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S The equation of state (EOS) is central to the determination of physical -

properties at high pressure. In the pressure range where solid high pressure

systems have been used, the lack of a primary or direct means to measure the e. r

pressure has compounded the difficulty of obtaining the high pressure EOS of d

solid. The solution came together in the Decker equation of state for sodium

chloride (NaCl) (ref I). Decker calculated the EOS on the basis of the

Mie-Gruneisen equation. The Decker equation had multiple virtues; it produced

agreement with the best pressures data (thus tending to validate the pressure

scale as well), had no adjustable parameters, and dealt with NaCl, a very

popular high pressure material. It was used as an encapsulant for obtaining

"hydrostatic" pressure in solid systems and in experiments in which x-rays

were used.

After having made sound velocity measurements in NaCl to 270 kbar (ref

2), we addressed the problem of the EOS (ref 3) following Murnaghan's (ref 4)

developments in continuum mechanics using finite deformation. We extended the

calculations to fourth order elastic constants for the equation of state and

also, on the basis of the same formulation, obtained expressions for the

longitudinal and shear velocities as a function of the hydrostatic strain

ID. L. Decker, W. A. Barrett, L. Merrill, H. T. Hall, and J. D. Barnet, J.
Phys. Chem., Vol. 1, No. 3, 1972, p. 773.
3. Frankel, J. F. Rich, and C. G. Homan, J. Geoph. Res., Vol. 81, 1976, p.
6357.

3 .j. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
I. 1979, p. 67. V..,.

F. D. Murnaghan, Finite Deformations of an Elastic Solid, Dover Publications,
Inc., New York, 1967.
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(also to fourth order elastic constants). Finite elasticity is essential

where the elastic deformations are so large that Hooke's law representing the

deformation by means of second order (X and 1j) elastic constants is an

oversimplification. Figure 1 shows a representation of the EOS for NaCl. It .

can be seen that the (Hookean) second order equation of state is inadequate

and that the EQS using fourth order elastic constants approximates the Decker .'

equation better.

The third order fit is identical to the Murnaghan (ref 4) equation. The

elastic constants used in Figure 1 to calculate the EQS to 270 kbar were

obtained from ambient pressure data and from the measurements of Voronov and

Grigorev (ref 5) to 80 kbar. In Reference 3, however, we see that these same

elastic constants do not fit the velocities measured experimentally beyond 80

kbar. The velocities present a more stringent test of the theory than the

EQS. Sos.

The remainder of this report will be devoted to continuation of the

work commenced in Reference 3, an extension of the theory to fifth order %.%

elastic constants, and an attempt to express the velocities in terms of '

pressure. Expressions for velocities in terms of pressure rather than strain,

facilitate comparison to simpler expressions in the literature, which were

derived for lower order elastic constants, and also invite comparison with

experimental data.

3j. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
1979, p. 67. 1 V

4F. D. Murnaghan, Finite Deformations of an Elastic Solid, Dover Publications,
Inc., New York, 1967.

5F. F. Voronov and S. B. Grigorev, Soy. Phys. Solid State, Vol. 18, 1976,
p. 325.
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Figure 1. The representation of the EQS for NaCl with inclusion of second,
third, and fourth order elastic constants. The best fit to 280
kbar results when using fourth order elastic constants obtained by
Voronov and Grigorev (ref 5) data for 80 kbar (ref 3). X, is
defined as the ratio of the dimension at pressure to the original
dimension.
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In the next section, explicit expressions are derived in terms of the

strain parameter Al. In the following section, we obtain the direct relations

between velocity and pressure by eliminating the strain parameter via the EOS.

The expressions become unmanageable and we carry out a Taylor expansion around "- '

the zero pressure state. Without the use of the symbolic manipulation

algorithm (M'.CSYMA) (ref 6) many of these expressions could not have been

obtained easily.

OUTLINE OF ANALYSIS AND ALGORITHM

For completeness we briefly outline the algorithm for obtaining the

velocities and the equation of state. The complete analysis was given in

Reference 3. We apply a uniform hydrostatic deformation to the unconstrained

body with coordinates Bo(xl,yl,zl) which become B(x,y,z) in the deformed

state. The strain parameter Al is given by

x y z (1)

xl yl Z.

The metric tensor gij,gii of the undeformed body and Gij, GiJ of the deformed

body are given by

F
S. A-~ 2I i 12  .

0 0

ij I 0 X1 ,2 o gij ,,0 X1
2  0 (2)

Xl -X1..

3j. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
1979, p. 67.

6 "MACSYA" Reference Manual, The Mathlab Group, Laboratory for Computer

Science, MIT, MA, Version Ten, 1983.

4
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Gij GiJ =ij (3)

The strain invariants are

11 - 3X12 , 12 - 3X14 , 13 -Xl
6  (4)

The relation of the above strain invariants to those given by Murnaghan

(ref 4) is given by the following expressions, where we use superscript c to

denote the definition of Murnaghan:

c I c
Il 2 (I1-3) 12 - [(12-3) - 2(11-3)]

2 4

c 1
13 - - [(I3-1) + (I1-3) - (12-3)] (5)

8

and the strain tensor becomes
1 1"""

Yij 2 [ (Gij-gij) 2 6ij(l - X1-
2) (6)

Expressing the strain energy density W in terms of 11, 12, and 13, we

obtain from the principle of least action the components of the stress tensor

Til = X1
2 + 2*X 1 , + p

T22. T33 .TI1

T 1 2  
T1 . T2 0 (7)

2 3W 2 3W

~+.'

P . 2 rI-3 __ (8) -: "

-L e r A art sL Merrna .re H and de-iv-ie D. ae J

Phys. Chem., Vol. 1, No. 3, 1972, p. 773.

, - . 0

5

%.A. ..D.'~Z-K.xKJ ..- ' p
phys.* -A Zhe., Vol I, ,o.t~ 3, 97, p 73. -



* 1/2
= ----- longitudinal velocity

c11-c12+2T
1 1 1/2

vS ------ ----------------- ------- shear velocity

-p _ X1 + 2*JX 1 4 + p equation of state

where p is the hydrostatic pressure and P is defined in Eq. (8).

cll -T1 + 2AX1  8B Xl8 + 2C X1 2

8D X1 
1 0 + 4E X,8 + 8FAX, 6

c1 2  -X -X 2$ + p +4 2A X,4 + 8B X,2 + 2CX1
12

+ 8DX 1 0 + 4E Xl8 + 8F X,6

c44  r(Cll-C12) (9) L

2
and

2 a2W 2 32W

A 'y at- B~ -a~

.311

6 D

2.~-.
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DERIVATION FOR HIGHER ORDER ELASTIC CONSTANTS IN INCREASING ORDER

Second Order Elastic Constants

The strain energy in termis of second order elastic constants becomes

W - X+2 1) (1 1c) 2 - 2 P12c(1)*
2

where X and P~ are the classical second order elastic constants. Using Eqs.

(9) and (10), we have

5 A 3 12 . X(-- - -) (3 - -T) (12)
Pp2 2X1  1 p( X-(2

3X 11(3
Pvs 2 - (Xl - + iU(2)tl (13)

2 X1.

P - (3) X2 j) Xj7 1( Xl2-1) (14)
2

pU po/)X 
3

Eliminating the strain parameter between Eqs. (12) and (14), we obtain a

quadratic expression for v 2.aslto isgvnb

Pov 2 {81A5 +378UX 4 _(9X2  2 2 /2 2i&) + p2+ 4X] /[63pA3 + l 7 4 1ipX2 + V..

(20p 3 + 1484 2 p)X + 2411p 3 + 40U~3p] + (153p 2 + 648P12)X3 +

(40211ip 2 + 5280a) X2 + (20p 4 + 332112 p2 + 20Wu) X +*.

(24UP 4 + 88u 3 p2 + 32p~5 )}/(81X 4 + 216U.X3 + 216P2 X2 + 96113)X + 16.) (15)

Equation (15), though exact, is more cumbersome than a Taylor expansion of

itself up to p3. Ti beos

7

*P F



(7+1O)p (17 )+220)p2  (47 X+58 )p
3

PovP. +2 u) + - (16)
3 A+2 w (3 A+2 i)2 2(3 A+2 W)3

We followed a similar procedure for the shear velocity. The Taylor expansion

for the shear velocity yields

(3 +-6 P)p (9 )+14 3p 2  (27 +38 j)p3  (

Pvs 2  + (17)s D+2 ' (3.X+211)2 2(3 +2 M) 3

'...

Equation (16) does not agree with that given by Birch (ref 7). The

discrepancy may be due to an incorrect expression of Eq. (lOb) by Birch. (See

corresponding expression in Reference 4, p. 37).

Third Order Elastic Constants
"."

In the following (Eqs. (18) through (21)), we will only add the

additional terms due to the third order analysis. The strain energy density

.d. for the third order elastic constants becomes

W W ---- (I1 ) -2ml I 12 + n13 (18)

As shown in Reference 3, for our problem the three Murnaghan third order

elastic constants 1, m, and n only appear as two third order elastic constants

a- (99. + n)
} Third Order

8 - (31 + 2m)

I3j

3 j. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
1979, p. 67. -y

4F. D. Murnaghan, Finite Deformation of an Elastic Solid, Dover Publications, "
Inc., New York, 1967.

7F. Birch, J. Appl. Phys., Vol. 9, 1938, p. 279.

*: .-.4.
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The velocities and the E0S have the following terms in addition to those ,'

found from the second order terms: & P

for pvp2. X13(-C+ ) + Al(- ja-) + X1-l(; a) (19), )i

p 4
f or PVs 2  X .3(- ") + 1 a - z 0) + 11-I(a a) (20)

'.1

"-for -p -- X Z12-1) 2 (21)..

As before, we eliminate X1 for Pp p 2 and pv. 2 which include second order

terms and the third order terms between Eqs. (19) and (21) and Eqs. (20) and -

.?..-

r ~(21), respectively. The resulting expressions are very complex algebraically; .j

. ~as before, a more useful form is obtained from a Taylor expression of the ,.

exact function for velocity. The resulting expressions for the velocities in

terms of second and third order elastic constants are

. (7 X+1 0 V2 0) p +(17 X + 22t + 10 0 + a)p 2  .

o v 2 + + 9
p 3 ~ ~ X4 3t2Vo pv 5 I - 3+t (31-(- .,+.,

I (47 ki58 P*50 0+8 a)p

- 2 ( 3 X + 2 11 )) 3  + . .( 2 2 ) - ,

(6 A+l 2 vt-30-a)p (181+2 8 pI 150- 3 a) p 2  (5 4 X-7 6 t*t75 a- 9a() p 3

- - - - - - - -) (23)

'-

f -,(L(2

.a.

tem ndtethr rertrsewe Es 19.n.(1 n Es 20 n

a- !'

(2) esetvly h esligexrsiosaeveycmleleracly

"' -. .,.-.". as." before, a. mor " u.sef-- ul form- - is obtained." '. from a Taylo.exprssio o the .. . "
.4 , 'd ",' 'd .T .'," . " . , 

" 
. . ". I " . " . " . " . ". .. - . ". " . " ".

exac function..,. for velocity . .. Tesutn e,,esson for. the.. velocities in.. ,..
..... terso second _._ and third..- order elastic...... constants....-, are.." .. ',.;-.



Fourth Order Elastic Constants

W = 16q(IlC) + 16r(tic)2(12c) + 16s(Ilc)(I 3c) + 16t(1 2 c) 2  (24)

Two fourth order elastic constants appear as follows:

y (27q + 9r + s + 3t) (. ,
.
%

.

I Fourth Order (25) .

6- (81q + 24r + 2s + 7t)

Velocities and pressure are given with additional terms

Vp2p 1
5 (86) + A1

3(-8y-166) + X1(16 1 +86) + Al- 1 (-8Y) (26)

vs 2 p X15 (66-11y) + X1
3 (-126+12y) + X1 (6y4+66) + Xi-(-8y) (27)

8Y J..,
-p (Z- 1 ) 3 (28)

The Taylor expansion, after an elimination procedure, gives the

velocities as functions of pressure

(7X10-*20)p (17 X+22u -32y+326+9l0 a+a)p 2

Povp 2 (X+21A) -+p ~~3X + 2 T-;2u

(47 k+58 t-256y+384 6+50 0+8 a) p 3
+ (29)

2(3 X+2 4) 3

(6 X+12i *3 0-a)p (18 X-28 u-144 y48 6+15 a-3 )p2

6, + 4 2(3 ,+2 U) 2

5 (4 A+7 6 vt-l4 72 y+5 76 6+7 5 0-9 a) P

~ 4 X + 2 u ) 3 .. . ... ( 3 0 ), . .. ,

t*.9

10
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Fifth Order Elastic Constants

W = 32a(llC)5 + 32b(Iic)3(12c) 1 32c( 1 c)
2(t3c),

+ 32d(11 c)(1 2 c)
2 + 32e(1 2c)(1 3

c ) (31)

Two fifth order elastic constants appear as follows: .

w - 108a + 27b +-c 4- 6d
I Fifth Order (32)

£ - 81a + 27b + 3 c + 9d + e -

PV - (Xl2-1) 3 [(8*26)X 1
2-lOei (33)

-Vs2 3Xl()qZ-l) 3 (2w-e) (34)

i -0( A,, 2_1 ) 4 (35)

Finally, we carry out Taylor's expansion after the elimination process. 4

This time, however, the velocities are not affected up to the second order in

p, i.e., Eqs. (29) and (30) remain valid with p3 term given below

3 2-

-(47X + 128w + 58p - 256y + 256e + 3846 + 504 + 8cz)p 3/2(3,X+2) 3  (36)

-" and

p 3 term in Povs 2

-(54X + 192w + 76P - 1472y - 96£ + 5766 + 758- 9a)p3 /4(34+2M)3  (37)

Ad

;'...

-.

a°°

' 4 W -d -
'  

' " o " - " . . . . . .i"" '
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DISCUSSION AND CONCLUSION

Figures 2 and 3 give results in which the exact solution for v and vs to

fourth order elastic constants for NaCl are compared with Eqs. (29) and (30),

respectively. In both cases, the expressions are essentially identical to 30

kbar. Velocity data under hydrostatic conditions can be obtained to good

accuracy up to 25 kbar. For materials with smaller compressibility than .

sodium chloride, plotting the measured velocities, Eqs. (29) and (30) to

approximately 25 kbar can yield the elastic constants which would give us the

equation of state when no phase changes occur. More compressible materials

would require fifth order elastic constants. '

CJ - ' "-

9.0 7.0..

Q 3.0-

1.0
0 40 80 120

Pressure, kbar

-'a%=

Figure 2. Povp 2 versus pressure. Exact solution (---) and Taylor
expansion ( ) (Eq. (29)) using the elastic constants
for NaCl given in Reference 3.
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There is an exact solution on the basis of a classical elastic theory for ?,.:

velocity as a function of pressure. Just as x-rays were used to calculate ,.,,

pressure via lattice spacings of sodium chloride, it is not hard to visualize -k.

using velocities to do the same thing. -"-'

" ~Brilloun scattering in a diamond cell could be used and data would have,.-' .

% to be obtained from two materials, not necessarily embedded in each other, but .'

at the same pressure in the cell. k

~N
% 

-

F3v re .tia T

"%1. ,

S- ...
Sb vlociy asa fnctin ofpresure Jus as -ray wee usd tocalclat

• ' " *" " '€" " "'W"" % "" " " " ' '% """" " "" " 
"  
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COPIES COPIES p

COMMANDER DIRECTOR "-"
US ARMY LABCOM US NAVAL RESEARCH LAB
MATERIALS TECHNOLOGY LAB 2 ATTN: DIR, MECH DIV 1
ATTN: SLCMT-IML CODE 26-27, (DOC LIB) 1
WATERTOWN, MA 01272 WASHINGTON, D.C. 20375 .

COMMANDER COMMANDER
US ARMY RESEARCH OFFICE AIR FORCE ARMAMENT LABORATORY".
ATTN: CHIEF, IPO 1 ATTN: AFATL/MN 1 .,

P.O. BOX 12211 AFATL/MNG 1
RESEARCH TRIANGLE PARK, NC 27709 EGLIN AFB, FL 32542-5000

COMMANDER METALS & CERAMICS INFO CTR
US ARMY HARRY DIAMOND LAB BATTELLE COLUMBUS LAB 1
ATTN: TECH LIB 1 505 KING AVENUE ...

2800 POWDER MILL ROAD COLUMBUS, OH 43201
ADELPHIA, MD 20783

COMMANDER
NAVAL SURFACE WEAPONS CTR
ATTN: TECHNICAL LIBRARY 1

CODE X212
DAHLGREN, VA 22448

JS.,

_r--

NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH, DEVELOPMENT, AND ENGINEERING
CENTER, US ARMY AMCCOM, ATTN: BENET WEAPONS LABORATORY, SMCAR-CCB-TL,
WATERVLIET, NY 12189-4050, OF ANY ADDRESS CHANGES.

•,.5 .* "

: ... ", -..
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TECHNICAL REPORT EXTERNAL DISTRIBUTION LIST ./

NO. OF NO. OF
COPIES COPIES

ASST SEC OF THE ARMY COMMANDER
RESEARCH & DEVELOPMENT US ARMY AMCCOM
ATTN: DEP FOR SCI & TECH 1 ATTN: SMCAR-ESP-L
THE PENTAGON ROCK ISLAND, IL 61299
WASHINGTON, D.C. 20315

COMMANDER
COMMANDER ROCK ISLAND ARSENAL
DEFENSE TECHNICAL INFO CENTER ATTN: SMCRI-ENM (MAT SCI DIV) 1 -
ATTN: DTIC-ODA 12 ROCK ISLAND, IL 61299
CAMERON STATION
ALEXANDRIA, VA 22314 DIRECTOR

US ARMY INDUSTRIAL BASE ENG ACTV.' '
COMMANDER ATTN: DRXIB-M 1
US ARMY MAT DEV & READ COMD ROCK ISLAND, IL 61299
ATTN: DRCDE-SG
5001 EISENHOWER AVE COMMANDER .

ALEXANDRIA, VA 22333 US ARMY TANK-AUTMV R&D COMO 1
ATTN: TECH LIB - DRSTA-TSL

COMMANDER WARREN, MI 48090
ARMAMENT RES & DEV CTR
US ARMY AMCCOM COMMANDER Pj"

ATTN: SMCAR-FS 1 US ARMY TANK-AUTMV COMD 1
SMCAR-FSA I. ATTNt ORSTA-RC
SMCAR-FSM 1 WARREN, MI 48090
SMCAR-FSS 1
SMCAR-AEE 1 COMMANDER
SMCAR-AES 1 US MILITARY ACADEMY

SMCAR-AET-O (PLASTECH) 1 ATTN: CHMN, MECH ENGR DEPT 1
SMCAR-MSI (STINFO) 2 WEST POINT, NY 10996

DOVER, NJ 07801 'A.
US ARMY MISSILE COMD

DIRECTOR REDSTONE SCIENTIFIC INFO CTR 2
BALLISTICS RESEARCH LABORATORY ATTN: DOCUMENTS SECT, BLDG. 4484
ATTN: AMXBR-TSB-S (STINFO) 1 REDSTONE ARSENAL, AL 35898

ABERDEEN PROVING GROUND, MD 21005
COMMANDER

MATERIEL SYSTEMS ANALYSIS ACTV US ARMY FGN SCIENCE & TECH CTR
ATTN: DRXSY-MP ATTN: DRXST-SD 1
ABERDEEN PROVING GROUND, MD 21005 1 220 7TH STREET, N.E.

CHARLOTTESVILLE, VA 22901

NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH, DEVELOPMENT, AND ENGINEERING
CENTER, US ARMY AMCCOM, ATTN: BENET WEAPONS LABORATORY, SMCAR-CCB-TL,
WATERVLIET, NY 12189-4050, OF ANY ADDRESS CHANGES.

.--. ::-
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TECHNICAL REPORT INTERNAL DISTRIBUTION LIST

NO. OF
COPIES

CHIEF, DEVELOPMENT ENGINEERING BRANCH
ATTN: SMCARCCB-D1

-DP

-OR1
-DS (SYSTEMS)1
-DC1

CHIEF, ENGINEERING SUPPORT BRANCH .

-SE
ATTN: SM AR C B S

CHIEF, RESEARCH BRANCH
ATTN: SMCARCCB-R 2

-R (ELLEN FOGARTY)1
-RA1
-RM1
-RP1

I.R

TECHNICAL LIBRARY 5
ATTN: SMCAR-CCB-TL

TECHNICAL PUBLICATIONS & EDITING UNIT 2
ATTN: SMCAR-CCB-TL

DIRECTOR, OPERATIONS DIRECTORATE1

DIRECTOR, PROCUREMENT DIRECTORATE 1

DIRECTOR, PRODUCT ASSURANCE DIRECTORATE

kNOTE: PLEASE NOTIFY DIRECTOR, BENET WEAPONS LABORATORY, ATTN: SMCAR-CCB-TL,
OF ANY ADDRESS CHANGES.

r F
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