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v INTRODUCTION }kﬂk‘
4 Sa
’ ¥\ I‘
: The equation of state (EOS) 1is central to the determination of physical ,:}(‘
'y
l_ properties at high pressure. In the pressure range where solid high pressure e
e
systems have been used, the lack of a primary or direct means to measure the ::::':'_
DN
N L e
pressure has compounded the difficulty of obtaining the high pressure EOS of a ;‘if_
solid. The solution came together in the Decker equation of state for sodium :‘\
"Nh” '
e Y
chloride (NaCl) (ref 1). Decker calculated the EOS on the basis of the ,::}:"
I','-.".‘.
Mie~Gruneisen equation. The Decker equation had multiple virtues; it produced ,f:,";:
[PCN
agreement with the best pressures data (thus tending to validate the pressure 7
e
C: scale as well), had no adjustable parameters, and dealt with NaCl, a very T
\- ‘_'-.".
~ RSN
:-'_ popular high pressure material. It was used as an encapsulant for obtaining :\
v »'—_’ﬂ'.'

“"hydrostatic” pressure in solid systems and in experiments in which x-rays

SRy
s

-
2
1]
2

were used. e

o«
L 3, 83

Af ter having made sound velocity measurements in NaCl to 270 kbar (ref ' .-\.E

2), we addregssed the problem of the EOS (ref 3) following Murnaghan's (ref 4)
developments in continuum mechanics using finite deformation. We extended the

calculations to fourth order elastic constants for the equation of state and

also, on the basis of the same formulation, obtalned expressions for the S,

ARY R ey

longitudinal and shear velocities as a function of the hydrostatic strain

) s B
P

R EAAANNAIN AP AR AR ARG 1l ST

1p. L. Decker, W. A. Barrett, L. Merrill, H. T. Hall, and J. D. Barnet, J. NN
Phys. Chem., Vol. 1, No. 3, 1972, p. 773. -
J. Frankel, J. F. Rich, and C. G. Homan, J. Geoph. Res., Vol. 81, 1976, p.
6357. '.‘:3::‘.
YA

35. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
1979, p. 67.

F. D. Murnaghan, Finite Deformations of an Elastic Solid, Dover Publications,
Inc., New York, 1967/.
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(also to fourth order elastic constants). Finite elasticity is essential
where the elastic deformations are so large that Hooke's law representing the
deformation by means of second order (A and u) elastic constants is an
oversimplification. Figure 1 shows a representation of the EOS for NaCl. It
can be seen that the (Hookean) second order equation of state is inadequate
and that the EOS using fourth order elastic constants approximates the Decker
equation better.

The third order fit is identical to the Murnaghan (ref 4) equation. The
elastic constants used in Figure 1 to calculate the EOS to 270 kbar were
obtained from ambient pressure data and from the measureménts of Voronov and
Grigorev (ref 5) to 80 kbar. In Reference 3, however, we see that these same
elastic constants do not fit the velocities measured experimentally beyond 80
kbar. The velocities present a more stringent test of the theory than the
EOS.

The remainder of this report will be devoted to 4 continuation of the
work commenced in Reference 3, an extension of the theory to fifth order
elastic constants, and an attempt to express the velocities in terms of
pressure. Expressions for velocities in terms of pressure rather than strain,
facilitate comparison to simpler expressions in the literature, which were
derived for lower order elastic constants, and also invite comparison with

experimental data.

3J. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
1979, p. 67.
4f. D. Murnaghan, Finite Deformations of an Elastic Solid, Dover Publications,
Inc., New York, 1967.
5F. F. Voronov and S. B. Grigorev, Sov. Phys. Solid State, Vol. 18, 1976,
p. 325.
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third, and fourth order elastic constants. The best fit to 280
kbar results when using fourth order elastic constants obtained by
Voronov and Grigorev (ref 5) data for 80 kbar (ref 3). Al 1s

defined as the ratio of the dimension at pressure to the original
dimension.
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In the next section, explicit expressions are derived in terms of the
strain parameter A;. In the following section, we obtain the direct relations
between velocity and pressure by eliminating the strain parameter via the EOS.
The expressions become urmanageable and we carry out a Taylor expansion around
the zero pressure state. Without the use of the symbolic manipulation
algorithm (M'.CSYMA) (ref 6) many of these expressions could not have been

obtained easily.

OUTLINE OF ANALYSIS AND ALGORITHM

For completeness we briefly outline the algorithm for obtaining the
velocities and the equation of state. The complete analysis was given in
Reference 3. We apply a uniform hydrostatic deformation to the uncounstrained
body with coordinates B,(x],y1,21) which become B(x,y,z) in the deformed

state. The strain parameter A; is given by

x y z
A = oo m o= e9)
X1 vz

The metric tensor gij,gij of the undeformed body and Giy» Gl} of the deformed

body are given by

I I | [
| M=2 o o | | 42 o o |
| I I I
I | I I
81 -I 0 M2 0 } , gld -; 0 ne o ; (2)

| | | I
= 0 0 M-2 } I 0 0 A 2

- I

3J. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
1979, p. 67.

6"MACSYMA™ Reference Manual, The Mathlab Group, Laboratory for Computer
Science, MIT, MA, Version Ten, 1983.
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Gij = Gl} = 51J (3
The strain ianvariants are
I =342 , I =34"% , I3=xn° (4)
The relation of the above strain invariants to those given by Murnaghan
(ref 4) is given by the following expressions, where we use superscript c to

denote the definition of Murmaghan:
c 1 c 1
I, = 3 (11-3) , 12 = 3 ((I2-3) = 2(11~3)]
c 1
I3 =5 (I3 + (11-3) = (1273)) (5)

and the strain tensor becomes

Y .E(G- )-36(1-2\-2) (6
13 = 5 (G15781y) = 5 i 1 )

Expressing the strain energy density W in terms of I;, I, and I3, we
obtain from the principle of least action the components of the stress tensor
= gn2+ 2%+ P

122 = 33 & {1l

rl2 o f13 4 23 . 0 (N
2 W 2 W ™

¢ === Y= === P =2/13 -=- (8)
/I; M /I; 2 a3

From the perturbation analysis given in Reference 1, we have the
following expressions for the velocities and the equation of state (in terms

of the strain parameter Ay and derivatives of the strain energy W):

1p. L. Decker, W. A. Barrett, L. Merrill, H. T. Hall, and J. D. Barnet, J.
Phys. Chem., Vol. 1, No. 3, 1972, p. 773.
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o

: epp+ril 1/2

. vp = (=== ) longitudinal velocity
g P

. epymepgr2tit 1/2

? Vg = (===~ E; ----- ) shear velocity
) ~p = ¢x12 + 2y + P equation of state

where p is the hydrostatic pressure and P is defined in Eq. (8).

cry = -til + 240" + 880 8 + 20 12 4+

- 8DA 10 + 4EA 8 + 8F A 6 )
Cyg = =A1%¢ + P + 2A0 " + 8B 2 + 2C) 12 b=
: + 8DA 20 + 4EX 8 + 8F ) © -
: 1 :: - N
- c44 = 3 (c117c12) €)) LN
X and 3:&:%
2y 2 Ay N
= T=3 , B == = RN
/ﬁ 311 /1_3 312 - .
u, R .
i
. 2 % 2 % S
. C= === ===g , D= === —memee Pty
(- /1'3_ 313 ]ﬁ 915 315 s
4 e
r- NN,
2 W 2 Oy
=TT, B e e (10a) fl;L
” /I3 ¥1391) /I )31 .
Wt et
> and from Murnaghan (ref 4), the expressions for the density become > ‘_?
J P = poll + 2T C + 4I5C + 8I3¢]"1/2 & p (14)=1/2 (10b)
§ i
] \"
o :.

4f. D. Murnaghan, Finite Deformations of an Elastic Solid, Dover
Publications, Inc., New York, 1967.
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DERIVATION FOR HIGHER ORDER ELASTIC CONSTANTS IN INCREASING ORDER ':a::.\
“aa
. " a
Second Order Elastic Constants -:Az&’
The strain energy in terms of second order elastic constants becomes ';‘.;\'
: ’:ﬁ:’\
-, Lo
1 2 (11) pRoNCD
W= = (M2u)(I;¢)% - 2yuI,¢ A
2 1 2 -r:.f"':“'
where A and u are the classical second order elastic constants. Using Eqs. ,.'
(9) and (10), we have ;::
g
2 53 1 ‘;
Vol ® A (=== = ===) + W3} - - 12 .y
P Cronp P - (12 | -
1 1 TSI,
Lo
iy
2 3A 1 1 ' BT
: pvg® = = (& = =) + w2} =~ =) (13) <N
) 2 N AL SRR
LA\ .\_-
1
-pP= 5 GBx2w A~y >1) (14) e
p= po/ Ala A
Eliminating the strain parameter between Eqs. (12) and (14), we obtain a 4-
RN
quadratic expression for vpz; a solution 1is given by ::15:::::-
00458
Povp? = {815 + 378ur" = [9A2 + 12ud + p2 + 4221/2[63pa3 + 174upa? + N
(20p3 + 148u2p) A + 24up3 + 40u3p) + (153p2 + 648ud) A3 + _,;;..."
AT,
(602up? + 528u3)A2 + (20p* + 332u%p2 + 208u*y A + R
‘.“ -_:'\-‘
(26up" + 88u3p2 + 32u5)}/(81A% + 216uAd + 216u2A2 + 96u3% + 16u%)  (15) R
Equation (15), though exact, is more cumbersome than a Taylor expansion of :_‘(‘: \
n‘\.-'_‘ °.
1tself up to p3. This becomes el
e
v
s
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(7x10wp (17 x22u)p2 (47 x+58u)p 3
Ixt2u (a2 2 203323

Povp? = (M2u) - (16)

We followed a similar procedure for the shear velocity. The Taylor expansion

for the shear velocity yields

) (3M6u)p  (9IML4up2 (27 %38u)p3
pvgc = p - + 3 - 3 (17)
320 (32 4) 2(3 X2 u)

Equation (16) does not agree with that given by Birch (ref 7). The
discrepancy may be due to an incorrect expression of Eq. (10b) by Birch. (See
corresponding expression in Reference 4, p. 37).

Third Order Elastic Constants

In the following (Eqs. (18) through (21)), we will only add the
additional terms due to the third order analysis. The strain energy deansity

for the third order elastic constants becomes

( &4+2m) c 3 c ¢ c
Wa -—;-- (I )" = 2mIj I3 + nlj (18)
As shown in Reference 3, for our problem the three Murnaghan third order
elastic constants £, m, and n only appear as two third order elastic coanstants
a= (92 + n)

} Third Order
8= (32 + 2m)

3;. Frankel, M. A. Hussain, and R. D. Scanlon, J. Phys. Chem. Solids, Vol. 40,
1979, p. 67.

4p. D. Murnaghan, Finite Deformation of an Elastic Solid, Dover Publications,
Inc., New York, 1967.

7p. Birch, J. Appl. Phys., Vol. 9, 1938, p. 279.
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o The velocities and the EOS have the following terms in addition to those \';q.'j
\J,s;
NS
' found from the second order terms: ‘-‘;:'
v :d
2 3 1 1 1 1 “as
i~ for pvp< = AL ¥(=a#B) + Aj(= =o0=B) + N7 (= a) (19) A
v 4 2 4 ~$
B \ Ll
¢ o
b L% \l
) 2 3 3 1 3 1 W
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. 4 4 4 4 -
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-, for =p = == (M %1)2 (21)
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' As before, we eliminate X; for pvpz and W,2 which include second order T
N terms and the third order terms between Eqs. (19) and (21) and Eqs. (20) and ::'_::::‘
'::: (21), respectively. The resulting expressions are very complex algebraically; E“_:::.::'
2 et
as before, a more useful form is obtained from a Taylor expression of the b
22 e
::: exact function for velocity. The resulting expressions for the velocities in :'j:
X
" terms of second and third order elastic constants are :S'i
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> Povp? = A + 2u - L P N
3 3M2u . (3x2u)2 X
:-v .\’\1
o 3 R
(47 X+58 1+508+8 a)p .\ (22 b=
o 2(3m21) 3 o B
2
::: ) (6A+12p+38-a)p N (18 42814158-3a)p2 (54376 1#756-9a)p3 , AN
. Povg® = u - - +oos (2
.2 o's 6 2+4u 2(3x2u) 2 4(3x21)3 (23) Ny
g
N Y
N e
Y e
\J .::‘s::
. RO
e |
~ NS
o EN
Ky o
N 1N
. hoet
¥ 9 k.i
Loy ':(:.-\
N i
. N
2 o
] -
. :':n:‘:
R T R B S R o Nt o oy e e e o e g S Lt A T




& 'J':
‘
: S,
Q) Fourth Order Elastic Constants s
Lary
" W= 16q(118)"* + 16r(11%) 2(12%) + 168(I1S)(I3C) + 16t(1,¢)2 (24) N
Two fourth order elastic constants appear as follows: ?;,_.‘,,f
l\.l ‘I‘
KA
3 Y = (27q + 9r + 5 + 3t) N
} Fourth Order (25) RN
8§ = (8lq + 24r + 2s + 7t) e
c..'_-’
> Velocities and pressure are given with additional terms ‘J"
- i ‘\.y
T vp2p = 415(88) + A 3(=8y-168) + A (16¥86) + A ~X(-8y) (26) o
5 vg20 = A 5(66-10Y) + Ap3(=125+12Y) + A (6Y+68) + N~ 1(=8Y) (27)
. 8y
= - === (4%1)3 (28)
N M
g
Cd
f; The Taylor expansion, after an elimination procedure, gives the
Cs
: velocities as functions of pressure
- 2 (7Xx+10w28)p (17 M221-32¥+326+108+a)p? -
- Povp” = (A +2u) - + 5 N
‘,:v 32+ 24 (3 x+2 u) \:'.-_'.:q
: e
. (474581256 Y+384 8+508+8a)p 3 el
- 3 + eee (29) NS
2(3)2u) L,
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. 2 (6 +121+3 B-a)p (18 X+28 =144 Y+48 6+158-3 a) p? NN
Povg™ = ¥ = + 3 SNis
- 6\ + 4u 2(3 x2u) T
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~ (54)+T61-14T27+5766+756-9)P ‘
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Fifth Order Elastic Constants
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W = 32a(I;1%)° + 32b(11¢) 3(13°) + 32¢(1;6) X(13°)
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+ 32d(I;C)(1,¢)2 + 32e(I2¢)(I3°) (31)
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Two fifth order elastic constants appear as follows:
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w=108a + 27b + ¢ + 6d
} Fifth Order (32)
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W

€ = 8la+2’7b+3¢c+9d +e

1
pvp2 = .*I (A1 %1)3[(8wr26€) 3y >10¢] (33)
pvg? = 3N (A >1)3(2uw¢) (34) T
e - -
-p = = 10(n %1)* (35) il
oY o
Finally, we carry out Taylor's expansion after the elimination process. B A‘E

This time, however, the velocities are not affected up to the second order in

p, t.e., Eqs. (29) and (30) remain valid with p3 term given below
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DISCUSSION AND CONCLUSION

Figures 2 and 3 give results in which the exact solution for vp and vg to
fourth order elastic constants for NaCl are compared with Eqs. (29) and (30),
respectively. In both cases, the expregssions are essentially identical to 30
kbar. Velocity data under hydrostatic conditions can be obtained to good
accuracy up to 25 kbar. For materials with smaller compressibility than
sodium chloride, plotting the measured velocities, Eqs. (29) and (30) to
approximately 25 kbar can yield the elastic constants which would give us the
equation of state when no phase changes occur. More compressible materials

would require fifth order elastic constants.

1] 2
10 dynes/cm

2
A

Figure 2. pg,v 2 versus pressure. Exact solution (=--) and Taylor
expansion ( ) (Eq. (29)) using the elastic constants
for NaCl given in Reference 3.
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. expansion ( ) (Eq. (30)) using the elastic
3 constants for NaCl given in Reference 3.
L -«
& There 1s an exact solution on the basis of a classical elastic theory for
2 velocity as a function of pressure. Just as x-rays were used to calculate
W pressure via lattice spacings of sodium chloride, it is not hard to visualize
7 using velocities to do the same thing.
)
S Brillouin scattering in a diamond cell could be used and data would have
y to be obtained from two materials, not necessarily embedded in each other, but
A at the same pressure in the cell.
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