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FOREWORD

This report describes work done by Sabbagh Asscxlétes, Inc. under contract N60921-
85-C-0046 with the Naval Surface Weapons Center, White Oak, as part of the Center’s
Small Business Innovation Research Program (SBIR):xThe research problem is to develop
a model and an inversion algorithm $het-i$suitable for the three-dimensional quantitative
nondestructive evaluation (NDE) of advanced composite materials by using eddy/currents.
Theapproach is based onBabbagh Associates’ work in eddy-current NDE of conventional
metals. Thetechnical objectives are to determine the feasibility of using multifrequencies
for this job, to determine in localized regions the fiber-resin ratio in graphite epoxy, and
to determine more precisely the types of A?.nomalies, whether flaws, delaminations, broken
fibers, etc., that can be reconstructed bﬁe";ﬁr inversion method. These objectives are met
by: (1) applying rigorous electromagnetic theory to determine a Green’s function for a
slab of anisotropic composite material, (2) determining the integral relations for the direct
and inverse problems, using the Green’s function just derived, (3) determining suitable
numerical algorithms for solving the inverse problem, and (4) writing a computer program
to execute the model. These objectives have been met; in addition we illustrate some
interesting electromagnetic phenomena in composite materials. i< .;..077 w2 <2 - s

Composite materials in the form of fiber-reinforced matrix materials. as, for example,
graphite-epoxy, are being increasingly used in critical structures and structural compo-
nents because of their high strength-to-weight ratio.. Such structures range from high-
performance aircraft to rocket motor cases to consumer goods, such as automobiles, golf
clubs and tennis rackets. In order to assess the integrity of these structures, thereby de-
termining the presence and size of flaws, it is necessary to employ suitable methods of
quantitative nondestructive evaluation, such as eddy-currents. This research will have
significant applications in the military and commercial aircraft industries, as well as auto-
mobiles and consumer products.

Approved by:

Fuk £ Ao/

JACK R, DIXON, Head
Materials Branch
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1 ) IDENTIFICATION AND SIGNIFICANCE OF THE PROBLEM
S
h The proposed research problem is to develop a model and an inversion algorithm that
':: is suitable for the quantitative nondestructive evaluation (NDE) of advanced composite
i materials by using electromagnetic methods, especially eddy-currents. We are specifically
I . interested in determining, in localized regions, the fiber-resin ratio in graphite-epoxy.

:"; Composite materials in the form of fiber-reinforced matrix materials as, for example,
:s: . graphite-epoxy, are being increasingly used in critical structures and structural components
! f' because of their high strength-to-weight ratio. In order to assess the integrity of these struc-

tures, it is necessary to employ suitable methods for quantitative NDE. One method uses

n eddy-currents; composite materials, however, are inherently anisotropic, which means that

% many of the classical eddy-current technology and design procedures are not applicable. In

3" addition, composite materials vary widely in their permittivities and conductivities, which
;.:.: means that new analyses must be carried out to develop effective strategies for using eddy-
¢ currents in quantitative NDE. A final problem is that there is a variety of potential failure
y modes in composites, such as delaminations, fiber-breakage due to impact damage, flaws,
2 etc., some of which may not be readily detectable by eddy-currents [1]. In order to com-

: ::‘, plement the empirical studies of [1] it is necessary to embark upon a rigorous quantitative

P-.- NDE program for composites to assess the role that eddy-currents play in it, and especially
h to determine a suitable inversion algorithm.

In quantitative NDE one seeks to determine the orientation and spatial extent of flaws,
X i.e., to reconstruct or image flaws. By so quantifying a flaw one is better able to assess its
o potential for damaging the structure in which it is located, thereby offering a means for
Py judging whether to eliminate the flawed member or not. Clearly, such decisions can save
e hundreds of thousands of dollars in “down time”, as well as potentially saving lives.

.: The present state of the art in quantitative eddy-current NDE of composites does not

19 include the ability to reconstruct or image anomalous regions, or flaws, in three dimensions.

o The objective of Phase I research, therefore, is to develop a model and algorithm suitable

K for inverting eddy-current data for the reconstruction of flaws in quantitative NDE of
\ . advanced composite materials. The specific technical objectives are:

:::

oA 1. To develop a model describing the interaction of induced eddy-currents and the

. conducting graphite fibers in graphite epoxy,

1 2. To develop a fiber density algorithm based on this model,

,' A 3. To determine the feasibility of using multifrequencies for this job.

‘¢

i

” These objectives can be met by accomplishing the following:

! 1. Apply rigorous electromagnetic theory to determine a Green’s function for a
- stratified half-space, or a finite slab, of anisotropic composite materials.
¥
X 1

P AP NN 5 L P . . h ;p-{\_r" U T " M “y. LT '\4."-"".5
A, Wy 879, 1% 4 TANANEY V) ; s ) """ 3 & “i.!'lk"b.!"‘,n \ '\ " !

Bl Al hadh L ulll afhd ark s ot La bl i i )




2o PR ' .
RTARTs & P
v ‘:r.' » ';’)"/s;..:'{&l

L

2

S22

)
[\ M
L}

¥

NSWC TR 85-304

2. Determine the integral relations for the direct and inverse problem, using the
Green’s function derived in 1.

3. Determine suitable numerical algorithms for solving the inverse problem.

4. Write a computer program to execute the model.

Electromagnetic theory and the Green’s function are dealt with in Chapters 24,
and in Appendices A, B and C. Integral equations for the direct and inverse problems
are derived in Chapter 5, which also includes a discussion of the discretization of these
equations by means of the method of moments and the use of multifrequencies. Chapter
6 describes the numerical algorithms that were used: these are least-squares, by means
of the singular value decomposition and QR-decomposition, together with the Levenberg-

Marquardt stabilization parameter, and an iterative algorithm for analytic continuation
(or Fourier extrapolation.)

We conclude the report with a description of some numerical experiments, comments
and conclusions.

~ o
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CHAPTER 2

AN ELECTROMAGNETIC MODEL FOR GRAPHITE-EPOXY
BACKGROUND

Eddy-current methods for the examination of carbon fiber reinforced epoxy resins
and other composite materials have been discussed and analyzed by Owston and Prakash
[2]-[5]. These analyses have been based on an ad hoc equivalent circuit in which the
composite test piece is regarded as being inductively coupled to the probe, much as in
the classical treatment of eddy-current evaluation of metals. Though the technique gives
a useful indication of the form of the results, a more satisfactory approach, as Owston [4]
points out, is to use a field-theoretic analysis which is capable of giving exact results for a
given model. A field-theoretic analysis is also desirable when computing electromagnetic
interactions for shielding effectiveness of advanced composites in aircraft [6].

The heart of the problem is to determine a Green’s function for the composite material.
(The Green’s function is the electromagnetic field produced by a point-source of current.)
Much work has been done in recent years on the subject of electromagnetic interactions
with composite materials, mostly in the context of electromagnetic shielding of avionics
equipment from electromagnetic pulses [6]-[10]. Some of this work is directly applicable
to the problem of computing eddy-current flow within composites, but the Green’s func-

tion problem must be attacked by applying rigorous electromagnetic theory to anisotropic
media.

CONSTITUTIVE RELATIONS FOR ADVANCED COMPOSITES

Advanced composite materials are laminates made up of a number of individual layers
bonded together. Each layer consists of a unidirectional array of long fibers embedded in,
and firmly bonded to, a matrix. The basic building blocks of any specific composite are
defined by the types of fibers and matrix involved. Some fiber-matrix systems are: boron-
epoxy, graphite-epoxy, Kevlar-epoxy, graphite-polymide and graphite-thermoplastic [7].

The matrix for each of these materials is normally a good dielectric, whereas the fibers
vary in electrical conductivity from modest (graphite) to a poor dielectric (boron) to a good
dielectric (Kevlar). These materials are nonmagnetic, so that the magnetic permeability
is [l.o.’.l

Composites have anisotropic conductivities because of the unidirectional arrays of
fibers within. For example, for graphite-epoxy the average macroscopic conductivity along
the fiber direction is 20,000 mhos/m, whereas in the direction transverse to the fibers, the
conductivity is 100 mhos/m. It may be surprising to find a nonzero transverse conductivity

* These, and other facts about electromagnetic constitutive relations, are taken from (7],
which is the most complete reference on electromagnetic modeling of composite materials
that we have found.
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in graphite-epoxy, in view of the earlier statement that the matrix is a good dielectric.
The fact is that there is enough local fiber-to-fiber contact that the average macroscopic
conductivity is not zero. (See Figure 1(a).) Other materials, of course, have different
longitudinal and transverse conductivities, as shown in Table 1 [7}:

TABLE 1. SUMMARY OF ELECTRICAL PROPERTIES
OF SOME COMPOSITES

Graphite-Epoxy Boron-Epoxy Kevlar

Permeability up 1 1 1
Permittivity eg indeterminate 5.6 3.6
DC Conductivity (mhos/m)
longitudinal o, 2 x 104 30 6 x10°
transverse or 100 2x10°8 6 x 10°°
Anisotropy Ratio (o /o) 200 1.5 x 10° 1

The reason that er for graphite-epoxy is indeterminate is because the fiber-to-fiber contact
effectively shunts the capacitance between fibers with a fairly low resistance path, making
it impossible to measure dielectric permittivities at frequencies less than 100 megahertz, or
so. Thus, in Figure 1(b), which shows a possible ac equivalent circuit for eddy-current flow,
the capacitors are effectively shorted by the fiber-to-fiber resistors at the lower frequencies.

The anisotropy of the composite manifests itself in a complex permittivity tensor, the
tensor being diagonal in a coordinate system (&1, §2, £3), where ¢, is parallel to the average
fiber direction, £2 is perpendicular to the average fiber direction, but lies in the plane of
the composite layer, and &3 is perpendicular to both fibers and the plane of the layer:

E=| 0 é&2 O (1)
0 0 éa3

Here, €&; = €;; — j i, with j = v/—1, and w is the angular frequency. The coordinate
system just defined, for which the complex permittivity tensor is diagonal, is not necessarily
the laboratory coordinate system, (x,y,z), in which the electromagnetic field vectors are
defined. In any case, the tensor symbol will be used, and the components in a particular
coordinate system may be computed by applying the usual rules for transforming Cartesian
tensors.

From here on we will consider only graphite-epoxy, for which €;; = €32 = €33 = ¢o,
011 = 2 x 10* mhos/m, and 022 = 033 = 100 mhos/m.

MATRIX WAVE EQUATIONS FOR GRAPHITE-EPOXY

Maxwell’s equations are the fundamental equations for electromagnetic analysis. Us-
ing the constitutive relations just defined for graphite-epoxy, these equations become, in
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the sinusoidal steady-state:

K VxE=—jwuoH
T (2)
0 VxH=jwe-E+J .

: Because of the anisotropy of graphite-epoxy, it is convenient to work with a matrix for-
b mulation of these equations that has been useful in crystal optics, plasmas and microwave
v devices [11]-[19]. We start by writing (2) in the 6 x 6 matrix form
b Jwé =V X T E _7(i)

"':' = . = -7 = -— 5 (3)
- VxI jwuol H 0
W
-,

where the permittivity tensor includes a conductivity term, as in (1), except that the
matrix is not necessarily diagonal. T is the identity matrix, and O is the zero vector.

We write the matrix of partial derivatives as:

> O0_ -VxI)_T 9/0z+0,3/3y +Usd/0z, (4)
“ VxI 0
- where
o _ 0 0 0 [ - 0 0 -1
- 0 0 0 1 0 00 O
= 0 -1 0 = 10 0
_ Ui=106 0 o o U2a=1 9 o1 B ’
.. 0 0 -1 0 0 0O 0
S 01 0 \-1 0 0 J 5)
- ( 0 10
0 -1 00
= 0

- Us=10 -1 0 _
g 1 0 O 0
:: \ 0 0 O ]
&
*e When these matrices are substituted into (3), along with the definitions
'..-: _ E =(5) _J—('.) = € 6
R = _— = . = = = 6
x ‘ (H) ! (o > K=\0 el ) ©)
) we get L . .
4 [jw? +U,0/0z+U,8/3y + Us a/az] e= 7. (7)
>
5 Upon defining the two-dimensional Fourier transforms in (x,y) by
L4
: z koz+k

i(haky2) = o [ elemae Btz ay (8)(c)
= &(z,y,2) = / / &Ky, ky,z)e” B2tV gk dk,, (8)(b)
L -—O0
5 5
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:S;: we take the Fourier transform of (7):
L = .. == L= = ~ =(9)
[ij—Jk,Ul—]kyU2+U3d/dz]E=—J . 9)
:x_; To get this result we assume that the composite material is homogeneous in the (x,y)
'!3 plane, so that K is independent of (x,y).
X The third and sixth rows of (9) are independent of z-derivatives. Thus, we can use
. these two equations to solve for €3 and €g in terms of the remaining variables:
D0, ~
iy K K k k ()
i A e T UL T PR B S 10)(a
'-:: 3 Kszs = Kaz ° ' wKas © wKass °  jwKss (10)(e)
o
Ny . ky . kz .
N ge = ——Y z (10)(b)
who who
o When we use these two equations to eliminate the z-components from the remaining equa-
S tions in (9) we end up with system of four first-order differential equations in the four
."‘; transverse electromagnetic field components. This system is written as the 4 x 4 vector-
matrix equation:
' det = ~ = zu ()
2 =Sée+U 11
ol dz o I (11)
A where
P ~ - ~ - - ~ ~ ~ ~
27 & = [€1,€2,64,65] = [E,,E’,,,H,,,H,]; (12)
4, the subscript, ‘¢’, denotes transverse field variables.
. The components of S and U are:
L . . 2
e Jk:K3) Jk K32 _szky . . ’C,:
; Si1 = S12 = Si3 = Sia=—
: : 11 Kas 12= T 13 wKas 14 Jwpo +J wKsa
1 . . 2
‘ Jky K31 JkyKs2 . . ky . kzky
Sy = —— Sy = ——= S23 = jwpo — Soq =
. 21 Kz ' 22 Koz 23 = JWHo — 7 wKas’ 24 =] wKas
A . Ko2K3; kzk . . K23K3; . k2
S31 = jwK2; — jw +j = S3z2 = JwK32 — jw o
o s1=Jwin Kas wio ’ 1 K3 Who
U . g 2
L Jky K23 —Jkz K23 . . K13Kz . ky
b o’ S3z3 = ——— Sgq = —— Sq = —jwK
: 33 Koz ' 34 Kaa 41 JwKyy +gw Kas + wito
' ) . K13K3;  .k:ky —JkyK3 Jk:K3
: S42 = —JwK - Sy3=——— Si4 = —— .
o 42 Jwhi2 +jw Kas J Wi 43 Kas 44 Kas
| § . (13)
« Unn=0, Uiz=0, Upa=—>
wK33
k
% Uz =0, U2 =0, U = Kv
# Whas
K (14)
Us1 =0, Usz =1, Uasz = =2
Kass
o~ K
L, Ug =-1, Usy2 =0, Udis = .
< K33
)
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CHAPTER 3

DERIVATION OF A GREEN’S FUNCTION FOR A GRAPHITE-EPOXY SLAB

The formal solution of (11) defines the Green’s function, G:

(o) = [ Glala) 5 (e (15)

The double bars over G denote a tensor, and the tilde over any variable means a transverse
Fourier transform, as before. Clearly, the Green’s function is the transverse field at 2 due
to a point current source at z’. Thus, it is a 4 x 3 tensor, because there are four transverse
field components, as shown in (12), and the point current source can be oriented in the
X-, y-, or z-direction. Because the current flow in the models studied in this report are
confined to the transverse plane, i.e., the (x,y)-plane, we will be interested in only the first

two columns of 5

The calculation of the Green'’s function requires a knowledge of the eigenmodes of (11)

for a nonstratified medium. These are solutions of the homogeneous form of (11), with S
constant with respect to z. The eigenmode theory is developed in Appendix A.

In order to compute G we must know the geometry of the composite material. In this
report we will work with the plane-parallel slab that is shown in Figure 2, with the x-axis
parallel to the fiber direction, and the y-direction transverse. Thus, the region of interest
consists of three parts: the region above the slab (which is free space), the composite slab,
and the region below the slab. Call these regions 1, 2, 3, respectively, as shown in Figure
2, and introduce the following notation for the Green’s function:

E;j(zlz' ) =Field produced at z in region i, due to a
point source of current at 2z’ in region j;
1,7 =1,2,3.

~

As we will see later, the only Green’s functions that are needed are 521 and 512.

In order to compute G21, consider Figure 3(a), in which the point-source of current is
located at 2’ in region 1. We further subdivide the three regions into four regions, called
A-D, and expand the vector field solutions in each of these four regions in terms of the
eigenvectors of Appendix A:

—Q10 0
A: a -gzo e~Ro(2=2") 4y -,[1‘710 e Ho(s—#") (16)(a)
1 —P20
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aj0 —ay0 0
B: ¢ ago ero(x-7) L g —gzo e~ro(x—2) | ﬂio ero(z—2)
1 1 —B20
0
+1| THo el (16)p)
—B20
o —ay 0 0
1 1 —B2 ~B2
ajo 0
D g 2 fererm | f foerm, o
1 ~B20

where a; = 514/A1, ag = 524/A1, B = A3/532, and B2 = 531/532. The subscript ‘0’
denotes quantities defined in isotropic free-space.

Equations 16{(a) and 16(d) contain only outgoing waves at *infinity. In order to
determine the unknown expansion coefficients a through h,¢’ through f/, we must satisfy
certain boundary conditions. The fields must be continuous at the two boundaries, z =
0,andz = —zp, which do not contain current singularities. At z = —2’, which does contain
a point singularity, there must be a discontinuity. The amount of discontinuity can be
inferred from (11}, in which the imposed source current has the form:

;‘(‘) = ;'cjkzz,ejk’yls(z - z')’ (17)

where j is the unit vector in the direction of current flow.

Upon integrating (11) an infinitesimal distance across the plane z = 2/, we get
B 87 =Tk ah, (18)
where (+) denotes the limit immediately above 2/, and (—) denotes the limit immediately
below.
In order to find the response to x-directed currents (the first column of the Green’s
tensor) we let § = @;. The right-hand side of (18) becomes
0

g AL (19)

-1
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Similarly, for a y-directed current, which will produce the second column of the Green’s
tensor, we let j = @, and get

eik= = ¢iksy’ (20)

O = OO0

for the right-hand side of (18).

Once we obtain the boundary conditions, the solution for the expansion coefficients
becomes a straight-forward problem in linear algebra.

~

The computation of _5-12 proceeds in a similar manner, except that the four subregions
are shifted downward, as shown in Figure 3(b). The field expansions are given by:

—ajo 0
A: a —320 e 2% 1} —[1310 e No? (21)(a)
1 —B20
ay - 0
B: | @ |G+ Ly —-:2 e M=) |, ﬂlx Prs(z+2)
1 1 —P2
0
w1 T e )
—B2
a) —-ay 0

C . c’ az eAI(Z'*'z') + d’ _oaz C—Al(z+z’) + e' ﬂl eAa (z+z’)
1

1 1 —B2
0
+| T e
—B2
Q10 0
D: g ago eholz+z) | b ﬂ;o eho(s+50) (21)(d)
1 —B20

and the current singularity is at 2/, which is within the slab.
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“
N The boundary conditions, including the discontinuity condition, (18), are the same
o as before. In particular, the inhomogeneous terms, (19) and (20), corresponding to an
N x-directed and y-directed current source, respectively, continue to hold.
"
N In Appendix B we sketch the application of the boundary conditions for solving for the
Y

expansion coefficients for G 12. The process for G21 is similar. After the coefficients have
b been determined, we substitute ¢’ through f’ into (16)(c) to complete the computation of

! v ata]

, 521; for 312 we substitute (a,b) into (21)(a). These steps complete the solution of the
.,' Green's tensor.
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CHAPTER 4

CALCULATION OF THE ELECTROMAGNETIC FIELD
WITHIN A GRAPHITE-EPOXY SLAB

Having computed a Green’s function for the graphite-epoxy slab, it is possible to
determine the field within the slab due to currents above the slab (by using 321), or to

determine the field above the slab due to currents within the slab (by using G;2). The
latter operation will be used in the inverse problem. The method of determining the fields,
given the currents, is to use (15).

We have considered four different impressed current sources, J(‘): an infinite current
sheet, a filamentary circular current loop, and two finite circular current sheets with dis-
tributed windings, one with a uniform distribution, and the other with a linearly increasing
distribution. Each of the current sources is parallel to the surface of the slab. The three
circular currents simulate, to a degree, flat ‘pancake’ coils.

The infinite current sheet plays a significant role in the inversion process, which will
be presented in the next two chapters, and will be discussed first.

INFINITE CURRENT SHEET

The problem is illustrated in Figure 4. In the Fourier transform domain, the current
sheet is given by

;¢ )(k,,ky,z') = Io6(kz)6(ky)6(2' — 2")(@; cos8 + @y sin8), (22)

where I is the surface current density in amperes per meter, and @ is the direction of
current flow. The delta function at the origin of (k.,ky) space is due to the fact that
the current sheet is uniform over the entire (z,y) plane. The principal axes are the x-
and y-axes, the x-axis being along the fiber direction, and the y-axis transverse. We will
compute the field within the slab when the current is oriented along either of these axes
(i.e., # = 0° or 90°) , and then use a simple tensor transformation to compute the fields
when the current sheet is oriented at any other angle.

Because the spectrum of ](') is concentgated at the origin, we can simply put k, =
ky, = 0 in computing the Green’s function, G31. Of course, the evaluation of the integral
in (15) is simplified because of the delta function at z". These facts allow us to write down
a simple analytic expression for the transverse fields within the slab:

current in x-direction:

Ez =N M1

g" =c g M4 d g e~ M1z, (23)(a)
~z

i, 1 1
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S
1
N current in y-direction:
i
¢ ~
'\&. Q: 0 0
K A E I Gk Bl B (23)(8)
K . 1
:sl Hv 0
igh
§ where 140 n "
" — 11 710y Az " _ 11 — 10, _, % .
: c =g(—)e d =g(——)e
,.\- 4 2111 ) ’ 4 20 )
N —Aol"
i’ = ¢ T -
oY g 2017 0
(711 + no)?e*1% — (11 — no)2e~ 120
e 2 2
. (m11 +1n0)% — (111 — o)
~
(e, I n + 1o AsZo ! n — "o —A3zzo
h~" —-/\ol"
0 —e
x h="5
 § 2022 ©
T~ (n + mo)?e*s — (n — no)2e—Xs%0
- azz = 7 7
- (n +n0)2 — (n — no)
W do = jw(poeo) /%, A1 = jw(poK11)"/?, s = jw(uoK)/?,
7 No = (uo/fo)llz,nu = (”O/K“)x/z’n = (I‘O/K)llz-
o
o We see from (23) that an x-directed uniform current sheet produces an x-directed
»

electric field and a y-directed magnetic field, whereas a y-directed current sheet produces
N a y-directed electric field and an x-directed magnetic field. This is what we expect from
» an isotropic medium; it occurs in an anisotropic medium when the x- and y-directions are
) principal axes for the medium.

- For an “off-axis” orientation of the current sheet, however, the results are much dif-
- ferent and must be calculated by using a simple tensor transformation. Let 7, and Tyy
" be the electric fields produced within the slab due to a current sheet above the slab. Then

; in the principal coordinate system, (z,y), we have

": Ez _ Tzz 0 .;z(:‘))
3 (£)-(% =) (%) 2

X
. so that - ~(6)
'. 'Lz = alszz 0 ) .Z:::_ (26)
) Jy 0 oTy, jls') )
Ve
,:: Let (z',y’) be the rotated coordinate system. Then
: '\ [ cos@ sinf)\ [z
N (y’)_(—sino cosﬂ) (y) (27)
3
E:‘ 12
\
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A AS

Hence, the relationship between the induced current and the exciting current, in the
(z',y’) coordinate system, is

Y Jo\ _ [ cos® sind T
"" (Jy,> - (—sin0 cosd Jy (28)
»$Y ~re
o _ [ cos@ sind onTz: O cosd —sind j,(;)
KR “ \ —sinf cosé 0 0Ty, ) \sind cosé 3‘5,")
o _ 011 Tz cos? 0 + oTy, sin? 0 (—011Tzz + 0Ty, ) sinfcos 6 33)
"Q':ls (=011 T2z + 0Tyy) sinfcosf 01, T,, sin® 0 + 0Ty, cos? @ 3‘5,') '
N
N The magnitudes of the currents that are induced at the surface of the slab are plotted
) in Figure 5(a), for a frequency of 10® Hz, and 0, = 2 x 104, 0 = 100. The slab thickness,
u 29, is 1.27 cm (0.5 inches), and 2", the height of the current sheet above the slab, is 2.54
P mm (0.1 inch). We assume that the current sheet carries current in the z’ direction only;
2 the angular variable shown in Figure 5(a) is the angle between the z’ and z axes. Now we
y "': see that, generally, there is a component of current (the smaller loop) that flows transverse
iy to the direction of the current sheet. The larger curve is the component of current that
" flows parallel to the exciting current. For an isotropic medium, the smaller loop would
1: vanish, and the larger curve would be an arc of a circle.
f\;:: These results are in qualitative agreement with those of Prakash and Owston (3],
N who used a simple theoretical analysis that was based on an equivalent circuit. We can
extend the field model that has been developed in this report to include slabs that consist
Y of graphite-epoxy laminates of differing “lay-up order”, i.e., in which the laminates have
o their principal axes differing from one-another. In addition, we can include the effects of
v non-simple excitation sources, such as the “horse-shoe” eddy-current probe of Prakash and
W Owston [3]. An advantage of the more extensive field-theoretic analysis is that it more
J clearly suggests the limits of simpler equivalent circuit models.
8"
Wiy
. v CIRCULAR CURRENT DISTRIBUTIONS
&
L)
v The circular currents produce more interesting field distributions than does the infinite
- ~ "
; > current sheet. Expressions for j (kz,ky,2) for each of the distributions are derived in
s Appendix C. We note, now, that the spectrum of each current distribution is no longer
) - =
N concentrated at the origin, so that we must compute G3, for all k., k,, as described in
Wi = ~(3
& Chapter 3. When G2; and j  are substituted into (15), we obtain the transverse Fourier
L-_»j transform of the transverse field vector at any level, z, within the slab. Then, upon taking
'_\"E; the inverse Fourier transform, say by using the Fast Fourier Transform (FFT) algorithm,
(e we get the fields in physical space, at each level, z. We have done this for each of the current
e distributions, and have found that the results are qualitatively similar in all three cases;
: hence, we will display results of the filamentary loop, only. The parameters, dimensions
5"- and frequency are the same as for the current sheet; the radius of the current loop is 0.5
:a inch (1.27 cm).
g
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Before going into the anisotropic problem, we illustrate, in Figure 5(b), the fields
induced into an isotropic medium (with conductivity 2 x 10* mhos/m) at a depth of 0.05
inch (0.127 cm). The isotropic nature of the response is clearly apparent; if we were to
look vertically downward we would see a circular response region. Each pixel is a square,
whose side is 0.05 inch. Thus, the response region has a diameter of about 1.0 inch, which
is the diameter of the current loop. Therefore, the result agrees with our intuition.

The situation in an anisotropic material is changed dramatically, however. In this case
the fibers will ‘guide’ the field, so that it will die out much less rapidly in the x-direction
(along the fibers) than in the y-direction. This is illustrated quite clearly in Figure 5(c),
where the complex values of the x- and y-components of the electric field at a depth of 0.05
inch are shown. The response region in this figure is highly elongated in the x-direction,
when viewed from directly above. The x-component of the induced electric current field
is obtained by multiplying the x-component of the electric field by ¢;;, which is equal
to 2 x 10* mhos/m, and the y-component of the current is given by the product of the
y-component of electric field with 022 (100 mhos/m). Therefore, the eddy-currents do not
flow in the usual circular paths of an unbounded isotropic medium, as suggested by Figure
5(b), but, rather, flow in highly elongated quasi-elliptical paths. The degree of eccentricity
of the paths depends upon the degree of anisotropy, as measured by the ratio, 01, /022.

In many applications it is important to know how rapidly the induced field dies out
with depth into the slab. In an anisotropic medium there is no unique skin-depth, because
the conductivity varies with direction of the electric field. Therefore, the problem must be
handled numerically in most cases. We present in Figure 5(d) model calculations of the
induced electric field at a depth of 0.4 inches within the slab. The excitation source is the
filamentary current loop of before, and the frequency remains 1 MHz. Upon comparing this
figure with Figure 5(c), we draw the following conclusions: the field magnitude is reduced
by about an order-of-magnitude, the field is much more spread out in the y-direction
and is very uniform in the x-direction. These results are consistent with the notion of
diffusion in isotropic media; they are an obvious manifestation of the filtering-out of the
higher spatial frequencies, k., k,, with depth, and the crowding of the spatial-frequency
spectrum toward the origin. In addition, we note that the x-component of the electric field
dies out much more rapidly with depth than does the y-component. This is due to the fact
that in the principal axis coordinate system the x-component interacts with a much larger
conductivity, 011, than does the y-component (which interacts with 022.) This supports
our statement that there is no unique skin-depth in graphite-epoxy.

Model computations of the type presented in this chapter can be very useful in setting
up eddy-current experiments in graphite-epoxy, and interpreting the results.
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CHAPTER 5
INTEGRAL EQUATIONS FOR THE DIRECT AND INVERSE PROBLEMS

DIRECT AND INVERSE PROBLEMS

K At this point we introduce some systems-related ideas that should make clearer the
" - way our concept of inversion is used for nondestructive evaluation. Refer to Figure 6, which
X shows a “system”, together with its input and output. In part (a) of the figure the input
N is known and so is the system, and the output is to be determined. This is the “forward”
'S or “direct” problem. For example, the input could be current or voltage source and the
system, a coil coupled to the composite workpiece. The output, the electromagnetic field or
induced eddy-current within the workpiece, can be directly computed in a straightforward
manner by electromagnetic theory; we have done this in Chapter 4, by computing the

eddy-current induced into the workpiece as a function of the orientation of the exciting
current-sheet.

i

a

P o -

In part (b) the system and output are known, and the input is to be determined.
This is a problem of communication theory, or signal detection. One assumes a catalog
of possible input signals to be available, whose structure and characteristics are known a
priors; from the known output one estimates the input signal on the basis of the maximum
a posteriors probability of its occurrence.

Co oy o e
s sl

-

This is the basis of the application of feature extraction and artificial intelligence to
nondestructive evaluation. It is an example of another forward method, and appears to be
sufficient for many applications. It is, however, limited by both the large volume of signal
waveforms that must be catalogued for a suitable generalized interpretation and by the
, subjective comparisons made by the interpreter. The method also gives little indication of

_ the sensitivity of the solution to possible errors in the data and the degree of non-uniqueness
" associated with the chosen model.

Y In Figure 6(c) both the input and output are known and the system is unknown.
The input could be a known probing signal and the output, the measured response to the
N probe. The object is to determine the nature of the system.

This is an example of system identification, or parameter estimation, where “param-
eter” refers to certain parameters of the unknown system. In the sense that problems (a)
and (b) are direct, problem (c) is the “indirect” or “inverse” problem, and is the problem
attacked in this research effort. What one seeks in this problem is a model-system that,
when operating on the input, produces a model-output that is, in some sense, an optimum
estimate of the known output.

§ In Figure 7 we show a current-sheet that excites a region of the composite workpiece,
'8 and a sensor that measures the scattered field. Within the workpiece lies an anomalous
¢ region (the “flaw”) that we wish to reconstruct. A mathematical mesh is defined that
- surrounds the anomaly, as shown. The system, then, consists of the current-sheet, the
- sensor, the workpiece, and the mesh that encloses the anomalous region. The unknown
S
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J parameters that are to be estimated in order that the system be identified, in the sense of
Figure 6(c) and the discussion about it, are the generalized electrical permittivities that
are to be assigned to each cell of the mesh. The known input is the current to the current-
sheet, and the known outputs are the field components at the sensor. Clearly, if we can
determine the permittivity map that is defined on the mesh, we will have reconstructed
the anomalous region.

Iy Tx A x_w, &

- an oy o

The method of solving this problem is based on minimizing the square of the error
between the actual measured data and that produced by the model-system, the model-
output. The parameters that are varied to produce the optimum model, in the least squares

sense, are, of course, the permittivities that are assigned to each cell in the mesh of Figure
1.

PO A X

Thus, mathematically, we wish to determine a set of unknown parameters, {¢,}, j =
. 1,...,M, where M is the number of cells in the mesh, from a set of data, {¢;}, 1 =1,...,N,
where {e;} is the field component measured by the sensor at a number of points, and at a
number of different frequencies (if we are using a multifrequency approach). The {e;} are

;' functionally related to the {¢;} in a known way:
{
:‘ e1 =f1(ery... €M)
v (29)
o
! eN =fN(€1,...,€M).
, Hence, given the {¢;}, we can calculate the {e;} by treating this as a “forward” problem,
ﬁ: in the sense of Figure 6(a).
:{: It is the {e;}, however, that are the given data, so we must invert the system, (29),
R to determine the {¢;}. We do this by minimizing the error function
B N
b 211/2
N F(er,...,em) = [Z (e — f3) ] . (30)
: 1=1
g Iterative methods are commonly used to carry out the minimization of (30). The iterative
N method successively improves a current model, i.e., a current estimate of the {¢;}, until
. the error measure, (30), is small and the parameters are stable with respect to reasonable
N changes in the model.
N
) The equations that define the forward and inverse problems are integral equations .
L that are determined by using electromagnetic theory; they will be derived next.
:E INTEGRAL RELATIONS FOR THE DIRECT AND INVERSE PROBLEMS
]
[V

T The detection of flaws, or anomalies, by means of eddy-currents depends upon the
fact that flaws have different electrical parameters than the host material, and, therefore, ‘
the eddy-current flow is interrupted at the boundary of the flaw. The flaw, therefore, !
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‘N can be considered to be an inhomogeneity, which consists of a tensor permittivity, € that

:'- is imbedded in a region whose tensor permittivity, &, is known a priori. The magnetic

" permeability of each region is uo. Hence, Maxwell’s equations for the two regions are:

Ay

d = . - .

el V X Eqg = —jwuoHg known region

,J.E V x Ho = jwéo - Eo (31)(a)

e V x Ef = - jwuoﬁf flawed region

.,-“. - V x Ff = jw?f 'E'-f (31)(b).

-:ﬁ: Upon subtracting (31)(b) from (31)(a), we get:

Bt . _ o _

.'&‘\ V x (Eo — Ef) = -—Jw/l.o(Ho — Hf) (32)
V x (Ho — Hy) = jwéo - (Eo — Ey) + jw(é ~ &) - Ey,

-.:'_'::: where we have added and subtracted jw& - E to get the final result.

Wiy —_ = — =
::::j:_ Thus, the perturbation of the electromagnetic field, Eo — Ey, Ho — H ¢, satisfies the

e same equation as the original electromagnetic field within the known region, except for the
L @ presence of the term J, = jw(é — &) - E4. This term, which is equivalent to a current

0 1) Ef
Fo source, represents the presence of the anomalous region, or flaw. It is important to note
_}_:-; that this current source vanishes off of the flaw, because there the tensor permittivities
:;; are equal. Thus, we say that the anomalous current density has a “compact support”; it
s occupies a finite spatial extent.

A Equation (32) has the same form as (2), with the anomalous current playing the role

\:: of the impressed current. Thus, (32) can be transformed into the transverse-matrix format,
_,.:_,. (11), whose solution is given by (15), again with the impressed current replaced by the
j::'. anomalous current. The general form of the solution is
o Go-)(2) = [ Glels') - 5a(e')de" (33)

o —€&f)(2) = (2|2') - 5,(2")d2".

N , s . .
\':“,. We suppress the subscript, ¢, on the transverse field variable, &, to avoid confusion with
}.;:\ other subscripts.

N
Q- Before going further, we define:
""i: 51,2(7,) =transverse field in region 1 or 2,
L ;: with the flaw present

hEW ~
T €o(z) =transverse field with the flaw absent,

_. due to the exciting current sheet.

f. With this notation, together with the corresponding notation for the Green’s function in
"_A_“':;'.; Chapter 3, we can use (33) to write down the following integral equation for computing
.4 the field within the flawed region, which is in region 2:

€o(2) = &2(2) + / Ga2(2|2') - 7,(2")d2’, (34)(a)

.\-: flaw
;
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where ) .
Ja = jw(=0 - Ef) . Ez. (34)(b)
The known field, &, that appears in (34)(a) has already been calculated in Chapter 4.

Equations (34)(a),(b) are the integral equations for the direct problem: given the
anomalous permittivity, (€& — &y), compute the field &2(z2).

The integral equation for the inverse problem is also derived from (33), except now
the fields on the left-hand side are in region 1, because they are measured by the sensor
(recall Figure 7). The anomalous current is still in region 2, of course, so that we have:

(o — E1)(2) = /f hﬁumz') Fale)dz, (35)

where J, is defined as in (34)(b).

Equations (34) and (35) (or, more precisely, their discretized versions) constitute the
model system that was discussed in (29) and (30). The rigorous algorithm for using the
system consists of first computing the incident field, &, at the flaw, by the methods of
Chapter 4; this is the left-hand side of (34)(a). For a given distribution of flaw permittivity,
€7(z), (34) can be solved numerically by the method of moments [20]. The solution of
(34), &, in the flawed region is the source term for (35), which produces the perturbed
field at the sensor. This is the model field that is compared with the measured field to
determine if the assumed flaw permittivity is “close” to the actual (though unknown) flaw
permittivity. The problem is really nonlinear because (34) and (35) involve the product
of two unknowns, the flaw permittivity and the electric field within the flaw. Thus, we
resort to the iteration just outlined to get a solution. This iteration consists of a series
of “direct” problems, which are the solution of (34), given an assumed flaw permittivity,
and “inverse” problems, wherein we determine the flaw permittivity from (35), given the
measured fields at the sensor.

A LINEARIZED INVERSE MODEL

This iteration is time consuming, so we seek a means of linearizing the problem. From
some of our previous work in numerical electromagnetic modeling of two-dimensional flaws
in conventional metals (30|, together with laboratory results {31], we have found that we
can approximate &z, that appears in (35), by the known field, g0, that is produced by
the current sheet, and that has already been computed in Chapter 4. This linearizes the
problem, decouples the inverse problem from the direct problem and, in fact, renders the
solution of the direct problem unnecessary.

In the linearized approximation we have
Jo(z,y,2) = jw(éo — &) - Eq
= jw(eol — jGojw — €0l + j&s/w) - Eo
= (60~ 8y) - Eo

= éa 'EO.
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'_‘t: Note that the anomalous conductivity, &,, has a compact support in the (x,y) plane.

Eo is uniform in the (x,y) plane; hence, the transverse Fourier transform yields

—p (k,,ky,z) = oa(k,,ky,z) - Eo, and when this is substituted into (35), we get the basic

'.::5 approxxmate integral equation for inversion:

¢ ° =

::-j E / Gl2(€|z ) Ua( ) : EO(Z’)dzl’ (37)

i o

' where the left-hand side is the perturbed field measured by the sensor at z = £.

\.

',‘_:f We assume that the anomalous conductivity tensor has the same structure (including
: the same principal axes) as the host conductivity tensor. Hence, in the principal axes, we

o have:

B ~ aall 0 0

_ o= 0 64, 0 |, (38)

.:'- 0 0 60,33

-~ with G4,, = Ga,,- Our host material satisfies 013 = 20,000, 022 = 033 = 100 mhos/m.

‘-

*"_: We know from our work with the current sheet that an x-directed current induces an
A x-directed electric field, and a y-directed current induces a y-directed field (as long as we
-, are in the principal-axes coordinate system). Hence,

e 5a(2') - Eo(2') = Ga,, (') Eo1(2)@z, if current is in x direction (39)

f, = Gay, (2')Eo2(2’)@y, if current is in y direction.

pr2 DISCRETIZING THE INTEGRAL EQUATION

o -_J

E) .‘f

= We discretize the integral equation for inversion by appealing to the method of mo-

f; ments, together with a multifrequency approach. In applying the method of moments we

‘ first divide the slab into N, plane-parallel regions, and expand 6,,,, and Gq,, in terms of

::j: pulse functions defined on this partition:

o N

."E oﬂn kt’ky’z Z k“’ V)P ( ) (40)

. . where <) )

- H - !

b4 P;(2') = {1, if 2; .gz <z
3 0, otherwise,

”,
= and z( ), zJ(-+) are, respectively, the bottom and top of the jth layer.

, When this is substituted into (39), and that result into (37), we get

T N, 2
'.. ~ -~ J = . . 3

(¢ = Z a}l / G12(€|2') - @z Eo1(2')d2’, current in x direction
(-)

::_ )=‘ Z’.

p‘? N, 2(*) o (41)

J —_

% = ~ng /(_) G12(€|Z') - @y Eo2(2')dz', current in y direction.

! i=1 %

K

L)
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The dot product, G - a., picks out the first column of E, and G - @, does the same for

¥, >
% the second. Hence, upon letting /(= 1,2, 3,4) stand for the I/th row of G, and suppressing
’«" the subscripts on 6, because we know that we are working with a source point in region
§ 2 and field point in region 1, then (41) becomes
N
k' Nl z(."')
‘. - iy Rl ~ J jod L3 . .
e &(¢) = i /( ) G (€|2")Eo1(2')d2’, current in x direction
) i=1 78
h N. l(~+) (42)
. AL
o =) &7 /(_) Gi2(€|2')Eoz2(2')dz', current in y direction.
i
3 This result is a discretization of the unknown conductivity distribution. We proceed
.-ﬁ by noting that the conductivity is independent of w, whereas G and E, are not. Hence,
,';t we can get a system of equations by using (42) at a number, Ny, of frequencies, {w;}, ¢ =
‘}\ 1,...,Ny:
14 al
o ~ N il ~ . . .
- éi(ws) = z:l H‘-j 0j, current in x direction
[ I=
e ¢
ﬁ'\- Ni (43)
A = z H,!J?&j, current in y direction
: ot
'\‘,: t+=1,...,Ny.
:} The matrices are defined by:
o
o 2+
21(1,2 i )
| H,',(' ) =/(_) Gz(l,z)(f|z’,wi)Eo(l,z)(z',wi)dz'
: - z;
% i=1,...,N; (44)
_:-,“_f Jj=1,...,N;
= 1=1,2,3,4.
Bl 4
#"‘

Normally, we will be interested in sensing the magnetic field, and not the electric. ’
Thus, I = 3,4 in (44), where ‘3’ refers to the x component, and ‘4’ to the y component of

" e
a4

3 ~ the magnetic field. Thus, we refer to the matrices in (44) as HZ?, H;¥, H!®, and HYY. \
When the system matrices of (43) are nonsquare, as they will be if Ny # N, then
-::,o least-squares methods are used to solve the problem. This model is called a “multifrequency

h N model” because of the manner of acquiring data. The frequencies should be chosen so that

:i the system matrix is reasonably well-conditioned in the mathematical sense, i.e., so that

) the columns of the matrix are relatively independent of each other. Putting it loosely,

Y this reduces the ambiguity in deciding which layer contributes to the measured magnetic

::‘j field. If we use a broad range of frequencies, for example, the system matrix will have a

>
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'\‘
a0 X structure that is approximated by Figure 8. The zeroes are not true zeroes but are numbers
3 g‘ that are much smaller than the x’s. This structure is due to the physical phenomenon of
. “skin-effect”, wherein high-frequency eddy-currents are confined to the surface nearest the
,._, exciting source. The matrix of Figure 8, because it is roughly triangular, has reasonably
N independent columns.

ARAS
N:;g We solve (43) for each spatial-frequency pair, (kz,ky), which gives us the Fourier
v transfrom of the unknown conductivity at each layer. Then we take the inverse Fourier
- transform of this solution vector to get the actual distribution of conductivity within the

anomalous region.
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CHAPTER 6

NUMERICAL ALGORITHMS FOR THE INVERSE PROBLEM
INTRODUCTIGN TO LEAST-SQUARES

The final step in the inversion process is to solve (43), which we rewrite in the vector-
matrix form:

=l

z =05, (45)

where Z is the unknown vector, b the data vector and Athem xn system matrix. We
seek a least-squares solution, as defined next. Let the residual vector, 7(Z), be defined by:

F(z) =b—Az. (46)

Upon introducing the usual squared-norm notation, we have:
=~ 1/2
7@ = [D_ri(z1,-..,za)] " (47)
=1

Then the definition of a least-squares solution of (45) is: given b = (b1,...,bn), find Z =
(z1,...,Z,) that minimizes ||F(Z)|; i.e., solve

3]

I (48)

min |6 — A4
S

If z* is a solution of (48), then it is known that [21]

=H . = _
(b-Az*) =0, (49)

where the superscript, H, denotes the complex-conjugate transpose (or Hermitian trans-
pose) of a matrix. Thus,

=H — e

A AZ"=A b, (50)
or

z*=4 b, (51)

=+ —H = =H | . =
where A = (A A)"! A is the pseudoinverse of 4.
While (51) characterizes the mathematical solution of (48), we don’t actually numeri-

=+
cally compute A , because of the potential loss of precision. For numerical solutions other
methods are used, namely, the QR-factorization and singular value decomposition (SVD),

as described below. These two methods are also useful when A has less than full rank, i.e.,
when its columns are not linearly independent.

22
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LEVENBERG-MARQUARDT REGULARIZATION

It must be noted, now, that (45) is a model equation, whereas the data vector that
K- is actually measured will contain uncertainties due to noise, quantizing error in analog-to-
; digital conversion, an imprecise model, etc. Due to this uncertainty in the data, therefore,
R we really have to deal with the following equation:
4!

¥ = -

\ Az +7f=Db, (52)
“: where j is the data-uncertainty vector. If the norm of 7 is ¢, then from (52) we want the
’ ‘ norm of the residuals to satisfy:

e*

il

Az -8 <e. (53)

o~
-

t o7 of Sl B8 O O

Since A is ill-conditioned (typical values of the condition number are 10* — 108), the
solution of (52) will be unstable, because of the data uncertainty. To help smooth the
solution we impose a constraint on the norm of the solution:

( |Z|| < M. (54)
4

o Inequalities (53) and (54) can be combined to yield:
5

’ 1Az - 52 + (37) l2(* < 2¢. (55)

M

1 Hence, our problem becomes: minimize the functional
L Fi(z) = |4z - B|1* + 2*|)2|%, (56)
‘; where A = (¢/M) is the Levenberg-Marquardt, or regularizing parameter.

3 The vector that minimizes (56) is

' B =H= 25\ —1

() Z=(A A+XI)". (57)
LR

X Thus, the presence of the Levenberg-Marquardt parameter modifies the pseudoinverse of
3 A in such a manner as to stabilize the solution. This will be seen again when we discuss
‘j the singular value decompostion next.

? THE SINGULAR VALUE DECOMPOSITION

v,

E: As before, we don’t actually compute a modified pseudoinverse; instead, we work
+, directly with A, augmented in a certain manner. Equation (57) is the solution of

5 =—H = = =H_

'E (A A+XIT)z=4 b, (58)
W
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which are the normal equations for the least-squares problem [22]:

‘ a b
" - = —_—— ’ 59
()= (%) “

where = denotes equality in the least-squares sense of minimizing a norm.

. The solution of (59) is based on the singular value decomposition (SVD) [21,22] of A:

=U

=H
V., (60)

SRR
|
ol } |

'i:g',: where ﬁ(m X m) and _?(n X n) are unitary, and S = diag(sy,...,8n); the {s;} are the
singular values of A.

-
e

Letting

[

(61)(a)
b, (61)(5)

L |
I"ﬁ({ » M

Q| 8
I I
Qi <l
-~

A
PR P

-

we get, from (59):

5
«l

)
pr W8

oll } ]

<
R
|
|

(62)

"-‘“.f‘d‘.. -~ -
e
|
l

5%

>
il |

-

::':. The AJ term can be eliminated by using Givens rotations [21,22], with the result:
?

=(A

S( )

N g

- ’ (63)
R(X)

vl
A

IR

(=]]] I ol :
<

L4 N where

L% (A) S —
T o = {gise/s,- , i=1,...,n (64)(a)
g“’ 1=n+1,...,m

28 R = —gin/sM, i=1,...,n (64)(b)
=(X

i 5™ = diag(s™, ..., sM) (64)(c)

) s = (87 +22)1/2, i=1,...,n. (64)(d)
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§ It is clear from (64)(d) that the Levenberg-Marquardt parameter accomplishes its stabi-
2 lization role by increasing the size of the smallest singular values; it is these singular values
i that contribute to the ill-conditioning of the matrix.

§ From (63), therefore, we have

b A .

: yi=gi3i/(8,( ))2, t=1,...,n (65)
o which, from (61)(a), produces the final result:

!

. n

R 2= [g:s:/ (M) Vs, (66)

0 =1
. where V, is the sth column vector of V.
% An excellent computer code for computing the singular value decomposition is ZSVDC

' in the LINPACK package [23].

THE QR-FACTORIZATION

o The advantage of the singular value decomposition, in addition to giving an explicit,
closed-form solution, is that it produces the singular values, which then allows one to
estimate a value of the Levenberg-Marquardt parameter, by using (65) and (66), that will
A stabilize the solution. In addition, one can then compute exactly the condition number of

the system matrix, _Z—, by finding the ratio of the largest to smallest singular values. The
disadvantage, however, is that the computation of the singular values and the matrices
of singular vectors, U, V, is expensive, in terms of computer resources and time. Thus,

we use another method to solve (45), or to minimize the functional, (56), and this is the
QR-factorization, which we now describe, following [23].

-

»>

S (

2,

Given that A is m x n (where m > n), there exists a unitary matrix, 5, of order
m x m, such that

T
ll

i = —— 1> (67)

where R is upper triangular. If we write 5 = [31,52], where 31 has n columns, then

B P i o K S
oll

‘ A=Q,R (68)
3 Thus, if rank (7) = n, the columns of 31 form an orthonormal basis for the column space
7 of A. Now if A = [A;, A3|, where A; has k columns, and if
_ 5 ﬁu ﬁn )
iy R = = =
. ( 0 Rj
L~
>
‘
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where ﬁu is k x k, then _
H— Ry
Al = - . (69)
0

Q|

Hence, 6— and ﬁu give a QR-factorization of —jl. This truncated decomposition is impor-
tant for matrices whose rank is less than full, i.e., for which rank (4) < min(m,n).

This orthogonal triangularization is generated by Householder transformations [21,23].
Once we have this triangularization, then the solution to (48) follows:

Q =0 b-Q Az
5 R
= —_— —_ —— I
ba 0 (70)
51 - if
b,
= —=H
Since Q is unitary, ||@ || = ||F||. Thus, ||7|| is minimized when
f1 =Rz, (71)
and when this is true .
71l = [152]l. (72)

Because R is upper triangular the solution of (71) is easily obtained by back substi-

tution. In solving (48) we apply the QR-factorization to the matrix A; in minimizing the
functional (56), we apply the QR-factorization to the matrix of the system (59).

LINPACK (23| contains two useful subroutines, ZQRDC and ZQRSL, for solving
least-squares problems by means of the QR-factorization. ZQRDC produces the QR-
factorization of the matrix and passes the result to ZQRSL for the solution stage.

ANALYTIC CONTINUATION

We have already mentioned that (45) must be solved for each spatial frequency-pair,
(kz,ky), in order to take the inverse Fourier transform of {5;}. The result is the conduc-
tivity distribution within the flaw, at the jth layer. Unfortunately, the matrix elements of

A become ever smaller with an increase in (k., k), thereby rendering A so ill-conditioned
that it becomes virtually impossible to get meaningful results for the lower-level conductiv-
ities within the flaw. That is, the filtering action of the Levenberg-Marquardt parameter
forces ; = 0, except for the first layer or two, for large values of (k;,k,). Or, to put it
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';,' another way, because of the physical process of field-evanescence, which acts as a low-pass
Z‘ filter, the sensed magnetic field at these high spatial-frequencies is zero, so that, because
of noise, one cannot use high spatial-frequencies for reconstruction by solving (45).
;i:" High-frequency components, however, are necessary for high-resolution reconstruction.
K Therefore, it is necessary to try to regain these missing frequencies in order to achieve the
"3 desired resolution. That this attempt at “superresolution” is feasible and practical (within
! limits, of course) rests upon the notion of analytic continuation [24,25]. We will state two
. theorems that are relevant (see {24, p. 133]):
N
.g' Theorem 1. The two-dimensional Fourier transform of a spatially bounded function is
::' an analytic function in the (k.,k,)-plane.
Ky
e Theorem 2. If any analytic function in the (kz, ky)-plane is known exactly in an arbitrar-
: ily small (nonzero) region of that plane, then the entire function can be found (uniquely)
) by means of analytic continuation.

I
-
Yt

In order to use these theorems we recall that a flaw can be thought of as a space-limited
W function g(z,y) (or a function with compact support). Thus, by Theorem 1, its Fouricr
ﬁj transform, G(u,v), is analytic in the (u,v)-plane. If we have only limited information
:] about G, say, only its values at low spatial-frequencies, Theorem 2 tells us that we can

A uniquely extend G to the whole (u,v)-plane. Once we have continued G to the (u,v)-plane,
we can take an inverse Fourier transform to recover g.

::c' We have studied two approaches to analytic continuation, one based on direct matrix
o inversion via the singular value decomposition, and the other on an iterative scheme. We
'. will discuss only the latter here.

-8

\/- The mathematical setting for the iterative algorithm is projections onto closed linear
:"2 manifolds (CLM) in a Hilbert space [26-28]. An important feature of the method is that
" a priors knowledge about g can be incorporated into the reconstruction technique in a
ne natural way. Such information includes the finite support and/or any constraints. In our
:§‘ application we know that the conductivity within the anomalous region is bounded, which

in our model implies that —1 < g(z,y) < 0, and we also have an estimate of the support
Yy Of g.

2 The algorithm that we used is listed here:
)
] ALGORITHM
Let the function G(u,v) be given over a prescribed region £, and let ¥ be the Fourier
:é transform. Then starting with:
fo(z,y) = F (G (u,v)); ‘
4 r =0; 1
2 REPEAT ‘
: |
b7 27 |
e

R 3

X PN A AT » T 2 ST e R R N AN T AT e R b I S )
l»::‘lt\.!-\ A U el ..'x“" .511..1“ » “t\ \'\rf &‘Ini N ..“i‘hb !':‘%':‘- N \" s ,.- .'\'Jﬂ' -~ ‘ 4- L '

b M )



IA‘
D NSWC TR 85-304
‘o
z
b1
Kty r(l) = P1Jr;
- 19 = By,
N r
% Fr(i)l = F[f¥);
.:"‘ — P F(l) .
: Fry1 =G+ PFp
fre1 = F Y Frpal; ]
A% r=r+1;
R UNTIL CONVERGENCE OCCURS. ]
”,
P
: The important operations in the Algorithm, in addition to the Fourier and inverse
) Fourier transforms, are the various projection operators P;, which we now define:
:’
Hd
"':Q f (z,y) € S, S =supportof f
l_ ' hf= {0, otherwise. (73)(a)
b5 _ | G(u,v), (uw,v)€L,
S P F = {F(u,v), (u,v) ¢ L, where F(u,v) = ¥[f(z,y)]. (73)(8)
:{'_: -1, if f(z,y) < -1
P3f =4 f(z,y), if -1Z f(z,9) <0 (73)(c)
0, if f(z,y) >0.

v

-

Hence, the algorithm successively applies the known properties of the sought-for solution
to the initial given data. The purpose of the theoretical analyses referred to in [26-29] is to
prove that the algorithm will converge. Numerical experiments suggest various methods
for speeding the convergence.
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CHAPTER 7
NUMERICAL EXPERIMENTS

We have tested the theory and numerical algorithms, that were presented in the
previous chapters of this report, with some numerical experiments that were performed on
our computer. The model analyzed was that depicted in Figure 7, with the following data:

thickness of graphite-epoxy slab: 0.50 inches
number of layers (N;): 10

resolution in z-direction: 0.05 inches

number of grid-points in (x,y): 64 x 64
resolution in (x,y)-plane: 0.05 inches

number of frequencies (Ny): 10

frequencies used (in MHz): 1, 6, 11, 16, 21, 26, 31, 36, 45, 60

The values of the electrical parameters were those stated in the second section of
Chapter 2. The orientation of the current is in the y-direction, which is transverse to
the fibers. The x-component of the magnetic field is assumed to be measured. Hence,
we worked with the matrix, H*Y, as defined in (43) and (44). The frequencies that were
defined above worked well with this coil-sensor orientation, in the sense that H*Y has
a structure roughly like that shown in Figure 8, which is desirable, as we have already
discussed. We are experimenting with other orientations and frequency ranges.

The flaw consists of a cylinder of square cross-section that penetrates vertically the
entire thickness of the slab; i.e., the cross-section of the flaw, in each of the ten layers, is
a square. The length of a side of the square is 0.15 inches. The actual flaw, at each layer,
looks like Figure 9(a).

The first step in the reconstruction process was to use a program that we called
RECONI1. This program is our implementation of the method described in the fourth
section of Chapter 6. The choice of Levenberg-Marquardt (LM) parameters was done
empirically; techniques for adaptive selection of optimal LM parameters are being studied.
In these experiments, the parameter values ranged between 10~!° and 10~!5. We point
out that RECON1 computes the conductivities in the (k:, k,)-plane (Fourier space) for
all (kz,ky,). For large values of (k:,k,), or high spatial frequencies, the system equations
become highly ill-conditioned and thus can’t be expected to give accurate results for these
values. However, for the small values of (kz, k), or low spatial frequencies, the results are
very accurate. Part of our experiment is to determine how much low frequency information
must be used to produce fast, accurate reconstructions.

In Figure 9 we show the reconstructions of the flaw at each layer. These figures are
labeled with the name RECON2ND which is the method of computing the inverse FFT
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for all values of k; and ky, even those in the high range. As we can see, reconstruction is
quite faithful through five layers and good from layers six through 10.

We must remember that in order to use RECON2ND, we must use RECON1 for
all (kz,ky). An alternative is to use RECON1 to compute the unknowns for only the
low frequencies, (where the system equations are not highly ill-conditioned), and then use
an image-enhancement technique. The program LENTUY is our implementation of the
algorithm described in the fifth section of Chapter 6.

In Figure 10, we show the reconstructions generated by simply taking the inverse FFT
of the low frequency data generated by RECONL1. In this case, we used —7 < k, < 7 and
—T7 < ky <7, hence a ratio of 15 to 64. The results show that something can be detected,
but the reconstruction needed to e improved. Remember, though, that we only need to
produce results from RECONT1 for the low frequencies and, thus, we save computing time
and improve accuracy.

Figure 11 shows the results of using program LENTUY for -7 <k, <7,-7<k, <7,
and 20 iterations. Based on our previous experience with this method, we believe that the
number of iterations can be reduced to 10. Also for larger flaws, the values of k; and k,
can be reduced. We see that this method improves the resolution over INVERFFT which
is to be expected and that the reconstructions are faithful through all 19 layers .

Based on these preliminary experiments and based on our previous work in image
reconstructions, we are excited by the results that have been generated.
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CHAPTER 8

COMMENTS AND CONCLUSIONS

The electrical model that we have developed in this report is based on a continuum
description of the constitutive relations for an advanced composite material. This implies
that there must be a lower limit to the resolution that can be achieved for flaw reconstruc-
tion, before the continuum hypothesis breaks down and individual fiber effects dominate.
We do not know what this limit is, so we have used 0.050 inches as our resolution in

the numerical experiments. Further experimental and theoretical analyses are required to
better answer this question.

Fiber density directly affects the bulk longitudinal and transverse conductivities.
' Hence, determining (reconstructing) these conductivity values in certain anomalous re-
gions allows us to infer the status of the fiber density within these regions; it also informs
us as to the possibility of extensive fiber b1.akage within such regions. Hence, our model
and algorithm allows us to draw conclusions about these classes of anomalies.

2 P e o

[

In some cases moisture effects can be inferred, as the following argument suggests.
Transverse conduction depends upon fiber-to-fiber conta:t, whereas longitudinal conduc-
tion does not. One can hypothesize that as moisture is absorbed into the epoxy, the
epoxy swells and reduces fiber contact [7], thercby reducing the transverse conductivity
but not the longitudinal. Hence, if we can reconstruct the transverse conductivity map in
an anomalous region, as well as the longitudinal conductivity map, and if the transverse
map shows a significant decrease, whereas the longitudinal map does not, then we can infer

that moisture is present, and that there is no significant fiber breakage, or fiber-density
reduction.

LR O N

=

s 8 4 A a8 4

This argument holds for anisotropic slabs, such as the unidirectional slab that we
. have considered. Fortunately, our algorithm allows us to do such a reconstruction by
' simply orienting the current sheet along the fiber direction, and then transverse to the
; fiber direction. In the discussion of Chapter 5, we will first carry out an inversion using
. the matrix HY* and then HZY.

n The electromagnetic model that we have developed is quite general, in that it treats
3 both isotropic and anisotropic slabs. In addition, it can be extended to treat anisotropic
- lay-ups, i.e., slabs containing layers arranged in different directions. Often, however, such
slabs can be treated using a simpler isotropic theory, because the anisotropy effects are
cancelled by averaging over the coarse resolution cell.

Because our model is quite general, it can account for current sources and induced
3 currents that flow normal to the fiber plane (the z direction, in our analysis). Currents
': that flow in the z direction could be useful for distinguishing delaminations from other
: anomalies, because delaminations would tend to perturb these currents more than would

other anomalies; more extensive modeling and experiments during Phase II will help clarify
this question, also.

Thus, we conclude that our research effort has met the specific technical objectives,
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as well as the work statement, listed in Chapter 1. Work during Phase II will include a
refinement of the electromagnetic model and algorithm to account for more complex ge-
ometries, further development of numerical algorithms, development of a prototype sensor,
and laboratory experiments with the prototype. All of this aims at the development of a
commercial product for the wide-area inspection and quantification of advanced-composite
structures.
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CURRENT PATH FIBERS
FIGURE 1. (a} HOW FIBER-TO-FIBER CONTACT ALLOWS TRANSVEF.SE CONDUCTION
(REFERENCE 4).
f/——\
o ] .
. AL, .
\ P —————
Ve . - o — - A
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EDDY-CURRENT PATH

FIGURE 1. (b) A POSSIBLE AC EQUIVALENT CIRCUIT FOR EDDY-CURRENT FLAW
(REFERENCE 4).

33

Balliall SoB sad 6.0 .0 Wl Vab bl




MW e P MY

PR} - (SN S

»
‘l
)

By

l

NSWC TR 85-304

Region 1

Z =0
Region 2

Z='Z@
Region 3
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FIGURE 3. (a) A VECTOR POINT-SQURCE OF CURRENT AT (x’, v, ') IN REGION 1; FOR
COMPUTATION OF G,1.
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COMPUTATION OF Gy 5.
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BN Current Sheet 1,4 = 7 = 7"

o
! Z='Zz

-/ FIGURE 4. AN INFINITE CURRENT SHEET PARALLEL TO, THE ABOVE, THE ANISOTROPIC SLAB.
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FIGURE 6. SYSTEM REPRESENTATION OF DIRECT AND INVERSE PROBLEMS.
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Ny FIGURE 7. A CURRENT SHEET THAT EXCITES THE COMPOSITE WORKPIECE AND A SENSOR THAT

o MEASURES THE SCATTERED FIELD. THE ANOMALOUS REGION IS ENCLOSED WITHIN
I A MATHEMATICAL GRID.
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FIGURE 10. THE RECONSTRUCTION OF THE SAME FLAW; USING ONLY THE LOWEST
15 SPATIAL FREQUENCIES.
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3 APPENDIX A
K
‘ EIGENMODE ANALYSIS OF ANISOTROPIC MEDIA
[\
: :(i =
. Start with the homogeneous form of (11), i.e.,, with j = 0. Since the matrix, S, is
h constant with respect to z for a nonstratified medium, we look for eigenvector solutions of
i the form: ) )
A, &:(z) = e exp(Az), (A1)
1 where & is a constant vector, and X is a parameter to be determined. Upon substituting
1}‘ ) (A1) into (11), we get the eigenvalue problem:
¢ = .

S &y = Aéo. (AZ)
o

The eigenvalues are the solutions of the secular equation
det[S — AI] =o0. (A3)

L)
(3
)
? There will be four eigenvalues, and the eigenvector corresponding to each eigenvalue can
e be computed from the two independent equations arising out of the four simultaneous
'> equations in (A2).

)

In the principal coordinate system, the generalized permittivity tensor, €, is diagonal,
as in (1). Hence, the only nonzero K;; in (13) are K;; # K22 = Kas. Upon letting
K2 = Kaz = K, we get:

2 kzky . k2 _ k2
._:: S13 = —J wK '’ S14 = —Jwpo +Jﬁ, S23 = Jwuo *Jﬁ,

_ .kzky .kzky k2
S24 =125 Ssl—Jw”'o, 332=ij—jw;0, (44)
" . k] Kk,
@ Sq = —JwKn+J3j——, Ssg2=-J .
.: WHo Wio
i
W
+ When these coefficients are substituted into (A3), and the determinant expanded, we
_ obtain a quartic equation for A:
*é M —aA? +b=0, (45)
;: where 2 . R

¢ a=—w p.o(K+K11)+2ky+kz(1+Ku/K)
b= w‘pgKKu - wzyo(ZKuk: + (K + Ku)k:) (AG)

+ k2k3(1 + K11/ K) + k3 (K11 /K) + k.
Hence, the eigenvalues (the roots of (A5)) are:

+A; = 2j(w’noK11 — (Ku1/K)kZ — kj)'/?

: (A7)
+A3 = 25(wnoK — k2 ~ k:)l/z.

'
0
)
i
k)
3
4

A-1

K
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k!
n
] Note that A3 corresponds to an isotropic medium, and that the anisotropy is manifest
¥ in A;. Clearly, if K33 = K, then Ay = A3, which agrees with the results for an isotropic
¥ medium.
]
5 Corresponding to each eigenvalue, ), is an eigenvector that satisfies (A2). We have
'\.‘: some liberty in choosing the two independent equations that generate the eigenvectors;
K s hence, there is some arbitrariness in choosing the eigenvectors. We choose the following:
‘13: S14/M1 ~S14/ M1 0 0 .
" _ Saaf/M | ~Sz4/M1 | A3/Sa2 _ —Aa/S32
1 U = V2 = Uz = Vg =
k3 o I, 0 , 1 , 1 . (48) i
o 1 1 —831/832 —S31 /8532
) (+21) (=) (+2a) (~2s)
L)
’ The second and fourth vectors are the two (+)-going modes, and the first and third are
‘:Q. the two (-)-going modes, in the z-direction.
2 These results are used in computing the Green’s function in Chapter 3.
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APPENDIX B

COMPUTATION OF COEFFICIENTS FOR Elz

In this appendix we want to fill in a few of the steps outlined in Section III for 612.

The computations for =C_1':2 1 are similar.

Referring to Figure 3(b), together with (21), we have for the boundary conditions at
z=0and z = —2p:

—ajo 0 a —-ay
—azo —Bro | _ | az ] a2 —az | a2
a 0 +b 1 =cl o | +d 0 e
1 —~PB20 1 1
0 0
ve| Plenr g Pl (B
—Pa2 B
oy -y
| @2 A (2'~20) ¢ | TO2 -1 (%' —20)
c 0 e +d 0 e
1 1
0 0 10 0
+e ﬂll ers(#'=%0) 4 g1 _fl e (=) — g a020 +h ﬂio . (B1)(b)
~B2 P2 1 ~B20

The boundary condition at z = 2’ is the discontinuity induced by the point current-
source. For an x-directed current the equation is:

aq —Q1 0 0
a; —az B —b
cl o +d 0 +e 1 +f 1
1 1 —B2 —Ba
ay -0y 0 0 0
az -0 b1 -b1 0
= o |+ d o |t e 1 |t [ I P (B2)(a)
1 1 —p —B2 1
and for the y-directed current it is:
[+ 3] —Q; 0 0
az —ay b1 —p
cl o +d 0 +e 1 +f 1
1 1 —f2 ~B2
B-1
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E a) —Qy 0 0 0
!
I _ 0| @2 v | T2 | B | P 0
! =l o T o |+ 1 + f ' (B2)(b)
K 1 1 —B2 -B2 0
)
)
;} Because the boundary conditions at z = 0 and z = 2’ are independent of current
R direction, it is best to work with them first and solve for (¢ — f) in terms of (a,b), using

(B1)(a), and (¢’ — f') in terms of (g, k), using (B1)(b). The results, after some straight- .
¢ forward algebra, are:
‘s
! c— a(a; — ajo) + bay (B2 — ﬂzo)c_;,z' .
‘ 2a;

de a(ay + ayo) + bay (B2 — ﬂzo)exl,'
- 2(!1
- . a(222ue=an) 4 j(g — ﬂlo)e—z\al'
" 231
h —a(22212201920) + h(8y + Pro) , o
L — %
;, f TR e, (B3)(a)
- o = g(a1 + a10) + hai (B2 — B20) =M1 (#'—20)
:' 2&1
! d = g(e1 — ayo) + hou (B2 — B20) i (2'—%0)
. 2a;
L} -
: g9 ®1020=02000) | f(f + ﬂlO)e_'\a(z:_‘o)
L 251
. ’ _g(gﬂznfzgm) + h(B1 + B10) As(#'—20)
= e . B3)(b

' ! 5 (B3)(H
)
. Now we substitute these expressions into the remaining boundary condition at z = 2/,
A, for either the x- or y-directed current source. For the x-directed source:
- oy -0 0 0 0

(=) T |+@d-a)| 57 | +(e-¢) "11 +(f~1") ‘{" = g ,(B4)(a)
n‘
.‘ 1 1 B, B, -1

and for the y-directed source: :
p [+ 3] —Q 0 0 0
1
' - g |+@-a]| o2 |+e-a| b |+u-mn| P | =3 ] Baw)
, 0 0 1 1 1
‘ 1 1 —B2 —B2 0

| The solutions of these equations are:

B-2
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el e

cd

x-directed source:
(c—d)=-1/2, (d—d)=-1/2, (e—€)=0, (f-f)=0; (B5)(a)
y-directed source:
] (c—c')=82/2, (d—d')=p2/2, (e—€)=1/2, (f-f)=1/2 (B5)(b)
Upon using (B3), we eliminate (¢ — f), (¢/ — f*), in favor of (a,b, g, h):
| a(e1 — a10) + ba1(Bz — Bz0) - g(ar + a10)e** — hay (B — Bzo)e™ * = v, (B6)(a)
5 a(@1 + a10) + ba1 (B2 = Bz0) — g(e1 — ar0)e 1% — heu (B2 — Bro)e % =v;  (B6)(})

Q) 20 — @2040

[0 2,X3] — Qa1
: a 2220 21720 4 b(By — Bro) — g )ers =0
4 (23] a1
3

— h(B1 + Bro)e*** =vs (B6)(c)

Q20010 — Q1 020 1020 — 2010

)C—Aszo

—a( ) + b(B1 + Bro) + 9(

a)
— h(B1 — Bro)e 2% = vy, (B6)(d)

N

where the vector on the right side is given by

’
-—ale'\"
’
_ale—/\lz
0
0
A ]
a1fze™®
{ -
; ajfze A,"
] A
¥ Pre3* ,
i ﬂle—,\az

,for x-directed source; (B7)(a)

P R RS

,for y-directed source. (B7)(b)

: (B6) and (B7) are the final analytic expressions; (a, b, g,h) are computed numerically, and
* the re§ults ’used in the Green’s function. Note that we have not used the exponential term,
¢/ (k=2'+k,¥")  that appears in (19) and (20). This is due to the fact that in computing the
4 transverse Fourier transform of the Green’s function, as defined in (15), we must divide by
=(9)

7 , which is the exponential term.
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y APPENDIX C
.f‘
. z(9)
- COMPUTATION OF ; ' FOR CIRCULAR CURRENT SHEETS
o
'v If the skeet lies in the plane z = 2, and has a coil-turns density of f(r), where r is
g the radial coordinate, then the current density is given by
) 79 (z,y,2) = Io6(z — 2")(~a, sin 0 + a, cos 8) £ r), (C1)
b where I is the total current carried by the coil. Then
‘ 2(9) Iob(z—2") [[*® .
3 3 (kz,ky,2) = % // (—@zsind + @, cos§) f(r)e’ k==+ks¥)dz dy.  (C2)
—o0
:
2 Upon transforming to cylindrical coordinates:
: =(9) Iob(z—2") [** [*® . .
: 7 ke ky, ) = 20— 21) — ) / df|  rf(r)(—a, sin + @y cos§)e’" (ke o2 O kysinb) gy
L an o Jo
" ¥ Iné(z — 7] (o) 2x . .
K = _0(47—7r—22) /; f(r) [/; r(—a.sin6 + a, cos 0)c"(k’ cos 6+k, sin o)dﬂ] dr
. _ —on&(Z — z”) /oo . d _d /2' jr(ks cos 8+k, sin 8)
4 = An? ; J(r) [ ( a,d—k;+a,,dk=) | e v do|dr.
| (C3)
o The 6-integral can be easily calculated by first transforming into cylindrical coordi-
nates in Fourier-space:
k:=ky,cos¢
o ky, = k,sin ¢ (C4)
! ke = (k3 + k2)'/2.

Thus, the integrand becomes e7*r7<o8(6=¢) which, according to a well-known identity
involving Bessel functions, is

©0
eikercos(0-9) — Jo(k,r) + 2 ZJ"‘Jk(k,r) cos k(0 — ¢). (Cs5)
k=1
Only the first term survives the integral over 2r radians, so that (C3) becomes

2(9) _ —jlb(z—2"), _ d d /°°
3 (kb ) = =2 (-8a g+ Gy ) | S(r) o)

_ JIob(z —2")
- 2n

PR G N O Y R ol o
-

e (ce)
(“ﬁzk—: +6v7£)/0 rf(r)J1(k,r)dr.

e e
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The final integral is the Bessel transform of the coil-turns density, f(r). This transform
can be easily computed for a number of interesting practical coil configurations. For
example, if the coil consists of a single filamentary loop of radius ro, then f(r) = é(r —ro),
so that the Bessel transform is simply roJ; (krr0). Hence,

k z
r r

z(9) _ onro6(z - 2"
7= 27

For a coil with a uniform distribution of turns, whose density is N, and extends
to a radius of ro, the Bessel transform reduces to N, fo"’ rJi(k,r)dr, which can only be
computed numerically. Therefor+, for such a coil

50 _ jNeIob(z = 2" "
= 4% 02(: z )(_az_+ y )/0 rJl(krr)dr. (CS)

Finally, for a coil of radius ro, whose density of turns linearly increases, i.e., for which
f(r) = N.r, the Bessel transform can be explicitly computed, with the result that

Jz(k ro)
k 34}

3:(') INr3Io6(2 — 2")

=) o ), (c9)
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