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3 - Abstract. We consigergnthe stability of difference schemes for the solution of the initial boundary
value problem for the equation *

P """""’i—,'; (A(zyt)uz)r + B(z, t)us + C(z,t)u + f(=,1),

§ e o2l o

~ " where u, A, B, C and f are complex valued functions. Using energy methods, we establish the
stability of a general two level scheme which includes Euler’s method, Crank-Nicolson’s method
and the backward Euler method. If the coefficient ‘ﬂ‘f’, t) is purely imaginary, the explicit Euler’s
method is unconditionally unstable, For this case, -we-propose a new scheme with appropriately

'.:- chosen artificial dissipation, which-we provenko be conditionally stable.
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1. Introduction

Finite difference methods for the solution of equations of Schrodinger type have been studied by

"' many authors, and extensively applied to solve practical problems in many disciplines [1, 5, 6, 7, 8,

.::'.T‘ _ 9, 10, 11]. Since conventional explicit schemes are unstable [2, 4], implicit schemes are usually used,

.-.-, especially the Crank-Nicolson scheme. In (7], D.F. Griffiths et al discussed a predictor-corrector
scheme. In [8, 12] the existence and convergence of solution for this difference equation have been
studied. Since the solution of Schrddinger equation possesses conservation laws, the schemes which

satisfy discrete conservation laws have also been investigated extensively [6, 7).

We consider the equation
o ur = (A(z, Ous)s + B(z,Duz + Cla, u + £(2, 1), (11)

ol in the domain Qr(0 < z <!, 0 <t £ T), where u(z,t), A(z,t), B(z,t), C(z,t) and f(z,t)
are complex functions, and Re A(z,t) >0 and |A(z,t)] # 0. This kind of equation arises in
plasma physics and acoustics [1, 11]. Clearly, (1.1) involves both equations of Schrédinger type and
parabolic equations. In this paper, we consider the initial~boundary value problem for (1.1), with
f the conditions :

| im0 = (2) (1.2)
Ujrm0 = UYjzm = 0, (1.3)

where %(z) is a complex function.

J In Section 2, we analyse the stability of a general two level difference scheme for (1.1), (1.2)
".1-:- and (1.3), which is a direct generalization of a well-known scheme for parabolic equations, and
includes the explicit Euler scheme and the implicit Crank-Nicolson scheme as special members.
" Some new results are obtained from which we can see the relationship between the Schrodinger

shtod equation and the parabolic equation.

If Re A(z,t) = U, the above mentioned explicit Euler scheme is unstable. Several interesting
stable explicit schemes have been presented in [3] for the case of the simplified equation u; = fu,,,
and applied to some underwater acoustics problem in [2]. In these schemes, Euler’s method is

i stabilized by appropriately chosen artificial dissipation. In Section 4, we extend these results to
equation (1.1).

We let h denote the spatial mesh size and divide the finite interval [0,!] into the mesh intervals

by the points z; = jh (j = 0,1,...,J), where Jh = I. We let k, denote the size of the time
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\:‘E::E step at the n—th step. For convenience, we shall denote u(zj,2,) by u}. We also use the following

RN

H ‘ difference operators :

LY L]

i +1

.:-" un+l =u" = u;‘ _ u;‘

-t L — %= ky * )
i1 — Y uj = ujoy

-,}‘. D+Uj = —)_h_!-’ D-‘u.j = __J_T-’__,

Ujp1/2 = Uj-1/2 ~ Ujpy ~ U~y 1

R Duj= === D= g =5 (Det Dy
::_":-,' Hence, we have

e 1
'_:-‘. ﬁ(u‘“’l ~2uj+uj-1) =DyD_uj= DZUj.

1

e 72 [Aj1/2(2541 = ;) = Aj_ypo(u; — uj—1)] = D(ADyy).

Finally, for any function ¢, we use ¢"** to denote a¢"*! + (1 - a)¢”,for 0 < a < 1.

: Next, we give our definition of stability. First we define the inner product for v and v :

) J-1

B (v, 0) =Y u;v;h
:.- B J=1
4'.: i where ¥ denotes the complex conjugate of v and the norm for u :

: = V)

: Definition 1.1. We call a scheme stable if the solution u} satisfies :

WA J-1
< eIl € CLllu®ll + C2 3 I ke

M =0
:5:;:: where C| and C; are constants which are independent of n and h.

L

L
" 2. A General Two Level Scheme.

‘, We are going to consider the following scheme for (1.1), (1.2) and (1.3) :
?ﬁ‘_ . u oy N

- f] S _ 2 ran+ +a _ ,n+ay _ an+a [ n+a _ o nda

= T ARG - T = AT (e - uT)]

i un+;r _ un+;: (2.1)
SOt +a i+ - - (ta, n+a _ nta . _

oo - B} (—-—2-h——) C/roui™ = [ j=12,...,J-1
~\ .:'

e W=, j=12,..,J-1 (2.2)

o uW=u}=0, n=0]1,... (2.3)
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j:::j We can also write (2.1) in this form :
:‘ ' * n+l _ n+ao nta _ +a 1, nta _ + +a _ en+
N w — DA™ D} Byt Dyt — CFTouT = fiVe. (2.4)
-'._n

o3 Clearly, (2.1) or (2.4) is explicit, implicit and the Crank-Nicolson scheme when a = 0, a # 0 and
l\.'

e o = }, respectively.

: We will see that this scheme is unstable if Re A(z,t) = 0 and o = 0. In this case, we will give
fj: another conditionally stable explicit scheme in Section 3.

) To facilitate the analysis, we first transform (2.1) by a change of variable to eliminate the first
;- order term.

j.f{: Lemma 2.1. Suppose A€ C3, B€ C? C €C! and ReA > 0, |A| > ap > 0, then we can choose
Lo a function ¢, such that 0 < Mp < |¢;| < My, j=0,1,---,J where Mp and M; are constants
\' and under the transformation

>
+a _ nda, n+
g uiTY = i (2.5)
\
K -

(2.1) becomes :

:j'.f O _gn

- +ay — _J J + + + + +

= L=t - 5 [Arta(opte = o) - AT (oo - upty )] (2.6)
-\ - G;‘:{'v;:{' - H}"""v}""“ — K;"Ilav;.-tla — Q;.H-av;_wl-a = I,'!;l'H!

J
{
- where Gj, Hj, K;, Q;, F; are bounded in Qr.

::; Proof. See Appendix A.

by

= h

-::_: We now state our main stability result for (2.6).
::‘j: Theorem 2.1. Suppose the conditions in Lemma 2.1 are satisfied. If % < a £ 1, then scheme (2.1)
N is stable.
h':: Proof. In order to establish the stability of (2.6), we are going to estimate ||v"*+!|. We multiply
- ; (2.6) by 5% to obtain :

(L(vn+a)’ vn+a) = (Fn-f-a’ vn+a) ] (2.7)
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Then we estimate every term in (2.7). For the first term, we have :

Re (v?“,v"""') = aRe (v}*1,v"") + (1 - a)Re (v;""l, v")

-z ye- (152) S

n
a nontl , (1—a) +1
- Re Dot =R } Jui*le}

_ 1 n+12 2y _ (1-20a) +1
—m(Zlv,- I-Zlv}'I)—Tk“—ZW}' -

1 (1-2a)

- n+112 _ 11,,7112) —

knllop 1%,

For the second term, we have

Re (DAn+a Dv, vn+a) = —~Re (An+a D-v"""", D_ vn+a)
= —||VRe Ante D_y"+o|2,

For the rest of the terms on the left hand side of (2.7), we have

n+a
eptespaapte) < St (uprerp 1 et
e

|H;~'+av;-'+°ﬁ;-'+a| < (|,U;+al2 + l'-’;'.+a|2)

I n+a

f+1
J+ (l n+o 2+w;l+al2)

n+a , n+a -n+o
|JKTr ol gt Te) < 2 Vit

J41 T+l Yy

(2.8)

n|2
Yy

(2.9)

|@pteviti=egrte < Q7+ [(1 - a)luf*| + alol] [elop*| + (1 - a)lof]

17 (112 4 g2
< =L (PP + 1)

So we have

n+a  n+aonta n+a, n+a-_nto n+a, ntanto nta, n+l—a-n+a
IRe [EG,--I PIROTTT 4 Y HPPt et 4+ 3 KT 4 Y Qpteuftimoe] ”

1 1
< Mg [0 4 o7+ 9+ 0 + S0
M. M.
= aaglloret + 2eprsnye 4 Mayomp,

where M, is a constant which is an upper bound of |G|, |H|, | K| and |Q|.
For the right hand side of (2.7), we get

1 1
|Re (F"""“, v"+°’) < E“vn+a”'2 + -2-||F"+°”2

(2.10)

(2.11)
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Now we substitute expressions (2.8), (2.9), (2.10) and (2.11) into (2.7) and obtain

a2 = 1717 = (1522) kullop 1P + IVREAT Do)

M, M, 1 1
< 3My|lv"*e|® + —2—||v"+1||2 + Tllv"ll2 + §||v""""||2 + §||F""“’Il2

1
< Ma(llo™ 1P + Ilo"11%) + Sl PP,

(2.12)
where
Ms =6My + %+1
L_.r')\ccc';io'l For }
When ; < a < 1, from expression (2.12) we have NTIS ©p “,,, g
Lrl l“ I,» ) U
1 n+1112 nnH2 n+112 nit2 1Fn+a2U]"" el 3
(917 = 15P7) < Moo P+ ™)+ ghEm=iy ) 50
It is easy to see that when kp < 17%7; we have Sy .
ot ibation ]
r_.,..._-_-.. - ———— e
l+ 2]~ Al AV insinnty Code
™17 < Togpeag "IF + 2kall 7P ——~,, ‘>~ codes |
A andor
< (1+ 8knMa)[|o"|[* + 2ka | F™. P
According to Lemma 4.1 in Appendix B, we obtain A_ / l J
n
uvn+l “2 < 268Mal-+| [llvcll2 + z “Fl“')k‘] . (2.13)
=0
From (2.5) and 0 < My < |¢,| < M; we obtain
n+1)(2 A{? SMatn+! 2 - 112
""" < 2473e lluoll? + 3 1 % | - (2.14)
o =0
| |
Now we turn to discuss the case 0 < a < %
Theorem 2.2. f0 < a < } and
< - ':“ S L (2.15)
2(1-2a) 577, o +ﬂ
where 9 is an arbitrary positive constant then the scheme (2.1) is stable.
. e !
N4
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SR Proof. First let
.--‘ - 1
: PBj= w ATl 0T = o7
[l W
_: §: P X | A”+1/2| | vn+a - v;a:-;r
: ::J: P IGn+al Ivn+a
NN
e Py = |H]* o+
A 1—
v = K3
S P = Q7] 7]
< P7] - lF;H.al'

From (2.6) we obtain immediately

S 2 .
lop 1 < (Z Pz,) : (2.16)

o «;‘ =1
j‘ Next we construct a quadratic foomin P; (I=1,---,7) by:
G
h?Re A2 h?Re AT 7\’
: P = — 2 P2, it 4 L2 p2. +51)Z - 20)ka | S By (2.17)
IA +1/2| IA 1/2l I=1
) ‘:‘ where 5 is an arbitrary positive constant. According to Lemma 4.2 (in Appendix C), P; is nonneg-
v':::j:j ative if 4
o = - 2.18
e _2a ) A;Il/zlz lA ”2'3 + 1 ’ ( )
J Il"'ReA"If,z h3 ReA;'f;'n n
“ which is true because of (2.15). Making this assumption, we have from (2.16) :
e h2Re AT+, h?Re AT*?,, 7
- (1= 2a)kalopH? < (7‘-;«,—*""5/' Pj; + —l'ATa"F/‘ Plj+5n) Fj
Py l j+1/2 j-1/2 1=3
_"L:‘_‘.: Summing up these expressions from j =1 to j=J — 1, we obtain
H (1 = 2a)knllef*H|* S 2lVReARFa Do v+ || + SpMF(3[lv™* 2|12 + |[v"+1=2[%) + Snl| P+ 2.
L
< 2|VRe AnteD_y™*e|2 + 409 MA(lv™ 1% + [[v"1?) + Sn||F™te|? (2.19)
[\ '.:_ .
.‘_:L‘-: Substituting (2.19) into (2.12), we have
- 1 5
<5 7 o™~ lo")12) < Ma(llo™*H 117 + [l0°)1%) + Ms[|F™+e |2,
AN n
b
&5
3

I
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where My = 2M3 + 40n M7 and Ms = 1 + 5. It is easy to see that when k, < 73, then
1 + koA Msk,
n+l Ry 2 n+a |2
ol s T o + e P
< (1 + 4k My)||v"]? + 2Msk, || F™+e |2
According to Lemma 4.1, we obtain
n
0" 2 < M (102 + 2M5 D || P2 12k) (2.20)
=0
and from (2.5) and 0 < Mj < |¢]| € M, we obtain
| n+1”2 Al] 4M.¢n+1(“uo”2 + 2M; i |]F'+"||2k;) (2 21)
1\.{2 = )
which implies that the scheme (2.1) is stable.
[ |

3. A stable explicit scheme for the case Re A = 0.

In this section, we assume Re A = 0 and let a(z,t) denote the imaginary part of A. We see
from the previous section that the scheme (2.1) with a@ = 0 is unstable. This is unfortunate because
in many applications an explicit scheme is desirable because they tend to be easier to implement,
especially in a vector or parallel computing environment. In [2], we construct a stable explicit
scheme for the simple equation u; = iu,, by adding appropriately chosen artificial dissipative
terms to (2.1). Here we consider an extension of this scheme for the more general equa‘ion (1.1).

We construct the following scheme :

u;-‘"’l - u;-‘ _ ,.“_',"+1 -2u} + u;?_, (za - |a"|)( 2ty
k a; Y] J J-1
n (3.1)
u;?+l ~ u;—’ n,.n .
‘-B;' 2h —CJuJ =fl’ ]=1,...,J—1,
where
1 .
v} = -h_i(u;'“ =2uj+uj,), j=1...,0J-1, (3.2)
with
vo=1vy=0. (3-3)
We will prove that this scheme is conditionally stable. For convenience, we assume
1.
a; >0, j=0,1,...,J. (3.4)
. \"_'.-_"..rh‘.' o -
bt ool p ool s, -~ e L“A‘ N AN P Saha S aloa

T T T
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" 2.
.,; (l 1,12 da g; |B "‘%l ,|C’|) < M. (3.5)
\ We shall need the following lemmas :
. Lemma 8.1. (Discrete Sobolev inequality)
" Given ¢ > 0, there exists a constant ¢ dependent on ¢ and n such that
ns 1Dl < D", + cliullza 1< m, (36)
" IDl|L; < el D ullz, + ellullz, 1< n. (3.7)

Lemma 3.2. (Estimate |[uf]|).

'-;:'.;'. For any € > O there exists a constant K dependent on ¢, such that the solution u} of (3.1)
o satisfies :
[a | Z 2 ID*uf | + €| D*u™||* + K (e) [llw"]* + I1/"1I%] - (3.8)
— J=1
. Proof. From (3.1), we have
' J-1
. . 1. n . 1, . =
||u'}"’”1||2 = E { [ta}'DQu}’ + z(t - 1)a] Dzv;-' + G;'] . [-:a;-'Dzﬂ}‘ + Z(—z - l)a;'DQv;-‘ + G;‘]}
=1
) where
N _ Gj = BjDu; + cju; + f;. (3.9)
Expanding the above expression, we have
) J-1
) ”u +1”2 Z{(an)Z'Dz "l2+ Re[(l —2)(0")2h2D2 n Dzvn]+ 2h4|D2 n|2}
':_" =1
o -
. +2Re ) _[ia] D%} + < (z — 1)alh2D*7|GT
' .:,: j=1
; Using (3.3), we obtain
N J-1
S h? " (a})?D*u} D*0}
‘..}-::. =1
b5y
- = Z: WP 1(a341) (8741 = 97) = (@)2(5] = #71) = ((}41)* = (&])7) (971 — 0})]
T Jy=1
ot J-1 J-1 J-1 ,
o =Y ol (8} - 00y) = D v (e) (5] — 0f-n) = D o (@) = (@))))(F4y ~ 7))
e j=2 j=l j=1
S ! .
- == (a})¥e} - vf ) - Z( a}41)? = (&) )} (57er ~ 9F). )
."::' =1 J=1
p S

.~‘ .
4

J' . b '~ - __.- .: o : . -...-.'- 3 : '...'_-'.-_...A"._. o - - ‘..—_:. -
-E:‘U- B AP A‘n a J‘L} " PSRRI TR, WS I IREND ST P A




Hence
1 J-1 1 J-1
5 3" Re((1 - 1)(a})*h2D%] - D*0}] + 5 Y (a})?ri D
J=1 Jj=1
- J~1
EZ a})? v} — 1’,'-'.1I2 + | Z((a;‘-{-l)? ~ (a})}) o} (74,
J=1 Jj=1
1 J-
*3 E 951 = 17+ 107 = 2]
s 'Z (a741)% = (a) )0} (s - Z((a
J=1
J-1 ,
< 22 |(a;-‘+1)2 - (a;")'zl |07 ] 1074y = vf)-
j=1
So
J-1
lf*i < 'Z(a D%+ 2 3 ((afs0)? = ()] 107) Jofer ~ o]
J=1 J=1
J=~1

+ 2Re Z [ia}'D?u;' + i—(z - 1)a;-'h2D2v)'-' G".

j=1

For G;, using Lemma 3.1, we have

NG < 3MP(IDu")? + [lu”)1?) + 3|/

< 6M%¢; || D?u”||? + (6M2K (e1) + 3M?)||u™||* + 3|1 1712,

where ¢; > 0. It follows that if we define

J-1 1
Q=2Re ) [ia;-'Dgu;-' +30- 1)a;.'h’p’u;'] G7,

i=1

we have

Q2 < 6M||D*u"|} |G|
<3M [¢2|!D7u"ll2 + -%[IG"‘HQ]
181\I €1

[3M €2+ ] (| D?u"||? + 21; (18M3K (e1) + 9M3] [[u”(?

where ¢, is any positive constant. If we define ¢; by

€2

1= 86aA1%

e e et BRI - PR, - N
. ROV Sy GO YT TEU, WAL U W U W GOy vou W S PP A S U P S, LB SN
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and €2 by
€

2= Toa1

then we have

Q < SUD%" I + Ky (o) [l + 17712)

where K (¢) is a constant dependent on ¢. On the other hand using Lemma 3.1,

J-1
2> 1(a41)? = (@) 107 ] o]y — vf] < 8M2h]|o"|?
=1
< 8M?h [e3|| D*u™||2 + Ka(es)llu"|?]
= 8MZ2hes|| D*u"||* + 8M?hKa(e3)||u"|)*
where ¢3 is an arbitrary positive constant. If we take

€

= 16A2h
then we have
J=-1 p
22 [(aF+1)? = (a])?]|9]] [vf1 — oF] < SIID*u”|f? + Ka(e)||u™]?
j=1

where K3(¢) is a constant dependent on €. Combining the above results, we finally have
J-1
lup (% < 3 (6])?ID%uF? + €| D™ + Ka(e)lu™lI* + Ka(e)ll /112,
i=1
where

I\'.i(f) = If] (() + If3(€) y

which completes the proof.

Theorem 3.1. If (3.4) holds and
min |a(z)] > >0
then the scheme of (3.1) is stable if

] h?
" 7 2max]a|

Proof. Multiply (3.1) by @} and we obtain

(Lu"' u") — (f'l‘uﬂ)‘

(3.10)

(3.11)

(3.12)




Next we estimate each term in (3.12). For the first term we have

1 2
Re(uf*',u") = m(llﬂ"*‘ll‘-llu"llz) 5 ol [i8

which is similar to (2.8). Applying Lemma 3.2, we obtain, for any ¢ > 0,

J~-1
1 k
Re (up*, ™) 2 g (™ = 1) = 3 | S (aPIDM P + ell D + kallu™ + L7
=1

(3.13)

The second term is given by

Il 2u + u” i
L= (—za;' thd o i1 a;.').
i=1

We first employ the following expaunsion :

—2u} +uf 1
)+1 j=1 _
aj 5] = [ Fe1/2(Uiar = ¥5) = af_ypp(vf ~ “}'-1)]

1 n n
+ 2 [(a}' - aj+1/2)(“}'+1 - u}) - (af - a}'—x/z)("? - “;"-1)] .

Then, using the boundary conditions, we have :

J=1
1
Z h? [a;"ﬂ/z(";"ﬂ = uf) —aj_yp(uf = “;"—1)] a}
J=1
J-1 J-
Z 2 J+l/2( 1 = U7)EG = Z%+1/2(“;+1 u7)ely,
J=1 Jj=0
J-1
2
=Tz Za1+1/2|u1+l -y,
j=0

and

-1

1 n n n
|z 72 [(a; j+1/2)(“?+1 - "j) - (a;-’ - aj—x/z)(“;" - “,?—1)] ﬁjl

J=1
Z Rda2 i £ J+1 |2 5 Z I - J+1/2 |2 |2 - E |~ Y-t (u J-l)

]-1 J:] J=1

AP
+3 Zl’ ST

J-l
< 20el| D*u”|* + ealu”|[?] + M?||u"|?

< 2¢[|D%u|? + (262 + M?)[Ju"||%.
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Hence we have
|Re I| < 2¢||D?*u™||? + (2c2 + M?)|[u"|)°.

The third term is given by

JZ"I (ia} = |a}])
Ia = (—_—4__.( J+1 20;‘ + v;"—l) . —;I) .
Using the expression :

(1=4) (e =207+ V7)) (1—1)1

1 h2 3 7 [2fe1vfr — 2070] + a0
()] t) 1
+—F 4 h2 [( a1+l) s+l + (a - aJ-l)
we have
o (1= z)
z 2z [a,+1v,+1 2a v +a,_1 )—1]'7
j=1
2(1=1) n
—4_ hzz 7 (8541 — 8] + 87_4)
Jj=1
-1
)Z nlvnIQ ,
J=1
and

935 L (o]~ eyl + (0 - )l )

=1
hJ -1 a" — +1 n.__ 1
552" LA, vinl vl + 5 EI’ et | vi-1] luF|
Jj=1 J-=l )
n 1
< Mhle|]o"|I* + -Ilu"ll’]
Mh
= heM|[v"||* + —|u"|®

The rest of the terms are easily bounded :

J—.

» Bw‘T’; a7 < M||Du"| "]

J=1
< M 1D?um 12 + Ka(e)wn]
- 2

|(eu, w)| < Miju|f?

and

1)l IR + g hel?

.......
.............
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Summing all the above terms, we get
_1__ n+1112 _ 11,,M|12
g, (™7 = ™)

J-1
kn h? k . Me
< one m2_ 0 o on 2,ni2 on pbiond 2,,m((2
_;_S:“T(z(a,) 4a,)w u?| +[2€+2e+th+ > ]IIDu I
+[2K4+202+1u + . + 2 +M+2 Hu™)* + -{K1+'2- N e,
Of course, when (3.11) holds, we have

k o R, g2
EA A S

where
h2

=m—kn>0.

As long as € is small enough, we can make

kn Me _ A2A
it — <=,
2 €+ 2¢+ keM + 7 <73

For such an ¢, we have
s (™12 = ) < B o) + S 7).

Here the constants }\71, 1\72 depend on A and M. Using Lemma 2.1, we have the proof.

4. Concluding Remarks

Using energy methods, we have established the stability properties of the two schemes consid-
ered in this paper. Since equation (1.1) includes both parabolic and Schrédinger type equations as
special cases, our stability results provide a unified treatment for both types of equations. Finally,
the results here agree with the stability results obtained for the constant coefficient Cauchy problem

via Fourier analysis (3, 4].
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Appendix

Appendix A (Proof of Lemma 2.1)

We substitute (2.5) into (2.1) and get, for the first term :

uptt = (eo)p"

1

AR R A A U Rl t)
1

= E [¢;}+a(v;,'+1 - v;') -+ (¢;_'+l - ¢;l)((1 +a)v;-"“ +av;_.)]

-— -+ +1 + 1= +1

= ¢} °v;: + ] °’¢;"_ .

In the following, for simplicity, we shall drop the index “n + a”. For the second term using

the expressions
~ 1

$j+1 = ¢; + Dé;h + -éD.,.D_d:,-h”

1

$j-1=06; — Do;h + 2

D+D-¢jh2s

we obtain :
D(ADu;) = D(AD(¢v);)
7]

%] [Aj+1/2(vj+1 = v;) = Ajoaya(vj = vj-1)]

1
* 3 (441728541 — ¢i-1)vj41 — Aj—1/2(d541 = j=1)vj1]

i+1 — 2¢; + ¢
+ (¢j+1 2h; J l)(Aj+1/2”i+l + Aj-1/29i-1)

= % [Aj4172(vi41 = v5) = Ajoipo(v; = vjm1)] + M,_-.—l;}ﬁ%_-l_)_

1= i
+ (¢H12h2 j-1) [(Aj4172 = Aj)vier + (A - Aj-1/2)vj-1]

o1 — 26 + di
+ m 2:; % 1)(Aj+1/2"i+1+Af“/’vj")

Aj(vjs1 = vjy)

~ o~ A; —A; A;j—A;_ ~
= ¢;DADv; + 2A;D¢; Dv; + [-J—+l—/’2-l—-l-vj+1 + —-’-—h—’-l—/zv,--l] D¢,

(Aj+1/2Vi41 + Aj-1/2V1)
+
2
For third term using the expressions

D%4;.

bj+1 = 6 + Dy gjh, @j-1 = &; — D_¢;h

we obtain B,
B;Du; ='2z"(¢j+1”j+1 ~ @j-1Y5-1)

~ B'
=B;¢;Dv; + _2{(D+¢i”5+1 + D-¢,vj-1)
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In the second and third term, the first order difference term for v is (24;D¢; + B;¢;) Dv;. We

can choose ¢; to make this term vanish by setting

R T g s e’
L R

24,;D¢; + Bjé; = 0. (1)

oI i)
b T T ]

» Since |A| > ap > 0 and A, B are bounded, it is easy to see that we can choose ¢; such that

0 < Mo < |¢;| < My, where My, M) are constants. Moreover, from (1) and |¢;| < M;, we have
|Dg;| < constant  in Qr.
If we take the finite difference of (1), then because of the assumptions on A ,B, we can obtain
o [{D4+D-¢;| < constant in Qr.

K After some manipulation, we obtain (2.6), where

1[5 pra (477 = A1) e ’
G = s Dgj*e ——=+ 213 +D- g7 o AT, + LD}t |
J

I{p+a =:(79+a
J

[ n+oa n+a n
1 —_ ) +o

X ~nta _ Pgnta J+1/2 J 1 +a gn+ J +
R I‘J"'Ha—;Fr? Dd’;‘. * h +§D+D‘¢;‘ GA;'+{’/2+ D¢" “
s
N n+1 -
" . <29+a = s
¢q+a
fn+a
Fn+a ¢n+a

Because of the properties of A, B, C, F and ¢, the functions G, H, K, Q and F are all bounded.
Appendix B

Lemma 4.1. (Duhamel’s Principle).

K- Assumeu” >0,v" > 0forn=1,2,....
5 If u™t! < (14 Mkp)u™ + koo, n=0,1,...,
; then

u™tl g M (uo + iu'kg) . (2)

i=0
X Here M is a positive constant and t"*! = 3_1_ k.

Proof.




u™ (14 Mkn)u"™ + kpv"

<(14 Mkn)[(1 + Mkp—1)u™? + kp—q "1 + kpo”

n n-1 n
<[Ja+Mk)®+ )" T (1 + Mk)kitt + knv"
=0 I=0 s=i+1
n-1 n

n
<TI0+ ME) + Y T (1 + Mk + knv”
=0 {=0 #=0

<exp [i In(1+ Mk;)] . [u°+ iv’k;]

=0 =0
Since In(1 + Mk;) < Mk, we obtain (2).

Appendix C

Lemma 4.2. Assumem; >0 (i=1,---,n) and k > 0. The necessary and sufficient condition for

the polynomial in p;

Y mip} - k(im)’ @

=] =]
to be nonnegative definite, is
1
kS =1 - (4)
=1 m,

Proof. Define p = (pl,---,p,.)T, l=(1,1,--,1)T and D = diagonal(my,my,- - - ,my). Then the

polynomial in (3) can be rewritten as

pTDp — k(pT1)? = pT(D - kliT)p

The condition for the matrix D — klIT to be nonnegative definite is 1 — kK/T D~ > 0 which is (4).
|
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