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CHAPTER 1

INTRODUCTION

The problem of electromagnetic coupling from one
region to another region through an aperture in a
conducting plane can be formulated in terms of two
admittance operators, one for each region (11. These
admittance operators are complex and symmetric. Recently,
a theory for the characteristic modes for apertures has
been proposed [21]. The characteristic currents are
defined as the eigen{unctiDAB of a certain generalized
eigenvalﬁe equation involving the admittance operators and
their real parts. Because of the particular choice of the
eigenvalue equation, the characteristic currents are real
(or equiphase) and orthogonal with respect to the
admittance operator, its real part, and its ihaginary part
over the aperture. Furthermore, the characteristic fields
produced by the characteristic currents are orthogonal
over the radiation sphere. For small apertures, the
characteristic mode theory reduces to an augmented Bethe
hole theorvy, i.e., the aperture 1is described by a
susceptance term related to the polarizability, plus a

conductance term.

0f aperture problems, the problem of an infinitely

long slot in a conducting plane (see Figqure 1-1) has been
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Perfectly
Conducting
Screen

Figure 1-1. An infinitely long slot in a

conducting plane.
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considered most over the vyears since it was first
addressed by Lord Rayleigh [31. In his solution, Lord
Rayleigh relied on reducing the groblem to kKnown
soiutions of hydrodynamic or electrostatic problems, but
treated only the special case of a sufficiently narrow
slot (a slit) [4, Page 2731]. The narrow slot has since
continued to receive particular attention. Morse and
Rubenstein [351 provided an exact solution for the slit.
Their analysis was based on salving the Helmhaoltz equation
in eiliptic coordinates using separation of variables,
and, as a result, involved series of Mathieu functions.
Later, Barakat (6] generalized their work to a slot in a
conducting plane separating mediums with different
electromagnetic properties. Sommer feld [4, Section 391
reduced the associated boundary value problem into an
integral equation for the electric field in the slot for
uniform transverese electric and magnetic plane waves
naormally incident on the slot. Although the formulation
is.general and valid for wide slots of arbitrary width,
the salutiaon was given only under narrow slot
approximations. Millar £71, extending Sommerfeld’s
equations to obliquely incident plane waves, solved for
the electric field in the slot in the form of a power
series in the ratio of slot width to wavelength. Houlberg

[3] then generalized the work of Millar to the two-medium
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problem. Variational techniques (9, Section 7-121 aleso
found their application to the solution of narrow slots.
More recently, Butler and Wilton [10] used a series
expansion of Chebyshev polynomials to obtain exact
spolutions for the equivalent magnetic current on the

narrow slot for a general excitation.

Effective solutions +or wide slots of width
comparable to the wavelength, however, have only become
possible with the advance of solution techniques based on
the method of moments ([111]. Typically, an operator,
usually integral, equation is derived for some unknown
parameter fraom which all other quantities can be derived.
As in narrow slot solutions, the unknown parameter 1is
approximated by’ a linear combination of some EkKnown
functions, but, in contrast to narrow slot solutions, the
kernel of the integral equation is not replaced by its
small argument approximation. The inner products aof the
integral equation with testing functions form a matrix
egquation whose solution determines the unknown
coefficients. Butler and Umashankar [12] utilized the
generalized admittance formulation ta salve the
two-medium problem. Chou and Adams [13]1 treated
single and double slots in an unbounded medium by
converting the slot problem to that of a strip using

Babinet’s principle [9, Section 7-121. Other varieties of
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slot problems were also considered. Lewis [14] studied
the effect of covering the slot vby a dielectric sheath,
while Nevels and Butler [15] solved the problem of a slot
in a ground screen covered by a dielectric slab.
Electromagnetic transmission through a +filled slot in a
" thick conducting plane was investigated by Auckland and

Harrington [161, [171.

In this report, the theory of characteristic modes
for apertures is specialized to an infinitely long slot in
a conducting plane in an unbounded medium. The theory is
then applied to a complete solution of the slot probiem

when the slot is illuminated by

1- a uniform transverse electic (to the s:ut axis;
plane wave,
2- a uniform tranverse magnetic (to the slot axis)

plane wave.

Specifically, the characteristic currents and field modes
are computed for different slots. These are then used to

compute the quantities and parameters of importance

usually encountered in electromagnetic field compatibility

¢ f problems, such as the equivalent magnetic current of the
%‘: slot, the +transmission coefficient, and transmitted field
Ay

b pattern far from the slot. Analytiec expressions for the
9 A",

o)

i

ey special case of the narrow slot are also given. It is
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shown that the theory of characteristic modes i1s a very
useful theoretical tool. It allows for a modal expansion

aof all quantities of interest, and can be applied to

I
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narrow slots as well as to general slots of arbitrary

e
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width. Furthermore, it is shown that it is

computationally very efficient. It exhibits features and

|
o0

speed of convergence that make it more attractive than

-

A
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many other numerical solutions.

-

The theory of characteristic modes is applied in the

W

@

el

i report only to a slot in a conducting plane i1in an
.gﬁ unbounded medium. Such a restriction 1is not essential,
W

v and is intended only to simplify the theary. The
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extension to the two—-medium problem is straightforward,

and can be accomplished with a few obvious changes in the

-~

present analysis. The conclusions drawn here for the one—

o</
-

o
X ..lvs -

medium problem are expected to hold for the two-—-medium

PR R

3& problem. Finally, a word about the organization of the
:ﬂ report 1is 1in order. In Chapter 2, the theory of
h ? charactetistic maodes for a slot in a conducting plane in
):S' an unbounded medium is presented. In Chapters 3 and 4,
l:f the theory of characteristic mades 1is applied to
ﬁg transverse electric and magnetic plane wave excitations of
é?% the slot, respectively. In Chapter 5, conclusions are
)

'2’ drawn and some final remarks are given.
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s THE CHARACTERISTIC MODES FOR A SLOT

A IN A CONDUCTING PLANE

ﬁ%j

e

g) The characteristic currents and fields for a slot in a
]

[y ’

%i& conducting plane in an unbounded medium are defined in this
2 -}

“Ry chapter. The characteristic currents are the solutions of

an eigenvalue equation relating the tangential components of
the magnetic fiéld at the slot. The characteristic fields
are the fields produced by the characteristic currents on
the slot 1in the presence of the complete screen. These
currents and field modes are then used for the solution of
the slot problem. A Galerkin solution of the eigenvalue

equation is given at the end of the chapter.

2-1 Derivation of the Operator Eguation

Let the excitation of the slot be a field (E*, H*)
incident from the left of the screen (2z<0). This field is
called the incident field. It is the field that would exist
if the conducting screen were absent. Because of the

presence of the screen with the slot, part of the incident

Aty field is reflected back, while the rest is transmitted into

;i the 220 half-space. The total +field, incident plus
f% scattered, (E, H), must have zero electric field component
g;g tangent to the screen, and continuocus tangential electric
gag and magnetic fields across the slot. Below, a field
i
o
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equivalence theorem 1is used to divide the problem into two

decoupled parts.

Let the exciting field be incident while the slot is
covered by a perfect conductor. This field, often referred
to as the shart-circuit field, is denoted (E®=, H=<). By
the field equivalence theorem [9, Section 3-5], the field to
the left of the screen is identical with (E=<, H=<) plus the

field (E(M), H(M)) produced by the magnetic current sheet

M = u. x EI (2-1)
z—

on the slot while it is covered by a perfect conductor. The

field ta the right of the screen is then identical with the

&~ t“f P
AR

field (E(-M), H(-M)) produced by the magnetic current sheet

W T
e
<

-M on the slot while it is covered by a perfect conductor.

Y
[
o

A%

Figure 2-1 shows the equivalent situations.

L)
)g
Ny
1“ The total tangential electric field clearly vanishes at
™
1)
fmﬁ the conducting screen. Furthermore, the tangential electric
L J

.‘ o~ o -E.v

field is continuous across the slot by virtue of placing

n

» 8 &

magnetic current sheets of opposite signs on the opposite

N sides of the slot. The continuity of the magnetic field
. -

o Te across the slot, however, requires that

o

< He(M) + He®s = Ho(-M) = — He(M). | (2-2)
o

WA In (2-2), the subscript t refers to the tangential
W

gy component, and the last equality follows because of the
':‘}.l

o
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10
linearity of the magnetic field. Rearranging, (2-2) then
becomes

=2 He (M) = Hews, (2-3)

In the next section, the characteristic currents of the
slot are defined. These currents are then utilized to solve

(2~-3) for M.

The operator equation (2-3) can be rewritten in the

form

M =1 ' (2-4)

=<

where

(2-3)

Since M and I have, respectively, the dimensions Volt/meter
(V/m) and Ampére/meter (A/m), Y is an operator with the
dimension of an admittance.
p | x
Define 6 = (¥ + Y )/2 and B = (Y - Y )/(2]j), then

Y(M) = BG(IM) + jB(M). (2-6)

In (2-6), G is a conductance operator and B is a susceptance

operator. Following Harrington and Mautz (21, the
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characteristic currents of the slot are defined to be the

ﬁA eigenfunctions M. of the eigenvalue equation

ny, -
el

s0 normalized that

oo

™

AP WD

Mn, G(M~)> = 1. - (2-8)

-
3

In (2~-8), <-, -> denotes the inner product

-
-

+w

P LR

C (x) . D(x) dx (2-9)

. 04;—0-
i
0
He
W
L]
ey
”»*

£

.

.

w2
)

where C (x) is the complex conjugate of C(x) and *w are the

x coordinates of the edges of the slot. FPut

EFoa S M

Then, using (2-6) and (2-10), (2-7) becaomes

e |

» -

B(Mn) = b G(Mn). (2-11)

The operators 6 and B are self-adjoint, since for any

ma and ﬂz

..‘t...w ‘.

My GMz)> = <My, HY + ¥ ) (M2)>

b ¢
g = <4(Y + Y ) (M), Ma>

<B(M1), Ma> (2-12)

'
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i and similarly for B. Furthermore, G is positive definite,
S since the time-average power (per unit length in the vy

. direction) radiated into the z:>0 half—-space

Sy x
gh- Fraa = 4% Re[ J Ex H I - UWe dx ]

SR
]
Ly
Py
m
r—
——y
3
L ]
T
»
=R
R
(ST )

N
»T'.
p.1)
n

I N
W
-~
<
X
.
|
s

[ PSS

¥ <6(M), M> (2-13)

-~

e
™
e

-
a»
-y

1s always positive. The second and the last equalities in

=

X
-

(2-13) follow from (2-1) and (2-12) respectively. It is

o~

R

;ki then a standard practice [18, Section 1-25] to prove that
\q

K3 all b., and hence M,,, are real, and that M. can be chosen to

nﬁﬁ satisfy the orthogonality relationships

550

‘::l

’,"}':

o 1. Mmy GB(MA)> = Snem

Vi

@

é 2. Mmy BMA)> = B S (2-14)

3

'Qh 3. Mmy Y(MA)> = (1 + jbn) Snm

WY

‘,
: where §~~ 1is the Kronecker delta function (O if m#n, and 1
h]
‘ if m=n).
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e

o

S All the currents on a slot in a conducting plane in an
$§ unbounded medium are required to radiate some power however
%@z small. As can be seen from (2-11) and (2-13), the
ﬁ%ﬁ characteristic currents corresponding to very large b, are
ﬁgv basically non-radiating. It is shown in later chapters
N (e

gﬁ} that, when the slot is very narrow, all the characteristic
X currents have very large eigenvalues {b,} and, therefore,
g: ) are essentially non-radiating. In any case, all currents
2:‘:;;: are required to exhibit the edge property (M, = 0(fw= - x=)
%?' and M, = 0(1/dwW%F - x=2), as x»*w) [19, Section 1-41.

2-3 Modal Solution of the Operator Equation

A modal solution of (2-4) for the magnetic current M

over the slot is obtained in this section. Put
M =X Vo M, (2—-193)
n

where M, are the characteristic currents of the slot, and
Vn are complex coefficients to be determined. Substituting

(2-15) into (2-4), it then becomes

I Vo Y(M) = 1. (2~16)
n

Taking the inner product of (2-16) with each Ma, there

results

2 LR Y

3", y -,- Q .". ] A, Vi) NN Ay Wy 9.8 Wi AN v '
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hﬁk 14

34 L Vo “Mm, Y(Ma)> = <Mam, L3 (2-17)
n

ﬁ#ﬁ Because of the third orthogonality relationship of (2-14),

N ; only the ath term in the summation survives. Thus

t)
}

O Ve <Mmy Y{Mu) > = <Mm, I>. (2-18)

l‘

%.1 M,

Hence

:’.
P ]
-
e

s

.

Mm, 1>
Va = - (2-19)
1 + jbm

¥ Va0
B

»-
P

»,
-
-

O

e
A

Ry

o
N’
e W Y Ty

Substituting (2-19) into (2-15), it becomes

-

b
i
3

R The magnetic current M given by (2-20) is called the

)*' modal solution of (2-4).

Haftgy 2-4 Power Consideration

‘%ﬁ‘ The total complex power entering the slot is basically
@ X
A Psn = % E x H - Use dx. (2-21)

® Using (2-1), (2-4), and (2-5), (2-21) becomes

SOOI M KD AN A Y A N AT S T Y ‘ D T PO R T Vo Vo Ea T L eyt o,
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i % <Y(M), M>. (2-22)

—
=

Y Furthermore, using (2-20), (2-22) becomes

e

e

RAH
v
»
3
I
=
™
-
)
[
o
)

1<I, Ma>1= |. (2-23)

a? Since the time-average power {(2-13) radiated into the z:>0
half—-space is equal to the time—average power entering the
slot, $<G(M), M> is equal to the real part of the right-hand

side of (2-23).

A parameter sometimes used to express the transmission
characteristics of the slot is the transmission coefficient
T. By definition, the transmission coefficient of the slot
is the ratio of the time-average power transmitted through
the slot to that incident on the slot (9, Section 7-121.

Using (2-23), T is readily found as

b 1

1<I, Ma>12 (2-24)
4P n 1 + b.=

where P is the time-average power incident on the slot.

2-5 The Characteristic Fields of the Slot

The fields (En, Hn) produced by the characteristic

currents M. are called the characteristic +fields of the

L)

SRR ORI OO AN OO AIEROCOGONONNONDN0 ORI O ; OO ' v £
RPN X _D.‘_l.'\'jlk ,’h‘”q"\ ¢ AN ’g‘.h‘."‘g"...'*-J"\"’-".c t‘ “"o.'f‘t‘. Q‘?‘l‘?’i‘?li.’it|:' ’.'A’t‘:‘?'&‘t't‘ht‘!‘:‘»‘l‘o‘l ~ C.:.‘ -'.’!'l‘!'l'b'l.‘.‘i"': -':.!.0 v‘:’b Ol : Y
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3

A slot. Orthogonality relationships +for the characteristic
ﬁg fields over the radiation cylinder can be obtained <from
§¢ those for the characteristic currents by means aof the
sa caomplex Poynting theorem [9, Section 1-101. These
-Q? relationships are dual to those for the characteristic

ca

Fot e

-
-l

fields of the conducting boady, and can be derived in a

»

similar manner [Z201]. Thus

v
A
';'.": 1 |
oi{u 1. T Em . En dT = Snm
)
L]
“ Cv-
),
R,
P x
;y 2. ¢ Ho . Ha dT = S (2-25)
g e
3
4
) x x
e Vv
L{
)
N
y‘
ﬂh in duality .with the orthogonality relationships for the
yﬁ conducting body. In (2-25), n is the wave impedance of the
viﬁ:‘
& medium, C,. is the radiation cylinder, and the integration
ity .
) in (2-25.3) is over the whole space. Figure 2-2 shows the
)
7 integration domain for (2-25).
o
[l
.*i The third orthogonality relationship of (2-25) states
-3 that the difference between the magnetic and electric energy
PV
33
k@ stored in any characteristic field is —quQuQ Joules for
K
&
Ww every one Watt of radiated power. The characteristic fields

UnJOVUOUOOND ) D, " IV CY U TR AL Y N N S M e WL
DOOOGK OGO DO ) L3 W) I b () ) Y ‘\\-«‘. L% U
W ’\:?.l' he .0“‘\.3'0"—'I.« i %y it G n‘! »,'q'!’.“.‘s‘l . ’ ‘. I l LI ‘\R i Ln N vy ( \

KL “) bl .‘4”“\.%‘4*3‘_‘&(‘ v ?g}yn:‘:g“"
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corresponding ta positive (negative) b have predominantly
stored electric (magnetic) energy, and are therefore

referred to as the capacitive (inductive) mades of the slot.

The characteristic fields corresponding to b=0 are then

A modal expansion of the field radiated by M in terms
of the characteristic fields E, and H. can be readily

obtained using the modal expansion (2-13) of M:

1m
2
]
[y
<
b)
m
g
]
J ™
,C
i

H(M) =L Vo H(M) = £ Vo Ha.

In Appendix A, it is shown that the field (EM), H(M)) given
by (2-26) converges in a least-squares sense on the

radiation cylinder.

2-6 Solution of the Eigenvalue Equation

An exact solution of the eigenvalue equation (2-11) for
the characteristic currents is rather difficult, if at all

possible. An approximate solution has then to be sought.

Put

Con L T

O W, W W W W
N o W N AL A,
s L) n.-l’ol .I.n (] ‘n ) '0- <

ﬂ."-.f_:-f.' P AL " N g TN LA RN S N L e

> Aol o,
Dol W LAl WI¥a W Al WALRLLEHL 10% . LN
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L4t
i
\ +
)
h#ﬁ N
b S = U S« (2-27)
' k=1
L
Ma = I Unk fu- (2-28)
k=1

In (2-27), S. are non—-overlapping intervals such that

N
2w = I (Sl _ (2-29)
k=1 '

where ISl is the length of the kth interval (see Figure 2-

3. In (2-28), each fw« is a real function that is defined

5@ K

on a part of the partition and vanishes on the remainder of

ot o .-. -

it, and Unie are real coefficients to be determined.

.%_
R,

Substituting (2-28) into (2-11), it becomes

o

L
z Unise E(f_k) = ben z Unse Q(f__k) + B_ (2-30)
=1 k=1

where R is a residual term.

A Galerkin solution [11, Section 1-31 of (2-11) can be

obtained by requiring that R be orthogonal to all €., viz.,
<fiy, R> =0 1=1,2,...,L. (2-31)

Thus, taking the inner product of (2-30) with each £,, and

enforcing the Galerkin condition (2-31), there then results

¥
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k=1 k=1
1=1,2,...,L. (2-32)
In matrix form, (2-32) becomes
= - = -3
B U = ban G Un (2-33)

= =

where G and B are the L by L matrices

G = [Gawld = [<fa2, G(f)>]
(2~-34)

B = [Biwl = [‘:f_;, B(f_k)>]

-
and U, is the L by 1 vector

-2

Un = [Unwkl. (2-33)
The constraint equation (2-8) now becomes

> T = =

U 6 U, =1 (2-36)

where the superscript T denotes vector transpose.

~

The solution of (2-33) determines in a Galerkin sense

the first L characteristic currents of the slot.
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CHAFPTER 3

»

TRANSVERSE ELECTRIC (TE) CASE

> o n;.‘—-‘

A A

ol i

o1

In this chapter, the characteristic currents and
magnetic “i1elds, the equivalent magnetic current, and the
radiation pattern are computed for a general slot of
arbitrary width in a conducting plane when 1t 1is
illuminated by a uniform transverse electric (to the slot
axis) plane wave. Analytic expressions for the narrow slot

are also given.

3-1 Basic Formulation

Let a plane wave be incident on the slot at an angle ©
from the left of the screen (see Figure 3-1). This wave is
assumed uniform and transverse electric to the y-axis, and
therefore has the field distribution

—Jjk(x sin® + z cosv)
nfcosd u,, - sind® ua.l e

m
»
]

-jk(x sin® + z cosO)
H* = e Uy .

e - e

1@

2%
[
;21 Since the slot is uniform along the y—-axis, and since
*i?

B
.gu the incident magnetic field has only an H, component that
‘;* does not vary with y, so does the scattered magnetic field.

..

:l', g ¥ ) .
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Consequently, the total field is independent of vy and
transverse electric to the y-axis. It then follows from
(2—-1) that M has only a y—component that does not vary with

Yy:

M= M(x) u,. (3-2)

The field to the left of the screen is thus given by

[9, Section 3-12]

EM)y = ~7 x EMM)
(3-3)
k
HM) = —jﬁ F
plus the short-circuit field
E=c = -2nljcosO® sin(kz cos®) u, +
-jkx sin®
sin® cos(kz cos6) u.l] e
(3-4)
-jkx sin®
He= = 2 cos(kz cos®) e Uy .

In (3-3), F(M) is the electric vector potential produced by
M in the presence of the complete screen, viz., [9, Section

5-71:

+w

1 (2)
FM) = — J M(x*) Ho (kJd2%® + (x—x")2) dx’ u, (3-3)

Y et RN SR - N

»w "R e A » A
!t\.&.q DN A, AP " » “" \
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Lot
!
2
£
. 2)
. where Ho is the Hankel function of the second kind and
L ats
1 }% zero order. The field to the right of the screen is then
4SS
Y the negative of that in (3-3).
B
)
:W Substituting (3-3), (3-4), and (3-5) into (2-5), Y{M)
)
S
Tﬁﬁ and 1 are readily found as
e
+w
iy

sapes
i<
iX
"

3 =

: (2)
M(x) Ho (klx=x"1) dx’ u,
E.;';‘ -w
(3-6)

. —jkx sin®
o I =2 e U, .

Since [9, Appendix D]

A (2)

Ho (8) = Jol(s) ~ jNo(s) (3-7)
! where Jo and No are the Bessel functions of the first kind
ﬁ ! and zero order, and of the second kind and zero order,
‘. respectively, the operators G(M) and B(M) in (2-6) are

‘Ef given by

- e~ -"~‘;= . i,

N b P T T e T T N N
» s . Sy rA% AN MR e " W AHARIRILNGL N VW] WY ALY R
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T
B
i
oy
iy
37':“
‘:*ﬂ‘!
+w
k .
G(M) = — M(x*) Jolkix—x"1) dx’
n
-~W
(3-8)
+w

B(M)

1]
|
S x

j M(x") No(kix—x1) dx’.

-W

In the next section, the eigenvalue equation (2-11) 1is
solved for the special case of the narrow slot. The
numerical solution of (2-11) +{for the general slot is then

considered.

3-2 The Narrow Slot

An important case that requires special consideration

is that of the narrow slot (2kw<<1).

Since

-
~

o’
(Rl ™

kisx—=x"t £ 2kw << 1 (3-9)

LT

B

the Bessel functions Jo and No can be replaced by their

-
oo [

¢

1

small argument approximations [?, Appendix D]:

“
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Jolkix~x?1) & 1 — —(x=x7")

(3~-10)

2 Yk 1
lng[—;Ix—x’IJ

No(kix—-x>1) =

where "log" denotes the natural logarithm and Yy =1.7810724.

. G(M) and B(M) are then given by

+w 2

k
I M(x’)[l - ——(x—x’)z] dx’
’ 4

1% ' e
Qg : (3-11)

LY

= 3

- G (M)

+w

n

"oy 2k . vk
X B (M) - - M(x?) Iog[—-lx-x’I] dx”.
A nn 2

i -w

RE Furthermore, I does not vary appreciably over S, and can
& therefare be approximated by the first two terms of its

y Taylor expansion about x=0. That is,
Q 1 =2 - 2jkx sin® X€S (3-12)
A or, on using (3-4),

k
" I % Hy»=(0) + j— E.®=(0) x X€S (3-13)
ah n

s where (0) .is written for the paoint (x,z)=(0,0).
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The characteristic currents of the narrow slot can be
determined by solving (2-33) with G(M) and B(M) given by

(3-11). Since the slot is narrow, however, partitioning of

- -—
it is not necessary. The 1lkth elements of G and B then
become
+w +w =2
& k
Giw = ﬁ fa(x) dx fuei(x?) [1 - ——(x-x’)z] dx’
4
-w -w
(3—-14)
+w +w
2k [ v k
Biuw = = — 1 (x) dx Fueix?’) lag[——lx—x’l] dx’.
m 2
-w -w

An appropriate choice of f. that satisfies the edge

requirements on M,, and is compatible with (3-13), is

Rec—=1

fix) =

k=1,2. (3-15)
fw= - x=

Substituting (3-15) intao (3-14), and using the identities

1
dx w
W= - x2

TR A
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N
o
ié
iy
R +w 2rv—1
X
dgx = 0 (3—-14)
w2 - y=2
-w
n-0
+w =2 b~ T
X T W (2n) !
dx =
Jw2 — x= 22n (n')=
-w
and [10, Appendix]
(
+w wlog(Ykw/4) if n=0
Tr(x”/w) Yk
log -—lx—x’l] dx’ = { (3-17)
JWE = x' = L2 4
) o
- = =~ Talx/w) if n>O
. n

where T.(x) is the Chebyshev polynomial of the first kind

and nth order, (2-33) then hecomes

-2 log(Ykw/4) 0 Una |
wk
n 2
1] w Un:J
ar
1 - (kw/2)2 0 Uns
oWk
= — . (3-18)
~ N o (w=/2)(kw/2)zJ Unz

Of‘\ Tn Ny
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By inspection, then,

1 2 2
by = - - log(Ykw/4) =& - - lag(Ykw/4)
T 1 - (kw/2)=2 w
(3—-19)
C
Mx =
and
8
b= =
wikw)=2
(3-20)
Dx
"2 = .

e

are the solution—-pairs for (3—-18). In (3-19) and (3-20), C
and D are constants to be determined according to (2-36).

Hence

My, = (3-21)

Ma = . (3-22)

4
AT TR G TL LA ERTe N s IR r S e e R RN e 1 S e N T A TR T, ST AR
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Furthermore, it readily follows from (3-19) and (3-20) that

§¥§ the characteristic values of the narrow slot are very large
(_l .l
k.? pasitive numbers whose ratio satisfies
Ll 44
v )
e
f,;.. ba -4 -4 4
ot —_— = = r — (3-23)
: bi (kw)Z log(vykw/4) L(kw)log(Ykw/4)1(kw) kw
The equivalent magnetic current M of the narrow slot
is now given by
- <Ma, I> <Ma2, I
A M= M, + M=
et .- 1 + jb, 1 + jba
<MI.’ I} <M2, I>
= My - 3 M=
1 + jb, b=
1 n Hy=<= (0) 1
® - {3i- + Ex®c(0) x| ————,
2 k v+log(kw/4) +in/2 Jwz = =
(3-24)
In (3-24), v = 1log(y) 1is Euler’s constant. Higher order
solutions can be obtained by retaining more terms in the
small argument approximations of Bessel functions in (3-10)
and using more expansion functions. Incidentally, the
@
V.- magnetic current (3-24) is identical with the solution
2 given in [101.
,’
,,f:‘
$:§
>
£
1.5 AW
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3-3 Evaluation of the Matrices G and B

The solution of the eigenvalue equation (2-11) for an
arbitrary slot can be effected by transforming the integral
eigenvalue equation into an algebraic one as is seen . in
el . Section 2-46. However, the evaluation of the matrices E and
ﬁ constitutes a large portion of the work involved in the
g solution. An efficient evaluation of these matrices is

%% therefore necessary for the success of the solution.
The 1kth elements of E and B are given by

<A +w +w
- B = f £ () dx f fulx’) Jol(kix—x’1) dx’

-W -W

3 +w +w

- J £a2 (x) du I fre(x®) No(kin—=wl) dux’

0 - Biw

e -w -wW

3‘; where the real functions . are so far unspecified. A
d

ffh particularly simple choice for f. is

o 1 on S,
f = (3-26)

¢] on S, , 1l#k
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which is a pulse expansion function (see Figure 3-2).

Using (3-26), the lkth elements of G and B become

(3* X2 X
Wl 2 G = j dx J Jo(kix~x"1) dx7

o k
‘ g . Xi1-—-a Ae—2a

(3-27)
el'.' ¥ ¥

b _ . .

ﬁ& - Biw = - dx No (kix—=x"1) dx”.

o Hi-—1 Kue—12
Put

K

Y G (%)

J Jolkix—x"1) dx~’

J4 Kie—a

D X€S, . (3-28)
e X

2—3 Biwn(x) = —J No (kix—x?1{) dx’

P Py

y
;$$' Then, by the first mean value theorem for integration (21,

ﬁﬂ Section 7-181, there exist points xgo and XxXmo€5: such that

Py
L I
]

Gin = 1511 Gy (xao0)

. (3-29)

[ 1-
13

Biww = 1821 sz(XNo)-
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The evaluation of Giw and Biyw is completed by integrating

the Bessel functions Jo and No over S«, and, for that

purpose, any quadrature rule can be used. Thus

n 1 Q
- B = ~ [Sy ISl £ Qs Jo[klxao - ){‘_“(}
k 2 i=1
(3-30)
n 1 Q
- By = - = 1S, 11S.1 ¢ Qs No[k|XNo - '\(‘k‘]_
k 2 i=1

In (3-30), @ 1is the order of the rule, Qs are its

coefficients, and its abscissas are given by

1S}

Ha¥® = Rp—1.2 + Pao

2
where xXw—_i1.,2 is the midpoint of S..

When evaluating the diagonal elements of B (1=k), No
offers a logarithmic singularity at «=x" that requires

particular attention. Put

Nop (kix—x"1) = (No — Noa) (kix=x"1) (3-32)

where Noe 1is the singular part of No given by its small

argument approximation (3-10). Then




e
)
3
)
z.x 36
.’"
!
%1
e
il
LF)
Xa Xa
n
- Baa = - dx (Now + Nog) (kix-x>1) dx°’
k
Xa—12 Xi—12
\
1 1 181 |
b\ = - - 1812 |2 log[Yk ] - 3}
s w 2
L -
. Ha Xa
K> <
R - j dx I Nog (KiIx—x"1) dx’. (3-33)
\. Ki—1 X1-—-12
[
Noe has no singularity at x=x’, and can therefore be

integrated by the first mean value theorem and quadratures.

et W e e
ALt

Thus
[
j%
oy
:' n 1 1Sa i
. ~ Bia =~ - 1612 |2 log|Yk—] -3
< k n 2
1
¢
§
:,l' 1 Q
‘;’ - = lS;'z z Qs NOp[kIXNOp - xtl'} (3-34)
® 2 i=1
3
)
?’ for some Xmop€Si.
® Actually, finding such points Xgo, Xmo, and Ymoe is at
o~
:Q least as difficult as computing the integrals themselves.
e
«% For sufficiently small 15,1, however, the midpoint of S,
)
.3 can replace these points while introducing negligible
!'.
0 error. Thus, dividing by the factor 18,1,
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o0
3
-

o -
-
I,

G 3

=

1Su i
g 2 i

Qs No (u, %) if l#&k

a

[ =]

=

par

B

(3-33)

Ly

kiSal

i
e

.
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PR A,

o
P
"

2

| - 1Sy 1)
I~ 1841 —[2 log Yk—-'J - 3| +
) T Z

-~

2.

S

QiNow (U 2 ) if 1=k

¥,
-

L L
[y
"

L
-~

where

I A
oAy A 4
MR

s

- . - -

Ua 2™ = KkiXamasm ~ Xo™I, (3—-36)

-

The matrices G and B so obtained are the same as those

' >
Tty
Pl YR ol

resulting from enforcing the point matching condition

- tn

Y
> UL IS

-
K

R(x1-1.,2) =0 1=1,2,...4N (3-37)

v
&

tz in (2-30), rather than the 6Galerkin condition (2-31),
L) except for a slight alteration in B,,, as can easily be

established.
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3-4 Numerical Results

The characteristic currents and magnetic fields as
well as the equivalent magnetic current and radiation
pattern have been computed for different slot widths. The
computational aspects of the solution, and some of the
results obtained for slots of width 0.4 1, 0.5A . and 1.0A

where A is the wavelength are discussed in this section.

In the actual computation, polynomial approximations
of the Bessel functions Jo and No [22, Articles 9.4.1-
?.4.33 are utilized, while all the integrals are computed
using an eight-point Gaussian quadrature [22, Table 25.41.
In evaluating the far fields, the Hankel function 1s first

replaced by 1its large argument approximation [9, Appendix

D]:
(2) -3js
Ho (s) = 2j/(sm) e - (3-38)

Then, using the typical radiation zone approximations (%,
|

Section 2-101,
y .
1 s = kdzZ + (x—x°)2 = k(r - x'cos#)

i/s 1/7kr

for all points (x,2)eC,,, r>:>2w, where @ 1is the angle

r=xu,+zue. makes with the x-axis, the electric vector

St K .’ » . Y -

SNt LR T S0 AT G
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'( potential proddced by the characteristic current M, at any
o a‘\
)
i*;g point (r,8)€C,, is readily found as
Rl 4
15081
1%
:‘»)34 X e
e +1 -jkr N ikx’cos®d
’*‘- F(Mp) == —— @ L Uns e dx® u,
%’ J2inkr k=1
)“P‘
U Hoema
ey
RN . N . _
LU Jk¥w—1.,2 cos¥
N\.’ = + A(kr) I Unk |Sk| e -
da k=1
3‘,,1‘
ath

sin((kiSwicosy) /2)

u, (3-40)

|
aide

—I.

* 4
K
s

1

(kiSulcos®) /2

}~: where
st :‘Q —Jkr
{ e
Ay Alkr) =
o Zinkr
&
i&ﬁ
) and where the upper sign is used for z<0 and the lower one
Tkxg for z2>0. The far characteristic fields then follow by
on

b

?;:

substituting (3-40) into (3-3).

i
-

e
-
!

An IMSL Library 2 subroutine "EIGZF" [23] is used to

solve the matrix eigenvalue equation (2-33) for the

S

characteristic values and currents. In all the computer

A
ot e -

ol ol e i
P eyt

‘ 4 runs, a "performance index" has consistently been less than
B F W

fi.’ one, indicating that the subroutine has performed well.
1

b~g The convergence patterns for the characteristic values for
o

J the 0.4 ), , 0.5 ) , and 1.0 )\ slots are shown in Tables 3-
R
121 1, 3-2, and 3-3, respectively. As can be seen, the
/
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R Table 3-1

D The convergence of the characteristic values for the 0.4 A
A slot.

4 0.386499 2.541965 32.9835104 7.204746%10 % %

3 S
8 0.382960 2.381441 39.523594 2.778433x10 4.624070x10 @

3 S
12 0.381978 2.340339 37.074282 2.372682x10 3.329886x10 @

3 S
16 0.381576 2.322112 36.091969 2.232416x10 2.945282x10 @

3 S
20 0.381381 2.311973 35.573169 2.163472x10 2.7735236x10 ®

3 S
- 24 0.381277 2.3033593 35.256428 2.123233x10 2.700021x10 @
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ﬁ# Table 3-2

v The convergence of the characteristic values for the O0.5A
slot.

LYy 4 0.248621 1.722857 22.1775846 1.848905x10 4 4

: 3 3
3% 8 0.251433 1.615827 16.842234 0.726753x10 0.767466x10 @

hel 3 S
e 12 0.252425 1.588517 13.861717 0.622888x10 0.554707x10 @

. 3 S
§ 16 0.252971 1.576381 15.466336 0.586800x10 0.494704x10 @
: 3 S

A4 20 0.253329 1.3569636 15.256797 0.569042x10 0.466199x10 @

;."r X 5
)
:gf - 24 0.253587 1.5656%1 15.128519 0.5586353%10 0.430576x10 ®

o W e T e
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f convergence is always monotone, either upwarad, or downward.
For the 1.0 A slot, bz first decreases monctonically and
then increases., but this can be attributed to rounding
errors. Also, the convergence of the lower order
characteristic values 1is generally faster than that of the

higher order ones.

Any calculated value of b, 1s probabiy inaccurate
whenever {(bn/bal rioN®  where NS 1is the number of
significant +figures retained during the calculation.

Whenever b, was large enough to be unreliable, it was
arbitrarily set equal to «. Now, the contribution of these
currents is extremely small, and therefore has not been
considered in subsequent computations. It appears that for
a slot in a conducting plane in an unbounded medium, only a
finite number of characteristic currents need to be
computed. This is also expected to carry over to slots in

a conducting plane separating contrasting mediums.

The computed characteristic currents normalized to a
maximum amplitude of unity and their radiation patterns for

T

the slots considered are shown in Figures 3-3, 3-3, 3-7, 3-

9, 3-11 and 3-13. Figures 3-5, 3-9, and 3-13 are polar
plots. The normalization to a maximum amplitude of unity
{* ' is used only for plotting convenience. The equivalent

magnetic currents and radiation patterns for the slots are
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R

BN

y shown in Figures 3-4, 3-6, 3-8, 3-10, 3-12, and 3-14.
¥

.4 Figures 3-46, 3-10, and 3-14 are polar plots. All currents
'

Jr clearly exhibit the right behavior at the edges. It 1s
;. interesting to note that the number of lobes 1in each
'ty

§3 pattern is equal to the order of the characteristic current
i. .

:5 or field. When a slot is excited by the plane wave (3-1)
" with 8=0°, the equivalent magnetic current M is given by
[

\¥ (2-15). The power radiated by the magnetic current V.M, is
KA '

h called P.. For various values of n, the ratio P,h/F, is
: given in Table 3-4. This ratio was evaluated with N as
% specified in the arrow marked rows in Tables 3-1, 3-2, and
Y

% Z-3. The entries in ‘Table 3-4 suggest that the radiation
. pattern for the slot is basically the same as that for its
;, dominant characteristic current. This is indeed the case,
)

it as is readily established by comparing the corresponding
%. figures.
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Table 3-4

characteristic
the dominant characteristic
(b) 0.8 A slot, and (c) 1.CA

by

(a)
n F s F
n 1
1 1.0
2 Q. 159567
-3
3 S.170679x 10
-8
4 &£.807077:x¢10
-7
S S5.374193% 10
cee 0.0
(b)
n P /7P
n 1
1 1.0
2 0.267814
-2
3 1.145190x10
-4
4 2.366575% 10
-6
S 2.929748: 10
aee 0.0
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<0 ()

o 2 0.149602

R 3 0. 039083

i 4 3.766960x10

;"" -4
'y , S 1.726436x10
g

o -6
%’g‘lﬁ : & 5.240201%10

-7
1.126339%10
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I CHAPTER 4

el

c‘:’p u

iy? TRANSVERSE MAGNETIC (TM) CASE

a1

oy

. W

};, The case of a uniform transverse magnetic (to the slot
X

AN

I$$ axis) plane wave excitation of the slot is considered in
WY

K

an this chapter. The characteristic currents and electric

fields as well as the equivalent magnetic current and
radiation pattern are determined for different slots.

Analytic expressions for the narrow slot are alsa given.

4-1 Basic Formulation

et a plane wave be incident on the slot at an angle ©
from the left of the screen (see Figure 4-1). This wave is
assumed uniform and transverse magnetic to the y—-axis, and
therefore has the field distribution

-Jjk{x sin® + z cose)
E* = e U,

n_ ) (4"'1 )

::] 1 =jk{x sin® + z cose)
Bed H* = - 5 [case U — SiNO g.]e .

hw Since the slot is uniform along the y-axis, and since
‘el the incident electric field has only an E, component that
does not vary with y, so does the scattered electric field.

Consequently, the total field is independent of vy and

g

T g
L't o

- o -

22

DS P R T AL
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R AN I AN IR e TR T T P Y O T8, nan thyifithy .h‘f:"f‘-‘?h'. " W s Y e L

L MM Lt Ch it p i L i i)



62

{ L X

2% | Perfectly
Conducting
Screen

Figure 4~1. An infinitely long slot in a conducting plane
illuminated by a uniform TM to the slot
plane wave.
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5 transverse magnetic to the y-axis. It then follows from
..
"o
fﬁ (2-1) that M has only an x—-component that does not vary
L).>
b with y:
N
¥
o M= M) u.. (4-2)
}H
2# The field to the left of the screen is thus given by
- [?, Sectian 3-121
M E() = -7 x FE(
h
;.' (4-3)
v 1
N HM) = — j— [V(V . F(M) + k2 F(M 1]
=
o plus the short circuit field
LS,
!
. —Jjkx sin®o
b E®= = - j2 sin(kz cosé) e u,
72‘ (4-—-4)
o 2
?}: H=s = - 7 [cose cos(kz cos@) U, +
L
)y —-jkx sineo
() Jj sin® sin(kz cose)g,} e .
v
ol
3

A\

In (4-3), F(M) is the electric vector potential produced by

x
«
® 2

M in the presence of the complete screen, viz. 9, Section

*:-.‘- J

S—-71:

e
SN

2 <
AF S

e

+w

1 (2)
F(M) = —I M(x’) Ho (k¥ZF # (x—%"J)=) dx’ Uk. (4-5)
23

e

w ]

-w
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o The field toe the right of the screen is then the negative

S of that in (4-3).

iy Substituting (4-3), (4-4), and (4-3) into (2-3), Y (M)

-
o

[ r and I are readily found as

+w

o 1 d= (2)
'3? YM) = — (=— + k=2) J M(x") Ho (kix—=x"1) dx’
z ‘y k]’] dx=
—W

(4-6)

2 -jkx sin@

I = - ﬁ cCosO e

where, as before, scalar quantities are used since Y (M) and

I are both directed along the X—axis. Furthermore, using

- s

- A -
- ( ). h
! :

(3-7), the operators G(M) and B(M) are now given by

N +w

: 1 d=
o G(M) = — (— + k2) M(x™) Jol(klx—x"1) dx’
nty kN dx=
3.:'.:" (4-7)
.x{:
14‘. +w
f"ﬁ 1 dz

BM) = - — (— + k=2) M(x") Nof(klx—x"1{) dx’.
5 kN dx=

o
")

[
L et

eI
RS
r

ok

Below, the narrow slot is treated +first, and 1is then

,
o

followed by the general case of an arbitrary slot.
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4-2 The Narrow Slot

Approximations similar to those utilized in the TE
case can be used to simplify the analysis of a narrow slot
excited by a uniform transverse magnetic plane wave.
Specifically, the Bessel funciions Jo and No are replaced
by their small argument appraximations (3-10).
Furthermore, for a narrow slot, I does not vary greatly
over the slot, and can therefore bhe approximated by the
first two terms of its Taylor expansion about the origin,

viz.:

-t
n

H®<(0) + x H==" (O)

[}
|
I e

[2cose - jkx sin(2e)}. (4-8)

In (4-8), the prime denotes differentiation with respect to

X, and (0) is written for the paoint (x,y)=(0,0).

The characteristic currents are determined by solving
the matrix eigenvalue equation (2-33). Since the slot is
narrow, however, partitioning of it is not necessary. The

1kth elements of E and 3 then become

A A L SN Y N e e
s <o e N S




> 5t
RO
;':2
' L]
l’. ,
g
¥y
&Y +W
l"’t‘ ‘ 1
ke Bie = — fa () dx
;':“. kN
-wW
Y
s +w -
;?' dz k
_\ (—— + k=) Fue(x?) |1 = —u-=u”1=2] dx°
N 'f\ dx=2 4 4
L —w
o
e (4-9)
_u“
o
oL -2 I
: Binw = — 2 (%) dx
® wkn
—-w
+w
d= Yk
(—— + k=) fr(x™) log[;-lx—x’l] dx’
dx= 2 B
—w
An  appropriate choice of f that satisfies the edge
requirements indicated in Section 2-2, and is caompatible
with (4-8), is
o frelx) = xk—1 @ — = k=1,2 (4-10)
5
'1*3 which results in a second order matrix eigenvalue equation.
5 Y

Substituting (4-10) into (4-9), and using the identities
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. W
J JWE —%Z dx = w2n/2
-w
+w
J x2—1 foF T E gx = 0 (4-11)
-W
n>0
+w
(Zn—-1)! Ww2e¢n+1o g
n f@F T %= dx =
(n+1) ' (n-1)! 22n
-w
and [10, Appendix]
+w =
Yk w T Y kw
JwZ — = lug[—— Ix—x’l] dx’® = —— log[———]
2 2 4
-w
=2
wTr 2
+ — [?(x/w) - 1]
4
(4-12)
+W
K
Un(x’>/w) fwZ - x° = log[i—lx—x’l] dx® =
2
-w
wWaw
- — [n[l - (x/w)’] Un(xx/w) + Tn(X/N)] n>0
nin+2)

ot { o J‘vf T X { S YL
A J«' "n'.’lh I"..::ﬁ..' ' 'a‘.’: L\ ".:.:“n. .”e * “.'l XA :'.' U3, ‘. 7% ‘P o 2, ".ﬂ X "ﬂ?‘ p LN
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where T, and U are, respectively, the Chebyshev

polynaomials of the first and second kinds, (2-33) then

e becomes
)
::“ Y kw
Ly 2 - (kw/2)2 + (ku)zlog[———] 6] Una
s w2y 4
e - — 2
v 2 0 wz[t— -(kw/2)=] Unz
3
(kw/2)2[1 -~ (kw/2)z] O Uns
w2y
= b .
~ 2 o (W/2)2(kw/2)* | {Un=
n=1,2
{4-13)

By inspection

-1 v kw
b, = 2 — (kw/2)2 + (kw)zlog[———]
wlkw/2)2[1 ~ (kw/2)2] 4
{(4—-14)
Ma(x) = C Jw= - x=
and
-4 2
b = [1 - - (kw/2)=]
wl(kw/2)4 3
(4-15)

Ma(x) = Dx Jw® — x=

MY TS St
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are the solution-pairs of (4-13). As can be seen, b, and
b=z are very large negative numbers. Furthermore, since

w@ 2kw<i<l, the characteristic values are well approximated by

t s

bl 4 Y kw

T

) by = - —— |2 + (kw)zlng[———]
JJ

Ll w(kw)= L 4

i ' (4-1&)
N -
%ﬁ

Q
gh 64

° wlkw)*

1Y Consequently, to this approximation, the characteristic
) currents are given by

i

‘;5, 2470k

:". Mi (x)
"; ‘|', szﬂ

U (4-17)

f‘.:@;: 842 nk
< “.’( M=(x) =
B kZwen

% JWE - x=

%k when normalized according to (2-36).

)
.
%}g The equivalent magnetic current on the slot is given

’.'0:#; by

s <Ms, I> <M=, I>
et M(x) =
o 1 + jb, 1 + jba

M=

'i.'. . e®
)
K
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whlr
“ Ay
gt
;:V.Qe
\1‘02':’
F'w‘.". '::M‘ ’ I ,: ‘:ﬂz, I } .
" & My - J ——— Mz
,:"x'i“ 1 + jb, b=
¢ i'
1y
&
{é?ﬁ [ H==(0)
b A
e T nk +
:,‘2, W(kw/2)2 — j(2 + (kw)Zlog (y kw/4))
vy
Y
1) "’ .
‘$ﬂ - H®<=" (0) x] Jw= =, (4-18)
”ﬁhz 4 ‘
;ag The magnetic current (4-18) reduces to that in [10] when
oW
b
ggﬁ' all terms containing kw factors are ignored. Higher order
f‘?lfg
;” solutions can be obtained by retaining more terms in (3-10)
W
£ * and using more expansion functions.
3
4 .

; = =
28 4-3 Evaluation of the Matrices G _and B
4405
e
#\Q The general slot of arbitrary width can be solved
) 4
J i)
:5' using the Balerkin procedure of Section 2-6. Similar to
Je =
ﬁw“ the TE case, an efficient evaluation of the matrices 6 and
'l:i =
:m$n B is essential for the success of the solution.
DN A
LN

Because of the form of the operators G and B, a

triangular expansion of the characteristic currents (see

- SJ’}}

“
L

h&g Figure 4-2) is attempted. This has the advantage oaof
@

»q\{ reducing the second order partial derivatives to +finite
A

1d

; Tﬁ differences [24]1, as well as approaching =zero as x-—>*w,
s Gl

ﬁgﬂ although not at the rate specified by the edge conditions.
L

.40,
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Figure 4-2. The triangular expansion functions for the

characteristic currents.
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To keep the notation simple, a uniform partition of the

NP slot is assumed. Thus

PR T HAe—2 Hems 2 X 2 Ny

(4-19)

0ni -

y@ feix) =

":‘:’ Xeewer — X Xee £ X & N2

where S is the uniform width of the partition. The lkth

t’i ’ = =
?ﬁ' elements of G and B are then given by

Xaes

iy d= )

_"'l' knG;k f; (X)[("‘" + kz)Gk(X)J dx
dx=

Xi—1

(4-20)

¥y X3 s

k) a=
|fg§ k NB1a & fa (X){(-‘—‘ + kz)Bh(x)] dx
AN K

dx= 4

Xa—a

where

o X2

ég- Brix) = J fre(x®) Jolklix=x"1) dx’

oS
S

Xpe~—13a

.

(4-21)

e
G

'Jgé?

Xices

Bu()()

2 e

J fFre(x’) Nolklix—-x’1) dx’

Hoc—=12

bl "
....\ "!.‘ '\'. B SR ‘ )

L N T S S S N S PR S S
B L AR R CA L L CRE R VAT AR PR ERCAC
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Integrating the first term in (4-20) by parts twice,
and approximating Gu(x) by Gu(xy) and Bu(x) by Bw(¥:,) in

the second term, Giw« and B,. then become

1

kT]le = - [Gk()(;ot) ~ 26&()(1) + Gk()(1—1)]
S
Xaiea
+ k2 Gu(xa) f a1 (%) dx
J
X2
(4-22)
1
knBiw = - - [Bk(xlo-l) - ZBk(x;) + B (X;-;)}
S
Kiea
- k2 Bu (1) f fi1(x) dx.
Ha—a
Since
X+
f fal(x) dx = S, (4-23)
i~

the elements Gy« and B,w of the matrices E and B become

1
knle = =- [Gk()(1o-g) - 2(1 - F)Gk(x;) + Gk(xx—t)]
S
(4-24)
1
knNByy = - - [Bu(x;-;) - 2(1 — M B (x;) + Bk(Xl—l)]
S

% S LN RS RIS F T
o

LA aia LA e 5 . .
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ol

W

..._:.,1

i where r=(k=g2/2), The evaluation of Giw and Ba. (t1-kt>2)
‘*'v"‘

3 a9

2£§ is then completed by performing the integrations in (4-21)
sty

2

%ﬁ, numerically to obtain Gw(x) and Bw(x) at %x3-1, x,, and
LIS L%

g? Xi+1, and, for that purpose, any quadrature rule can be
i} s

g.; X

f“i used.

3

R

) When evaluating the diagonal and the first and second
f?. lower and upper diagonal elements of §, Bi s 1=kl =22,

singularities are encountered. As has been seen in the TE
case, this situation is best dealt with by integrating the
singular part of the integrand analytically. The non-
singular reméinder is then integrated numerically using a

quadrature formula. Thus

. B s
Bk(x_g) = Bk(x,) + B (X%4)
where
Hiee2
p
Bic(xy) = Fue(x®) Noplkixs—x>1) dx°
Kpg—1
and
Hocea
s
Bu(x,y) = fFuelXx’) Noal{klxg=x’1) dx° (4-25)
Xe—12

where Noa is the small argument approximation of No given

N

2T g . - -~ v - - .
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by (3-10), Nop= No-Now, and j€{k-1, k, k+13. The

y | X
3’; integration in (4-25) is readily performed as

) s 2 Yk
2“& Bic(xy) = z (x* — x.)lng’——lx,—x’(] dx’®
LS i 1,

L2

Yk
z j (u - (XJ-x‘))logl——ul du
2

[ vk 1
L% ;: = - I Ix Fhat 170 o 1 ag [:"" ! )(:. Xl ] - -

7S i=k-1, l 2

s Yk
) = 2Ixg=xa b =%, | log[—-IXJ—xnl} -1
2

. (4-26)

In obtaining (4-26), advantage was taken of the non-

%3 negative nature of (x3-%,)(xy-x.) to replace it by its

O
[ <

absolute value. Since

¥
7

¥y = - w + 38 (4-27)

re
T
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gt then

Y K 1
li~ki= log[—~|j~k|5] - -
2

(]

i ' Yk ] |

- 21j-itij~kt log[—-lj—kls - 1J

2
Yk 3 ]
+ 1i-il= llog[——lj—ilS] - j} - (4-28)
2

s

When 1j-kl=1, Bu(x,) of (4-28) reduces toc (f. and when j=k,
s

B (x3) reduces to =z where

w

1
fa = - 2109[2YkSJ
w
(4-29)
S Yk
Rz = - 2109[—-8] - 3.
w l 2

L
s R
i

The quantities (Bu(x,), j=1-1, 1, 1+1) appear on the

o

right-hand side of the second of equations (4-24).
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4 Retaining (4-24)

A

! 3 means of (4-25) and

Kh

W

N

LM

) 1

y knBiw = lG“‘ Maer) =

20 ¢

b 1

a A [Bk(xx-o-;)
S

Sy

5%

bkt 1 ~p

j"\ - = Bk(xl..g)

o st

e

i »

‘ *

‘043 1 |

' . = = |Bu(X1+21)

‘A" S |

) ‘I"

QG' 1 p

ey - - [B.‘(x,-,)

5 i

Q\'

ﬁb

Yo

98
1

)

ahy, - [B.‘(xl_,l)

2 S

e

14'-:

Le

L J 1 p

s = = |Bk{X1+1)

000

&? S

Ve

a W

Yol

0.'\.

Wl L

L

ﬁs.

pots

o LY

N

X

Sl

@

B

g Croh S TR > TN

‘u" '-.l."\'n. *"Mt 0 ;0*,,.\’ BTN

Attt

whenever

(4-29) whenever

2(1 -

- 2(1

- 20

-._ -

»

fk=1152,

and replacing Bu (x4

li-klz1,

o . =
LRSS A S R e
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by

we obtain

1
r) G (M2 ) + G (%3 -1 J

- P)Bk(x;)

= ) B (%)

- F)Bk(x;)

p

- F)Bk(xl)

3
201 - 201 = 1) GzJ

'4;.,"..&‘.--. -
,..‘4'\..

tor all 1,k

+

Bk(xl-‘)}

1+ k=112

+

Bu (63 —2) + 6;}

if k-1=2

p
E‘k(xl—x) + 6‘}

+
if 1-k=2
+ Bu(xa—-21)
1 .
r BtJ if k—-1=1
p
+ Bk()\'l_‘)
] .
r 6xJ if 1-k=1
p
+ Bk()\'1_‘)
if l=k.
(4-30)



78

-

In (4-30), By (x4), jE{k—1, k, k+1}, is evaluated as
)
p !
L P @
B (X_’) =% S 21 Cer 'fk(xk*'dnS) Nop(klx_,—(xk+d.-.S)|)
i (4-31)
s

where @ 1i1s the order, c., are the coefficients, and d. are

the abscissas of the quadrature rule.

A

s 4-4 Numerical Results

3

s

& The characteristic currents and electric fields as
Tg; well as the equivalent magnetic current and radiation

. pattern have been computed for different slot widths. Some
I\ of the results aobtained for the 0.4}, 0.35), and 1.0 A slots
i .

i} are given in this section.

[

v In the actual computation, polynomial approximations
:{{ of the Bessel functions Jo and No [22, Articles 9.4.1-
29
{N ?.4.3]1 are utilized, while all the integrals are computed
[

[

IS using an eight—-point Gaussian quadrature [22, Table 25.41.
Aj The characteristic electric fields E., are given by

r

;‘ .

e +w

Fag *1 kz (2)
ﬁ: Eny = — Ma(x7) Hy (kSZZ+(x—x")2 ) dx°
;. i2 Jz2+(x-xn’)=2
.. -w
L (4-32)
"

-".'
.‘ .
.zj

i

d 1
7,

=< !
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(2)
where H, is the Hankel function of second kind and first
order. The upper sign is used for z<o and the lower one
far z=>0. The far fields can then be obtained by replacing

the Hankel function by its large arqument approximation [9,

Appendix DJ:

(2) -is
H, (s) = jf2ij7(us) e (4-33)

and using the radiation zone approximations (3-39). Thus,

substituting (2-28) for M., with f.(x) given by (4-19), we

obtain
1+3 rsin((kScosﬂ)/2)12 -Jkr
Eny 2 2 — Jfk/(wr) sing l J S e
2 (kScos@) /2
L JkXCOSH
Z Ur\k e
k=1
L jkxCcos@
= A(ry8) I Unw e (4-34)
k=1

at any paint (r,@€C,.. when r>>2w and kr>>1. In (4-34), &

is the angle r=xu.+zu. makes with the x-axis.

All the features and convergence patterns found for
the TE case are repeated for the TM case. The canvergence
of the characteristic values is monotone, either upward or

downward, as can readily be seen in Tables 4-1, 4-2, and 4-

y,-t.~$.1 -'.)l- '.,’ Y N -.‘_-..-n'--n‘ -‘_ LY TR :'... .’}..!:' o “""J’ e ar
LALARR L ARG \o (14t N ANAGOE YO G ’&n oo
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"Table 4-1

The convergence of the characteristic values for the o©.42

slot.

L b b b b .

1 2 3 4

4 -0.9704768 -39.8842620 =-3720.14844 ® 4

8 -0.9579801 -35.8596497 -2545.51025 -411088.187

12 -0.9465772 -34.6101685 -2324,.73218 -369193.812

16 —-0,9390166 -33.9757080 -2227.90527 -269168.375

20 -0,9338933 -33.5944824 —-2185.04346 -265509.875
—> 24 -0.9298853 -33.3237762 -2155.04395 -237685. 375
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Table 4-2

The convergence of the characteristic values for the 0.5 A

slot.

L b b b b .cee

1 2 3 4

4 -0.4591318 —-14.9436836 ~897.567627 )

8 -0.4725091 -14.0017996 ~-648.799561 -62683. 6680 @

12 -0.4709589 -13.6431913 ~600.401367 -51791.5703 ®

16 —0.4687450 -13.4430857 -579.9249951 —-49074.1836 @

20 -0.4668146 -13.3114119 ~3567.934814 -47766.3203 @

24 -0.4653491 -13.2199717 ~5460. 609375 -48250.3898 @
- 28 -0.45641726 —-13.1521626 ~555.927002 -49039. 1602 @
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'
)
::;‘ Table 4-3

,:eo. The convergence of the characteristic values for the 1.0 )
;:g' slot.

l'g‘;:i:} 4 0.007760 —-0.2222299 -6.3792248 ~316.052002° X
‘0.":;: 8 -0.0100392 -0.4589630 -7.8628264 ~187.909714 -8264.32031
% X 12 -0.0139949 —-0.3044749 -8.1933252 —179.358635 —-6616.984337
i

258

| \,.‘ ’ 16 -0.0157180 -0.351835139 -8.2802637 -176.418991 -6160.37109

20 -0.0167178 —-0.3237506 -8.29351430 -174.403238 -3933.50781

’L 24 -0.0173952 -0.5238325 -8.2879648 -172.971313 -5828.77734
Ry

B 28 -0.0178963 -0.5265995 -8.2730077 -171.782654 -5732.35547

(R 32 -0.0182855 -0.5267935 -8.2571888 -170.876831 -5652.25781

‘?.\ 2y 36 -0.0185869 —-0.5265971 -8.2394047 -170.050171 -5601.01953

YA ’

b -» 40 -0.0188513 -0.5263984 -8.2251053 -169.446167 -5562.56641
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§ . It should be noted, however, that only <four
% characteristic modes for the 0.41 and 0.5 A slots and five
g for the 1.0 ) slot are computed compared, respectively, to
k five and seven for the TE case. This 1is because the
g; correspaonding programs were run on dif%erent computers
i: having different computing precisions. When the TE program
*‘ was run in the new computin? environment, there resulted
§1 the same number of significant modes. The characteristic
Iﬁ' currents and far electric fields for the slots considered
:. are shown in Fiqures 4-3, 4-5, 4-7, 4-9, 4-11, and 4-13.
; Figures 4-5, 4-9, and 4-13 are polar plaots. The curve of
} the characteristic current Ma(x) in Figure 4-3 is not
gs exactly odd about x=0 because of roundoff error. The
:. corresponding equivalent magnetic currents and radiation
ih patterns are shown in Figures 4-4, 4-46, 4-8, 4-10, 4-12,
P

ﬁ; and 4-14, Figures 4-4, 4-10, and 4-14 are polar plots.
:?‘ When a slot is excited by the plane wave (4-1) with 6=0°,
iﬁ the equivalent magnetic curremt M is given by (2-15).
::: Table 4-4 gives for each slot the ratio of the power
i-: radiated by each characteristic current V.M, in (2-135) to
%A‘ that radiated by the dominant characteristic current V.M,.
%& All data are evaluated with L as specified in the arrow
é A marked rows in Tables 4-1, 4-2, and 4-3.
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i3
R Table 4-4
"ls‘.l
- The ratio of the power radiated by each characteristic
!:;:'c;‘: current to that radiated by the dominant characteristic
R current for a (a) 0.4 \ slot, (b) 0.5 ) slot, and (c) 1.0 A
.33. slot.
5
‘,ﬁ (a)
Vgt
X n P /P
F':‘iﬂ n 1
g _
i"’
;Eiz‘ggl
o 1 1.0
AL
N
YA 2 0.100758
*{E :
: s
3 0.231782x10
-4
4 0.1633407%10
ees 0.0
(b)
n P /P
n 1
1 1.0
2 0.161499
-2
3 0.6648028x%x10 -
-4
4 0.7618671x10
cas 0.0

y ) R oA W NBRDGD 0 tt
K] "N“ . ‘ .‘..'\" .'h\..h‘. ._!‘.‘-..‘. J. "‘\ ~ ‘3‘.“.’ i" '. ~ K? ,\ .‘. ’ A ¢ €y 5‘ ﬁ.’ “'i A r"‘c‘
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(c)
n Fr /P
n 1
1 1.0
2 0.062435
3 0.012813
-2
4 0.105344x10
-4
S 0.349562%10
- m 0.0
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x/A

8.1¢9

The first 4 characteristic currents for the 0.4) slot.

Figure 4-3.
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The radiation patterns for the first 4 characteristic

electric fields for the 0.4) slot.

n=1l
n=2

Figure 4-5.
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The radiation pattern for the 0.4) slot.

Figure 4-6.
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The first 4 characteristic currents for the 0.5\

slot.

Figure 4-7.
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The radiation patterns for the first 4 characteristic

electric fields for the 0.5) slot.
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Figure 4-9.
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The radiation pattern for the 0.5) slot.

Figure 4-10.
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The radiation pattefﬁs for the first 5 characteristic

electric fields for the 1.0) slot.

Figure 4-13.
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CHAPTER 'S

DISCUSSION

The theory of characteristic modes for slots has been
applied to the solution of the praoblem of an infinitely long
slot in a ground plane illuminated by either a transverse
electric or a transverse magnetic plane wave. The theory is
a specialization of the general theory of characteristic
modes for apertures, and can be applied to slots in a
conducting plane separating contrasting mediums and

illuminated by a general wave.

Some conclusions are drawn from the application of the
theory in the report.

1- The theory is equally applicable to narrow as well as
to general slots.

2- The theory results in a modal expansion +for all
quantities and parameters of interest usually encountered in
electromagnetic compatibility prablems, such as the
equivalent magnetic current on the slot, the transmission
coefficient, and the radiation pattern.

3- For narrow slots, the theory reduces to an augmented
Bethe theory, i.e., the slot is represented by a susceptance

term related to the polarizability, plus a conductance term.

(RN AN RIS "
Y ~.")4:"¢:‘°tf“f‘“ata'n‘".,('A}n"
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4- Only a finite number of characteristic currents and
field modes need to be computed for a slot of arbitrary
width.

S5— When the slot is narrow, only a few térms are needed

in the modal expansion mentioned in 2 above.

Although the presentation is confined to a slot in a
conducting plane in an unbounded medium, the conclusions
drawn above are expected to hold for a slot in a conducting

plane separating mediums with different electromagnetic

T~
X
O

Far NS

properties. The extension to the two—-medium prablem can be

Sl

accomplished in a straightforward manner. The application of
the theory to another kind of aperture like the circular or
elliptic aperture, or for that matter a general aperture of
arbitrary shape, however, is a major task worthy of
consideration. The study of the transmission of
electromagnetic energy through apertures backed by resonant
cavities, or loaded by dielectric sheaths or strips is of
both theoretical and practical importance. Other areas of
possible study include phased array antennas, pattern

synthesis, and supergain array design.

The theory of characteristic modes for apertures 1is

versatile. It has been applied with great success to slots




in a conducting plane in the report, and promises equal

success for other aperture problems.
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Appendix A

In this Appendix, it 1is shown that the convergence of
the modal expansion of E(M) is in a least squares sense over
the radiation cylinder. The proof for H(M) is similar. Let

(N) N
E (M) =L Van En (A-1)
n=1
be the N-term modal expansion of E(M) and let E(M) be the

quantity toward which it converges.

N
EM) =1im I V. E. (A-2)
N-Y2 n=1
If
U, = 1im V. (A—-3)
N-a
then
.
EM = I U, E,. (A—4)
n=1

The difference between (A-1) and (A—-4) is called the I

residual Ru.

o N
Re = £ Un En - I Va E. (A-9)
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Then, the convergence of E(M) in a least squares sense over
the radiation cylinder is equivalent to the requirement that

the square of the norm of the residual
2 4
IRt = J Rnv - Re dT (A~6)

be minimum. Substituting (A-S) into (A-6&) and using the

first orthogonality relationship of (2-25), there results

>

2 N
IIRnit =N I IUn = VAt + I tUnt |. (A=7)

The gquantity (A-7) is minimum when
Vo = Ua , n=1,2,...,N . (A-8)

As given by (2-19), V., does not depend on N. It is now
evident from (A-3) that V. is given by (A-8). Therefore the
modal coefficients V., minimize (A-7) so that the convergence
of the modal expansion of E(M) is in a least squares sense

over the radiation cylinder.

SRR R el
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