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i: A convolution system can have a frequency response which is
tl . . - .

’ small for all frequencies, yet still greatly amplify the peaks of signals
4 passing through it. For finite dimensional systems, however, we estab-

)
oy lish the simple bound A Il;<(2n+1)llA lly-, where A |l is the peak
‘. ' gain of the system, Itk lly~ is the maximum frequency response of the

system, and n its dimension. The same result for continuous time sys-
\_\ tems is due to Gohberg and Doyle and is mentioned in [HWL].
o _:.“ ':‘”;‘-"' :; :‘-‘a‘ ey
¥ The bound implies that H™-optimal controllers, which minimize the B id b oS
K \ maximum of some disturbance-to-error transfer function, cannot have 4@ -
very large peak gains from the disturbance to error. e
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1. Introduction

We consider the discrete-time convolution system y =h*u where u (the input),

OTIC FILE copy

';: y (the output) and h (the impulse response) are real valued sequences on the nonne-
oY

3::: gative integers Z, £ {0,1,2...}, and k*u is defined by

'5::: k

fot =

' Ye = 2hiu; (1.0.1)
XX i=0

iy . . . . .

i, We now examine several different measures of the ‘size’ of a signal or the ‘gain’ of
’t" .

R the convolution system (1.0.1).
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f;;;j;; 1.1. BIBO Stability and Peak Gain y _
" The peak or 1”-norm of a signal u is defined by
Hull, Asuplu,l
- £ gl

The set of bounded sequences, that is, those with finite peak, will be denoted I”,
as usual. The system (1.0.1) will have the property that its output y is bounded when-

f-;ﬁ ever its input u is bounded if and only if

= -

i Tihl Bithll <o (1.1.1)
wj' i=0

y in which case we can bound the peak of the output by
‘:;;‘0
e yll, < Hhitllull, (1.1.2)
Yt
‘ﬁ This last property (1.1.2) is called bounded input bounded output (BIBO) stability; a
convolution system satisfying (1.1.1) is called BIBO stable. The bound (1.1.2) is in
E:. fact sharp, since there is a nonzero u € 1 with
Xl i
e Nh*u il o= Nlull A |
e ’ ‘ |
Thus A Il is the peak gain of the convolution operator (1.0.1); it is the maximum |

p“. factor by which the convolution operator can increase the peak of its input.

5(. -
i g ,_
Ky 12. Por RMS Gain = - )
Sy

Another useful norm on signals is the I>-norm

2

AN o 12
»':2‘: Null, A z:;ou,?]
.‘:“ ]

which may be interpreted as the squareroot of the total normalized energy in the signal \

‘ u. 1? will denote the set of signals with finite 12 norm. The convolution operator
“:’;f_-f_ (1.0.1) will map 12 signals into 12 signals if and only if the power series |

K/

o HO A S h) (1.2.1)
— i=0
)
'3:3 is analytic and bounded for (complex) I\l <1, that is,

e -

B Nhlge & sup | ShA ] <o (1.2.2) |

o A<l i=0  ,<

o in which case the following bound holds: '
Ny ly S Nallyellu il (1.2.3)

1 S P W F T 3 PR 0"
Ay 'w‘;.{i‘»‘l'f'u'o?"'}v"t:i’g'i‘,f‘;' AN




Such systems are called 12-stable.

The bound (1.2.3) is also sharp; there are u € 12 with Ily Il/llu I, as close as we
want to ll& Il -, (but not equal, as in peak case, unless H has constant modulus on the
unit circle). Hence !lh 13- may be interpreted as the 12 gain of the convolution opera-
tor (1.0.1).

We remark here that the power series (1.2.1) need not converge for IAl =1, and
that the requirement (1.2.2) is strictly weaker than (1), since A llg-<IlAlly. Thus
every BIBO convolution operator is 12-stable, but not vice versa. Examples of 12-stable
but not BIBO stable convolution operators are quite contrived; one is given by

b A (k1 TH®YO), HQ\) = V-1 (1.2.4)

When the convolution operator is also BIBO stable, the power series (1.2.1) does
converge for 1Al =1 and

Nhll e = sgpIH(eje)l

Thus the 1>-gain Ilh Ily- can be interpreted as the maximum frequency response of
(1.0.1), that is, the maximum steady state response to sinusoidal inputs bounded by
one. We note for later reference that the frequency response 1H (e/®)| of a BIBO
stable convolution system is in fact a continuous function of 0.

Another interpretation of Il Il y-, perhaps more often appropriate, is as the RMS

gain of (1.0.1). Let us define the RMS value of a signal u to be

l K-1 172

llu Il gygs B lim — Y u?
rus £ lim sup [ Eo ;

Then we have Iy llgps < WA = llu ll gpss, and this bound is sharp, indeed there is a
nonzero u with lly llppre = WA Il gellue W ppgs.

Note that ll-llgys is not a norm, but only a seminorm, since we can have
nonzero signals with zero RMS value. For example, any ‘transient’ or decaying u
(u(k) =0 as k = o) has zero RMS value.

1.3. RMS Response to White Inputs

}

We say that a signal u is white if

. 1Kl 1 m=0
FILE Fltm =10 m>0

Thus white signals have an RMS value of 1.
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While A ll- is the maximum RMS value of the output of (1.0.1) when the
input signal has RMS value 1, if we restrict our attention to white input signals the
RMS value of the output is always Il A ll,, that is,

Wh*u llgpge = R 11, for u white
~~
1.4. Relations Among Peak and RMS Gains, RMS Response to White Inputs ,

We have seen three measures of the ‘size’ of the system (1.0.1): its peak and
RMS gains, and its RMS response to white inputs. Intuition suggests that these meas-
ures are related. For example, it is tempting to conclude that if (1.0.1) has small RMS
gain, it should have small peak gain, but this is simply not true.

In general nothing can be said other than
NAlly < lhllg-< Al

Convolution systems with small RMS gain can have arbitrarily large peak gains,
indeed infinite peak gain. The system (1.2.4) described in §1.2 has finite RMS gain

hllyg-= su |e1’<"-1>|=e-“2
H I).IEI

but infinite peak gain, since as noted in §1.2 BIBO stable convolution systems have
continuous frequency responses, yet for this example, H (ej e) is not continuous at 6=0.

Similarly a convolution system can have small RMS response to white inputs but
infinite RMS gain; an example is given by H (A)=(1-A)"13, that is,

147 - - - ((3k=2)

he 2 (k) TH®XO) = pray

This H is unbounded near A=1, hence Ik Il yj==o°, and so this convolution system can
have infinite RMS response to an input with RMS value finite, say, 1. However, its
RMS response to white inputs is finite, since

2n
WA NZ = (2r)™ [1H (e/%)1%d6
0 .

T 1
= 12713 j (1—cosB)~13d 0 = g~12713 ju-5’6(2-u) ~12gy < g 12233
0 0
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2. Controlter and Filter Design ; ¢¢ »¢

Many problems in controller and filter design can be cast in terms of making
some ‘error’ convolution operator ‘small’ (see, e.g., [VID2]). Usually the error opera-
tor can be interpreted as mapping an input or disturbance to an error or output.
Depending on our notion of size of a convolution operator, the goal of minimizing the
error operator yields different controller or filter design schemes.

The linear quadratic Gaussian (LQG) controller minimizes the RMS response to
white inputs of a certain (usually multi-input multi-output) error convolution operator.
In 1979, Zames [ZAM1] pointed out that controller design schemes which minimize a
gain (‘multiplicative seminorm’) have more desirable robustness properties than those
which minimize a measure of the error operator which is not a gain, e.g. the RMS
response to white inputs. He proposed to design controllers which minimize the RMS
gain of the error operator, that is, the H” norm of the error impulse response.

Implicit in such frequency response methods is the assumption that in practice, an
error operator small in the sense of maximum frequency response should be small in
other senses, e.g. peak gain. The examples given in §1.4 show that this assumption
does not hold generally, but we will show that a weak form of this assumption does
hold in practice.

Recently Vidyasagar [VID1] proposed to design controllers which minimize the
peak gain of an error operator, that is, the Il-norm of the error impulse response;
Dahleh and Pearson [DAHI1] gave a solution to the ll-optimal controller design prob-
lem for discrete-time systems in 1985. A question which arises immediately is, how
different can systems designed with LQG, H and 1!-optimal controllers be? The
examples of §1.4 suggest that they can be radically different.

3. /Bounds for Finite Dimensional Systems , ~_
In most cases of practical interest, the impulse response h is that of a finite-
dimensional dynamical system {A, b, c,d}:
Xge1 = Axy + buy Yi =X + duy x0=0 @G.D
where A € R"*, b, cT € R”, and d e R. Thus hy=d, and for k >0, h, =cAk1p.

For such impulse responses it is possible to bound the peak gain in terms of the RMS
gain and n, the dimension of the state space.

Theorem 1: If h comes from the dynamical system (3.1), then

Whal; £ 2n+D)I A Ny (3.22)
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If in addition d=0, then

Wall, £2nllh ly- (3.2b)

'The continuous-time version of Theorem 1 is a recent (unpublished) result of
Gohberg and Doyle [HWL].

We mention that these bounds are asymptotically sharp, that is, there is a
sequence of dynamical systems with the ratios of peak to (2n+1) times the RMS gain
converging to one as n — oo,

Of course the bounds are sharpest when n is as small as possible, i.e. the system
(3.1) is a minimal realization of 4. We henceforth assume this. We will also assume
that the system is 12-stable, since otherwise the bounds above are vacuous; with the
minimality assumption this implies that the eigenvalues of A have magnitudes less
than one.

In fact the results (3.2) are implied by a sharper bound involving the Hankel
singular values of the impulse response h. Recall that the Hankel singular values
OH1» - - - Oy, Of (3.1) are the squareroots of the eigenvalues of W,W,, where W,
and W, are the observability and controllability Grammians of (3.1), i.e.

W, & TATkcTcAk W, A T A*pbT ATH
k=0 k=0

(these sums make sense because the eigenvalues of A have magnitude less than one).
We order the Hankel singular values as usual:

oy12 - 20y, >0

The oy; s depend only on the impulse response 4 and not on the particular realization
{A,b,c,d) of h, and so may be unambiguously called the Hankel singular values of
h.

Theorem 2:
Hhlly < 1d 1 + 2(0y 1+.-+0y,) (3.3)

We postpone the proof of Theorem 2.

Lemma 1;

A ”H" 2 G

Lemma 1 is well known; it follows immediately frorn the characterizations

A Il 2 = sup{ Ty | Su?=1, y=h*u
i=0 ' i=0
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01211 = sup{zyiz | Zuiz =1, Uy =Up =" =0, k20, y=h*u }
i=k i=0

(see e.g. [DES] for the first and [GLO)] for the second). Thus Ik !l 3-267 ;.
Theorem 1 follows immediately from Theorem 2 and lemma 1:
Wally < 1d1+2¥0y; < Id1+2n0y) < Id1+2n 11k lig.
Setting d=0 yields (3.2b). Noting that HAlG.21HO)I=1d] yields
WA 11 <(2n+1) 1A 1 g-, which is (3.2a).

We mention here that the sharper bound (3.3) shows that the order n appearing in
the bounds (3.2) can really be taken to be the effective order of the system, meaning
the number of significant Hankel singular values, as opposed to the number of
nonzero Hankel singular values.

Proof of Theorem 2:

lhlly=1d1+ ¥ lcA*b | =
k=0

=1di+ 3 1cA%b | + 3 1ca%Hp | (3.4)
k=0 k=0

Let us first consider the second term in (3.4). By the Cauchy-Schwarz inequality in
R*, IcAZb 1 <UAT T 1,11A%b 11, so

3 IcA%b1 < 3 NATECT 1, 1AkD I, <

k=0 k=0
- 1”2 (. 12
< [2 HATECT ng] [z IA*b uz?-] = (TrW, Trw, )12 !
k=0 k=0

using the Cauchy-Schwarz inequality in 12 Similarly the third term in (3.4) can be
bounded above as

1A% p 1 < T AT T u,14%p 01, <
k=0 k=0

o 172 (o Y12
< [T naT*cTng T HA*p 012
k=0 k=0

- 12
= (Trw,)1"2 [Tr ZA"bbTAT"] = (TrW, ) "(Trw, — 1b 11 112
k=1

< (TrW,Trw, )2

B ) 1,

WA (TG
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Thus from (3.4),
Whlly < 1d1 + 2(TrW,Trw, )12 (3.5)

Now (3.5) is true for any realization {A,b,c,d} of h; in particular for a balanced
realization {A,,b,,c;,d} of h, we have W, =W, =diag [6,....01,] 2 Z;. Thus we
have

Whlly < 1d | + 2(0y (+..40y,)

which establishes Theorem 2.

It is interesting to note that expressions similar to TrW,TrW, have appeared in
recent work on sensitivity and overflow analysis of realizations of 4 [MUL,THI].

It is worth mentioning that the balanced realization used above yields the best
bound for Il4 Il based on the inequality (3.5). We will now show among all realiza-
tions of h, TrW,TrW, has minimum value ) Oy;, which is achieved by and only by
any realization with W, a multiple of W_, the balanced realization a special case of
this.

For any matrices F and G we have the inequality

172
Tr(FTG) = TF;G;; < [zp,}zc,j] = [Tr(FTF)Tr(GTG)]
iJ i.j kd

i,j

172

with equality if and only if F and G are multiples of each other. Now if W, and W,
are the Grammians of any (order n) realization of &, then they can be expressed as

w, =TTZ,T W, =T 3,177

where T is some nonsingular matrix (in fact, the coordinate transformation taking the
balanced realization into the given realization). Applying the inequality above with
F=X}>T and G =Z}?T7T yields

Tw,Trw )2 2 Tr@TL,TT) =TrZ,; = Yoy (3.6)

Moreover equality obtains only when Z)?T is a multiple of TY2T~7, which is
equivalent to TTT =od for some constant o. This implies that a2W0 =W,; conversely
if W, is a multiple of W, then TTT =od for some constant o, and equality obtains in
(3.6). Thus the claim above is established.

Finally, we note that it is not possible to bound the RMS gain of a finite dimen-
sional system in terms of its RMS response to white inputs and its order. Let O<r <1,
and consider the first order system x; .y =rx; +u;, Yy =x;. Thus hg=0 and for k >0,
hy=r¥1, so llh IIH-=(1—r)'1, and llAll,=(1-r»"V2, For r near one, the ratio
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Wh 1</l 1y is unbounded, establishing the impossibility of bounding this ratio in
terms of the system order (here, one).

References

[HWL]
Robust Control of Multivariable and Large Scale Systems, Final Tech. Report,
Honeywell Systems and Research Center, Minneapolis, 1985.

[VID1]
M. Vidyasagar, Optimal rejection of persistent bounded disturbances, IEEE Trans.
Autom. Control, vol. AC-31 #6, pp527-534, June 1986.

[VID2]
M. Vidyasagar, Control System Synthesis: A Factorization Approach, MIT Press,
Cambridge MA 1985.

[ZAM1]
G. Zames, Feedback and optimal sensitivity: Model reference transformations,
multiplicative seminorms, and approximate inverses /EEE Trans. Autom. Control
vol. AC-26 #2, pp301-320, April 1981.

[ZAM2]
G. Zames and B. Francis, Feedback, minimax sensitivity, and optimal robustness,
IEEE Trans. Autom. Control vol. AC-28 #5, pp585-600, May 1983.

[FRA]
B. A. Francis and G. Zames, On H™ optimal sensitivity theory for SISO feedback
systems, IEEE Trans. Autom. Control vol. AC-29 #1, pp9-16, Jan. 1984,

[DES]C. A. Desoer and M. Vidyasagar, Feedback Systems: Input-Output Properties,
Academic Press, New York 1975.

[DAH]
M. A. Dahleh and J. B. Pearson, 1!-optimal feedback controllers for discrete-time
systems, Technical Report #8602, Rice University, Houston TX, Sept. 1985.

[GLO]
K. Glover, All optimal Hankel norm approxiamtions of linear multivariable sys-
tems and their Linf error bounds, /nt. J. Control, vol. 39, pp1115-1194, 1984.

[DOY]
J. Doyle, Matrix Interpolation Theory and Optimal Control, Ph.D. Thesis, Dept.
of Mathematics, Univ. of Calif., Berkeley 1984.

. _— - e 3
Y )30 Py Py » ‘ 4 Pl D DL o Dot OO A1) O ™ 0
A AN !0':“‘!& ,\J;,ﬂ,“n’;’l’ Mf‘ :,"GC,“}"""' A “"1.'.'1 KA ,"z'w‘_cl..,.‘ b‘.". ,t"‘,%",'%;., b i'*"!‘: ‘” el kT

+

R MO 0000
AL ONOCUN NRUOOO



- 10 - ' .

[MUL]
C. T. Mullis and R. A. Roberts, Synthesis of minimum roundoff noise fixed point

digital filters, IEEE Trans. Circuits Syst., vol. CAS-23 #9, pp551-561, Sept. 1976.
[THI]L. Thiele, Design of sensitivity and roundoff noise optimal state space discrete
systems, Int. J. of Circuit Theory and Appl., vol. 12, pp39-46, 1984,




Lk e mcs @2l R g S n ko A NE U a TR e gt @R e M g e g

~ ‘i, gin |'~|
"0.3.9i3 ‘ .

KO
Wiy
U "9 L
ARl '0.4‘ Wy l’ t"

. 0




