| ao-n171 707

UNCLRSSIFIED

SC
AFOSR-TR-86-0601 F49620-83 C-.. F/G6 6/16




|0 ke B
-« |3_6. £
||||| TR
Nl

23 s pee

MICROCOPY RESOLUTION TEST CHART
NATIONAL BUREAU OF STANDARDS 1963 A

N ORaGnGuoer



AD-A171 787

.CURITY CLASSIFICATION OF THIS PAGE (When Date Entered)

REPORT DOCUMENTATION PAGE

REPORT NUMBER

READ INSTRUCTIONS
BEFORE COMPLETING FORM

2. GOVT ACCESSION NO.| 3. RECIPIENT’S CATALOG NUMBER
p

AFOSR-TR. 86 - Om

. TITLE (and Subtitle)
TWO DIMENSIONAL SAMPLING BY THE RETINAL LATTICE

Technical Report

5. TYPE OF REPORT & PERIOD COVERED

6. PERFORMING ORG, REPORT NUMBER

. AUTHOR(s)

Joy Yirsch, Ph.D. and Ron Hylton, Ph.D.

8. CONTRACT OR GRANT NUMBER(s)

F49620-83-C-0026

3. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT, PROJECT, TASK
AREA & WORK UNIT NUMBERS

s1102F A A3 AN

Yale University School of Medicine, Dept. of Ophtl.
310 Cedar Street, BML 225
New Haven, CT 06510

11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

. September 1983
Alr Force Office of Scientific Research/NL 13. NUMBER OF PAGES
Bolling AFB, DC 20332 : 16

14. MONITORING AGENCY NAME & ADDRESS(!! dilferent from Controliing Office) 1S. SECURITY CLASS. (of thie teport)

1Sa, DECLASSIFICATION/ DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of thie Report)

Approved for pudlic release; °
distridusion unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if ditferent from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side il necessary and identity by block number)

retinal sampling, aliasing

20. AIQ(RAC:I' (Continue on reverae side if necessary and Identily by block number)

* A discussion of sampling in two dimensions and its implications

for vision is presented.
change both the apparent frequency and orientation of a grating.

We show that aliasing in two dimensions will

Further,

we demonstrate that the Nyquist frequency depends on orientation and is

higher than the usual estimate of 60 c/deg.7

e "..'_
-

.. )

.
.

»

»

AL

St 2k 2

B
¢
b

..'... « ) 'u'-“-.-.

Y LSRR

e e 8
e % "o 0




& B T S / . e : B
. : . - s g
PR et e e e

. ) i - Cee- : . P . R
. - . Y v
Ve N - -5

PPN Zv‘

B = =

»‘-‘@—*‘«,-'3#%

R e

- ‘»rv,,‘ )1'1 B v b

vﬁDIVISlON OF JMAGIN G ’SCIEN CE :

w
-

Two Dimensional Sampling by the Retinal Lattice

JOY HIRSCH1 AND RON HYLTON2

Technical Report Number 8303

September 1683

GﬂMAGl

“"*...w h.

) lAG’NGSTJ



DISCLAIMER NOTICE

THIS DOCUMENT IS BEST QUALITY
PRACTICABLE. THE COPY FURNISHED
TO DTIC CONTAINED A SIGNIFICANT
NUMBER OF PAGES WHICH DO NOT
REPRODUCE LEGIBLY.

R S .
2 A, PR RGP CL O O

- = - -, - . T e"a T m T e Te &« & 9w @ 2 = - - . - - - - - - P T Rt e R 4
" ~ S \‘f‘.-.‘\.'_-d’. POy -~ o LGS A ) _..._: o - ) -r‘_q;“-'\n\-- Nl 5 - \q‘ - -\~ < X



1 Yale Univers:ty 5

Department 0 vy
treet, ¥-

110 Cedar SCT 66510

New Haven,

AIR FORCE CFFICE OF SCIENTIFIC RESEARCH (AFSC)
NOTICE OF TRANSMITTAL TO DTIC

This technical report has been revieved and is
approved for public release IAW AFR 190-12.
Distridbution is unlimited.

KATTHEW J. KERPER

Chief, Technical InformationDivisien

1 Lattice
Two Dimensional Sampling by the Retina

2
TON
301 JIRSCH! AND RON HYL

Technical Report Number 8303

September 1983

of Medicine
OPhi:z‘]Jnlmlogy and Visual science |

Box 3333

-

University

of Physics

New York, New York




o ¥ LA DR AR O N T e e gt Vo ala ey hiat, ot B gt

A —— . < o - bt AUl lle N O A A e o 5 e ot

. 2 Birsch, J. and Hylton, R.

T TEE

ABSTRACT
y
A discussion of sampling in two dimensions and its implications for
4 vigion is presented. 'o show that alissing in two dimensions will change

both the apparent frequency and orienmtation of a grating. Further, we

demonstrate that the Nyquist frequency depends on orientation and is higher
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There is a growing recognition that the characteristics of the retina
considered as a two dimensional sampling system have significant
consequences for vis!on~('illillf snd Collier, 1983; Yellott, 1982, 1983,
French, Snyder and Stravenga, 1977, Birsch and Bylton, 1983, Miller and
Bernard, 1983). Although sampling in one dimension is generally
understood, the fundamental differences between sampling in one and two
dimensions have not been widely appreciated in the visjion literature. In
this roeport we will briefly discuss the effects of retinal sampling in two
dimensions in order to clarify the fundamental notions related to visual
scionco.. Many of the following ideas are well known in other areas of
imaging science (Goodman, 1968. Ziman, 1979; Ripley, 1981).

A common but mistaken motion is that if the retinal photoreceptor
spacing is 1/120 (i,o. that the retinal sampling frequency is 120/deg),
then sliasing due to sampling will cause a 100 ¢/deg sinusoidal grating to
appear as a 20 ¢/deg grating (see for example Yellott, 1982, 1983). This
results from applying s one dimensional answer to a two dimensional problem
without respecting the fundamental differences between one and two
dimensions. The most fnnda-ontui difference is that in one dimension
spatial frequency is a gscalar quantity whereas in two dimensions spatial
frequency is a yector guantity. Thus, sliasing in two dimensions
generally involves s vector subtraction in frequency, which almost always
changes the orientation of the grating snd certainly cannot be considered
ss s sudtraction in th;:la;nltndos of the frequencies.

The second major diffezence between one and two dimensions is that
whereas a one dimensional system is fully oharacterized by a single

(scalar) eliasing frequency , s tvo dimensional system, which possesses two
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4 Bizsch, J. and Bylton, R.

independeat directions, is fully characterized by two linearly independent
(vector) aliasing frequencies. VWhile the two aliasing frequencies may have
the same magnitude, they always have different directions. In the case of
a square lattice their directions differ by 90° while for a bhexagonsl
lattice their orientations can be chosen to differ by either 60° or 120°,
The two aliasing frequency vectors form the basis of a lattice in the
spatial frequency domain known as the reciprocal lattice which contsins all
possible aliasing frequencies. That is, the sampled values of a sinusoid
of frequency f are indistinguishable from the sampled values of a sinuoid
of frequency f + fp; where fp; is one of the points in the reciprocal
lattice (see appendix). The only case in which alissing corresponds to
subtracting the magnitudes of the frequencies occours when the orienmtation
of the grating lines up with the orientation of one of the aliasing basis
vectors, 8 very special case. These arguments are made more concrete
belovw:

The essence of the sampling problem is how well the original
continuous function can be recovered from a discrete set of sample points.
In one dimension the answer is contained in the well known sampling
theorem: if all the spatial frequency components of the continuous
function vanish outside the :ogion in frequency -f,/2 to f,/2, where
fq is the sampling frequency, then the continuous function can be
recovered exactly from the sampled function (Braceweli, 1956). This result
is onn{ly visuslized ia terms of aliasing (Bracewell, 1965)., Aliasing
sllows s to add to or subtract from the true frequency f any multiple of
fs. If the total range of frequencies in the true Fourier spectrum

exceeds £, then sliasing can connect frequencies within the range,
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rosulting in smbiguities that make recovery of the true Fourier spectrum
impossible. However, if the total range of frequencies is less than or
equal to £, (ss for -£4/2 to £4/2), then aliasing camnot comnect two
frequencies within the region and ambiguities do mot occur. Note that the
Nyquist criterion, which is usually thought of as the frequenmcy f,/2, is

. sctually the boundary of the region -£,/2 to £,/2. The boundary of a

one dimensional region is, of course, just the end points. The Nyquist
interval is conventionally chosen to include the origin, other choices are

possible,

y-
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The result for sampling in two dimensions is similar to the

result in one dimension with the differences previously moted. To avoid

Pl b b A9 B )

ambiguities due to aliasing all two-dimensional spatial frequency

components must vanish outside a region in the frequency plane. This

region is determined by the requirement that mo two frequencies within it

M )

can bde connected by any combination of multiples of the two aliasing
frequency basis vectors. This region turans out to be a polygoa in the
frequency plane (s square for a square spatial lattice and a hexagon for a
. hexagonal spatial lattice, if the region is chosen to include the origin).
The perpendicular distance from the origin to the sides of the polygon is

N 1/(2d) for the square lattice and 1/(d4 SQRT(3)) for the hexagonal lattice,

where d is the center—to-center spacing of the spatial lattice points.
These frequency polygons have the same orientation as the space lattice for

the two cases given, ‘?lgnro 1 shovs the basis vectors for the sampling

e AD IS

(space) lattice and the reciprocal lattice for the cases of s square

l1attice and & hexagonal lattice. Figure 2 illustrates the construction of
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6 Hirsch, J. and Hyltoa, R.

the polygon (kmown as the first Brillouin zone or primitive cell in the
reciprocal lattice) which gives the conditions to avoid aliasing. The
polygon is constructed by drawing lines from the origin to the points in
the reciprocal lattice and then drawing the perpendicular bisectors of
these lines. The region inside the perpendicular bisectors is
characterized by the property that mno two points can be comnected by an
aliasing vector. Note that the Nyquist criterion is the boundary of the
polygon, and the magnitude of the Nyquist frequency depends on the
orientation of the presented fregquency relative to the sampling lattice.
The orientation dependence of the Nyquist frequency can be regarded as due
to an effective one dimensional sampling frequency which depends on
orientation. For the square lattice, sliasing sets in at a frequency
betweon 1 and SQRT(2) times 1/(24), depending on orientation, while for the
hexagonal lattice aliasing sets in at frequencies between 2/SQRT(3) and 4/3
times 1/(2d4). Sayder and Niller (1977) have also noted that the effective
sampling frequency of a hexagonal lattice is higher than the one
dimensional estimate of the Nyquist limit, Thus since the retinal
photoreceptors are hexagonally packed with center—to—center spacing of
approximately 1/120°, aliasing sets in at frequencies ranging from 69 to 80
o/deg, dopending on orientation, mot 60 o/deg as is usually assumed. Thus
sn optical cutoff frequency of 60 o/deg is well within the sampling limit
for the foves.

Asatomical t.lll‘;thlVO shown that the phoiorocoytor lattice is
hexagonally packed (e.g. Miller, 1979). BSampling with & hexagonal lattice

is preferable to sampling with s square lattice for several reasons.

First, hexagonal packing has a greater nuvmber of samples per unit ares than
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7 Birsch, J. and Hylton, R.

square packing, leading to a higher average Nyquist frequency (greater ares
in the Brillouin zome). Second, the hexagonal Brillouin zone is more
nearly circular than the square zone resulting in less severe dependence on
orientation. A third resson is somewhat speculative. Ve have recently
soggested that hyperacuity involves short range interpolation between
photoreceptors, possibly quadratic interpolation (Hirsch and Hylton,

1982)., Since a tvo-dimensional quadratic has six parsmeters, such a
moechanism requires at least six inputs. Then for a hexagonally packed
lattice, s photoreceptor plus its six meighbors forms s natural grouping
for short range interpolation, but a square lattice would require both the
nearest and the more distant second nearest neighbors as input for

quadratic interpolation,
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8 Hirsch, J. and Hylton, R.

APPENDIX

Mathematical Details

We present here a brief mathematical derivation for aliasing in two

L Ny s N S K SN P Y e 8- & & 5 ST
)

dimensions. The derivation is closely related to s basic result inm solid
state physics, where Fourier expansion of periodic systems (crystals) are
quite important. (See, for example, Kittel, 1971, foxr a discussion of
periodic systems, the reciprocal lattice, and Brillouin zones.)

The snalysis starts from the definition of a lattice., An N
dimensional lattgce is fully described by the position of ome lattice point
{which we take to be the origin) and a set of N vectors, called the basis
vectors of the lattice, which essentislly give the magnitude and direction
of the steps necessary to move from ome lattice point to the mext. An N
dimensional lattice has N linearly independent such steps, snd every

lattice point has a position given by

N
P« I M

« 3
oy 1%

>
where the My are integers and the dj are the basis vectors of the

-»>
lattice. If we present a frequency f, we measure the values of the

sinusoid only st the set of points given by ir.bovo. Aliasing occurs when
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the values measured at the lattice points for a fteqnency'? are the same as

-
for a frequency f + fa for all lattice points.  Thus alissing requires:

RELIE I SNt [e SN or  ei27iF

for all lattice points'§. (The i appearing in front of 2n is the

SQRT(~1).) This leads to sets of simultaneous linear equations of the form

vhereli is the set of points given above and ‘p is an integer which
varies from point to point. Substituting the form for P given above leads

to the equations

where i takes on the values 1 to N and Kj jgs an integer which can be
->
different for each d;, Although we do not prove it here, there are an

infinite number of frequencies f, which satisfy these conditions. In

fact, the solutions form & lattice in the spatisl frequency domsin known as

the reciprocal lattice, and sll the T. are given by

A

I IR I I}
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where the M; are integers and the 'fu are the N basis vectors for the

reciprocal lattice. Ve will solve for the 'f.; for the two dimensionsl -
P

case. 2
‘

The aliasing conditions for two dimensions can be written as :

- ? ° 3 -« 0 o

?nl ) 31 1 al 2 0

"

- -f ° z = 1 :‘

1,-3 =0 a2 = 2 i

Thus we require that ?.1 be perpendicular to -:lz and have a ‘
projection of 1/43 onto the -:11 direction, and similarly for "f.z. .
These vectors can easily be found by using the cross product '31 8-:12- .
This is a vector perpendicular to both ':ll and 32 (ie, it is ::
perpendicular to the plane of the lattice). Then -52 x (‘:11 x-az) is » n
-+ e "

vector in the lattice plane perpendicular to 42 but mot dj, and its -
-+ o

length can be chosen to have the correct projection on dy, Similarly, '\

-

':I; z (Tl; z -:lz) is perpendicular to d1 but can be chosen to have G
Y

the correct projection o 82,  Thus we have found the basis for the ’
D :'

tuiptécll lattice in two dimensions, snd all aliasing frequencies have the 4
xY

fora -

2
a

".-
p)
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11 Hizsch, J. and Bylton, R.

vhere the M; are integers. The value due to one of the aliasing
frequencies at one of the sample points is then
RELICA ?.1 + M, ?‘2) A '&1 +N, '52)

e‘z“(“:l“l + “z“z) - 1

for all ssmple points. (Nj qnd Mj are integers). Thus the aliasing

condition is met.
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FIGURE CAPTIONS

Figure 1: Sampling and reciprocal lattices. The left hand figures show
the basis for the sampling (space domain) lattice for square and hexagonal
sympetries. The dots represent the points in space at which measurements
are taken. The right hand figures show the corresponding reciprocal
(spatial frequency domain) lattices. The points in the reciprocal lattice
are aliasing frequencies which have the property that two spatial
frequencies differing by any multiple of an aliasing frequency give rise to

identical values at all the sample points and hence are indistinguishadle.

Figure 2: Construction of the first Brillouin Zone. In order to avoid
aliasing spatial frequencies must be restricted to s region in the
zociprocal lattice, the first Brillouin zone, such that mo two points in
this region differ by onme of the aliasing vectors. The boundary of this
zogion is the equivalent of the Nyquist criterion in one dimension. The
zone can be constructed by taking the region aronnd the origim bounded by
the perpendicular bisectors of lines drawn from the origin to the aliasing

points. (See Kittel, 1971).

Y




13 Birsch, J. and Hylton, R,

REFERENCES

Bracewell, R.N. (1956) Strip integration in radio astronomy.

Australian Journal of Physics, 9, 198-217.

Bracewell, R.M. (1965) The Fourier transform and its applicatiops.
McGrav Hill, N.Y., 197-198.

French, A.S., Synder, A.V. and Stavenga, D.G. (1977) Image

degradation by a random retinal mossic. PBiol. Cybernmetics. 27, 229-233.

Goodmsn, J.¥, Introduction to Fourier Optics. McGraw-Hill, New
York, 1968.

Hirsch, J. and Hylton, R. (1982) Limits of spatisl-frequency
discriminstion as evidence of neural interpolation. J. Opt. Soc. Am. 72,
1367-1374.

Birsch, J. and Hylton, R. (1983) Quality of the primate photoreceptor

l1attice and limits of spatial vision, Yision Res., in press.

Kittel, C. (1971) Introduction to Solid State Physics (4th Edition)
John 'i‘loy and Sons, 'l;‘e.

Mitler, W.H. Handbook of Sensory Physiology, Vol VII/6A, Fig. 30,
p.118, Sprimger, Berlin, 1979,




S N IV TRV I T iy

14 Birsch, J. and Bylton, R.

Miller, V. A. end Bernard, G.D. (1983) Averaging over the foveal

zecoptor aperature curtails aliasing., Vision Res., in press,

Ripley, Brian D, $patial Statistics. John VWiley B Sons, New York,

1981.

Snyder, A.¥. and Miller, V.H, (1977) Photoreceptor diameter and

spacing for highest resolving power. J. Opt. 8oc. Am., 67(5).

Williams, D.R. snd Collier, R. (1983) Consequences of spatial sampling

by a human photoreceptor mosaic. Sc._ace, 221, 385-387.
Yellott, Jr., J.X. (1982) Spatiasl analysis of spatial sampling by
photoreceptors: topological disorder prevents aliasing. Yis. Res. 22,

1205-1210.

Yellott, Jx., J.X. (1983) Spectral Consequences of Photoreceptor

Sampling in the Rhesus Retina. Science, 221, 882-385.

Ziman, J.M. Dodels of disoxdes. Cambridge University Press, 1979,

_________
----------

N\ ﬂ&A\M\b.{u\'s L'-{&{\.', ‘.\.,t_



A%

A 1 MWNO14
.“,. ~ ~ O — — — e °
B ~ / \
3 ~
t _ N \ /
v.“ e \\ //
”. “ / \
w_ [ /P \
. / .
r. | “ . )
| _ " ’
3 | \ «02| /
| | \ P/
w ; 3 |‘I lnlh ﬁ \ /
& x - \
| ) ~ i \ x
,,u _ ~ /H 7 < =
_. . 30111V TVO0UdIO3Y TWNOVX3IH 30111V ONITVINVS TYNOOVXIH p
: )
- - ————— —— ———— = ° 0 — —————— ——————— °
: | ! | )
_ . J .. _
| | |
“ | | "
_ “ “ |
_ P/ _ _ P _
., u. ~ N “ L - — N “
O \ ® e \ ) )
| I ]
X _ ! { !
: _ ' P/ | _ P _ A
[ . " | : | "
_ S 3 : e L -4 5
Ly,
30141V WO0NdIO3Y 3MVNOS 30111V ONINdNVYS 3MVNDS %

)

» *

N %

o

. o P v TS A e v gy RS RRAAN] 27" 2" s 2 % A Ay & Y8 & rr L4 PR | 2L ol - ES % A

R



- mmen wm

—— - -—-

a

;e v, N

¢ NO14

uibio
PUNOID 3UOZ uINO||1Ig

Kiopunog isinbAN

]
T e

A,

30111V vO0udID3d 3HL NI 3NOZ NINOTNYE 40 NOILONYMLSNOD

-.‘\')“‘k PN YR




i -

e

aves

>,

s

5% M T ¥

fi
%‘ \"\.\ \r‘i"
“‘\ AL ' W "

"{

[

'---"w'!"'-\\ .~v--r$
R
~ by O K L A DAY ~,.

a4y 4n

Al

ll h

' \."-

’.5\
.\.

f



