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ﬂ, This report is the first of a series of two reports on the
§ theory and application of techniques for measuring the Production
;E Efficiency and Effectiveness of Production Units (PU). This report
] is intended to provide a theoretical development of the methodology
" for determining Production Efficiency and what is referred to herein
3 as the “excess production capabiltity”, which is a measure of the
j» amount by which a PU’s outputs can decrease before the PU becomes
’f inefficient. An equivalent way of looking at excess production
- capability is to think of it as “overproduction". With the material
. in this paper, the production output which a PU should achieve (as
. compared to other simtlarly producing units) can be determined. This
:ﬁ paper deals with measuring the effectiveness of an arbitrary number
‘3 of PU, with effectiveness being a measure of how well the PU does
what it is told to produce (or missioned). A problem in measuring
production effectiveness, which is a ratio of production output to
:ﬁ mission, is that mission may not be based upon what a PU should be
t: able to achieve. In this case, a PU may achieve a low effective-
b ness rating either because its mission is set too high or because
: its production is too low even though it can produce more with its .
’ existing resources (e.g., the PU is technically inefficient). 1I+¥ ii’
ﬁj future missions are based upon past actual production, it may be seen
jf that technically inefficient iow producers will be given lower
;: missions while technically efficient PU will be given higher
?7 missions. Thus, mission must somehow be based upon what the PU
x should be able to produce with normal (or typical) effort and that
& the methodology which determines what should have been produced must
:f be able to recognize overproduction or underproduction of PU. The
:: second paper in the series of two will use the principals explained
® in this paper and will apply the principals to the fifty-six US Army
é Recruiting Command Battalions.
"'-
[~
(7 DISCLAIMER
iﬁ The views, opinions, and/or findings contained in this document are
;Eﬁ those of the author and should not be construed as the official
!f position of the United States Army Recruiting Command or as an
2o oftficial Department of the Army position, policy, or decision, unless
- so designated by other official documentation.
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ABSTRACT

Efficiency and

Effectiveness are two measures commonly used to
evaluate Production Units (PU).

Whereas the Efficiency measurement
shows how well a PU

transforms its inputs

of action to maKe an
relative to other similar PU,
well a PU

goal

into outputs and prescribes
inefficient PU efficient

the Effectiveness measurement shows how

is producing relative to a management defined mission or
for production output.

a corrective course

This report shows how Efficiency affects

Effectiveness and presents a methodology for statistically comparing
a PU’s production to mission.

A method for ranking both efficient
and

inefficient PU according to their "excess production capability"
is introduced. This methodology also permits one to determine the
overproduction of a PU, which is essential in the Effectiveness

measurements. in this report will be applied to a

subsequent separate report to the fifty-six US Army Recruiting
Battalions.

The material
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R?I THE EFFICIENCY, EFFECTIVENESS, AND EXCESS
™ PRODUCTION CAPABILITY OF PRODUCTION UNITS

1. OVERVIEW OF EFFICIENCY AND EFFECTIVENESS.

To determine how well producing units are performing, two
measures are frequently used. First, mission accomplishment or
effectiveness is expressed as the ralio of a weighted sum of the
various outputs to a weighted sum of the missions assigned for the
outputs. In addition to determining appropriate weights, this
measurement of mission effectiveness assumes that the mission has
been properly determined so that an effectiveness ratio greater than
one signifies an overproducer and a value of effectiveness less than
one signifies an underproducer.

A second measure, somewhat similar to effectiveness, is
technical efficiency (referred to as "efficiency" hereafter), which
is defined as a ratio of a weighted sum of a producing unit‘s outputs
to a weighted sum of the unit’s inputs. As with effectiveness, the
efficiency measurement requires the determination of appropriate

B weights. The material which follows shows how a set of weights can
(b‘ be determined using methodology pioneered by Charnes, Cooper, and
Rhodes (CCR> [3] which gives each Production Unit (PU) the highest
possible efficiency rating.

Whereas effectiveness answers the question of how well the
PU did perform, efficiency answers the question of how well a PU
should have performed given the set of input resources. This is an
important distinction which must be made as illustrated by the
followig example.

Assume that methodology exists to determine the following:

1. That a given PU’s mission is 5 units,
2. That a given PU’s actual production was 4 units.
3. That the PU’s possible praduction is & units.

Measuring the effectiveness of the actual production, the PU is
at 80X effectiveness and may be considered to be 204 overmissioned.
However, the PU’s possible effectiveness is 120/, meaning that with
1ts potential production, i1t is 204 undermissioned.

Clearly, if a PU 15 consistently underproducing, it will appear
to be overmissioned and the reason for reaching the wrong conclusion
1s that the PU is technically inefficient (e.q., can produce more
than what 1t actually is). However, using the first calculation, we
would reward technical inefficiency 1 ¥ ma agement does, in fact,
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reduce mission to coincide with actual production. This problem will
be exacerbated further i¥ future missions are determined as some ‘jﬂ
function of the actual past production. ek

Yet, the effectiveness measurement must also be able to detect a
PU which is "overproducing.” Consider the following example.

Assume that a methodology exists to determine the following:

1. That a given PU’s mission is S units.
2, That a given PU’s actual production is & units.
3. That the PU should produce 4 units.

Measuring the effectiveness of the actual production, the PU is
at 1204 effectiveness and may be considered toc be 207/ under
missioned. However, when calculating effectiveness based upon what
the PU should produce, the PU is at B0X effectiveness, meaning that
it is 20% overmissioned. I+ a PU is already producing above that
which its contemporary PU are producing (e.g., i1s overproducing),
then management would fail to properly reward the PU’s achievement
and would wrongly conclude that its mission could be increased by 20%
when it should e:rther be reduced by 204 or be given higher credit for
overproduction.

For the PU which is overproducing consistently, it may appear to
be undermissioned and the reason for reaching the wrong conclusion
is that the PU has achieved a capacity to produce above that which
other simitar (but efficient) PU have achieved. This problem wil}i iii
persist and will be iIintencified if actual past production is used as
a means of determining future mission.

In both of the examples above, the wrong conclusion was reached
because the measure of effectiveness, based upon the PU’s actual
production, is the wrong measure to use. The measurement of
effectiveness which is based upon actual production will tend to
reward inefficiency with reduced future missions and will penalize
overproduction by increased future mission. Thus, the measurement of
etfectiveness requires us to determine what a PU should produce if it
is technically efficient. This production can be found, as will be
shown, by determining the efficiency and then adjusting the actual
production by the efficiency measurement. Then, effectiveness is
found by comparing the efficiency adjusted production to mission.

Conversely, mission should be determined based upon what a
technically efficient FU should be able toc produce with given levels
of input resources, when measured relative to other similarly
producing units,

The matertal which follows describes the methodologies for first
dete mining the efficirency adjustments to find what 2 PU should i
produce, and secondly, to determine the effectiveness of the PU anc -
therefore, the changes 1n mission required for an equitable mission
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for all PU.

2. TECHNICAL EFFICIENCY.

2.1 Introduction to Technical Efficiency Measurement.
To aid in illustrating how Technical Efficiency (TE)
measurements are made, consider Figure 1.

X1

Figure 1. Efficiency Boundary Illustrated

Figure 1 illustrates six Production Units (PU), each having two
tnputs, Xy and X0 with each PU having a single output, y. Although
each PU can have values of output which differ, if all inputs and
outputs for a given PU are divided by the value of the PU’s single
cutput value, each "normalized®” PU has a single output equal to one
in value and inputs with value equal to x{/yJ, with j=1,...,6 and
t1=1 to 2 inputs. The normalized inputs for the PU are graphed in
Figure 1, where all six PU have the same normalized output value
equal to one. It should be noted, however, that the actual model
which determines TE does not require normalization of data and
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allows for an arbitrary number of irpuls, outputs, and PU. This
example was selected simply to illustrate in two dimensions what thed
TE model has the capability to do when PU have multiple inputs and J
outputs,

An objective in measuring TE is to find the smallest set of in-
puts which is capable of producing a given set of outputs for each |
individual PU separately. 1t can be seen i1n Figure | that Xﬁ
clearly requires mcre inputs relative to the other PU to achieve
the same unit value of output which the other PU achieve. That 1s,
relative to Xl and X3, for example, X5 requires more of both Xy and
X5 inputs. Relative to X:, towever, X~ requires less of Xy than X~
requires, The measurement of TE ic a relative measurement, with
the reference set of PU being the “standard" to which the inef-
ficient PU are compared.

The complete set of reference PU are connected by the 1line
through X', X3, X2, and X%, and any PU which falls above or to the
right of this frontier is inefficient with respect to some part of
the frontier.

Clearly, XS can "move” to the frontier (become TE) if its in-
puts are reduced to point A, for example. The ratio of the
distance from the comparison point, A7, to the origin (A’0) and the
distance from X° (A) to the origin (A0) is the value of Technical

Efficiency (TE=A"0/A0), which is the amount by which each input iﬁi
, must be decreased to bring X~ (A) to the compar:son point (A’)
o on the efficiency frontier (or boundary). Similarly, Xé can be

brought to the efficiency boundary by reducing 1ts 1npute (while

holding i1ts output constant) to bring 1t to a comparison porint

T like B”. The ratic of the distance B’0U and the distance BO 1s the
e value of the TE of x©.

- Considerin X4 1t can be ceen that it 1c on the efficiency
. g s
. _ -
}g. boundary, yvet it consumes more of X Input than % cunsumes. Thus,
a” . B 4
0. even though the ratio of the diztance from X to the boundar+ 1<
- one, tt consumes an excess amount of a reccurce, and thiec excess
e
e amount 1s referred to as a "slack" or underusedd resource.
e For an arbitrary PU to te TE, then, 't = recescary and
[ .
ibﬁ sufficient for an i1neffrcrent PU *to reduce t- iaputs by the value
% { ] of the ratio measurement and by the value ot the zilack or under -
. ) . ‘
. used capabili ty. This brings the PU to an efricent Comparson
"o .
E;a poitnt on the efficiencrs bioundar ».
SREN As shown in Figure 1, camparison pointe & and B are ou the
- efficrency boundary and are cansidered to e .0 the cet of "hect®
o~ points in that no smalier 1nputs can produce the given Pl < out-
'QV put The comparicon pointe, however, mav not bhe actual productng
M C. - E Cinte, i ) vt b St Stng
e
s
_,"".
\"\-'
- 4
g
ir_ -
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‘:J units, but could be composites ot actual producing units which are

?:¢ f?_ TE. Hereafter, a compariscon input point for an arbitrary PU will

b, N be labeled x’. By examining Figure 1, it should be clear that the

H efficiency boundary contains the set of all possible comparison

:5 points and that any given FPU will have ei1ther cne comparison point

- it¥f 1t is TE or an 1nfinite number of comparison points ¥ it is not.
-? One problem, then, in measuring TE 15 to determine the compar-

" ison potnt tor a specific PU. One method 15 to select a direction

\ which "points" from the PU to the boundarr and to follow that direc-
L tion untt! no further i1nput reductions can be achieved, providing the
l? reduced input 15 capable of producing the PU’s actual output. The

K. .- direction which 1s selected will affect the comparison point, 2rd

e hence, the TE.

- In a manner similar to reducing 1nputs, TE can be measured by

2 finding the largest set of outputs which a given PU’s fixed inputs

i can produce. I+ a Pl 1 TE, the set of cutput comparison points, Y/,
ﬁ will contain only the PU’s actual output. However, i1¥ a PU is not

% TE, the set of output comparison points will have an infinite number
N of comparison points. Hereafter, ¥’ will denote a single comparison
-t output point for an arbitrary FU. As with the discussion on inputs,
:: a single comparison point, y°, can be located by selecting a direc-—
J: - tion which "points" from the PU’s actual ocutput to the boundary of

H Ne efficrency. If that direction s followed from the actual PU until

nc further i1ncrease 'n outputs 1s necessary for the given set of
inputs, the comparison point will be located. Of course, having a

:Q mathematical mode)l which makKes the calculations needed to find the

?; compartison poitnte 1s needed. This model will be developed in the

‘ next section.

b A third alternative for locating an efficient comparison point
'i 15 to simultaneousiy select an i1nput direction and output direction
; which "points” from a given FU to the respective efficiency boundary
e arnd to simultaneously follow the directions until no further input

- reduct:ons or output 1ncreases can be made, providing that the

oy reduced 1nput, x', can produce the increased output, » .

L The model whrich determines a comparison point by only reducing
j: inputs 1 called the Input Technology Model; the model which

~ determines a comparicon po'nt by only increasing outputs is referred
,: to 3= the Output Technology Model; and the model which allows for

i borh input reduction and output increase to locate an efficient

? comparison potnt 15 referred to as a Mixed Technology Model. As will
b - be zhown 1n the next <ection, there s a symmetry in the mathematical
'f requirements for measuring TE, resuiting 1n a single model from which
:; ,:? mary oather cspecific forms carn be der ved.
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discuss the

To illustrate this symmetry, section 2.2 will
model ing considerations for determining the TE of any number of PU o

with an ar: - ar-. number of inputs and outputs. This will require e
the definittion of certain concepts used in subsequent sections of
this paper. Then, some of the modeling considerations will be

illtustrated using a special case of several PU, each having two
Section 2.6 discusses the mathematical
program which determines the TE of a PU. Repeated application of
individual PU allows one to determine the TE of
an arbitrary number of PU.

Chapter 3 discusses the methodology for determining the excess
production capability and i)lustrates the method with data and with
Chapter 4 discusses Effectiveness measurement methodologyr.

tnputs and a single output.

the program to each

figures.

2.2 Definitions.

Measuring Technical Efficiency has been shown in [10] to
First, a reference or a comparison point is
determined for an individual PU using the set of all of the PU.
Secondly, the TE for the PU is calculated as a function of the dis-
tance from the operating point of the PU to the comparison point.
Repeated application of the two-step process for each of the PU
determines their TE. In order tco determine the comparison point to
which an individual PU is to be compared, a mathematical model williﬁi
be developed, which is similar to the model first developed in [3].

Consider j=1,2,....,n PU, with each PU producing an output

two-step process.

vector yJ=(y1,72,....,y5) using an 1nput vector, xJ=(x1,x2,...,xm).
Also, assume that each PU consumes the same types of resources to
produce the csa~~ *»nes of outputes, with the differences between PU
being the quantities consumed or produced.

Define the point (x’,¥’) to be the comparison point for the j-th
PU. Also, assume that the point (x’,»’)> can be found as some non-
negative linear combination of the n PU. M, a matrix of outputs, and

N, a matrix of inputs are defined:

1 1] )
[k, oh R S S
2 2 2 2 2 2 2
M= Tl,fg,TB,....,TS N = X X5 9Xgy e Tm
‘mo‘n Cr ' :n
Lfl,yz,yé,....,yg x?,xé,xg, ..... X
- | — .
Ads 1n (5], assume that each comparison potnt for the j--th PU
wili have no more 1nput than the j-th PU and will produce at least as

This means that (x-

much output as the j—th PU, yry ) must satisfy:
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The Production Technologqy Requirement.

x{<x4 for i=1,2,...,m and y{2yJ for i=1,2,...,s (1)
and x'=>»>y’ (x’ produces y’).

The set (x’,y‘) which is formed by the non-negative linear com-
binations of the n PU operating points is referred to as the Feas-
ible Production Points. The "best" points in the set of Feasible
Production Points are referred to as the Efficiency Boundary. If a
PU is inefficient, it is inefficient because i1t consumes more inputs
and/or produces less outputs than (x“,y’) on the Efficiency Boundary.
For an inefficient point, the j—th PU inputs must "move" toward the
comparison points on the Efficiency Boundary which are located by
"looking" for points of lesser or equal inputs and greater or equal

outputs.

Ne conditione =-e imposed on the measurement of the distance
from the j—-th DMU“s operating point, (xJ,yJ), to (x’,y’) on the boun-
dary. Define P’ and P to be vectors and refer to the components

of the vectors as component efficiencies. Now define:

P;, i=1,2,....,m:= input component efficiency such that
PPN
Pi—xi/xi
and 2)
f, i=1,2,....y5:= output component efficiency such that
7 — e J
Pi‘)’i/yi-

Combining (1) and (2), it can be seen that Pi¢l and Pi21. How
TE is calculated from the component efficiencies will be discussed
in detatl in section 2.4. However, if the Technical Efficiency is
1s the average of the input component efficiencies, for example, then
TE=1.0 (or 100%> if¥ and only if all component efficiencies equal
the value 1.0. Also, P; indicates the proportionate decrease i1n the
t=th input for the PU to be efficient. The value P? indicates the
proportionate increase in the 1—-th output for the PU to become TE.
Finally, TE must be some function of the component efficiencies, P;
and I/P; to guarantee that an inefficient PU will have TES100X.

2.3 Relative Efficiency Example.

Using Figure 2, 1t will be shown that a comparison point can be
found by following a "descent direction” toward the Efficiency
Boundary and that there are many directions, and hence comparison
points, for an 1rnefficient FU, For ease of illustration, Figure 2
t1lustrates eight PU, each having two i1nputs and a single output.
Each of the unitc’ operating points have been normalized by dividing

the value of the i1nputs and outputs by the value of the units’ out-

put. Thus, each PUJ in Figqure 2 has unit output. l
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. (8> —gm denotes a descent
N ® direction
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. (4) 5>

A Xy /Y c
Figure 2. An Illustration of Relative Efficiency

;:- In Figure 2, the Efficiency Boundary is the set of normalized
'$ inputs connecting PU (1>, (2), (3>, (4>, and (S). These five PU
5 and every convex combination of them constitutes a set of compar-
ison points which are considered to be 100/ efficient. Also, any
.. point above and to the right of the boundary is inefficient rela-
i tive to comparison points on the Efficiency Boundary. For PU (6),
'; the points satisfying (1> are above the Efficiency Boundary and
ey below the cone ABC. i
. Once a given PU is determined to be TE, it should also be iii
o clear that it is on the Efficiency Boundary and that if we were
; to look for points which are inefficient, we would look at the
{7 interior of the Efficiency Boundary. For inputs, the interior of
y the Efficiency Boundary is above and to the right of the set of
‘ efficient PU. For outputs, the interior of the Efficiency Boundary
- is below the set of efficient PU,
A,
- 2.4 Step 1: Finding the Comparison Point. .
i' Given some actual production point, (xJ,yJ) of the j-th PU,
o a comparison point, (x’,»’), which satisfies (1) must be deter-
ﬁ mined. The operating point xJ must be reduced by some & 20 from xJ
Fj to x’ in the direction d 20, or
% -
xV-87d 2x’, where d 20 is a vector descent direction
2 and £ 20 is the distance which x’ is decreased along d . (3
.f Simiiarly, we can specify that yJ must be increased along some
N ascent direction d*20 by some £%2:0, so that
~
YJ+§’d*SY', where d'20 is a vector ascent direction =
and 5’20 is the distance which ¥’ is increased along at. (g)
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By assumption, (x“,¥’) is found as some non-negative linear
combination of PU, so defining 220 to be a vector of multipliers,
x’=zTN and 3
y’=2M, where z,20 for i=1,2,....,n.

The basic model for finding the comparison point, (x’,y"), is
complete by noting that we wish to maximize the distance, £, for
the inputs to be reduced and/or €+, for the outputs to be in-
creased, or

Max & + &

Subject To

xI-£7d722 [N=x" (&)
y=z M2yJdeg* gt
£, &%, 220, d720 (some d;>0>, and

d*20 (some d?)U).

From the Production Technology Requirement (1), a PU can move
to a point (x’,y’) by either reducing inputs or by increasing out-
puts or by some combination of input reduction and output increase.
The model in (&) is called a Mixed Technology Model because both
inputs and outputs can be varied to find the comparison point. 1I¥f
we set the distance parameter & =0, the model is referred to as
the OQutput Technology Model, meaning that outputs must be increased
for an inefficient PU to move to the Efficiency Boundary. [+ we
set the distance parameter €+=0, the model is referred to as the
Input Technology Model, meaning that inputs must be reduced to
find the Efficiency Boundary.

The directions of descent and ascent can be used to impart

special characteristics to the model. For example, when d*=yJ

or
d_=xJ, the respective direction is referred to as the radial
direction. It is shown in [10] that with certain other conditions,
including the radial directions and the Input Technology Model, the
model in (&) can be transformed into the Charnes, Cooper, and Rhodes
(CCR> [5] model.

Another restriction on the direction allows one to model the
situation of uncontrollable or nondiscrettionary variables, meaning
that a variable influences TE, but that the variable i1s not control-
lable by management. 1I1f the k—-th input or output component 15 non-

discretionary, any direction other than d;=0 or d;=0 would represent
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an unobtainable situation if the PU 15 inefficient since %’dE)O or

§+d;>0 means that the operating point must move some distance to
locate a comparison point, but the component may not be changeable.&?;
However, if a component direction 15 set to zero for a non- i
discretionary variable, then we must also assure that the component
efficiency equals 1.0 for that variable. If there are r’ nondis-—
cretionary input variables and r" nondiscretionary output variables,
we should exclude them from our TE calculation. However, the non-
discretionary variables still have to be included in the model for
finding the comparison point by setting the direction to zero for
the nondiscretionary component., The next section will show how TE

is determined when nondiscretionary variables are used.

2.5 Step 2: Determining the Value of TE.

The second step in measuring the TE of a PU is to find TE as
some function of the compariscon point, (x’,y¥’>. To illustrate how
TE can be determined, we must first convert (3) to equation form by
adding a non-negative slack variable, S . Similarly, we can make
the inequality of (4) into an equality by adding a non-negative
surplus variable, s*. (3) and (4) are converted to equalities as

follows:

20 s T
we have I—(€_d7+87)/xf=x{/x{. From previous results, xg/xf=Pg. Hﬁ#
y;—8?=yf+§+d?, {, we have y;/y{=P?, and
P;=1+(§+d:+8:)/yf. Assuming that there are r‘ nondiscretionary
inputs and r" nondiscretionary outputs with the corresponding direc-
tional component set to zero, the TE can be found as follows:

xf—g_d?—87=x§, where £20 is a scalar. Then, dividing by x

and after dividing by »

TE=( X P;/(m—r’) + Z 1/¢P"Cs-r")) ) for (7>
€K7 1EK” ‘
r’ nondiscretionary inputs and r" nondiscretionary outputs,
’=(1,2,...,mix} is discretionary?,
K“=(1,2,...,s:y{ is discretionary?l,

p;=1—(g"d;+s:>/x{ and p;=1+<g’df+sj>/y{,

when £ are obtained from (&3. Note, if d?=0 and S:=0, then P:=1.
This condition corresponds to the previously defined condition of
noncontrcollable inputs.

2.6 The Generalized TE Model.

z

. . - +
!! Thus far, we have treated the distance variables & and § as

y: equally important 1n locating the point on the input and output -
6: Efficiency Boundary. However, we may wish to allow for some other -
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x} priority to be given to either reducing inputs or increasing outputs
2 (ES in determining a comparison point. We use the weights alzo and

*S . a,20 in the objective function of (&6) to weight the importance of

& and &', respectively.
Combining the two-step modeling considerations, including the
: use of nondiscretionary variables, weights, and directions, the

'ﬁ General Mixed Input/Output Variable Efficiency-Improving Direction
e (VEID) Mode! becomes:

-,

N General Mixed Input/Output VEID Model

‘ﬁ: STEP 1: Find comparison point, (x“,y’) by solving:

" Max a,8” + a g’

Subject To (8)
x3-87d722N=x", d720 (some dj>0)
y'=z2M2yJ+8*a*, d*20 (some d¥>0> and

‘ .

‘

EAs -

e g*,87,220.

A STEP 2: Find TE by calculating:

" TE=C wt, Z P + wty, T 1/P] ), where

L i €K’ P€K"

N

€ ™A wt, = a,/(x,+tax,2(1/(m-r’)) if m>~r’ and 0 otherwise,
Co 1 1 172

wt2= az/(al+a2)(1/(s—r')) 1f s>r® and 0 otherwise,

7

o K’=(1,2,...,m!x{ is discretionary?

- .
:: K'={1,2,...,5t¥] is discretionary)
) and there are r’ nondiscretionary input and r" nondiscretionary
hﬁ outputs with d;=0.0 and d;=0.0, respectively,

N L :

o where PI=1-(87d+S7)/x] and Pi=1+(£"d1+s7)/¥) and

n

ﬂ «,20, 2.0 (al+a2))0.

¢

:3 3. EXCESS COMPONENT CAPABILITY.
'E 3.1 Introduction.
‘J' It has been shown that for an inefficient PU, the component

= efficiencies provide the information for determining the changes in

. inputs and outputs necessary for a PU to become efficient. When a
?: PU 1s found to be efficient, however, each component efficiency is
i- equal to 1.0 and the overall TE is 1004. Thus, if we have several
& PU with TE equal to 100X, and if we were to rank PU on the basis of
Qﬂ- TE, we could not discriminate either between the overall TE or the
, — individual efficiency components. However, as will be i1llustrated
3} ~ using Figure 3, more information on PU which are TE can be determ-
o ined after it is es*tablished that the PU s TE.
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Figure 3. An lllustration of Excess Capability.

In Figure 3, consider PU (2, for example. If (2) were moved
by increasing its inputs, the Efficiencr Boundary would also move.
As the inputs of (2) increase, eventually PU (2) would become in-
efficient. As PU (2> moves toward (27), eventually the boundary will
stop moving. Any movement beyond (2°) results in PU (2) moving into
the interior of the Efficiency Boundary. Any further increase in in-
puts for (2°) will result in the TE for (2’) to be less than 100%.‘ii

Alternatively, as the output of PU (2) decreases, PU (2) moves
toward the interior of the Efficiency Boundary. When all of the PU
remain fixed and only PU (2) moves, the Efficiency Boundary will
eventually become PUs (1>, (3>, (4), and (S>. Eventually, any PU
will become inefficient if moved in an interior direction a
sufficient amount.

By moving an efficient PU to the point where 1t is no longer
efficitent and then finding a comparison point on the Efficiency
Boundary, the value of the “"excess capability”™ can be determined
as the 1limit of the amount by which the PU can move and still rematn
TE. [If the excess capability 1s zero, the PU is TE, but any change
which takes the PU (n an interior direction will cause the PU to

become inefficient i+ all other PU remain at their operating point.
For a PU which 1= already itnefficient, the excess capability is

H:' negative, and an» movement in an interior direction will cause the PU
{f: to become more inefficient. The method for finding the excess
:23 capab:lity $0llows.
o
!s 3.2 Method for Finding the Excess Capability Componente,
g Taking advantage of the symmetry of the problem gives us somqf;
g tnsight 1nto the determination of the Excese Production Capabilitys”




First, three observations on the constraints of (8) can be made for
a unit that i1s TE and for one that is not TE.

Condi tion J—-th PU is TE j—th PU is not TE
1 ZJ= ZJ=0
2 £ d =0 £ d 20
3 gta*=0 g*d*»0

For the efficient PU, condition 1| means that the unit is its own
compartson point, while the i1nefficient PU 1s never its own compar-
1son unit. The comparison point of the inefficient unit 1s a compos-
rte of other efficient units., Condition t implies that the PU which
ts TE 15 on the boundary and the inefficient unit is not on the
boundary. The inputs of the 1nefficient PU are above the boundary
and the outputs are below the boundary, meaning that the inefficient
PU must have i1ts inputs decreased and its outputs increased to be
efficitent. From Figqure 3, if we restrict zJ=0 for an efficient PU,
the efficiency boundary moves up, meaning that the efficient PU in-
puts are now below the boundary. Similarly, the efficient PU out-
puts would be above the efficient boundary, meaning that outputs of
the efficient PU could be decreased before the PU is not TE. The
restriction zJ=0 also means that no PU is ever its own comparison
unit. This restriction will "move®™ the boundary, but we have no
prior Knowledge of the efficiency of an arbitrary PU or if the
direction to the input boundary is up (if the PU is TE)> or down (if
the PU 1s not TE).

By adding the restriction zJ=0, there 1s no change to the
inefficient PU boundary since z; will always be zero for PU that
are 1nefficient. Accordingly, no changes to conditions 2 and 3 are
needed for the inefficient PU because of this restriction. However,
for t- -+ _ =t "L, conditions 2 and 3 no longer hold if we use
this added constraint, It will be shown now, however, that o:e
more consideration will permit the model in (8) to determine both
the efficient and 1neffic ent PU and the excess production
capability,

For condition 2, the input comparison point for the efficient
PU will be above the j—-th PU, so § d ¢0. If we always select a
direction with non-negative components, then & ¢0. However, for

the inefficrent PU, 1 the direction components are non-negative,
then &€ 0. This implies that we can select any arbitrary non-
negative direction for any PU and allow the distance value, & , to

te unconstrained. If £ >0, the PU is not TE, but if &€ <0, the PU
s TE.
Similarly, condityon 3 for the inefficient PU will remain valid,

but must be changed for the efficient PU when the restriction zJ=0
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s added. Again, by selecting non-negative ascent directions, then
€+d+20, meaning £*20. For the efficient PU, the outputs are above
the efficiency boundary, <o g*a*so, meaning %’SO for the efficient ...
PU. The output distance, g*, when unconstrained, allows us to Een
determine if the unit is TE by noting its sign.

One final consideration must be given for the Mixed Input/Output
TE model. If a FU is efficient, both input and output distances must
be less than or equal to zero. For the inefficient PU, both input
and ocutput distances must be greater than or equal to zero. These
condi tions are simul taneously met by requiring that £7£%20. For
example, if £ =0 and £%50, the unit is not TE. However, if § <0
and §+=0, the unit is TE. In both cases, the product of the
distances is zero as required. The product constraint can be imple-
mented procedurally as opposed to adding a nonlinear constraint.
This will]l be discussed in section 3.8.

From the previous discussion, 1t can be seen that finding the
comparison point for any PU can be made by a few modifications to
the model in (8). The modifications which will permit us to find
the excess production capability are:

EXCESS PRODUCTION CAPABILITY MODEL CONSTRAINTS

1. zJ=0
2. &7 ,&% unconstrained 9 ..
3. € £ )0 (cee section 3.8), and a

4. Pr=Minl,x!/xdy, pr=Maxct,yisydy .

3.3 Excess Production Capability Determined.

The modifications in (9> to the model in (8) evaluates the
PU to determine 14 a PU 1s TE or not. However, the two-step process
requires a determination of efficiency using the modified model (8)
results, To determine the excess production capability and to show
that the excess capabitity 15 the same as the inefficiency of a PU

which 15 not TE, define the following:

R? o = x:/x{ wher e x:=xf—€—dr

r}f and (1o
b o o) _ o et gt

N o Y where ¥ >'0€ d'.

84

e The input and cutput component ratios for an efticient and

%ﬂ inefdt caent PYU obitained using (&2 and (95 will be:

;; Inef¥ic.ent PL Efficient PU

B < w21 (hence 4. 1n (9))

[ | !

L " a"<

o all il (hence 4. in (9)) -
gy N
v’ ) . Can
Ef The conventiuvunal definitian aof efticiency restricts 1nput
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components to be less than or equal to 1.0. Any component less
than 1.0 means that the component is inefficient. Similarly, then,
any value greater than 1.0 must represent an excess production
capability. Therefore, instead of defining input and output
component efficiencies, the excess capability will be found
relative to the value 1.0, With the component ratios in (10},

a value greater than 1.0 could be found, so define the Input

Excess component capability as:

I, = af - 1. 11)
1€ a;(l, the excess component capability is the measure of
inefficiency. 1I¢ a{)l, the value of IEi is the amount by which
the i~th component can be increased before the unit is not TE and,
therefore, represents the excess capability.
The Output Excess component capability is similarly defined:
OE. = 1/af -1. (12>

!

If a;(l, the unit is TE, so l/a;)l and OEi>0, meaning that the
i-th output component can be reduced and the unit will remain TE.
However, if OEi<0, the value represents the measure of the PU’s
inefficiency, meaning the output component has to be increased to
make the PU efficient.

It can be seen that IEi and OE, both measure the change in the
components relative to a boundary which excludes the j-th PU as a
comparison point. WVYalues greater than zero represent the excess
component capability, while values less than zero are the component
inefficiency. Both are measured relative to the theoretical value
1.0, the value a component efficiency would take if the PU were TE.

The comparison point, (x',y')=(xJ—€_d—,yJ+€+d+) may not be an
efficient point. From the previous discussion, the point (x’,y")=

T

(z N,zTM) is an efficient comparison point. The difference between

.

x” and x® is the slack which converts the inequality in (3> to an
and " is the surplus which

4

equality. The difference between y
converts the inequality in (4> to an equality. Another definition
of excess capability using an efficient comparison point can be
made as explained below,

The efficient input and output component ratios similar to
(10) are defined as follows:
w o= xsxd, where x1=(z'N)

f
and (13

y;/yf, where y;=(zTM)i.

?
i
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Similar to (11), the Input Excess Efficient component capability
1s defined as
IEE, = x;” - 1 and (14...»

the Output Excess Efficient component capability is defined similar
to (12) as

OEEi = 1/x7 - 1. (13

Whereas the Input and Output Excess component capabilities (IEi
and OEi) show the amount by which an efficient PU can move and remain
TE, the Input and Output Efficient Excess component capabilities
(IEE; and OEE,)> show the change in efficiency if the efficient PU in-
and outputs are moved beyond the boundary. If a PU is not TE, the
values of the Excess Efficient component capabilities are the
measures of inefficiency relative to an efficient point on the
boundary.

3.4 The Input Excess Capability.

The Input Excess Capability and the Input Excess Efficient Cap-
ability components must be computed to form the two measures of
Input Excess Capability. Using (8) and (?) with suitable interior
descent and ascent directions, the values for (10> and (11) are

-

calculated for each input component. 'ﬁi
The Average Input Excess Efficient capabitlity is:
m
AEE’ = X IEEI/m. 14>

1=1

Total Efficiency with Excess Input Efficient Capability is:
TEEC’'=(100 + AEE’" )X.

The Average Input Excess capability is:

m
AE” = I IE,/m. 17>
=1
The Tota! Efficiency with Excess Input Capability is:
TEC’=C100 + AE" 7. 18>

Note that TEEC’ and TEC’ may not be equal. Section 3.7 will
tl1lustrate the two Input Excess capabilities and show that the
F~verage Excess Capabilities may be less than 100%, meaning that the
PU 15 not TE or 15 an extreme point.

3.5 The Output Excess Capabiiity.
Similar to section 3.4, two excess output capabilities for the
J-th PU can be determined. :
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The Average Output Excess Efficient capability is:

S
AEE" = Z OEE, /s. (19>
i=1
Total Efficiency with Excess Input Efficient Capability is:
TEEC"=(100 + AEE" )X. €20
The Average COutput Excess capability is:
S
AE" = X 0E, /s. (219
i=1
The Total Efficiency with Excess OQutput Capability is:
TEC"=(100 + AE" >%. (22

3.6 INlustration of TE Measurement.
In order to give a more general illustration of the Efficiency |
Boundary and how an efficient PU’s excess capability is found,
consider the following data on ten PU, each of which have two in-
puts and two outputs. The TE and other data has also been given

for the ten PU using the VEID model.

TABLE 1: TE of Ten Producing Units,

i=PU Inputs Outputs TE Input! TE Output? TE Mixed®
Number x4 ¥ Technologqy Technoloqy Technoloqy
1 7,4 10,10 1i00.0 100.0 100.0
2 5,6 8,12 100.0 100.0 100.0
3 4,10 46,15 100.0 100.0 100.0
4 8,8 12,12 ?7.1 84.4 ?2.2
S 2,6 10,10 76.4 73.5 84.7
é 12,3 12,8 100.0 100.0 100.0
7 18,3 14,4 100.0 100.0 100.0
8 15,5 10,8 61.7 60.9 80.4
@ 13,7 12,12 48.14 67.5 82.8
10 11,9 132,13 2.0 72.2 846.1
Average 10.2,6.1 10.7,10.6 8%.4 85.8 2.9
Notes:

1.Radial descent direction.

Z2.Radial ascent direction,

Z.bEqual weights for
in notes 1 and 2.

From Table i,

the mixed model

17

it can be ceen that for

was used with the directions

every PU which 1s TE,




;; the unit has TE=100% no matter which model 13 used. However , tor

EC a PU which is not TZ, the type of model used may cause the TE to

;: vary for the same PU. This would also be true 1 f different ,?3
1f\ ascent or descent directions are used. -
M

':f 3.7 Illustration of Input Excess Capability.

Q% Because Figures 2 and 3 used the spectal case of a single out-
bﬁ: put, the efficiency boundary ot an 1nefficient PU with multiple cut-
r% puts 1s not clear. Figure 4 shows the itnput efficiency boundary for
‘Nﬁ PU (B>, Note that the 1nputs ot PU (8) are inside the efficiency

L boundary. This means that the excecs efficient 1nput capability 1s
!f; negative and is equal to the value of the inefficiency of PU (8).

f:i The line segments denoted as SLACK are comparison points, but are

not efficient comparizon points. The efficient comparison points

. are found at the intersection of A0 and A°0 and the SLACK cegment.

;3 Along the slack line, AE">AEE" and AE'=AEE" on all other points on
~$i the efficiency boundary.

';2 By varying the direction for finding an inefficient interior

® point and using the method 1n section 3.3, the Efficiency Boundary

f: for the efficirent PU 1n Table 1| can be drawn. Figures 5 through 9
::; show the Efficiency Boundary for PU (1), (2>, (3>, (&>, and (7). In
‘o 11lustrating the boundary, several directions may be shown which are
j: not interior directions. -
: In Figures 5 through 9, the cone of all non-negative linear d
:i‘ combinations of PU used as comparison points 1s denoted as AODA’ .

fif Consider first Figure 5. For PU (1), the operating point lies
jf below the efficiency boundary. Several directions are shown by lines
(f with arrows which point toward the interior ot the efficiency boun-

“ dary. From Figuie S, it can be seen that the distance from (1) to

?i the efficrenc, boundary differs, depending upon the directicn taken
fﬂ toward the interior of the pboundary. Therefore, the 1nput excess

:: cCapability will also vary, depending upon the direction taken. Any
i; po:nt along the 1ine segments marked SLACK wil]l have AEL >0, but
q? AEEC " ¢(AHEC” (with AEEC <D +n some instancecs) since the efficient
;? comparison pointe are on the 1ntersection of AJ or &0 and the

?S SLACK segments.
::: Now consider Figure &, which sthows the Etticiency Boundary for
‘.; PU (2). Notice the nclusion of the vertical 1ine labeled -~LACK.
\2; I the vertic~l direction 13 taken, the 1nput component X5 Can be
S5 increased indefinately and P (7)) wiil always be efficient. How-
gk? ever, when a direction 1s taker which al=o ha= a pocitive horizontal
K. compars . 3n inhetficent poirnt wiil be iocated. When the direc-
o tyori intersects tne line calied SiwlCk, the etticient comparison
'ﬂ; point 1s located &y moving towarda the ariygyin alaonyg the ray AU or ?i%
- The dictance btetween where the direction rnter cvcte the SLALN and t“é
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efficient comparison point is the amount of slack in the mathematical
program for the constraint on the operating point, xg.

Figure 7 shows the Efficiency Boundarv for P! 0 . Again,
the line marked SLACK is indicated., When the direction intersects
the SLACK line, an efficient comparison point is found by going
down the SLACK line until 1t intersects the rays of the cone A0A’.
The solution of the input constraints will have a non-zero slack
variable in the second component constraint. Notice that if PU
(3> 1s moved until it is inefficient, then all of the non-negative
linear combinations of efficient PU will exclude PU (3). There-
fore, the cone ADA’ will be determined by PU (2) and PU (7) as
shown. A vertical or horizontal direction will not intercept either
the slack line or the efficiency boundary. Therefore, an ineffi—
cient point cannot be found following these directions. Note that
neither of these are interior directions.

Figure 8 shows the Efficiency Boundary for PU (4). PU (&) can
be increased indefinitely in the horizontal direction and will never
become inefficient.

Frqure 2 shows the Efficiency Boundary for PU (7). Because of
the horizontal slack line, PU (?7) can be increased indefinitely in
the Xy (horizontal) direction and will remain efficient.

For points on the efficiency boundary with slack values, if
AEE’ were calculated, we may find that AEE’'<D. This situation will
ari1ce because, after both inputs are increased, eventually PU (7)
becomes inefficient, and to become efficient again, the PU has to
decrease its Xy component by the amount of the slack. When PU
(7) becomes inefficient, the cone of Feasible Points, ADA’, is
determined by PU (&4)>. This means that once its inputs are increased,
FJ (7> has to "cshed"” a large part of 1ts first input component to
become efficient again.

To summarize figures 4 through 9, PU (2) and (3) can be in-
creased indefinitely in the vertical direction and PU (&) and (7
can be i1ncreased indefinitely in the horizontal direction. PU (1)
it become inefficient in either horizontal or vertical direction.
This situation arisec because, as the direction approaches the
vertical direction for PU (2) and (3) or the horizontal direction
for PU (&) and (7>, the slack value increases. Wtth the direction
where an input component can increase infinitely and the PU remains
TE, the slacks would have to be infinitely large. 1t can be shown
that an interior direction cannot result in an infinite increase In
inputs before the PU becomes inefficient.

Table 2 illustrates the results of using the Input and the
Output Excess Capabili1ty Methods on the set of input and output
data in Table 1.
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2L Table 2: Excess Capability.
ﬁ; Input Excess Capability Output Excess Capability ‘
Y j=PU Tels3 aE’ AEE” TEZ»4 AE" AEE" ;
B » I D T T DD Ll )
i 1 100.0 18.5 18.5 100.0 18.4 18.4

2 100.0 10.1 10.1 100.0 12.8 10.0 ]

3 100.0 56.3 15.6 100.0 524.5 25.0

4 97.1 - 2.9 - 2.9 84.4 - 2.9 -15.6

S 76.4 -23.8 -23.6 73.5 -23.5 -26.6

3 100.0 16.7 10.4 100.0 15.1 15.1

7 100.0 16.7 - 2.8 100.0 33.0 - 4.2

8 61.7 -38.3 -38.3 60.% -35.8 -39.1

® 8.4 -31.7 -31.7 67.5 -31.8 -32.5

10 79.0 -21.0 -21.0 72.2 -20.9 -27.9

Notes:
1. Input Technology Model.

2. Output Technology Model.

3. Directions are radial.
q, d-=(;l,§2) for inputs and d+=(;1,;2) for outputs.

From Table 2, using the radial direction, inputs can be in-
iﬁ? creased an average of 18.54 and PU (1) will remain TE. It can be
shown for the radial case that the AE'=AE". For PU (1), outputs can
be decreased an average of 18.4%Z using the given direction and PU
(1> will remain TE. Also, PU (3> has the larger excess capability
for the directions used in Table 2. However, as seen in Figure 7,
the large excess capability for PU (3) is because PU (3> is an
extreme point with no close efficient PU. The large AE’ or AE" with
a much smaller AEE” or AEE” is an indication of specialtization in
a single input or output. When no longer efficient, the excess
) input must be shed or the low output component must be increased
to bring the specializing PU into line with the other efficient PU.
The symmetry of the approach presented is now complete. Note
that the inefficiency is a measure of the average change which a PU
must make to become efficient, while the excess production capability
is the measure of the amount by which an efficient PU can change
before it becomes inefficient. A negative excess capability is the
same as inefficiency. A negative value of inefficiency is the same
as a positive excess capability. When PU are efficient, the inputs
can be increased, so the PU is below the input efficiency boundary.
When a PU is inefficient, the PU must decrease its outputs, so it

& is below the efficiency boundary. The values of an efficient input
* excess component capability are greater than or equal to 1.0 as are
23
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the excess component capabilities of an inefficient PU output. The
list of the similarities goes on.

oo
3.8 Product Constraint and Unconstrained Variables. b
A typical way of handling unconstrained variables in a Linear
Program (LP) is to change the unconstrained variable into the dif-
ference of two non-negative variables. Using this technique, then
g = & - %E, where & is unconstrained and
£1,8,20, (23)
+ 4+ + + . .
g = El - §2, where & is unconstrained and

+ +
£,1+8220.

The methodology which solves the LP has a rule for replacing one
positive variable with another, depending upon which variable can
improve the objective function. The product restriction gt 20
can be implemented procedurally once a feasible solution is obtained
by restricting the entry of g; if €50 and restrict €; if §5>0.

3.9 Excess Production Capability: A Measurement of Overproduction.

By the symmetry argument, if inefficiency represents the amount
of improvement needed for a PU to become TE, then the positive excess,
production capability represents the amount by which an efficient w
PU’s performance can be degraded before the PU becomes inefficient.
Therefore, the positive output excess efficient capability component
is a measurement of the amount of production which a PU has produced
over and above that which is necessary to be TE, or the amount of
overproduction. In determining the efficient comparison point, »’,
for an inefficient PU, the output will be adjusted upward to deter-
mine what should be produced. Simitarly, then, for the efficient
PU, the output will be adjusted downward to determine y’, the amount
which the efficient PU should produce to remain TE. The next
chapter will use the efficiency adjustments to determine the produc-
tion effectiveness of PU.

4, EFFECTIVENESS.
4.1 Component Effectiveness Defined.

The ratio of actual production to mission is a typically used
measure of mission effectiveness. However, from the previous discus-—
sion, the actual production may not be that which is achievable by
the PU. Also, in the case where PU have multiple outputs, as in the
measures of efficiency, a component measurement of effectiveness will
be defined. Using (8>, the output production which could be expectﬁ§?
if a producing unit were technically efficient can be found. The
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Actual and Adjusted Mission Effectiveness are defined as follows:

Ty = img
(24)

T;J = y;/MiJ, for the i-th output of the j-th PU, and

TiJ is the Actual Mission Effectiveness Ratio,

T;J is the Efficiency Adjusted Mission Effectiveness Ratio,

7{ is the Actual Production,

y{ is the Efficiency Adjusted Production,
and MiJ is the j—-th PU’s Mission for the i-th Output.

If y;)MiJ, then T;)l, and T:)O since positive production output
and mission is assumed. Also, if y;(MiJ, then T;(l. By calculating
the value P;J=I-T;J or ﬁiJ=1—TiJ' if:

P;J = I—T;J>0, the j—-th PU is overmissioned, and if
P;J I-T;J=0, the j—-th PU is properly missioned, and if
ﬁ;J = 1-T;J<0, the j-th PU is undermissioned for the i-th

output, with respect to what the PU should produce. A similar
relationship holds for PiJ' which is a measurement of the Actual
Mission Effectiveness. Overmissioning implies underproduction and
undermissioning implies overproduction.

In a large scale operating environment, it would be expected to
find many cases where 9iJ30. However, we would not expect to find
too many instances of larqge overmissioning or undermissioning. Put
another way, we should expect the distribution of adjusted produc-
tion output to be statistically the same as the distribution of
misston for individual outputs as wel)l as for outputs combined. The
foliowing method allows one to check the "goodness of fit" between
the mission and adjusted production output.

an appropriate statistic for comparing two distributions is the

Chi-square statistic, which is calculated as follows:

J o Jy2
n (fg fo)
X = & 7 , where (28)
J=1 £J
e
fi is the j—th "expected®" frequency,
fg is the j-th "observed®" frequency, and

there are n "cells"” being compared.

The expected frequencies in the production environment are the
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;:i missions assigned to the PU and the observed frequencies are the y-th
:j adyusted production or actual production. (24) can be used toc measure
:j the i1t of mission to the actual production or to the adyusted produ&_.
? tion of all of the PU. The n “"cells* are the n PU. To determine 14 -

. the actual Mission and Adjyjusted (or Actual) production "f1t*, a
:}' critical value of the Chi-squre statistic 1< determined at some level

‘i; of significance, a, and n-1 degrees of freedom. I[f the value of (26)

13‘ exceeds the critical value, 1t 1e concluded that the production does

;: not fi1t the mission. In this case, the values of ﬁ;J show the over-

ol and undermissioning of the PU.

;C; The chi-square test statistic can be found in terms of the

i% Production Effectiveness Components, B:J values as shown below:

2 n 2 n 2 5
. X o= J§1< SH B 00 = J§1 M Cl=y /M D \ 27

(- o 2 2
= I (M - v 25M = x*,

‘= =1 1) ! ' J
6 Chi~-squre values can be calculated for each individual output
v separately or for combinations of outputs. Also, the Chi-squre test
:i can be used to test the fit of mission to Actual Production as well
: as to Adjusted Production as in (27). I+ (27> 15 used for more than
- one cutput, the degrees of freedom for the critical value i1s one

- less than the number of total terms being summed over.

o It may alsc be of interest to calculate the Chi-square statistic
Ej for the etficient and 1netfticient PU separately to see how the mis-

:j si1on process affecte production., Also, 1+ several periode ot time
o (sa> quarters) are used simultaneously, Chi-square values for each

individual time and the Chi-square over all tour quarters can be

determined using ‘271,
1f the Chi-square stati)stic s larger than the critical value,

-
’

o a4l

r % N
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P

the implication 1s that there are signi:ficant under- and overmission

AN values. The following method allows us to determine those FU which

e either have signitrcantly large or small Efficiency Adiusted

. Efficrency Comprrert: fﬁ"-. Uswvng the cratical value tor s
2 tevel f cagniticance, a, ther we wiil accept the hypothesic that
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2 N R L2 S - R (30)
5:2 ¢
;g . From (30>, this means that
‘iw MiJﬁ?J ‘ XgrltiCa]/h, or (31)
Y
Eﬁ R N A L €32
‘ The expression in (32) allows us to 1dentify those component
‘ effectiveness values which, even 1 ¥ the Chi-squre 1ndicates no
'ié significant difference, are excessive. The expression also holds
J: for the Efficiency Adjusted Component Effectiveness values.
! -I,_
' 4.2 Illustration of Effectiveness Measurement.
N Consider the following example, which shows the two inputs and
ﬁ? two outputs for the same ten PU i1n Table 1. Table 3 also shows the
ﬂ: tenn PU's respective mission.
.“’/l
3{ Table 3. Example of Adyusted Mission Effectiveness.

o ! 2 3 4 S $ 7 8 9 10
. Inputs 7,4 5,46 4,10 8,8 ?,4 12,3 18,3 15,5 13,7 11,9
‘id Qutputs 10,10 8,12 4,15 12,12 10,10 12,8 14,6 10,8 12,12 13,13

Qr; Efficiency 100, 100. 100. 84.4 73.5 100. 100. 40.9 &7.5 72.2
i Y1 8.4 7.3 4.4 1iz.4 13.t 10,7 12.0 16.7 18.0 1&.5
f:: r5 2.2 10.¢ 2.6 16.7 14.2 é&.3 8.0 13.0 17.6 19.9
x;: MiJ 9.0 7.9 7.5 12.0 .5 11.0 14.0 2.0 1t1.0 12.0
:;* MPJ 10.5 t11.0 14.0 12.0 8.0 7.5 7.0 8.0 13.0 14.0
o 1—TlJ -11.0 -6.7 20.0 0.0 -5.3 -9%.1 0.0 -1t.1 -%.1 -8.3
Sl 1-75, 4.8 -%2.1t -7.1 0.0 -25.0 -6.7 14.3 0.0 7.7 7.1
;f -7y 6.3 3.2 14.7 -3.0 -37.8 2.4 14.3 -85% -&3x -37.1
o t-7. 1.5 0.7 31.4 -39% -77% 10.0 -14.3 -62% -35.0 -42x
- Notes:

1) ¥ values are considered excessive using (32).
Zﬁ; 2> ¥’ for each PU is found by (8) with the three condi-

f tions for calculating excess production capability
NON with the output technology model! and ascent direction
E:;: a*=(%,,5,)=010.7,10.6).

S 3) Component Effectiveness (1—TiJ) found using (24
B an

AN are 'n percentages.

- 4) Values have been rounded.

1'1“ -ﬁ-‘

?” - Several observatinns from Table 3 can be made. First, PU 4, for
52!
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T:S example, produced exactly what i1s was missioned to produce. Because
li 1t 1s inefficient, however, FU 4 is actually undermissioned 3% and

:i 394 for Output 1 and 2, respectivelv. Also, i1f we were to compare -’
ff‘ PU 7 production with mission, we would conclude incorrectly that PU N
! 7 15 aovermissioned by 14.3/ for Output 2. However, when compared to
Cﬁ: what 1t should produce, PU 7 1s actually overmissioned by 14.3%4 on

:i: Output { and undermissioned by 14.3% on Output 2. These examples

;ES illustrate that the level of resources i1nfluences the production

‘o

|
which should be achieved by individual PU and, therefore, should :
aftect its mizsion. Only when Mission equals what a PU should be 1

)

~
3:} able to produce will the Actual Production Effectiveness be a valid
$$ Indicator of the successful PU., For this example, the proper level
;S of mission for the inetficient PU should have been the y’ values and
the efficient Pl which exceeded the y’ values should receive the
.. recognition for overproducing.
':: From Tabl'e 3, i1t can alsc be seen that there are two values
o in the Efficiency Adjusted Component Effectiveness for ODutput 1
:1‘ which, by (32>, are considered to be excesstve. HRAlso, there are
a” four values in the Efficiency Adjusted Component Effectiveness for
35 Output 2 (I-TZJ) which are considered to be excessive. Table 4
Eif shows which of the Chi-square tests are significant and sheds more
o light onto the problem of evaluating the Effectiveness.
Sl
. Table 4. Chi-square Test Statistics. ii'
?f ACTUAL ACTUAL ACTUAL ADJUSTED ADJUSTED ADJUSTED
‘;: OUTPUT 1 OUTPUT 2 BOTH 1&2 OUTPUT 1 OUTPUT 2 BOTH 1&2
;s AVG B -4.1Y -1.4% -18.6&% -20.8%
<< 0.85 t.01 1.86 14.50%%x  15.81%x  30.31%x
-, 5
- “Te 0.54 0.36 0.90 0.50 2.00 2.50
o 2 .
ﬁ; NTE 0.31 0.65 G.96 14.01% 13.81% 27.82%%
?_ Notes:
g{ 1) *# values are significant at the .05 level. !
<jﬂ 2) #% values are significant at the .10 level. ;
e
-~ 3 Avg ﬁ., values are the average values of 1—11
2; I—TZJ, l—TiJ, and 1—TéJ values 1n Table 3,
o respectively.
{ﬁ: 4) Subscripts TE and NTE for Chi-square are calculated
s for the Technically Efficient and Not Technically
‘:j Efficient PU, respectively.
3 From Table 4. several observations can be made. First, l1ooKingm
ﬂ} at the Actual Micsion Effectiveness, we would conclude that the .
o
o
q’.:-
£4
28
4

.~.‘ - -_..- - - RIhd '1 ‘4-‘ N A ORI ._..‘,. . -
- - EICTAL, e . J'.fr“...- A . .
».Lﬂm&w@klhlnm m 2 S e " ‘ F ~ ‘ 1 ‘_ “:“mﬂ_ j



l!lIlIIII--IIIIl-.I!l-lF-!I-"-'l""l."'-FN-UF‘!l'FHl!H!!Il-'.F!HH!HN!NH!NFUNF!Hl‘ﬂ

actual production fits the mission. This is seen by rnoting that the

AUG ﬁIJ values for both outputs are small (-4.07% and -1.40%) and
f?ﬁ the Chi-<square values using the actual production are small.

However , when the Efficiency Adjusted Production values are used

to determine production effectiveness, it can be seen that Dutput i

ts actually being undermissioned by an average of 18.6% and Output

2 1¢ actually bering undermissioned by an average cof 20.84 The

Chi-square test indicates a significant difference between the

missi1on and production for all PU, with the greatest difference

being in the NTE (Not Technically Efficient) PU. From this Table,

we would conclude that the major problem with the PU in this

example 15 that i1nefficient PU are undermissioned with respect to

what they should produce, but actually are properly missioned

for what they actually produce. Thus, we might also conclude

that the missioning process may, indeed, be a major contributing

factor in the inefficiency of the PU if the PU are producing onty

the amount for which they have been missioned.

S. CONCLUSIONS.
Two methods for finding the excess capability of efficient PU

have been presented for inputs and for outputs. By using these

two algorithms, a new efficiency can be found which includes the

average i1nput increase or output decrease which an efficient PU can

‘]; have and still remain TE. The excess production capability of the
efficient PU 15 a measurement of the overproduction of the PU. 1In
determining the excess production capability of either the efficient
or tnefficient PU, an adjustment can be made to the actual produc-
thon to determine what the PU should produce. The determination of
what a PU should produce allows us to determine the Production
Effectivenecs and, therefore, how well the mission fits actual or
efficrency adjucsted production,
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ABSTRACT (Cont inued)

A method ror ranking botn efilcient and inefficient PU according to their "excess
sroxdaction capability™ s ointroduced.  This methodoloyy also permits one to determine
the overproduction of a PU, which is essential in the Etfectivencess measurements.

The material in thas report will be applied to a subsequent separate report to the
r1rty=six US Army Recrulting Battalions.
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