortunately, the competition between candidate shapes is not quite so straightforward

when real-life operational considerations are Introduced. For example, the launch device

'barrel' may constrain the base diameters to be equal. In addition, we may Insist on com-

paring projectiles with the same total launch mass. Again neglecting the residual projec-

tile structure, the total mass may be written:

M = P pen. A Lref P

If only the base areas of candidate projectiles must be equal, their masses will vary as

the product of

P x Lref

for the same penetrator density. If, however, the masses must also be equal, then the

product:

P x Lref

must be constant. This may be effected by varying the aspect ratio of the computed

optimal configurations from shape to shape*. Clearly, aspect ratio, mass and base area

*in so doing, however, projectile stability considerations for a given spin or fin geometry

also restrict the acceptable range of aspect ratio.

-13-



may not all be constrained. (A somewhat artificial way out of this problem Is to assume

that any ullage will be filled with exactly that amount of (ron-penetrator) mass required

to make the payload masses equal.) For purposes of the Phase I work, it Is sufficient to

require the masses and aspect ratios to be equal for all candidate shapes. The base areas

shall then vary inversely as the product:

P x Lref

As a result, any launch device 'barrel' diameter constraint Is ignored.

The final 'real-life' problem Is the requirement to compute CD at off-design Mach and

Reynolds numbers In order to determine its average value along the trajectory.

Given the ability to predict the momentum and kinetic energy of the projectile at the

target location, the details of the Initial stages of Impact are computed from the

Navler-Stokes equations utilizing physical properties appropriate to the materials In-

volved"':

-14-
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Following the work of MacCormack , the momentum transfer to the target may be

computed in order to quantify the target damage. Typical results for a cylindrical

penetrator are discussed In the next section.

-- IE



Results and Conclusions

On the basis of the Newton-Busemann pressure equation, the optimal viscous displace-

ment body configurations for five different cases were obtained. The results are presen-

ted In the following figures for an overall aspect ratio of five. Since the projectile mass

Is constant from case to case, the base area Is assumed to vary Inversely as P x Lref

for a given penetrator shape and density.

Once the displacement body shape was obtained, state-of-the-art turbulent boundary

layer computations were carried out In an Iterative mode for the following conditions:

M = 5.0 P

Re. = 106 , and

Smooth adiabatic wall.

As a result of the Iteration, a consistent combination of 6* and body radius whose sum

equalled the computed optimum shape, was converged upon. Due to time and cost cons-

"traints, lower Reynolds numbers and thicker boundary layers were not considered due

to their slow rate of convergence.

The resultant CD (Inviscid plus viscous on the forebody) and P are shown on each figure

with which the velocity degragation may be assessed. In order to account for fin stabill-

zatlon, an additional CD Increment Is required. For spin stabilization, the aforementioned

boundary layer computation has been modified to allow the displacement thickness sub-

traction process and skin friction computation to be carried out. Typical results for the

conical body at two spin rates ate presented In Figures 7a - 7d.

-17-



For an aluminum penetrator, with a length to diameter ratio of one, Impacting a semi-

Infinite aluminum target, typical results of a Navier-Stokes simulation of the initial

stages of impact are depicted in Figure 8. On the basis of the various fluxes of momenta,

target damage effectiveness may be quantified.

"As a result of the Phase I work, It Is clear that a systematic consideration of (Invlscid

and viscous) drag, Internal volume distribution and impact effectiveness is feasible In

order to establish optimal hypervelocity projectile shapes. Subsequent wind tunnel vallda-

tlon of the results from an extended application of this analysis Is required odrior to the

execution of ballistic range and Impact experiments.

-- 18
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Table 1.

Minimum Drag Projectile Design Cases Studied

Case I.: Figures 2a & 2b: Given length and base diameter.

Case 2.: Figures 3a & 3b: Given length and volume.

Case 3.: Figures 4a & 4b: Given length and surface area.

Case 4.: Figures Sa & Sb: Given base diameter and volume.

Case 5.: Figures 6a & 6b: Given base diameter and surface area.

Case 6,.: Figures 7a - 7b. Case 6 with two spin rates
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Figure 1.

Schematic of Optimization Considerations

Minimum Projectile
(Viscous + InvIscid) Kinetic Energy Penetrator

Drag Loss I Impact
Projectile Design Along Trajectory i Mechanics
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Case 1.

Minimum Drag Shape for a Given Length and ease Diameter

Figure 2a.: Original and corrected shapes.

Figure 2b.: Skin friction and pressure distributions.
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Case 2.

Minimum Drag Shape for a Given Length and Volume

Figure 3a.: original and corrected shapes.

Figure 3b.: Skin friction and pressure distributions.

-25-



LLU

CLUc

=Ui)

LUJ

C',L
Z Lr) C

(N-

LL0

L))

0 CfN

W LU

00

UU

CL,
0 Ln 

S

cn a co0

Z LL C0
w C; L0

8~O V0 00 ~V- 8OD0Un ov
-26-



do C
t20O 0*0 9T 0 ETOO 800V200 IO OOCo

LOl

z c

0

LLU
o

t-n 0l

Li,

00

uir

900 000 VgOO EO'O Z£00 10000 00.00
.d3

-27-



Case 3.

Minimum Drag Shape for a Given Length and Surface Area

Figure 4a.: Original and corrected shapes.

Figure 4b.: Skin friction and pressure distributions.
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Case 4.

Minimum Drag Shape for a Given Base Diameter and Volume

Figure 5a.: Original and corrected shapes.

Figure 5b.: Skin friction and pressure distributions.
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Case 5.

Minimum Drag Shape for a Given Base Diameter and Surface Area

Figure 6a.: Original and corrected Shapes.

Figure 6b.: Skin friction and pressure distributions.
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Case 6.

Case 5. Repeated with Body Rotation

Figure 7a.: Original and corrected shapes at a spin rate of
2 x 10 5 rpm.

Figure 7b.: Skin friction and pressure distributions at a spin
rate of 2 x 1O0 rpm.

Figure 7c.: Original and corrected shapes at a spin rate of
I x i0s rpm.

Figure 7d.: Skin friction and pressure distributions at a spin
rate of I x 105 rpm.
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Figure 8. Navier-Stokes Impact Solution For Cylindrical Penetrator
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Unified Inlet/Diffuser Design by an Inverse Method

G. J. Hokenson*

STD Research Corporation, Arcadia, Calif.

and

F. Y. Sut

Science Applications Inc., La Jolla, Calif.

The equations governing the two.dimensional, steady, inviscid flow of an incompressible fluid have been for-
mulated in an inverse manner to obtain the resultant shape of semi-flush inlet/curved diffusers when the surface
velocity distribution is specified. The results of calculations illustrating the effect of each of seven principal
-design variables on a nominal inlet configuration are presented. One of the configurations obtained was chosen
"for experimental testing to compare the on- and off-design performance of inlets generated by Ihis prooedure
with that of inlets obtained by more conventional methods. General results and applications of this method are
dscused.

Nomenclature Subscripts

AR =area ratio, h,/h, e =conditions at diffuser exit
d =vertical distance from inlet lip to ramp surface at i =streamline index

-. 0, (Fig. 1) o =conditions at o (Fig. 2)

DF =drop fraction, d/h, r =conditions at r (Fig, 2)
h, = vertical height of ramp above inlet lip. (Fig. 1) S =conditions at s (Fig. 2)
h =inlet height (Fig. 1) 00 =conditions along ramp surface infinitely far up.

IVR =inlet velocity ratio, U,/U. stream
K =inlet loss coefficient, (Pr -Pr= lq where: F =conditions at inlet lip (Fig. 3)K q=qtfors cR>lq=qo forlgR<l, I =lowest bounding streamline in computation region

L -ramp length (Fig. 1) (Fig. 2)

LI =diffuser length (Fig, 1) 2,3 =dividing streamline which splits at the lip (Fig. 2)

L VR =lip velocity ratio, U. /U. 4 =streamline which forms ramp and upper surface of
In - natural base logarithm diffuser (Fig. 2)

Pr =stagnation pressure
q =dynamic pressure Introduction
S, streamwise position, measured in inlet heights up. WNTAKE ducting in which an opening along a solid

stream from the lip, at which the ingested stream. , bounding surface to the flowrwld is used to'draw off fluid
tube departs from a line which parallels the ramp has been put to so many applications as to prohibit their ex-
(Fig. 1) plicit enumeration. Of prime importance among these ap.

a =ucomponent of velocity inx direction plicatlons are engine air inlets, auxiliary equipment inlets and
U -velocity vector magnitude, (U+ V) o boundary-layer suction slots, whether used in wind and water
v -v componentofvelocityInydirection tunnels to "cleanse" the flow or to retard separation in a
x =horizontal Cartesian coordinate normalized by L variety of adverse pressure gradient situations. For the

with origin at end of upstream uniform flow region majority of these Inlet applications, a coupled diffuser is in
Y -vertical Cartesian coordinate normalized by L with evidence which allows the system to operate efficientlF with-

arbitrary origin in the power constraints of the device which sustains (he
a - velocity vctorangle, tan: - o/u) flow. Possibly equally as common is to have the diffuser curve

- Laplacimn operator in - coordim, Ies
- 5 aO'/O•

#16 = finite difference grid spacing in o
-14, = flafte difference grid spacing in , N
0 a velocity potential; Eq. ($) and (6)

.=tream function- Eq. ($) and (6)
r mttugeited stfeamtube length to height ratio. Lilt,./

(Fit. 1)
rt -diffuser length to height ratio, L./k,
0 - lip angle with respect to the vertical (Fig. I)

R1eetved Jian, , 1976; rvitkin rfceived Aul, 12U. IV9.
Indes categloties: Hydrodynamicsi; suhvont, and T itnic Flow
"10foup Manager and Senitw .cientstl, Ph.ikal .•en¢c, Dektrr f`. .

ineru. fmentrly SupVert#Ai and SCe101r S cisn,' W ,wrjcs Inkit 011. I I
XkiES Divnion, Rohr hdusotrti, *411n 91o. t'VA. mnt'et AIAA I

'Skclnltfl. Formerl n Skenaw S.enisll WAitrict Ints.. KM , "
L)4.isOn. Ror lAW duriti. SA Nielo, Ca. -Member AIAA. _44- Fl I talet emak'igusuta.
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inboard from the flow surface along which the fluid is being anemometer signal in a boundary layer downstream of a suc-
drawn off. Initial experimental results obtained by the tion slot, the entire character of the flow is extremely sensitive
authors on inlets such as those shown in Fig. I indicate that to the inlet IVR, lip position, and lip angle for a given overall
the inlet geometry and flow conditions upstream of the lip, suction flow rate.
and to a finite but lesser extent on the downstream external
lip, are strongly coupled to the pressure recovery and overall Analytical Development
character of the flow inside the curved diffuser. This is not a The design of a semiflush (i.e., DF>O) inlet/curved dif-
particularly surprising fact, yet it is one which has received lit- fuser has been approached in an inverse manner to obtain the
tic intensive -;udy. In general, the interaction effect of resulting physical shape of the bounding surfaces to the
series/parallel hydrodynamically coupled components in a flowfield when the surface pressure or velocity distribution is
fluid system on the detailed flowfield is not yet understood. In specified. The equations governing the two-dimensional, in-
engineering applications, established practice, guided by ex- compressible, inviscid flow appropriate to this model of the
perience and some excellent classical experimental studies flowfield have been solved over the entire region associated
(e.g., Ref. 4-6), initiates the general design. Utilizing this with the inlet, thus resulting in a unified shape which is totally
procedure, many very efficient inlets have been developed af- consistent with any local change in the specified surface con-
ter considerable empirical iteration on the design has been ditions. The calculation region includes the inlet ramp,
completed and which essentially compensates for these curved diffuser, externallip, and the remote streamline which
unknown interactions. is the lower surface of the computation region shown in Fig.

Dominant in the open literature with respect to their scope 2.

and intensity of experimental results are the publications of The governing equations of continuity and irrotationality
Mossman (e.g., Ref. 4) which, for inlet geometries of the expressed in spatial Cartesian coordinates and dimensional
general type investigated here, describe an optimum external physical variables are
pre-diffusion (indicated by an IVR less than one) for a given
set of variations of a specific inlet configuration. These results Continuity
have proved to be an invaluable guide in the development of
inlets with relatively simple attached diffusers; however, the au av
introduction of more complicated large-area-ratio, curved - + T 0
diffusers changes this picture significantly. The generation of dx X 0
curved diffuser shapes with relatively large expansions has and
"been well documented in Ref. 3, supported by the analytical
background developed in Ref. 1. The excellent experimental Irrotationality
data obtained at Stanford 2 " has served as a guide to the ex.
tent to which the boundary layers on each wall of a curved dif- au de
fuser can support adverse pressure gradients, and indirectly - - x =0
the range of geometrical parameters which will result in an ef- ay a(

ficient pressure recovery device. There is little information The dependent variables can be transformed from the x and y
available, however, which can serve as a guide to the unified components of velocity to the velocity vector magnitude and
design of an inlet!diffuser combination when large amounts angle via the following definitions
of pre-diffusion, varing angle of incidence of the dividing
streamline onto the inlet lip. and external lip geometry all in- U (3)
teract with the internal diffuser area ratio, curvature, and
length-to-height ratio. This gap in the information available and
in the open literature, coupled with the aforementioned ex-
perimental results, has directed the authors to look at some a M tan "'(t1/u) (4)
simple analytical tools for use in the design of such inlet
systems and compare them experimentally to configurations In addition, the independent variables can be transformed
which were designed without benefit of the analysis presented from a spatial Cartesian coordinate system to an orthogonal
here. velocity potential.stream function system via the following

With regard to the direct analysis of inlets and diffusers transformations
with a specified geometric configuration, the current state-of-
the-art allows the full equations of motion with a (5)
sophisticated Reynold stress tensor model to be applied to -u--u (5)
the duct This approach i6 not. however, an efficient wall con-
tour deign techniQuc and generally should be employed to ex.
pose the nonideal fluid floA phenomena as.ociated with a RAW___________
family of optimum inlet ihapes generated by an inverse
method such as the one employed here. To the author%,' 0 ruSE
knos, ledge. no such calculation% utilittng the full equations Of I I I I
motion haie been conducted on the generic type of inletdif.
fusern considered here. Howeser, some recent enperimental ---- - 7 I F
studies carried out at NASA Lewis' esaluated annular (rif- ' I
fith diffuser,, whoe design %at guided by the results of Ref. 8.
In thi• design procedure, the diffuser wall contour is obtained t
analhtically ,hereas the details of the boundary.layer suction ae • / I tit
slut reglin are not emphamited The revults ol Rf. W 7 indicate a 1 1
si•nificant improsement tii the performance of short annular I 1 I
di'fusert with high suction fnow rates. On the b&%is of itie
studits which are reported her•, the detailed contour% of the _,_,_,.___,,
boundar.layer cuttiti %lot i-ted assoiated dueling could
pos-ohly be veptimaWid to impre diffuer recoery &t a
smjllr su,;tion itfaw rate. It supportit o this hypohthci, it has
-- cit the autho-r,' e terienac tW1t, while observing a hot via. I, Malbefrail". iW"a, a tCu06 satUo.
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and where the initial coordinates of each streamline are obtained
,0 by integrating Eqs. (14) and (15) along the line 0 =0 from the
ay .... a -(6) plane of symmetry streamline to the streamline of interest as

shown in the following equations

Upon applying these transformations to the dependent and
independent variables of Eqs. (1) and (2). the governing x,(o) J U d (18)
equations become X, (0) U (=0

Continuity yo) (s ) d- (19)

8inU Oat
- + - =0 (7) It is now apparent that, to obtain the coordinates of eachpoint on the streamlines of interest, the distribution of a

and along thosc streamlines must be obtained from the known

Irrotationality InU field. From the chain rule we can write

alnU a=0 dot =& do+a& dO (20)
--- 0 (8) TO&~l

wo n which, utilizing the conditions of continuity and
By cross differentiating and adding Eqs. (7) and (8), we obtain irrotationality presented in Eqs. (7) and (8), may be rewritten
Laplace's equation for InU

OinU' _ OinU
'7 -lnU=0 (9) d a - d* 0 d4 (21)

After imposing the appropriate boundary conditions on InU By integrating Eq. (21) along the particular streamlines ', we
in the o-4' plane, the entire field may be solved (in this paper my determine the particusar trea mle te
using successive over-relaxation) for the distribution of InU may determine the distributions of a necessary to complete
throughout a grid network appropriate to the inlet geometry
"as shown in Fig. 2. Once the distribution of InU is known the indicated * integration along €, we obtain
within the field of interest, the physical shape of the bounding
surfaces may be obtained from the inverse transformation to ,() =a,(o) + (--nU) do (22)
Cartesian coordinates. Because of the orthogonality of the o-
" coordinate system, the inverse transformation can be
formed from the following chain rule equationt Here again, the initial streamline angles are obtained by in-

tegrating in the '. direction along o =0 line from the plane of
dx = -Lx do+ -t dO (10) symmetry streamline to the streamline under consideration.

8 This is done utilizing Eq. (21 ) and can be written

d),.v !- do+ sy dO(1)an
ao(O)= - j.i"- ) dOu (23)

The definitions of the independent variables given in Eqs.(S) and (61 allow us to write This c:ompletes the integrations which must be made utilizingthe previously determined InU field, resulting in the

do-udx+udy (12) specification of the location of each point on the streamlines
n of interest in physical space.Inasmuch as the input to the calculation is the surface

velocity or pressure on the appropriate boundaries of thed.- - vdx +u dy (I3) calculation region in the *4 plane, appropriate distributions

which can be solved for the appropriate derivatives in Eqs.
(lO)and '1 I) resulting in

miU

dx- .2- do - •!!" d, (14)

'IA4# I

Theie results may now be used to obtain the physical coot.
dinlates of each point on any streamline by integrating across

SAlonS a comnt,. The resultmg eqution for the x and y Nr
positions ate

X (0), ax. to),+,.

and _ _-.. -. .. .. . .

Y. (0) ne , (of + do (17) 1
-F6t. 3 - Vrk •tW& dMMMI4.
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lower surface velocity distribution factor (6,). external lip
velocity distribution factor (6,), diffuser length to height ratio
(r'.), ramp length to streamtube height ratio (r), and esterma) distribution It liso shown in Fig. 3. The resultant shapes for
lip velocitty distribution factor (6,) which was held at the con. vartous salues of A. and L YR are shown in Figs. 6 and 7
stant value of 1.0 after it was determined that L YR and 6, where, apart from the lip shape (which can he chang•ed from
ewercised aufficient control over the external lip ihape, The ef- concave to convex by a small change in eitner variable), the
fect of these parameters on the surface velocity distribution is principal effect is to lower the diffuser without significant
-hown in Figs. I and 3. Apart from the basic tensitivity of the change in the exit angle as the euernal tip flow acceleration is
inlet shape to these input parameters, secondary inlet charac- increased, Changes in the drop fraction are mote enitiiive to
teristics can also be obtained from the calculations. Those changes in LYR than they are to changes in 6.. hov,-.ver the
inlet characteristics which are an output of the analysis are general characuteristics of a flat ramp in the neighbtrhc,, 4 of
drop fraction (OF). inlet lip angle (9). and the ramp position the inlet lip ard a diffuser which attempts to separate turning
U(,') at which the lngesid streamntube departs from a line and diffusion remain intact.
which parallels the ramp, as 0~own in Fig. 1. In order to npose the dependen-ce of the ink,' thtlp on.

rhe resultant inlet configurations which are generated when IVR. the total diffusion (i.e;, .4R4YR) wa% 144:ld xk4-."t '!
each of the seven principal desin vartibles are saried about a 3.0. The results presented in Fig., itlu'trac ¾.ý kia.'c;al
"reference state are presented in Fits, 5-i). Although each of features of these inlets as/IR and ARare vare- ,'. i .. it..t ef.
the design %artables Influence all parts of the final inlet 4hape, feet which is worthy of note it the %ensitait'. i ,'a •- ttop frac.
for the purpose of general discussion, their principal effects tion to 1PR, which was also observed on .';iet .alcuiatiuns
can be eparated fairly clearly and general s.tatements as to the conducted for a fixed diffuwer area raito a' both tac I IfR and
characteristics of the inlets controlled by each can be foe. total diffusion change. The wcond principal ita;tare of the
mutated. inlets with varying II'R is the rapid ,ltnnnt !,I the jhara•.

"The effect of 6., which controls the diffuser lower surface teristic shape of the estemnal lip. the relults in It'g, f rndicak.
S velocity distribution as shown in Fig. 3, on the inlet ,hape is thia quite dearly when comparitn the lip %t1pC% tilt .t ,I

primarily the degree to which the diffuser cut curest titbord u0.65 and 0.7!. IIecause it oScured thN ipi.strc.he lip lot
and directs the flow away from the fteestream as shown in IVntt.•0Qwa deted, in the calatddluiin of tltol I . tilih
Fig 5.. Negligible change% in the lip angle, drop fraction, and a lined diffaser area ratio. ;hectie"i of It 1R R on the tCxr.nl lip
ramp shape were obsrve., However, of primary importance sitape was even more ptir.ounvcd Ih|t Ihat hi lloA it mI ; ý, A
are the relatively flat ramp and the thin lip which allow s the The effect of chanving the d:11luser ,it, ,i rmiti at a Jonttont
flow to diffuse significantly prior to being, turned; which are lIR i% shown in Fit. 9 tthere a tairly o•otiipies Jhi•'e ,'i ith
zIaracteristic of all inlets presented here. diffuser enit angle and dtffuiscr opper -i.ria.s rsoutk'n iaf ,

Control ower the etern.l lip shape is •er, ied primarily by 'ersed The ramp. eeternal lip. aind dis lu•se i,• .n' ,,; 'r arc.
the p•;a•mctc 4. I1, and L P hR - twnfluenx oil the velocity lttnecgr. relatively .nvattt suit; ,4k.
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-- AIALYTMALY DERMIIVE SIt~AM
SP~L61 O*RVE GENERATED h0I~ SHAPE -

/ ~K -

301

1E*~ -2 5 7 .9 11 13 i5 17 1.9

0' [ 20 30 40 50 60 70 BO IVR
A X Fit. 12 Experitieutal Inlet toss coefficients.

the surface roughness, the boundary layer approaching the
inlet was adjusted to the desired thick~ness (approximately

'00 one-half the inlet height for the test data presented here). At-
tached to the exit of the inlet/diffuser was a rake of 13 total
pressure probes located in the throat of a flow uniformizing
Venturi immediately downstream of the diffuser exit. Through

utilization of the total and static pressure distribution data inI V the channel downstream of the diffuser exit, the pressure loss
and flow rate through the duct were monitored. The
magnitude of the flow rate through the inlet was controlled by

strem no wihin he ind unne an in f t r anl inl.

Hiji Its NepreWatalike SmI~last I%1" AW~ fhp or 0xpeetmatal same win tunnel. The data are self -evident in justifying the
tvstuation: awd bi 0%iexp.r4tal moA" With sidetlat and suction ability of this method to generate high total pressture recovery
WIrc renwied. inlets. Based on experience with a number of similsi inlets in

the courv. of this investigation. it it tht authorV belit f that lip
TAo design contro. I"Itrizi~ whose effect is not shown ex- angle. drop fraiction, and diffuser turning expansion

pficitlý on the eclooty divributions in Fig .1 are the diffuser distribution are the principail factors affecting the improved
length to Wnet height ratio (ti,) and the ramtp wteamiube total Pressure recover) supplied by inlets generated by Wh
length to height razio (r). Thewe variabliti enter the analysis in anayss presented here.
the trankformofion from the assumed surface velocity
dmsrtbution in phytical space to the vetority distribution in 0 Conclusion
and tillow- the charateristic o values of Fig. 3 to he deter- Inputting an arbitrary surface -velocity or pressure
mined. The influen-.e of an incieasing vp or the inlet shape Is distribution to the inlet design is a particularly desirable tack
to a very good app'oxlmation simply a stretching of the dif. from sevlWa standpoints.. First. from the point of view of
futur around the curvature determined by the diffuser turning retarding sepaation as long as possible it may he Ad.
parameiter (6,y. Some additional effects of secondary im. vantageous to specify the surface pressure distribution to as to
portance were slight changes in the lip shape and the extent of avoid peaks in the pressure gradient or to match different ex.
the paurallel %wall. uniform flto* region at the dif fuser exit. Perimentally obseved pressure distributions which hawe been

The results for a %arying r are ihown in Fig l10 *here the determined to delay separistion on the ramp, diffuser uapper
relfernce length used in the calculations plth length of the 'wurface, and diffuser lo~er surface, Second. for use in liquids,
ramp it, the point %%here owoj i held - nstant: and the the ability' to specify the surface pres~ure distribution Is of
olVeAll Inlet deceases in lite as the height of the ingested considerable assisance in controlling the cavitation etrielope
trreamiut'e ii 1karica. The itilet contour' presented in Fig. 10 of the inlet. Third, the consideration of impoin a speific

indtiate that both the lip angle, and the dpartare point for the pressure dittributioni on parts of thk- inlt to arrive at a
ramip Mitramtube from the tamp are strong funtion of the favorabl.- force and moment balance can be studkd to deiter.
patra~rI v. Thete charateristic are even more apparent AMin the 4)1e to which it infeiacts '40h the stparation &rsd
when the inlets al. r re-Pioitid fcr a 0ouvtant ittlet ties with a Cavitation perfotmance to th" caie, fte unifitd aspect of this
vaqftngf ramp length. d"Ign procedure allows one to study directly the extent to

In order to asises the utility of this detsign method in which. for eitample. changetina the eternmal lip lift force
-producing an inlet With adequate pressure fecovet-y CIpatI. distoti the diffuser or intloetramp geometry lot a given ramp
a representatlIe tnlet configuration jshown in Fit. I Is and diffuser velocity distribution or llorces a distorted tamp.
I IbiA was s locte fotxperimental evaluation. A small. tao. diffuser velocity distribution tot a given ramipdiffuse shape.
dimensional indraft mind tunnl wa% built fix this purpose A Fourth, when a Variable geomeir% inlet must be designied to
centrifusAl blouct waso utilited to daiaw room art through a operate erficevnly at a variety of dsig points, the inverse
10:1 area ratio inilet ronItaction which contained a seitI method clerl illustrates %hich surface mumt be movabler anid
of filtersi flott straightenins honeycomb and turtsulwe in which general dire~ction they mast mote to allow the Inlet to
damping u~teeeiiII Ittlet diffusersi which were tested wtith fth be tuned to itt optimatm perftwrmance in that partikular
genteal configisratiots hown it; FiI I wtetc then tiosertid intos flowfield. Finuaally. the extent to % hich cer tain specified con.-
the upper wzt IIII of the ctianial. Through acive control of rwutratioa, impose unstaodbl (Css pmenomena can be
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Inverse Design of Optimal
Diffusers With Experimental
Corroboration

Gustave Hokenson 77,e equations of motion for a turbulent boundary layer are formulated in an in-
Manager of Research. verse manner and solved to provide the geometrical configuraticon of optimal two-

Biphase Energy Systems, dimensional diffusers with a distinct inviscid core. For each Reynolds number/dif-
Subsidiary of Research-Cottrell, fusion length, optimality is inerred when the lowest exitfreestream velocity is corn-

Santa Monica. Calif. pured:" om the members of an assumed one-parameter family of skin friction decayMem. ASME functons. In addition to the unique inverse formulation and establishment of the
appropriate skin friction distribvtion, an integral part of the analysis is the develop-
ment of an invertable adverse ')ressure gradient skin friction law, which is used to
solve for the channel-averaged St ream wise pressure (inviscid core velocity)
distribution. The diffuser configurafions are presented graphically for various
Re.ynolds numbers/lengths/blockages and exhibit a distinctive concave shape. The
results are compared to three sets of experimental data which support the validity of
the viscous flow analysis, tlieformulation of the governing equations, and the skin
friction law which is proposed.

Introduction
Theoretical detprmination of the wall contour, which is indicated poteo'.ial flow wall contour for boundary layer

required to establish a specified tlowfield diffusion and/or blockage effects. In the direct problem this procedure isturning, is an elegant application of the inverse potential flow iterative (not necessarily conivergent) and provides notheory in 11, 21. In this approach the surface pressure straightforward mechanism for i~tablishing an optimal
distribution in the transformed mathematical plane mt.ji be diffuser contour.
input to the analysis. The so'utioa and subsequent retrans. To fil this %aid, a new diffuser design technique has beenformation to the physical plane provides the desired duct developed '%hich utilizes an original algebraic skin friction
configuration. In order to specify a meaningful surface model based on data correlations for flows In adverre preiturepressure distribution, however, the boundary layer behavior gradients. The convenrtional boundary layer equations aremust be considered. combined with this skin friction model In ah inverse manner

In recent years, turbulence modeling methodology (see 131) and optimality is stiabtished by maximizing the diffuseWr
has been elevated to the point where equations which pressure recovery with respect to a single parameter whichrepresent the entire Reynolds stress tensor may be applied to characterizes the skin frictit'n distribution along the diffuser.
compute the flow thr-ough any specified channel. Ad- The governing equations then provide simultaneously theditionally, available experimental data [4) on diffuser per- boundary layer thickness and freestream velocity distribution.
formance is coming tvider c'ontrol with the proper treatment from which the optimai diffuser configuration may be in-
of boundary layer e, ýects, With such correlated data, the ferred from either one-dimensional or inverse potential flow.general configuration 'f optimal diffusers may be inferred. In conpmnction with available experimental data. theIdeally, the most accurate analytical models should be utilized analysis estiblishes a rational diffuser design inethodology,
to compute the detailed diffuser geometry. Complexities in affirms the validity of a new skin friction corr&#~ion. derides

*such un analytical formulation and its computational the characteristic optimal Akin fricition decay, and lgeneratesmagnitude have, to this point, prohibited such an approach. concetptually new diffuier wall contours, for oxperimental
In fact, few analyses are available which provide a wholly evaluation,
rational diffuser design and those which seek out the optimum
configurations atre rare. Aaalysis

* ~Generally, an unseparated flow condition with maximum
static pressure recovery in the diffuser is sought. The Since an Unseparated diffuset Is sought. (he Akin friction
displacement thickness distribution is computed to correct the should vary from its constant pressure valut near the diffuser'

entrance to a small value at the exit. The Oplitimal Path bet.'weeta these two extremets Is that which promidei the lowest
Conribtedby he lui~sEngneeingDivtio o T- Amria Soklyorinviscid core velocity at the diffuser ex'ti (i ,!.. maximnum static

hiechanical! Banineer arnu presetnted At the Winter 'Annual etmins. Ne VIA pressure recove:ry). In order to restriet the mathematical tcop
N Y., racemnbef 2.7, 199. ianwrtipit te.vived a A&.146 H~que of the problem, the optimization procss is %impfified bylaniwry 10, 1979. PaWe No. 79-WAiFE-tS. specifying the skin friction devay funcion io We a one
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parameter family which approaches zero with a zero The (enforced) asymptote for 0 is 10.221 at Re,, = 5.76 x 101,
derivativecat the diffuser exit. This exit condition enhances the which is the high Reynolds number (limiting flow) value
possibilit% of estabi~shing an equilibrium incipiently separated appropriate to the developments in [7].
flow as in 15], but excludes cases of increased recosery with Future work utilizing algebraic skin friction correlations
slight stall in [6] which have their origin in explicit transient which contain explicit effects due to turbulent flow history
flow phen ýrnena. and wall curvature should increase the universality of this

Such a one parameter famil> witn the requisite boundary analy tical approach.
conditions is given by the equation.

e,= (I - ;C)' (1) Method of Solution
By assuming a distribution of values for N( a- 1) for each In order to integrate equation (2) with conventional
flowfield studied, the equations of motion may be solved to quadrature algorithms, the characteristic flowfield
determine similtanieously the corresponding distributions of parameters Re, and L1/6, must be specified, allowing the
V and U along the channel. The N value which provides the constant Of integration (0,) and C>, to be determined. Ad-
minimum freestream velocity at the channel exit is taken to be ditionally, equation (1) provides CI once N is specified. The
that which characterizes the optimal skin friction decay. It heart of the computation, however', lies in utilizing equation
will become apparent that the optimal A* is not infinitely .large, (3) to supply 9 in equation (2), in terms of the known Cf. With
and this tact can be attributed primarily to the shape factor this mating of equations (1) through (3) and the functional
growth as separation is approached. formulation for H, equation (2) may be integrated utilizing

Clearly, the assumed skin friction distribution must be expressions for C,,. H,,, H,.r and S4., in terms of the local
input to the equations of motion which are utilized here in the Reynolds number' (Re,,). In order to determine the local
following integral form: Reynolds number, the local freestreamn velocity must be,

known and is obtained from the concurrent integration of
o(~)-,= CJ.7,C/2 - 9(H -1- )S,, )d~i (2) equation (3), utilizing the aforementioned functional inputs.

The treestream velocity is also required to establish tie dif-
Note that the pressure gradient term is included in the in- fuser geometry based on an inviscid flow analysis.
teg.-and on tht: right-hand side of equation (2) due to the From equations (1) and (3), and the definition of .3, it is
inv erse nature of the computational procedure, as discussed in apparent that rapid groxwth of 6 is detrimental to obtaining
the next section. Additionall>, expressions for H (in terms of large freestream velocity decelerations. The optimal 6 growth
H,, He,. and4 51and 3 in termN of ', i musi be developed. The is a trade-off between the rate at which S approaches one (i.e.,
nonlinear interpolation formula developed in (7] for H was C 'i-0) in equations (2) and (3). and the rate at which HI in-
utilized, Aith valuek for H,. h, .and Sý, as functions of creases to H,, in equation (2). Therefore, an optimal, finite
lkeynolds number taken front [",] through (131, along with the salueof Aisto be expected,
C, correlation. By correlating the data from 1 7], the In summarN, after specifying Re,,, and L10.. the solution
following adversc prevsurc gradient skin friction law,, which of the governing equations provides the distributions of C. 6.
form-, the basis for all the analytical results that follo%%, is and H for a given N. Upon solving for (It as a function of N
obtained: at a given Re(, - L10, combination, the optimal diffusion

(for thoi particular one parameter family of skin friction
deca) functions) may be identified. In order to displa>1 the
geomettric configturation of these optimal diffuser%, C' is

or: assumned to be uniform across the ins iscid core and the one-
- dimensional continuity equation is applied to a two-

(3) dienitaional diff(user idivergence in one plane) resulting in:

%hert, (Wt) I(h,!L ) -0-, - , 6 (6)
where the plqwial interprctation of disýplacement thickness

(4) hao been utilized.ý In addition, the effectise inviscid core
91 height at tbc inlet has been utilized its a charactristic lenrtlb

and:

~tivc,)m070.~Q l0 log.4 , Re,,) Aiiflu 8ttuft got unifutti MV) bti eitsNt'M-l t imalli

-- Nomenclature

AN area ratia L v wtr~amwise *vtted lengrth 0 momnwatum lhwlckneý
~ ~*'A, a Cetronent in !Cquition~l 0 4

8, ~~)~~~-nt~nme function of- ij~ t eqjua io!p (4):
C, %ksin frictio0n ýVcf ficitet S ta &d It. d,%.. Swr

~ C.' fce'.rcai 5es~ci . ondon.at se~'ariuteio
( ~~~~~~ ~c.d - Ai diftuset inl c~dt~fad1U etCi

a fuac*votA of lKe'. Ir C4210 5t(ýwi~54c~n~ stnpesr
~~hapc~~~~ iau:t0x~ iaecftepccd IQ 0.

A tfl"11%e imis.1id cote at pcu t 4"flrtedt pUmshtd

heig~it .
4-6r l~ith
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Fig. 6. Vt versus N for various 06i, and AgO, Fig. 7 Comparison of analytical sand expeatmetal velocity distribu.
tion$ at L/01 = 2.757 X 103 and 1110i 3.5 &0X10

Analtica Resltsturbulent entrance bo'mndary layer and an incompressible
For Reynolds numbers from Re,. = 10.1 - 10W and dif- flow, the diffusion length for these blockages covers the range

fusion lengths from LIE), = 101 -1W0, the governing L /0, =5 x 102 - 105 at a Reynolds number of 103. The
equations were solved numerically utilizing a distribution of results of the comoutations carried out here indicate that the
values for N sufficient to determine the optimal skin friction efficiency of an optimal 7.15:1 aspect ratio (L/214',) diffuser
decay in each situation. The velocity ratio across the diffuser (as used in 1151) increases from 0.75 to 0.99 over this variation
(for the optimal N) has been plotted versus Ret,, with L10, in L/0, as the entrance momentum thickness essentially
as a parameter in Fig. 1. For a given diffuser lenith and, inlet approaches zero. This corroboration supports the position
Reynolds number, reducing the diffuser entrance momentum that very large optimal decelerations predicted theoretically
thickness is a process which moves diagonally across the are experimentally achievable for sufficiently thin diffuser
figure toward the lower left hand corner, entrance boundary layers.

The diffuser geometries corresponding to the decelerations The extensively quoted data of 116) provide a further test of
indicated in Fig. I are presented in Figs. 2 through 5 for L10, the analytical results obtained here. For a blockage factor (B)

S10'- -10 and Re,,. = 10) - 1011 which encompasses the of 0.03 and an aspect ratio (L12Wj) of 18.0, the experimental
configurations of primary interest. Note that each relative results in Fig. 10 [16) indicate an optimum C,,, of 0.73 at an
length configuration is associated with a specified blockage area ratio of 3.0 which leads to an efficiency of 0.82. The
factor (8). which was selected for clarity of data presen- value of Re01 appropriate to the experiment in 1131 is ap-
tation. The corresponding aspect ratios las indicated on the proximately I .S x 101 with a corresponding L-10, = 1.8 x
figure caption) are not necessarily always physically realistic 10). I f the data obtained here at Reo, - 10) and L I 0 - 101
and the data may be re-scaled to any desired blockage. is utilized. the optimum diffuser Is Inicated at an area ratio

Of particular interest is the fact that the diffusers which of 3.23 with an efficiency of 0.82. The theoretical results are,
hW!e been computed assume a characetristic concave shape therefore, reasonable predictions of the actual diffuser
(when viewing the flow side, excepting the immediate en- performance and reinforce the experimental indications from
trance)so as to retard the thin upstream boundary layers more (16) of a potential benefit from contouring the skin friction
strongly than the downstream flow. This is an extension of the decay and resultant diffuser cross-sectional area distribution.
logical deceleration mechanism which has. been set forth in A large portion or the experimental studies on diffusers
proposing and rationalizing the performance of straight-wall reported in the open literature lies in the regime LiO, - l0)
diffusers. The unique diffuser configuration at the entrance - 14A and Re(# 10HP - 10". The optimal two-dimensional
plane is a result of the lag between constant pressure initial diffusers which' have been plotted look "famliar " for the
conditions and the establishment of a boundary layer growth relatively larger 0, values In this range. In fact, as has been
In response to strong adverse pressure gradients., Ex- shown, the analytically computed diffuser performance
perimentally observed conditions (31 at the Immediate en- closely follows available experimental results. It Is apparent
trance to the diffuser aire also associated wftith the transition Of that, as the dasln point for the diffuser penetrates the low
the pressure field from constant to increasing pressure. Reuks - high LiO, corlner of the analysis, the configurations

The sensitivit) of the results to N in the neighborhood of its dcepart from those commonly accepted for optimal diffusers.
optimum value may be wen in the data of Fig, 6. Clearly, the Therefore, the excellent NBS data from IS) his been used to
boundary layer growth is sensitive to the pressure gradient vulidate the analysis for large diffusion lengths and
but, utilizing the in'erse formulation, the optimal Pressure frteetream velocity decelerations, Inasmuch at it forles
gridient is not lenwitte to -% in the metthborh.on4 of Me~ further into the dlean eniran~e domain with essentially two-
opfissiumi V.% Thtrefote, the result presented here ihould not dimensional flow, That experimental work was also directed
be unduly rest i.,tive due to the choice of equation (1I). at establishingl an Incipiently separating, yet stable, boundary

Expemenu) Cmpa~son ma Conlusonslayer flow which it relevant to the class of optimtal diffusers.

The analytical ro'ults presented here provide a graphic From the wind tuneld turbulence damping screea to the
iodicition of the degree to which Noundary layer control streamwisc position *here (mn Fig. 3 of 131) the adsterse
alkiws even l~tge area ratio diffuwerN to pe~rform efficiently. piressure gradient takes hod is appiroximately 1.457 m. Base
Consider tthe dramatic rcsults from 1151 in Ahtch thte static on the conditions qurited In 1501. the retultant value of 0l,
rrcssure recovery efilicietiy for :14:1 area ratio dirt'usct %arics relevant to the analysis employed hereIs 2.1181 mm, wichwas
from 0.,70 at B a 0.06 it) appiroximately 0.97 with uniform obtained from the noat plate turb.'lenltboundary layer growth
emirance flws. tinferied b)- eittrapolsition). Slaintaining a "law": e./L, a 0.036Ret,0. This agree with the cit.

Joian" of Plulda Etn~o.i December 1979. Vol. 1011481

-54.



tz viscous flow approach is confirmed. The geometrical con-
. figuration of the diffusers obtained from quasi-one-

L/6., 2757dimensional flow analysis points to the need for a critical
03- A/~77a ~. assessment of diffuser contouring (as in [16]) and its in.

R4 &.9WuI& trcinwith the incoming boundary layer. In addition, the
7 examination of large diffusion in the presence of very clean

entrance conditions (B -0(10 -')) through use of efficiently
Q2 designed bundary layer cut-off slots [21 is indicated.
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deve.Of a 1141111e 1atr 1 te 10m web MWIdasI WOs aid sinp1010111 t l tide whelkWJ aplmiesl the
Masie mute iff deWS&fhtea i bWeaIfd web mII. Tbeltl~d~evi pedmen ampeoi land.
aspim Wwandel~ reud e Ima wab Peufigue-e w9 s AMqd a~seemdli d te ufaita of wE ohom,
Aemeho II ug miA W ri u S . CeMPaebe. WiO uuparlmmabla Itw ois d (6 VOWale the #adps
IluM fth 1eairse Pae mfmd

NOSKekmehw 0 a initial or reference conditions
a -speed of sound I i =$nat on conditions
A crlosssctionaJ eas
C -consmatinEq.(7)forJ
Ca - particle drai coefficient -r critical or throat conditions
C1j -skin friction coufficiunt ~ -normalized by throat conditions or L
Dg a particle scale C) differentiation with respect to x
Dot hydraulic diameter
E w Suler number, plow*
f*&AI - functions Meined In Eq. M7 (i0MPLICATIONS introduced by multiphase flow to Wh
J umgenerajlkadinteptand %wodemlg of OWfiNt conversig-lndiveralng noznes are
k, asconstant in Eq. (1). C7(LDtý) sWgnifIcat' Optimal lenth scalns (aspect ratio). coo-
k, -~opotaut In Eq. (8). 3 CpLD#)4 teriog, end ami ratio ame sensitive to the detailed bubblo
L anowe kengh growth/patic@ breakup an~d dynUamics. As discussed In Ref.
M sM*dAh number 3. tOwn pheomeona orn often compis and not "aiY
P inprolure modeled. M&u retrict the utility of large~eale computational
r - ratio of liquid to Sm mass flow rteo algorithms wisoe do**g predilctios are diffiult to "Wt~ into
S a noale surfae am w unit UM eh a compaict form. Therefore, an approalmaw solutoion which
9 -velocity polurbe the Istatropic, hompagmeouas equilibrium (114)

we tv ~icay ~- flow model was developed to synthesis the optima noals
4, abulk velocity geometry for alsant*opic, no mgaose uilbdim

a' MoUMe rawi, (0110 )V?
We - Weber numerea4)/e

0 f In the limit of large volume ratio (U'). And assuming doa
6. -PRIIIIIIAIM110410E41 th(eniy7aioi sufftiointly small for -the mast ratio to be
X, : (v,/a,) 0>1 h H o fto* uflow (see Ref. 4) may be

* -momentum thickness
Wi uef ncy. 0k.l012es)

ait eoadildoas fot pwtd brekup
* asonjoAlei Applft Eq. (1) at the onozl throwt auld subsimtwins for &

Opseaufrom Eq. (2) results in

Rsi bwebe 30,.W levft #es rdwed June3Is. 1011. Caops*h Combining Eqs. (1) and M1 the local Madk number may be
0AOWtm 90WUil Of AerOsMMastm d AW*stxuaLc Wc IMg. wfiUU

AM ti~ss nowi
~ar ainth~iade. Umer IOr Ul(^P~l) J (4)
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Utilizing continuity of mass flow, the local area ratio becomes Cke 30

A12=e•/(]+A) (5)

where 8m,,(pjp)2_- and, therefore, from Eq. (4) O--
p=M2- I. f --- to

The validity of these formulas may be evaluated by com-/
parison with the results in Refs. I and 2 for air/water nozzles - 04
operating at r- 10 and pip,-=35. Equation (5) predicts full
expansion at A, = 7.96, whereas the (suboptimal) pressure L SJDL
contour design analysis in Ref. 2 results in A,=7.022. M2 -
EvaIuation mode results were computed in Ref. I for identical
conditions in an annular nozzle with an approximately linear
area distribution in the supersonic region. These com-
putations indicate that sensible expansion ceases at A -6.93
for both 7 and 21 deg divergence angle nozzles. Equation (3) So •0 Mo
satisfactorily predicts the throat conditions for both sets of A
data.

Ti simple IHE limit model provides the framework within ll. 1 AiI sA.
which anisentropic, nonhomogeneous, nonequillbrium flow
phenomna may be analyed. ased on the substantiation of - &
Eqs. (3) and (5). analytical representations of the two-phase-
flowfield properties allow for the evaluation of two "loss" 2.0o
mechanisms of interest: nozzle wall friction and interphase P---
drag. So- 1.0

It will be shown that optimal contouring based on wall 1-
shear minimization is derived as a function of nozzle length M 1.0
scale. In addition, the essence of the interphase dynamics a.
analysis is to optimize the nozzle length scale in a tradeoff 40 4 -
between wall friction and phase slip. Inasmuch as the optimal £tko lI...20
nozzle contour (combined with the IHE pressu-aree
relationship) is used to provide the bulk flow pressure .40
distribution for the particle dynamics analysis, there is a & •O
coupling between the following contouring and length scale .. 4o
estimations. Therefore, although the contouring (via wall EM o ,
dear minimization conslderations) a&d le h optimizatlon it -o mo z•o
(via alt bulk velocity maximiation-4adtling wall swr,
iterphase dr•, and pressu effecu) of the nozzle are ried
out sparately, they are not e and the final optimal 1 W Uim Wi aA.
onfigwrion reflects the intgrated effet o all pbenomewn

Cotowdq Is order to derive q (6). the Euler-•mrAge equatloec
In order to establish a nozzle contour w" "mncowug"

the tHE flowfleld, an oplimization procedure was developed (8)
in whc the wall friction, integrated ovra the nomie surfoce w - z
arm, Is mWin d. Thi pocedure may be c1m Pa to the
apprach in Ref. 2 wberein a secfic fataily of nozze Whitb Iftn.S am UawlIU va" for a defiwt intepa
Presue Profile Is selected a priri. The Parki4uar PoftD d heIs IM to 5euCJd IN "hi ULWS J*Jb*
whc prove th MaXu, emit bulk vebo Ib umed to (1 +A) vwb . Wtbe dymlk prseme m•J loWa body
be otial. Thes approwa are abo to be contrasted w M raft Ofted, S sec o r t ht OW40W i N ocN wette am
clas wve ma ti contoin gs flow •nmozl. d to the am of the so& wm. ad A acoo" forA' lyn g tradtIona varaional principle to the Integ ra l a In C, due to presse pndlems. Note Iha Eqs. (1-4)
Ilu'C•d& the foloi qai for tIe a xuj allowkland to be aprus as (anao of A sad Eq(.7)

$Cdisyrutlo of nonkes (wiM convert Jtoa Nf tin of A and A with # d& 6 as parmwes
througa) ma edivdi h optlizatlo. Thes characterie fth mole Aspect ratio

anmed n ly of wdl frkcton to prsme gied , rupoc.

_LA (d~mI Figu I Preset book sUboni and supronic bruance of-fewig J"a M" a fuction of am ratio. with th maOM val
Off Moe-dat at Als ad 1.4 W.1-.79. The oorrPoefta

(A - 4 Atomb for I aW , ./, ae prsed is ft . 2. Givem as op.
(A~~~i)5hIM 0 (WWIIl rssr dlibuawkOs, the snozl Contour It. therefore,

IMO,€ Mover. tis *A rurc, the W opma aW m
diultiom (to a give kl gthal) A be isfarrd from

where she~t solutio of. 94. (6) aNd the faulian impie Pares
/.aA .,Q AI) •vAAgam nee toc opimz thelegtsale bae onssahequi

mu, PhumeDyillia
- .The IHE lmit moe ai asoiae opti••dtmal ozem

eu (4LiDe) a. 6iml•i(L/dl). Is ldpldA)(i ' ••) (+7) dblfsu J•ludoolowthepaside/gadyamlectwo beppoachud
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4 wee arWW m tWWat (pl,/p) - 33 with r-l10. These
&0 -noves ad atial ubsniccontraction cones and two

60 different length superso*i sections (7 vs 21 do divergence
goangles), with fth same overall are ratio. Therefore, the are

~~ // 2 contour and lengt optiulsaton developed hate will alo
tj'id~ tg~tocus on the supersonic regime. This avoids oemplea particle

20. breakup dynamics modding, Inasmuch as liquid partculates
~ ..... ~typically reach a wlmitang at th Woo. Ij00 Given1w a reliable particle breakup model (e.g., We Wts ,)

3 he uratire noa may be cmputd with the same contour and
- ~~~partcle dyami.l analsi (utilizng fth loca particle scale),

- ~~~~inasmuchl as the 0 p messrere reawtiosi Is applicabl
-'-h-*a-J- ~~~ to fth satir Snole. For came of flzed~el partices, fth matie

imdeambecoemputed tailliumn the sequation. without

Typica wateraloe of sq. () homm the thrant to the "It
V1plane IS PesNted In Fig.3 am 1nd4cat9s tha a sImple (early)

0,4a si~ l8es0 at subulai onfm"tIeno optimal. (For ajdsumeftr
oonozes fta reslt In a configuration appoachinga bell

~~4 ~sape.) The similarity betwemm thes ha&W and those in W.
2 sremarka.b U66 Ths, ohiu wit the suea atiso

Eqs. (3) amd (5 imdaes" tha the lafqmatlo prowie In
Wa. I oo theeffect of monke leth shoul also be relean to

in a particularly conveien way, Is order to Como"u the hlthaW timtepo dedlO dbr
* otlmzehoo tocdur. Wse he umpiomOf ighWethe Note that ftheslt to Sq. ) Is a sVAtWOlMbtdr

m1e poressrere relatiouhlp amd optimal ar" dawabwdo Value problem I b I tis reue by 4e"mldo ofA ath
are Input to th nlseto proMv.de pcAMr Wasd s m a oft otlaegatn at the throat Eithe the subsoi Or

ftrlaoff~for agiveswnde leghscl aspctrti In supseeo inouse regm may be evalaed. depnding on
fthi casem s Phase aMp MA I liud eo*We mr coupsed W ~ brnc offamla I on chose.a the itegration proced

+ ~ ~ ~ ~ ~ ~ t k ,bel A h lI offthlaleraloethecomputatons waybe caruledout

h ____ rot a (pelp')M33 and ?"to, the IRE pressurtam
O~~ ~ .rftatllouhpe an combuwe with the optma Contour to solve

E*.(9 a pumaer prolies of UqW &M adosi veloWtis
* ~dD/UI~hhJDI aloig the maki for various value of k. and ki. Ty"ia

do redult wre shown In Flg. 4, which W"Usta a dAedneo

Thee qsnlo w ah dpadatupn te arius1h Val Of i, (hw or k.1*' amd k 10 t reflec a
amssOf~h pibgm.Thindjsam m iged Na in 11fth so"mewa aogkW latdw psiy fta C, amd Co. w"t the

ngmuesdi~r~udO~l~re~ed~It iny be show tha diWthel (0as flow welgbao mewn
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The measured bulk velocities in Ref. 2 are 170 and 183 m/s given a reliable particle size model for any given situation, the
"for nozzles 1 (7 deg) and 11 (21 deg) and resulted in efficiencies identical procedure may be employed utilizing a variable
(it) of 0.48 and 0.56, respectively. Utilizing Eqs. (9) and (10), particle scale.
the computed nozzle efficiency is plotted in Fig. 5 as a func-
tion of k, for various k,. Compared with the data from Ref. AcksowIedmeit
2, it is seen that the trend toward higher efficiency with The author would like to acknowledge the assistance of
shorter nozzles is predicted analytically. For these flow Prof. D.W. Netzer in providing information which was
conditions, this dependence is observed only for large k, crucial to the evaluation of the analytical results obtained
nozzles, due here to the small throat hydraulic diameter of during this research.
annular nozzles.
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