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In a recent paper [1], J. U. Kim studies the Cauchy problem for a Bingham
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fluid in ﬁ?. He points out that the extension of his results to R depends

o
on two lemmas concerning dense imbedding of éo-functions in certain spaces.

i Al r= \V 1‘}"“ O ' *
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Lemma 1:
C; (BP) is dense in Fp for 1 {p<= .
Proof:
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TWO RESULTS ON DENSE IMBEDDINGS

Michael Renardy

Following Kim's notation, we define
Fo=fue w2 | vue P} .

Our first result is the following.

Clearly it suffices to show that functions of compact support are dense;

C”-regularity can easily be achieved by using the Friedrichs mollifier. If
2 Lp+e n

we know that u € IP(R?) or even that u € (R7) for sufficiently small

€ > 0, then we can use the standard cut-off procedure to approximate u by

functions of compact support. I.e., if we set um(x) = u(x)wm(x), where, for

example,

v = {2 -l ncpx) g

then it can easily be shown that u, *+ u in ?b. Therefore it suffices to

p
from the Sobolev imbedding theorem that ?P C 1P, and there is nothing left

show that ¥ N LF*€ (¢ > 0 small) is dense in F_. If p > 2, it follows

to prove.

Sponsored by the United States Army under Contract No. DAAG29-80-C0041 and the
National Science Foundation under Grant No. MCS-8215064.
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In the following, we assume p < 2. We set

2, x| <N,

(x) = Nnnn
Pn' X

0 P |x| >N .
Here Qn is the volume of the unit ball in R®. For u € Fp' let uy =
u - vN*u, where * denotes convolution. Clearly, uy is in ;p' and we
want to show uy + u in ?p. We have Vu = Vu - g, *Vu, and, if p = 1,
then f Vu = 0, since u € LZ(RP). Therefore, it suffices to show the

following: Let 1< r <®, and veLl’, for r =1, assume in addition

that | i = 0. Then vy =v =¢gu'v+ v in Lr.
R

To see this, note first that lQNl 1= 1, and hence IvNI - < 21vl '
L L L

hence it suffices to show vyt Vv for v in a dense subset of LY. 1If

r >1, take v e ' N LY. Then I¢N*vl & < I¢NI ivi which tends to

’
L e g

zZero. For r = 1, 1let v have compact support, contained in, say

{Ix| ¢ R}, and assume | n vV = 0. Then
R

o *vt o =

| [ e (x=y)viy)dy | ax
L Rp RP N

vN(x-y)v(y)dy | ax
N-R¢|x|<N+R |y | <R

[ legtx=v)| |v(y)|ay ax
N-R¢[x|gn+r  |y|gR

A

¢ log(z)laz « [ |viy)lay .
N=-2R¢ |z | <N ly <R

This tends to zero as N + =,
pte gn
It remains to be shown that wuy 1lies in L (R') for small € > 0.
Let g denote the fundamental solution of the Laplacian. Then an explicit
146 _n
calculation shows that g - g *g 1lies in L (R) for small positive 6,
and so do its derivatives. Hence it follows that Wy 3= g*VuN = (g = 9y*9)*Vu

lies in Lp+e(nn) and so does uy = div wye This completes the proof.
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Again following Kim's notation, we now define the following spaces of

vector-valued functions.
¥
of, of
B 1,2 3 .3 N 1R3
Gy(®) = {£ e w ' “(r) | €34(E) Tx; 7, e L'(R)
for i,j = 1,2,3, div £ = 0}
3 ® 31,3 =
S(R%) = {f e (C (R))” | div £ = 0} .
The lemma required for Kim's result is the following.
Lemma 2:
S(Ra) is dense in G1(R3).
Proof :
Obviously, G4 is contained in
G, = {ge w23 | ey 4(8) € 1P(®}), div £ = 0}
for any p e [1,2). Moreover, lemma 1.9 in (1] says that
G =F, = {£ e w'2®3)3 | vg e tP(®Y), atv £ =0} .
for p> 1. Let fy =f - ¢N*£ with ¢y as in the proof of lemma 1. Then
it follows as before that fy » £ in G4. Let a be defined by
a = g*curl f, where g is again the fundamental solution of the Laplacian.
The convolution makes sense, since we can write g = g4 + g, where
gq € L1(R3). ng e Lz(l3), and we define gy*curl £ by putting the
derivative on gy. Clearly, we have div a = 0, curl a = f. Now let
e
& ay = a - 9.*a, so that curl ay = fy, and Aa, = curl fy. Since
3
v 1
5 ay = (g = gy*g)*curl £ and curl f €L +€(R3) for ¢ small, we conclude as
L L]
o +
; in the proof of lemma 1 that ay € L1+€(R3). From a, € B e(113).
|
o pag e L'(®), it follows that ay e W ''E ().
5
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It thus remain to be shown that every f € Gy which has the form pE=

3

2, 1+¢ (R

curl a with a e W } can be approximated by functions of compact

- e . Bt A

support. This is easily achieved by multiplying a with an appropriate cut-

off function.

(P
. %

—ps




R Rerdt it Ssh et S v, CEahe i 5 Ddiie e ! '“‘.‘t' . i R et e g e TR B e B e g e S ek W, SR s i Vi il el
L TS R A AL A A - Sia - e . ik
SReRAL (SR N it PP e s o\ 2 —
F = - . > A L LIV SISO S i SR = o, o
- = AT e P et et AN LRy - - - )

REFERENCES

{1) J. U. Kim, On the Cauchy problem associated with the motion of a Bingham

FAESrul PPN SRS e & IR B e
.

£fluid in the plane, to appear.

e
e e 0

*
P

13
»
»

R SR B S S
§.o" .

1%

v -
. e
e

MR/ jvs

0

A T B 4
()
2t

v
o

1oy

o =
AN

LAAN

g

- .--,.-:_. _...‘..._ ...‘..

i .‘-".-s:_-.j_-.f-.-,

0
o %




S— e R T G ML AP 0. i e -l
R O N R T L T T T T T~
ER i SR i s ok e imags e e

- U e o= T ————

SECURITY CLASSIFICATION OF THIS PAGE (Whea Dete Entered)

READ INSTRUCTIONS

1. REPORT NUMBER Z.iv‘l’ ACCESSION 3. RECIPIENT'S CATALOG NUMBER
#2833 /5 g

v 4. TITLE (end Subtitte) 8. TYPE OF REPORT & PERIOO COVERED

Two Results on Dense Imbeddings Summary Report - no specific
reporting period
6. PERFORMING ORG, REPORT NUMBER

8. CONTRACT OR GRANT NUMBER(s)

7. AUTHOR(e)
MCS-8215064.

Michael Renardy DAAG29-80-C-0041
i 9. PERFORMING ORGANIZATION NAME ANO ADDRESS 10. ::gf'ZA:oERLKEUE:‘TY}«pmoe'EESJ' TASK
Mathematics Research Center, University of ) ”l
l 610 Walnut Street Wisconsin mrk:"i:eg‘”m“bzi L
! Madison, Wisconsin 53705 o g
§ 11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT OATE
] June 1985
£ 5
i Te. MONITORING AGENCY NAME & ADDRESS({f dittarent from Controlling Ollica) 1S. SECURITY CLASS. (of this teport)
UNCLASSIFIED
184, DECL ASSIFICATION/ DOWNGRADING
SCHEDULE

18. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the ebetract entered in Block 20, !l dltlecent from Report)

18. SUPPLEMENTARY NOTES
U. S. Army Research Office National Science Foundation

i P. O. Box 12211 Washington, DC 20550
Research Triangle Park

North Carolina 27709

19. KEY WORDS (Continue on reveres oide ({ necessasy end identity by block number)

c e Y e e s,

Sobolev spaces, approximation by test functions

20. ABSTRACT (Continue on raverse alde }f nucessary end identily by block number)
In a recent paper [l], J. U. Kim studies the Cauchy problem for a Bingham

fluid in RZ. He points out that the extension of his results to R3 depends
-]
on two lemmas concerning dense imbedding of Co-functions in certain spaces.

In this note, these lemmas are proved.

.o ‘523','7_:__‘4?.3 i °""°"f"’?°f°“" e e UNCLASSIFIED

AT \ q. o el %4
L IOPO ':;";1- Lo '-L‘ A 0 .'-';\'L'!':":-'




e o are e 2ae pes e gan pan gen pon An i A en JBE SN0 G e R g A S G g e Sk 0 o A S AN 20T Sl i Wit
.'MQ‘....h::..a..r\'.‘..-n-_,.". k9 0 B - B el N S Sy S e . (e e A S s S i i W e RSO T

END

- v w

R




