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RECURSIVE MOMENT FORMULAS FOR SEMI-MARKOV PROCESSES

by

Chia-Hon Chien

Stanford University

ABSTRACT

Let X = {X(t):t > 0} be an irreducible semi-Markov process (SMP) on countable state space E. For
fixed : € E. lot T(z) =inf{t > 0: X(t-) # 2 X(t) = z} and set ¥'(f) = f; * £(X(t))dt, where f: E — R
is an arbitrary function. Our objective is to study the mixed moments of the form En:=l Y (/). when
f. : E — R is an arbitrary function. for i = 1.2,...,r, and r is a positive integer. This quantity is especiaily

relevant to the regenerative simulation. Also. several useful variations and generalizations are introduced

and studied.

Keywoerds: semi-Markov processes
regenerative simulation

recursive moments
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Recursive Moment Formulas for Semi-Markov Processes

by

Chia-Hon Chien
Department of Operations Research

Stanford University

1. Introduction

Let X = {X(¢): ¢ 2 0} be an irreducible semi-Markov process (SMP) on countable state space E. For fixed

z€E, let T(z) =inf{t>0:X(¢-) # z, X(t) = z} and set
T(2)
vin= [ nxuna

where f: E — R is an arbitrary function. (Hereafter, we will suppress the z in T(z) when no confusion is
likely.) Our objective is to study the mixed moments of the form
r
Eff v,
=1
when f, : E — R is aa arbitrary function, fori =1,2,...,r, and r is a positive integer.

Hordijk, Iglehart, and Schassberger (1976) showed how to do this for r € 2, when X is a discrete time
Markov chain {DTMC) or a continuous time Markov chain (CTMC) with countably many states. Glynn
and Iglehart (1984) showed how to calculate such quantities when X is an SMP with countably many states,
but with the restriction that fy = gs = 1,....mand fi = hji=m+1,... r forsomeg,hand m <r.

In this report, we will show how to obtain the same quantities for the more general cases, namely, without

T the restriction that only two different f,'s can appear in EJ]/_, Y(/,). By exploiting some combinatorial

relations, we will prove three recursive moment formulas, one for SMP, one for DTMC. and one for CTMC.

v
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We now outline the material to be covered in the following sections. We begin in Section 2 by defining
f:.»_:‘.: the notations. In Section 3 we will explore some combinatorial relations and obtain a recursive formula of
E_ ETII_, Y(/.) for the SMP case. In Section 4 and Section 5, we will prove two more recursive moment for-
:’ mulas, one for DTMC, and one for CTMC. Finally, in Section 6, we will briefly discuss some generalizations.
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3. Notatlons

To state our result, denote @ = {Q(z,y,¢) : z,y € E} to be the usual semi-Markov kernel, P = (Piy:2z,y €
E) to be the transition matrix of the underlying Markov chain R = {R, : n > 0} of X; and let G, and 8,

be a matrix and a function, respectively, defined by (We follow the notation given in Glynn and Iglehart

(1984).)
Galag) = { Protnlzt). Hu s
and
Ba(2) = 3" ua(2,y)Psy,
vEE
where

Balz,y) =/0 "F(z,y,dt),

and F(z,y.t) = Q(z, y, )/ Pyy. For convenience, we assume that F(z,9,0)=0,forall z,y € E.
Following Hordijk, Iglehart, and Schassberger (1976), we consider vectors such as (v(0),v(1),..., v(k))

to be column vectors. In addition, for vectors u and v, the symbol u o v denotes the Hadamard product of

vectors
(u(0)v(0}), u(1)u(1),..., u(k)u(k));
for a matrix 4 = (a¢,ay,...,8m), set
uoA=Aou=(uodp,404y,...,u00,);
and for a matrix B = (bo,b;,...,by), set

AoB=BoA=(apoby,a108,...,8m 0bp).

Finally, for vectors f,, fa...., [,. define

3|'=| |=!l°,2°"'°,h

and set u®(:) = (1.1..... 1)and u**! =uwou® =utouforn>0.
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. We begin by noting

T(z)
Y(f) = [o £(X(8))dt

- / ” HX () 1r>n dt

€as1

=y /e J(X(0) Ly dt

= Y 7(Ra) 1is5a) (€nsr = €a),

where £, is the nth jump time of the SMP, £ = 0; § is the length of the first z-cycle for the underlying
discrete time Markov chain R; 14(w) = lL,w € A;14(w) = 0,w ¢ A. Since Y(f) can be written in the
form as 3oz, (+), it follows that we can write [I{_, Y (/i) = 530 o Taozo - Laomo [lizy £i(Ra, ) (€a 41 =
€n)l(s>n,)-

To make inference of the above product form, we introduce the following notations. First of alil, let
N={1,23,...}, Ne={0}uN,and NI = {(n1,....n,) : i € N,,1 < £ r) for each positive integer r.

Then for Sy, S3,...,5; to be a partition of N, = {n: n < r,n € N}, define
{ny,...,n.)] = N,

[(Ryy...omp)] = {(n1y....n,) ENJ i3y =+ =, },
[(ni:i€85)) <+ <(n;:i€ Se=1) < (ni:i€ S)]
={(ny,...,n,)ENJ 8, =ng, i€ S, 1 <k<t-1,
ns, <---<ns,_, <n,i€S Jor some inlegers ng,,1<i<t-1};
[(n,:i€8)) << (ni: i€ 5=y) L {ni:i€ S
={(ny,...,n, ) EN:n,=ng, i €S, 1<k<t-1
ns, <+ < ng,_, <ni,i€Sy; for some integera ng, 1 <i <t -1});

and for arbitrary function f: NJ — R, and arbitrary subset A C N/, define

iAE 2 I(nlv'--sn')v 1
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for example,

i((-......-,)] = Z I(ﬂ;....,n,),
[CTTORE WOT (T P 1) |

i‘(u. ..... w) = Z !(m....,n,),

(my,....me)E[l(My 000 my)]

etc; and denote | f|4 = Cinrnnea lf(ne o on)l.

.....

3. A recursive formula for semi-Markov processes

We proceed via a series of lemmas.

Lemma 1.
=] S1S:=y
! SG Ny

Proof: To exploit the idea of the lemma, we only prove a special case that r = 3, while the general case
follows easily by using the same argument.

For r = 3, the lemma reduces to

Iitnimama)] = Lnictrane)l + Hnsc(nime)] + nac(ning))
+ 1[("1."1)('!-] + 11('1-!l)<"2] + 1[('1--|)<l|l

+ ll(m.l:.ﬂn)]'

To prove this, we have to show that the seven sets on RHS are non-overlapping, and the union of them equals
the set on LHS. The first part is obvious, since the first (second, third, respectively) term on RHS means:
among the parameters {n;, ng,ns}, n; (na, ny, respectively) is the unique, least element. While the fourth
(fifth, sixth, respectively) term on RHS means: among the parameters {ny,nz,ns}, n, = ng (n; = ny,
ny = ng, respectively), and ng (ng, n;, respectively) is the unique, greatest number. And the last term on
RHS means: ny = n; = ny. Because these event are mutually exclusively, this proves the first part.

To prove the second part, we have prove that for any (ny, nq,ny) such that 0 € ny, ng,ny < 00, it must
belong to at least one of the seven sets in RHS. This should be obvious, since among any three numbers,
either there exists a unique, least number; or two of the numbers are equal, and they are strictly smaller
than the third one; or otherwise, the three numbers must be equal. This completes the proof.
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.:::: Corollary 1.
Y{(n, €81 )< - <(%;:i€5¢-1 ) <(r;:i€S:)]
ngl—l
= Z z: l[(li?l'esl)<“~<(u.':i€Sc-|)<(n¢:iES)<(l‘:i€s.\5))

= SiiSI=y
1=1 5

+ l[(“i=i€51)< S K(MiE€S-1 ) <(n;:1E€Sy )]

Proof: Exactly as Lemma 1.

L

A
« 2 3 2 i et
' P

Corollary 2. I!Ifl[(u. ..... n] = Z(., ..... n,)ENS 1f(ny,...,n,)| < co then
- '-l - -
2 f[(n. ..... r)] = 2 z ![(n,:iﬁS)((n.:ieN,\S)] + f[(n. ..... n.)]

=1 SiSi=g
1=t SCN,

Proof: From Lemma 1 and the absolute summability assumption.

vrrrTYrVvYeyY
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Corollary 8. If |fl(n,e51)< - <(mi#€Se—1)<(n,5€5:)] < O, then

Jl(n, €811 € - <(n, €S- 1) <(n,1€SY)]

|Sel=1
= Z Z f((n.:|€5;)< <R, t€S-1)<(n;1ES)I<(n, 1ESI\S)]

=1 SiuSi=y
$3S,

+ fi(nin€S1)< <(niH€Si- 1) <(niHESH)]:
Proof: Using Corollary 1.

For fixed f,,s =1....,r, and fixed A C N/, we define L as

LAEE{ z: [H f;‘(Ra,)(fnuH_€l¢)1(6>n.)]}'

[C TR R,)JEA 1=1
where & is the length of the first z-cycle for the embedded DTMC R.

S Lemma 3. I! 3, n)EN? E{TT o M (R (n4r = €a.)1(s5n,)]} < 00 then
2 '
[ EJI¥(/) = Liar.omn)
p-. - _
h.: 1=1
;,'_‘.
;.'.t- r—1
}"'.: = Z E L[(lazves)<(ﬂ-:i€-Vv\5)] + Ll(nu .... »,)]
| 5 3=1 S1 S'=y
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Proof: The first equality follows from the definition of L; the second equality follows from the absolute

summability assumption and Corollary 2 of Lemma 1.

Corollary 1. If

> E{JT1/:(Ra DIt = €)Y (s5mny])} < 00

(R JE((M 1ES ) <(m:1€Sy-1)<(n ;1 €S¢)] =1
thea
Li(n,:i€51)< - <(n:i€Se1) < :i€50)]
|Se]~1
= Z Z Ll(“.5'€5|)<"<(li=i€Sc-|)<('l:i€$)<('¢2l€51\5))

1=1 S1:Simy
5G5Sy

+L((-.:-€$n)< <(n,: €S- J<(n,IE€ES )]
Proof: By using Corollary 3 of Lemma 1, it can be proved in the same way as Lemma 2.

Lemma 8. If 5 .2 E{{[Ti=, |/i(Ra)|(€nsr = €n) 1 (s>} } < 00, and define EZ(f) =} 72, Go /, then

0

Linrerni] = 3 G3{(Slz i 0 8,) = EZ(®7<y fi 0 B1).

n=0

Moreover, the vector Ly, ... »,)] i3 the unique solution, y, of
=2 /i 08 +Goy

satisfying Gy — 0 as n — co.

Proof: Observe that our absolute summability assumption will justify all the interchanges of E's, {'s, and

3" 's. Since

L[(n. ..... n,))
=E{E[H !Q(R‘)](El+l = E-)'l(»a)}
=0 s=1
=3 E{[H L(RE[(€asr = €)' | R-]u»-»}
=0 1=1

= zz{[n f‘(&)lﬁr(&)l(é>l)}‘

a=0

6
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and Ei{1(r.=s) 1(s>a)] = GB(1.J), thus

5 E{([] A(R)]3.(Ral1e>m

= Z E({Z [H fu(j)]ﬂ'(j)lU)l}l(nu:!} }

JEE =1

Y S auIl £ e sl

==0€E 1=t

(-]

={

165

GE 3::1 :’°B')](

=[EZ(8]=1fi0 80, -

The first result follows immediately.

Ths proof of the second part of this theorem is very similar to Theorem (3.1) in Hordijk, Iglehart, and

Schassberger (1976), and thus omitted here.

Remark: An immediate consequence « ¢ this lemma: If 107 E{|f(Ra)l(€a41 ~ €a)l{s>a)} < o0, then

=0

EY(f)=Lja = L7Zo G3lf 0 B1] = EZ(f 0 B1). This is the first part of Theorem (5.14) in Iglehart [3].

Remark: If E is finite, then G — 0 as n — oo, thus the uniqueness is automatically satisfied, and also

EZ= ZT:O Gg = (l - GO)-lv thus L((nl‘....n,)] = (1 - GO)-II®:=116 o ﬂr]

..... n.)E[(n;:€S1)< - <(n;:1€S)] E{n::l“,"(R‘a)l(enuH - em)l(6>l4)]} < oo then,

Lin,n€si)< <(n.1€50)]

o

20 o0
= Z Go™ (Zies, /i 0 Gysy Z Go ™ (Sies, /i 0 Gsy) - z Go™t (Zies S0 3is,y) )

ns, =0 ns, =0 rs5, =0

=EZ(2.es, 1 0G5, |EZ(Z:es5,/ 0G5, - EZ(Sugs, Ji 0 Jis,1) -+ )

Proof: This lemma can be shown by using a similar path decomqpocition argument as in Lemma 3. We omit

the details.

it ]
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Remark: Lemma 3 is a special case of Lemma 4.

Remark: If E is finite, then L{(n,n€5,)< <(n.n€50)] = (1 = Go)"!(®ies, /i 0 G5, (1 = Go)™!(Ees, fi ©

GIS:I"'(I - GO)_I(S-es,f. o 315‘1)...)).

Theorem 1. For an irreducible SMP, and arbitrary integerr, if 3=, en: E{II=[I/i(Ra,)|(€n,41 =

fn.')l(6>n.v}]} < oo then,

(1) foreach v’ <r, and EZ(f) = Y or, G2 [, we have

1

]
.

i

o’

Ihlad i
t
——
~
=
=
I
L
7
3

=1

r=1
=Y 3 EZ(ewshioGE{ [I YD) +EZ(8Lit 08,
=1 SuSi=; iEN,\S

SCN_

=EZ(Z-: Y 2esfioGE{ ][] Y(/,)}+®{'._.|f.odu):

J=1 ss"j}f,: (EN,A\S
=Ny

VY
o C

e A

. R A

T . . .

. e R
oo R .

[N o

(2) for arbitrary partition Sy,....Si(t 2 2) of N,,

L[(n.:xéS.)( <(n,:1€Se_1)<{(n;:€S)]

=EZ(’3.€S.I| o G(SIIEZ(@’-GSJ-' °Gl5:| o 'Ez(glest—lf' °G|5t—||E{ H Y(f')}) ot ))v
€S

(3) for arbitrary nonempty proper subset S of N,

Lin,ces1<(n,neNAs)] = EZ(Ziesfi 0 G5 E{ H Y.
ENAS
Remark: If ' = 1, (1) becomes: EY(f) = EZ{f o 81) = L ony 53S0 8y); when ¢ = 2, (1) becomes:
EY{N\Y(f2) = EZ(f1 o GLEY(f3) + f3 0 GLEY (1)) + EY(f1 0 2 0 83). These quantities agree with
Theorem (5.14) in Iglehart {3].
Remark: If E is finite, in addition to the existing assertions, it would 1!:0 be true if we substitute (1 -Gy)~!

for EZ in all the three assertions.
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Proof: Let ry = r' in (1), ra = |S¢] in (2), and ry = |N, \ S| in (3). We will prove this theorem by induction
on ry,r3 and ry; and the absolute summability assumption will justify all the following interchanges of E's,
['s.and T's.
Induction basis:

For ry = 1,2, (1) is correct. (cf. Iglehart, theorem 5.14.)

For r; =1, {2) is correct. (This is a special case of Lemma 4.)

For ry = 1, (3) is correct. (This is a special case of (2).)
Induction step:

Assuming that (1) is correct up tory = k < r, (2) and (3) are correct uptorg =ry = k—1 < r, then

for arbitrary set partition S,,...,5; of N, with |S¢] = k < r, by using the induction hypothesis, Corollary 1
of Lemma 2, and Lemma 4 (notice that the absolute summability assumption justifies the usage of each of

L them), we have:

e

L[(n,:tGS. 1€ <(n;:t€S 1) <{n;:1€S:)]

k-1
=Z Z L((u.:«€s|)< {n €S- 1 )< (R :HES) <R, :HES\S)]
=1 Slff\SJ'

:sl

+ Li(nin€Si)< - <(#i0€Se-1)<(ni:€SV]

k—1
=Y Y AEZ(2iest o GE{ [ Y(S)}) + A(EZ(Sies. L 0 Bisa))),

=1 5;‘5‘;: €SI\S
=2y

where Aly) is defined as
Aly) = EZ(3|€5| Jio G|s,|EZ(3‘es,f.' ° G|5,| .. -EZ(@.‘es,_, fi °GI5:-II y) =)
Since 4 is a linear operator and (1) is correct up to ry = k, the last equation becomes:

L[(n,:IGSI )€ <(n,:1€Sc-1)<(n:HES})]

=AE{[] v}

€S,

=EZ(%es5,/,°Gis,|EZ(2ues, /. 0 Gysy - EZ(Dies,-  fu o Gs  E(J] ¥ (£1---)).
1€ES,

rvrryY
D

4

.
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This shows that (2) is correct up to r4 = k. Since (3) is a special case of (2), we also have: (3) is correct up

.
7

[y

Ty

torsy =k.
Now, forry =k+1<r,
k+1

1=1

k
= E Z LK"H"€5)<(M="€Nin\5)] + L((n,,...,n.“)l

=1 SuSimy
SCN,

k
=3 Y EzZowesfioGE{ [ YUOD+EZ(SE i 0 Besn):

j=1 ss'gnNsla, €N +I\S
1

Notice that the first two equalities follows from Lemma 2, and the last equality follows from (3) and Lemma
3. We also notice that the usage of each of the above properties is justified by the absolute summability
assumption. Since the RHS of the last equality is exactly (1) with r; = k+ 1, we have proved that (1) is

correct up to r; = k+ 1. This completes the induction step, and the theorem now follows.

Formula (1) can be simplified when X has a special structure. Note that when X is a CTMC, then
F(z,y,dt) = X(z) ezp(=A(z)t)dt, for t > 0, so that pa(2,y) = n!/(A(2))* = na(z). Hence G, = Go oy, =
N © Go, and 84 = (pa 0 Ple = p,. We find that (1) can be rewritten zs

E{HY(/.-)}=‘Z: Y. EZ(gwesfionjoGE{ [[ YD) +EZ(&icifion,)

1=1 =1 SS-'§’=) 1IENNS

=Ny

=52(i Y Giweshon 0GoE( II Y(f-‘)}+®.'=|/-°m>.

=1 Ss-f:) SEN.\S
’

On the other hand, for a DTMC, pga(z,y) = 1 for each z,y € E, thus 8, = 1 and G, = G, for each n,

so that (1) takes the form:

r -1
E{IIviry =3 3 Ez(ziesfioGE{ [[ Y(fOh+EZ(el_, 1)
1=1 1=1 S¢S = 1IENAS

SaNe

(Z S sweshoGE{ T Yir))+0; .!.).

1=t SuS-, ‘ev'\‘s
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Notice that when r € 2, the above two special cases reduce to the formulas given in Hordijk, Iglehart, and

Schassberger (1976).

The above formulas are based on the special structure of X. Dther reductions are possible, for example,

f fi=/f.fori=1,...,r then
=1 r . ‘
vy =3 (5)E2U 06BN ) + E2s 0 50
1=1
r—1
= EZ(Z (;)!’ °oGE(Y(f) '+ [0 ﬁ,).
=1

On the otherhand, if f, =g,i=1l.....m; fi=hi=m+1,...,m+n, then

E(Y(g))™ (¥ (h)"
= X (T)@)szwohfoc:.-+,E<Y(an"'-'(Y(h))"")+EZ(0"'°"‘°ﬂm+-)

0<sZa
Bcivi<men

=£2( pyy (7)(5)9" o 0 Guns B @)™ (¥ (4™ 447 04" 0 Bmea ).

Notice that this is exactly the equation (2.3) in Glynn and Iglehart (1984).

hagi- e el it aie T 4
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4. A recursive formula for dlscrete time Markov chains
Let {Xi : k 2 0} be an irreducible DTMC with countable state space E, and one step transition matrix
P ={P;,:z,y€ E}. Forfixed z € E, let T(z) = inf{n: Xa-y # 2,Xa = z} and set (notice that we will

always suppress the z in T(z) when there is no confusion)

T-1
Y() =3 J(Xe)
k=0

where f: E — R is an arbitrary function. We wish to study mixed moments of the form
r
Ef[ v,
i=1
when f, : E — R is an arbitrary function for # = 1,2...,r, and r is a positive integer. We notice that
Y(if)= :zol 1 Xe) = E:‘f__o J(Xk)1(T>k}, this is almost of the same form as the decomposition for ¥ (/)

given before, this gives us the motivation to follow the development in the SMP case quite closely. We also

need the following modifications of notations:

Py, if ;
G°("")={o,“v iy

And revise L into L? (D for DTMC) such as:

2=e{ ¥ (X)ursaih ).

(Ri,....n, )JEA =1

for each arbitrary set A C N]. Notice that an immediate consequence of this definition is: E[]_, Y (/) =

D
LAV:-

Lemma 6.

r—1
1itn,..... ..)|=E Z (=17 ""Y(n,ie1€ (0, i€8 0N + (=1) " {(ny..n)-

,:l S$iS =y
SQN,

Proof: We first notice that

[{ne,...one)] = Ulni € (ny 25 € N\ (1))
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since at least one of the element in parameters {n,,...,n,} must be less than or equal to the rest; and each

set of RHS is a subset of the set in LHS. Define W; = [n; < (n, : j € N, \ {i})], then
linireinnl

=1y w,

—E E y- lln-esw

=1 SuiSi=y
= SGNy

—Z Z (=1) l[(...-:-'eS)s(u.:ieN.\S)l'*("l)'“l

=1 S||$|'J

1[(-......;.)]-

This completes the proof.

We now state a sequence of corollarys, lemmas, and theorem, which can be regarded as the “<" version

of their counterparts in Section 2. We will omit all the proofs because of the similarity between their proofs

and their counterparts’.

Corollary 1.

L{(nii€51)€ - C(m 11€Se-1) (i i€SY))

1S:1-1

= E Z (-I)J-l l[(m:l’ES.)SmS(M:iESl-l )L (R i:HES)E(n:4€S:\S)]
=1 s'slélv-,
(

+ (=1t L(n1€51)€ - €(n:i€St-1 ) E(n €S

Corollary 3. If |f|j(a,...a} = Cinanen: 1/(n1y...in.)} < o0 then

i[(n... aN = Z Z 1)’-lf[(-,:«GS)g(-‘:-e.'v,\s')] + (‘l)'-lf[(u.

1=1 Sv'S =
STN.

..... )]
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Corollary 8. If | flj(a,i€5:)< -S(n, €S- 1)< (nii€se)] < 0, then

finii€s)€ <(nii€Si1 ) Sinisi€S)]
|Se]=1 o
= 3 2 (DT (€80 SR €S- ) SR HES)S(m HESAS)]

1=1 Sis =y
SQ%

+ (=) i iesn g CiniiEsi- S n i)

n)EN? E{n':l”f-(xn.)ll(r).,)]} < 00 then

.....

E H Y(fl) = L[l()ﬂl ----- L))

r—1

=Y X (U L ues)simienasy * (=1) T Lia, an-

=1 SiSi=y
SNy

Corollary 1. If

E{JLIA (X ) ir>an]} < 00

(R )E[(RHES)E - K(RiNESI- ) S(nHESI SN, HES\S)) =1

then
LD
[(n,:t€5))€ K(n,; €S- 1) S(ni:i€St)]
|Sel=1
-1yD
= Z Z (—I)J lL(("ﬂ'Gsl).S C(n:8€Se~1 ) S(miHES)E (N, :ES\S)]

=1 SuSi=y
S&S

Se|= D
+(~D)FIILRL esig ginin€si-n<in s )

Lemma 7. If 700, E{{[T;<, [/.(Xa)l|l{r5>n}} < 0o then
LB\, = 3 GalSlmifi) = EZ(S121 L) = EY (8l /1)
a=0

Moreover, the vector L[[(,u......--)l is the unique solution, y, of

v=2Cloh + Goy

14
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satisfying Ggy — 0 as n — oo.

Remark: For r = 1, this lemma says: EY(f) = L axe Go3J = EZ(f). Thus for DTMC, if G3(-) is absolute

summable, then EY(-) = EZ(-).

Remark: If E is finite, then G) — 0 as n — oo, thus the uniqueness is automatically satisfied, and then

LD
[(ni:i€851)L--- L(ni:i€S:e)]

=Y G (®wesfio Y, Go(®ies,fioro I Go™(BiesSi) )

- ns, =0 ns,=0 85, =0
=EZ (®-‘es. fioEZ(®igs,fio -0 EZ(®igs, /i) ))
A
=EY<®.-es. JioEY(®es,fio -0 EY(®ies. fi) - '))-
Theorem 2. For a irreducible DTMC, and arbitrary integerr, i 3=, | \ens E{IL= [Ifi(Xa ) (T5n 0}
< o0 then,
; (1) foreach r' < r, and EZ(f) = Y ar, Ga/J, we have
E(IIv(s)) = Li. ..o
i=1
r'-1 ) . ,
- =Y Y (-1V'EZ(cweslioE{ [ YO +(-1)"'EZ(S], 1)
Py =1 ?';s.v’,’ EN,\S
= _
=52(X & (e 0Bl IT YU+ (-7 ol 1);
:_:. =1 S1Si=; f€EN,\S
T SON,
L)
R (2) for arbitrary partition S;,...,Si(t 2 2) of N,,
L[?ﬂtiiesl)S" C(Ri:H€SH-1) SN i1ES)]
.; =EZ2(Cies, i0oEZ(Cigs, Jio- -0 EZ(3ies,. i o E H Y{fOh )
- ‘€S

15
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(8) for arbitrary nonempty proper subset S of N,,

L{n vesi<iniiensy) = EZ(®iesfi o E{ H Y(£)}).
IEN\S

Remark: Since EZ(-) = EY{-) if any of them converges absolutely, under the condition of this theorem,

each assertion is correct if we substitute EY into EZ.

Formula (1) can be simplified when f;’s have some special structure, for example, if f; = f, for i =

1,...,r, then
r=1

() =3 ()1 B2 o B () =1) + (-1 B2

=1

=EZ(:S;‘,: (5) o=t e B iny = 4 (-1r-r)

=sv(§ (;)(-1)’-'1" CE(Y (N + (-1 )
i=1

Notice that this is exactly the equation (2.6) in Glynn and Iglehart (1984). On the other hand, if f, = g,i =

l,....m;fi=hi=m+1,...,m+n, then

E(Y (@)™ (¥ (h)"
m n - .
= X (7)) imrmEae o o B @I Y BT + () EZ (" 08%)

I<i+j<mé+n

ez ¥ (T)(5)-urtat e w o Brianm ¥ b 4 (-1t o)

1
0<i<m
0<s<e
0ci+s<men

=EY( .;S.-‘;.. (’:‘)(;)(-1)"+"'a‘ohioz(}'(g))"'-"(}'(h))'-f+(-1)"'+--'g"-oh-).
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5. A recursive formula for continuous time Markov chains

We will show how to get another recursive moment formula for CTMC in this section. First, let X =
{X(t):¢ 20} bea CTMC with countable state space E, transition matrix P(¢) = {Psy(!) : z,y € E}, and
Q-matrix Q = {q; : 2.y € E} as the infinitesimal transition parameters. Recall that in a continuous time
case Q@ = P’(0) is the given data of the model and that P(t) is generally hard to calculate and rarely given
explicitly. The exponential distribution holding tirie in any state z € E has mean ¢;! =¢;}. Forallz € E,
we assume that 0 < ¢; < oo, so that all states are stable and nonabsorbing. In addition, we assume that

}:”GE ¢y = 0, which guarantees that, starting from any state z € E, the CTMC makes a transition to a

next state y € E. The element of the jump matrix G = {G{z,y) : 2,y € E} of X are defined by

, ifz d
G(LU) = {gj./q‘ if z :i

We will assume that G is irreducible. Notice that this is equivalent to X is irreducible, and therefore, positive

recurrent. For fixed z € E as the regenerative state, let T(z) = inf{t > 0: X(t-) # 2z, X(¢) = z} and

T(2)
Y(f) = / (X (0))dt,

where f: E — R is an arbitrary function. (Hereafter, we will suppress the z in T(z)} when no confusion is

likely.}) Our objective is to study the mixed moments of the form

r
EIrsn.
=1
when f, : E — R is an arbitrary function, for i = 1,2,...,r, and 7 is a positive integer.

We need to define, as in Iglehart [3], o P;y(¢) = P {T > . X(t) = y}, and o P(t) = {oPsy(t): 2,y € E};

also let
Glz,y), fy+#z
Golz,y) = .
Folz.y) {0. fy=z
And let ¢ = (@y,03,...,0,) to be a permutation of (1,2,....r); 0! = (J.0)2.0,5,....0,,). where
(@)3,...,05,) is a permutation of (1,...,5 = 1.5+ 1,...,r); and & = (7,,,...,7,,-1) to be a permutation

of (I....j=Lj+1,....r).

From the above definition, we immediately have

{o} = |J{o’}.

=1

17
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;f: which means: the set of all permutations of (1,...,r) is the union (over all j's) of the sets of all permutations
-
’- beginning in j. As a consequence
I."
- .
.- - Ry={(ws,...,w,): 0w <00,§=1,...,r}
o
-

= U{(w,....,w,) € R;, 1 W, S v, S e S wa'}
-4

i 4
=UJUl(er,....0 ) €R, 1w Swp, € S g, )
=105

We also notice that the sets in the RHS are almost mutually exclusive, in the sence that each pair of sets

have an intersection which is Lebesgue measure 0.

We begin by citing a theorem from Hordijk, Iglehart, and Schassberger (1976).

Lemma 9. (Hordjjk, Igiehart, and Schassberger (1976).)

EY(f) = AwoP(t)fdl =Y Gyfoq ') =EZ(foq™")

a=0

provided that the integral (or equivalently, the sum) converges absolutely.
Lemma 10. If f-:..s <vo, E{Ilizi o (X(we )1 (T5w,,) } dw, - - dw,, < 0, then

E / (T £o. (X (0o ) irws ) ) dw, - - diy,

®1 2Ve, 1=1
o oo [o <]

=Y Go'fooq™ o Y Gy fs0q7 0mn0 Y. Gy troq!

", =0 ny=0 n,=0
=EZ(fo,097 ' 0EZ(fsy097  0---0EZ(fs,0q7") "))

=EY(fs, 0EY(fo,0-- 0 E¥(fs,)---)),
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Proof:

e RN .

. PP
I «

AN .

A R A

£ (TT Jou(X(e N Lir>wn,1}di, - du,

‘xs ~Lwg, =1

=[ . B[l /el X))z e, - du,

1S Swe, i=1

=/w /., - ---/%2“ ] E«{I'I Jo(X(ws, ) (T5w,,) } 000, -+~ dug,

=1

20 oo fee) r {
= cee E X M d Lt d .
/'u,‘zo 4/0,’=0 /m.,:O ‘{I=11l !a‘( (‘g wd,)) (T>Z;-| ."J)} Wo Wo

= o] oo oo
= / / E{ Y fo, ()l iT> w0 Lix(wey)=51)

Ve, =0 H€EE

airhaCint e | ‘ir Ty vy v|gﬁ“ﬁ"‘-‘—f~r1
P . o o . <, L

By 3?
‘ ;

)

Z !0) (j’)l(r>w.’+|!c,} l(x('-’vl +-'l’)=j’) o
J€EE

o af
1

Y A A
P .,,‘.“.-‘v

Y Lo 5N Towa 4 tven) {X(war+ 4wa,)=so) } g, - iy,
1. €E

=/::=0 '/l.'j:()“-</l:c:=0 Z ,Ul(jl)op‘)l(wﬂ) Z Jo:(12)oPy, 5, (way)

ne€E 1€EE

e z lo' (jf)OPj,_‘j,(WQ,)dwal v dwdv
1 EE

=/m Z fal(jl )OPl]l(wGl)dwal /w Z faa(ji)opju'a(wﬂa)dwﬂa

va1=0 €€ ves=0 €€

"/oo E Lo, (Jr)oPy,_y 5 (we,) duw,g,

wve, =0 1€E

e " o
= Z [GS'/mOQ"o E Gg’!ﬂjoq"lo...o Z G;',a'oq—lll ;
n, =0 %1=0 g

where our absolute integrability assumption justifies the various interchanges of E's, ['s, and ¥_'s; and

Lemma 9 is used r times to obtain the last equality.

This completes the proof.
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Theorem 3. If [, E{[T/-, |/o.(X(we,)|1(T>v,,) } dWe, - - dws, < 00, then

E H Y(f)=E E/ {H Jo.(X(wo,))1{150.,,} } dws, - - duw,,
1=1

o "'ol.<_ . S""l =1

_¥ [icsf.oq"oEHY(lj)]
i=1 =0 s

'l

=Y @[ hea 0B T[ Y1)

n=0 =1 5

=Ez[inoq-‘eEIIY(f,)]

i=1 L

=Er[fjf.~oEHY(f,)],

=1 1%

forany r' <r.

Remark: When r = 2, the theorem reduces to

o0

EY(L)Y () =) Gilhioq ' oEY(fa) + faoq t e EY(f1)].

=0

This agrees with equation (3.13) in Hordijk, Iglehart, and Schassberger (1976).

Proof: We prove this theorem by induction.
Induction baere:
From Hordijk, Iglehart, and Schassberger (1976), the assertion is correct for ' = 1.

Induction step:

. e e L ST ML - R R - - . - .. .
e . RIS . St et . . C Y E - S - . . S .
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Suppose the assertion is correctuptor' = k-1<r, consider
k
8 | RA
1=1

[ f(Xle) 1w duy / (X (02))1 7wy dia
R. R,

Je(X{we)) (15w, du

L:__‘.
P R.
-
< / f[ Vu, - d
b 2 =F .{ !l(-Y(u'l)“(T>v.) L STRARNL 41
}:u R» =1
t . k k
S 25| (TL A () 750, }dwy - du
L~ =1 o, JS'/-,,S - Sve, 4z)
o k .
=ZZE/ {H fl("((wl))l(7>w.‘)}dwl"‘d'v'k
1=1 0, ]S"';zs S".J. =1
k 0 o0 oo
:ZZ [ Z Gy'f, oglo Z G‘o"f,n og”lo---0 E G;‘f,]. oq"]
=10, n,;=0 n3=0 n,=0
k 2 20 -]
3 S G et e [ S G ea 00 35 Gt o 00
J=in,;=0 g) n3=0 8, =0
k 00
=Z[ZGSIJ og~! OEIIY(/,)]
1=1 n=0 (F3)
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n=0 1= 2

where the absclute integrability assumption justifies the various interchanges of s, f's, and E's; Lemma

P——"
PN R

10 justifies the fifth equality; and the last equation is obtained by the induction hypothesis.

This completes the induction step, and the theorem follows.
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8. Generalisation and discussion

DD et sl i ad

M vy

We will discuss some generalizations in this section. As before, tet X = {X{t): ¢ > 0} be an irreducible semi-

Markov process (SMP) on countable state space E, and R = {R, : 5 2 0} be the underlying Markov chain of

2

[". X. For each ¢, denote X*(#) = X(t+1t*), where ¢* =inf{¢ > 0: X(¢ +¢') # X(t}}; namely, X*(¢) is defined
: ] as the “next state” process of X at time t. For fixed z € E, let T{z) = inf{t 2 0: X{t-) # 2, X({t) = ¢},
;-'_ : 6(z) =inf{n>0:Ry_y # z, Ry = =} and set

T(2)
Y =/; LX), X (t))dte,

where f' : E x E — R is an arbitrary function. (Hereafter, we will suppress the z in T{z) and 6(z) when

TE——————
v : n '

no confusion is likely.) Our first objective is to study the mixed moments of the form E[],_, Y'(/!}, when
J! . E x E — R are arbitrary functions, fori =1,2,...,r, and r is a positive integer.

p
4
F - We begin by noting

T(z)
V() = / LX), X7 () dt

=/o LUX(E, X (1)) 1roey dt

€-§l
=Y [T e x ) g @

n=0 .
§ 0
=Y S'(RaRat1) Lasn) (€ns1 = £a),
. n=0
i @ it follows that n::n Y’(f:) = Zzo,zo Z:::o T Z::o n::x .{:(P'*lu R‘4+l)(£.¢+l - E-‘)1{6>u,)- Next, we
rv define L’ as follows: for fixed f,,i=1,....r, and fixed A C N[, let L’ be
.
3 r
. L's EE{ Z [n JI{Ra, Rasr)(€n 41 ‘f-.)l{a>-‘)]}~
} . 2 {my...., n,)EA 1=1
- -
- .-
E{ where £ is the length of the first z-cycle for the embedded DTMC R.
S We proeeed via a series of lemmas. Note that the procfs for them are very similar to the proofs for their
| &%
r i counterparts in Section 3 and thus omitted here.
L
[
} 0§

3
p - -
L-‘-'- a2 o e & & 'plpr s, o 8 2 PR N P R S . A -AA:AAA‘A‘:‘_.A.-'AA'J-_.A.-'..1.;':‘}
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norens E{IL =i [l £/ (R, Ra, 61 )|(€a 41 = €n.)1(s>n,)]} < 0O then

1=t J-:s‘»-_{

Corollary 1. If

E{JJUA (Ras Rair)(€nie1 = €a,)1(s5m,]} < 20

(Mr M )E[(RiE€S )€ <R, €S -1 ) <(n,1€S,)) =1

then
Li(n,:iéS.)( K(niH€S1- 1)< (R E€Se)]
|Sel-1
Z Z L[(n HESI)C (N €S- 1 ) <K(RHES) (R :1ES\S)]|
}_ S8 =4
SCS,
+ Li("i2l€5|)< (R i€S1—1)<(nHES)]|"
Lemma 12. If 507 0 E{[I];<, |/} (Ra: Ras1)}(€ns1 = €a)"1(s5a) } < 00, and define EZ(g) = 2 g
then
=)
{(ul.....u,)] = Z GE [(®:=ll: o, o P)e] = EZ[(CD::lf: oy, 0 P)e]
=0

Moreover, the vector L{(N ol is the unique solution, y, of

v=(9/=1fop, 0 Ple +Goy

satisfying Gy — 0 as n — oo.

Remark: A consequence of this lemma: If 3200 ) E{|/'(Ra, Ra41)|(€ns1 = €)1 (s>a)} < oc, then EY'(f') =
Liy =L Gol(f oo Plef=EZ[(f op o P)e].

Remark: We notice that by setting f'(z,y) = f(z) for all y € E, then {f'opu, o P)e = f o 8,. Thus we
immediately have another consequence of this lemma: If Y020 E{|/(Ra)|(€a41 = €a)l(s>a}} < o, then
EY(f)= .2, G3(S03:) = EZ(fo3,). Thisis the first part of Theorem (5.14) in Iglehart [3].
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Remark: If E is finite, then G} — 0 as n — 00, thus the uniqueness is automatically satisfied, and also

EZ=Y72,Gy =(1-Go) ' thus Liy .y =(1=Go)  [(®]=4 /i o pr o P)e].

Lemma 13. I[:(u, n )E[(N,IESI)IC <N, t€SY)] E{nl'=l“,|’(R‘i'Rﬂ(+l)|(€l.+l—El‘)l(6>..)“ < oo then,

e gl R S S g
™ B LT

LI
[(n,1€S1 )< <(n,:1€S:)]

(]38

o0 a0
GS"[lS.es,f.'°G;s.1) 3 G (s Sl oGis,) - Y. G '[(®-e5.f.'°u|s.|°P)¢]'”]]

n 0 ns, =0 ns, =0

i

[y

—EZ[ (Sies, fl 0G5, )EZ[(3ies: Ji 0 Gisy)) - - EZ((®igs fi o mys,j © Pe| - ]]
Remark: Lemma 12 is a special case of Lemma 13.
Remark: 1f E is finite, then L, cs ¢ <(n,nesn) = (1= Go) M (®wes £ 0 Gis, )1 = Go) ™! [(®res, S
Gisai} (1= Go)™M(2ues Sl o mys, o Pe] -]

Theorem 4. For an irreducible SMP, and arbitrary integer r, if

z E{H“/:(&w&rfl)l(fud-l - 6‘-‘)1(‘)..’)]} < o0

(nyae n,)EN? =1

then,

(1) foreach v’ < r, and EZ(g) = ¥ 0r, G5 g, we have

E{HY'(I)}—L((... ..... ~)]
=1
r -1
=Y ¥ Ez(mesfioGE( [T YU+ EZ[(Lifi om0 P)e]
=1 ss";SN-,J 1EN,\S

=EZ(E-: Z (Siesf o G,)EY H Y'(j,'))+(®,"=,[,‘op,101’)e>;

=1 i-';SN'-'J T€N,\S
[ 4

(2) for arbitrary partition S,,...,5¢(t 2 Z) of N,,

[}
Litn.1€50)< <(ni1€Si_1)<(n.5€50)])

=EZ|(Zies, [l oGis,|VEZ[(Zies [, 0 Gisy1) - EZ|(Suesio [l 0 Gis,_yy) E{H YN ]]
€Sy

EE A P . . R Pt et et . . . . . N . .
P LN I SO of o dad s - R WA ST WL UL UL JUC U DU WA U DA i G O L oy D i W WP DD L Gy PR, G S Gy, Srl . Syt Uy




(3) for arbitrary nonempty proper subset S of N,

L{(n.:t&S)((u.:le‘V,\S)] = EZ[(slGSI: ° GlSI)E{ II Y'(I:)}]
iEN,\S

Remark: If r' = 1, (1) becomes: EY'(f*) = EZ|(f' o1 0 Ple| = T ary G3l(S' o 481 0 P)e]. This agrees with
Lemma 12.
Remark: If E is finite, in addition to the existing assertions, it would also be true if we substitute (1 -G,)~?!

for EZ in all the three assertions.

Corollary 1. For an irreduc.ble SMP, and arbitrary integer r, if

Z E{H“!'(Rﬂt)|(£l.+l - fl.‘)l(6>l4)“ < oo

(™, n,)EN? =1

then for each r' < r, we have

v’ r'=1
E([lruen=% X EZ[(S.es!.°G;)E{ II Y(!.)}]+EZ[®."=J.-°»9~]
=1 j=1 ss';SN':’J tEN,\S
! ,
=EZ(Z: z (3‘55!5061)5{ II Y(!i)}+®:=l!i°ﬂr')§
=1 3;-&3;-'1 iEN,\S

Remark: This is exatly Theorem 1.

Corollary 2. For an irreducible SMP, and arbitrary integer r, if

Z E{H“C-(R-uR-.+|)|1(a>u.)]} < 00,

(my,..., n,)EN? =1
where Y (c) = Z:f__:, ¢{Ra.Rays1), and ¢,¢, : E x E — R, are arbitrary funtions fors = 1,...,r, then for
each v’ < r, we have

[ |

E{l':IY”(C.)}=Z Y Ez[(zesc0Go)E( [ y"(c.)}]+Ez[(®:;,c.op)e]

=158 - €N, \S

=£2(T T tresco B J] Y} + (eie o Ple);

'S -y 1EN,\S
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A further generalization of Theorem 4 is possible, Let F; : E x E — R be a random matrix for each
i=1...,r,and let E|F,| = F,, E|F, o F}| = F, o Fy, E|®:F\] = ®F,, etc. By following the same proedure

as in Theorem 4, we will have:

Corollary 8. For an irreducible SMP, and arbitrary integer r, if F,’s are independent of the bolding time

En+1 — En for cach n, and

Y E{JUF(Ra Raei)l(€arer = €)1 (s>a 3]} < 0

(my,-. .8, JENS =1

then,

=1

='Z-:l 3 EZ[(@.-esF.oG,-)E{ II Y'(n)}]+zz[(§;:,?.op,op)e]

j=1 ss”;sl‘vt’ IEN,\S

r—1
= EZ(E 3" (GiesFoG)E{ [ Y'(F)}+ (8 Fiom oP)c);
J=1 SuSi=y ieN,\S
SCN,
Finally, denote Ty A Ty = min(Ty,T3), then for arbitrary z,,2 € E, E [T AT prix(a), x*(¢)) dt
can be computed in exatly the same way as in Theorem 4 by redefining G4, for each n, as:

_ | Poypalz,y), fy# 2z 0r 2z
Gal2,4) = {0, ify=2z orz.

Further generalization along this idea is obvious.
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