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: ABSTRACT
¥ Let X(1),...,X(n) be pxl random vectors with mean zero.

n
Put S = %- Z X(t)X(t)'. when X(t),(t=1,...,n) are distributed as i.i.d.

% N(?,Z), (i.e., usual multivariate analysis), many authors have investigated

’ the asymptotic expansions for the distributions of various functions of the
eigen values of S. In this paper we will extend the above results to the

: case when {X(t)} is a Gaussian stationary process. Also we shall derive

the asymptotic expansions for certain functions of the sample canonical
correlations in multivariate time series. Applications of some of the

results in signal processing are also discussed.
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1. TINTRODUCTION

Recently several authors have introduced some multivariate methods to
. multivariate time series analysis. Using the orthogonality and asymptotic
& normality of the "Fourier components" of time series, Priestley, Rao and
Tong (1973), Brillinger (1975) and Krishnaiah (1976) discussed the princi-
pal component analysis in the frequency domain, and investigated some asympto-
! tic properties of sample principal component roots and test statistics.
Similarly Hannan (1970), Brillinger (1975) and Krishnaiah (1976) discussed
the canonical correlation analysis in the frequency domain, and Brillinger

gave the limiting distributions of estimates of canonical correlation co-

Pl A s

efficients. Also Robinson (1973) gave an approach of canonical correlation

analysis for the covariance matrix of multivariate time series.

.
n » Pl

_, v ) [}
In this paper we shall diSCuSSﬁFhe asymptotic distributions of eigen-

—_—

values of sample covariance matrices of multivariate time series since the
y eigenvalues play a fundamental role in multivariate problems. In Section 2, >

N,
: ' we shall give the limiting distribution of eigenvalues of sample covariance
matrices for non-Gaussian linear vector processes. Furthermore, in éection 3,2

~

~we shall derive:the asymptotic expansions of certain functions of eigenvalues

!

of covariance matrix for multivariate Gaussian stationary processes, and

)

discuss their applications for time series principal component analysis.
'y ._": - .
In Section 4 we-shall give the asymptotic expansions of certain func-
tiots of canonical correlation matrix for multivariate Gaussian stationary

processes, and diSCu337some asymptotic properties of a test statistic for

. canonical correlations.

™
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2. CENTRAL LIMIT THEOREM FOR EIGENVALUES OF COVARIANCE MATRICES

In this section we give the central limit theorem for eigenvalues of
sample covariance matrices. In the sequel, the set of all integers is denoted
h by J and the Kronecker's delta is denoted by §(m,n).

Let {X(t) : teJ} be a vector-valued linear process generated as

X(t) = [ G(j) e(t-§), t e J,
where the X(t)'s have p components and the e(n)'s are q-vectors such that
b E{e(n)} = 0 and E{e(m),e(n)'} = §(m,n)K, with K a nonsingular qxq matrix;

the G(j)'s are pxq matrices; and the components of X, e and G are all real.

~ ~

If 2 trG(j)KG(j)' < = (this condition is assumed throughout in this section),
j=0

the process {X(t)} is a second-order stationary process and has a spectral

density matrix §(w) which is representable as

§60) = - K@K K(*, -1 < w < 7,
27

where

Pl il el W 4

k() = J 6(j)etvd, :
j=0 N

R 8 2 a8 8 a @

Suppose that observed stretch {X(1),...,X(n)} of {X(t)} is available. Define

n
C(0) ='% z X(t)X(t)', and denote the (a,B8) components of C(0), f(w), k(w) !
t=1 -

and K by C(a,8), 5a6(w), kae(w) and Kae’ and denote the ath component of \
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X(r) and =(t) by Xa(t) and eu(t), respectively. Assuming that {e(t)} is

fourth-order stationary, let Q: a (t1’t2’t3) be the joint fourth cumulant
1'0. 4

: of eal(t), euz(t+t1), ea3(t+t2), eu[‘(t+t3) and assume that

-]

. e
: t tZ ¢ IQG o.oa[‘(t]_’tz't3)l < E) (1 ial’ooo’aa iq)’
: 1°%2°%3

Do 1

then the process {e(t)} has the fourth-order spectral density Q: o (wl,wz,w3)
- 10-- 4

such that

1 ©
(wl,wz,w3) =— z exp{- i(w1t1+w2t2+w3t3)}

b R (2m)7 t],t),ty=m

Te

[ e
= x Q (t,ot,st.).
Breeslt, 1’7273

Similarly we can define Q: a (tl,tz,t3) and 62

foee (wl,wz,w3), respectively,

1...a4

the fourth-order cumulant and spectral density of the process {X(t)},

1 < 500050, < p. Denote by B(t) the o-field generated by {e(n); n<t}l.

We set down the following assumptions.

Assumption 1. For each 81,82 and s

, Var[E{eBI(t)eez(t+s)|B(t-r)} - 6(5,0)K8182]

= O(T-z-e), e >0,

LA XA

uniformly in t.

el s A S
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VLS, 48

1>

Assumption 2,

E|E{e, (t)e, (t,))e, (t)e, (t,)|8(t,~1)}
B1 1 82 2 83 3 84 4 1

-l-n)

- E{e, (t))e, (t,)e, (t)e, (t,)} ] = 0(t
Bl 1 62 2 63 3 84 4

uniformly in ty» where t, < t, ity<t,and n>0

Assumption 3.

The spectral densities f§,,(w) (8 = 1,...,p) are square~integrable.
BB

Assumption 4.

[+ -]

) Q¢ (t,,t,t )] < .
tl’tz’t3=-w alo..a4 1°72°7°3

Now define I'(0) = E{C(0)}, and denote the (a,R) component of T (0) by

I'(a,8). The following lemma is due to Hosoya and Taniguchi (1982),

Lemma 1,

Under Assumptions 1-4,

E{C(al,az) - F(GI,GZ)}, (0.1,0.2 = 1,...,]))

have a joint asymptotic normal distribution whose mean is zero and the asymptotic

covariance between vn {C(al,az) - F(al,az)} and v/n {C(a3,a4) - F(a3,u4)}

is given as




m
2 | Baay OB, @ * by o O o W v

-1

™
+2r 3P k o (wdk , (=w)k . (w)k _ (-w,)
81..-.,84=1 Si alBl 1 a282 1 a383 2 aae4 2
. Te -
X QBI.“84 (wys=w,,w))dw,dw, . c

s Let 11 > e z_lp be the eigenvalues of C(0). Then we can express

C(0) = BLB', where L = diag (21,.0.,2p), B is the orthogonal matrix. Suppose

I that the eigenvalues of T'(0) satisfy X, > ... > Ap’ and that T(0) = YAy

1
where A = diag(kl,...,kp) and ¥ = (81,...,8p) is the orthogonal matrix,

We assume that },,...,A_ have the following spectral representations
1 P

ol ™
A, = S w)dw i = lyaas s 2,1
" T3 6jj( ydw, (3 s »P) (2.1)
’
Ca
: - Y9 2 2 - S - 10w . 2
‘ where {..(w) = k.. (w and k,, (w) = G.,(Ve with G..(2 < o,
y b5, = 3 [k @15, 55 ng N RZO! 331
i Let T = ¥'C(0)¥, and put U = /n(T-1). Then, denoting the (i.j) component
; of U by uij’ from Lemma 1, {uij} have a joint asymptotic normal distribution
) whose mean is zero and the asymptotic covariance between uij and Uy is given
. as
> n L L
o u(ij,ke) = 2“-15 {gik(W)gjg(w) + gu(w)gjk(W) } dw

M~ g ~ -~ -
e
+ 2n§£ kii(wl)kjj(-wl)kkk(WZ)kZE(.wz)Qijkz(wl’-wz'wz)

X dw,dw,, (2.2)
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where gij(w) = 6ii(w)6(i.j)o Then we get the following theorem.

Theorem 1. Under Assumptions l-4, the joint distribution of D = vn(L-A)

and G = /n(B-¥) tends to that of D = diag(ull,o..,upp) and G = YW, where

- 4, .
= R
}, with wii 0, wij Y

W= {w
1 e

» 1 # 3 and {ﬁi } is distributed as

3 N

a multivariate normal distribution whose mean is zero vector and the covariance
between ﬁij and ﬁkz is given as u(ij,k%) defined in (2.2). In particular

if the process is Gaussian, then the limiting distribution of D and G =
(El....,bp) is normal with D and G independent and the diagonal elements

of D are independent. The diagonal element d, of D has the limiting distri-

i
bution

m
N(O, 4n f gii(w)zdw).
=TT

The covariance matrix of the ith eigenvector is

2 m ]
k=1 (A =2 - '
k#i b

and the covariance matrix of h, and h, in the limiting distribution is

i

_ 27 [ :
Cov{Ei,Ej} = - ?;_:;;;7' _% gii(W)gjj(w)dw'§j§£° o
i

[Proof] Let T = YLY', where Y is orthogonal. Put W = /n(Y-I) = {w,,}.
1]

Using the same arguments as Anderson (1984, p. 541), and substituting

T=A+ L U, Y =1+ 1 Wand L = A + L D to the equations T = YLY' and
/n /n /n




Ui,
R o P
j i

(i = 1,...,?), wii = 0, w

= A\l -
1 YY', we get di Ugyo

lyeee,Po Noting Yo (B=¥) = YW and Lemma 1, we get the desired results. O

Remark, For non~Gaussian case, the distribution of D and G are not always
asymptotically independent.

Now we confine ourselves to the case when {§(t)} is Gaussian and consider
the asymptotic distribution of the q smallest roots of C(0) when the q smallest

population roots are equal. Let

where the diagonal elements of the diagonal matrix Al are different and larger

than 6 (>0). We assume that the eigenvalues Xl,o..,lp (Al > hee > Ap-q >

xp-q+1 = soe = Ap = 8) have the following spectral representations given
in (2.1);

~

with § 1(w) = ., 6 (w) g— s (ise., uniform spectra).

p-q+1,p-q+

As a criterion to test the null hypothesis

H: A, > eee > A > A = L4 = \A_= 0 2.4
1 P-q p-q+l P ’ (2.4)

where Aj (j = 1,0..,p) have the spectral representations (2.3), we use the

following criterion




m 2
L = -n log izp=q+l 1 . (2.5)
& § oa)
q':l.-p-q-l-l

In the usual multivariate analysis this is known as the likelihood ratio
criterion. Using the similar arguments in Anderson (1984, p. 475-6), we

can see

% P
= 1 2 ‘ 2
L==1 1} ugyt * Y ugy
M 8 i<j i=p=q+l
‘: p~q+i<i
: izp
P
1 2
- = ( 2 uii) }1 + higher order terms. (2.6)
1 i=p-q+l

Since we assumed (2.3), we can see that

R

uii(i = p—q+1,...’p) and uij(i * j, i'j = p-q+1,0003p)

LI DTN B 8

are asymptotically distributed as 1i.1i.d. N(O,Zez) and i.i.d. N(O,ez), respectively.

By (2.6) we have,

Theorem 2. Under the null hypothesis H, the limiting distribution of the

test statistic L tends to the xz-distribution with %(q+2) (q-1) degrees of

freedon.
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3. ASYMPTOTIC EXPANSIONS OF CERTAIN
FUNCTIONS OF EIGENVALUES OF COVARIANCE MATRIX

In this section we derive the asymptotic expansions of certain func-
tions of eigenvalues of covariance matrix in multivariate time series.
Here we assume that {§(t) = (Xl(t),...,Xp(t))':teJ} is a pxl-vector-valued
Gaussian stationary process with zero mean and covariance matrices
r(3) = E{X(e)X(t+3) '}.

Assumption 5. The covariance matrices satisfy

-]

Yo lul It |l < =, (3.1)

-0

where |/ (T(u)|| is the square root of the maximum eigenvalue of T(u)I(u)'.

Then the spectral density matrix of {X(t)} is given by

@) = T’Z%r_ §or(we I,

u=s-—xo

Let & > ... Z_ZP be the eigenvalues of the matrix C(0) =

8|

n

} X(E)X(t)"
t=1~ -

and let A, > ... z_kp be the eigenvalues of T(0) such that

A = L. = Aq =8, (3.2)
Aite..4q g+l 1ot

for a = 1,2,...,7, q+...+q_ = p, and q_ = 0. Also, let Tj(xl,...,%),
(j =1,...,k), be an analytic function of 91,...,2p about Al,...,k .

P
In addition, let

aTi(x?l,...,:zp)

a =

o 3L

] g

g=1,
BZTJ(%j...,Q)

a N

ja8 ERERN

1= 1,

et et et e T At el e B P
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3 5(91,...,2?1

a =
jaBy CENERNERA |
L= A,

~ ~

for ged,» heJ teJy, é' = () .,Ap) and }' = (21,...,%3 where 3,

B’ -
denotes the set of integers q1+”'+qa—l+1’ caesy q1+...+qa for a = 1,2,...,r.
In this section we are interested in obtaining the asymptotic joint distri-
bution of

/—{T(ﬂl,...,l)-T()\ xp)}, G=1,...,k.

1,-..,

Expanding Tj ( 2‘1’ sees Ep) as Taylor series, we cbtain

= T -
Ty(ty,eees ) Tj(xl,...,x)+azl Sa g,e_J(zg 0,.)
1 r r
7001 e L1 G ()
T2 L) gy e géJ& ey, & ° LA
l Y r r
IRy I (a0 (20

?JaBy
1 geJ he:JB CEJY

+ higher order terms.

= /n - cpees = co ook
Now, let Lj n{Tj(JZ.l, . Qp) Tj(kl, ,Ap)} for j = 1,2, Jk
Then
/H r r
j q-Z-1 a tr(Wa-eaI) + 3 azl le ajaB

X tr(Wa-eaI) tr(wB-e BI)

/t_l r T r
—g-aZI BZ1 Zl Jagy BT W8 1) EF (gm0 I Er (W, -6, D)

+ higher order terms,

where Wa is a random matrix with eigenvalues lg, geJa, and 1 is an identity

matrix., If we assume that wa is of the form;




LA

0 bl g R LA

11

WwomoT+Lw® L @ s
a a o @ n a
then Lj is of the following form
T T
L, = Z a, tr W(l) + —l{ Z aja tr Wéz)
J a=1 ja @ V’E a=1
r r
+ %- Z Z ajaB tr Wél) tr Wél)
a=1 B=1

+ higher order terms.

The following lemma is due to Fujikoshi (1977).

Lemma 2. Let T be a square random matrix and dlz ces 2 dp be the eigenvalues of

T. Also, let Al 2 e 2> Ap be the corresponding population eigenvalue such that
A, = = A =8,
1 9 1
= = A =0
Aq1+1 q;+q, 2
A = ...=)\ =28
q1+...+qr_1 P r

In addition, we assume that T can be expressed as
T=a+et'D) 2P

where A = diag(kl,...,kp) and € > 0 is very small. Then the eigenvalues dj

(jeJa) are the eigenvalues of

where

o (s } a ac a

=1,(1),(1)
N ) U U

afa B af Ra ’
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pr s

\ (i) ) yti)
3 U Yo Ugg

G @ )
21 22 Tttt T2r

Y

2 A o B 2 do e

i) o

I .
. \Uu) ey (1)
:5 rl r2 T rr / ,
19
‘ ( a
\ i)
) 17
N and UaB is of order qaqu.

" Applying this lemma to our normalized covariance matrix U defined in the
2{ previous section we have

o r 1

v Ly = X asottlpy + g { X a;,tt X (8,-8 ) UQBUSG

- =1 a=] B#a

£ + 4 agl BZI JaBtrUautrUBB} + higher order terms. (3.3)

Here we also assume that the eigenvalues have the spectral representations in

3 (2.1). Applying Lemma 1 for Gaussian case it is not difficult to show that
<

. E(L)=l{X bl Fa e -0g)"!

0y /n a=l gha el ke,

3 " -

i | x 20 J 6 (w)ﬁkk(w)dw

! -

N .-

. 2 -1

: w4 b Fag e [ 8% + 0™

. a=l ieJd ‘n

.' a

; = o, /Va + 0(n™), (say). (3.4)
- r r

. cmML L} = cum{ X X a. U ., z E a_ -U }

a=l ksJ jo kk o=l keJ . M k k




wwwww

+ O(n_l)
: = X X a.a 4l " g (w)zdw + O(n-l)
1 as] keJ ¢ ma kk
) : a -T

=cpp * o(n’1), (say). (3.5)
Now define
n
N | o

p Z,(0) = L [tgl{ximxj(t) ML, i),

and

(i) _ '
X = (Xi(l),...,Zi(n)) .

Then we can express as

)E(i) - Xf ¥(i)

. where Xi is the covariance matrix of g(i), and g(i) is a random vector dis-

: tributed as N(On’In)° Using the fundamental properties of cumculants (see
- Brillinger (1975)) we have

cum{Zn(ll,jl), Zn(lvaz)’ Zﬂ(13'33)}

' (i)' o Gy) ))'ed b (5)

’ s L cmy UVE Ly UV, vy Y v?,
y nvn - S - 2792

(i)'¢d b (55)
v L e

; 373

% 1

: Lp LR

= — tr
. nvn 21 22 K3 2& Z5 K6
r (3.6)
= '1—_ z* tr rz 2 (n"n)rz 2 (nxn)l"[_ /4 (nxn),
nvn 172 374 576
E3
where I is the sum over all two dimensional indecomposable partitions of

4 i,03, }» and lelz(nxn) = lezez. To evaluate (3.6), after a slight

¢ 13)j3

' /

..............................

......
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modification of Theorem 1 in Taniguchi (1983) we get the following lemma.
Lemma 3. Let X(t) = (Xl(t),...,xp(t))' be a Gaussian stationary process which
satisfies Assumption 5, with the spectral density matrix 6(w) = {5ij(w)} and

mean zero. Then

1
—tr T (nxn)T, ., (axn) ... T (nxn)
n iljl i232 isjs

s-1 7" -1 .
(2m) / —véiljl(w)6izj2(w)...6isjs(w)dw + 0(n 7). (3.7)

Using this lemma for (3.6) and noting fundamental properties of cumulants

it is not difficult to show

3202 f — 3
cum{L,,L ,L } = — ) a, a_a ., (W) "dw
i’ m’"s /o =l ke J¢ mo sa f kk
o -7
81r2 r . . T . 2 T .
o T ! 2
+ L L L 6 (W) dw 6
Vo a.fel kel koed,l ¥k J Pk, (w)Tdw
’ a 2778 -
X {ajaamsasaﬁ + ajaamBasBa + ajaasBamaB + ajaassamﬁa
-3/2
+ asuamsajas + asaamBajBa} + 0o )
=L +o0w??y, (say). (3.8)
~ jms

Therefore we get the following asymptotic expansion (see Taniguchi (1986)).

Theorem 3. Under Assumption 5, we have

P(L1 < yl,...,Lk < yk)

y y
1 Tk k C
= / ceey N1+ ] - Hy (y)
- -0 ~ j-]_ n ~
k c
+ 7 A8 g 1y + 0@ b, (3.9)
j,m,s=1 6vn -
N D L L o L e o, T e S e e

- e e e -
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where y = (yp,...,y)", N(y:0) = (2my*/2|q|7/2 exv(—%— y'alyy,
(-1)® 58
H = :
jl...js(i’) NG By ..-3y, Ny:),
- 1 s

and Q = {cjm}, (kxk-matrix) . o

Corollary 3.1. Suppose that the eigenvalues of T(0) satisfy Xl > ... AP >0

and Tj(kl,...,kp) = Aj. In the special case when the spectral densities are

constants such that
A
§.. (W) ==l

J]

27 ? (j""‘l,---,P),

(i.e., the usual multivariate analysis case), the expansion (3.9) becomes

/(ay=)) < yl,...,/H( zp-xp) < yp}

¥i yp . P Py
=[ . wg@u+ Z A B, ()
— - j=1 /n
p Ejms -1
+ 1 Hoo () ldy + 0@™), (3.10)

j,m, s=1 6/n i

where

~ Z‘ -1 ’ s
c, = (A,=x.) "x,A

and the (j,m) element of Q is

-~

= 26(5, m2,

im i
and
cy . = 8526(],m6(m,s)
jms 3 ’ rToe
which coincides with the result of Sugiura (1976). 0
For testing H : ) > A = ,,. =) =8 (> 0) against
g p-q ' p-q+l P ) 28
A > ... > A_ > 0, we consider the criterion L defined in (2.5).
p-q+l — - P

Then we get the asymptotic expansion o L under the nonnull hypothesis.

bl 80 S0 B gas gov |
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) 1
[\ = — = -
y Corollary 3.2. Let Tl(Qm-i-l”"’ Qp) 5 L in Theorem 3 and m = p-q.
X Then, under the alternative A, we have

P[/E{Tl(lml,...,lp) - Tl(xm_l_l,...,xp)} <y
B /'YI 1 ‘111 1
! =/ Ny )L+ —=H (y,) +—==H . (y;)]ldy, + 0™,

B 1 /a 171 6V 11171 1
“
N where s Q and ¢ 11 are defined in (3.4), (3.5) and (3.8), respectively,
~
N with
p
N b G-Ay)
! f=mt1 * 1
“ %la P ’
B v
.' A L A
N * jem+1 T
2 S S - S
::I' alaa 12 - p ’ a m'*'l,-.-,p,
N o
-~ ( Z A )2
- fem+l T
and
- @, o, = - —LET—— | 4$B, a,B=m+l,...,p. o
laB p ? ? b 9 i)

2 CIoap?
. i=m+1
~
N
c'
N
N
A
N

N SESAPICRD P AT A C  Se TE  Se S S S S S D P . . Se K . . .. . e T m T et T,
I ) T, O N T A G e AT A e DR SN
¥ . - - » - C - -
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4. ASYMPTOTIC EXPANSIONS OF CERTAIN FUNCTIONS OF CANONICAL CORRELATIONS

In this section we derive the asymptotic expansions of certain functions

of sample canonical correlations in multivariate time series. Let X(t)' =

'(1(1'(1:)'. )fz(t)') - (xl(t)'""xp(t)’xwlct)”"’xpﬂ(t))’ (p<q), be a (p+q)-

vector-valued Gaussian stationary process with zero mean and covariance matrices

T (j) = E{X(t)X(t+j)'}, which satisfy Assumption 5. Also we assume that

{X(t)} has the spectral density matrix §(w) = {6us(w)}. Put

n S S
c(0) -;1‘. X 15(:)}5(:)' - 11 12 ,
t=1 Sy1. S22
/M M
r(0) = E{C(0)} «( 1 12y
M My
Y Y,
Y = /3 (c-ro)y = Y 12},
Y, Y,

21
Define the pxq matrix G as

"
G =M, MMy .

-

By the singular value decomposition theorem, there exist two orthogonal matrices

S

', and T, of order pxp and qxq, respectively, such that

1 2

- v
G I'IPI'Z

. 2
where P = {diag(pl,....pp)|0}, PP' = diag()‘l,...,kp), and Xi - 01’ (i - 1.....p).

Define

- TIME
N

171 Hll Y

-
Ty = ToMyy -

.......
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%
: Then, using a similar argument to Fang and Krishnaiah (1982), we can see
]
N
=11 -1 .
| (m1) 811812522521™
A"
= A\ .l_ - L ] 1]
) PP' + /_(PVZI PV,,P' + V ,P' = V,,PP")
n
1 '
¥ *a®V22Y2,F" = BVpo¥o1 * V1521 = V12¥a0P"
3
< - ' - ' '
. VBVar F Y BYp0P" = YV ,Pt 4+ VY PRD)
2 + Op(n-3/2), (4.1)
= M ] =
y where vij "iYij“j’ (i,j 1,2).
= Now, without loss of generality we assume that {X(t)} has the covariance
matrix
-
: 1 0 01 0
N }
0 3 0!
s oy = 010 e . (4.2)

{Dw o (D o N\
J E(w) = {gjk(w)} = 0 68) ) 0 6;2) ) ,: (4.3)
: SUCIN )@ 0
: 0 P o P w
. 0 /"




("

P, = 5(j)(w)dw = ;(j\(w)dw’ 3= 1yeeesPs

3 12

- -

—
|

S 6(j)(w)dw’ j= lyeeesPs
-

' (i)
L= ) fy (dw, § = 1,e00,q0

=TT

> eee 3.2p be the eigen-

So we may assume that ™= Ip and Ty = Iq. Let 21
-1 1 .
values of 511512822 21° and let Tj(zl,...,lp), G ly0..,k), be an analytic

function with the same notations defined in the previous section. We set

down

= AT (Rpaeeesl) = TiQGpaeees2) ) 5 5 = Lieessky

where X, ,...,A satisfy the relation (3.2). Then, using the same arguments
1 P

and notations we have

(2)
L,= Ya trw —{ tr W
J o=] Ja /n azl
I (D (1)
+ % 2 z a8 (trW )(trw ) + higher order terms,
a=1 g=1 J

with
w@ Ly
a aa

-1, (1))

(2) _ 4(2)
wa Uua + Bza(ea-es) aB Bu ’

(4.4)




:
j
5 where
’,
P,
Define

where Y(a,B8) is the (a,B)th component of the matrix Y.

Al

£t et it A agt A S S Jue A el ot s

nd i
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(1 - PY,,P' +Y P'-Y

=P 22 12 11

PP',

U(z) = PY, .Y, P'

99¥9oF" = PYpo¥yy +¥y,¥9

+ Y ,PY,. P!

- ' -
Yip¥00F " = Y PYyy + ¥ PYyy

12722 11

- ' '
YllYIZP + YllYIIPP .

U(k,m)

OkY(p+k,m) - DkPmY(p+k,P+m)

+0 Y(k,p+m) - oZY(k,m),
m m
V(m,k) = DkY(k+p,m+p) - Y(k,m+p),

Then, by (4.4) we have

=
|

b all

a=1 keJ
o

U(k,k)}

r r+l
(Jagtl 1 1
a=1 i=1 keJa meJi

V(m, k)2

D)

1=1 meJ meJ
o

Y (k,m)U(m,k)
i

U(k,m)U(m,k)]

-1
+ (6 =-6.)
Lo L L

keJ med
a

_'-ﬁ.'s‘~K ha

EARAARAA M SANAAL AR LA et SeUE i gy

ANRT. L TR A
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21

r r
+5 7 7 a.e. LI UGkKU@mm)]
a=1l R=1 3 keJa msJ8

+ higher order terms, (4.5)

where Jr+1 denotes the set of integers p+l,...,q. We denote

K ,(mkimk) = E{V(m,k)}z,

Kyu(k,m:m,k) = E{Y(k,m)U(m,k)},
K, (Komim,k) = E{UCk,m)U(m, k)],
Kuv(z,z:m,k) = E{U(L,)V(m,k)}.

/n cum{U(k,k),U(m,m),U(s,8)}.

Kuuu(k:m:s)

Then using Lemma 1 for Gaussian case we can see that

va(m,k:m,k)

o
5 {1+6(m,k)}6§§)(w)éég)(w)dw

-T

ZWQi

'}

i
~ e, ) U8 @68 @+ 80680 @) 4 @) daw

=T

Kis
+om Y 4D @) + 5 (m, 10435 () Ptaw + 0™, (4.6)

-T

m
K (com3 2, 0) = [aﬂpg_& $7 w62 @+ 58P @ daw

2 K 2 ™
- énpz -i 6f§)(w)6§%)(w)dw - 4ﬂ01 _i 65%)(w)2dw]6(k,2)5(m,1)

+ o~ by, (4.7)




‘. A, A gl A0 0N 1 el ‘e o WL y i AR PR N Y Y U T Yy T N A Y VR Y F V=3
i 22
;' Kuu(k,m:m,k)
]
»
) ™
= 20022 (Tt1es @036 8 6™ ) + 680 @65 () 1w
» -
o
ugn = 2mo 02 [ Treg@ (k) (m)
moppn VAT )+ S(mk) 6, T N 3T ()

-1
X,
-:; + {148 (0,10 B @0 6 + 140+ 5068 @1 (w1aw

-‘ Tr
- zvoiom S [{1+6(m,k)}{6§11<) <w)6f'§) (w) + 6512() (W)égf) @)}

-T

+

6 ) + 6B 6 @ HIE () law

3 (T (k) (m)
—21mk -§r {1+6(m,k)}621 (W)é11 (w)dw

™
'2"931 S {6§T) W) + G(m,k)ég) (W)}éﬁ{) (w) dw

-Tr

m™
+2mp S { 6§12<) (w) 63') (w) + S(m,k) 6%1;) (w) 6§T) (w) }dw

k) ) 6 (o) Yaw

m
+2p X {62(;') (w)ﬂl(ll() (W) + G(m,k)ﬁf 12

=T

m
- +21rp.kpm ( {651{) (w) 65‘11) (w) + §(m,k) 6512() (w) 6](_3!_1) (w)

-
% @6 ) + 61068 @ D @ law

™
+2mp3 S ég) (w)6g‘) (w){ 1468 (m, k) }dw

p
kl'n__Tr

A A A

3

-\

(‘ﬂ'
w2002 1 6 @ @ (148 @m0 Yaw + 07D, (4.8)

p
km_z




1

o(n™ ) for all m # k, 2
Kuu(m,k:Z,Z) = .

O(n~") for all m=k # 2,
K _ (%,2:m,k) = 10 2 (“5(1)( )6(1)(w)d
TSl Il g ) By Wiy v

-T

m
er0d | D @ ? + gD w4 o vaw

-

m
—imo, § 4D 02 + 40 06D 6o e

_
+2wp§ -iv{ﬂég)(W)éfg)(W) + (6§%)(W) + 652)(W))6{i)(w)}dw
+o0m~ D, for £ = m = k,
= o™}y, othervise.

Let A be the set of integers k and p+k, and let

T2p, 4 1F [3-0,] = 1,
Y(jl’jz) = \

2 :
-0k » 1F 33,0 = 0.
Then, using Lemma 3 we have

R Gems) = 202 T y(,3)7(5.3,)7Ugsdg)
jl....,j6eA

%* Te
% 6 - ~ _1
S vlvz(w)6v3v4(W)6v5v6(w)dw + 0(n ),
fork=m= g,

= 0 . otherwise,

23

(4.9)

(4.10)
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Gy3)
§ ' |
) where z* is the sum of all two dimensional indecomposable partions of <(j3’j4) ;.
: v l(js!j6)
Thus noting (4.5)-(4,10), it is easy to show that
Ew,) =L ¢ 4+ owm™32, (4.11)
h a3
. _ ~(2) -1
cum{Lj,Ls} = st + 0(n ), (4.12)
N N ) -3/2
N cum{Lj,Ls,Ll} VE’CjSl + 0(n ), (4.13)
: where
I S S I
. c = a K (m,k:m,k)
- 3 a=1 o i=1 keJ weJ v i ’
P, a i
3 r ‘
- Y ¥ Y K_ (k,mim,k)
: i=1 keJ meJ yu
. o i
: -1 . .
+ (6 -8,) 2 i K (k,m:m,k)}
B;a @ "B ey peg, ¢
o 8
: P e, I
\ + L a, K (k,k:k,k), (4.14)
: a=] J0° ke, u
2 _ %
cjs = azl 354860 kZJ K, (kokik k), (4.15)
¢}

¢ aaa Tk (kikik)
jst a1 ja sa Lo , & uuu

2
+ 6Kuv(k,k:k,k) - 6Kuy(k,k:k,k)Kuu(k,k:k,k)}




+ 2 {a, a .a + a,.,a, a g + }

ja"sB LaB jB 2" sa azBasaajaB
a,B=1

X 2 2 K (k,k:k,k)X (m,m:m,m).
keJa meJB uu u

Therefore we get the following asymptotic expansion (see Taniguchi (1986)).

Theorem 4

P(Ll < ylgo.ong < Yk)

(1)
k C
I - i (y)

y ¥
= -i 1 eee ( kN(Y:Q)[l + /_
= j=1 /n

-0

(3)
k C!sz .

js8,2=1 6/n

+

(y)1dy + o@m"ly,

jsi

(2

js)}’ (kxk-matrix).

Q= {C

Now consider the test of

2

2
Htpoy >Ppyq = eee =

8D @) = el = P = 455 -
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against
2 2 2
A Qk+1 _>_ XX ipp 2.0 and Dk+1 > 0. (4.19)
For this test problem we use the following statistic
P
Q = -nlog T (1-2.). (4.,20)
j=k+1 3
In the usual multivariate analysis (4.20) is known as the likelihood ratio
statistic for testing H. Then, under H, it is not difficult to show
Q= E g Y(R,,p+j)2 + higher order terms. (4.21)

L=k+1 j=k+1

Thus we have

Proposition 1, When the null hypothesis H is true, the limiting distribution

as n > «» of Q is the xz-distribution with (p~k) (q=k) degrees of freedom. O

Using Theorem 4 we can get the asymptotic expansion of Q under the non=-

null hypothesis,

1
Proposition 2, Let Tl(zk+1’°°°’2p) = ;-Q in Theorem 4. Then, under A, we

have
P{/n{T, (& L) =T, (o2 2y <y
1 k+1’ooo. P 1 Apk_’_l,oou’pp yl
(1) (3)
- opon Pl H (7)) + EY Hyp, () 1dy,
- /n 6vn
+ O(n-l),
where C(l), Q and C(3) are defined in (4.14), (4.15) and (4.16), with

1 111
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5 APPLICATIONS IN SIGNAL PROCESSING
Consider the following model in the area of signal processing.

x(t) = As(t) + n(t) (5.1)

where A = [A(¢ ),...,A(fq)], s(t) = (sl(t),...,sq(t))' n(t) = (nl(t)....,np(t)]'

and q< p. Here n(t) is complex Gaussian white noise process with E(n(t)) = 0,
E(g(t)arzj') = oZI covariance matrix oZIp. Also, si(t) is the wave form associated
with i-th signal. In addition §(t) is assumed dimentional complex Gaussian sta-
tionary to be process with E(s(t)) = 0 and E(§(t)§TE)’) = y. The processes s(t) and
n(t) are independent of each other. Wax and Kailath (1984) and Zhao, Krishnaiah

and Bai (1985) considered the problem of determination of the number of unknown
signals by using information theoretic criteria under certain assumptions. The
number of signals is equal to the q = p-m where m is the multiplicity of the small-
est eigenvalue of the covariance matrix I of §(t). We assume that §(t) is a complex
stationary Gaussian process and let ns = 'g §(t.)t?€})'. Test of hypotheses for

the multiplicity of the smallest eigenvalizlof I are based upon certain functions

of the eigenvalues of S and so the results in this paper are useful in determination
of the number of signals.

Next, let

Z(t) = B§(t) + Qo(t) (5.2)

where no(t) is defined as n(t), B:pxq is defined as A and y(t) is the observation
vector on p sensors located at different locations. In this case, let us assume

that (§'(t),¥'(t)) is distributed as complex, stationary, Gaussian process. The

results in Section 4 are useful for testing for independence of x(t) and y(t) processes.
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