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1. OVERVIEW AND SUMMARY

Fundamental to this work is the development of a continuum
formulation that can accurately account for the effects or
interlaminar shear and interlamigar normal stress variation
thru-the-thickness of a laminate. Furthermore, emphasis is
pnttiéularly on tapered-twisted airfoil geometries which can be
analytically represented as an assemblage of tbin to moderately thick
finite elements. To achieve solution efficiencies, the elements
aeveloped in this work are of the triangular/quadrilateral plate type
as opposed to solid type elements.

On the basis of these requiremente and considering viable
altetnativés. three suitable continuum formulations have been
aeveloped and are berein denoted as the (i) Higher Order Displacement,
(ii) Modified-Kirchhoft and (iii) Hybrid Stress formulations,
respectively. 7The former two formulations have been ipcorporated in a
computer code and the various elements have been tested on the basis
of correlations with known analytical, numerical, and experimental
solutions. Numerous tests have been performed for linear static and
linear dynamic cases. It is noted that the code has some unique
features, e.8., it can assemble elements having an unequal number of
degrees of freedom at its nodes, it treats arbitrary ply orientations
and it performs integration on a layer~by-layer basis through the
laminate. Herein a layer refers to either a lamina or to a sub-set of

laminse having equal ply orientations. The latter teature is

essential in developing a fully nonlinear capability.
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Significant etforts have also been devoted to aeveloping a
suitable large displacement formulation. Due to the requirement that
interlaninar stresses be accurately represented, a total Lagrangian
formulation is utilized and is based upon the complete Green's strain
temnsor. A geonetrid and large-aisplacement stiffness formulation bas
been implemented in the computer code based upon a form of the
nonlinear strain-nodal displacement relationships suitable for each of
the elements under development.

An extensive literature survey has been performed to identify
snalytically tractable methods of treating damage accumulation in
composites. Since empbasis in this work is on the development of
incremental response solutions, the computational approach must have
the capability to (i) predict and differentiate between relevant
tailure modes, (ii) modity constitutive equations appropriately and
(iii) perform equilibrium iterations to assure stress redistribution
based upon the extent of adamage. Use of "piecewise smooth" failure
criteria based on various types of Oanagf provides a good basis for
incrementally trackiung dtmnge.‘ This approach has been incorporated in
the computer code. Note that integration for an element is performed
on a layer-by-layer basis which allows for damage etfects to be
characterized at the layer level. It is noteworthy that vatiation in
strain energy can be calculated as damage accumulates anc that it may
be possible to go further to predict useful strain energy release rate
values. 'Thus it may be possible to make use of energy in addition to
Gaximum stress criteria to characterize damage.

Experimental data of the type required to substantiate damage

predictions has been assembled to the extent possible. Analysis/ctest
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correlations have been performed for selected laminates. It is notea v,

b that useful experimental data is quite limited.
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Technical progress in this progrsm has been substan“‘1lly om
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schedule with regard to developing continuum formulations and a

b suitable finite element code. It has not been possible, however, to
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This section presents technical bighlights of the research hhas 4
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efforts to date for each of the three tasks. Details of cthe ’kh “\ﬁ
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‘ analytical formulation are presented in the Appendices.
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11.1. 1TASK I: Nonlinear Displacement Formulation for Composite Media
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Two variational principles, the principle of Minimum Potential 4“"1‘
. . AN
Energy and the Principle ot Modified Complementary Energy, are : hY,
generally used to develop two distinctly different finite element BE‘
4 models, the assumed adisplacement model and the hybrid stress model bt
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shear and normal aeformations whose contributions are recognized as

essential tor accurate laminagte analysis [1-10). In the present work,
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emphasis has been placed on developing displacement based models.
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represent the final system of equations and a solution procedure tor
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| transtormations to describe ply orientations of a composite media are A
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results are presented in Section I1.l.4. The finite element models

2

are herein brietly discussed.
A. Higher. Order Displacement Formulation

The thru-the-thickness effects can be incorporated into an
analysis by choosing a displacement field that eliminates two major
shortcomings of the classical plate theory; namely normals remain
normal and in-plane displacements are linear thru the thickness.

These shortcomings are eliminated by prescribing independaently the

>
LA

reference surface displacements anda rotations of the normal and $\

(A

LG

S

including higher order terms for in-plane displacements. This is

N0
%

accomplished by tbe following variation

u(x.y:2) = ug(x,y) + Zo(x,y) + 223, (x,y)

. v(x.y52) = volxay) + ziy(xy) + 236y (X,y)
wix,y,z) = wo(x,y)

The neutral surface displacements are represented by uo, vo and w ,
0

the rotation about y~axis is demoted by wx and the rotation about the

r

x-axis 1s wy. The coefficients of zz, i.e., ¢x and ¢y, are
contributions trom transverse detormations [5,6].

The elements developed are designated as the quadrilateral higher
order aisplacement (QHD) models. QHD4D is an eight-noded element with
seven degrees of freedom (three midsurtace displacements, two
rotations and two higher order terms for in-plame displacements) per
corner node and three degrees ot treedom (transverse midsurface

displacement and two rotations) per mid-side node. Element QHD28 is
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a simplified version of QHD40 where the mid-side nodes are eliminated.
It should be noted that when the two higher order terms tor in-plane
displacements at each corner node are omitted, QHD28 red' -~es to the
widely used four-noded bilinear plate element (QHD20).

The transverse shear and normal stresses of QHD40 display a cubic
variation thru-the-thickness. %he displacement field, nodal degrees

of treeaom and the resulting stress fields are stated in Appendix IA.

B. Modified-Kirchhoff Formulation

The Kirchhoft-Love assumption for normals to the reterenmce
surface is relaxed by incorporating shear rotations as additional
degrees of freedom in the formulation [10j. Thus the assumed
aisplacement field allows the transverse shear aeformations but
neglects the transverse normal deformations. 1he rotations Y and Y, are

incorporated in the aisplacement variation as tollows

wix,y) = wo(x,y)

W

u(x,y,z) = ug(x,y) - z(g; + vx)

v(x,y,z) = volx,y) - 2(2—; *+ vy)

The transverse aisplacement w(x,y) is chosen such that it will
guarantee plausible stress fielas whicb will characterize the
transverse eftects accurately.

This approach is implemented in the formulation of an eight-node
quaarilateral element with 32 degrees of freedom- QD32, a six-node

triangular element with 27 d.0.t.- TD27 and & seven-node triangular
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element with 27 da.o0.f.~ TD27M. 7The stress fields obtained for these
elements represents a quadratic thru the thickness variation for the
R transverse shear stresses and a cubic variation for the transverse

normal stress. The respective displacement fields, noda’ aegrees of

freedom and stress fields are given in Appendix IB.

I1.1.2. Large Displacement Formulation

Inclusion of geometrically nonlinear effects in the formulation
® must be based upon both the geometry to be analyzed ana upon the type
ot stress prediction capabilities desired. The classical approach to
thin plate analysis has been to use the Kirchhotf-Love assumptions in

¢ conjunction with the nonlinear von Karman relations (11,12]. As

'
.
2"y

previously indicated, the Kirchhoft-Love assumptions are relaxed in

N

N %

this work to allow tor a more accurate definition ot

e

]
g
"

interlaminar-sbear and interlaminsr-normal stress variations. These

stresses Can vary substantially through~the-~thickness for the

o
-
:
-
.
.
r

geometries of interest, i.e., thin to moderately thick plate type

F

® structures. Furthermore, the requirement that these stresses be
accurately aetermined means that the nonlinear portion of the
strain-cisplacement relationship must contain all significant
coorainate displacements. The complete Green's strain tensor is
utilized in this work, theretore, to account for all significant
contributions to the interlaminar stress fiela. With respect to
tixed Cartesian coordinates, X, y, and z, the strain tensor has the

form
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wvhere u, v and v represent displacements in the X,y,2 coordinate
airections, respectively. Note that the other strain components are
obtained by & suitsble permutation. In small~displacement analysis,
the quadratic terms are neglected to give simply the linear strain

approximation.

Based on the Green's strain tensor, the strain to nodal point
displacement relationship can be specified for elements under

development. It takes the form

{e} = [B]{a}

vwhere {3} is the vector of strain components, {A} the vector of
nodal point aisplacements and [B] a function of derivatives of the
element shape tfunctions. The quadratic terms in the strain temsor
result in [B] being a function of displacement state and, therefore,
an incremental equilibrium formulation is required. The incremental

strain-nodal aisplacement relationship takes the form
tser = ((8,) + [8,1) sa}

where {6c} and {58} represent incremental strains ana nodal
displacements, respectively, [BOJ and [BL] are the small and large
aisplacement contributions to the incremental strains. Based on the

incrementsl equilibrium equations, the displacement formulation gives

2
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the force-displacement ralationships

T
K ] = f (8,]' (DI(B,] aV
v

(K] = f (tB)" 0108, + 181" (0108,) + (81T 1B, ) @

v

where [D] is sn elasticity matrix obtained simply trom the
constitutive equations and integration is over the volume V of the
element. |K ] is denoted the small-displacement stiffness matrix and
(KLI is denoted the large-displacement stiffness matrix. Since

response is also a function of stress state, the geometrical stiffmess

matrix [K;] is required and is obtained from

[kgltsa} = J[;[BL]T{c;av

v
where {c} is the vector of str2ss components.

Inertial etfects are analytically treated as a wass matrix {M]
which is a function of density and the element shape tunctions (see

Appendix II). These matriXx torms are required in tormulating

static/dynamic response Solutions and the incremental equilibrium

equations have the general to.m
C[ltsut + (ko + Ty * [kgl) Cou} = (6F)

wbere the mass and stitiness matrices represent an assembly of the
elemental matrices previously aiscussed, {50} and ‘55} represent the
incremental displacements and accelerations for the mathematical model
and {SF} represents the vector of incrementally applied forces.

In developing a geometrically nonlinear formulation, the effort

is largely in defining the incremental strain-nodal aisplacement
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relationship. Having developed this relationship for a particular

element, stitfness matrices are readily developed as the preceding
equations indicate. lhese relationships are presented i ‘ppendix
I1I. 7The form of these equations is the same for all eicments.

11.1.3. Computer lmplementation

A computer code has been developed for the purpose of

implementing the various continuum formulations. At present, the code

performs the following fundamental calculations:
element stiffness matrix (linear, nonlinear, geometric)
generation
element mass matrix generation
assembly of equilibrium equations
decomposition and solution of equilibrium equations
equilibrium iteration for incremental solutions
fundamental frequency and mode shape calculation

elastic buckling calculation

A characteristic of the elements under agevelopment is that node

points can have different numbers of degrees of freedom, i.e.,

typically mid-side nodes have fewer degrees of treedom than cornmer

nodes. 7The code has been fashioned to hanale this conditiom. All of

the integration is performed om g layer-by-layer basis thru the

thickness of the laminate. This approach is fundasmental to developing

the capability to allow for inelastic material behavior and,

ultimately, to the inclusion of damage mechanisme in the formulation.
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Since solution of the equilibrium equations is a vital component
in the overall solution strategy, it is appropriate to discuss the
numerical methodology used in solving these equations. The intent is
to obtain a higher ordered variation of the transverse shear and
normal stresses (o, Oyp, and ozz) than can be obtained v  .ae

equilibrium equations. The solution procedure can be thought of as

yo_ )
yy xy
within each layer of a particular element have been determined at

described below. Assume that the in-plane stresses (g , g

selected locations, i.e., through solution of the comstitutive
equations. In the code as presently written, these locations are
specified as the element centroid and element nodal points. The
equilibrium equations (in the absence of body forces) have the
indicial tform
dijaj =0

trom which it follows that the thru-the-thickness shear stress
variation can be written in numerical torm tor the ith layer as

“oxzi = ~(oxxax t Sxysyli L

and

“yzi = ~loxyx * 7y, )5 224
Here, the left-hand-side represents the change in stress trom the
lower to the upper surtace of the ithlayer and AZ1 is the thickness of
the ithlayer at s particular location. The derivatives with respect
to x and y 1n the expressions above are readily computed; this is
because in-plane stresses within a layer are related to element
displacements through derivatives of element shape tunctions in

conjunction with a material aefinition.

For an n layered laminate, n equations can be written in terms o
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both the unknown shear stresses at layer intertaces and the shear

Stresses at the laminate surfaces. Assuming the laminate has

shear-free surfaces, the equations above give n equationms in n-1

unknowns, so that, the equation set is over-determined, . equations

heve the matrix form Solov

[ 1 1 (o
-1 1 L X%, (IXZ1\
-1 1\\\
1
e -1 .
- cxzn lIxzn
a x (n-1) (n-1) x 1 {nx 1)

where Ixzi= - (cxx,x + ny,y)i ﬁzi and cxzj represents the shear stress

acting at the interface of the j~lth and jth layer. A similar
equation set is obtained by replacing szj with °yzj and I, ; with I .
These equations are solved by utilizing a least-squares

orthonormalization procedure [13]. Due to the‘simplicity of the terms

in the coefficient matrix, a concise closed-form solution is abtainad.
Having determined the transverse shear stresses, the transverse
normal stress variation is determined through the numerical form of

the third equilibrium equation for the ith layer
Szz5 = =(Oxzsx * Gyzay); 22,

As before, the laft-hand-side represents the thange in strass through
the jtb layer. Appropriate polynomial functions are utilized to

describe the Oz and Oyz in~plane variation. These functions are

. l.'::
f,
wJ

N

~
)
£q
LY

I

«?C}f
yy
a l\‘ CNEN

's
A
N

a

L]
L)

Faf
¢

T
L

s

b

l‘

-4 %
"‘.‘
F A

ot
| s

s”,i‘
L5 bl

£
'(4 L

¢
‘.
A

-
)

LS
]
OO

h]

a~




at
LY
P
3
Vats
" ]
<

»
LWL WL VL

L4

differentiated to obtain the right-hand-side of the equations above. o

A

I- }éigrv

Again the equation set is overdetermined because the normal tractions

are known at the laminate surfaces. Solving foro,, proceeds,

therefore, in identically the same manner as discussed in calculating
oxz-and Oyz. Parenthetically, inclusion of body forces a. . later date
can be accomplished with little difficulty.

It should be emphasized that, the successful application of
Higher Oraer Displacement type elements, i.e., tor particularly thin
geometries is to utilize reduced numerical integratiom where as this
is not necessary for the Modified Kirchhoff formulation. This
approximation technique brings along the choice of implementing it
overall or selectively to the strain emergy components. For the QHD
tormulation, only the transverse shear components are integratea with
reduced order [14-16]. An undesirable aspect of this approach is that
the reduced integration order may affect the physical behavior of the
element by introducing spurious zero energy modes. It is desirable to
bave only rigid body modes since there does not yet seem to be a

generally accepted method of controlling the additional modes.

11.1.4. Analytical Verification

As noted, elements formulated on the basis of independent
transverse displacements and rotations, require reduced quadrature for
good performance. For QHD4O, 3x3 Gaussian quadrature along with the
2x2 quadrature for the transverse shear components is employed. QHD28
and QHD20 formulations are similarly integrated with 2x2 ane lxl

Gaussian quadratures. Manipulation of quadrature rules may produce

spurious zero emergy modes in addition to the requirea rigia body
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modes, thus detracting from overall element performance. [16,17]. A
spectral (eigenvalue) test has been conducted with and without full
quadrature to observe the zero energy modes of the QD  wents. The
quadrature order, the number of zero eigenvalues and tn. corresponding
number of spurious zero energy modes for the QHD40, QHD28, and QHD20
elements are listed in Table 1. The spurious mode shapes associated
with the QHD28 element are illustrated in Figure 1. Since the QHD40
formulation does not exhibit spurious modes, it can be utilized in
modelling complex geometries without concern for controlling such
behavior.

It is also notewortby to observe the effect of reduced
integration on the representation of the generalized forces. In
order to illustrate the effect, the forces associated with the
transverse aisplacement of a corner node are sketchea in Fig. 2 tor
QuD28 with and without reduced integration respectively.

In the examples that follow, performance of the QHD formulation
is demonstrated by comparing results to those obtained by classical
plate theory (CPI), by elasticity and by other tinite element
formulations for linear static dynamic and buckling analyses.

Limited results are also presented for the QD and 1D formulationl.
The latter results are simply presented for comparison because it is
apparent that the QHD formulation always gives the best results. It
woula seem, therefore, that the higher order aisplacement formulation
is the better approach. 1lhe orthotropic material properties used

throughout are tabulated in Table 2. Geometries studied include

Cylindrical bending ot a plate as well as bending of simply supportea
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1) e d
i
e >
square and rectsngulsr plates. Various ply layups are considerea and 1'532'1';
."_:. >
loading is that of a sinusoidally and uniformly distributed pressure. }‘.\_‘J_"_-'
ui_\{ﬁ. q
L ] Cylindrical bending is modelled as a strip of twenty elements. For W,
. . K
the simply supported plates, symmetry considerations allow that only a t"‘::::-
ROy
. DA At
quadrant of the plate need be modelled. Fineness of tb sh i :r;‘-
S
DN
9 varied to demonstrate solution convergence. Additionally, distorted !:-"
s . . . s ‘ LAk
meshes are considered to demonstrate modelling considerations. For ‘f_-.:\ :
.J‘ﬂ.)\
., A B )
the examples involving symmetric layups, the quadratic terms ot QHD40 :(}ff.
. e
o are restrained; so that, 32 degree of freedom elements are utilized to ;
obtain these solutions. This is allowable in these particular cases '..S:ﬁ
,:\.'.\" .v
because the quadratic terms do not significantly aftect the results. ::;:':
. . . . -: \$::
© This is not true in the first example considered. &i‘.-!a
NI
Statie Responge Calculations ‘ ol
".-.\.','-.(.
Cylindrical Bending- Bidirectional (0 /90) Sine Load, Material 11 %,}-f:f.
A S
. R A ¥y
@ Fibers run parallel to the plame of curvature in the lower layer ia:zr
and are rotated 90° in the upper layer of the plate. Layers are of ::{:{: A
ALY
KA
equal thickness which is true in the subsequent example problems as n:‘_:-':';
e
® well. The elasticity solution obtained by Pagano [9] gives a nearly o
. . .. . - -, . . '::J‘:}‘.IC
quadratic 2z variation in u, where u is the normalized in-plane AT,
N
. . . . . Ao
displacement of the laminate. In this instance, inclusion of the z2 '.jq;::::.,
RSO
. .. . . S O
¢ texms in the finite element modelling should aftect the results. This Y
NN
is demonstrated in Figures 3 to 5. Results demonstrate difterences j_k\"'
- * . 4 . . tﬁw
obtained with and without quadratic terms. The ditference is greatest ‘-f.Q .':i"
Lo '
. !
N for the lower aspect ratios, e.g., for S = 4 a ditfference of 12% is [T
TN
obtained. In Figure 4, the calculated normalized in-plane stress :':'::ﬁ :
L L5
variation is presented for an aspect ratio of 4. Note that maximum ﬁ:ﬁ:}
¢ variation is presented for an aspect ratio of 4. Note that maximum bk
SO
SRS
AR
IR LY
. \u ¢
N
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T
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stresses differ by some 36% when computed vwith and without the z

I

NE 7 2 7S
CoOXNX.
ot &

® terms, respectively. 1lhe effect of including quadratic terms in the

-

finite element solution is, therefore, much more pronour--d vwhen

stresses as opposed to displacements are considered. F._ _:ze 5

Taan
T PP

£
e

S,

® . demonstrates this effect on stress computation as a tunction of aspec p.
ratio. Note that calculated quantities are normalizea in this example

and in those that follow as in the cited references.

Cylindrical Bending-Symmetric (0 /90 /0) Sine Load, Material II NN N
For this geometry, tibers are parallel to the plane of curvature o
© in the outer layers and rotated 90° in the middle layer. Calculated
stresses are compared to the elasticity solution of Pagano [9].
Figures 6 aﬁd 7 present the normalized transverse shear stress }
L variation at the simply supportea boundary. Figures 8 and 9 present
the normalized in-plane stress variation at the center of the bent ::ﬁi’&

surface. _ roecte

Siﬁply Supported Square Plate (0 /90 /0) Sine Load, Material 11 az,-v"-.

Fibers in the outer layers of the laminate run parallel to the x \.ﬁj's

¢ axis vhile those in the middle layer run parallel to the y axis, where o r ol
the origin of coordinates is located at a corner of the plate and in crvete

the mid-plane (see Figure 10). This coordinate system is consistent \.-\.:

¢ with examples that follow as well. Consider the plate as having [ ©
planar dimensions a x a and total thickness h. Solutions bave been é:.-\_}-*

generated for aspect ratios S = 4 to 100, where S = a/h. 1Transverse RO HA8

shear stress variation 9., at (x,y) coordinates (0,a/2) and in-plane

|
I N IS R I I N R LA TR I P e TR e A e N e e et e L LN e i O e e e et L L N e >
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v
shear stress variation ny at coordinates (0,0) are presented in

[ ] Figures 10 and 11 tor an aspect ratio of 4. Note that the comparison
is between the present finite element results and those obtained via
elasticity [18] ana CPT. Calculated short-transverse nc stress

» variation Ozzis presented in Figures 12 and 13. 7These stresses are
normslized as 0,,%0,,/100 at the center of the plate ana as o, " 1002z
at the edge of the plate. Results are compared to those obtained by

» elasticity over a range of aspect ratios in Table 3. Similar results
ate given in lable 3.1 for the QD formulation and in Table 3.2 for the
TD formulation . Convergence characteristics are demonstrated by

c presenting results obtained using 2x2, 3x3, and 6x6 meshes. The fimer
mesh gives better agreement, but the coarser mesh gives very :
reasonable correlationm also.

@ The etfects of distorting the mesh have also been comsidered to a N
limited extent. Results have been obtainea for the relatively coarse .:;:n".‘
meshes shown in Figure l4. Calculated stresses and displacements are E::S§$

® presented as a function of aspect ratio a;d compared to the elasticity ::'{z:’
solutins in Table 4. As expected, the values are not as accurately :
aetermined as are those obtained via the regular meshes. Distortion E:

C of the mesh has a much more dramatic effect upon the calculated ' :\ -
transverse shear stresses than upon the calculated in-plane stresses :;:;fjlj :E
and aisplacements. Since the transverse stresses are based on ":‘é?‘;

Y
equilibrium considerations, it seems the mesh must be refined enough ;:".’“'
to reasonably aspproximate equilibrium. 7his is especially apparent in :'_a.;;\;
comparing results obtained for mesh A to those obtainea tfor mesh C. ':EE;::‘E

L In each of these cases, elements having a taper ratio of 2 to 1 are 7'%:.-';\

0
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utilized. Mesh C gives significantly improved transverse stresses, E;:t%;
e however, because the mesh is tine enough to better represent the ,’*
loading distribution. ﬁ:zs:j

.'J:‘\.".\

L ] Simply Supported Rectangular Plate(0 /90 /0) Sine Loaa, Material I1I :;‘: ;‘.
Orthotropic layers have the same orientation as in the previous 3':.:':*:
' example. The plate has dimensions a x b, where b is three times a. gj’-’é‘;

Nl e

® Solutions have been obtained for aspect ratios (S = a/h) ranging from E’:’\
4 to 100. Transverse shear stress variation Uyz at coordinates (a/2,0) ::’::

G

is given in Figure 15 for an aspect ratio S = 4. Comparison is made '_S?EZ:

to both elasticity and CPT solutions. A full range of results are ;;‘{:?_'
presented in Table 5 and compared to those obtained via elasticity EE_"
118} and to those obtained by Reday [19] in a recent finite element :':\:E

@ formulation. Correlation with elasticity is quite good, particularly ’-4"
tor aspect ratios of l0 and above, and appear to be more accurate than :‘Z;_’Zé:
those obtained with the alternate finite element solution. Results :i:f‘::i

iy,
L4 lﬂ!
J"J‘

® obtaineda using the QD and TID elements are poor (not presented herein) e ‘
A

compared to those obtained using the QHD element. Thus the QD and TD E;;,:‘;

AN

elements are quite sensitive to element distortion and not suitable "_:-\:

OIS

C for general analysis purposes. o
Simply Supported Square Plate (0 /90 /90 /0) Sine Load, Material Il :
The laminate geometry consists ot outer layers with fibers
parallel to the x axis and inner layers with tibers parallel to the ¥y
axis. 7lhe plate has plansar dimension a x a and total thickness b.
Stress and displacement results are presented in lable 6 for aspect

. ratios ranging from 4 to 100. Similar results are given in Table 6.1

YA A NI NE N A SC N N AL A A . * N e e
B T T T T 0 S s R A O, O OO O D e




based on the QD formulation and in Table 6.2 basea on the TD - :
formulation. Results are compared to both elasticity and to other
) finite element results. Again, the computed values are in excellent
agreement with elasticity [20] for moderately thick to - ‘n geometries -‘:-':.’:-
and are more accurate than, the compared to numerical : ..its. O
) Solutions also have been obtained for the present geometry on th. »: .
basis of reduced vs. full integration. T%This comparison is

demonstrated in Figures 16 and 17 by giving percent error in

4 calculated values vs. aspect ratio. It is apparent that reduced p';__-_ -
Ce

integration is particularly needed to minimize errors in calculated ;S?:'_EE,

transverse stresses and, furthermore, solution validity over a wide :_-EE:'}E

P range of laminate geometries is demonstrated. i:-\-:
Fundamental Frequency Calculations :?»":':

To assess the eftects of tinite element formulations, aspect ‘:EE:.;:

P ratio, support conditions and the lamina stacking sequences on the ;{?:!
fundamental natural frequencies of composite plates, the problems :\';::'t«

ey

listed in Table 7 are considered [21]).

VXX As
]
/)

b lhe non—dimensionalized fundamental frequency tor the cross-ply
lamiﬁate of Problem 1 versus aspect ratios is given in Table 8. As
can be seen, all three elements predict frequencies that are in

s exc_ellent agreement with the closed form solutions obtained by.Reddy
(22].

The effects of higher order terms in the displacement based

’ finite element formulations are investigated for Problem 2. Here, the

performances of QED40 and QHD28 (with higher order terms locked) are

compared to elements STPD]1 and STPD3 of [23] with linear and cubic

b . . . .

variations through the thickness respectively. 7Tlhe results are
YT, JREPANEE S A 0 Sy T T T SR T R LN P WA ST, 0 S S S N U, W P S A N W N M U N N N T P R P A T S S LI
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summarized in lTable 9. The normalized fundamental trequencies of
Problem 3 are displayed in Figure 18. Note that the
non—dimensionalized fundamental frequency increases as the angle of
orientation is increased for both symmetric and antisy zic
angle-ply square plates. This observation is in excellent agreement
with Reddy's [22) antisymmetric laminate. In Figure 19, a decrease in
the fundamental trequency is observed as the angle of orientation {:
increased for the angle-ply, cantilever, rectangular and square plates
of Problem 4. 7The difference between Figures 18 and 19 are attributed
primarily to the different support conmditions.

Further investigations, Problem 5, of angle-ply laminates are
summarized in lable 10. The stacking sequences of reference [24] are
used to illustrate their effects on the fundamental frequency

' calculations. lhe numbers within parenthesis are calculated by
Crawley 24, 25].
Shown in Figure 20 is the variation of the non-dimensionalized

' fundamental frequency for cylindrical bending problem, as calculated
via the QD tormul;tion and the classical plate theori. For comparison
purposes, the frequencies are normalized with respect to the classical
plate theory results.
Transtent Response Calculations

Element performance has been evaluated with respect to predicting
linear—transient response.. Both displacements and stresses have been
determined for a variety of laminated plate geometries subjected to

instantaneously appliea pressure loaaing. 1lhese results have been

compared to those obtained via both CP1 and a shear deformable theory

MATA
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R AR
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(sDY) [26]. 1Typical results are presented in Figures 21 ana 22 tor a

® (0/90) square plate. In this example, the plate is quite thick in
that it has an aspect ratio of 5.
Buckling Calculations

® Element pertormance has also been veritied for linear elastic
buckling calculations. As an example, critical buckling loao is
plotted vs. the Ey/Ej ratio for anti-symwetric (0/90) ana

L (0/90/0/%0/0/90) cross ply composite plates in Figure 23. Kkesults
agree well with those obtained by Noor |27] and with other shear
detormable theories. Good results have also been obtainea tor other

L 4

boundary conditions and stacking sequences.

11.2. 71ASK 11: Incorporate Damage Mechanisms into Lynamic Kesponse

Formulation

P

’

The literature survey l28-63] pertormea has been quite helpful 1n

-

" .‘," “

terms ot delineating the viable approaches to including danage

A
"’

2
e

® mechanisms in the analysis. Kelevant rallure modes of 1lnterest

"l
L) l‘
2y
AN

a
L

include those listed below

]
h]
"f

!?ﬂﬁ-v )
R
YA

(1) tiber tracture

‘Jfl't

B

( (11) tiber-matrix debonding
(ii1) matrix cracking (parallel and trausverse to tibers)
(iv) aelamination
‘ (v) buckling (possibly at layer or sub-laminate level)
Several smooth failure criteria, e.g., [64-67] have been developea in

recent years to represent the failure of composites. ‘lhese criteria,

G to varying aegrees, can preaict “"tailure" but uo not identity a

AN AT

.
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particular mode of tailure. In performing incremental “damage" t i
analysis, it is essential to both predict failure amna to characterize ‘ﬁ Tﬁéﬁﬁ
. ‘-*\ .*\
it, e.g., ao fibers rupture, does delamination occur, etc. lhe ;gbﬁ3§2
» '.~§m-.
computational approach must, therefore, differentiate between viable %&\ :EQ
L%
failure modes and appropriately aslter the comstitutive equations on ;‘;bf'hﬁ
~ .
.'stf Ly
an incremental basis. 7This can be accomplished by impementing a $}$},:ﬁ§
‘.:.:},'_.-,_Jl
piecewise smooth tailure criteria, e.g., [28] in the finite element {f{?iﬁ#:
Yate, !‘- !N
formulation. The general failure criteria is then comprised of m ;g%?r—
o
separate inequalities of the form };h;
o
. $;f\'?
F5 (021 5 j=1,2,... S
Réhynn.!
0Pk

at the layer level within each element. These criteria shoulad

j"'é";
o

aifferentiate between (i) tensile and compressive tiber failure, (ii)

W}'

tensile and compressive matrix failure and (iii) delamination at f!!ﬁ;i
e
E AT
. . . . PRI Yo
layer interfaces due to either maximum stress or buckling v AW
RSN
. L :‘\5\.}'\' ~
considerations. . SN
PO

L 4

4 -4 &

As progressive damage occurs throughout incremental loading

)

(A
VAN

A4

(whether it be static or dynamic), it is essential that violatiom of

r"f"r..r
'f‘-
P
L]

.'"'l
iy
Y
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failure criteria inequalities be reflected in moditication of the
materiasl properties. 1his can be achieved by including damage state
variables [47] in the comstitutive equations to reflect “stitfness

reduction.” These equaticus can be represented as
{o} = [D][v]ic}

where (D] represents the material matrix and [ Y ] contains the damage

state varisbles. 1lhe latter provide the basis for changing the Dij
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terms based upon the extent to which the failure criteria are AT

® violated.
In conjunction with the above it is essentisl to perform i

equilibrium iterstions within each analysis increment. 7lhis is _.\&i

9 required to assure that stress redistribution is properly accounted
for as damage progresses. :4-3:3:‘;

_The failure criteria currently implemented in the incremental ::._{.::

) apalysis are primarily due to Hashin [28], Lee 129}, Greszczuk [31) <

and Habn [39)]. Layer stresses are defined as shown in Figure 24 and Ko

the criteria are summarized as follows: ,‘*pf"

< Fiber Failure : 5

1. Tension e
The simplest criterion for tensile failure of a composite 15 the A
maximum stress criteria. The failure occurs if:

>
® . o, > Orn =t
ey
However, this 18 a drastic approximation, 8ince the fibers vary ::ﬁ
significantly in their strength. Lee proposes that in addition checkiug :.‘;»: ';_:.
this criterion, the fibers fajil if e
b :f \
® (ofy + o 2 s e
. -\ Cl
where O.. 18 the fiber shear strength. The criterion proposed by Hashin i‘;.:
for the tensile tiber failure is . . T
2 ke
.q‘.. '
C %G\ + _i_ (céT + o:z) =1 el
e 02 r
N3
2. Compression FS RGN
w.‘é

For compressive loads applied along the fiber direction, the proposed
tailure mechanism 1s analogous to the buckling of a column. The critical
tiber buckling stress in the shear mode is given by Greszczuk and Hahn as

5

&
&

g._=G
r

cs
(1-k)
where Gr is the resin modulus, and k is the fiber volume fraction ratio.
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Matrix Failure:

1+ Tension .

P The composite tensile strength transverse to the tibers 1s not
expected to deviate significantly from ''e matrix tensile strength.
The compressive criterion used are as follows

2 2
L Lee . Op 2 Oy or (o'n, + oTz) 2 Oys

A Ad -'f
1 2.1 2 1 2 2 3&
Hashin 7 (Op + 0)° + —— (Op;" -~ 0,0,) + S 2 (o
Y| %us FS

: T,
> RIS
where (o.r +0, ) >0

Cal ot
2. Compression ok
Under compression, failure may occur by shearing along a surface RN
through the matrix parallel to the fiber axis. The criterion proposed by ) _:i 054
Hashin is &-_ﬁh

“ 2 o
1 MNC 1 2 1 2 S
-1 (O 40 )+ —m— (0. 40.)° + —— (05,-0.0.) + RSO
e (2°Ms) ] T2 52 T 2 2 27T 2 oY

where OMNC is the compressive matrix strength. ) .

i
Delamination: WONESAY

w",
. . ,!:\,'-_'.g!
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Damage Prediction Calculations

The damage histories for selected composite laminates subjected
to both in~plane and bending loads have been determined. Note that
the loads are statically applied. Results are summarized below.
Uniaxial Tension |

The one element plate model of Figure25 is employed for the
uniaxial tension analysis of angle-ply laminates. The laminate
consisted of twenty-four layers of T300/5208 graphite epoxy. The
assumed material and the strength properties of T300/5208 are
given in Table1l. The first and the last ply failure curves as a
function of lamina orientation angle are shown in Figures 26 and 27.
As expected the first and the last ply failures for uniaxial
laminates of [0/0/0] of Figure 26 occur simultaneously where as
for angles greater than 30, they are quite separated. The [0/90/0]
layup of Figure 27 shows that for 9=60°, 75°, and 90° laminates,
the initial and final failures coincide where as for angles less
than 60°, they are easily distinguished. Tablel2 displays an alter=
nate view of the damage progression where initial failure occurred
at the second load increment and the final failure at the fourth
increment. The column headings of Tablel2; TF, CF, TM, CM and DL
denote Tensile. Fiber Failure, Compressive Fiber Failure, Tensile
Matrix Failure, Compressive Matrix Failure and Delamination
respectively. Thus one can easily identify the failure mode
within a ply for a given load increment.

Four-point Bending

The bending problem of Figure 28 is modelled with four elements.
The material and strength properties are as listed in Table 11. The

Jaminate is unidirectional and consists of twenty four layers. In
the bending problem, the critical aspect ratio is defined as S=Q
Deldmination is observed for aspect ratios less than the critical
middle of the laminae as the load is increased. Additional matrix and
fiber failure accompany delamination as shown in Tablel3. The inter-
action curve of Figure 29 reveals that the final failure occurs after
twenty percent load increase over the initial failure load. It should be
noted that for aspect ratios less than the critical, the percent

increase of the final failure to that of initial failure load is
constant; thus if one reduces the shear strength by the same percentage,
the final failure load for the corresponding aspect ratio ends up on

the interaction curve. This phenomenon is illustrated by the dash-lines
of Figure 29, When the aspect ratios are higher than the critical, the
fiber failure at the outermost laminae proceeds rapidly toward the
center and within four percent of the initial load, ultimate laminate
failure occurs. A typical damage progression is displayed in Table 14
for an aspect ratio of 100. :
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While not presented herein, some work has been performed to

relate change in strain emergy to damage progression. It is hoped
that this work can be extended to calculating strain energy release
rate as a function of the extent of the delaminated region.
11.3.3 TASK III: Correlation of Formulated Kesponse Model with
Experimental Data

Some quantitative dats relating to the impact damage of composite
specimens has been assembled [68-75]). It will be utilized along with
any additional dats obtained to perform analysis/test correlations.
Since the nonlinear formulation including damage eftects is not
complete, the only use of test data has been of that in (43 and

discussed in the previous section.
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Table 1.

Spurious Zero Energy Modes of the QHD Family

PRl AR i b d b thind

Quadrature Order

Number of Zero
Eigenvalues

Number of Spurious

.

QHD40

3xX3 with 2x2
for transverse
shear terms

QHD28

2x2 with 1x1
for transverse
shear terms

QHD20

2x2 with 1x1
for transverse
shear terms
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TABLE 2
j o
i Material Properties used in the sample problems
f
| - 2
: MATERIAL E/E, | 6, /E, | 6,./E, y p b=sec
! B m
®
; I 40 0.60 0.5 0.25 .7124x107"
I 25 0.50 0.2 0.25 .7124x107"
o I 11.6 0.41 0.14 1 0.25 .1425x10°°
. v 25 -- -- 0.25 .7124x107"
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! 32 &3 |ooum | 0o & 0, 0
’ ]
4 |FEM (3x3 Mesh) 399 562 .0513 372 304 L O
FEM (6x6 Mesh) .392 .543 .0463 .357 .280 A%
| B2
Elasticity .755 .556 .0505 .282 217 oo
e o
FEM (3x3 Mesh) .514 .246 .0299 406 175 "
..,\'{\:_'
10 |FEM (6x6 Mesh) .502 .270 .0284 .387 142 2%
sy
Elasticity .590 .288 .0289 .357 .123 RN
e o
FEM (3x3 Mesh) .547 .157 .0245 418 141
20 [FEM (6x6 Mesh |  .533 .186 .0234 .398 .107
Elasticity .552 .210 .0234 .385 .0938
Qo
FEM (3x3 Mesh) 558 .128 .0227 423 .130
50 | FEM (6x6 Mesh) .543 .159 .0219 402 .0961
Elasticity .541 .185 0216 .393 .0842
o
FEM (3x3 Mesh) .559 .123 0225 423 .128 |
Rt
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TABLE 10
Nondimensionalized Fundamental Frequency
of Cantilever, Angle Ply Plates of Problem 5
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Elastic Constants

El {GPa)
® Ez (GPa)
E3 (GPa)
Gl'z (GPa)
® 613 (GPa,)
G23 (GPa)

V12

u ¢ V13
V23
Strengths
o ' OrN (MPa)

o (MPa)

FS

g (MPa)

MN
o Oyg (MPa)
“py (MPa)

ODS (MPa)

Table 11 Material Properties

Uniaxial Tension

138

10.6

10.6
6.4
6.4
6.4
0.3
0.3
0.3

1500
68
40
68
40
68

LI R
o
A A L

(1500) *

(246)

o

NN e N N
Tl St AL

Four-point Bending

190
11
11

7.2

7.2

7.2

1502 (1502)

67.5

41°(250) AN
%‘
67.5 : -cl'.

41
67.5

*Terms in parenthesis are the compressive strength.
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Table 12 Damage Accumulation of a 24-ply,
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Table 14 Damage Progression of a 24-ply laminate with

FASIEN

N A

oL,

W,

(.'a’

Aspect Ratio S=100 under the four-point bending
load. PIQ/P13’1'04'

PLY TF CF T™M oM DL
1 013 0 0 0
2 013 0 0 o
3 013 0 0 o
4 013 0 0 0
S 01 0 0 o0
6 01 0 0 0
7 01% 0 0 0
8 01 0 0 o
9 01 0 0 o

0 0 0 0 0 o0
1M 0 0 0 0 0
2 0 0 0 0 o
13 0 0 0 0 0
% 0 0 0 0 0
15 0 0 0 0 0
16 1% 0 14 0 o
17 1% 014 0 0 .

18 146 0 1% 0 0

19 16 0 13 0 0

20 % 013 o0

27 13 013 0 o0

2 13 013 0 o

23 13 013 0 o0

2% 13 0 0 0 o
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APPENDIX IA - HIGHER ORDER DISPLACEMENT MODELS A
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L STRESS FIELD:

i. From constitutive relations - o; = Cijeij (orthotropic mat.)

a,, = f(z%, x%, y?)

c XX 2

- oy = f(2%, %%, ¥%)

Oxy = f(ZZ’ xzi .Yz)

!'\ ji. From equilibrium considerations - ojj,j = 0
r sz = f(za, Xy y)
O_YZ = f(za’ X .Y)
¢ Tyy = f(z?)
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= vyt zhy + zz¢y

W=W0

where;

Ugs Vgs Wos Wxs Wys bys dys ¢ {1 xy xy} (o)

STRESS FIELD:

i. From constitutive relations - o; = Cijeij (orthotropic ‘mat.)

oxx = (2%, x, y) *
cyy = f(zz’ x’ y)
ny = f(zz, X, Y)

if. From constitutive considerations - ojj,j = 0

- 3
Oxz = f(Z )
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Cyz = f(Z )
Ozz = constant
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APPENDIX IB - MODIFIED KIRCHHOFF FORMULATION
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Center Node {w %%-%3

DISPLACEMENT FIELD

where;

T,
Ugs Vs x> y & {1 x yt {a}

STRESS FIELD

i. From constitutive relations - o; = C (orthotropic mat.)
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ii. From equilibrium
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APPENDIX II - MASS MATRIX FORMULATION

The mass matrix for elements under development is easily arrived at
by considering kinetic energy in the form

T=%— fp(dz + v+ wi)dy
v

where u, v and w represent displacements, p is the mass density and the
dot superscript denotes velocity. Defining velocities in terms of element
shape functions gives

T= % [A]Tf,o{Nu}[Nu] + (N[N, T + {NIIN,] dV {8}
V . - .

which is the classical form
T =1 (a1 M)
The element mass matrix [M] is, therefore, specified as

[M] = j PN NG + INGHN + NN} dV
v

Note that the shape functions [N;] involve distance from the mid-plane
of the element to a layer denoted by Z and, therefore, the mass matrix
definition provided not only represents mid-plane inertial effects but
also rotatory inertia as well.
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APPENDIX III - LARGE DISPLACEMENT FORMULATION

Y
N

&

b

® Based on Green's Strain Tensor, the following procedure is utilized
to obtain the large displacement and the geometric stiffness matrices.
Let N be shape functions relating displacements at any point in the
element {8} to nodal displacements {A} such that

L .
{8} = [NJ{a} N
NN
Also let {Ni,j}T denote those shape functions associated with the jth EZ:"Z:‘,-
© displacement field (i - u,v,w) and ",j" denotes the differentiation with E;
respect to the jth coordinate, i.e., aa where x; = x, X, =y and x; = 2. j:'.~‘_:'.j
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® Similarly; the shear strain exy can be represented by ’,‘
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The strain field in indicial motation is expressed by RO
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Then the incremental representation becomes
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@ Then

{8843} = [Bol{sa} + [B {8}

¢ where [B,] is the linear component and [Bi] is the large displacement component
Having the definitions for [B,] and (8, ], the small and large displacement
matrices [Ko] and [ ] are represented as )

[Ko] = f [801"[DICB,Jav
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The geometric stiffness matrix is also derived from [BL.] and it has the 520
following form AN

(kG] = f (oXX["xx] * oyylMyyl + oz5(M;,] + IxylMeyl + oxzlMy,]
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o Where the o's are the stress components and again integration is on a
7 layer by layer basis.
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