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I. THE LEPINITION OF IHE PROBLEY

.
"I' Al .l 'l .l .l "0

A. A FIEST INSIGHT

h "2 systolic system is a network of processors which rkyta-
“ mically compute and pass data through the systen.
-~ Physiologists wuse the word "systole” ¢to refer to the
- rhythrically recurrent contraction of the heart and
by arteries which pulses blocd through the body. In a
3 - systolic computing system, the fuanction of a processor is
- analogcus to that cf the heart. Every processor regularly
; punrs data in and out, each time perforwing some saort
% computation, so that a regular flow of data is kept in the
: netsork."

<L ", ..patrix computations can be pipelined elegantly and
E efficiently on systolic networks baving an array
pis structure." '

"...special purpose hardware devices based on systolic

. arrays can ke Luilt inexpensively using the VLSI
'E tecknclogy."
) These are parts of the abstract of the pafper where
- Professors H.T. Kupg and C.E. Leiserson have (first
. rresented the concert of systolic arrays {[Ref. 1]. They
ﬁ fully describe the ccncept and context to which the tera
> "systclic array" applies.

Several authors bhave presented papers on systolic arrays
o in recent years, but this subject is very new and everytring
- dates Lack to 1978.
- B. SYSICLIC ARRAYS: 1HE BASIC PRINCIPLE
5 A systolic syster consists of a set of interconnected
*
2 cells, each capable of performing some simple operaticn.
- 12
3
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Inforsation flows betueen cells in a pipelined fashicn, and
communication with the outside world occurs only at
"boundary cells".

‘ The usual computational tasks are basically divided iato
w twvo categories—-computing bound and input/output (I/0)
tound. 1If the tctal zumber of computing operationms is much
larger than that of I,0 operaticms, then we have a computing
tound task. Systolic arrays are useful to speed up this
type c¢f task. The array is able to use each input element a
number cf times thus achieving a high computational
throughput without ircreasing memory bandwidth. [Bef. 2]

C. DIEVISED ARCHITECIURES

& A pumber of architectures have already been prorcsed for
solving the traditicrmal problems. These are linear arrays
for rerforming matrix-vector nmultipiication and firding
soluticn of triangular 1linear systess; two-dimensional
arrays for matrix-matrix wmultiplications/addition, least
squares sclution and 1D factorization,etc [Ref. 3].

D. HARWARE EXPLORATCRY DEVELQEMENT

Because this subject is new, nuch of the develcfment is
stiil in ap exploratcry stage. In order to further evaluate
the bLardvare potential of systolic arrays, TRW/ESLI 1has
develcred a processor called Fhoenix that has already been
used tc rprovide two~dimensional FIR filters for image
Frocessing [Ref. 3: page 3)]. To evaluate systolic algo-
rithms and architectures, the Naval Ocean System Center has
develcred a reconfigurable cne-two diaensional systolic
array with 64-processing elements [Ref. 8]). This systolic
testled processor can be reconfigured under software ccntrol
to perfora as a rectangular, hexagonal, or linear systolic
arraye. The main goal of its design was ' to achieve

13
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flexibility in algoritha evaluation, and its cells are much
slover than those used in the TRW/ESL Phoenix processor or a
Fossiltle implementaticn in a VISI chip.

E. WHY ¥OT TO EXPLOBE IT WITH SOFTWARE?

During the preliminary investigations in this field, the
approach vas to select a case study and try to go deeper in
the process of understanding the way a particular algorithnm
is mapped onto a systolic architecture. It was discovered
that it is not alwvays straightforward to understand the
sapping prccess. An algorithm like the one proposed by H.T.
Kung and W.M. Gentleran for doing matrix triangularization
can e really difficult to understand if one dces not
possess an adeguate tcol [Ref. 7: page 22]. The algekraic
manipulation can be difficult wvhen dealing with systolic
arrays because the interaction of the processors tend to
lead to a very complicated set of equations in opnly a few
steps and it becomes difficult to achieve any generaliza-

tion. Scme notaticns have leen proposed to help in the
podeling the parallel processing [Ref. 5], but no systeratic

methcd for mapping an algoritkm onto an array exists. There
is a lack of the argropriate tools for systolic algorithne
developaent. However, with the development of grarhics
technclogy a means now exists that can be used tc help
people Lketter understand how a systolic array vorks. 1If we
conjugate this possibility with interactive programming
techniques, it may be possible provide an user friendly tcol
that cap be used tc achieve the goal whick is the main
guideline of this investigation: to provide an easier wvay
to understand systolic array ofperation. A case study will
Le presented in Chapter III that turned towards perfcraing
Matrix Triangularization with the Givens Rotations
Algoritha. Eventually, the systolic .processing car be
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understood and checkeéd against real data with the use of our
Systolic Array Graphics Simulator (SYSGRAS). This apprcach,
in ccntrast with that followed by researchers at the
B.0.S.C., 1in San Diego, 1is to take full advantage of the
software, using coaputer graphics presentation to imprcve or
to add another dimension to the man/machine interface.

Anyvay we want tc point out that this work aust ke seen
as an investigation cf the possibilities of using this kind
of facilities as tocls rather than as a final product. Only
experimentation in practical work can show the advantages or
the limitations of this approach. As in any other area of
engineering, feedback from users is important in the evalua-
tion and future imprcvement of this tool.
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II. 1BE SIHULATOR ARPROACSH

-
s 5.7
PLPI A

The Systolic Array Graphical Simulator (SYSGRAS) is

inplemented to allow interactive design of any tyre of
systclic array. The cells and their intercomnection links
are defined by the user in a guided manner. The optional
o cell types are built into the SYSGRAS. The user can
construct any array using the existing cell types or by
introducing new cell types, eLut the introduction of a new
- cell type cannot be done interactively. This reguires a
;: subrcutine to descrite and support that type, but the ofera-
e tion is simple and will be explained later. The presently
. availalkle types can support aost of the algorithms found in
- the literature.
1; SYSGRAS is designed with a requirement of being user
friendly. It has been realized that the amount of data that
is ncrmally required to ke entered by a user in a sessicn is
guite large. It is important to offer the possibility of
- correcting errors, reviewing entered data, and storing dJdata
. and results from the session. It can also be used later in
- another session. The sequence of operations required during
L a session is shown below:

1) Estadblishment cf general conditions:
- new or previous protlem to run.

- need to store the calculations for later
printing.

LAt te

- ability tc interrupt or review the progress of
systolic frrocessing on a clocked basis.

2) Definition of cells' attributes:

- type of prccessor in the cell.
5 - graphical shape of the cell.
N -~ screen coocrdinates cf the cell.

16
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- interfaces (importer cell, receiver of external
data; internmal cell, only exchanges data with
other cells; exporter cell, data transmitter
to external world).

. 3) Definition of links: _

A - define the origin and destination of each link.
The origim is a port in a cell. Each cell bhas a
nunber of output and input ports. The function
of each cne depends on the [frocessor tyre.
The destination is a input port in ancther

cell. A 1link is defined by origin cell
5 output port and the destination cell input
. port.
f 4) Presentation om the graphical screen:

.- - the picttre of <the user defined array \is
- initially presented on the screen with all
processor registers initialized to zero. Since
the presentation is strongly based on colors,
the non existence of data interaction in the
cells makes them all turmn into Fklack. The
identification number given by the user to
each cell is placed at the cell's lower right
corner and red arrows indicate the lipking
Letween cells and the direction of data flux
(see Fig. 4.7 at Chapter 1IV).

NI

5) Data input and screen update:

. - as soon as data originated from the external
world to the importer cells is entered, the
L. wvhole screenm is urdated and representing the
status of the systolic array at that partic-
ular clock cycle. The external data are entered
at each clock cycle, and the screen is urdated
accordingly.
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:E 6) Beview of the ccaplete systolic process:

N - optionally, the user can review the cosrflete
- process. The tctal data generated in a
ﬁ session are stored automatically, and the
3 graphics fpresentaticn of any previous session
ﬁ can be seen again without any additional

data entry.

v,

3 The central idea of the SISGRAS is to allov a user to
;I construct any desired systolic array and to use as the input
. test data such that insight can be gained about the data

interactions of the systolic algoritha. The user bhas the
capability to correlate the propagation of the input data
with the colors of the cells to better understand the
:f Frocess. Certainly, the greater the creativity of assigning
the cclor, the better the result showing the interactions.
- There is no restricticn as to how to dc the correlaticn and
several exarples will be presented. The colors that are

pha available to a input datum are red, green and blue. If a
% cell receives data frcm more than one source with different
& Frimary colors, these colors will combine. The «cell will

show on the screen with a resulting color that is the coabi-
nation of the input primary colors. This resulting colcr is
not passed on to other cells. The propagation of data is
associated with the primary colors, and this way a gcod
tracking of the tiaming that takes for each data wavefront to
propagate through the array can be achieved. The screen
display shows the array in a way selected by the user. The
- cells are presented with the shape, position, identification
- and ccnnections requested by the user. The colors and numer-
ical results assumed in each clock cycle show the data

2 IS

:: interaction. TLe numerical results that appear on the
f: screen is ip a fixed format and with rather limited preci-
3‘ sion. 1If one wants greater precision, there is an cpticn to
A

~
b
*
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record tke session which can show results with up to five
decimals on printer cutput. These results can Le checked
against the known values to verify the correct operation of
the mapred systolic algoriths.
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IIX. A CASE SIUDY: HAIRIX IRIANGULARIZATION BY GIVENS
BROTATIONS

A. A REASOR POR MATRIX TRIANGULARIZATION: QR DECOMPOSITICN

The technique of (R decomposition is useful to solve the
linear 1least Squares Problea. There are other possitle
approaches in the 1literature to solve this type of prchblen
[Ref. 6]. We will select the QR Decomposition Method as
menticned Ly Gentlemar and Kung in [Ref. 7: page 19]. 1let's
present a trief explanation of the aethod.

Given a linear system defined by

AX = B

where A is a (n x p) matrix, X is a (p x 1) and B is a (n x
1) column vector. %e want tc find the vector X such that
lic] =t |E~AX|| is mipimized. The vector X is alsc called
Yector of reqression ccefficiepts. This is in fact a vector
of estimated elements and as such it strictly should be

vritten 3 but for ccnvenience X will continue to Le used.

Also a mcre rigorous gatrix notation would be, for example,
A instead of A. If we are able to find an orthogonal matrix
C such that QA=R where R is an upper triangular matrix, then
we will have

QAX = BRX = QB

and, as a result, RX = QB.

As R, Q, and E are all known, we can find X by Back
Substitution. Gentleman has shown, as seen in [ Ref. 8: page
329], that this aprroach solves the Least Squares Prcblea
tecause it solves the normal equations of the prchlen
[Ref. 6: page 148].




.....

An accurate QR Decomposition can be obtained in several
vays, like the Gram-Schmidt Process or Householder
Iransforlations. For this particular study we will stick to
the Givers Rotations Pethod. This method requires the use of
a seguence of plane rctations on matrices A and B, that will
convert the linear system to a representation of the fcra

RX = (B

which is straightforward to solve.

The Givens Rotaticns Method has two differeant isplemen-
tations [Ref. 8: page 331]. We will study the one called
"with square roots®.

B« QR DECOMPOSITION EY GIVENS ROTATIONS WITH SQUARE ROCIS

If Q is an orthogonal matrix, Y=QA is called an orthog-
cnal transformation and the columns of Q, say q{1), g(2).,
-.s are orthogonal. In order to better understand what an
orthcgonal transformation means, we can interpret the g (i)°'s
as unit vectors (because of their unit length) that repre-
sent the new referemnce frame in the original ccordinates
frame. If we apply an orthogonal transformation to a matrix
(or tc a vector), wve will be in fact changing the reference
coordinates for that vector. The information content of the
transformed matrix (cr vector) will be the same, although
different from previcus form lecause of the new reference.
The cclumns of Q are given by the direction cosipes of the
Dbew reference axes with respect to the old reference system
[Ref. 12: page 358]).

An crthogonal transformation can be divided into a
seyuence of eleuentary transformations. In the case of
Givens Rctations, each one of these elementary transforaa-
tions is a rotation about one coordinate axis of the crig-
inal reference frame (which may be n-dimensional).

21




- In geometry we kncw that the transformation

_; . a cos (x1) cos(x2) cos (x3) a1l
b = cos (y1) cos(y2) cos(y3) ] - [ b1
cos (z1) cos(z2) cos(z3) c1

applied to a vector (al, b1, c1f.will rotate the original
reference frame about the 3 axes at the same time. The
directicn cosines of the newv x-axis are cos(x1), cocs(x2) and
cos (x3) ; the direction cosines of the new y-axis are
cos(y1), cos{y2) and cqs(y3), and so on. The transfcramation
S effect achieved by tie matrix of cosines is similar to that
obtained by the Givens Rotation transformation matrix Q.

We can split tbe cosines matrix into a product of
matrices each one rerresenting a rotation about one axis of
the original frame. This technique of decomposing the oper-
ation into product operations, each one being responsible to
rotate the system matrix of an angle TETA about one axis of
the <criginal frame, is exactly what is done in Givens
b Algorithae. Each individual Givens' Rotation is represented
by a rmatrix of the form

100 0 cecaacns 00 ]

- 0 100 ceeeecacae O |

f 0 tavececcccanaceae O

- 0 0 €0 ceceSence 0 <== i th row
- D eee 010 vuueeaa O

o D{3,i) = | 0 cecececccecasacae 0

0 teveeea 010 cua 0

- 0 eeo=Seeae 0Cc 0.0 | <== 3 th rov
0 eeeencanaceacal o 0

2 0 vececreccocccccee 0 |

| 0 eececcaccacncea 0 1

22
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wvhere sgr(c) + sgr(s) = 1, ¢ = cos(TETA), s = sin(TETA) and
dots represent zeros [Ref. 6: page 153). This elementary
rotation will coavert the (j,i) element of the matrix which
it presultiglies intc zero, that is, the (j,i) -element of
the fproduct of matrix D(j,i) and A will be

-s.a(i,i) + c.a(j,i) = 0
and sc it follous that

d = sgrt(sqr(a{i,i)) + sqr(a{j.i)))
c = ali,i)/zad and s = a(j,i)s4

If the matrix A is (n x n), it will be necessary tc have
(n-1) elemeantary rotations to turn all elements of the first
columan ( with excepticn of a(1,1) ) onto zero, (n - 2) rota-
tions for the second column, and so on. For a (3 x 3)
matrix, three rotaticns will suffice.

C. HAPPING GIVERS RCIATIONS AIGORITHM INTO A SYSTOLIC ARBAY

The problem of »mapping an algorithm into a systolic
structure freguently turns out to be the subject of certain
restrictions because the computed results may result in very
small numbers impossikle to be represented if fixed point
hardware is used. In crder to avoid establishing undesirarle
conditicns on the data, one must try to select an algcrithm
possikle to be mapped and to perform computations cn any
data vithin the selected range of approximations.

We have already rresented the Givens Algoritham. The
problem now is to understand how a systolic array can
realize it. The reader must be aware that the understanding
of the gxathematical algorithm does not 1lead to immediate
insight cn how the array works. For the original discussion
on this algorithm the reader is referred to [Ref. 7].

23

T e e R L
'--s' s S AR GO R0

ToETN

T




Presented in the following are the specifications of the
cell rrocessors used in this systolic array, the gemeral
cell arrangement, and the input data streams. However, the
sight of such specification does not reveal the intricacies
of the deduction of which function should be performed by
each particular cell eleament. A possible way to gain
insight as to how the algorithe is mapped onto the array is
to perfora an algebraic validation that is extremelly lako-
rious. Forx a'start, suppose that we want to triamgularize a
(3 x 3) matrix A. VWe must premultiply it 3 times by elemen-
tary rotation matrices which will turn the elements a(2,1),
a(3,1) and a(3,2) intc zeros. The first transformation will
te

c s 0 a(l,1) a(1,2) a(1,3)
-s ¢ 0 . a(2,1) a(2,2) a{2,3)
0 1

0 a(3,1) a(3,2) a(3,3)

Tkis e€lementary rotation will turn element (2,1) ictc null
on the product matrix. We can note that the element (-S5) at
the transformation pmatrix occupies the position of the
elemert that will be turned into zero in the transfcrmed
matrix. The transformed matrix will beconme

a'(1,1) ar'(1,2) a'(1,3)
0 a'(2,2) a'(2,3)
a{3,1) a(3,2) a(3,3)

which will be operated by a second transformation matrix

0 s a'(1,1) a*'(1,2) a*(1,3)
0 1 0 . 0 a'(2,2) at*(2,3)
-s 0 ¢ a(3,n a(3,2) a(3,3)

and that will generate the matrix

24




a"(1,1) a"(1,2) a"(1,3)
0 a'({2,2) av'(2,3)
0 a'(3,2) a'({3,3)

Finally the last transformation

1 0 0 a"{(1,17 am(1,2) a"(1,3)
0 ¢ s R 0 a*'(2,2) at'(2,3)
0 -s ¢ 0 a'({3,2) a'(3,3)

will generate the uprer triangular matrix

a" (1,1 a"(1,2) a"(1,3)
D am(z,2) a"(2,3)
0 0 a"(3,3)

It 1is important to note that the s's and <c's are
different in each transformation matrix and are calculated
the way we Lave already pointed out, that is, for the first
€elementary transformation,

d = sqrt(sqr(a(1,1)) + sgar(a(2,1)))

a(l,1)r4 and s = a2, /4

c

Now the evaluatica of the elements of each transformed
matrix should be considered by performing the actual multi-
plications to correlate the resultiang algebra with the algo-
rithmic processor's equations presented in Figs. 3.1 and
3.2. For this particular alqorithm it requires definitely a
lot cf paperwork. This cannot be accepted as a good method
if one wants to understand the general data £flow in the
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L systolic array, and to check its numeric data. This is why
s ve develcped the SYSGRAS to have the possibility of doing an
' evaluaticn study on hov several algorithms found in the
literature d¢ perfors.

D. 2 NUBERICAL EXANPIE

In order to test the Givens Algorithm in doing Matrix
Triangularization, we have prepared a numeric study case. A
syster is represented by the matrix egquation

2 4 1 x (1) 12
5 7 & . x(2) = 3
3 0 1 x (3) 8

In Aprendix C we shcw hov to operate on this equaticn for
] triangulating and to solve it by Back Substitution. Using
- these numerical data, we will set up the problem fcr the
- simulator and be able to check out the simulation results
f against cur hand calculated values.

E. SETTIING UP THE PECBLEM FOR SINULATION
1. Sketching the Graphics

- The first ster in preparing the problem for simula-
. tion consists of planning the graphics. We have tc consider
the fcllcwing points:
- How do +¥e want our systolic array arranged on the
screen?
~ What kind of shape will be used for the cells (in
SYSGRAS we have two options: square and octogcmnal)?
- The screen coordinates for the cells (SYSGRAS divides
A the screen into a chessboard, and therefore we have a
k., span of 8x8 positions to place the array cells).

PR S
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- Which are the input and output ports? This is depen-
dent on the =subroutine that iamplements the cell
processor, and so must le compatible with the defini-
tion of the processor cell subroutine.

~ Which links are used to connect the different fports of
the different cells? We need to identify everything so
that the correct information at SYSGRAS can be
entered.

This may be btetter understood with an example, and
ve will continue the develorment of the systolic array to
perfors Matrix Triangularization.

For this particular case, we will use three types of
Frocessors: a Givens External cell, a Givens Internal cell
(both with sguare roots), and a Buffer cell. The last one is
used to help the visuvalization of the input data array being
pumped into the systclic array.

Figures 3.1, 3.2, and 3.3 show which ports are
considered the active terminals in the actual implementation

-

c if 2 = O then
begin
c=1.0
s = 0.0
end

else bagin
tempgs Vs + 22
c=r / temwp
$ =2 /) temp
r = tenp
s end

Legend: r =2 residue

Figure 3.1 Givens Extermnal Processor Cell
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| cli) c (o) c(o) = ¢(i); unit step delay
;_—’ ——.-) -
g(0) » g(i); unit step delay
r
scl) $0) z(O) ® cli) # 2(1) - s(i) & r
: .

rscgc(i) #r +sii) » 2(i)

}
|
!
I
!
l
|
)
l l z (o)

Figure 3.2 Givens Internmal Processor Cell

Legend: r = residua

out(1) = 1np(l); feecthrough|

out(2) = ;1np(2); feedthrough
out (1)

mem(2)

out (3) = 1np(3); feedthrough:

mem(4) mem(l) = inp(i); store

mem(2) = 1np(2); store '

\\\ mem(3) = inp(3); store

l out(2)
A out (3)

- Pigure 3.3 Buffer Cell
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in SYSGRAS for these cell processors. Pig. 3.4 show how to
arrange the cells and their interconnections. It is imspor~
-tant to realize to the fact that although circular shaped
cells are presented in Figs. 3.1 and 3.4, they are isple-
mented in the SYSGRAS as octogonal shaped cells. This
approach wvas adopted ¢to improve the coamputational speed of
the simulator. However, it has been decided to keefp the
standard circular shape in Figs. 3.1 and 3.4 . An addi-
tional detail for the reader is the fact that cells 10 to 13
in Pig. 3.4, buffer cells, do not show exactly the same vay
as Fig. 3.3 does. This is because a buffer cell is imple-
sented in SYSGRAS with three channels, but for HMatrix
Triangularization only one channel is used (and so only one
cutput port is shown in PFPig. 3.4). Attention should also
be paid to the fact tiat the arrows shown in Fig. 3.4 repre-
sent the links that have actually been used in our simula-
tion. Cells number 1, 2 and 4 of that Figure are of the same
type of the other square shared cells that appear in the
same Figure, although there is no arrow drawn on their right
side. The reason is that a third order systea is used in the
simulaticn and so there is no need to extend the limits of
the array beyond those cells.

This type of preparation that has been [fresented
here is very helpful when entering the data because there is
a larce amount of infcrmation asked by SYSGRAS to ke entered
interactively. .If every detail is planned beforehand, the
interaction between the user and the simulator Lecomes
faster and easier.

2. pPlanning the Input Data Array

Cnce the systolic array has been plaaned and
sketched, the user must prepare the test data that exercise
the simulator. This is pehaps the most important step in
the simulation. At this point the only rule to follow is
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Pigure 3.5

--------------

Input Data Array Arrangeament
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that a time shift as required by the algorithm has to be
respected. The way cclor inforsation will be assigned to the
entering data is coampletely up to the user, and the greater
his/her creativity, the better the simulation effect, and
consequently, the easier to interpret the results.
Fig. 3.5 shows a possible way to prepare the data. )

We can identify in tbat figure the numbers from our numeric
s exanple referred in last subsection. The time shift that can
te seen is necessary to provide the necessary syanchronism
5 for the systolic processing. In some algorithms, the output

data to the external world wmust also be collected in a
o ” synchroncus fashion. But, for the particular case of Matrix
Triangularization, as soon as the final result is achieved,
each datum is frozen in its cell and waits for a pumping cut

R af A" a0 A

operatior whose connection links are not being considered in
our simulation.
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Iv. IHE ABALYSIS OF THE SINULAIIORS

A. LCIVIDED DIPPERENCES

Before going into detailed analysis of the Matrix
Triangularization soxe simple algorithas are presented.

In numerical interpolation, we need to compute the
divided differences from a set of points and then fcrm a
rolyncmial from these divided differences. The [froblem of
mapping the algorithn for calculating these differences into
a systolic array structure has been recently addressed in
[Ref. 10]. In that paper, 1i and Smith propose a systolic
architecture consisting of triangular cells. Some upward,
some downward, according to that parper, have the same
internal architecture but must perform differently depending
on their orientaticn with respect to the data flow.
Certainly, this poses the prolklem of sensing the direction
of tte data flow and inmplementing some additional logic in
the cells to change their function accordingly. Li and Smith
also discuss some isplementation problems in their paper,
and pcint out that their actuval cell "is not exactly the
same as described" [Ref. 10: page 542].

Their algorithm is implemented in SYSGRAS, but the tasic
cell has leen modified; grouping one upward triangle and cne
downward triangle into the same cell. It is noticed that the
upward cell was in fact actuating just as a traffic-orientor
tuffer and no additicnal information was being incorpcrated
into the data flow. It wouldn't be cost effective to have
that kind of processor since the introduced complexity was
due tc the need to establish a homoyeneous type of architec-
ture tased on triangles. Therefore, our basic cell became
that shown 1in PFig. 4.1, and the systolic architecture,
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x2(0) = x241) :
i roa Cy2(1) = yii)d 7 Cx2(i) - xxti)ﬂ
’ vyilo) = r
s

xl(l xZ(l) y2(e0) = r

: Le d:
; 71“’ 12(1) gen r = residues

Figure 4.1 Divided Differences Cell Processor

almost the same as that proposed by Li and Smith, appears in
Fig. 8.2.

We have investigated the problem of finding the divided
differences of the set of points (1.0,1.0), (1.8,2.2),
(3.0,3.3), (4.3,3.5) and (5.3,4.1) in the x-y plane.
According to [Ref. 10: page 539), the first level divided
differences are

Y'Y = (Y(2)-y(1))/(x(2)-x(1)) =
= (2.2-1.0)7(1.8-1,0) = 1.5000
1'(2) = (Y(3)-Y(2))/(x(3)-x(2)) = 0.91666
y'(3) (Y(3)-y(3))/(x(8)-x(3)) = 0.15385
' (4) = (y(5) y(®))/(x(5)-x(4)) = 0.6000
Centinuing with the calculations,the second level
divided éifferences are

-0.29167
-0.30512
0.19398
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Pigure 4.2 Divided Differences Array after Clock Cycle 1
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Figure 4.3 Divided Differences Array after Clock Cycle 2
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Pigure 4.4 Divided Differences Array after Clock Cycle 3
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s and the third level divided differences are

-0.00408
0.14260

and the fourth 1level is 0.03411. This suggests a kind of
pyramid structure that can be seen from Figs. 4.2 up to
3.5. The calculaticn of <the differences is performed in
four-clock <cycles, cne represented in each figure. The
bottom row displaying the first order differences, the upper
row, the second order and so on till the top cell. We have
related each point (P1-P5) to a primary color, that is, P1
is klue, P2 is red, P: is green, P4 is blue, and P5 is red.
In TFig. 4.2 we can see the result of the first stepr of
calculations, with the mixing of these colors at the bottonm
cells. Going through each step and comparing them with the
mathematical formulation, we get a better understanding of
the data interaction. The the final results in Fig. 4.5

» Ar

~ should be compared with the above calculated values.

B. MATRIX-HMATRIX MUITIPLICATICHN

This is another simulation problem that have Leen tried

. on SYSGRAS., The presentation of the algorithm has keen dcne
at [Ref. 1: page 9]. Presented in Fig. 4.7 is the arrange-

ment cf the systolic array and how the data is pumred into

it. The e€lements of matrix A can be seen flowing tcwards the

lover right and those cf matrix B flowing towards the lower

left. The resultant matrix C is pumped upwards. We have

performed a simulaticro to compute the matrix product AB=C as

telow
0 2 1 9 8 15 17
1 . 3 7 4 = 29 63 70

0 10 6 22 52 98

SN B N |
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The scheme used for systolic computation has an advan-
tage due to the fact that a great number of matrices that
are used in typical problems are band matrices {[Ref. 9].
Consequently, the systolic array does not need to include as
many cells as it wculd bhave to for the case of full
matrices. In this numeric example, in order to restrict cur
array to a small size so that it can be seen on the screen
(as in TFig. 4.8), we decided to set elements a(1,3) and
E(3,1) tc zero. This way, a systolic array of small dimen-
sions can a@multiply larger matrices with restricted nonzero
Land.

A single type of cell is wused in this algorithm. It is
calied Inner Product Step Processor. 1Its geometry and algo-
rithaic definition are shown ip Pig. 4.6 . This same type of
cell will be presented later in another algorithm
implenmentation.

In this simulaticn problem, different colors are attrib-
uted to different rows of matrix A and to different cclumas
of matrix B. As ve know, each element of the product matrix
C will ke generated ty a combination of one row of A and one
column of B. When these elements Jjoin each other in a
systolic cel]l, we will be able to identify exactly that
combination taking place at each cell in the space-time

frame. Re present here the coding of colors that was
adopted:
kElue Dblue blue blue red green
red red red . blue red green
green green green blue red green
blue magenta cyan
= magenta red yellow
cyan Yellow green
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- i ,
* | \\\\ A/// out (1) = inp(1) ; feedthrough
X inp (2)
o P aut(2) = inpt2) ; feedthroughl
ibut(Z) r = inplt) # inp(2) + inp(3)
;; ‘/// \\\\n out(3) = r ; processed output
: |
o [ inp(3) T out (1)
L

Figure 4.6 Inner Product Step Processor Cell

Tc show how colors can help in understanding the mecha-
pism of gultiplicaticn in the systolic array, we will track
the generation of the element c(3,2). Re see from the above
- color coding that c(3,2) is a yellow element, since it
results from the ccrbination of a green row and a red
column. From mathematics,

.‘.‘_l' q “ v ', R

c(3,2) = a(3,1).b(1,2) + a(3,2).b(2,2) + a(3,3).b(3,2)

Figure 4.7 shows a schematic diagram that corresgonds to
clock cycle number 1, the same cycle is also shown in
Fig. 4.8, in which elements a(1,1) and b(1,1) have entered

AAALAD
PR Tar Sy SR M

cells nuszbers 14 and 15 respectively. Froam Fig. 4.7 it can
also ke seen that the element a(3,1) (green element) will
enter into the array (at cell 06) at clock cycle 3 (see
Fig. 4.7), while elepent b(1,2) (red element) will enter at
clock cycle 2 (at cell 12) (see Fig. 4.9). After that, they
will run through the array and will meet each other at cell
02 at clecck cycle 5 (see Pigure 4.12). This meeting gener-
- ates the first partial result a(3,1).b(1,2). This <can

% 41




[ s
- . .
(' I'

oy Ty > v

« & . - .‘
» PRI I
WO

oyt -, - . -
T RRRARIY S ot

[-]
3
° b4 .
\ = -
\ - a
\ -4
\ i -]
/ L4
\ “ A
\ o e
\ = =
. =
\ o o]
/ "~
\ - p
- \ o
—————— A ———————— o
: o
. T
€ e ———— .Vl.lll/..m. ||||| o/
Y ll
N o]
o
o e 24 a
{ - )
e 7 ;87
|
- | | o]
7 - {
€-mm—————— 7T | n
’ (2]
’
(< o P
;
(4]
\ e a4
/ s °
) (o]
/ b I
;¢ >
g P
/ = “
7 L]
\
- ™~
A K
/7 2 o
3 -
- [
]
-4
P —— A ———— - —— — —— - g
ord
[ ]




-

Figure 4.8 Batrix-Batrix Nultiplication after Clock Cycle 1
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Figure 8.9 Batrix-Natrix Multiplication after Clock Cycle 2
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Figure 4.12 Matrix-Natrix Multiplication after Clock Cycle 5
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Figure 4.13 Natrix-Matrix Multiplication after Clock Cycle 6

4€




Figure 4.8 Matrix-Batrix Multiplication after Clock Cycle 7
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ke verified to be 8x1=8 by our numeric exanmple and by the
contents of cell 02 at clock cycle 5 . This partial result
with yellow color (identified as ¢ (3,2) for convenience) is
pumped upwards to cell 09. Perforaming similar verification,
it can ke seen that elements a(3,2), b(2,2) and that partial
result of ¢(3,2) will meet at cell 09 at clock cycle 6 (see
Fig. 4.13). They will, then, generate a second partial
result

. ". f. “. "a {. ".

1] L) »
AN
R I D i e

a{3,1).b(1,2) + a(3,2).b(2,2)

which is 8x1+2x7=22 as seen in Fig. 4.13 at cell 09. By
similar reasoning, the final result 8x1+2x7+3x10=52 is
generated in cell 14 at clock cycle 7 (see Fig. U4.14).

It can be seen that matrix C is symmetrical with respect
to the colcr coding. Symmetrical elements like C(3,2) and
c{2,3) are computed in parallel and pumped up side Ly side.
So, they are easily tracked with the help of colors, and the
whole operation can be better visualized.

C. MATEIX TRIANGULARIZATION BY GIVENS ROTATIONS

We will provide a brief review of this problen. The
nomenclature to be used is the same as that in Chapter III.
The reader is also referred to Appendix C, "A Numerical
. Example fcr Matrix Triangularization?®, vhich uses the same
5; data as that described here.

The linear system that needs to be solved is

AX = B

where A is a nxp matrix, X is a column vector of p elements,

and E, a column vectcr of n elemeants.

We will premultiply the matrix A by a transformation
. matrix ¢ such that the prodvct matrix becomes an upger
E triangular matrix R. To keep the matrix equality it is
. necessary to premultiply vector B by matrix Q. This will




result in the product vector QB. This operation is shown
below:

QAX = QB
and as R = CA, it beccmes
RX = QB

The Givens Rotations in this algorithm under simulation
triangularize the @matrix A and computes the vector QB
concurrently. This is possikle because

Q(a1B) = (QAa)1(QB) = R|(QB)

where the operator " |" performs matrix concatenation. For

clarity, if we define

2 4 1 12
A= 5 17 4 and B =
3 0 1
then A|B beconmes
2 4 112
AjB = 5 7 4
3 0 1 8

As we have shown in Chapter III, the simulation uses the
cell structure seen in Fig. 3.4 and the test data seen in
Figure 3.5 (the same as that used in the numerical examfle
cf Appendix C). The picture that appears on tke screen at
the start of the simulation is shown in Fig. 4.17 which the
reader should compare with Fig. 3.4 in Chapter 1III.
Fige. 4.17 shows the identification of each cell at its lower
right corner. Cells numbered 13 to 10 represent the data
wvavefront to be pumped into the systolic array. They are not
part cf the array, tut only buffer cells to allow presenta-~
tion of the data to ke puaped into the array on the screen.




The final elements of vector QB are calculated in cells 04,
02, and 01. The final elements of matrix A are calculated in
cells nusbered 09, 08, 06, 07, 05 and 03.

As shown in Appendix C, the values for AX = B are as
follcws and A|B is as shown above.

2 4 1 x(1) 12
5 7 & ] - [ x(2) 3
3 0 1 x(3) 8

The test data are pumped into the array as wavefronts
that can be seen in cells 13 to 10 just before being entered
(the reader can refer to Fig. 3.5 to the several wavefrocnts,
each one corresponding to a different color). There is a
time shift among the elements of the same row for the matrix
under triangularization {(compound matrix A|B). This
displacenment is needed to establish the correct timing for
the systclic operaticn. In this simulation, we decided to
assign a different cclor for each row of A|B (as shcwn in
Fig. 3.5) and to keep track of the flow of the colored
elements through the array. This flow can help us tc under-
stand, in a seguence of space-time franmes, how the whcle
array behaves. The effect of the different clock for sulseq-
uent cycles can be seen from PFig. 4.18 to 4.26 . In
Fig. 4.18, element a(1,1) of matrix A enters into cell 09.
We cap see, in cell 13 elenent a(2,1), and in cell 12
element a(1,2). They are ready to be clocked in at the rnext
clock cycle. This harpens as seen in Fig. 4.19, wvhen cells
09 and C8 Aaisplay the stored result of the comrutation
performed. Notice that cells 05, 07, and 03 actuate like a
reflector for the data wavefront that is going downwargds.
They rotate the data flow direction by 90 degrees counter-
clockwise. as a result of the interaction between the wvave-
fronts that go towards the right and that gJoing downwards,
there is a resulting wavefront that flows towards the lowver
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right. This is the important observation because it shows
how the effect of ¢the input dJdata spreads over the array
(this is why we decided to associate this wavefront with
identical colors). The wavefront flowing towards the right
carries information about the angle that the row elements

must ke rotated. This information must arrive at each cell
just in phase with information of the matrix element reing
rotated, vwhich is being transferred to each cell by the
downward wavefront. At each clock cycle a newvw rotaticn angle
is calculated at the inclined boundary cells (Givens
External Cells, namely 09, 07 and 03) and transmitted tc the
rightest cells at tke same row (that is from cell 09 to
cells (8, 06 and 04 in the upper row, from cell 07 to cells
05 and 02 in the seccnd row and from cell 03 to cell 01 in
the 1lower row). Partial results are generated at each
systolic array element at each clock cycle. At the nmcment
when the dowaward wavefromt start feeding zeros into a
systolic array element, it freezes its cortent and do not
modify it any more. We have selected the black «color to
indicate that the ingut data are bringing no informaticn.
The rtlack wavefront flowing through the systolic array acts
as a freezing wavefrcent. Figs. 4.19 up to 4.26 show the
effect of the remaining clock cycles. In Fig. 4.26 we Lave
the final result of the triangularization frozem intc the
cells. The upper triangular matrix R and the vector QB have

reen computed. It can be checked out against those values
. shown in Appendix "A Numerical Example for Matrix
Triangularization". The computed results are ready to be
used in the Back Substitution to solve the system eguatiors.
In order to transfer the data from the cells to the hardware
that performs the Back Substitution operation, a srecial
connection which is nct showvn here becomes necessary. But,
it is not required here for the understanding of the Givens
Rotaticns process.
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Figure 4§4.22

Matrix Triangularization Array
after Clock Cycle S
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Pigure 4.25 Batrix Triangularization Array
after Clock Cycle
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....................

We will now present a different kind of perspective to
- the reader on how tlie algorithm performs. The geometrical
interrretation of Givens Rotations is extremely helpful to
provide letter insight. A matrix can be considered as repre-
senting a set of vectcers (as many as the number of columns)
in a n~dimensional space (n equals the number of rows). If
the matrix has only three rows, their columns are vectcrs of
a three dimensional srace, and the elements of the first row
are the components cver the x-axis of the coluan vectors.
The rctaticn operaticn does not rotate the vectors. The
reference frame (cocrdinate axes) is the one that is

; O ".

rotated, ang, as a conseguence, the description of the
vectors in terms of their components with respect to the new
reference becomes different. When a matrix is rotated to
recome an upper triangular, the first column is transfcrmed
in such a way that orly element (1,1) will be nonzero. This
= means that the first column vector is positiored over the

’

Xx-axis ir the new reference frame. As the vector is the same -
as tefore, the numerical value of the new element (1,1) nust
be equal to the length of the vector. Element (1,2) of the
rotated matrix, for example, is the x-component of the
second column vector in the new reference frame. Since the
relative position of both vectors is wunaltered, the new
value of that element must be equal to the projection cf the
second cclumn vector over the £first column vector, =sirce
this last one is now along the new x-axis. The geometrical
intergretation can be extended to all elements of the array.
We will track tte build up of the numerical values of
. cells 09 (that stores element (1,1)) and 08 (that stores
elenent (1,2)). This allows us to study the operation of
toth tyres of cells used in this aljorithm (cell 09 is an
cuter cell and cell 08 is an inner cell). It will also
E' provide a comparison between the geometric interpretation
presented above and the algektraic values shown in graghics.
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PENENENE S

c if 2z =2 O then
begin
c=1.0
s =2 0.0
end

else bagin
tellp9= V\"‘ o+~ zl
c =r / temp
s =2 / temp
r = temp
s end

Legaend: r = residue

Figure 4.27 Givens External Processor Cell

We will start with cell 09. From Fig. 4.27 we see that
this cell receives the elements of the "“nonrotated" first
column vector, computes the rotation angle (calculating its
outputs cosine ¢ and its sine s), and stores the "rotated"
x~-component r of the first vector. The other components are
obvicusly zeros and ccrrespond to the other elements of the
first ccluman (cells cf the lcwer array that are not shown
because their ccntents are always zeros). The rotation
angle information is rassed as output to cell 08 to be used
to "rotate"™ the second vector. Table I shows how the fparam-
eters r, c, and s of this cell respond to the external
inputs. These values can be verified with the help of the
cell algcrithm presented in Fig. 4.27 . The descripticn cf
the <cperation can te followed through the sequence of
Figs. 4.28 to 4.30.

67




........
.....

..............

TABLE I
Time Descrirtion of Outer Cell Operation

Cycle 1Input z Output ¢ Output s Residue r
0 0.0 {black) 1.000 0.000 0.000
1 2.0 (blue) 0.000 1.000 2.000
2 5.0 (red) 0.371 928 5.385
K 3.0 %reen 0.874 0.487 6.164
4 0.0 lack 1.000 0.000 6.164

At clock cycle 0 no input has been received and so there
is ncthing to rotate. The rotation angle is zero {c=1.0 and
s=0.0). At cycle 1, the first element is received. The first
old x-éomponent of the first column vector.

As it is over the x-axis,

€lement is the
the reference does not need to be
rotated now.

the algoritha

HAowever, when this occurs,
will
an angle 90 degrees is informed tc cell
although the value r stored in cell 09
the input. At clock cycle 2, the
y-comgonent of the old first column vector is entered. Now a
rotation is

because of the way

is imrlemented (we see the reason when
analysing cell 08),
08 (c=0.0 and s=1.0)
is 2.0, equal to
necessary to keep the x-axis of the reference

frame over the The
and the reference

first column vector.
computed (c=0.371 and s=0.928)
rotated (about the z-axis). The new x-component (stored in
r) is the syuare root of the summation of the séua:es of the
old x and y-components,

rotation angle is
frame is

that is 5.385 (corresponding tc the

projecticn of the first column vector over the x-y plane).
At cycle 3, the z-comfponent is entered. As the last rotation
resulted in a vector over
this with the
vector in the x-z plane deviated from the x-axis because of

the nevly arrived z-ccmponent. Again a rotation is necessary

the x-axis, the combinaticn of

just entered z-component will result in a

7": Ll A A V‘I?. R il A s Sl A S A .-.
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Figure §.28 Reference FPrame before Rotationms

to keer the x-axis over the first column vector. The new
x-component is 6.164. At clock cycle 4 a black datum is
received {(a zero value) and that freezes the contents of
cell 09 with its final value. Bo more rotations are required
and the output of the cell inforas rotation angle =zero
(c=1.0 and s=0.0). .

Ncw we will follow the build up of the contents of cell
08 (the right side neighbor cell of cell 09). Cell 08 stores
element (1,2), the x-component of the second column vector.
As done kefore, we present tatle 1II with inputs and values
stored in this cell at each clock cycle. Ir this case we
will disrxegard the numerical output of this cell because we
will ccncentrate on the build up of the residue r in this
cell. From Pigy. 4.31, this cell receives as input the rota-
tion angle (inputs ¢ and s), by which the reference frame
has changed, to be used to compute the new x-component of
the second column vector (to be stored at r). The ctter
input refers to the elements of the "nonrotated" second
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g Figure 8.29 Reference rrame after Pirst Rotation
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Figure 4.30 Reference Prame after Second Rotation
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2(i)

c(i) cto) €¢) = ¢c(il); unit step delay
g(o) = g(i); unit step delay
s(i) | $(0) z(o) = c(i) ® 2(i) ~ o¢i) o r

r 2cgli) »r +s(i1) » 2(1)

l z (o)

Legend:s r = regsidue

Pigure #.31  Givens Internal Processor Cell

column vector (input 2z). The outputs of this cell are the
rotation angle (c and s are r[rassed as output to the right
neightor cell 05) and rotation irformation to the neightor
cell immediately belcw cell 08 to "rotate" the other compo-
nents of the column vector as a result of the reference
frame rotation.

The operation of this cell is more difficult tc visu-
alize. Figure 4.32 will be used for the explanation. It only
shows the x-y plane. Suppose the second column vectcr is A,
-as seen in that Figure. The cld reference frame is x1-y1.
The ccmpcenents of A with respect to that frame are ax and
aye. In our numerical example, ax=4.0 is the first input
zZ(i) to the cell. Tke second input z(i) to the cell, on the
following cycle, is ay=7.0. Suppose the reference fragme is
rotated aboaut the 2-axis to position x2-y2 to keep the
x~axis along the first column vector, which is shown as B.
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oy
x4 TABLE 1I
N Time Descrirtion of Inner Cell Operation
-3 Ccycle 1Input c Input s Input z Residue r
-\ X
o 0 1.000 (black 0.000(black 0. 0 black 0.000
oy 1 1.000 hlack3 0.000 (black 9.0 b ack 0.000
2 C.000(blue 1.000 {blue) 4.0 ue) 4.000
3 0.371 ted 0.928 (red) 7.0 red 7.985%
° 4 0.878 green; 0.487 (green 0.0 reen 6.976
~ 5 1.000({b1 0.000 ack 0.0 (black 6.976
3
N
FPigure 3.32 Gecmetric Interpretation of a Rotation
- Instead of evaluating the coapcneats of A in this new franme,
5 let us study the effect over its components ax and ay. 1In
. this nev frame, ax will be decomposed into coamponents axx
(over the new x-axis) and axy (over the new y-azis).
- Similarly, ay will te decomposed into components ayx (over
< 72
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the new x-axis) and ayy (over the new y-axis). The component
of A over the new x-axis is the summation of axx and ayx.
This will te the new element (1,2). As seen in Fig. 4.32Z,

axx = ax . cos(alfa) and ayx = ay . sin(alfa)
and as element (1,2) is

r = axx + ayx
it results

b o ax . cos(alfa) + ay. sin(alfa)

As ax was the previous r and ay is the newly arrived inrut

2(i), in computer algorithnié language we have

r=c(i) *xr ¢+ s(i) *» z(i)

as in Pig. 4.31 . Substituting the values of clock cycle 2
into this equation, we £ind

r=20.0=* 0.0 + 1.0 * 4.0
4.0

and this can be checked against the above table. At clock
cycle 3, the values give us

r = 0.371 * 4.0 + 0.928 * 7.0
b o 7.985

that alsc checks against the akove table. Doing the same for
clock cycle 4, we get r=6.976. This gives the final value of
the x-ccmponent of the second c¢olumn vector. The rctaticn,
however, will affect all other components. Let us describe
how this occurs. The component of A over the new y-axis is

z (o) ayy - axy

z (o) ay . cos{alfa) - ax . sin(alfa)
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and in algorithaic language,

TPl

“2(0) = ¢c(i) * z(i) - s(i) * ¢

This infcrmation z(c) is passed to the cell immediately
telow tc generate the new y-component of the second column

PN

=

vector.

N A further point to be noticed is that if <the rotation
_  angle input to an inner cell is zero (¢c=1.0 and s=0.0), the
; cell will not change the stored value at r. This is why the
. rotation angle is informed as 90 degrees, as mentioned
s previously, wvwhen the first element is received at cell 09.
This triggers cell (8 to receive and store the z input at
the following clock cycle. At the end of clock cycle 02, the
z=4.0 input is stored. No rotation is performed, so r=4.0.
N The follcwing clock cycles impose the modificaticn of the

- contents of this cell because of the changes in the refer-
ence frame. As soon as the input z freezes (at clock cycle
.3 S), the residue r of the cell also freezes. It can be
': - cbserved, if the outputs of cell 09 and its inputs to cell

08 are ccmpared, the transmmission delay of one clock cycle
- from a cell tc anotler. It can also Le noticed that the
- inputs tc cell 08 always have the same color. This siasula-
) tion was purposely designed this way to show the need for

7 sinchronization between the wavefronts that ggropagate

¥ through the array.

<+

. Certainly we cannct present all this complexity with the

; simulator. The algorithm of Givens Rotatioms is the most
complex that we have traced in our survey. However, the

, simulator has been a fundamental tool to perform a numerical

% study and to verify the correctness of the algorithm.
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D. BACK SUBSTITUTIOXN

We will use the results of the previous section as ingut
data for the simulaticn described in this section. This way,
vith these two secticns, wve can go througk the coamrlete
rroblem described in the Appendix "A Numerical Example for
Matrix Triangularization". That is, to search for the vector
X in matrix equation AX=B. The process of Back Substitution
is descriked in {Ref. 7: page 2&].

One of the cells used in this algorithm is shown in
Figure 4.33 . The akove reference presents the cell shown
in PFig. 4.33 as a circular shaped cell named Back
Substitution Cell. Since SYSGRAS would take too much time to
draw circular shapes, an octogonal shape is used instead
{see cell number 05 ip Pigure 4.37). )

The other ¢type cf cell used in this algorithm is the
same Innpner Product Step Processor that was presented in
Fig. 4.6 tc do Matrix-Matrix Multiplication. This 1is an
interesting aspect of systolic arrays: pany algorithms that
appear in the literature are implemented with the same tyres
of cells. Howvever, the geometry of the array, in this algo-
rithm, requires the cell to be square shaped. Althougb the
cell is functionally the same as shown in Fig. 4.6, we
present it again in Figure 4.3§ to match the way Fig. 4.3€
represents it as part of the structure (see cells 04 and
02) .

The wmathematical background for solving a triangular
linear system involving a lower triangular array has been
presented by Kunj in [Ref. 1: page 19]. We will adopt here
Lis exrlianation.

Sugpose the systeg equation to be solved is

RX =D

where R = (r(i,j)) is a nbnsingular nxn lower triangular
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if a ¢> 0 then
b
r = (b-y) / a :
——,
X else r = 0.0
— X 3 r; processed output
|
Pigure 8.33 Back Substitution Main Cell
‘ -— - _ ——
|
! 1 1np(2) -
{ .
. out(3) Inp(3) ouett) = inp(1); feedthrough
D — — ’
' out(2) = inp(2); feedthrough
r
1np(l) out (1) » = inp(4) # inp(2) + inp(3)
e R —————l
out(3) a r; processed output
' 1 out (2)

Figure 8.34 Inner Product Step Processor Cell

matrix and D is a a n-vector, both being given. To compute

the vectcr I, we can use Forward Substitution as follows:




P g - g Sadng 3 i Sl St Badt

repeat
y(i,k¢1) = y(i,k) + r(i,k) . x(k)
k 2= k + 1

until k = i

x(i) := (@(i) - y(i,i)) 7/ rd,i)

The above algorithm can be used to calculate the
elements cf vector X in the seguence x(1), x{(2), ... and so
on. This algorithm can be implemented in a systolic array as
will te shown. Y = (y(i,k)) is a vector of partial results
that allcws the recurrence to build up.

In our case, since the interest is in Back Substitution,
we will simply enter the data into the systolic array ir an
crder reverse to that proposed by Kung in his paper. Let us
make this point more clear. We do Forward Substitution when
we have a lower trianqular array. In this case we solve
first fer x(1), next for x(2) and so on. Following the
sequence proposed by Kung, vector X should be pumped into
the systolic array as x(1), x(2) and x(3). The same for
vector QB. Since here we are doing Back Substitution, we
enter the vector X in a reverse seguence x(3), x(Z), and
x(1). QB is also entered the same way. The way matrix R
teing rumped into the systclic array is modified with
respected to that prcrosed by KRung. For instance, the first
of its e€lements to Le pumped into the systolic array is
r(3,3) (see cell 10 in Fig. U4.36) which is reguired to
compute x(3). In the Forward Substitution Method, the first
element pumped should be r(t1,1) to compute x(1) . The cther
elements of R are rearranged accordingly.

The system equaticn to be solved in this simulation is

RX = QB

where R is an urper triangular matrix and QB is a n-vector
that resulted from the transformation seen in the frevious
Secticn.
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Pigure 4.35 presents the arrangement of the data with
respect to the systolic array. The data elements are drawn
in such a way that the required data synchromnization to
perform the operation is evident. Vector QB and matrix R
actually carry data into the systolic array for processing.
Vector Y enters the array bringing no data. Its elements are
all zercs at the mcment represented in Fig. 4.35 . Its
values are modified as it flows through the array. Vector X
is generated into cell 05, the Back Substitution Cell, and
its elements are pumped ¢through the array in a direction
cpposite to that of vector Y. As they go through cells 04
and 02, they combine with elements from matrix R to kuild up
the elements of vectcr Y. Finally, X will come out with its
final value when it leaves the array, from cell number 02 of
Fig. 4.3E.

Figures 4.35 and 4.36 should be compared. This last one
presents the same arrangement as the former, but it shows
how the ricture appears on the screen. Matrix R is on the
upper blcck of the cells (cells number 07 to 21) (Refer to
Appendix C to compare the numerical values). This Lklock dces
not belong to the array itself and is used only fcr gpresen-
tation of the data. The systolic array is repfesented by
cells C5, 04, and 02. The elements of vector QB are intro-
duced from its 1left side (at cell 06). The vector of
partial results Y, a string of zeros separated by one clcck
cycle delay, is pumred in frcam the right side (at cell 03).
The output that will collect the solved elements of vector X
is rerresented by cell 01. Attention to the fact that the
numbers that are displayed at cells 04 and 02 are the values
assumed ty the elements of vector Y as they flow leftwards
through the array. The number displayed in cell 05 is the
element ¢f vector X reing computed and that in cell 01 is
the element of X being pumped out to the external wcrld.
Another point to nctice is the way the bidirectional
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connections between cells 05 and 04, and 04 and 02 is imple-
mented by SYSGRAS. Oply one bidirectional arrow is used.

We decided to associate the elements of each cclumn of
the matrix R (third c¢clumn in blue, second in red, and first

in green) and the corresponding row elements of vectors X

and QB with the same color. (e.g. the element nunmker 3 of
the QE will interact only with the column number 3 of the
matrix R). Cell pirccessor number 5, the so called Back

% Substitution Cell is shaped differently, as mentioned
- earlier, to emphasize its special purpose in the systolic
array. This cell processor computes the elements of vector X
from the received data and pupmps them out to cell 04 to be
utilized for calculation of the previously referred partial
results. When the X elements complete their trip through
the array, they are fumped out at cell 01.

The manner in which color is used to provide information
- is now described. The elements of vectors QB, X and Y, as
. well as matrix R, have primary colors (red, blue and green).
When they meet elements of different primary colors, the
cell where this meeting takes place assumes a secondary
color that is the result of that combination. The €lements
of vector ¥, for example, can be seen with their original
color in cell 03, before mixing up with others. During their
trip thrcugh the array they keep that color, but as a result
of their ccmbination with different color elements, the cell
where they might be may present different secondary colors.
However, we should keep in mind that omly primary colors
- travel from a cell to another. Secondary colors are static.
ﬁ Tc make these [fcints more clear, we will track the
) formaticn of elements x(3) and x(2). Since R is an upger

triangular patrix, we have
; x(3) = gb(23) 7/ r£(3,3)
: Substituting numerical values, as shown in Appendix C,

x(3) = -10.593 / 0.842 = -12.571
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As it has Leen pointed out, the Back Substitution Cell, cell
number 05 in Pig. 4.37, is responsible for -<computing the
elements of X. That Figure presents the computaticn of
element x(3). Element gb(3) was pumped in from cell 06 (see
Fig. 4.36) and element r (3,3) from cell 10 (see same
Figure). It can alsc be seen in Fig. 4.37 that x(3) is blue
since it was formed ty the comkination of gb(3) and r(3,3).,
toth tlue (remeaber that the third column of R has been
coded blue). After its computation, element x(3) is pumfed
through the array to cell 04 (clock cycle 2, Fig. 4.38), to
cell 02 {(clock <cycle 3, Fig. 4.39) and finally to the
external world (clock cycle 4, Fig. 4.40) at cell 01. During
this trip, its value is used for computation of the elemernts
of vector Y which are necessary for computation of the other
elements of vector X. Now let us track the formaticn of
x(2) .
From algebhra, we have

x(2) = (gb(2) - x(3).r(2,3)) / r(2,2)

The partial result x(3).r (2,3) is computed at clock cycle 2,
in cell 04. This cell receives x(3) from cell 05 (comfpated
at clcck cycle 1, see Fig. 4.37) and r(2,3) from cell 08
(see Fig. 4.37). This partial result is called y(2) (color
coded red Dbecause it will contribute to the formaticn cof
x(2) , which color code is red) . This time, y(2), being orig-
inally red, appears in «cell 04 as magenta because the
contribution of y(2) 4is activated blue when it interacts
with tlue r(2,3) and klue x(3). At this point of the compu-
tation all necessary data to compute x(2) 1is available.
Element y(2) is stored in cell 04, element gb(2) is ready to
enter the array (see cell 06, in Fig. 4.38), ard =o is
element r(2,2) (see cell 10 of Figy. 4.38). At clock cycle 3
these elements are pumped intc the Back Substitution Cell
(cell 05) (see Fig. 4.39) and the computation of x(2) takes
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place. Substituting numerical values (as seen in those

cells) ipnto the above equation it becomes
x(2) = (-0.566 + 11.538) ,/ 4.042 = 2.714

Element x(2) assumes color red because all factors that
contributed to its fcrmation had that color code. After its
computation, x(2) is pumped through the array via cell 04
(clock cycle 4, Fig. 4.40), cell 02 (clock cycle 5,
Fig. 8.41) and finally pumped out to cell 01. During this
trip, similarly for x(3), it contributes to the formation of
y(1), ancther element of the vector of partial results. This
will e required to the computation of x(1).

The sequence of fpictures from Fig. 4.36 to 4.44 displays
the whole computaticnal process in the systolic array
according to the algorithn.

E. FURTHER EXPLORATICES

The rotential of SYSGRAS goes far beyond the izplementa-
tion of systolic algcritams. Presently, because of pratical
importarce, extensive research is being carried out on the
investigation of <faults in the actual systolic devices
[Ref. 11]. How to circumvent those faults and which effect
they do have on the results are some of the subjects under
study. SYISGRAS can ke used as a valuable tool in perfcrming
such studies, because of the simplicity of its interface
with the user and because of the possibility of inclusicn of
possikle subroutines to support the algorithms. To emphasize
its versatility, we address the fact that a processor cell
may have a large numter of input/output ports (although it
is presently set up for a maximua of four). This allows a
large number of connections with other cells or the cutside.
This characteristic car be used, as example, to inject data

into a cell that is situated in any position in the array.
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These data could ccnsist of 1logical commands that would
S alter the function c¢f the processor for the selected cell.
These commands, in a particular application, could "kill®
the cell, or degrade its performance according to a desired
need. Another apprcach, that would reduce the data entry
volune, would be to design a subroutine to implement a .

wfala a0 0 8,

defective processor and assign that processor to the target

cell. The color feature can also be used to analyse the

effect that faults at a particular cell will have over the

cthers, If a color is injected at selected input rfports

) (depending on the software of the subroutine that supports a

> Frocessor), it will spread over the cells that receive data

from this faulty cell under evaluation, and will display the
- "bad sectcr"™ on the screen.

Many other possitle studies related to systolic arrays

may Le considered due to the flexibility of the SYSGEAS

sof tware.
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V. THE INTERACTION WITH THE SINMULATOR

A. SCFTIWARE REQUIREMERTS AND FROCEDURES

In order to operate with SYSGRAS, the user must have the
follcwing files.

SISTOY.PAS
SYSFCE.FCR
LOCIN.COM
JURK.CCH

The user, after compiling SYSTOY.PAS and SYSFOR.FCR,
must link both relocatable codes with SIGGRAPH core, vwhich
is at CS3202.CORE 1litrrary. ©To do this, the command to be
used is

LINK SYSTOY,SISFOR, (CS3202. CORE) CORE/LIB

In order to run, enter the command "RUN SYSTCY", The code
will address the RAMTEK peripheral system when runming, and
this device should be turned on and ready to operate.

B. ERTEFING A NEW PECBLEN

When the command “RON SYSTCY" is entered, the simulator
starts rrcepting all questions that must be answered by the
user to enter the prctlem. 1In Appendix D we have recorded a
session of the Simulatcr to make the interaction more under-
standable. It was cur orijinal intention to present this
recording of the session as a gquide to SYSGRAS for the
Matrixz Triangularization problem.However, due to the large
azount of material that needs to be presented, we decided to
include a short "dusmmy" session in Appendix D for clarity.
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It shows hcw to enter the data and how to handle an incor-
rect input. The simulator permits recovery from entry errors
and persits display of input data as many times as desired.
The user bhas the £fcllowing choices when dealing with the
simulator:

- =select a new prcblem rum or a previous problem session

= record the session in a separate file for 1later
printing

- ability to interrupt the graphics presentation at the
end of each clcck cycle

It is recommended that the user follow exactly the same

pomenclature that was mentioned in Chapter III Section E to
avoid errors that zight be difficult to troubleshoot.

C. REVIER OF A PREVIODS SESSICN

We have included in Appendix E a recording of a session
with SYSGRAS for the purpose of reviewing a [frevious
sessicn. The user nmust take care to rename the file which
contains the data frcm previous session into a file under
the name SYSARRAY.MEM . This file must be the most recent
version generated by the VAX VMS Operating Systen.

The following files with data from previous sessions are
already available, and may e run upon request frcr the
user:

-~ file DIVDIFF.ME¥, with recording of simulation anal-
ysed in Chapter IV, Section A.

- file MULTPLY.MEM, with recording of simulaticn anal-
ysed in Chapter IV, Section B.

- file GIVENSW.MEM, with recording of simulation anal-
ysed in Chapter IV, Section C.
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with recording of simulation anal-

- file BAKSUBS.MEN,
ysed in Chapter IV, Section D.

D. RECORDING OF CONPUTED DATA AND PRINTING OUT

If the user has asked for this facility, SYSGEAS will
write all computed results of each cell at each clock cycle
into a file named SYSPRINT.DOC, which can be printed out
after the end of the session.

.......
—_— -
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VI. IBf SINULATOR HAISTENANCE

A. STRUCIURE OF THE SINULATOR

The SYSGRAS has lbeen designed in two layers. The upper
layer that interacts with the user is in PASCAL, and so it
is guite portable. In fact, due to the use of the
YOTHEEWISE" feature offered by the "CASE" coammand in the VAX
PASCAL CCMPILER, a few of its case structures have to be
slightly wmodified before it can be installed in ancther
machinpe. The lower layer is constructed in FORTEAN 77 and
it is ccmpiled with VAX FORTRAN. This layer interfaces with
the Grarlics Package SIGGRAPH that is presently available at
NPS on the VAX 750 machine. It has been set up for presenta-
tion cn the RAMTEK 9400 systen, and so it is not pcrtable.
Its structure, hovever, can be modified to interface with

another graphics package with characteristics similar to
E. those of SIGGRAPH. |
- The PASCAL layer is presented in Appendix A and the
FORIRAN layer is in Appendix B.

B. MCDULAR DESIGE ASEECTS

The design of SYSGRAS has followed the philoscphy of
modular design. The data structure has been deéigned to
match the abstract idea of a systolic array and its pultigle
: features, subsequently it can be easily identifiakle by the
Q program user. The basic element is the record "NODE". This
g element keeps all the informaticn regarding each cell. The
vhole array is a collection of NODES's, and these are assem-
tled into a higher 1level hierarchy by the record "GRAPH"
s which contains all information akout the whole array at each
clock cycle.
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The part of the prograam that is nmost relevant tc the
user refers to the cell processor support routines. Iif new
' types of cells need tc be simulated, new support subroutines ' |
must re added to the existing set. This can be done without
coaplete knowledge of the prograa implementation because of
the »scdularity of the design. Now we will refer specifi-
cally to this kind of softwvare maintenance.

28 4 5 8 a8

C. DESIGNING AND IBSTALLING A NEW PROCESSOR SUFPORT
SUBRCUTINE

The cell processcr support subroutines modify the glokal
data structure represented by the variable G of type GRAPH.
The existing set of such subroutines are under the comment
titled "library routines for cell processors"™ in Appendix A.
P, If a new one needs to be created and added, it should
: conforr with the pattern seen in examples. The subroutine

implenentation must Le placed between the statesent "with
G.NODES (.I.) do begin" and the Statenment
"COLCF_EFOCESSING(G,I)"™. This last command calls a sukrcu-
E tine that will compute the color of the cell as a result of
the ccabination of thke different primary colors of the input
data.

The followinc¢ steps nmust, therefore, be followed to
introduce a new cell subroutine:

i. increase the constant NUMBER_OF_ROUTINES.

ii. modify the enumerated type PROCESSOR_TYPE to include
another routine reference name (e.g. ROUTINE_9).

iii. modify procedure DEFINE_NODES to include references

to the new sutroutine. This should be done in suchk a
: way that the new routine is referred the same wvay as
g the others.

iv. modify procedure OUTPUTI_ARRAY the same way as atove.
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v. nodify procedure CORRECT_NODE as above.

vi. modify the main program statement "case PROGESSOR
cf™ as above.

vii. place the body of the pnew procedure next to the
existing procedures to conform with the prcgram -
structure.

Bints for the design of the new procedure:
- the type NODE defines the cell data structure.

- the number of input/output ports in a cell can be
modified by changing the constant CONNECTIONS in the
main program. If this is done, the constant MAXIINKS
also must be modified as instructed in the prcgram
text comments.

The present implementation of SYSGRAS restricts the
maximux pumber of cells in ap array to 23, in crder to -
achieve a faster comrutational speed. If desired, that can
Le mcdified by altering the aain program constant MAXNCDES.
If this is done, the corstant MAXLINKS must also be modified
as instructed in the frogras text comaents.
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VII. CONCLUSIONS

A. ESTABLISHING COBPARISON PABAMETERS

The simulations that have been studied 4in Chapter V
provided us a reasonatle tool to use for evaluation of algo-
rithas ixplemented in systolic arrays. Important factors
that »ust be considered in this kind of an evaluation are:

i. use of the same type of processors in other algo-
rithes

ii. average percentage of cells involved in effective
computation fper clock cycle

iii. degree of homcgeneity of cells
iv. degree of the usage of pipelining

v. possibility of modular expandability

vi. required numker of external connections to each cell
vii. cell complexity

Unfortunately not all these factors can be determined by
using this tool. Sutjectiveness also has to play a role in
this evaluation.

B CCNCLUSIONS ABOUT ALGORITHES UNDER ANALYSIS

The isplementaticn of an algoritha in a systolic array
may provide a greater calculation speed, but a cost was paid
to get that achievesent.The ccst can be evaluated in teras
of the ccmplexity of the design, the difficulty in isplemen-
tation, the manufacture probleas that can result frem a
particular array configuration, etc. We want to make sure
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that this cost is not excessive and, ideally, to be minimus.
These are consideraticns that require criteria of evaluation
to be established. 1Instead of trying to come nup with a
criteria that could rte the subject of 1lengthy discussionm,
the atove smentioned factors are used to discuss the effi-
ciency of the algorithims with a nore gualitative than quan-
titative approach.

The first factor we want to establish is that concerning
‘ the average percentage of cells effectively involved in
8 active ccaputation per clock cycle in each algorithm. For
.‘ _ eacn algcrithm we consider the number of required cycles to
- run till ccampletion, the number of physical cells in the
i' systolic array, and the number of cells involved in active
- computation in each clock cycle. This last factor corre-
ﬁ sponds to the number of cells shown on the screen with a
color other than black. Thus we do have:

Matrix Triangularization:

9

total number of cells = 9

percentage of computation / cycle =
= 1/9 X 1/9 x (142+44+5+46+45+434+140) =
= 0,333

nuskter of cycles

Perforaing similar calculations for the other algo-
rithes, we obtain the numbers shown up in Table 1I.
Lefinitely, the Matrix Triangularization has a longer "duty
cycle" rer cell and this means less waste.

The pumber of types of cells required for each algorithm
is easily seen in the pictures shown in Chapter IV. Modular
expandability is another important feature. It implies the
possibility of interconnecting chips (each one embedding a
whole systolic array) in a cascade fashion or scme cther
arrangerent where the chips are used as smaller parts of a
higher hierarchical arrangement. Matrix Triangularization
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and Back Substitution have restrictions in that respect due
to the fact that their cell arrangemeant is not symmetrical
and such an exransicn would reguire different types of
chips.

With respect to these factors,
follovwing table:

ve can suamarize in the

TABLE III
Ccatrarison of Algoritha Isplemeantation Evaluation
Pactors
MATRIX BACK DIV. MATRIX
FEATURE TRIANG. SUBST. DIFF. MULT.
Average
ercentage of
uty cycle 0.333 0.250 0.250 0.123
cocrputing
per cell
Nusber oif 2 2 1 [ 1
cell types
Modular_ . R R 4 ' Y
expandability
R = restricted
Y = yes

Ibe number of external connections required ky each cell
is pehaps the most demanding factor existing in pratical
implementations. The normal ccnnections are power and clock
Some algorithes like Matrix Multiplication need only
these twc. Some others have sypchronization and data feeding
Froblems that can only be solved
external connections to the cell.

related to

lines.

withk the addition of extra
This feature is somehow

the degree of pipelining that can be achieved.
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The Batrix Triangularization and the Divided Differences
algorithss can be pratically isplemented if there is a flag
signal that can trigger a pumping out mechanism to send the
data frozen in each cell after the 1last clock cycle. To
recover the data and display it externally, additional
connecticns are needed in each cell. X This increases the
total ccst of the chip and coaplicates the protlem of
modular expandability. Since a design goal in every VLISI
implementation is to reduce the number of external connec-
tions, this is a key factor in the design effort.
Pipeliring possibility is also affected because the purping
out operation is not part of the normal algorithm cycle. It
is an additional burden that may require the interrupticn of
the data [umping intc and the pipelining will have to be
restricted to data of the sanme prbblem. Data from different
froblems can not coexist at the array at the same time. A
calculaticn of a prctlem has to fimish in order to start
another. In this sense, if wvwe examine the Matrizx
Multiplication algorithm, we will conclude that true fpife-
lining can be achieved. No data flow interruption occurs
because the results are not kept frozem in the cells, rLut
are noved as part of the data flow.

.The factor of g¢ell complexity is important not only
because cf the possible high cost of the hardware, but also
because cf the time that may Le required for a clock cycle
to be executed. If a longer time is required, the clock
speed has to be kept 1low and the efficiency of the
processing decreases. Simple oferations are always a gcal on
the algorithm design tecause they result simpler and faster
hardware. This is why another algorithm for Matrix
Triangularization without Square Roots has been suggested.
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C. SUGGESTIONS FOR FUTURE HODIFICATIONS ON SYSGRAS

He are conscious that we have not achieved an optiral
design with our simulator in terms of performance. It could
be improved if the graphics impleamentation were more effi-
cient. This would speed up the interaction with the user and
make it more attractive. Another point ¢that cculd be
improved is the wuser interface. The amount of information
that is required from the user requires an effort that eight
e minimized if other interface techniques were used, such
as ccmnbined use of mouse or 1lightpen with the keyloard
input.

Additional points that could be modified to enhance the
presentaticn at the screen are:

- Elimination of non significant zeros £from the cell
display (such as turning 000.400 into 0.4).

- Change of the bidirectional arrow that regresents
ccamunications in both directions between cells into
unidirected arrcwys, one for each link between cell
ports. This wculd make the cells aprear on the screen
the same way they are represented in the literature.
An example of the birectional arrow can be seen in
Fig. 4.36, in Chapter IV, connecting cells 05 and 04,
as well as 04 ard 02.

D. THE EROLE OF THE SIBULATOR

Our goal was to contribute to the understanding cf the
ipplementation of algorithms in systolic arrays. This led us
to the realization of some of the inherent problems that
appear in this field. The complexity of the data interac-
tion in the space-time fraze is considered to be the
greatest okstacle in the understandingj process. To decide
on the aprroach to adopt to handle the problea is also
difficult. In response to that, ve designed a tool whcse
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task is to provide a softvare implementation of the systolic
array. The user is left free to concentrate on the algo-
rithe. Ve have shown the use of this tool on the study of
some algorithas. This gave us the opportunity to realize the
pover of a systolic array in the process of perfcrming
calculations. Aspects such as computation tinme, memory
requireasents and I/0 interactions are minimized. The mapping
of an algorithm onto a systolic array certainly represents a
sajor difficulty. Tike main role of our simulator is not to
help in this mapping, but it can be used in the validation
phase of the algorithm design. The greatest contribution
that we see in SYSGFAS is its versatility. The user can
model an ideal envircoment for the algorithm or an environ-
ment contaminated by problems in the underlying hardware.
This certainly can lelp in achieving better results while
presenting a clear idea of the robustness of an algoritha.
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