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FOREWORD

The work described in this report was done in the Space and Surface Systems Division
of the Strategic Systems Department.

The author is indebted to Alfred Morris, Dr. Marlin Thomas, Head of the Mathematical

Statistics Staff, Dr. Harold Crutcher, consultmg Meteorologxst Peter Shugart of U.S. Army
Tradoc Systems for helpful discussions.

The author also wishes to thank Alfred Morris for reviewing and designing imnprove-

ments to CIRCV, ELLCV, and ELLCV3. ‘
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O.F. BRAXTON, Head
Strategic Systems Department

- e ]
- }-',' -
i Dizks
SUUR—
'I A * s Chles
I R R V2
;
. © Dist 1 Crecilad
il Lo

. " . . » M : v i ! t ' ' . - - - ) .
oA EL R AL AR AR R L SR CE P R 2L L O S R R L IR AR A A R A R A ‘"v o -‘.,"- """"' s el

0



NSWC TR 83-13

ABSTRACT

Five computer programs especially useful in statistics are described and listings ia
BASIC are given. The hstings are generated using the Hewlett-Packard 85 and 9845 desktop
. +smpurers. The programs supply the values of: (1) the integral of the bivariate circular
I normal distribution (ND) over an offset circle; (2) the integral of the bivariate ellipticul ND
. over a circle centered at the origin; (3) the integral of the bivariate elliptical ND over an

offset circle; (4) the integral of the bivariate correlated elliptical ND over an arbitrary
. polygon; (5) the maximum likeliho. . estimates, obtained from quantal response experi-
ments, for the mean and yariance of a ND. ' :

-

Y R IENw W ¥ v_.e_~,~,

W WW WS PG - ¥ 9 ¥

iv

N . . . i
: L‘.‘..j (PR 7O FA PA S It PL IS TLFL




. .‘|'-\.'.'-'-‘

NSWC TR 83-13
CONTENTS
Page
L INTRODUCTION . . .. i i et ettt et e v ieenas |
I. MATHEMATICAL DESCRIPTION OF PROGRAMS . ............ e 3 ‘
A. CIRCV and GCEF . .. .. ... i i et ettt e it 4 .
B. ELLCV and ELLCV 3 ... . i it e e 8
C. POLYCV . oottt e e e 13 ’
D. MLEQRE ...\ttt e e e et e e 19 |
III. LISTINGS OF PROGRAMS AND SAMPLEOUTPUTS . ... ocoveeeeeennnn. 25
A. CIRCVand GCEF. .. ... . i e i 26
B. ELLCVand ELLCV 3 .. . e e e et e e 33 )
; DG POLYCV. Lottt ittt ettt e e e 55
: D. MLEQRE ...ttt ettt et e 77
: REFERENCES . . ...\ttt e e e e e e e, 95
DISTRIBUTION
!
N
Y
A
‘
s
. v
Preceding Page's Blank
N oI



NSWC TR 83-13
1. INTRODUCTION

‘With the increasing capability of desktops.for scientific computation, the nzed arises to make
available in BASIC several important statistical programs which have been operating in Fortran on
large computers. These programs, as described herein, although not particularly lengthy, are sophis-
ticated in their mathematical and !ogical structure; their design for desktops are in keeping with the
high standards of the CDC 6700 mathematics subroutine lidrary maintained at Dahlgren, [14].

We proceed to describe in mathematical terms the statistical functions that are involved.
Details beyond those given here and in the next section can be found in the references.

The first and second programs, which appear together in one package, are titled CIRCV and

GCEF, respectively. :

The purpose of CIRCV is to evaluate P(R, d), where
P(R, D) = ‘exp (-D?¥2) fR exp (~r/2)1,(D) r dr. ’ (N
0 .

Here R = R/a,, D = V/h? + k/o,, where R is the radius of a circle C in the xy-plane, offset a
distance v'h? + k? from the origin. Iy(u) is the modified Bessel funciion of the first kind of
zeroeth order. Statistically, P represents the' probability of a shot falling in C, under a bivariate
normal distribution with mean zero and with equal standard deviations o,, Oy. {5], [6]). The
function P is called the Circular Coverage Function.

The objective of GCEF is to evaluate the probability function: -

F(K, ¢) =% [ exp (—% r2) lu(—%- rz) rdr, o ' 2y

where

j

0<c=og,jo, <1, K=R,,

3

[}

A = (1-c2)/2c2, B = (1+c2)/2c2.
The function F(K, ¢) is known as the Géneraliied Circular Error Fuuction, {S], [15].

The third program, called ELLCV, is a generalization of the first two. It supplies the value of
P, where - : '

el M g aeaeaqrg @ ietec 8- 0" o ' e Mt ececa e e . I
e ek A B A AL R N LA S A S N L I R A N R R R R S R S N R R R R T I S C T ST SN

wadivhl Rl okadchod ol

LGN TP SR O 4
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‘ R+R 2 k+vVR2-(x-)? :
e [ o M| [t M3 e
mox0y S g \%/ | Je VEom: y

Statistically, P represents the probability of a shot falling, under a bivariate normal distribution
with mean zero and with standard deviations o, and oy in the x and y directions, in a circle C,
centered at (h, k) with radius R ie.,

C: (x—-h)? + (y-k)? = R?. - ‘ (5)
We call (R, h, k, 0, 0,) the Elliptical Coverage Function, 3], [4].

ELLCV is slow in comparison with CIRCV or GCEF. Thus, we also give listings for the pro-

gram ELLCV3 which supplies P(R, h, k, Oy, 0y) at rvduced accuracy but at roughly one-half the
computing time per case of ELLCV.

The fourth program is named POLYCV, it makes avanlable the values of P(II) and A(II) or
P(A1l), where

P(I) = ff Z(x, y) dx dy, , (6)
IMor Al
with
(1-c2)"1/2 MY MY/ y—M y—M ;
- C“ X - x X - X ¥ y
Z(X,y) = ——a— ex —< } —2c< )K )+( ‘ ) 2(1 =c?) ,
y 75,5, P S, / Sy S, S, o

and A(IT) represents the area of II. Here II denotes an arbitrary polygon in the xy-plane which is
defined by the coordinates of its vertices (x;, y;),i=1, 2 ---, N. Al denotes a semi-infinite angular
region in the plane (see Figures 6 and 7, page 17). The integrand of (6), given by (7), represents a
corrclated bivariate normal density function with mean (M,, M, ) and covariance matrix

Si cS, S, ® :
S8, 82/ ’

wnth correlanon coefficient ¢, (ic]' < 1). Detalls of the analysis for POLYCV are given in [9],

J[10], {111, 112].

...........

The last program is named MLEQRE, which stands for “Maximum Likelihood Estimates from
Quantal Response Experiments.” An estimated mean p and an estimated standard deviation o of a

‘No‘e that (1) and (2) fullow from (4) by transforming (x. y) to polar coordmates (r. 0) and setting 0, = g, for (1),
andh=k=0 fur (2). '

e .
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normal distribution obtained from quantal responses are supplied by MLEQRE It also gives the
associated covariance matrix elements and a plot of the 50 and 95% confidence ellipses. The esti-
mates p, o are taken as those unique values of the independent variables u, s, respectively, which
maximize the likelihood function

N M '
H IIQ , o

where

\J

Zv) = he‘xp(—ﬂ/z), P(v)=f Z(p dr, Q(v)=f Zndr,  (10)

$ (ai—u)/s, t; = (b; —u)/s. (an

The a;, b; are input stimuli from a set of quantal experiments. They are called *“‘successes” and
“failures, » respectively, [7}, [8], where N denotes the number of successes and M the number of
failures.

In the next section we discuss each program and how to use it. The thxrd section contains the
program listings in BASIC with sampie outputs.

- IL. MATHEMATICAL DESCRIPTION OF PROGRAMS

In this section, the five programs, introduced in the previous section, namely

CIRCV
GCEF

ELLCV (ELLCVB)
POLYCV
MLEQRE

are described in mathematical terms. -

All of the programs, except POLYCV, dontain a subroutine for computing the complementary
error function, erfc (-), to a preset relative accuracy using Cody’s rational tunctions, [2],
ie., : T ‘ o

erfc(x) = | - x Z P9(J-:)x2‘ }_ QI =~1-i)x%, QO =1, IxI<1/2, (12

i=0"’

O‘ J—

-

' -1 J1- . .
erfc (x) = e ) R9(Jl—1))/z S9U1-1-i)xi, S%O) =1, 12<x <4, (13)

i=0 i=0

I S

. i . . .
RS Rt S A LR A AR AT e R I . I A A AR AT AT P AP I e I S RIURICINE Sl S S0 oS,
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S 12-1 J2-1
erfc (x) = “': { L Z Vo2 -iyx-%/ 3° V9(J2—1—i)x‘21.‘, WS =1, x> 4.
L\/_ i=0 iz0 J 14)

We alsc use the fact that
erfc (x) = 2 — erfc (—x). ' o (15)

The Cody coefficients are stored in arrays for each of the five programs as noted in (12)-(14). For
example in MLEQRE they are listed, starting with P9(1), in lines 225-260 of the HP-8$ listing (see
page 91). These sets of coefficients may vary from one program .to another depending on the
accuracy desired.

The subroutine CIRCV provides the value of P, where

=l ~L g2 421
P 7 ffexp[ 2 (x¢+y ,'] dx dy, ‘ (16)
C ' .
and C denofes the circle:
C:(x-h)? + (y-k)? = R?, ‘ ‘ an

i.e., as noted earlier, C is the circle in the xy-plane with center at (h, k) and radius R. The normal-
ized offset distance from (h, k) to the origin is denoted by

= Vi ¥ %o, . (18)

- The integration of (16) is carried out in polar coordinates asvindicated' by (1). The derivation of

(1) from (16) is given in [5}.

Two sets of recurrence relations are vsed; the chonce depending on the value of RD,
R= R/o) ,

For

0O<RD<70,

p='Zg,,k,, - | a9

1 Rzn*l 1 . o Dzn ) ‘
oA [ e e Fen o

.....
......
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2 Ii
8n = Bn-1 T3 (B;‘) R gy = (1-e7RU2)
(21
2
(ko = <D2> 1". Kn-15 ko = &P
Then (20) and (21) can be used tc obtain
(n=n + 1
2
1w _ 1 (R 1 (RD
K, = ;7(‘7) R Ky = = —2“) Ko-ps
- D2\ |
‘ T, = gk, =<_2—> n Th-y — Ky
< (22)
SI =S1+T,, S2=S2+K
2 ’ 2
‘ Bappyd it B < s5x10
KO = exp [_(Rz "'Dz),/Z] To =

exp (-D?%/2) — K if

2
52—>5x1o~4.

-

The recurrence
each cycle, test

(a) n > (RD/V2) - 1.
Cycle (22) until (a) is true, then test
® T, <e. '

‘relations in (22) are cycl-d starting with n = 0, S1 = Tj, S2 = K,. At the end of

Continue to cycle (22) and test only (b) at the end of each cycle until (b) holds. Then, with
6-dec1mal-dxg1t accuracy.

P = SI
P @
28 = Res2. .

The function aP/aR is available at virtually no additional computation. If R is desired fora ﬁxed -

P and D, then 9P/3R can be used to find R by the Newton-Raphson procedure.

The recurrence relations given above, based on {11, yield a slightly faster algorithm than those -

given by (22) and (23) in {5]. The resulting algonthm and test (4) as described above, are slightly
improved over those in (1]*.

*We wish to thank Peter Shugart for bringing [ l] to our attention.

..................
................
------------------

PSR &I LIRS TR )
T e L e e 4 A
S . .
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| For large RD the above algorithm is inefficient. Consequently, the following algerithm, as
developed in [5], [6], is used if
RD > 7.0.
Initially, we compute

Sy = RED 1 <LB:_DI> ST

f
a2
i
=
v
&
1
2¢

Then starting withn = 0:

- n=n+1

x» (=11 . o«
2n+l © \"2n ) 4RD -1

»

.\

R-D)? (2n ~-
M2n+1 = !RZ -D2|X2n+l "( D) (2" l) Mln-l (25)

Kans1 = (2n=1)Xpq4y

(S1 = S1+ Mypey, S2= 52+ Xpuuy .
Iterate (25) until
Mon+1 <'e. , , , (26)
When (26) is satisfied, continue to cyclc
| 'n =n + 1

_@n-12 | '
Xane1 ® = 35~ IRD Xan-t : (27)

$2 =052 + in”
unti!

Xanep S €. - (28)°

*The quantity X.,4; as given above differs by a {actor of i/4RD from Xy, 1 as given in (31), (32), (34) of [6].

DT A S T S S S S S ST SR [ - - L T e T ILAE T -

T N e M e e T T T DR o RIS SR S S L BN ‘.. R At N ..~.v..-~’rn‘o_ e «'_ ST P I
ARSI .- R 2 e gt e AT T T T T e LT Wt e e T N N L RS et N
3 4 e -, - - - [ S PLIR ) e e Tttt e T T et et - LRSI P ST ST ST IR Y

- “~ N [AERPR I SR DN e - aa e e ,.d..-.(. ‘._-'._..u_.._‘-.._...‘q".....-..-_.;._.i...h'._.-‘
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When (28) holds, then with 6 decimal-digit accuracy

%u + sgn(R=D) — S2 - sgn(R D)+S1I.
' (29)

3P

2 = ReS2,

where sgn(R—-D)=0if R = D.

We note that Cody’s algorithm for erfc (-) is only needed for arguments <4. There is no need
to consider.larger arguments because if |[R — DI/v/2 > 4 then P = 1 or 0, within 6 decimal digits,
depending on the sign of (R — D), (see lines 205, 210 of the HP-85 listing). . In case it is desired to
achieve greater accuracy, then for arguments larger than 4, use in place of M; in (24) ‘

X, .

“ - ()l

Of course, other changes would also be needed, such as changing the value of € and the right hand
side of RD > 7.

' The subroutine GCEF is included in the same program package with CIRCYV, because the
Generalized Circular Error Function F(K, c) can be cbtained usmg P(R, D). Indeed, we have from
(16) and (17) in [5]

[P(R,D) = P(D, R) = sgn (R~ D)F(K. o)

{P(R D) + P(D,R) = 1 = exp [-(R? + D?)/zZ] IH(RD). 0
But from (?3) below R — D > 0, hence

F(K,c) = |2P(R, D) - 1 + exn [-(R? +D2)/2]IO(RD)I G

Note that the product in (31) of the exponentxal and Bessel functxon is given by S2 in the computa-
tion of P(R, D).

" The arguments of F(K, c¢) are given by

K = ﬁ/ax , (R comes from (3)),
(32)
0<c=ogyfo <1,
where R and D in (31) are expressed in terms of K and ¢ by
1+¢ - (L=g) | ' |
R = K(Zc)’ D K<2c>' ¢+ 0, , (33




and
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. -2 2 2 2 ‘
RD = K2 (1” ZC > 2, B_;_D_ K2 <12+2c )/2 - (34)
2c - c

It can also be shown that

oF

5 = Klas2, c#o. | - (3%)

The case ¢ = 0 is treated separately in GCEF with

"F(K,0) =1 - erfc(K/ﬂ)

' (36)
F v . [2c0 (- /2 -x2
¥ k0 =yZs2, (=yZexn).
We note if ¢ > 1, then simply redefine K and ¢ .so that
K= ﬁ/oy , (R from (3)),
cn
¢ = o,/oy,

" i.e., interchange o, and o, (see (2)).

The program input variables are R, D, V. The output variables are P, S2.

CIRCV
‘ Input:

Output:

GCEF
. Input:

Output:

/x, D/o,, 1( V), (o, >0)

1If R/o, and D/a > 0, then P=P(R,D), S2= I/R 3P/3R. If R and/or D <0,
then P = —1 indicating unacceptable input.

‘R/o( K), o/ox( c) 0(=V), (ax,ay>0)

lf R/a > 0 and 0 < 0,/0, < 1. then P=F(K,c) and S2 = ¢/K aF/aK(c #* 0)
\/‘mf 9F/3K if ¢ = 0. If R/o, < O or lo,/o, = 1/21> 1/2 then P =
mdncanng\unacceptablc input. If o, > o, the user must interchange o, and ay.

The subroutine ELLCYVY provides the value of '

(

. , . ; ,
= 1 “Llix RAR . R
* Trano, ffexp { 3 [ Ux) + (a,)] dx dy; | (.3'8)
A .
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C derotes the circle given by (i7). It is shown in [3] that (4) can be expressed in the form

l .
--R_f (=X2/2) + exp (=X3/2)] [erf - erf tdt (39)
. P NG 4 [CXP(I .XO/-) exp (-Xi/2)] ferfc (yg) — er C(y.l)] ,
where '
(‘ ~
' * k - Rtv2 -1t
Xo =h - (1 -t2), vyp = Vei ,
| J | K+ RevI=E (40)
(R = R/o,, R=R/o,, h=ho, k=ko,.

Without loss of generality h and k are assumed to be non-negative.

The average computation time to evaluate P from (39) is an order of magnitude larger than thé
average time for CIRCV or GCEF. Hence, a number of tests are used to determine if P < € or
P > 1 — ¢ in which case P is set to zero or ont, respectively. Let H2 = h2 + k2, 0 = max (o,, ay).

Test #1: If R < 2ea,0, then P < e.
Test#2: If R—h+ Ao, KOor R~k +Ao, <0 then P <e.
Test #3: If R > Vh? +k2 + Aleg, thenP > | —.

" Test #4: 1f H2 > R? and.if
R? exp {-% [(H—ﬁ)/o']z}' < 2:ig.0,, then P < e.

The value of Al is chosen so that E (see Figure 1) contains | — € of the distribution; A is chosen in
a similar way with E replaced by a rectangle centered at the origin with sides of length 2Ao0, and
. 2Ao, along the x and y axes, respectively, (See ¢50) and (51)).

Test #1 follows by taking H = 0.and considering small R. Tests #7 and #3 are covered in {3].
Test #4 follows by using the fact that

o (4[] @) <oelosieon]

Tests #5 and #6, given below, are more subtle. We discuss test #5 first.
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Ya " Consider Figure (1). A tangent line L is drawn
C at point B where the ray M, from the origin to (h, k),
R intersects C; consider also a line L with the same slope
] (.5 as L tangent to E, the ellipse with center at the origin
Alo B ’ with major and minor axes 2Aio,, 2Alo,. The
’ I M distance from the origin to B is given by
2Alo; \ A AL =H-R>0 @
E and the normal distance from L to the origin is given
' Figure 1. Test #5 diD) = Al f(? + a2k2)H21Y?, @ = o /o,.
(42)
Hence, if
d(L) > d(D) - | (43)

then P < ¢. This test can be formulated without using square roots and is called Test #5.

Test #5: 1f
y = H? - ﬁz‘-‘ Alzoxz(-ﬁi—:{zii—z—) >0 k44)
gnd
RS 4R2A120 2 (—-———'_‘2 :p"ziz) | (45)
then I’ <e. |

For test #6 considér Figure (2). Here L denotes the taneent line to E at D where ray M

intersects E at D; L denotes the line tangent to C which intersects M and which is parallel to L.
In this case - '

-]
il

d(L) - d(@) = H{l - R VFID - A1/} (46)
where | |

F

ath? + k2, D = h? + k¢, R=TR,.

IfT> 0, ther) P < e. Without using square roots, we have:

10
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‘ Test #6: 1If , Ya

- g C
y =D - R2F/D - AI2 > 0, (47 |
and if B
y2 > JAIZRZE/D, (48) | DM
> X
then P < e. T
If none of the ahove tests are applicable, then a E
Gaussian numerical integration is used to evaluate P [ L
from (39). In this case it is advantageous, if passible, :
to reduce the interval of integration. By methods similar
_to those described on pp 7-9 of [3], an inter.al of . Figure 2. Test #6
integration [ey, ¢,] C [0, 1] is determined such that
' feg, =11 = min {[&, &1, [&. &1}, C (49)
where ' '
(. /R=h-A3 [ /R-k-A3
/g if h+A3<R, _ % if  k+A3<R,
L - if  h+A3>R. L 0 if k+A3>R.
Wy | (/R-k+A3 |
Y 22 it o<n-a3<k, ]/—%—A-,if 0<k-A3<R,
E = < i n<as, =3 1 i k<as.  OD
\ 0 if h-A3>R. A 0 if ~ k-A3>R.

If [8, —¥,] > (€; — €,l, then o, is interchanged with o, and h with k. This is equivalent to
reversing the order of integration in (39). '

In order to retain efficiency in the Gaussian quadrature evaluation of (39), an empirical func-
tion N is used to specify apriori, the order of the Gaussian process, O(G), to use.. It is given by

(e; =€) = [0.34 1 . |
N = + —_ — .
2 R [ox - .ozsm.-kns«:,] : ,(52)

Then

N>275 = 0(G)=24; '

.15 = O(G) = 20;

35 = 0(G) = 16; -
75200 - 1 ' 653
.35 = O(G) = 8;

.15 .= O(G) = 6.

1" -

‘ g o : . . . . o N
,,,,,, . e - L ie #ia 4 'e-eve.0le 4 BTE B SR R S B W BIA K ViGN B G N Q0P 0 0 e
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PRI AT ] ENERES

For example if, from (52), N = 1.31, then O(G) = 16. This means 16 Gaussian abscissae and weights

are used to evaluate the right hand side of (39). The abscissae, starting with O(G) = 6 are stored in

array X(i), and the corresponding weights are stored in array Y(i). Since the abscissae and weights .
nave certain symmetry properties about zero only half of them are actually stored. Thus the right

hand side of (39) is approximated to within 2¢ by '

»

- ‘.’—".-‘.-' K '. .-

AR

] (el “ % W : |
P=—=\—>—) R 2. wifipti, M=0(G). w, =0, (54)
ver o= i=-M/2

o where
? ( w; = ith Gaussian weight, w; = w_,
I 1. (e —ep o (55)
o L= (+x) + e, x = ith Gaussian abscissa, x; = —x_,
‘,:'..' r
pi = {erfc [yo(tp] — erfc [y, (t)]} .
i ' ' (56)
h 1 f = {exp [—Xg(ti)/Z] + exp [—Xf(ti)/lﬂ ., (See (40)).

Further reductions in computing time can often be realized by the following:

(a) In the determination of [e, — ¢y, it can be shown that if h > A and if R > h - A or
R > h ‘- A then the second exponential in (39) is negligible and can be dropped. Thus
a variable HS is introduced and set to one if the exponential has been dropped. '

v,
.

(b) An exponerntial in (39) can also be dropped if the absolute value of its argument exceeds

| (c: —éo) R ] . {l4.5!(forELLCV) 57

v\ 2 /T 7.70 (for ELLCV3).

This feature is not included in ELLCV or ELLCV3 at present. -

8 = log[

(c) In case k = 0, the quantity p; in (56) is replaced by - .
p = 2{1 —erfc [y, (1)1} | (58)

Thus, only one instead of two erfc functions are required for each i. (f o, =0y, then by
' circular symmetry, h can be replaced by v h? + k? and k by zero.) _ '

(d) The argument y,(y,) of erfc (-) is a decreasing (increasing) -function of t. Hence if
. S —A2(y, (0 2> A2) then p; = 2(1 ~ &) (erfc [y; (D] =€) forall t > T Two
meters are introduced to take advantage of this situation when it occurs. Variable Z <
18 set to one for the smallest i (say =j) on [-M/2, M/2] for which Yo(t;) < —A2 so that ‘
p; is replaced by 2(1 — €) for all t; > t;. Similarly a variable Z3 is set to one for the
~smallest i (say =j) on [~M/2, M/] for which y, (t;) » A2 so that erfc [y, (t))} is replaced .
by e, for all t; > t;. Note:, t; <t;,; by the way the Gaussian abscissae are ordered.
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In addition to ELLCYV which gives P to at least 6-decimal-digit accuracy, a listing s also included
for the program ELLCV3 which gives P to at least 3-decimal-digits. The latter differs from ELLCV
in the assignment of O(G) by (53), by using fewer Cody coefficients to compute e:fc (+) to less
accuracy, in the values of the constants A, Ay, Aj, As, ¢;.

The values of these parameters are given in the table below.

ELLCV, € = 5(=7) [ELLCV3, € = 5(-4)
———— '
A 4.892 3.291
Al 5.387 3.89895
A2 3.8775 2.898
A3 5.16 3.70
€ 1.04(-8) LS9)

Thie values of O(G) for ELLCV3 are determined by N from (52) and the following inequaliﬁes:

r N=>2 = O(G) = 8
0.675 < N <2 *0(G)-6
0.5 <K N <0675 = 0(G) =

N<O0S = 0(G) = 3.

(59)

The inputs to these subroutines are: R h, k, Cx; Oy The output is designated by P. The value
of R must be non-negative; 0, and 0, must be positive. Tests are not included for these require-
ments; no error parameter is used

Accuracy: P is given approximately to within 2e = 1076 (or 10”3 for ELLCV3).
1ote: Constraints imposed on h, k, a,/ay in [3) are no longer necessary.

The subroutine POLYCV supplies the value of P(IT) as expressed by the double integral in {6).
Th.. evaluation of (6) is simplified by using the trarsformation ,

o TR y-M
xg'[xe B / GEIE A (60)
i “x y
Then
L . - : 1 N
P = o= ffexp [—12- (R +3%)] &R 7 NI
. n ‘ i .

where II of (6) is transformed to 1 of (61) by (60). We call M the “transformed polygon.” The
program determines the vertices (x;, y;) of I1 from (60) and evaluates P(II) from (61). POLYCV can
also be used to evaluate the double integral in (6) over a semi-infinite angular region. Thns will be
discussed further below.

13
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It is important in order to use POLYCV to understand how IT must be specified. We say 1 is
positively oriented (PQ) if it is a simple polygon or the limit oif a sequence of simple polygons as
defined on page 9 of ['11], and if its vertices are ordered so that the area of IT is on one’s left as the
segments of [I are traversed continuously in the order the vertices are given. If the area is on the
right, I1 is said to be negatively oriented (NO) and P will be negative. Ia case I has vertices which .
occur more than once both (PO) and (NO) regions can occur. Self-intersecting (SI) polygons, as
described on pages 13-17 [11], can also be handled However F and/or the area can be negative.
The interpretation of such results is Icft to the user.

Two examples. to help clarify these ideas, are given in Figures 3 and 4 below. In Figure 3
we have an example of a simple polygon which is PO. The probability P is found over the cross-
hatched region. In Figure 4, a polygon is shown with PO and NO regions. The probability is found
again over the cross-hatched areas.

‘ 1 2,11 . 12
Figure 3. A Simple (PO) Polygon  "Figure 4. A Polygon with (PO) and (NO) Regions

The description given above for specifying I1 is adequate for most apnlications. When prescribing a
completely arbitrary polygon, all the vertices, points where two segments cross, and initial and
terminal points of overlapping segments must be numbtered. In certain situations some of these
points may not be necessary as shown by the example on page 24 of f11]. However, when in

doubt, I should be numbered as just described. More details and examples are given on page 14
of [11}].

Itis shownin [11], [12] that P over I is given by.

N ' .
PAT; = W = 3" P(A), | (6

i=1
where N -is the number of points speéifying I1, and

W =G/, (See(75) for ),

P(A) = % fJf'exb [—% (x? +92)} dx dy. (63)
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Here A; denotes a semi-infinite exterior angular region of M. In Figure 5, the four exterior angular
regions are shown for a simple polygon with N=4. Fori=1, ..., N, A; is formed by extending the
side (i = 1, i) from (i) to =0 in the direction from (i — 1) to (i). Note (C) = (N). Similaily side
(I, i + 1) is extended from (i + 1) to *° in the direction (i) to (i + 1), where (N + 1) =(1). The
angle of A;, with its vertex at (i), is measured as positive in the counterclock-vise direction and as
negative in the clockwise direction. ‘

Figure 5. Shows Angular Region

- In Figure 5, angular regions A, A,, A4 have positive measures with P(A,), P(A,), P(A,) positive.
angular region A; has negative measure with P(A;) <O0.

The sum of the angular measures of the A, i =1, 2, ..., N appearsin (63) and is denoted by 2.

In order to evaluate P(A;), advantage is taken of  the circular symmetry of the integrand in
(63). A semi-infinite straight line L is introduced extending from the origia to v;, the vertex of A;,
to o. Then transforming the integration variables in (63) to polar coordinates (r, 8) at v;, with
8 > 0 when measured counterclockwise from L about v, we have as derived on pp 2-3 of [9].

PA) = ?'; rz r exp [—% (R2 +2chosG+r2)] rdrdd, . (64)
’ < 31 0 ' . o (

where R is the distance from the origin to v;, and 6, - 8, = A is'the angular measure of A;. Mote if
v; is at (0, 0), so that R = 0, then P(A;) = 46/ 2x. '
Using the fact that ‘ | - ' - |

f e-1¥/2e-tRcosb rdr = | - 2uerfc (Iu)/Z(U)'o . (65)
| | { .

15
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where

cos 8, z(u) E-\'%r_—exp (-u?), erfc(w) = f 2(1) dt, (66)

[}

R_
VZ

we have

-------
-------

P(A)) = "R [-‘%f -1 fﬁ " ferfe (w/2(w)] da], “r<Ag < 67)
' - 0 .

1

The evaluation of the right hand side of (67) is achievéd by using a minimax polynomial approxima-
tion on [0, C(8)], ie., given a 8§ > 0, a set of real numbers {Ul,} are found for a least posm»e
integer K such that -

K-1 .
erfc (u) ~ 2(u) Z Ul ku“‘< —-?'ﬁs, 0<u<CE). (68)

Given a vzlue of § > 0, the constant C(8) is determined so that the value of P(A) in (63) is negli-
gible when A is the angular region with C(8) = R, wnth vertex on the positive x-axxs and with
8, ==6, =x/2. For§=5X10710,C(§)=6.2,andK =

The coefficients {Ul,} for § =5 X 10710 are given in the HP 9845 POLYCYV listing in lines
205-275. Coefficients for some other §s are given on page E-4 of [11].

With (68) it is not difficult to show that, within 8/V/x,

—R2/2
P(A;) = [ Z Uly_ ka,l] (69)
where
R ‘ 2 . T |
I = (--) fq cosk9do, 19,1 <X, 16,0 <Z, - (70)
1 : kR2
bt =557 {[hzg‘i - mgf] + 5t x} o
Jp= A8, Jy=hy ~h,
g =f-\l/‘,;—-coso,, hj-=-\!/-%.-'sinoj, i=1,2,. (72)
R? = %% + §2 (vertex of A; at (x,¥)). ' - (73).
16
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Since u > 0 in (68), this requires the constraints.on 6;, 9, givenin (70). Forn/2 <8 <, we use,
in addition to (69),

vz

where A[R, 8] denotes an angulcr region with its veriex a distance R from the origin and wiith
angular measure 9, where one side of A[R, 8] is formed by the line L described above. See
pp 13-14 of [9] for more details.

P(AIR, 8]) = erfc (——R-é sin e) — P(AIR, 7 - 01), (74

We note that since
Q= Z Af;, ‘ (75)

and A8, already occurs in (69}, li*t:c additional computing is necessary to obtain W in (62).

Since most of the programming is already available, POLYCV is also designed to yield the
normal probability P(A1) over a single semi-infinite angular region A1.* However for polygons each
of the angular measures A8; in (75) is in the.interval (=, 7], whereas for the single angular region
case the angular measire of A! is always in the interval {0, 27).** The angular region Al is specified
by three points. The first point is always at the vertex of Al the second and third points are taken
such that A9 of A1 is 0. Figures 6 and 7 show typical angular regions. :

In addition to P(= P(I1}), POLCV also supplies as output the area of II, A(IT), where

A(ID = S,S,[1 - c2]2A(D), L . (76)
A = )" %Fier ~Fi-00 Yo = Ins Iner = V0 : D

Figure 6. Angulsr Region.lAO <% . Figure?7. Angular Region, &0 >n

*P(Al) corresponds to a Bivariate Normal lntegral; See {9, p. 13]. |
**Since A8, in computing P(A 1), is always 20, P(A1) is always non-negative.

7
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In (77), the X;, ¥; refer to the coordinates of the ith vertex of the transformed péi;/gon I as
obtained from (60). For PO (NO) specified polygons A(IT) is always >(<)0. Thus, as indicated
earlier for arbitrary polygons, one should call A(I1) the “signed” area of II.

The input fo- POLYCV is specified in data statements accordinglyv:

HP-9845: P8, P9, M,, My, Q, S,» Sy, N, xl,‘yl, X2, Y25 ovs Xi» YKo
. HP-85: P8, P9, M1, M2, C, 51, 82, N, Xy, vy, X3, Y2, ---s Xk VK-

For the H?-85, M1 = M,, M2'= M,, SI =S§,. 82 =8§,.

If P8 = 0, then the vertex coordinates x;, y;, i = ! to K are stored in data statemants im- '
" mediately following the initial data statement above. POLYCV stores them in arrays X.(*), Y(*).
If P8 # O, it is assumed the vertex coordinates are already stored in arrays X(*), Y(*; which is
convement if the vertices are macnine generated.

P9 Determincs the output desired..
P9 = Q. No llatmg of the x;, y,, no piot of I
P9 > 1. A Jstmg of the x;, y; is printed.

P9 > 1 or P9 < 0. A plot cof I or angular region Al in the xy-plane, dependmg on N, is
given on the CRT and dumped onto the printer.

N:' If N > 3, then K is set te N by POLYCYV and P(IT) is found.
If N = 1, then K is set to 3 and P(A1) is found.

X, ¥, i=1,2,..., Ki (x,y;) denotes the ith point specifying a' polygon II or an angular region
‘ ~Al. If I is simple the points should be ordered so that II is positively

oriented. In the case of an angular region AI(N = 1), (x;, y,) locates the

vertex of Al, points (x,, ¥;) and (x3, y3) are ordered so that one rotates

from (x3, y3) to (X3, ¥3) in a counterclockwise direction about (x,, y;).

Four cutput quantities are always printed. They are P, A, W, 11.
P: Contains the value of P(I1) if N > 3 or P(Al) ifN=1.
A: Contains the area of I1 if N 3 3 or is set to 0 if N =1,

W: Denotes the “winding number of H,“ see page 18 of [11]. For a simple (PU) polygon it is
. always one. Itissettozeroif N=1. : - '

I1: IfI1 = 0 or 2 output is acceptable, 11 = 2 indicates that two or more consecutive sides of Il
overlap. It I1 = 1, then anguler region Al with N = 1 is not well-defined, i.e., the vertex of
Al and at least one of the other two points specifying Al are too close to each other. If
Il = =1 then Al may not be well-defined —the angular measure of Al is close to Qor 27. A - -

value for P is given. If I1 = 3, then c, the correlanon coefficient, docs not sansfy c2 <1 and
is unacceptatlc

18
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The routine is presently set to yield P(II) or P(A1) to approximately 9-decimal-digit accuracy. The
computing time can be reduced significantly by requiring less accuracy. It is not dlf ficult to modify
the program to do this. The necessary changes are mdlcated in{l1].

The final program MLEQRE provides, from quantal response experiments, the maximum likeli-
kood estimates u, ¢ for the mean py and the standard deviation o of a normal distribution. It also
makes available the covariance matrix elements and a plot of elliptical confidence regions.

MLEQRE is based on the development given in [7], [8]. It uses independent variables « and
- B instead of u and s of (9)~(11), where

a=ufs, g=1/s>0. | (78)

It achieves the maximization of F, where F is given by (9), by maximizing the logarith~. of F over «
and B, where '

N M )
L, ® = F =) GinPs) + ) 4;01Q), (79
i=1 j=1 '

with Z(-), P(-), Q(-) defined in (10) and with

=Py —a, t=pb-a

>
-

the number of times a; occurs.

{ d; = the nﬁmber of times b; occurs. (80)

N M -
N=Z <, -ﬁ='Z 4
\ =1

Ehi

~ The a; and by are input stimuli associated with successful and unsuccessful tests, respectively.
Consequently, the a; are called “successes” ahd the b; are called “failures.” They may take any
real values, with N denoting the rotal number of successes and M tke total number of failures. In
order to take advantage of the situation where repeated values of the a; and/or b occur, (79) is
written in terms of N and M, rather than N and M, where N and M denote the number of different
a and bj, respectively. This is an important feature if repeated values occur, because, by (9) and

(79),_the computation time to detenmne 4 and o will be proportional to N + M rather than
N+ M. _

The values of a and § that maximize L (and also F) are denoted by A and B, respeetively.
Hence

= wo, B=1/o>0, | | (81)
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The maximization is achieved by using the Newton-Raphson (N-R) procedure in two independent
variabies Initial estimates for A and B, which are required for (N-R), are denoted by AO and BO.

Either they are supplied by the user, or with -
| S 2 X 2 '
Lol oo Dokl on I b3 oot o3 o)
MLEQRE uses

(50

AQ

[}
—A—
2
—
.
Z«
v
Pt
ZI
Zl
™
=
)
S
\'%
(=]

(82)

1 (£, +2,) * BO.

The (N-R) corrections D1, D2*, beginning with corrections to A0, B0, are found by solving two
linear equations (see (53) of {7] and/or (4.1) of [8) with their coefficients expressed in terms of’
the first and second partial derivatives of L with respect to a and § (se€ (115)-(119) of [7] and/or
(3.6)-(3.10) of [8]). For completeness, we give these relationships here again.

(DD Lge + (D2)Lyg = —L,
| (N-K) Equations, Lyq = 5—; (83)
(DHL,g + (D2)L,5 = ~Lg '

rDl = (13-1‘3 - LaLﬂB)/A, D2 = (LaLaB"LBLaa)/AY

(84)
A = Loolgg - ng >0
M N . !
La = Z d]y’ /Ql ‘.Z Cixi/Pi, y‘J = Z(tj), Xi = Z(Si) (85)
=1 i=1 O : : .

N M , B o ' ' .
Lg = ) cai/P = ) by [ o | (86)
i=1 j=1 .
Lag = —Z di(y;/Q)M(y;/Q) ~ 4] - }: ci(x;/P{(x;/P,) + 5] <0 (87)
j-l s . i=] .

*Some quantities such as D1 and D2 are used both as real variables and also as BASIC variables which contain the
corresponding real variable values. It should be clear from the context which is intended.
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N ' M
Lag = 0 caixi/PYICG/BY) + 51 + ) diby(y/QL(y;/Q) — ) (88)
=1 SESEE |
M ' N '
Lgg = -Z d;b (v /QI(y;/Q) ~ 41 — Z a2 (x;/PPI(x;/P) + 5] < 0. (89)
=l L i=t

The equation for a confidence ellipse in the us-plane with certer at (g, ) is given by
Ay (u—p)? + 2A,,(u=p)(s=0) + Ay(s—0) = xI_,, ~(50)

where xl_,y is obtained from a ch:squared table with two degrees of freedom ¥ denotes the prob-
ability that the ellipse contains (ug, ¢;). Fory = .5, x 5 = 1.39, and for y = .95, x05 =5.99. See
page 42 of [7] for other values. The coefficients in (90), which make up the eleraents of the inverse
of the covariance matrix, are available directly from

e N
02A,, = ). clxi/PY(x;/Q) + 2“ d(y,/P )(¥;/Q))
.i=l' j=1
N M , ,
J 0%A,, = Z ¢isi(x;/P)(x,/Q;) + Z d;t;(y;/P(y;/Qp) 3 (91)
i=1 : =1
N .
A, = ) ostxi/B)(x/Q) + Z 420,/ /Q,),

~ i=1 j=1
which are evaluated at a = uf/g and § = 1/o;itis recalled from (78), (80) that
§ = 3f - a

4

=bf~a, a=wus, B=1/s>0.
Den‘vatiéns of (90) and (91) are given in [7].

The evaluation of the quantities in (84)-(90) requires an efﬁc:ent and high precision subroutine.
* to compute

Y E'y/Q,‘ YI = y/QUy/Q-t], Y2 = (y/Qy/P), 92)

. where the subscript j. has been dropped. It is easy to show that the con-espondmg quantmes in
terms of (x;/P;) can be obtained from_the same subroutine by changmg the sign of the input argu-
ment, i.e., changmg 5 to “'Si :
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Cody’s rational approximations for the complementary error function as given by (12;-(15)
are fundamental to the evaluation of the guantities in (92). Using J = 4, J1 =6 and J2=4 in
(12)-(15) yields a minimum of eleven and one-half significant digits of accuracy for the comple-
mentary error function, erfc (-). :

For completeness, we give the expressions used for Y, _Yl,: YZ, where we use the facts that
y(t) = x(t) = x{(—=t) = y(—t)
P(t) = Q(-t).

(93)

Let t=t; or (=5, K1 = tA/Z, C2= /77, E = exp (-K12). Also let .
z = EN/ZD’ ' |

where Zy Jenotes the numerator sum in (12), (13) or (14) and Zp denotes the denominator sum.
For example if 1/2 <K1 < 4, then, referring to (13),

Jl-l

2_ Z RO - (KD
i=0
Now for:
IK1| < 1/2
= (C2)E/erfc (K1)

Y1

Y(Y -1) : _ : (94)
Y2 '

(C2EY/(1 +K1 T)

-4 < Kl < -1/2
Y = (C)EA2~EZ) |
=Y(Y-1) - ‘ L S (95)
Y2 =(@CYE | | | |

112 <Kl <4.

Y= coz |
= Y(Y-1) R 96
Y2 = (C2)EY/(2 - EZ) | |

22
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-55 < Kl < -4

Y = (C)E/[2 —erfc (KD}, K1 = [K1]
= Y(Y-1) | | : o7
Y2 = (CDKI Y/(I 7+ E/KI12) | o
K1 > 4

Y = (COHKI/[(1/®) + T/K12?]
QN ZIANT + EKI12]? ' (98)
Y2 = (C2)EY/[2 ~ erfc (K1)]

=
"

Y=Yl=Y2=0 (Y<3X10714) | (99)

The subroutine for computing Y, IYI Y2 using the above begins on line 1215 for the HP 9845
program and on line 695 for the HP-85 program. It is the core of MLEQRE

“There are numerous BASIC variables in MLEQRE which are pertment we list them here for

" convenience.

A(i) : contains the ith listed success value a;, (1 <i<N).
B(3) : contains the jth listed failure value b; (1 <j j <M).
C(i) : contains c;, the number of a; at a fixed i.
D(j) : contains d;, the number of b; at a fixed j.
N : contains the number of different a;. '
M . contains the number of different b;.
AO: contains the current a(= u/s) value. '
'BO: contains the current 8(=1/s) value.
U contains u.
S : contains g.
Al : contains the initial estimate for a ﬁpon EXIT
Bl: coriiains the initial estimate for § upo1 EXIT

' { If LO contains one, then c, and d; are one for alli and j.
LO: ‘

If LO does not contain one, then some c, and/or dj may be larger than one.

.23
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D1 : contains the current (N-R) correction D1 to At).
D2 : contains the current (N-R) correction D2 to BO.
L1: contains L,(=9L/3a) ‘
L2:contains Ly

L3: contains L,

L4: contains Lyg

L5 : contains Lgg

L6, L7, L8: contain the considence ellipse coefficients A,q, Ay,, Ay, respectively

L2, L3, L4: change their contents, after completion of the {N-R) procedure to the covariance
" matrix elements A%, A¥%, A*S, respectively.

Y : contains either (x;/P;) or (y;/Q;)
Y1: contains either (x;/P){[(x;/P;) + 5,1 or {y;/Q)I(y;/Q)) = ;]
Y2: contains either (x;/P;)(x,/Q;) or (y;P(y;/ Q)
Z: contains 0. 1, 2 and is used to signal that one cycle of (N-R) remains to be carried out.

This allows Y2 to be computed, for use in the evaluation of the confidence ellipse
coefficients in (90), only on thc last (N-R) itgration.

The input data for MLEQRE is stored in data statements. If LO #* [, then data is stored
sequentially in'the following variables: N, M, LO, A0, BO, P8, C(1), A(1), C(2), A(2), ..., C(N),
A(N), D(1), B(1), I(2), B(2), ..., D(M), B(M). If LO = 1, then data is stored sequentxa!ly in the
following variables: N, M, LO, AO BO, P8, A(1), A(2), ..., A(N), B(1), B(2), ..., B(M); the arrays
C(1) and D(j) are stored with ones by MLEQRE in this case.

AOQ and BO contam initial estimates of A and B (see (82)), supplied by the user. If, however,
- BO contains zero then MLEQRE supplies the initial estimates. t

The plottmg of the confidence velhpses at the 50 and 95% levels %egiﬁs at Ine 1440 for the
HP-9845 and at Jine 830 for the HP-85. If P8 > 2, then plot appears on CRT and also the prmter

1f P8 = 1, then plot appears only on the CRT. If P8 = Q, then no plot is constructed.
The following output is given with the format dlffenng slightly between the HP-9845 and
"HP-85. ' .
Values in N, M, L0, initial values in A0, B0, P8.
Values of c,, a; and values of d;, b; if LO # 1, otherwise values of a; and b; only.
The maximum likelihood estimates MU(=p), SIG(=0), cdvariance matrix elements,
initial values for A(= u/0), B(= 1/0). ‘
Fmal values of A0, BO.
Final values of D1, D2 ((N-R) corrections).
Number of (M-R) inerations.
24
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In [7], necussary and sufficient conditions were derived for the first time that assure the
existence and moreover the uniqueness of the maximum liketihood estxmates M, 0. They demand
that

~ max b > min a;,
r i
. (99)

I 3
-N—Z:I ca ﬁ]; d;b; .

h.:
b‘_
.
.
[
4

LS
b,

If either of these inequalities is not satisfied, a message is printed and MLEQRE terminates—for
the given stimuli, u and ¢ do not exist.

A'Fortran 1V program based on {7] and upon which MLEQRE is modeled has been available

* for sometime on the CDC 6700. A diluted version of that program is available in BASIC for the

4051-4054 series Textronix desk-top computers, [13]. It does not contain the plotting feature for

confidence ellipses, and it does not have the capability to take advantage of the increased efficiency

when stimuli are repeated, and in general it does not appear to be as efficient as MLEQRE. The
program is very difficult to follow and we have not been able to verify its correctness.

III. LISTINGS OF PROGRAMS AND SAMPLE OllTPUTS

A short summary of the input and output associated with a particular program, including
examples, is given starting with CIRCV. This is followed by the HP-9845 listing for that particular
program and then the correspondmg HP-85 hstmg

It is assumed in operatmg the HP-9845 programs that
PRINTER IS 0
has been executed.

. The BASIC language for the HP~85 allows for maltn-statement lmes where the statementson a
numbered line are separated by the symbol @, Care raust be taken in mterpretmg a muiti-statement
line when an IF --- THEN or an IF --- THEN --- ELSE statement is not the last statement in the
'line. In the first c'ase, when the IF-statement is true and THEN is not followed by. a program
‘transfer, such as a GO TO, the execution of the IF-statement is followed by executing the next -
statement’ of the same line. When the IF-statement is false, the program proceeds directly to the
next sequentially nuinbered line. For example:

100:IFA=BTHENC =B @ GO TO 500
110:

25
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If A =B, then at line 100 C is sét to B and execution continues at line 500. If A # B at line 100,
then execution continues at line 110.

In the case of the IF --- THEN -.- ELSE statement, if the IF part is true, and THEN is not
followed by a program transfer, then the program proceeds to the next numbered line. If, however,
the IF part of the IF --- THEN -.- ELSE statement is false, then execution of the ELSE part of
the statement is followed by executing the next statement of the same line. For example:

100:IF A = B THEN C = B ELSE D = B @ GO TO 500 |

110:

If A =B, then C is set to B and program proceeds to line 110; if A # B, then Dissetto B and pro-
gram proceeds to line 500.

. s o e e
KN .
. e (L R

CIRCY or GCEF
- Input: R, D, V |
s CIRCV: R = R/o,, D =+vx2+y¥o,, V=1,
GCEF: R=K =R/o,, D=c=g,/0, <1, V=0.

If R and/or D < 0, then P set to (~1). Input unacceptable.
If D > 1 for GCEF, then P set to (—!). Input unacceptable.

Output: ‘
CIRCV: P = P(R,D), S2 =4 &
v » B R 3R

GCEF: P = F(K,c), S2 = (D/K)3F/3K, D # 0O

= /72 3F/3K, D =0
Accuracy: 6 decimal-digits for P and S2

SON PO | AR

- EXAMPLES Input "~ Output

o Case : ,

5 R |vVxT+yZ|o, |0, | R|{ D |V P | s2

’!f ®[3] 4 2 | 2 [[1.5]2 | I |.209232218046 |.214447G41618

@ |6 4 2 | 2 |3 |2 | 1 |.785637894167 |.101082811001,

& @ | s 5 2 [ 2|3 | 25| 1 |.623010408440 | .130887896597
|5 6 2 | 2 [25]3 | 1 |.246101694960 |.130887896597
® | 2 0 2 | 4| 5| 5| 0 |.215288716030 |.738059987125* A
® | 8 0 2 |1 |4 | 5| 0 |.999926141520|3.90547542875(~5) .
@ |2 0 L e |2 |0 | 0 |.954499736146 |.135335283238
® | 2 0 1| 1 {2 |1 | 0 |.864664716770.135335283237

*o, and o, intecchanged so that cy/ox

Output values above are for the HP—85 The corresponding values for thc HP-9845B dxffer in the last
one to three digits.

26
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LIST
100

185
110

115
120
125
130
135

140
145
158
155
160
165
179
175
180
185
190
195
209
205
210
218
220
225
230
23S
240
245
250
255
260
255
. 270
273
280
288
290
295
300
308
310

NSWC TR 83-13
CIRCV — HP 9845

! THIS PROGRAM IS.CALLED "CIRCY", IT SUPPLIES TWO
FUNCTIONS: P(R,D>, THE CIRCULAR COVERRGE FUNCTION

| OR F(K,C)>,THE GENERALIZED CIRCULAR ERROR FUNCTION.

I THE INPUT IS R,D,V, WHERE IF ¥=8 THEN K=R AND C=D.
THE OQUTPUT IS P=P(R,D);

! INPUT R OR D <8 NOT PERMITTED., ALSO FOR
NOT ALLOWED. IN SUCH CRSES P SET TO -1.

! LET Pr DENOTE THE PARTIAL DERIVATIVE OF P WITH
RESPECT TO R. THEN Pr=R#S2. :

! LET Fk DENOTE THE PARTIAL DERIVATIVE OF F(K,C>
WITH RESPECT TO X. THEN Fk=(K/C>*S2, C#0.

! IF C=0 THEN Fk= SQR(2/PI>#S2. S2 IS AVRILABLE
INTERNALLY. -

! SOURCES: MATH OF COMP APRIL 1961,PP169,173 AND
1961, PP 37%,382. NWL REPORT #1768, JAN. 1962.

! 1EEE TRANS. INFO. TH. APRIL 1965, P. 312. '
PROGRAM IS SET FOR SIX DECIMAL DIGIT ACCURACY.

P9(3)=21 3853322378

P5(2>=1,72227577039

ocT.

© PI(1)=,316652892658

A9(2)>=18.9522572415
Q9(1)>=7.8437457083
R9(S)>=?,3738883116
R9(4)=5.8650184849
R9(3)=3.8317993362
R9(2)>2.56316961891
ROC(1)=4,318778740%E-S
S$9(4)=7,3739608908"
$9(3)"15.18499819
$9(2>=12,79%5529509
$9(1)7=5,3542167949

Bi=, 0090005

S2=0

P=0Q

B2=. 70?10679118?

IF (R>=Q) aun (D>=@) THIN 25S
Pe-t :

RETURN

IF R=@ THEN 250

IF v=8 THEN eas L
A1=R-D .
ACABSCAL)

IF ACS,386773 THEN 295

COMPUTE GCEF.

"IF R1<B THEN 2%8

Ps}
RETURN
TaR#D
T3=, SeR*P
Bs,3#D#D
N=9

127
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IF v=0 THEN THE OUTPUT IS P=F(K,(C).
V=0, ABS(D-.5>>.35
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315
320
3235
339
338
340
345"
350
355
360
365
370
375
380
385
390
395
400
4895
410
415
420
425%.
430
435
449
445
459
453
460
465
470
47?73
480
483
490
493
Seo
Ses
Si10
513
520
523
330
S$33
340
S43
350
S35%
S60
569
370
S?7S

........
...........

NSWC TR 83-13
CIRCV —HP 984§

IF T>7? THEN 453

T1=B2#T -1 '

T2=T3#B

S@=EXP(-T3-B>

Si=EXP(-B)

IF TZ°.080S THEN 355

S1=S1*T3

G070 36

S1=51-39

$2=50

Te=S1

N=N+1

M=1/N

SO=T2+M*M*S0 . -
TOo=B*M*TO-S0 '

$1=51+T0

S$2=52+%50

IF T1>N THEN 378
IF T8>B1 THEN 420
P=S1

RETURN

N=N+1

M=1/N
SO=T2#i1#Mx%S
TO=B*M#TO-S0
S1=51+70
$2=382+50

GOTO 405
T1=2#ABS(T3-B)

. R=A*B2

T3=1/(T+TO
T2=SQRCT3)
S1=,5#A1#A1
S2=EXP(-S1)
$0=,564139583545#T72#82
GOSUB 710 ,
TO=(R+D)I#B2#T2xE
T23S1#T3

T3=,5#T73

S1=T0

$2=S0

NsN+2

‘MuN-]

A=M/N

SOnA#T3+#SO

TO=T1#S0-T2#RA&TO

So=M#S0

S1=S1+T0

S2=52+50

IF To-P1>0 THEN S20

IF S@-B1>0 THEN 580 '
Pe,S#ABS(1+SGNCAL1)-S2~-"GN(RL1)>#S1)
RETURN ' '

28

''''''

Y

CAE R




NSWC TR 83-13
CIRCV —HP 9845

580 N=N+2

585 M=N-1

Sse SOaM#M*T3#S8/N

595  S2=52+S@

€080 GOTO S65 '
€8S IF ABS(D-.5>>.5 THEN 245 !START FOR GCEF.
618 IF R>=5,386773 THEN 285

613 IF D<>8 THEN 650

€20 A=B2*R

6235 S1=Ax*RA

6§30 S2=EXP(-S1)>

€35 GOSUB 718

646 = P=1-E
645  RETURN
650 K=R
655 C=D

660 T=,.5/C

663 RaK#(1+C#T

670 DaX#(1-C)#7T

€8S GOSUB 265

690 R=K

695 D=C

700 P=ABS(P+P+S2-1)

705 RETURN

710 IF ABSC(AY>.S THEN 725 1E=ERFC(AD

71 E=i- a¢<(99<1)*31+P9<2>>451¢P9<3>>/<<31+09<1>>¢s1+09(2)>

7280 'RETURN

725 Em(CCC(RICIISA+RIC2I I #A+RICII I #A+RIC4) ) #A+RI (S )/ CCCCA+SIC( 1> I #R+89(2)
T (3))8A+S9(4>>852

7?30 RETURN

29 -
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108

185

1198
115

128
125

130

135
140
145

168
165
179

175
188

185
199
195
200
265

216
215
220

..............

'1.72227577839 € PO(1)=.

‘3362 @ R9(2)=

NSWC TR 83-13

CIRCYV -

! THIS PROGRAM IS CALLED *“CI
®CV® . IT SUPPLIES TWO FUNCTI
ONS: P(R,D>, THE CIRCULAR CO
VERRGE

! FUNCTION OR F(K.,C)> THE GEN
ERARLIZED CIRCULAR ERROR FUNC
TION. '
!' THE INPUT IS R,D.V., WHERE
IF V=8 THEN K=R RAND C=D. IF
V#8 THE QUTPUT IS P=P(R.D>:;
IF V=0

! THEN THE OUTPUT IS F(K.,C>.
INFPUT R OR D<@ NOT PERMITTED

.ALSO FOR V=€ ABS<{D-.5>>.5 N

oT

! ALLOWED.
ET 70 ~-1.
! LET Pr=THE PARTIAL DERIVAT
IVE OF P WITH RESPECT TO R.
THEN Pr=RxXS2.

! LET Fk= THE PARTIAL DERIVA

IN SUCH CRSES P S

TIVE OF F WITH RESPECT TO K.

IF C#@ THEWN Fk=(K-C)>xS52.

I IF C=0 THEN Fk=SAQR(2/PI)>xS
2. S2 15 HVYHILABLE INTERNALL ¥
! PROGRAM IS SET FOR 6-DIGIT
ACCURACY .

! SOQURCES: MATH OF COMP. ARPR
IL,1961,PP.169-173 AND OCT.

1961, PP. 375-382.
! SOURCES: NWL REPORT#1768.J
AN.1962. IEEE TRANS. INFO. T

H. APRIL.,1965, P.312. .
P9(3)>=21.3853322378 @ PI9(2)=

31665
2898658
R9(2)=18. 95?2572415 e 99(1)=
7.8437457083
R9(S5)=7.3738883116 € RI(4)=6
.£650184849 @ R9(3)=3.831799
.56316961891
R9(1>=4 3187787405E-5 & S9(4
2=7.3739608%@8 & $S9(3)>=15.18
498819 @ S$9(2)>=12.7955295609
$3(1,=5.3542167949 '
Bl1= 80686065 @ S2=0' €@ P=90 @ E
=4 @ B2=.707186781187
IF Ro=@ AND D>=0 THEN 195
P=-1 @ RETURN
IF R=9 THEN RETURN
[F V=9 THEN 325
Al=k-0 w A=ABS(A1> @ IF RA<S.
38677- THEN 220
IF A1<6 THEN P=8 ELSE P=|
RETURN '
T=RX¥0 @ T7=
& N=6

SxPXR @ B= 5x0%D

-, N
................

HP 85

225
238

235
246
245
258
2395
264
263
270

275

288

285

299
295

368
385
318
315

320

325
330
335
346
345
3508

355

3660

‘365

31

370
375
280
3835

398’

395

IF T>7 THEN 275 ELSE T1=B2%T
-1

T2=T3%E @ S@=EXP(-T3I-B)> & IF
T3>.8685 THEH S1=ExF.-B)>-SC
ELSE S1=EXP(-B)*T32

52=58 @ T8=51

N=N+1 @ M=1/M

SO=T2EMIM2S8 @ TP=BIMETE-58

S1=TB+S1 @ SZ=52+58

IF T1>N THEN 248

IF T@>B1 THEN 278

=21 @ RETURN

N=N+1 € M=1/N @ S8=TZ2iMIM:S0
R TO=BEMXTO-S8 8 S1=T9+Si @
S2=52+S€ @ GOTO 266
T1=2%ABS(T3-B) @ A=ALB2 @ TZ

=1/7(T+T) € T2=SQR(T3> @ Si=.
StA1XAL : ‘
S2=EXP(-S1)> & S8=_.5%T2x1.128

379167089552 @ TA=(R+D)>XB2%FN
EC(R)XT2

T2=513T3 @ T3=.53T3 @ S1=T8
@ S2=58

N=N+2 @ M=N-1 @ A=M-N
S8=A%T3%S6 € TO=T1XS8-T2%XAXT
9 @ SP=MxSe
S1=51+70 @ S2=52+58

IF T8-B1>9 THEN 299

IF S8-81>8 THEN 326
P=.SEABS(1+SGNC(R1)>-S2~-SGN(A1
Y%¥S1) @ RETURN

N=N+2 @ M=N-1 @ SB=MXMET3%XS0
/N ® S2=52+S0 € GCTC 310

IF ABS(D-.5><=.5 THEN 335
P=-1 @ RETURN :

IF R<5.286773 THEN 345
P=1 @ RETURN

IF D#0 THEN 355
A=62%R @ S1=RXA 8 S2=EXP(-S1
> @ P=1~-FNECR) @ RETURN
K=R @ C=D @ T=.5/C @ R=K%(1+
COXT ® O=KX(1-C)XT
GOSuUB 285

R=K © D=C @ P=ABS(P+P€S52-1)

RETURN
DEF FNECAY | FNECAY=ERFCC(AD
IF ABS(A)Y> .S THEN 395

FNE«I-R!((P?(1)*SI+P9(2))XSI
+P9(3))>/7((S1+Q9(1)>22S51+Q9(2) .
> : :
GOTO 480 :
FNE=((((R9\l)tR+R9(2))Xﬂ+R9(
3)XTA+RICAIIXA+RI(S)I DI/ (C(A+
S9(1))XR+59(2))39+89(3))XR+S

: - 9C¢4))7%82
480

A

FN END

-.-‘. .
e, . te ‘. '..
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ELLCV or ELLCV3

Input: R,H K, S1,S82

Output: P=P(R, h, &, Oy, oy)

Accuracy: 6-decimal-digits for ELLCV
' 3-decimal-digits for ELLCV3

EXAMPLES

1) R=5,H=2,K=3,0,=S1=3,0

, =S2=2 (See Example 3 of POLYCV, page 59)

P = .588400575749 (ELLCV)
P = .588490579217 (ELLCV3)
' 2) R=2,=0,R=9,0, =2, 0, =4 (See Example ) for CIRCV, page 26)

P =.215288716038 (ELLCV)
P =.215288754652 {ELLCV3)

3) R=3,H=2.R=23, 0, =2,0, =2 (See Example () for CIRCV, page 26)
P =.20923222060! (ELLCV)
P = 209232478927 (ELLCV3)

4) R=3,H=0,K=3,0,=1,0,=1/10
P =.997146500681 (ELLCV)
P =.997094451746 (ELLCV3)

NOTE: The bars on R, H, K are to conform wnh the discussion in the previous section, As BASIC variables the
bars are deleted.
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ELLCV —HP 9845

100 ! THIS PROGRAM IS CALLED "ELLCV". 1T SUPPLIES

THE ELLIPTICRL COVERAGE FUNCTION:P(R,H,K,S1,S2}.
185 | P DENQTES THE PROBABILITY OF A SHOT, NORMALLY
DISTRIBUTED WITH MEAN (8,8> AND STANDARD
1o 1 DEVIATIONS S1,S2 IN THE X AND ¥ DIRECTIONS,
Co RESPECTIVELY, FALLING IN A CIRCLE IN THE
115 1 XY-PLANE OF PRDIUS R AND CENTERED AT (H,K)>. THE
: INPUT IS R,H,K,51,S82. THE OUTPUT IS P. '
129 ! PROGRAM IS SET FOR 6-DECIMAL-DIGIT ARCCURACY IN P.
125 ! ELLCY USES ERFC HITH 9 DIGIT RELATIVE RCCURACY.
130 | SOURCES: NWL REPORT #1719, AUG.1960. MATH OF
COMP. OCT. 1961, PP. 3735, 382.
1338 ! INPUT R,h,K,S1,S2
149 | “ELLCV" CONSTRUCTED IN COLLABORATION WITH RLFRED NORRI

145 OPTION BASE 1|
150  DIM P9(3),09(2);RI(S5>,59(4),%X(43), Y(43)
155  P9(1)>=3, 16652898658E 1
160 P9(2)=1,722275?7839
165 P9(3)=21.3853322378
178 Q9¢1)>=7.84374%57083
175 Q9C2)=18.9522%72415
188 R9(1)=4.3187?787495E-S
185 = R9(2)s.56316961891
198 R9(3)%3.8317993362
19% R9(4)>=6,8650184849
208 RI(3)=?7,.37382383116
205 S9(1)=%5.3%42167949
210 $9(2)=12,79%529509
215 $9(3>=15.184908819
228 S9(4)=7.3735608908
22% X(1)=,238619186083
238 X(2)=,6612089386466
235 X(3)=,932469%514203
248 X(4>=3,183434642496
248  XK(%)=,525%32409916

2%0 X(6)m,796666477414
2%%  X(7)=,9602898%6498
260 X(8)=,12%233408S11

. 26%  X(9)=,367831498998
270  X(19)=,%587317954287
27% X(11)®,769902674194
280 X(12)=.9041172%637
28%  X(13)%.981560634247
290 X(14)%9,50125298376E-2
29% X(1%5)%.281603550779
308 X(16)%,4%5801677765%57
305 X(17)%,617876244403
318  X(18)w,?75%404408335
315 X(19)=.86%631202388
320 X(20>%,944575823073
325  X(21)%,989400934992

35

)
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338 X(22>27.65265211335E-2
‘335  X(23>=,227785851142

340  X(24)>=,373706088715

345  X(25)=.510867001951

3%0  X(26)=.636053680727

355 . X(27>=2,74633198646 o ‘
360 X(28)=,839116971822 . : ;
365 X(29>=,912234428251 ' '

378 X(30)=.363971927278

375 X(31)=,99212859918%

380 X(32)26.40568928626E-2

385  X(33)=,191118867474

390 X(34)=,315042679696

395  X(35)=,4337535@7626

480 X(36)=,5435421471389

485  X(37)x.648893651937

4186  X(38)=,740124191579

415  X(39)=,820001985974

420 X(40)>=,886415527004

425  X(41)>=,938274552003

430  X(42)=,974728555971

435  X(43)=,995187219997

440  Y(1)>=,467913934573

445  Y(2)=,360761573048

458  Y(3>=,171324492379

4S5 Y(4>=,362683783378

460 Y(S5)=,313706645878

465 Y(6)>)=,222381034453

470  Y(?)>=,181228%3629

475  Y(8)>=,249147045813

480  Y(9)>=,233492%36538

485  Y(1@)=,203167426723

490  Y(11)>=,150078328%43 o
495  Y(12)=,10693932599% : I

Soeo Y(13)=4,?71733363863E~2 T
111 Y(14)>=,189453610455 .

519 Y(13)=,1826834130485 ' .
- 313 - Y(16)>=,169156519395 » e
S29 Y(1?)=,149595988817 S . , , '
523 Y(18)®,124628971236 . ‘ . T
. 330 Y(19>=9.351585116825€E-2 ‘ :
333 Y(20)>=6.22335239386E~-2 . ' g, -
340 Y(21)>=2.71524594118E-2 ’ : ' .

S4S  Y(22)s=, 152753387131 L ‘ -
SS0  Y¥(23)=,149172986473 : o ' g
SSS  Y(2e)w,142096109318 . . : : e S
S60  Y(25)w.131688638449 ' : : s
865  Y(26)=.119194531962 , D i
S?70  Y(27)=,101930119817 .
S73  Y(28)e8.32767415767E-2 . e

580 Y(29)%6.2672048334.E-2 ' C .
3€

L '-qtv'..l..‘..‘-. T RS A O e T AR ATl TRTCI AT LIPS I IR NP S SRR TR SN
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€35 vi397=4.260814298004E~-2
592 ¥(31>=1,76146071392E-2
. 595 ¥(32)=.127538195347
608 Y(3313=,125837456347
€085 V(34)=,1216708472928
sle Y(35>=.115505€680854
615 Y(36>=.1087444270116
628  Y(37)=9.76186521041E-2
625 ¥(383=,086190161532
- 638 ¥Y(39)=7.33464814111E-2
" 635 ¥(408)>=5,92985G49154E-2
648 Y(41)=4,42774388174E-2
645 Y{(42)=2,.85313886289E~2
638 - Y(43)=,01234122938
655 R=4,892
660 Al1=5,387
663 A2=3.8775
670 R3=5.16
875 B1=,564189583548 ! 1/SARC(PID

68e B=1.41421356237 I SAR(2D
685 . B2=29.019759 IBZ=A1%A1
€908 P=9

693  Z3=.000001%#S1%S2

780 IF R#R<=23 THEN RETURN

7085 H2=H#H+K#K

710 D=MAX(S1,S2)

713 T=R-A1#D

720 ! PROCEED TO SEE IF P=@ OR P=}
725 IF T7<@ THEN 7453

7309 IF T#T<H2 THEN 745

7?35 pP=1 .

740 RETURN

745 H8=RBS (H)

73509 K8=ABS(K)>

7SS IF R-HB+A*#S51<{=0 THEN RETURN
760 IF R-KB8+A%S2<{(=@ THEN RETURN
762 'S@=mSQAR(H2D

7?70 IF S1<>S2 THEN 796

72?3 H8=S0

780 K8=0

783 IF R+A*S1{=HR THEN RETURN

790 IF s@<=R THEN 910

795 D=(S@-R)>/D

=121 IF R#R%EXP(-,5#D#D)>>23 THEN 918
803 RETURN .

8le IF SB(R+RI#HIN(SI s2> THEN 910
813  IF Ha#K8=8 THEN 910

820 H9=H8~/S1

8295 K9=K8,852 :

830 DaHIRHI+KI*K9I

833 IF D<(=B2 THEN 910

37




848
84S
850
855
860
865
879
87s
880
88s
890
895
900
90s’
910
915
920
925
930
935
940
945
9se
95s
960
965
970
975
980
985
$90
995
1000
1905
. 1010
1015
1020
1025
1032
1035
1040
1045
1050
1055
1060
1065
1070
107
1280
1885
1690

NSWC TR 33-13
ELLCV —HP 9845

22=R/S2

Q=$2-/S1

Qi=Q#*Q ;

F=Ql#HI*HI+KI#K9

21=22%22%F/D

Z2=D-21-B2

IF 2<{@ THEN 880 .
IF Z#2-4#21%B2>=0 THEN RETURN
T1=H8#HS8+Q1 #K8*K8
28=B2¥S1#S1#T1/H2.

R2=R#*R

-Y=H2-R2-28

IF Y<=@ THEN 918

IF Y#Y-4#R2#28>=8 THEN RETURN

28=0! FIND LINITS OF INTEGRATION
2=K8+A3#52

H3=K8-A3#$2

se=s1

§9=52

2=R-2

D1=0

IF 2>=@ THEN D1=SQR(2/R)

IF H3>=3 THEN 970

HS=9

E3=1-D1

GOTO 968

E3=SGRC1-H3/R)>~D1

HS=1

IF 28¢>0
28=1
FeE3
T=D1t
2=H8+A3#S1

HE=HS
H3=H8-A3#S1

GOTO 935

IF F>=E3 THEN 1065
E3sF
Di=T
59=51
2e=H8
S@=S2
HE=K8
K8=28
HS=HE . ' :

E3=.%#E3 | BEGIN GAUSSIAN INTEGRATION
N=E3#R%(.34/50+1/ (. 025%ABS(R-XB) +5¥59))
22=R/(B#S9)

THEN 10820

R8=R/(B#S8)
H3=HB/ (B#S0@)>
K3=K8/(B#59)
38
GO o b Ryt RS
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1093 .

1109
1105
1110
11195
1120
1125
1130
1138
1140
1145
1150
113595

1160

1165
1170
11?9
1180
1189
1190
1193
12080
1203
1218
1215
1220
1223
1230
1233
1248
1249
12358
1253
1268
1263
1270
12?3
1280

12893

1290

1293

1300
13835

T 1310

1318

1320

13295
1330
1339
1340
13495

NSWC TR 83-13
ELLCV —HP 9845

IF NC2.75 THEN 1115
J=31

Ni=12

GOTO 1205

IF NC1.35 THEN 1133
In21

Ni=1@

GOTO 1205

IF N<.?7S THEN 1155’
J=13

Ni=8 :

GOTO 1205

IF N<.35 THEN 1178
J=?

N1=6

GOTO 1205

IF N<.1S THEN 119%
J=3

Ni=d

GOTO 12053

I=0

N1=3

2a23=0

Y=B1+E3*RS
K9=1.04E-8 -
H9=1,9999999792
G3=9

M=N1+N1

I==N1 - :

IF K8=@ THEN 1415

FOR L=f TO M

IF 1=0 THEN Isi

TuE3# ISGNCID#X(J+RBSC1))+1)>+Dt
T9aTsT

T1=R34(1=-T9)

T2=H8-T1

TA4SEXP(~T2#T2)

IF H8<>8 THEN 129%
T4aT4+T4 :

GOTO 1310

IF HS<>8 THEN 1310
T2=HB+T1
T4nT4+EXP(~T28T2)

IF 2¢>@ THEN 1340
21=228T#SARC(2-T9)
K1=K8-21 -

IF ABS(K1)<R2 THEN 1350
IF K1>0 THEN 1395

Z2=1

KS=H9

GOTC 13690

39,




NSWC TR 83-13
ELLCV —HP 9845

1350 GOSUB 1560
1355 KS=K3
1360  K1=K8+21
1365 IF K1<A2 THEN 1380
1370 KS=KS-K9
1375 GOTO 1390
1380 GOSUB 1568
1385 KS=KS-K3 ,
1390 G3=G3+KS*T4*TxY (J+ABSCID)
1395 I=1+1
- 1480 NEXT L
1405 P=Y#G3
1418 RETURN
1415 FOR L=1 TO M.
1420 . IF 128 THEN Ist
1425 T=E3%(SGNCI>#X(J+ABSCI>>+1)+D1
1430 To=T*T
 143S T1=R8#(1-T9)
1448 T2=H8-T1
1445  T4=EXP(-T2#T2)
1452 IF H8<>@ THEN 1465
1455 T4=Ta+T4
1460 GOTO 1488
1465 . IF HS<>@ THEN 1480
1470 T2=HB+T1
1475 T4=T4+EXP(~T2#T2)
1480 IF 2¢>8 THEN 1508
1485 K1=22#T#SQR(2-T9)
1490 IF K1<A2 THEN 1510
1495 2=
1508  KS=H9
1505 GOTO 1520
1510 GOSUB 1568
1515 KS=2%(1-K3)
1520  G3mG3+KS#T4#T#Y(J+ABSCID)
1525 I=1+1
1538  NEXT L
1535 PaY#G3
1548  RETURN
1545  REM CODY FOR K3=ERFC(K1)>--9 DIGITS
1550 | IF Ki<=-A2 THEN K3=2-2,0Q8E-8
1555 | IF K1>=A2 THEN K3=1,@4E-8
1569 IF ABSCK1)>.% THEN 1588  _
1565 K4=K1#K1
1570 K3-1-K1i((P9(1>iK4¢P9(2))*K4*P9(3))/((K4¢09<1))*K4+09<2))
15?5  RETURN
1580  K4=ABS(K1)
1590 K3-((((R9(l>4K4¢R9(2))§K4+R9(3>)5K4+R9(4))§K4+R9<5))/<(((K4+s9
(1)) #K4+59 (2))4K4+S9(3) > #K4+59C4) ) #EXP(~K1#K1)




NSWC TR 83-13
ELLCV —HP 9845

1600 RETURN .

1685 | K6=1/(K1#K1)>. NOT USED PRESENTLY--FOR USE WHKEN K1>4,
1618 | K3=(B1+K6#C(((VI(1I¥KE+VI(2))I#KE+YI(3DIHKE+VF (4D D/ CC(KE+HICLDID#
KE+WI(2) ) #KE+NO(3) I ISEXP(~K1#K1) /K4 ‘

1628 X728 | CRUTCHER TRBLE CHECK

1625 INPUT R,H,K,S1,82

1630 GOSUB 100

1635 PRINT R;H;K;S1;52

1649 R4=R

1645 X7=xX?+,1

1650 RsR4#X?

1655 GOSUB 699

1660 IMARGE DD.DD,2X,D.DDDDDD

1665 PRINT USING 1668;X7;P

1670 IF P<=,999999 THEN 1645

16?3 BEEP ,
1680 END
41
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LI ) I

N NSWC TR 83-13
o ELLCV3—HP 9845

¥ 100 | THIS PROGRAM IS CALLED “ELLCV3“. IT SUPPLIES

(] THE ELLIPTICAL COVERAGE FUNCTION:P(R,H,K,S1,82).
o, 105 ! P DENOTES THE PROBABILITY OF A SHOT, NORMALLY

N DISTRIBUTED WITH MEAN (@,8> ANT STANDARD

A 118 | DEVIATIONS $1,S2 IN THE X AND Y DIRECTIONS,

N ~ RESPECTIVELY, FALLING IN A CIRCLE IM THE

Ny 145 I XY-PLANE OF RADIUS R AND CENTERED AT C¢H,K). THE
i INPUT IS R,H,K,S51,52. THE OUTPUT IS P.

N 128 ! PROGRAM 1S SET FOR 3-DECIMAL-DIGIT ARCCURACY IN P.
N 125 ! ELLCY3 USES ERFC WITH 9 DIGIT RELATIVE ACCURACY.
N 130 ! SOURCES: NWL REPORT #1710, AUG.1968. MATH OF

- COMP. OCT.. 1961, PP. 375,382.

> 135 t INPUT R,H,K,S1,82

l 140 1 »ELchs" consrnucren IN COLLRBORRTION WITH ALFRED MGRRIS.

145 OPTION BASE 1
150 BDIM P9(3)>,Q9¢(2>,R9(5)>,859¢4,X(21>,Y(21)
155 - P9(1)=.316652898658
168 P9(2)>=1.722275770839
165 P9(3>=21,3853322378
170 @9(1)>=7.8437457083
175 Q9(2>=18,9522572415
180 R9(1)>%4.3187787405E-5
183 R9(2>=,356316961891
190 R9(3)=3,0317993362
193 R9(4>=6,.8650184849
200 R9(5)=?7.3738883116
203 $9(1)>=5,.3542167949
219 $9(2)=12,795529509
219 $9(3>=135,18490819
220 $9(4)=?,3739688908
223 X(1)=.23861918€6083
238 X(2)=,661209386466
23% X(3)>x=, 932469514203
240 X(4)=,183434642496
2453 X(5)>=,525532409916
2350 X(6)=,736666477414
25% X(?7)>=,960289856498
260 X(8)=,123233498511 - '
. 2695 X(9)=,367831498998 .
270 X(18)>=,587317954287
273 X(11)=,769902674194
280 X(12)>u.9041172%63°7
285 X(13)=,9813560634247
290 X<14)>=29.50125098376E~2
29% ®(15)>=,281603550779
- 380 ' X(16)=.458816777657
30% X(1?7)«,617876244403
319 X(18)>=,735404408835%
© 319 X(19>=,8636312082388
320  X(208)=,944575023073
323 X(21)=,9994008924992
330 Y(1)=,467913934573
333 Y(2)=,360761573048
340 ' Y(3)=.,171324492379
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C3

NSWC TR 82-13
ELLCV3—HP 9845

345 Y(4)=,362683783378

350 - Y¥(5>=.313706645878

355 Y(6>=,.2223810344353

368 Y(?7>=,108122833629

365 Y(8)=.2491470845813
. 379 Y(9>=,233492536538
. 373 ¥(10,=.2083167426723 ' )
' 388 ¥(11)=,1603738328543 '
. 385 ¥{12)=,186939325993

398 Y(133=4,717533638R5E-2

395 Y(14)=,1894586104595

480 ¥Y(15)=,182603415045

4053 ¥(16>=,169156519395

410 ¥Y(1?77=,149595988817

4135 ¥(18)=,124628971256,

428 Y(19>=29.51585116825E-2

425 Y(20)=6.22535239386E~2

436 ¥(21)=2,71324594118E-2

43535 A=3.291

440 A1=3,898995

l 443 A2=2.898

. 4350 A3=3,7?
4353 B1=.564189583548 t 1/SQRC(PI
460 B=1.41421356237 I SQR(2
463 B2=15.2018111 {B2=A1*R1

. 478 P=0 ‘

"y : 475 23=,001%S1#52
l 488 IF R#R{=23 THEN RETURN

. 483 H2aH#H+K*K
490 D=MAX(S1,52)
495 T=R-Al#*)

s00 ! PROCEED TO SEE IF P=@ OR P=1
: 58S IF T<@ THEN 525
| 510 IF T#T<M’2 THEN %25

S1S  Psy

s2@  RETURN

$25  H8=ABS(H)

$30  K8=ABS(K>

S35 - IF R-HB+A#S1<=C THEN RETURN

40  IF R-K8+RA*S2(=@ THEN RETURN

S45  S@=SAR(H2) ,

SS8 IF $1<>S2 THEN 570 '
553 {8=S@

S60 K8=0 :

S65 IF R-HB+A#S1<2@ TKEN RETURN - .
570 IF S@<=R THEN 699

$7S ' D=(S@-R>/D

$80 IF R#R#EXP(-.5#D#D>>23 THEN £90
$8S  RETURN

590 IF 30<R+A1#MIN(S1,52) THEN €98
595 IF H8¥K8=@ THEN 698

600  H9=HB/S1 ‘

605  K9=KB/S2
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€10
613
620
623
639
633
640
643
630
633
668
663
676
673

680 .

683

690

693
700

783"

710
718
720
72%
730
73S
. 740
745
7%
7SS
760
763
770
7S
789
78%
790
. 7938
800
80S
810

813 .

. 829
823
836
833

840.

843
839
8353
860
863
87e

b-'q......

'x-.- AR AR
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NSWC TR 83-13
ELLCV3—HP 9845

DaHIEHO+KI#KY

IF D<{=B2 THEN 699
22=R/S2

Q=52/81

Q1=q#Q

F=Q1 #H9*HI+KI*KS
21m22#224F /D
2=D-21-B2 ‘

IF 2<@ THEMN $60
IF 2#2-4#214B2>=@ THEN RETURN
T1sHB#NB8+Q1#K8#KS
zs-nzisxosafrxfnz
R2=R#*R

Y=H2-R2-28

IF Y(=0 THEN 690

IF Y3Y-4#R2428>=0 THEM RETURN

28=@ ! FIND LIMITS OF INTEGRATION
2=K8+A3#S2

H3=K8-A3#S2

S@=S}

$9=82

2=R~-2

Dis=o

IF 2>@ THEN D1=SAR(Z/R)
IF H3>=0 THEN 756

HS=0

E3=1-D1

GOTO 760
E3=SQR(1-H3/R>~D1

HS=1

IF 28<>@ THEN 880

28=1

FeE3

TaDi

2=HB+A3#S1

HE=HS

H3=HB-A34S]
GOTH 715

IF F>=E3 THEN 845 -
E3=F .

Dia=T
S9=51
23=H8
$0=82
HE=K8
K8=28
HS=HE S
E3=.S#E3 ! BEGIN GAUSSIAN INTEGRATION.
N=E3#R#(.34,50+1/ (. 025#ABS(R-KS) +5#59))
22=R/(B#S9)

RG=R/(B#S8)

HB=HB8/ (B#SA)

K8=K8/(B#S9)

LIPC I I Y ) o e,

AL
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NSWC TR 83-13
ELLCV3—-HP 9845

873 IF N<2 THEN 895
888 J=13

885 Ni=8

899. GOTO 945

89S IF N<.67%5 THEN 915

908 J=?
905  Ni=g

918 GOTO 945

915  IF N<.5 THEN 935S
A28  J=3

925 ' Ni=4

930 GOTO 945

935 .J=0

948  N1=3

94%  2=23=0

950 ' Y=B1#E3+RS
$55  K9=.000015
968  H9=1,99997

965 G3=0

970 MsN1+N{

97?73 I=~NQ

980 IF K8=@ THEN 1160
983 23=8

998 FOR L=1 TO M

993 IF 1=9 THEN =1

1000 TRE3#(SGNCID>#XC(J+ABSCI)I+1)>+D1
1005 T9=TaT

1918 T1=R8#(1-T9)

191% T2=H8~T1

1029 T4=EXP(-T28T2)

1823 IF HB8<>@ THEN 1940

1830 T4=T4+T4

183 GOTO 1@5S

1040 IF HS<>0 THEN 1055

1045 T2=HB+TY

1050 T4=T4+EXP(-T24T2)

1Y-1.1] IF 2¢>0 THEM 188S

1060 21=22#T#SQR(2~ =79

1063 Ki=K8-21

1878 .. IF ABSC(K1)<R2 THEN 109S
1973 IF K1>@ THEN 1190

1080’ 2=1

1083 KS=H9

1899 GOTC 1105

109% "GOSUB 1309

1109 KS=K3

1108 Ki=Kg+21

1110 . IF K1<RA2 THEN 1125

1118 KS=KS-K9

1129 GOTO 1139

1123 GOSUB 130S

1130 KSsKS-K3 .

1133 ca-ca+x5c74arov<1¢nns<1))
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NSWC TR 83-13
ELLCV3—HP 9845

1149 Isl+t

1145  NEXT L

11590 PavsG3

1155 RETURN

1169 FOR L=1 TO M

1165 IF 19 THEN Is1
1178 T=E3%(SGNCI>#X(J+ABSCI)>+1>+D1
1175 T9aTaT

1188  Ti=R8#(1-T9)

1185  T2s=H8-T}

1196  T4=EXP(-T2#T2)
1198 IF HB<>@ THEN 1210
1200  T4sT4+T4

1285  GOTU 1229 :
1210 . IF HS<>@ THEN 122%
1215 T2sH8+T1

1220  T4=T4+EXP(-T2sT2)
1225 IF 2¢>0 THEN 1245

1230 K1=22#T#SQR(2-T9)
1233 IF K1<R2 THEN 1233
1248 = 2=1

1245 KS=H9
1258 GOTO 1263
1255  GOSUB 1305
1260  KS=2e(1-K3)
1265 G3=G3+KS#T4#TaY(J+ABSCI))
1270 =141
1273 NEXT L
1280 ' P=Y#G3
1285  RETURN
1296 REM CODY FOR K3=ERFC(K1)--9 DIGITS
1295 ! IF K1<=-A2 THEN K3=H9,
1380 ! IF K1>=A2 THEN K3=K9.
1383 IF RBS(K1>>.5 THEN 1323
1319 Ké=K1#Kl
13153 K3-1-K10((P9(l)0K4+P9(2))§K4+P9(3))/(<K4¢Q9<l>)§K4¢Q9<2))
1320 RETURN ,
1325 - K4=ABS(K1)

11330 K3mCCCCRICT) #KASRIC2) ) #KA+RIC33 > #KA4+RI(4)) $KA+RICS) )/ ((((KA+SI
(13 8K4+59(2))8K49S9(3)) #K4+S9(4) I #EXP(-K1oK1)
1335 IF K1<@ THEN K32-K3
1340 RETURN '
1345 X7=@ ! CRUTCHER TABLE CHECK
1350 INPUT R,H,K,S1,82
1355 GOSUB 108
1360 PRINT RjH;K;S1; sz
1365 R4=R
1370 X7sX7+.1
1375  RsR4sX?
1380 GOSUN 470

1385 IMAGE DD.DD,2X,D.DDDD
1390 PRINT USING 1385;X7;P
1395 IF P<=,99999 THEN 1370 :
1400 BEEP . g ‘ o -
1483 END : a S

"\Q'l\i'.\."...!'l\ .



186

114
115

1208
125

165
179
175
198

195

260

......

NSWC TR §3-13
ELLCV—-HP 85

! THIS PROGRAM IS5 CALLED“EL
CY . IT SUPPLIES THE ELLIPTIC
AL COVERAGE FUNCTION:P(R.H.K

+851,82) .
! P DENOTES THE FROBARBILITY
OF A SHUT, NORMALLY DISTRIBU

TED WITH MERN <94, 6) AND STAN
DARD

I DEVIATIONS S1.52 IN THE X
AND ¥ DIRECTIONS, RESPECTIVE
LY, FALLING IN A CIRCLE IN T
HE '
! AY-PLANE OF RADIUS R AND C
ENTERED RT (H.K)>. THE INPUT
IS R.H,X,S51.,52. THE OUTPUT 1
S P :

' PROGRAM IS SET FOR s-DECIM
AL-DIGIT ACCURACY IN P.

! ELLCV USES ERFC WITH 9-DIG
IT RELATIVE ACCURACY.

! SOURCES: NHWL REPORT # 1718
LAUG.1968. MATH OF COMP. OCT
. 1861, PP. 3735,382.
tORELLCVY CONSTRUCTED IN COL
LABORATION WITH HLFRED H. MO
RRIS.

OPTION BPSE 1 ‘

DIM POC3:,09(2),R9(3),89(4>,
X(43),%¥(43)
P9(1>=.316652898658 @ P9(2>=
1.72227577839 @ PR(3)>=21.385
3322378

- R2(1)>=7.8437457083 E Q@9¢2>=1

89522572415

ROC(1)>=4.3187787485E~5 @ R9I(2

)=.356316961891 8 R9(3>=3 . 0631
7993362

R9(4>=6.8650184849 @ R3(S>=7
.373888311¢6
S9(1)=5.3542167949 B .S9(25=1
2.795529569

$9(3>=15.18490819 @ S9(4)=7.

37396889062 (
X(12>=.233619186883 @ X(2>=.6
61289386466 8 X(32)>=. 33246951
4283 B X(4)=.183434642496

7(5)=.5255324089916 @ X(6)=.7
96666477414 @ X(7)>=.96828985
6498 B XN(8)= 125233408511

X(9)=_.367331498998 @ x%(18)>=.
587317954287 € X(11)>=. 769982
5674194 @ Z(12)=.968411725637

-49

........
............

ce e .
......

..............
..........

265

"198646 @ X.28)=

£O130= 9815608634247V @ XK(141=
3.58125898376E-2 @ X(15)= 23
1683554779 # ¥(16)=.45881677
7657

X(17)= 5617876244443 @ X(13>=
. 7954084488355 & XJ13)= _8B65€3
1282388 @ X(28)=. 94457582387

3
A(21)=.989498934992 B X(22)=
7 .65265211335E-2 @ ¥(23)=.22
77385851142 @ X(24)>=. 37379688
8715
X(25y=.518867001351 @ X(2&)=
636653638727 ® X{27)=.74633
' 8391169713822
®(29)= 912234428251 @ X(3§>=
953971927278 @ X(31)= 99312
8599185
%(221=5 40558928626E-2 @ X(3
3)=.191118657474 @ X(34)=_ 31
5842679626 @ X(35)=.43379350
7626
%(36>=.545421471389 @ X(37)>=
648893651937 € X(3I8)=.74612
4191579 R X(39)=.32688198597
4 .
R(48)>=.986415527884 @ X(41)=
. 938274552003 @ X(42)=.97472
3555971 @ X(43)=.99518721999
3

(1=

467913934573 @ ¥(2)>=.3.
68761573048 @ Y(Z)=.17132449
2373 B Y(4>=_ 362683783378
Y(9)=.313786545878 @ Y(6)=_2
22381834453 ® Y(7>=.18122853
6232
Y(8)=.249147B45813 @ Y(9)= 2
32492536338 & Y(18)>= 2831674
26723 @ Y(11>=.166978328543
Y(12)=.186939325995 € ¥(13)>=
4.71753363865E-2 @ Y(14)>= 18
94568618455 @ Y(15)=. 18260341
5845 '
Y(16:>=.169156519395 @ Y(17)=

. 1493595988817 € Y(18)>=. 12462
8971256 @ Y(13>=9.5158511682
SE-2

| ¥(20)>=6.22535239386E-2 B Y(2

1>=2.71524524118FE~-2 @ Y(22>=

©. 152753387131 @ Y(23>=.14917

2985473

. o« L e .

. . ~
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275
288
285
298
235

3808
385

319
315
328
325
338
333

3408
345
358
355
368
365
378

37S
380
385
398
395
406
‘4835
419
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4

¥(36)=.1874442768116 @ Y(37)=

445

9.76186521841E-2 @ Y(38)>=.08

5138161532 @ Y(39)=7.3346481
4111E-2

¥(48)=5.92985849154E-2 @ Y(4
1>=4 .42774388174E-2 @ Y(42)=

2.85313886289E-2 € Y(43)>=.81
23412298

A=4.892 ® A/1=5.387 @ A2=3.87
75 € A3=5.16 ~
B1=.564189583548 @ B=1.41421
'356237 @ B2=29.819769 & ! B2
=A1%A1

Z23=.889801%51352 & P=@

IF R¥R<=23 THEN RETURN
HZ2=HEH+KXK

D=MAX(S1.S2>

T=R-A1x0

! PROCEED TO SEE IF P=@ OR 1

IF T<® THEN 3255

IF TX¥T<H2 THEN 355

P=1 8 RETURN

HB8=ABS(H)> & K8=ABS(K>

IF R-H8+A%S1<=8 THEN RETURN
IFf R-K8+A¥S52<=8 THEN RETURN
S8=SARC(H2)> @ IF S1#S2 THEM 3
88

H8=58 @ K8=0 @ IF R+A%XS1<=H8
THEN RETURN

IF S8<=R THEN 435 ELSE 0=¢se

~gy/0 -

IF RIRXEXP(-( . S¥DXDY>»<=23 TH

EN RETURN

IF SOCR+AIXMIN(S1,S2) THEN 4

35

IF H8XK8=8 THEN 435

H9=H6-S1 @ K9=K8,S2 '
D=HOXHI+KIXK9 @ IF D<=B2 THE
N 435 ELSE 22=R/S2
0=52-S1 @ Q1=Q3Q ® F=Q1XHITH
9+K93K9 ® Z21=22322%F/D

459
435
460
465

470
475

488
4895

499
495
See
585
Si8
515

520

525
539
935S

540
545
559
955

5608

50
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Y(zZd>r=_ 1420896189318 @ Y(25>= 415 Z=D-21-B2 @ IF Z<{@8 THEN 425
131683638449 @ Y(26x=.11819 420 IF Z2%¥Z7-4%Z1%B2>=8 THEN RETUR
4531962 & Y(27y=.18193811981 N
7 : 425 T1=H8XIHS8+Q1XK8XK8 &8 Z8=B2%S1
'Y(28>=8.32767415767E-2 @ Y(2 ¥S1¥T1/H2 & R2=RIR ® Y=H2-R2
9)=6.26720483341E-2 ® Y(38)= ~-Z28 @ IF Y<8 THEN 435
4 D6B14298804E-2 @ Y(31)=1.7 9439 IF YIY-4XR2x28>=8 THEN RETUR
6148871 392E-2 N
Y(32)=.127938195347 @ v(33>= 435 28=0 ! FIND LIMITS OF IKNTEGR
. 125837456347 @ Y(34)>=_.12167 ATION.
8472928 B Y(35)=.11558566885 4948 Z=KS+A3¥52 @ H3=K8-A3%S52 @ S

#=S51 @ §9=62

Z=R-Z @ Di=8 @ IF 2>8 THEN D
1=SQR(Z2/R)

IF H3>=8 THEN 4355 ELSE H5=9

@ E3=1-D1 @ GOTO 468
E3=SAR(1-H3/R>-D1 & HS=1

IF 28%6 THEN 470

Z28=1 @ F=E3 € T=D1 @ Z=H8+A3

%XS1 & H6=HS € H3=HB8-A3x%xS1 €
5070 445

IF F>=E3 THEN 488 ELSE E3=F

D1=T @ S9=51 @ Z8=H8 €& S8=S2
@ H8=K8 B K8=2Z28 2 H3=H6

E3=_.5%E3

é GAUSSIAN INTEGPATION BEGIN
N=E3XRX(.34-/58+1-/( . B25%ABS (R

-K8>+5%x59)) :
22=R/(B%¥S9) € R8=R/(B%S0) @

H8=HE- (BXSB) @ K8=K8~(BX¥xS9)
IF N<2.75 THEN 585 ELSE J=31
& N1=12 @ GOT0 536

IF N<1.35 THEN 510 ELSE J‘21
€ N1=108 @ GOT0 538

IF N<.75 THEN 515 ELSE J=13

@ N1=8 € GOTO 538

IF N<.35 THEN 528 ELSE J=? e
Ni=6 € GOTO 538

IF N<.15 THEN 525 ELSE J=3 @
N1=4 & GOTO 538

J=9 2 Ni=3

Z=0 & Z23=0 @ Y=BlXE3XR8

G3=8 8 H9=1.9999999792 @ K9=

' . 0000000184 € N=N1+N1 @ J=-
1

IF K8=8 THEN 535
FOR L=1 TO M
IF I=8 THEN I=1

T= E3X(SGN(I)XX(J+RBb(I))+l)+

D1
T2=T2T7 @ 71‘983(1 -T9) @ T2=H
8-T1 € T4=EXP(-(T2%xT2)>

., -
.............
.............................................................
.........

--------
...............
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S6S IF HE#& THEN S?76 ELSE T4=T4+ 765 KO=KOSXEXFP(-(K1F¥K1IX/(({C(K4+S

T4 8 GGTO 588

S XRK4+SI(2) 3 EKA+59 (3D IXK4S

978 IF HS#3 THEN Sga +C9(4)
S?75 TZ=H8+T1 @ T4=T4+EXP(- <sz*2 778 IF'E%(B THEN FHO=2-K5 ELSE F
) NQ:
588 IF Z#9 THEN €8S 775 FH END -
585 Z1=72%TISER:2-T9) & K1=K8-Z1 788 X7=9 Y CRUTCHER TARBLE CHECK
, 598 IF RBS(K1)><R2 THEN §¢18 785 INPUT E.H,K,S1,S52
595 IF K1>8 THEN 625 : 739 GOSUB 198
688 Z=1 795 PRINT kK;H;K:S81;82
685 KS H9 ® GOTO 615 888 R4=R
61 KS=FNOCK1> 8BS X7=¥7+.1
615 K1=K8+Z1 @ IF K1<R2 THEN KS= 8108 R=R4XX7.
KS5=FNO(K1)> ELSE KS=KS5-K9 : B1S5 GOSUB 318
528 G3=G3+KSET4XTEY(J+ABSCI > 828 IMAGE DD .CD,2X.D.DDDDDD
623 I=1+1 8 NEXT L 825 FRINT 'USING 828 ; X7:P .
638 P=Y%G3 @ RETURN A 833 IF P<=.999999 THEN 885 ELSE
635 FOR L=1 TN M BEEP
646 IF 1= THEN I=1 335 END
. 645 T= E3X(SGN(I)tX(J+HBS<I))+1)+
Dt

658 T9=TxT @ T1=R8X(1-T9) @ T2=H
8-T1 €@ T4=EXP(-(T2%72)>>
655 IF HB8#8 THEN 665
666 T4=T4+T4 €@ GOTO 675
565 IF HS#9 THEN 675 ELSE T2:=H8+
T1
6780 T4=T4+EXP(—-(T2%T25)
675 IF Z#8 THEN 690
688 K1=223T2XSGQR(2-T9) @ IF K1<A2
THEN K5=2%(1-FNO(K1>)> @ ROT
0 695
685 Z=1
698 K5=H9
695 G3= G3+K5¥T4*T*Y(J+RBS(I))
766 I=1I+1 €@ NEXT L
785 P=YXG3
716 RETURN
715 REM CODY FOR FNO=K3=ERFC(K1)>
728 ' IF Ki1<=-A2 THEN FHNO=H9.
725 ' IF K1>=A2 THEN FNO=K9.
738 DEF FNO(Ki)>
735 IF ABS(K1)>> .5 THEN 755
748 K4=K1%3K1
745 FNO=1-K1X((P9(1)XK4+PI(2)) %K
4;99(3))/((K4009(1))!K4¢09(2
. )]
758 GOTO 775
755 K4=ABS(K1)
" 760 KS=(((RI(1)IXK4+RI(2))XK4+RI(
3> 23KA+RI(4)IXK4+RI(S>

51
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1z
[§X]
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e
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140
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135
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165
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! THIS PROGRAM IS CRLLED "EL
LCU3I"  IT SUPPLIES THKE ELLIPT
ICAL COVERAGE FUNCTION:PI(R.H
LK,581.32> '

t P DENDTES THE PROBHABILITY

OF A SHOT., NORMALLY DISTRIBU
TED WITH MERN' {3,983 RAND STHHW

DARD

! DEVIRTIONS S1.52 IN THE X

AnD ¥ DIRECTIONS. RESFECTIVE
LY,FRLLING IN A CIRCLE IN TH
E ¥7Y-PLANE

V' JF RADIUS R AND CENTERED R
T (H.K2. THE GUTPUT 1S P.

! THE PROGRAM IS SET FOR 3-D
ECIMAL-DIGIT ACCURACY IN P.

! ELLCY3 USES ERFC WITH 9-DI
GIT RELRTIVE ACCURACY.

! SOURCES"™ NWL REPORT #1718,
ARUG. 1266 . MATH OF COMP. OCT
.1351, PP. 3v5-332.

1 =gLLCY3™ CONSTRUCTED IN €O
LLABORATION WITH HLFRED H. M
ORKRIS

ODPTION BRSE 1t

DIm P9\41199\°) Rq(q) 59\4)
ZC21),¥(2

P3(1)>= .’16652808658 @ F9(2>=
1.72227577639 € P9(3>=21 383
33223783

RS{1)=7.8437457933 2 R3(2,=1
8.9522572415

RS(1,=4, 318??8’465E S ® R9(2
»=.56316961891 @ R9(3)>=3.031
?993362 .

R2¢4)>=6 8650184849 B R9(5)>=7
.3738e&311¢ .
S9(1°=5.3542167249 @ S59(2)>=1
2.795529590%9 @ S$S9(3)>=15.1849¢@
319 @ S9(4)>=7 3739688988
X(1)>=.238619186883 € X(2)=.6
612089386466 @ X(3)=, 93246951
4283 @ X(4)=.183434642496
X(S)=.525532409916 @ X(6)=.7

‘96666477414 R X{?)=. 96828985

6498 € X(8)=.125233488511

" X(9)=.367831498998 € X(18)=.

587317954287 R X(11)=.769902

674194 @ X(12)>=.98411725637 .
X(13>=,961568634247 '@ X(14)=
9.508125098376E-2 @ X(15)= 28
1683558779 B X(16)=
7657

53

.45801677

195

284
2685

225

v
o)
Y

)
W
w

245
254
255
268
265
2r7e
275
289
285
2998
295
3808

385
319
315
320
325

334
335

[C173= 617676244483 ® X(13)
7554844088355 B X{19)= 8656
282386 & X(2@)=.9445750220

3=.353946093453972 :

= 467313934572 @ Y20=_3

v 13?7848 # Y032)=.17132449
Y9 €& Y{(43=_36268378337¢E

(59)>=.313786645378 B Y(6)i=.2

22381034453 € Y(7)>= 18122853

529 .

?{3)-.'4914?945813 2 Y(9r=_2

33452536538 € YI{18)= 26831674

26723 ®.Y(11)=.168878328543

Y(12>=.1869393235995 & Y(13d)=

4. 71753363865E-2 @ Y(143= 18

9458618455 € Y(15)=.18268341

5845

Y(16)=.169136518335 @ Y(17)»=
. 149595988817 & Y(18)=.1246z

3971256 B Y(19)=3.35158511682

S5E~-2

Y(28)=6.22933233386E-2 @ Y(2
12=2.71524534113E-2

A=3.291 @ A1=3.39895 8 A2=2.

B98 & A3=3.7

B1=.564139583543 @ B=1.41421

356237 @ B2=15.2618111 E I B
2=AR1%A1

Z3=.981%51%52 @ P=0

IF RER<=Z22 THEN RETURM

HZ2=HXH+KXK

D=MAX(S1,S52)

T=R-A1xD

! PROCEED TO SEE IF P=6 OR 1
IF. T<6 THEN 285

IF T¥T>=H2 THEN P=1 @& RETURN

H8=ABS(H)> & KB8=ABS(K) '

IF R-H8+RA®S1<=8 THEN RETURN

'IF R~K&+9$52<=0 THEN RETURN

S@=SAR(H2) @ IF S1#S2 THEN 3
19

H8=5@ 2 K8=8 @ IF R+AXS1<(=H8
THEN RETURHN °

IF S8<=R THEN 365 ELSE D=(S8

-R>/D

IF RERYEXP(~(.S5%0%0>><=23 TH

EN RETURN

IF S@CR+A1EMINCS1,S2> THEN 3

65

IF H8tKS=8 THEN 365

HI=HEB/S1 @ K9=K8/52
D=HOXHI+KIXKI @ IF D<(=B2 THE

"N 365 ELSE 22=R~-S2




348

345
356

395

368
365
378
373
388
385

398
395

40808
485

418@
415

© 428

425
439
435
449
445

458
4355

466
465
470

475
486

435
499

495
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P=52-5S1 @ B1=0X3 @ F=Q1%XHI%H
S+KI9XKI @ 21=72%72%XF-D
2=D-21-BC € IF Z<8 THEN 355
IF Z¥2-4%21%¥8B2>=3 THEN RETUR
N

T1=H8XHS+Q1XK3XK8 @ Z8=B2x51
XS1XT1-HZ2 & RZ2=RXR ° Y=HZ2-R2
-Z28 B IF ¥v<8 THEN 3635

IF YXY-4XR2%Z28>=8 THEN RETUR
N

Z8=8 | FIND LIMITS OF INTEGR
ATION

2=K8+A3%x52 @ H3 K8- 93352 2S5
A=51 @ S9=52

Z=R-2 @ D1=0 @ IF 7)9 THEN D
1=S@R{Z/R>

IF H3>=8 THEN 385 ELSE E3=1-
DI @ HS=8 e GOTO 398
E3=SAR{1-H3/K>-D1 @ HS=1 .

IF Zo#a THEN 40@ :
Z28=1 @ F=E3X @ T=D1 @ Z=H8+A3
%S1 & HE=HD €@ H3=HB-A3XxS1 e
GOTO 375

IF F>=E3 THEN 419 ELSE E3=F
DiI=7T & Z28=H8 8 S8=52 e 59=51
E HB=K8 8 K8=Z28 & HS5=H6
E3Z=.5%E3

' bﬂUSbIRN INTEGRATION BEGIN
8
N=EB*R*(,34/59+1/<.BQSXHBS(R
~K8r>+5%S92) .
22=R/(BX539) @ R8=R-/(B%xSH> @
He=HE-(B%SB)> # KE=KB8-(BXS9)

'IF N<2 THEHN 435 ELSE J=13 @

N1=8 @ GOTO 458

IF N<.675 THEN 448 ELSE J= ?
@ Ni=6 € GOTD 4S8 :

IF N<.5 THEN 4435 ELSE J=3 @
Ni=4 @ GOTOD 450

J=8 & N1=3

Z=8 & Z3=0 @ Y= Bl*E3XR8

KS=.888015 & HS=1 39997

G3=0 @ M=M1+N1 @ I=—N1

IF X8=8 THEN 560

FOR L=1.TO M -

IF I=8 THEN I=1 ,
T=E3%(SGNCIDERX(J+ABSCI)I+1)>+
D1 . :
T9=TXT @ T1=R8X(1-T9> @ T2=H
8-T1 € T4=EXP(~(T22T2)>)>

IF HB#8 THEN 495 ELSE T4=Td+

T4 @ GOTO 585

IF HS#8 THEN 5895

Sea

585
Sla
515
526
525

T2=HB+T1 & T4=T4+ERKP(-(T2%T2
33

IF Z%9 THEN 538
Z1=Z2%T¥SQR(2-T2) @ K1=K8-21
IF K1<R2 THEN 535

IF K1>@ THEN 559

Z=1

K3=H9 B GOTO 540 .
KS3=FNA(K1)> '

Ki=K8+Z1 @ IF K1~ 92 THEN KS“

K5—-FNACK1> ELSE K5=K5-K9
G3=G3+KOXTAXTXY(J+ABSCID D
I=I+1 @ NEXT L

P=Y%X:3 € RETURN

FOR L=1 TO N

IF I=8 THEN I=t

" T=EIX{SGH(I XX (J+ABS(I1))>+1)>+

D1

TO9=TXxT @ TI=R8X(1-T9) @ T2=H

B-T1 € T4=EXP(-(T2%T2)>>

IF H8#8 THEN 596

T4=T4+T4 € GOTO 666

IF H5#0 THEN 680 ELSE T2=HS8+
T1 .

T4=T4+EXP(-(T2XT2)>

IF Z2#6 THEN 615
K1=Z22XTE¥SOR(2~-T9) @ IF K1<R2
THEN KS=2X%(1-FHNACK1>)> € GOT
0 628

§ 7=1

K5=H9 ‘
G3=G3+KSXT4XTEY(J+ABSCID ) -
=1+1 @ NEXT L

P=Y%G3 @ RETURN

REM CUDY FOR FNR=K3=ERFC(K1)
-9-DIGITS.

! IF K1<=-A2THEN FNA=H9. IF
K1>A2 THEN FHA=KS'

‘BEF FHARC(K1)>

KS=0 @ IF ABS(K1)>.5 THEN 67 -
8
K4=K1¥K1 . ‘ _
FNA=1-K1X((P9C1)XK4+P9(2) ) XK
4+P9(3);/(\K4+Q9(1))*K4+09(2
>)

GOTO 69@ .

K4=ABS(K1>
KS=C((RIC1>EK4+RI(2) ) KA+RI(
3) )TK4+RI(4) IXK4+RI(5)
KS=K5/((((K4+S9C1)>)XK4+89(2) |
> ¥K4+S9(3) > XK4+39(4) > XEXP(~(
K1¥K1))

IF K1<@ THEN FNA=2-KS ELSE F
NA=KS

FN END
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POLYCV

Input: (Data Statement for HP-9845) P8, P9, M,, My,C. S,. Sy. N
(Data Statement for HP-85) P8, P9, M1, M2, C,S1,S2,N

(M, M) or (M1, M2) = mean of the normal distribution
¢ = correlation coefficient (contained in ()

S« Sy or 81, S2 = standard deviations o, and oy

N=1,K=3= probability' desired over a single angular region Al. Vertex of Al is
always given by (x;, y;). Points (x, yj), (x3, y3) are ngen in counterclockwise
order about the vertex. POLYCV sets K = 3.

N=K>3= probability desired over a polygon E. Vertices are specified in counter-

clockwise order. POLYCV sets K = N.

P8 is used to specify how the coordinates of the points defining E or Al are stored. If
P8 = 0, then x|, y;, .... Xk, yx are stored consecutively in data statements im-
mediately following the initial data statement above. POLYCV then stores X; in

array element X(J) and y; in array element Y(J). If P8 # 0, then it is assumed by

POLYCYV that the points are already stored in arrays X(»), Y(*). This is useful if

the points are machine generated.
P9 is used to specify what output is desired as indicated below. - -

.Output: P, A W, 11 are always given as part of the output if N 3 3. ForN=1,Pand 11 are
C given.

P = probabnhty from a normal correlated bivarigte dlstnbutlon over an arbltrary polygon
E or an angular reglon Al.

A EareaofE. IfN= l,thenAisset to zero.

w

winding number cf E. For simple polygons, W = 1. If N= 1, Wis set to zero. W is
contained in W1. o

I1 = Error and Infcrmation Parameter:
11 =0, outbut acceptable.

It = -4, angular region Al, N = 1, may not be well—def ned The angular measure
of Al is close to 0 or 2x. A result for P is given.

I1 = 1, angular region Al, N = I, is not well-defined, i.c., at least one of the two

points (x,, yj), (x3, y3) is too close|to (x;, y). Input unacceptable. P is set
to —5. '

55
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-
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I1 = 2, two consecutive segments of E overlap. Output is 0.K.

[}

Il

3, the correlation coefficient, ¢, contained in C, does not satisfy |c| <
Input is unacceptable. P is set to —5.

P9 = 0, no additional output besides the above is given.

P9 = 1, the x, y coordinates or the vertices of E orthe points of Al are listed.
P9 <0, aplotof E or Al is given. o v

P9 > 1, both a listing of the X, y coordinates.and a plot of E or Al are given.

Accuracy: P given correctly to approximately 9-decimal digits.

56
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POLYCY HP-9845

P8= @ P9= 2 Mx=-.5 My= 8 C= @ Sx= 1 Sy= 2 N= 11I

N
- XC 1= @ YO 1 o= g
- X¢C 2 )= ) Y 2 d= |
i X( 3 = 9 Y¢ 3 D= 2
N X¢ 4 dm-i Y( 4 = 2
-:' X¢( %5 )= @ Y( S )= 1
% X( 6 d=-2 Y( 6 )= @
N X( 7 dm=y LYC? )= @
%( 8 >= @ Y< 8 da-1-
X( 9 y=-1 Y¢ 9 dm-t
X( 10 )= @ Y¢ 10 )Y=-2
N X¢ 11 O= | YC 11 )= @
N Pu .26421465361 A= 4.5 W= 1 11= @
N - P=.26421465361 A=4.5 W=1

v vie wew e e e
T T

¥
.

)

T,

.'-‘l"o"u"

Y '
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P8= @ P9='2 Mx= .5 My= 1 C= 8 Sx= 1 Sy= 3 N= 1@

)==-3 R Y

XC 1 1 )= 4
X¢ 2 Y==3 - Y¢ 2 )==3
X¢ 3 )= 4 Y¢ 3 d==3
XC 4 dm-l CYC 4 w2
XC S = 2 _ Y¢S ym-t
X(C 6 )= 4 C¥C 6 =1
XC 7 )= @ . T LE
XC 8 )= 9@ . o ¥C 8 dY==2
XC 9 dm=2 : Y¢ 9 )= 8 -
19 >=. @

XC 10 d= 1 . ¢

P= .40616638044 A= 27 W= 2 I1= 2

P=.40616638044 A=27?7 ' W=2

41 v v T M v T g !
b <
-t -
= L
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POLYCV —HP 9845

- P8= 1 P9= 2 Mx= 8 My= 8 C= @ Sx= 3 Sy= & N= 12
X¢ 1 )= 7 . Y¢C 1 )= 3
%¢ 2 )= 6.33012701885 Y( 2 »= 5.5
XC 3 )= 4,49999999987 Y< 3 >= 7,3301270188S
X( 4 )= 1,99999999988  Y( 4 >= ?7,.99999999981
X¢ 5. )=-,50000000001 Y( S )= ?7,.33012781861
X( 6 >=-2.33012701873  YC 6 )= 5,49999999966
X( 7. )=-2.9999999996 Y¢ 7 d= 2,99999999976
X( 8 )=-2,33812781838 Y( 8 )= ,49999999999
XC 9 >=-,49999999946 . Y( 9 >=-1,33812701861

XC 18 >= 2,00000000035 VY( 10 >=-1,99999999939
XC 11 )= 4.3 . ¥YC 11 )=-1,33212701815
X( 12 >= 6.3301270183 Y¢ 12 )= ,508000008874

P= ,56768766703 A= 74.9999999898 W= 1| Ij= 0@

P=.56788766703 = A=74.38333893838 W=1
¥ .
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P8= @ P9= 2 Mx= 8 My= @ C= .5 Sx= 1 Sy= 2 N= |

X¢ 1 O>= Y¢ 1 Os

X( 2 >= 1.8 ¥Y¢ 2 )= 2 ‘ .
X¢ 3 )= 2 Y¢ 3 >= .5 ‘ :
P= .95617987488 A= 0 W= @ I1= @

P=.95617387488 =  A=0 W=0
Y '
X
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iINPUT: B8 2 -.5 0 ©

L]
-d

2

1

N®
91221891..“.. __. "
NN nnAn

D
=M D O 000 vt

P b

NN

D -
Dot Dt DN D
| [ ran
gt ntAn
laYaXalatakatatalal
LR
“ONM NN 0

N N W et W N N N NN

A AHIHAHIAAH XN XK

1

.264214653623 4.5

-2 -2

P=.26421

-1

vy SPECIFIED POLYGON

A=4 .5
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INPUT: 1 2 &8 8 B8 3 2 12

X 1 =7 Y¢ 1 )= .3
X¢ 2 2= 6. 33012791893
‘ 2 »= 5.5
¥C 3 5= 4, 508983?6%01
7.33012781893
¥(C 4 5= 2 Y¢ 4 >= 8
X( 5 >=-.F ¥Y¢ S o=
7.338127081893
XC 6 »=-2.338127081893
Y( 6 2=
5.50608000001 : ,
X ? >=-3 Y(.7 )= 3

X( 8 )=-2.33012$?1§93
XC 9 )=-.599809$?981

-1.328612781693

X 18 )= 2 Y(¢ 18 »=-2
X¢ 11 )= 4.5 YO 11 o=
-1.33812781893
X( 12 >= 6. 33912?81893

Y¢ 12 O=

49999999999

.96768766665%8 ?5 1 @

HP 85

)= .5
9 O=

69298 =d

Sy

Tsi
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INFUT: @ 2 6 a S 1 2 1

1 .1
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1089 ! THIS PROGRAM IS CALLED "POLYCY". IT SUPPLIES
THE PROBABILITY P OF A SINGLE SHOT, NORMALLY
185 ! DISTRIBUTED IN THE XY-PLANE WITH MEAN (Mx,My)
STANDARD DEVIATIONS Sx,Sy AND CORRELATION .
118 | COEFFICIENT C, FALLING IN AN ARBITRARY POLYGON
E OR IN A SEMI-INFINITE ANGULAR REGION Al IN THE
11S | PLANE. E IS SPECIFIED BY K POINTS (X(J),Y<J>). FOR J=
© 1 TO K. A1 IS SPECIFIED BY 3 POINTS (X(J)>,Y(J>> WITH
120 ! Ns1 AND THE VERTEX OF A1l GIVEN BY (X(1>,YC(1)>>. THE
POINTS MUST BE GIVEN IN COUNTERCLOCKWISE ORDER. .
125 ! THE INITIAL INPUT IS:P8,P9,Mx,My,C,Sx,5y,N. IT IS STORE
AS DATA BEGINNING AT 208¢. IF N=K>=3
130 ! THEN THE INPUT SPECIFIES A POLYGON E. IF N=t (WITH
© K=3), THEN AN ANGULAR REGION A1 I3 GIVEN.
135 ! IF P8=@, THEN THE COORDINATES X(J>,Y<J>, FOR J=1 TO K,
ARE STORED IN DATA STATEMENTS IMMEDIATELY FOLLOWING
140 1 THE INITIAL INPUT DATA STRTEMENT. POLYCY STORES THEM IN
ARRAYS X(#),Y(*)., IF PS#@, THEN IT 1S ASSUMED THE VERTEX
145 ! COORDINATES ARE ALREADY STORED IN THE ARRAYS X(*),Y(¥).
'THIS 1S USEFUL IF THE VERTEX COORDINATES RRE MACHINE
'1S@ | GENERATED. P IS GIVEN TO NINE DECIMAL-DIGIT-ACCURACY.
155 ) IF P9>=1 THEN LIST X<JY,Y<J>. IF P9>1 OR <@ THEN PLOT E
: OR Al. IF P9=@ THEN NO PLOT OR LIST. o
168 | THE OUTPUT IS: P,A,W,I1, WHERE A CONTRINS THE RREA
. UF E, W1 CONTAINS THE WINDING NUMBER W OF E, AND I1
165 1 1S AN ERROR INDICATOR. IF I1=@ OR 2 THEN THE OUTPUT IS
ACCEPTABLE. IF I1 =1 OR -1, THE ANGULAR REGION A1 MAY NOT
170 ! BE WELL-DEFINED. IF I1=1 THE VERTEX AND ONE OF THE OTHER TWO
POINTS MAY BE TOO CLOSE TO ERCH OTHER. IF I1=-1, THEN THE
175 ' MEASURE OF A1 IS CLOSE TO @ OR 2PI.
189 ! IF I1=2 THEN TW@ CONSECUTIVE SIDES OF E OVERLAP. OUTPUT IS 0.K.
IF It=3 THEN C#C>=1. IF I1=1 OR 3 THEN P SET TO -S.
185 ! SOURCES: NSWC-DL REPORT #3886,SEPT.1978. NSWC/DL REPORTHS8@-166,
JUNE, 1988, SIAM JN.SCI.STAT.COMPUT.,JUNE 1989,PP.179, 186.
19 1 SIAM JN.'SCI.STAT.COMPUT.,DEC,1982, PP. 7.
195 ! X<J> AND Y(J> DIMENSIONED AT 98. IF MORE PQOINTS ARE

NEEDED TO SPECIFY E THEN MAKE CHANGES AT LINE 20e.
- 200 DIM X<(90>,Y(90>,U1(1%)>
205 U1(1)=4.0833%517232E-7
210  U1(2)=-9.7186485416E-6
21Y . U1(3)=1,05787574481E-4
220 ' U1(4)=-7,04260243309€E-4
22%  U1(57=3.24944543171€-3
238 U1(é)>)m=1,12323532148E-2
23% U1(?)=3,09199295521E-2
240. U1(8)==7,149098378E-2
24%  U1(9)=, 145060043403

250 U1(19)=-,26%5638206366
255 U1(11)>=,442851899329

260 U1(12)m-,666625670511
26%  U1(13)=,886223733187
270  U1(14)>%-,999999899776
275  U1(1%)=,886226924931
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288
283
290
293
3088
385
318
313
320
325
332
335
348
345
35e
355

360

365
370
375
380
385
390
39S
490
405
410
415
420
429
439
43%
449
445

450

453
450
463

. 470

473
480
483
490

. 499

See
Ses3
S10
S1S
S20
g2s
338
S33
S493
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29=1.12837916709

A1=2.71E-19

A2=1.34E-5

A4=7.311E-4

kR2=19.201924 , '

R1=.564189583546 ! 1/SQRC(PI)

R3=4.9E-27 '

T?7=3.14159265359

k4=, 159154943092

T9=1.14472988585 -

R6=,282089479177

T8=7E-12

A?=3.2625E-11

1 INPUT: P8,P9,Mx,My,C,Sx,Sy,N,¥(I>,¥(I> ¢(J=1 TO K>
READ P8,P9,Mx,My,C,Sx,Sy,N

EXIT ALPHA

EXIT GRAPHICS

PRINT ”P3=";P8'“P9=“'P9"Hx="nx'“My="ﬂy'"C="'C‘"Sx="Sx "Sy="3Sy; "N="; N
PRINT :
C?=1-CsC

IF C750 THEH 405

11=3

. P=-5

PRINT *I1=";3;“P=";-5
RETURN ,
C?=SQR(C?)
K=3 ‘
IF N<>1 THEN K=N
FOR J=1 TO K
IF P8x=@ THEN READ X(J),Y<J>
IF P9>=1 THEN PRINT *XC3J;">=;X(J>;TABC25); Y (" ;I3 >="; YD
NEXT J
IF (P9>1> OR (P9<@> THEN 1560
FOR J=1 TO K
TYCIIR(Y(I)=My) /Sy
XCII®CCRCTI=Mx) 7Sx-CHY(I)>/C?
NEXT J
X(K+1ImXC1)

" YC(K+1)mY (L)

P=9
11=0

A=0

K1=9
Kst
IF N<>1 THEN 550

X1=%(1)

YisY(1)

X¢3>aX (1) +X (1) =K(3)
YC3))mYCL)+Y(1)=Y(3) -
UsX(2)-XC1)

VaY(Z)=Y(1)
HeX(1)=X(3)
2eY(1)=Y(3)




NSWC TR 83-13
POLYCV —HP 9845

545 GOTO 598
558  Y1=Y(N+1D
555  X1=X(N+1>
560 UsX(2)-XC(1)
S65  V=Y(2)-Y(1)
570 Xi=X(1D
5?5  Yi=Y(1)
580 W=XC1)=-XC(ND
585  2s=YC(1)-Y(ND
590 Di=W*l+2%2
545 1F Di1>R3 THEN 6290
689 IF N=1 THEN 1370
695  N=N-1
6190  IF N=2 THEN 1175
615 GuTO S88
620  D2=UxU+vVay
625 1F D2>R3 THEN 665
630 IF N=i{ THEM 1379
635  K=K+1
64  U=X(K+1)-X1
645  V=Y(K+1)-Y1
€50 D2=U#U+V#Y
€55 IF D2<=R3 THEN 635
660 IF K=N-1 THEN 1175
665  A=Xix(Y(K+1)=YC(NDD
670 B1=SQR(2*D1)>

67 B2=SQR(2%D2>
680 ° P2axVxl-Ux2
685 Cil=U*l+V*2
698 GOSUB 1390
69%  Ki=Ki1+AS
7080 L=9 ,
705 B, S#(X(K)*#X(KI+Y(KI*Y (KD
710 IF B>A1 THEN 738
715 c2=0
720 P1=AS#R4-C2
725 GOTO 1145
7380 Gl=(W#*X(K>+2*Y(K)>)/B1
739 G2=CU*X(KI+Y#Y(K))/B2
748 MH1w=(ZEX(K)=W#*Y(K))>/B1
745 H2s(V#X(K)>=U*Y(K>)>~B2 '
7%@ IF ABS(P2)>2#B1#B2#A7 THEN 830
?%%  IF C1<@ THEN 780 ‘
760 IF ABS(AS)><=T8 THEN 770
76% IF G1<@ THEN 830

?770. Pl=9

775 GOTO 1145

739 I1=2

785  IF P2<@ THEN 810 -

790 HeH2 - : o

799 GOSUB 1433
800, Pl=,S*El
803 - GOTO 1145
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818  H=H1
815 GOSUB 1435
820 Pl=-(.S*E1>
825 GOTO 1145
838 IF B<=A2 THEN 1050 .
835 IF G1<@ THEN 900
848 IF G2>=0 THEN 1090
845 G2=-G2
858  H2=-H2 :
855 IF RABS(H2)<=A4 THEN 880
8680  H=-H2
865 GOSUB 1435
870  L=.5*El
875 GOTO 1960
880  L=.S5+R1#H2
885 GOTO 1068
890  L=.5-R1%H1
895 GOTO 1060
908 Gi=-Gi
985  H1=-H1
9180 IF G2<@ THEN 948
915 IF ABS(H1)<=A4 THEN 890
928  H=H1
925 GOSUB 1435
930  L=.S5*E1
935 GOTO 1068
940  G2=-G2
945  H2=-H2 '
958 IF ABS(H1)<=R4 THEN 1815
955 IF ABS(H2)<=A4 THEN 995
960  H=H1
965 GOSUB 1435
970  L=.S5#EQ
975  H=H2
980 GOSUB 1435
985  La=L-,S#E1
9980  GOTO 1099
995  HaH1
1600 GOSUB 1435
1805 L=Ri#H2~-,5#(1-E1)
1018 GOTO 1090
1915 IF ABSCH2><=A4 THEN 1040
1820 H=H2
1825 GGSUB 1435

1030 L, S#(1-E1)-R1#H1
1835 GOTO 1098
1840 L=R1#(H2-H1)
1945 GOTO 1090
1050 C2%R6#(HZ-H1)=R4#(G2¥H2-G1#H1)
1855 GOTO 720
1060 P2=-p2 ,
1065 IF P2<¢=@ THEN 108%
1078 LaL-! 4

68
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1075 RS=T?+RS

1088 GOTO 1099

1285, AS=RS-T?

1899 IF B>=R2 THEN 1140

1895 C3=RS

11900 C4=.5%RS

1135 M=1S

1110 F=9

1115 A6=H2-HIL

1120 ¢3=Ré

1125 GOTO 1310

1130 Pl1=L+EXP(~(B+T9))#(C4-S2)
1135 GOTO 1145 '

1140 PlaL o

1145 IF K<>N THEN 123%

1150 IF N<>1 THEN 1199

1155 P=ABS(P1)

1160 IF K1>8 THEN P=ABS(i-P)
1165 Cd4=W1=0 h

1170 IF ABS(K1)><1E-11 THEN Ilm=}
1175  PRINT : ’
1180 PRINT “Ps*;P;*l1="311
1185 GOTO 1485

1190 P=p-pP}

1195 Ki=K1+#R4

120@ A=.5#A

1205 IF K1<@ THEN 1220

1216 WIsSINT(Ki+.1)

1215 GOTO 1225

1220 WI=INTC(K1+.9)>

1225 PsP+ul

1230 GOTO 1470

1235 W=y
1240 2=V
1245 B1=B2

1250 Mis¥X(K+1)
12595 YisyY(K+1>
1268 Y2aY(K)
126% K=K+
1270 U=msX(K+l)-X1
1278 VsY(K+l)=Y]
1280 D2sUsUsVay :
128% IF D2(=R3 THEN 126%
1290 B2=SQR(2#D2)
1295 P=P-P1 o o
13090 A=sA+XI#(Y(K+1)-YD)
1385 GOTO 689 '
1310 S2sU1(M>#A6
1315 MsM-)
1320 H2=H2#G2
1325 Hi=H1#Gl
1330 T=HZ-HI
1335 F=F+B-
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1340 CE=(F#C3+TH>/7(16-M)
1343 S2=S2+ULl (M) *C6
1350 IF M=1 THEN 1130

e AAAARANM 1IN

PRI B
E ]

e 1355 C3=CS

- 1368 CS=Cé

. 1365 GOTO 1315

. 1370 P=-5

2 1375 11=1

N 1380 PRINT *I1=%;1;*Pa";-5

1385 RETURN

: © 1398 IF ABS(C1><=ARBS(P2> THEN 1415 1AS=ARCTANGENT(P2-C1)>, (-PI,PI1].
' 139% IF (C1<@> AND (P2=@> THEN 1425 '
1408 AS=ATN(P2/C1)

1485 IF C1<@ THEN AS=R5+SGN(P2I#T?

1410 RETURN

1415 AS=SGNC(P2)#(.S*T?-ATNC(C1/RBS(P2))).

1420 RETURN

142% AS=T?

1430 RETURN

1435 E1=@ | E1=ERFCC(H)

1449 C4=ABSC(HD

1445 IF Ca4>=4.4 THEN 1460

1459 E13C(CCCCCCCCULIC1ISCH4+UL1(2))%#C4+UL(3))4C4+U1C¢4)23C4+";:5)>#C4+U1
(6))2CA+UL(7))#CA+UL(8)>*#Ca+U1(9)>#C4+U1(10>)>#C4+U1¢11)>)#C4+U1(12)
1455 E1s((CE1#C4+U1(13)%C4+UL(14))#CA4+UL{15))529%EXP(~H#H)
1460 IF H<® THEN E1=2-El

1465 RETURN

1470 C4=Sx#SysC7+#A

147% PRINT

1488 PRINT “P=";P;"A=";C4;"W=";W1;"I1=";I1

1485 IF (P9>1)> OR (P9<(9> THEN 1905

1490 BEEP

1495 RETURN .

1508 PLOTTER IS "GRAPHICS®

1505 GRAPHICS -

1510 U=sX(1) , : '

151 vy=y ‘ .
1520 W=Y(1)

1525 2=H

1538 FOR Istf TO K

153% IF XCID)>U THEN UsX(1)

1540 IF XCI3C<Y THEN VsX(I)

1545 IF YCIDOW THEN W=sY(l)

1550 IF YC(IX<Z2 T =N 2=YC(D)

1585  NEXT I

13560 GCLERR

1565 Pimy-y

1570 IF P1<>@ THEN 1599

157S Piwel

1588 V=v-pt

1585 UsU+P1

1590 Y1sLGTCPY)

1595 XI1sINT(YL)

v v .,-

v v

'
A T T YT
v % REERSAGAD D
- . N s
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1600
1605
1610
1615
1628
1625
1630
1635
1640
16435
1650
16595
1660
1665
1678
1675
1689
1685
1698
1695
1700
1795
1710
1715
1723
1725
1730

1735

1740
1745
1730
1755
1760
1765
1770
1775
1780
1785

1790
1795
1800
1805

. 1818
1815
1820
1825
1830
183%
1840

1848
1850
1855
1860
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Y1=FRRCT(Y1)
Y1=18+Y1
IF X1<8 THEN Y1=10+Y1
X1=18~%X1
IF Y1>=2 THEN 1635
Ti=,1#X}
GOTO 1679
IF Y1>=4 THEN 1659
Ti=,2#X1
GOTO 1670
IF Y1>=5 THEN 1665
Ti=,4#X]
GOTD 1670
Ti=.5%X1
T3=INT(V/T1)#T1
T4=U '
IF FRACTCT4-T1)>¢>@ THEN T4=(INT(T4/T1)+1)*T1
P2=W-2
IF P2<>@ THEN 1710
pP2=1
2=2-P2
W=l+P2
Y1=LGT(P2)
X1=INTCYL)
Y1=FRACT(Y1)
Yi=10~Y1
IF Xi<@ THEN Y1=210#Yl
X1=19~X1
IF Y1>=2 THEN 1?55
T2=. 1#X1
GOTO 1790
IF Y1>=4 THEN 1770
T2=.2%X1
GOTO 1790
IF Y1>=5 THEN 1785
T2=,4%#X
GOTO 1790
T2=,5#X1
TS-INT(Z/TZ)*TZ
T6=0+K o '
IF FRRCT(TS/T2)<>B THEN T6sCINT(TE/T20+1)>#T2
SCALE T3-.35#P1,Td+.25%P1,T5-,25#P2,T6+.2#P2
CLIP T3,Te,TS, 16
LAXES 71 72 T3 15,5,5,4
LAXES T1,T2,74,76,5,5,2
IF N=i THEN 1945
MOVE XC1),Y(1)
FOR I=1 10 N
DRAW X<{IY>,YCDD
LABEL VALSCI)
MOVE XC(1),YC1D
NEXT I
DRAW X(1),Y(1)

7n .

/
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1865 MOVE U+T1,2-.082+P1

1878 LABEL "x*

1873 MOVE T3-.02#P1,T6+.8%5sP2
1880 LABEL “vy* '

1885 (C8=T3
1890 C9=Te+, 14P2
1893 D3=py

1580 GOTO 443 _-

1983 MOVE C8,C9 :
1918 LABEL "Ps"4VALS(P)
1915 MOVE. C8+.3#D3,C9
1928 LABEL "A="LVALS$(C4)
1925 MOVE C8+D3,(C9

1930 LABEL "Ws"LVALS$(W])
1935 DUMP GRAPHICS

1940 RETURN

1943 MOVE X(3>,Y(3

1950 LRABEL VALS$(3)

1933 MOVE X(3)>,Y(3)>

1960 DRAW X(1)>,v(1)>

1963 LABEL VALS$C1)

1978 MOVE X(1),Y(1>

19?73  DRAMW X(23,.Y¢(2)

1982 LABEL YALS$(2)

1985 GOTO 1865
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106
185

119
115

126

125

135
148

150
153
160

165

179

175

- THE OUTPUT IS ©.K.
-1, THEN

------------

" ENERATED.

NSWC TR 83-13

POLYCV —HP 85

! THIS PROGRAM IS CHALLED "FO
LyYyCv". IT SUPPLIES THE PROBA
BILITY P OF A SINGLE SHOT., N
ORMALLY

¢t DISTRIBUTED IN THE XY-PLAN

E WITH MEAN (M1.M2),STANDARD

DEVIATIONS 51,82 IN THE X A
NO Y

! DIRECTIONS,RESPECTIVELY,
CORRELATICN COEFFICIENT C,

! FARLLING IN AN ARBITRARY PO

LYGON E OR A SEMI-INFINITE A
NGULAR REGION A1 IN

! THE XY-PLRNE. E IS SPECIFI
ED BY K POINTS (X(J),¥<(J)),J

=1 TO K. A1 1S SPECIFIED BY
3 POINTS

! (X(J),Y(J>) WITH THE VERTE

X OF A1 GIVEN BY (X<1),¥<(1))
AND THE POINTS GIVEN IN COU

NTER

! CLOCKWISE ORDER. THE INITI

AL INPUT IS:P8,P9,M1,M2.C,S51
182,.

! IT IS STORED AS DATA BEGIN

NING AT 1885.

I IF N=K>=3 THEN THE INPUT S

PECIFIES E. IF N=1(WITH K=3)
>THEN B1 IS GIVEN.
! IF P8=6, THEN THE COORDINA

TES X<(J)>,Y(J), FOR J=1 710 K,
ARE STORED IN DATA STATEMEN
TS IM-

! MEDIATELY FOLLOWING THE IN
ITIAL DATA STARATEMENT. POLYCV
STORES THEM IN ARRAYS X<(X),

YC(x) .

1 IF P8#9, THEN IT IS ASSUME

D THE VERTEX COORDINATES ARE
SLREADY STORED IN ARRAYS X(

¥,Y(x).

! THIS IS USEFUL IF THE VERT

EX COORDINARTES ARE MACHINE G

IF P9>=1 THEN LIST
X(JI>,¥YC(J),

" IF P9>1 OR <@ THEN PLOT E

OF A1l .IF P9=6 THEN NO PLOT O
R LIST.

' 'THE OUTPUT IS: P AW, I1,
ERE A CONTRINS THE AREA OF E
, W1 CONTAINS THE WINDING NU
MBER W

i OF E,
NDICATOR. IF I1=0 OR 2 THEN

IF I1=10R

h 2 ® 2 a
SN . s
et et et ety .

AND I1 IS AN ERROR I

180

185

198
195

289

! ANGULAR REGION A1 IS NOT
WELL-DEFINED. IF I1=1,THE VE
RTEX OF R1 AND ONE OF THE OT
HER THO

! POINTS ARE TOO CLOSE TO EA
CH OTHER.IF I1=-1 THEN MERSU
RE OF A1 IS CLOSE TO @ OFR 2P
1. :

! TF I1=2 THEN 2 SIDES OF E
OVERLAP.IF I11=3 THEN Cx¥C>=1.
! IF I1=1 OR 3 THEN P IS SET
TO -S. IF OUTPUT IS 0.K..THE
N P IS GIVEN TO 9-DECIMAL AC
CURACY .

! SOURCES: NSWC-/DL REPORT #3
886, SEPT.1978. NSWC/DL REPO
RT#88-166, JUNE 1986. SIAM J
N. SCI.

! STRAT. COMPUT.,JUNE 1989, P
P.179.186. SIAM JN. SCI.STAT
. COMPUT.,DEC. 1982, PP.2.

1 X(J> AND Y<(J)> ARE DIMENSIO
NED AT 98. IF MORE POINTS AR

- E NEEDED TO SPECIFY E THEN M

2135
2260
225
238
235

240

245
250

255

AKE -

! CHANGES AT LINE 225.
OPTION BRSE 1

DIM X(983.Y(98),U1(15)

SHORT 19,J

A1=2_.71E-19 © A2=.900008134 @
AR4= 8667311 @ R2=19.201924
R1=.56418958355 @ R3=4 9E-27
@ T7=PI @ R4=_159154943892
@ T9=1.14472988585 € Reé=.282
89479177

T8=.9000900080887 & A7=3.2625

E-11 @ 29=1.12337916709

‘U1{1)=.008088648833c € U1(2)=

- .808009718649 @ U1(3>=1.857
B875745E-4 .@ U1(4)=-7.8426024
33E-4 |

U1(S)=. 883249445432 @ U1(6)=
-. 911232353215 @ U1(7)=.8389
;;929552 @ U1(8>=-_ 08714908983
U1¢9)=. 145060043483 @ u1c1e

F=-.265638286366 € U1(11)=.

WH

276

275

73

.........
.....

U1C13)=.

2851899329 @ Ul(12)=-.666626

676511 |
886223733187 @ U1(14
=-.999999899776 € U1(15)=.8

36226924931

READ PE.P9,M1,M2,C,S1.,S2,N
C7=1-C3xC @ IF C7>0 THEN 289
ELSE 11=3 & P=-5

.............
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288 PRINT *I1=";1i{;"P=";P @ RETU 455 IF ABS(P2>>2%B13¥B2%A7 THEN S
RN 18

285 PRINT 'INPUT ";P3;PI;M1;M2;C 460 IF Ci<A THEN 488
581;82:N @ PRINT € C7=SQR(C7 465 IF ABS(AS)<=T8 THEN 475

|
! 29¢€ IF N#1 THEN K=N ELSE K=3 € W' 475 P1=0 @ GOTO 645
|

3 - 478 IF G1>=8 THEN 475 ELSE 518
i=6 480 I1=2
295 FOR J=1 TO K 485 IF P2<0 THEN 560

380 IF P8=8 THEN RERD X(J) Y<b 496 H=H2 € GOSUB 735

385 IF P9>=1 THEN PRINT "X<(";J;" 495 P1=_53E1 € GOTO 645
=";X(I)TAB(16);: *Y(";J;")=" « 5068 H=H1 € GOSUB 735

- 3YCI)D 585 P1=-(.5%E1)> @ GOTO 645
| 318 NEXT J 5168 IF B<=A2 THEHWH 665

315 PRINT @ IF P9>1 OR P9<9 THEN 515 IF G1<@ THEN 545 ,

7?9 S28 IF G2>=6 THEN 625 '

320 FO? J=1 TO K 925 6G2=-G2 @ H2=-H2 €@ IF ABS(H2)
| 325 Y(I)=(Y(J)-M2)-52 €& X(JI)=((X v =A4 THEN 535S
| (J)-M1)>/81-CXxY¥(J)>>,C7 5380 H=-H2 € GOSUB 735 @ L=.5%El
; 336 HNEXT J ' @ GOTO 610 :
A 335 X(K+1)=X(1) @ Y(K+1)=Y(1) 935 L=.5+R1%xH2 @ OTO 618

348 P=0 € [1=0 € A=0 € Ki1=0 @ K= 3548 L=.5-R1xH1 @ GOTO 6186

' 1 545 Gi=-G1 € Hi=-H1

345 IF N#1 THEN 3680 550 IF G2<8 THEN 565

350 X1=X(1) € X(3)=X(1)+X(1)>-X(3 555 IF ABS(H1)<=A4 THEN' 540
> @ Y(3)=Y(1X+Y(1)-Y(3) @ U= 5608 H=H1 @ GOSUB 735 @ L=.5%E1 @

X(2)=-X(1)> € V=Y(2)-Y(1) G010 618
355 W=X(1)-X(3) @ Y1=Y(1) & 2Z=Y( 565 G2=-G2 @ H2=-H2
1)-Y<(3> @ GOTO 388 ‘ 5?6 IF ABS(H1)<=R4 THEN 596
360 Y1=Y(N+1)> @ X1=X(N+1) 575 IF ABS(H2)<=R4 THEH 585
| 365 U=X(2)~-X(1) @ V=Y(2)-Y(1) 530 H=H1 @ GOSUB 735 @ L.=.5%E1 €
| 378 X1=X(1) @ Yi=Y(1) H=H2 @ GOSUB 735 @ L=L-.S%E
~ 375 H=X(1)-X(N) 8 Z=Y(1)-Y(N) : 1 @ GOTO 625
‘ 380 D1=WiW+232 ' 585 H=H1 @ GOSUB 735 @ L=R1fH2-.
385 IF D1>R3 THEN 400 SxC1-E1) @ GOTO 625
393 IF H=1 THEN 738 - 598 IF ABS(H2)<¢=A4 THEN 600 ‘
‘ 395 N=N-1 €@ IF N=2 THEN 665 ELSE'_595 H=H2 @ GOSUB 735 € L=.S5%(1-E"
| 375 ' 1>)-R1¥H1 @ GOTO 625
| 486 D2=URU+VzV 6088 L=R1¥(H2-H1) €@ GOTO 625
| 485 IF D2>R3 THEN'43@ ., 685 C2=T63(H2-H1)-R4X(G2XH2-G13H
| 410 IF N=1 THEN 738 ' 1) @ GOTO 445
| 415 K=K+1 @ U=X(K+1)-X1 @ V=Y(K+ 619 P2=-P2 @ IF P2<¢=@ THER 620
| 1)-Y1 @ D2=UsU+VIV. 615 L=L-1 e A5=T7+AS € GOTO 625
420 IF D2<=R3_THEN 415 : . 620 AS=AS-T7 _
| 425 IF K=N-1 THEN 665 625 IF B>=R2 THEN 648
| 430 R=X1X(Y(K+1)-Y(N)) @ B1=SGR( 630 C3=AS @ C4=.5IAS @ M=15 @ F=
| 23D1) € B2=SQR(2%D2) @ @ R6=H2-H1 @ CS5=As € GOTO
| 435 P2=ViN-UXZ @ C1=UIH+VEZ @ AS 715
7 =ATH2(P2,C1) € K1=Ki+AS @ L= ' 635 P1=L+EXP(~(B+T9))2(C4-S3> @
- @ @ B=. SE(X(KIEX(K)I+Y(KITY(K GOTO 64%
= M . 640 Pi=L
| 440 IF B>A1 THEN 458 ELSE C2=9 645 IF K#N THEN 95
| 445 P1=A5KKk4-C2 @ GOTO 645 658 IF N#1 THEN 675 ELSE H1=0
| 458 G1=(WIX(K)+ZXY(K))/B1 @ G2=( 655 IF K1<x@ THEN PxABS(P1) ELSE
| UBXC(K)+VZIY(K))/B2 @ H1=(Z%X( P=ABS(1--ABS(P1)) .
K)~WEY(K)>/B1 @ H2=(VEX(K)-U
XY (K> /B2 .
74
| _
RO SR e e e B T N T i e T e Sy




668
665
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IF ABS(K1)<.B80880000800885 THE

N Ii=-1

IF N#1 THEN PRINT P;H1,W1;I1
ELSE PRINT P; It

818
815

Y1=LGT(P1) € X1=INT(Y1l) @ ¥1
=FP(Y1)

Yi=18~Y1 @ IF X1<8 THEN Y1=1
8xy1

679 BEEP @ IF P9=0 OR P9=1 THEN 828 Ri=10~X1 € IF Yi1>=2 THEN 830
: RETURKH ELSE I9=P € J=Hl e GO 825 Ti=.1%%X1 @ GOTO 855
TO 1855 838 IF Y1>=4 THEN 846

675

P=P-P1 @ K1=K13¥R4 @ A=_SIA €
IF K1<8 THEN 685

Wi=IP(K1+.1) @ GOTO 698

835
8489

Ti=_2%xX1 € GOTO 855
IF Y1>=5 THEN 8560

639 245 Ti= 4xX1 € GOTO 835
685 MW1=IP(K1-.1)> 8590 Ti=. 95Xt
690 P=P+hl @ HI1=S1XS22C7%R € GUT 855 T3I=INT(V/T1)%T1

695

740

745

750
755
769
763

77e

0.665

W=U B Z=V @ B1=B2 @ X1=X(K+1

) @ Y1=Y(K+1) # ¥Y2=Y(K)

?=4.4 THEN 755 ! E1=ERFC(H)-
-9-DECIMAL DIGIT?49 FOR 19=1
T0 1S .
E1=(C(C(C((CUI1(1)XC4+U1(2))>2C4
+U1C35)5XC4+U1(41)>2C4+U1(3))%
C4+UL(6))2C4+UL1(7))XC4+U1(8)
>%C4

E1=C(C(CC(E1+U1(9)>XC4+U1(18

I23C4+U1(11)53C4+U1C(12)>)XC4+
U1C13)>XC4+U1(14)>)>XC4+UL1C1S)
)%x29

E1=E1XEXP(~(HIH))

IF H<® THEN E1=2-E1

‘RETURN

BEEP 84,100 @ IF P9= 0 THEN R
ETURN

U=X(1) @ y=U e W=Y(1) @ Z=W

868
865

920
925

938
- 935

948

945

- 950

955
968

965

T4=U @ IF FP(T4/T1)#0 THEN T
4=(CINT(T4-T1)+1)2T1
P2=W-Z @ IF P2#8 THEN 870 EL

780 K=K+1 @ U=X(K#*1)-X1 @ VY=Y(K+ SE P2=1 P Z=2-P2 @ U=H+P2
1>-Y1 @ D2=UsU+VxVy 870 Y1=LGT(P2) @ X1=INT(Y1) @ Y1
785 IF D2<=R3 THEN 790 =FP(Y1) € Y1=18~Y1 € IF X1<®
718 B2=SQR(2%D2> e P=P-P1 € A=A+ THEN Y1=19%Y1
X1X(Y(K+1>-Y2) @ GOTO 43S 875 X1=18~X1 @ IF Y1>=2 THEN 885
715 S3=U1 (M)XRE 880 T2=.1xX! @ GOTYO 915
728 M=M-1 @ H2=H2%G2 @ Hi=H1xGi1 885 IF Y1>=4 THEN 9606
@ T=H2-H1 @ F=F+B @ C6=(F3C3 890 T2=.231X1
" +T)/7(16-M> B S3=S3+U1 (M) XC6 895 GOTO 915
7?25 IF M=1 THEN 635 ELSE C3=C5 € 968 IF Y1>=5 THEN 918
CS=C6 @ GOTo 728 9685 T2=.4%%X1 € GOTO 915
7380 P=-5 @ I1=1 @ GOTO 665 918 T2=_ 53X1
735 E1=0 @ C4=ABS(H> @ IF ABS(H) + 915 TS=INT(Z/T2)%xT2

T6=0+W @ IF FP(T6-/T2)#0 THEN
T6=CINT(T6/T2)+1)>3T2 '

SCALE T3-.352P1.,T4+.252P1.75S
~.233P2,T6+.2%P2

XAXIS TS, T1,73.7T4 @ YAXIS T3
. 72,75,7T6

XAXIS T6,T1, T3 T4 @ YAXIS T4
»T2,75,7T6

G1=T3/¢5%T1> @ IF FP(GI)CG T

HEN G1= (INT(GI)+1)*5$T1 ELSE
Gi=T3

1=-5. _

I=]+5 @ X=G1+12T1

IF X>T4 THEN 986

MOVE X.,T5 & IDRAN O, .845%xpP2

g?UE X,T6 & IDRRW 8,~C 845%P

2?75 FOR I=1 70 K 978 Y1=LEN/VALS(X))
789 IF XCIX>U THEN U=XC(D)> 975 MOVE X-.83X(Y1-1)%tP1,T5-.1%P .
785 IF XCIX<V THEN v=X(I) 2 & LRBEL VALS(X) @ GOTO 959

739
795

IF YCIDOW THEN W=YC(I)
IF Y<1><2 THEN Z2=Y(I)

989

G1=TS5/(5%T2) @ IF FP(G1)>80 T
HEN Gi1= (INT(GI)#I)!S!TZ ELSE

S99 NEXT 1 Gi1=T5
885 GCLERR @ P1=U-¥ @ IF Pxoe TH 983 I=-5
EN 818 ELSE Pl=1 @ V=y-P1 @ 998 I=I+5 @ Y1=Gl+IZT2 @ IF YI>T

U=U+P1

'+ 995

6 THEN 1815
MOVE T73.Y1 e IDRRH 045!P1 ]

75

- . “ L.
............
.................

....




18688

1885
1610

1815
1826

1825
1836
1835

1848
1845

NSWC TR 83-13
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MOVE T4.Y1 & IDRAM ~( _845%P
15,8

X=LEN(VALS$(Y1)>>

MOVE T3-.685%(1+X)>%P1,Y1-.5%
T2 @ LABEL VALS$(Y1) @& GOTO
996

PENUP @ IF N=1 THEN 1870
FOR I=1 TO N @ PLOT X(I).,¥(
I>

LABEL VALS$C(I)

NEXT I €@ PLOT X<{1),Y(1)
MOVE U+1 5xT71.,2-.82%P2 8 LA
BEL "X" @ MOVE T3-.82%P}1.Té6
+_ 9885%P2 ® LABEL "VY"

MOVE T3+ .69%P1.T76+ 1%3P2

IF N#1 THEN LABEL "SPECIFIE
D POLYGON®" [LSE LABEL °"SPEC
IFIED ANG.REG."

76

1858
1855

1868

1885
18708

1875
1089

L e
R
RPN

€8=T3 @ C9=TS-_.22%F2 € D3=P
1 @ GOTO 328 '
MOVE C8-.2%D3.C9 @ LABEL °P
="LVALS$CI9) @ MOVE C8+.453D
3.C9 @ LABEL *A="&VALS(J)
MOVE C8+D3.C9 @ LABEL "W="%&
VALS(W1> @ IF P9>1 THEN COP
Y

RETURN ;
PLOT X¢3)>,Y(3) @ LABEL VALS -
(3> @ PLOT X(1>,Y(1> @ LRBE
L VALS(1)

PLOT X<¢2),Y(2> & LABEL VALS
(2> @ GOTO 1835

END '




NSWC TR 83-13

MLEQRE
Input: (Initial Data Statement), N, M, L0, AO, BO, P8
N : Number of listed successes
M : Number of listed failures

LO:If LO = 1, initial data statement is followed by data statements containing list of .
successes, a;, followed by data statements containing list of failures, b;, i.e., a;,
32;..., aN,bl, bz, veey bM' '

If L0 # 1, initial data statement is followed by data statements containing each
listed (different) success a;, with eaci a; preceded by c;, the number of times that
3; occurs. Then follow data statements containing each listed (different) b; preceded
by d;, the number of times b; occurs, ie., ¢, 3y, €3, 23, ..., CN, aN, dy, by, dy,
bz, ceey dM’ bM' ! '

The listed successes (failures) are stored by MLEQRE in Array A(l) (B(J)), 1(J) =1
to N(M). If LO # 1, then the ¢;(d;) are stored in Array C(I) (D(J)).

If LO = 1 then ones are stored in arrays C(1), D(J) by MLEQRE.

A0, BO: Contain initial estimates for a = u/o and 8 = 1/o if supplied by user. If B0 <0,
then initial estimates for a and 8 are supplied by MLEQRE. '

P8: If P8 = 0, o confidence plots are made. If P8 = 1, then confidence plots at the 50
and 95% level appear on the CRT. If P8 > 2, then plots appear on CRT and also on
the printer. ‘

Itis necessai'y and sufficient for a solution that two conditions be satisfied, namely

max (b;) > min ;)
) 1

(average of the a;) > (average of the b;)
If either condition is violated an exit is made and a message is printed indicating whiéh condition

is.violated.

The program is set to limit the number of iterations to 30. This number of iterations has never ‘
_ been necessary, however, if it should occvr the constraint can'be overridden as described in the
comment statements at the head of MLEQRE.

Output: N, M. L0, A0, BO, P8 |
If (LO=1, (See Example 2).

Successes Failures

A(l) = a, B(1) = b,

AQQ) =a, | B2 =b,
" ANN) =2, | B(M) = by

77
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MLEQRE
_If(LO# 1), (See Example 1).

NO. OF A SUCCESS AND SUCCESSES | NO. OF A FAILURE AND FAILURES
o A =a } d, B(l)=b,
C2 A(2) = a . dz 3(2) = b2
o ANN) = ay ' dy BM) = by

Maximum likelihood estimates MU and SIGMA (SIG).

Covariance elements

allll’ aul, ass

Final values AQ = u/o, BO = 1/0.

Last Newton-Raphson corrections —(contained in D1 and D2).
Initial values for AQ, BO—(contained in Al and Bl).

No. of N-R iterati_ons'. '

This completes output if P8 = 0. If P8 = 1 or 32 plot fpllows on CRT, and in
the latter case it also appears on the printer. .

Accuracy: Approximawly 6-decimal digits in g and o assuming the elements of (a;}, {b‘-} are
exact.

78
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N= 4 ,M= 4 ,LO= 0 ,AB= @ ,B3= .A4 ,P8= 2

NC. OF A SUCCESS AND SUCCESSES NO. OF R FRILURE AND FAILURES
2 RC 1 )= 41.67 6 B¢ 1 »= 27.1

11 AC 2 >= 58,33 : 9 - BC 2 )= 41.67

9 AC 3 >= 81,67 1o BC 3 5= 58.23

6 AC 4 >= 114,33 1 . B¢ 4 )= 81.67

MU= 5.806059E+81 SIG= 1.68263E+01

COVARIANCE MATRIX ELEMENTS :
1.28405E+01 , 1.85908E+09 , 1.99470E+01

FINRL RB= 3.44734E+80 FINAL BB= 5,94308E-082
LAST DELTA AG,BO = 3.79341E-85 , 6.78833E-10
INITIAL R@= ©.0000GE+00 INITIAL BO= 4.8080880E-32
NO. OF ITERATIONS= 7?7 :

MU=5.8805SE+01 : . SIGMA=1.68263E+81

28 s 5S8% & 95% CONFIDENCE ELLIPSES

24

18

14

62
- 64
67

79
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N= 18 ,M= 18 ,LB= 1 ,R@= B ,B3= @ ,P3= 2

SUCCESSES ' FRILURES

AC 1 >= 2854 BC 1 )= 2652

AC 2 >= 2836 BC 2 >= 2741

AC 3 >= 2767 BC 3 )= 2846

RC 4 >= 2814 BC 4 )= 2713

AC S >= 2801 B( 5 >= 2806 ' .
AC 6 )= 2792 B( 6 )= 2770 '
ARC 7 >= 28280 BC 7 >= 2776

AC B8 H= 2741 B¢ 8 >= 2763

AC 9 >= 2767 BC 9 >= 2708

ARC 1 18 >= 273S

@ >= 2761 ' 3¢
MU= 2.77534E+03 SIG= 7.12326E+3"

COVARIANCE MATRIX ELEMENTS
4.63975E+82 ,-7.89329E+00 , 1.33797E£+03

FINAL RO= 3.89617E+01 FINAL BO= 1.48385E-02
LAST DELTA RB,BA = 1.97272E-8S , 7.87111E-09
INITIRL RB= 35.62895E+01 INIUTIAL BO= 2.02988E-02
NO. OF ITERATIONS= 4

MU=2,?77534E+B3 SIGMA=?. 12326E+81

1?88 '~ 5@% & 95% CONFIDENCE ELLIPSES
r . - s r S -

130
120

580
20t

. 30
20

-20 L o] !
® © ® 0 ® ©
[3¥] ™M N [ne] o m
[ [ ™~ N~ . (oo I Q
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MLEQRE —HP 85

N= 4 ,M= 4 ,L@#= @ ,AB= @ ,B08=
84 ,P8=

N@. OF A SUCCESS AND SUCCESSES
2 AC 1 J= 41.67
11 AC 2 )= 58.33

3 A( 3 )= 81.67
6 AC 4 >= 114.33

Ne. OF B FAILURE AND FAILURES
6 BC 1 )2 27.1
9 BC 2 >= 41.67
18 B( 3 >= 58.33
1 BC 4 >= 81.67

MU=5.88833+1 SIG=1.868253+1

COVARIANCE MATRIX ELEMENTS
12 3404937515 1.83988194693
19 5479015095

INITIAL RB= ©
.34

FINAL AB,BB= 2 447339580885
5.94208247597V.-2

LAST DELTA A8.,B9=
3.79447746219E-8
6.787604935686E-10

N@. OF ITERATIONS= 7

=
— o
]
D,
9 ~
© ~
o o
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d
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NSWC TR 83-13

MLEQRE—HP 85
N= 4 .M= 6 .1LB=1 .AG= @ ,Ba=
,P3= 2
SUCCESSES
AC 1 »= 2481
AL 2 3= 25@8
AC 3 3= 2533
RC 4 Y= 2620
FRILURES

B(C 1 >= 2443

BC 2 »= 24zc
BC 3 >»= 2463
BC 4 = z4gdy
B{ 5 »= 2585
BC & "= z5pa
MU=z SB393+3 SIG=Z 62261+

COVARIANCE HHTF’IV ELEMENTS
1282 594767638 187 .937942839
338 .54052727¢8

INITIAL AB= 54 5879207362
INITIAL B@= 2.17728234892E-2

FINAL RO,E@= 95 4744843317
3.31298920267E-2

LAST DELTA R@,EBe@=
1.6344341895E—6
6.74528352426E~18

N@. OF ITERATIONS= S
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. NSWC TR 83-13
- MLEQRE — HP 9845
;
g 180 ! THIS SUBROUTINE, MLEQRE, GIVES THE MAXIMUM LIKELIHOOD EST-
» IMATES,MU AND SIGMA, BRSED ON QUANTAL RE3PONSE EXPERIMENTS,
:- 189 ! FOR THE MEAN RND STANDARD DEVIATION,RESPECTIVELY, OF A 'NORMAL
P DISTRIBUTION. OUTPUT ALSO INCLUDES THE COVARIANCE ELEMENTS
2 1108 ' AND ,AT THE USER’S OPTION, A PLOT OF THE CONFIDENCE ELLiPSES
: AT THE S@ AND 95% LEVELS. THE QUANTAL RESPONSES ARE CLASSIFIED
i 115 ' RS “SUCCESSES" OR “FRILURES". THE INPUT QUANTITIES TO MLEQRE
e ’ RESULTING IN SUCCESSESC(FAILURES)> ARE ALSO SIMPLY REFERRED TO
N 120 | A5 SUCCESSES (FAILURES).
& 125 ' THE INPUT IS STORED IN A DATA STATEMENT BEGINNING WITH:
o N,M,LO,R@,B@,P8 WHERE N(M) DENOTES THE HUMBER OF “LISTED"
: 138 ! SUCCESSES(FAILURES)>. IF L@=1, THEN THE DATA STATEMENT IS
B ' CONTINUED WITH THE LIST OF SUCCESSES FOLLOWED BY THE LIST
" 135 ! OF "AILURES. IF LO#1, THEN EACH DIFFERENT SUCCESS IS PRECEDED
o BY "H4E NO. OF TIMES IT OCCURS. THE SAME IS THEN DONE WITH
5 140 ! FAILURES. THE LISTED SUCCESSES(FAILURES> ARE STORED BY MLEQRE
e "IN ACIDC(BAIY), 1CJI>=1 TO N(M>. IF L@#1 THEN THE NO. OF ACI)
v, 145 ' (B(J>> AT A FIXED IC(J> FOR ERCH 1(J> IS STORED BY MLEQRE IN
y CCIXCDCI>>. IF LoB=1, THEN CCI>CDCJI>> CONTARAINS N(M> ONES.
' h 156 . ! A@ AND BB CONTAIN INITIAL ESTIMATES FOR MU/SIGMA
. " AND 1-SIGMA. IF B@<=d, THEN ARG AND B@ ARE SUPPLIED BY MLEQRE.
b 1SS ' MAXIMUM NO. OF DIFFEREMT ACI> IS 108. SIMILARLY FOR THE BC(I),
£ TO INCREASE, CHANGE DiMENSION STATEMENT AT LINE 345.
% 168 ! P8 IS AN OUTPUT SPECIFIER. IF P8=8, THEN NO PLOT IS MADE. IF
e _ P8=1, THEN PLOT RPPEARS ON CRT. IF P8>=2, THEN PLOT APPEARS ON
165 ! CRT AND PRINTER.
178 | IT 1S NECESSARY AND SUFFICIENT FOR R SOLUTION TO EXIST THAT
MAX. LISTED FAILURE>MIN. LISTED SUCCESS AND THAT THE AVERAGE
175 ! OF THE SUCCESSES>THE AVERAGE OF THE FAILURES. IF EITHER COND-
ITION IS VIOLATED AN ERROR MESSAGE IS PRINTED FROM LINE 718
188 | OR 735. A MAX. OF 3@ ITERATIONS IS ALLOWED. MESSAGE PRINTED
FROM LINE §80. IF MORE DESIRED CHANGE LINE 798 AND CONTINUE
185 ! AT LINE 77e. . :
199 ! SOURCES: NWL REPORT 2846, NOY. i972. SIAM JN.

OF APPL. MATH., MAR. 1972, PP. 447-454.
195 - OPTION BRSE 1
208 DIM P9<4>,Q9(3), RICEY,89(5),V¥9(4),UI(3, D$E30] 53[29]
205 . P9(1>=-3, 5609843?0185 -2
210 P9(2>=6,99638348862
2195 P9(3>=21.,9792616123
220 P9¢4>%242.667955231
225 ° Q9(1)=15.088279763064
' 239 Q9(2>=91.1649654045
235 @9¢(3)=215.65887587
240  R9(1)=-6.088581519597E~6
245 R9(2)>=,5643716068%4
259 R9(3)>=4,267720198709
255 ° R9(4)>=14,5718985969
260 R9(S5)=26.8947469561
2635 R9(6)>=22.8989928517
278 S9(1,=7,.56884822936
2735 $9(2)=26.,2887957588
280 $9(3>350.2732028633
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285
290
295
380
305
310
315
320
325
330
335
340
345
350
3585
360
3¢5 .
370

375
380
385
398
3935
400
4085
418
413
420
425
430
43S
440
445
439
453
468
465
470
475
489.
4835
458
4935
500

1" 11

Si8
S35
528
s28
530
538

S40

NSWC TR 83-13
MLEQRE — HP 9845

$9(4>=51.,9335706876

$9(5)=%22.8989857499

V¥9(1)>=-3.24319519278E-2

¥9(2)=-.243911029489

V9(3)r=-,119983955268

V9(4)=-,0121309827639

W9C1)>=1,43771227937

W9(2>=,4895%52441961

W9(3)=4.30026643453E~2

C1=,707166781187  !1/SARC(2D

C2=,797884560803 !SQR(2/PID

£3=.564189583548 !SQR(1/PI)

DIM AC198),B¢108>,C(100),D<18@)>

D$=*NO. OF A SUCCESS AND SUCCESSES"

E$="NO. OF A FAILURE AND FAILURE3"

STANDARD

READ N,M,L8,RA6,B0,P8 v '
PRINT “N=Yj3Nj",";"M=";M;"*,";"LO=";L0;",";"A0=";AB; ", ";“BO=";BOB;","; "P8=";P

PRINT
IF L@=1 THEN 485 -
PRINT D$;TAB(38);ES$ '
FOR I=f TO N ‘
READ CCI>,ACD)
NEXT I
FOR J=1 TO M
READ DCJ),BCJ)
NEXT 'J
FOR I=1 TO MINCN,M> ,
PRINT CCI); TRB(9>;"n<";I;">="-9<I> TABC(38>;DCI>; TABC4S)>; *BC 5 1;*>="; BCI)
NEXT I '
IF M>N THEN 465
IF M=N THEN 590
FOR I=M+1 TO N
PRINT CCI>3TABCS);"AC ;15 )= ACT)
NEXT T .

'GOTO 590

FOR I=N+1 TO M

. PRINT TAB(38); D(I) THB(45)'"B("'I “y=";BCID
NEXT I . '
GOTO 590

- PRINT Ds$(22,301; THB(38) E3C22,49J

FOR I=1 TO N
READ ACI)
CCIy=y
NEXT I
FOR J=1 TO M
READ B(J)
DCJ>st -
NEXT J
FOR Is1 TO MINCM,N)
PRINT “A(“;I;")=";ACI); TRB(30>'"B(“'I “y=";BCD)
NEXT I
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NSWC TR 83-13
MLEQRE - HP 93845

S45  IF M>N THEN $7S

SS@ IF M=N THEN 598

555  FOR IsM+1 TO N

S60 PRINT “AC*;1;")>=*;ACD
565 NEXT 1

s7¢ GOTG 590

$7S  FOR I=N+1 TO M

589 PRINT TRB(3@>;"B("3;1;%“>="3B(I>
585 NEXT 1 ' '
590 ! PAUSE

%9%  2=1E99

680 D=-2

6eS El1s.008 ,
610 E2=.01 .
615  LiaL2=L3=8

620 FOR I=1 TO,N

625 Li=L1+CCD)

630 . IF RCI)<Z THEN Z=R(I1)
635 P1aC(l)#RCI)

640 L2=L2+P1

645 P2=P1#ACI)

650 L3=L3+P2

655 NEXT 1
668 L4=LS=L6=0
6635 FOR J=1 TO M

670 LéxLa+DCI)

675 IF BCJ>>D THEN D=B(J)
690 P3=DCJ)*BCJD

685 LS=LE+P3

690 P4=P3#B(J)

693 L6=L6+P4

780  NEXT J
705 IF 2<D THEN 720
718 PRINT "A-MJN>=B-HAX"
715  RETURN , '
720 L?7sL2-/L1
725  L8=LS/L4
7380 IF L?>L8 THEN 745 :
7?35 'PRINT "AVE. OF A’s <= AVE. OF B’s
748  RETURN
745  IF BO>@ THEN 7?79
750  Li=L1+L4
. 755 v=(L2+LS)/L1 C
760  BO=SARC1/((L3+LE)/L1-V%V))
765 . AO=.S#(L7+LB)>*B0O
7?76 Al=AD
??S Bi=BO
780  Z2=L6=L7=L.8=|.9=0

) 785  L1sL2sL33L4=L5=0

‘ 798 ' IF L9<30 THEN 810

795  U=1E99 :
800 'PRINT “30 ITERATIONS"®
805  RETURN
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NSWC TR 83-i3
MLEQRE — HP 9845

813  L9sL9+1
815 FOR I=1 TO N

820 S=Ba*A(I)>-R0O
825 T=-$

838 GOSUB 1215
835 P=C(l)xY

840 Li=Lt-P

845 P1=R(1 %P
8%0 L2=L2+P1

855 . P2aCCI>#Y1
869 L3=L3~-P2

86S P3=ACI>#P2
870 L4=L4+P3

87s 'Pe4=ACI>*P3
880 LS=L5-P4

885 . IF 2=0 THEN 920
890 PS=CCI>#Y2
89% L6=L6+PS

see P6=S*#PY

905 L?=L?+P6

910 P7=S#P6

915 . L8=L8+P? ‘
920 NEXT 1

925 FOR J=1 TO M
930 T=B@#BC(J)>-R0O
935S GOSUB 1215
940 P3DCJy#Y

945 Li=L1+P

950 P1=B(J)*P
955 L2=L2-P1

960 P2aD(J)#Y1
965 L3=L3-P2

970 P3=B(J)*P2
979 L4=L4+P3
980 - P4=mBC(J)#P3
98% ~ LS=L%5-P4

999 IF 2=9 THEN 102S
995 PS=D(J) Y2

1000 LE=L6+PS
1095 PE=T#PS
1010 L?=L7+P6
1015 P7=T#P6
1020 L8=L8+P7
1825 NEXT J L
1030 D=L3#LS-L4pL4
1835 Dim(L2#L4-L1#L5>/D
1040 DZ=(L1#L4-L2%L3>/D
1045 RO=AQ+D1
1850 BO=BR+D2 : ‘
1855 IF (ABS(D1D>E1#C(ABS(RA)+.00000001)> OR (ABS(D2)>E2#BA> THEMN 78S
1060 2Z=2+1 . ,

1865 IF 2(2 THEN 78S

1070 S=1-/B@ !SeSIGMA
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1075
1088
108S
1098
10995
1100
1183
1110
1113
1120
1129
1138
1139
1149
1145
1159
1155
11€8
1165
1:7e
11795
1180
1183
1190.
1195
1290
1205
1210

1215
1220
1225
1230
1235
1240
1245
1250
1255
1260
1265
1270
1275
1280
12853

NSWC TR 83-13
MLEQRE — HP 9845

U=ARB<S !U=MU

! Lé=Ayu, L7=Rus, LB8=Rss

2=BO#B3

Lé=L6%2

L7=L7#2

L3=L8#2

Le=LE6#L8-L7#L7

Li-1/L8

L2sL8*L1

L3=-L7#L1

La=L6+%L1

| L2,L3,L4 RRE THE COVARIANCE MATRIX ELEMENTS.
PRINT

FLORT S

PRINT “MU="j;U;TAB(19);"SIG=";S

PRINT

PRINT “COVARIANCE MATRIX ELEMENTS *

PRINT L23*,";L3;",";L4

PRINT

PRINT “FINAL RO=“;RG;TRB(26);"FINRL_BG-”;BB
PRINT “LAST DELTA RG,B2 =";Di;",";D2

PRINT “INITIAL ae-*-a1 TRB(2?)'“INITIRL E@="; Bl

STANDARD

PRINT “NO. OF ITERATIONS=";L9

PRINT : '
IF P8>@ THEN 1448 !| FOR CONFIDENCE ELLIPSE PLOTS.
RETURN

1 CODY. INPUT:T. OUTPUT!Y=SAR(2/PID>*#EXP(-K1#K1>/ERFC(K1)>, Y1l=¥Y#(¥Y-T),
Y2= SQRC(22/PID*EXP(-K1#K1)>#Y/(2-ERFC(K1))>., 12-DECIMAL RCCURACY.
Ki=T*Cl1.
Y=Y 1=Y2=0
IF K1<=-5.5 THEN RETURN
IF ABSC(K1>>.5 THEN 1279
K4=K1#K1
K3= (((P9(1)*K4+P9(2))*K4#P9’3))*K4+P9(4)//(((K4*Q9(1))*K4+Q9(2))*K4*Q9(3))
Y=1-K1%K3
NfCZiEXP( K4)>
Y=WsY
Y1=Y#(Y-T)
IF 2<>8 THEN Y2=W#Y/(1+K1¥%K3)
RETURN
K4=ABS(K1)>
IF K4>4 THEN 1358
K3=(((((R9(1)*K4+R9(2))*K4+R9(3))*K4#R9(4))*K4+R9(5))*h4+R9(6))/(((((K4+S9

(1))*K4+S9(2))*K4+S9(3))*K4+S9(4))*K4+S9(5))

1290
129%
13230
1305

1310
1315
1320

' 1325%
1330

IF X1<8 THEN 1320 . , v
Y=C2/K3 :

IF 2=9 THEN 1340

WsEXP(-K1#K1)

Y2sC2#WaY / (2-W#K3)>

GOTO 1340 :

WSEXP(~K1#Ki)

YuC2#W/ (2-W&K3)

IF Z2=0 THEN 1340
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1335
1240
1245
12%08
135S
1360
1365
137e
137%
1380
1385
139e
1395
1400
140%
1413
1415
1420
1425
1430
1435
1440
1445
1450
1455
1460
1465
1470
1475
1480
1485
1450
1495
1500
1505
1510
151%
1520

1529

1530
1535
1540
1545
1550
1555
1560
1565
1570
1578
1580
1585
1598
1595

NSWC TR 8313
MLEQRE — HP 9845

Y2=C2#Y /K3
Yi=nY#(Y=-T)
RETURN
Ké=1/(K1#K1)>

K3=(CCVIC1 I ¥KE+VI(2) D ¥KE+VI(3) I #KE+VIC4) ) 7 ((CKE+WI (1) I #KE+WI (2 I #KE+UI(3))

K1=C3+K3#K6

IF K1<@ THEN 1400

Y=C2#K1 /W1 ,

Yi==(2#C3#K37CWHI%W1))

IF (2=28) OR (K1>5.5)> THEN RETURN
WN=EXP(-K1#K1)

Y23C2#W#Y/(2-WEdl/7/K1)>

RETURN

W=EXP(-K1#K1)

YaC2#W/ (2-WitHl /K4

YisY#(Y-T)

IF 2=0 THEN RETURN

Y2=C2#K4#Y W1

RETURN

Y=Y{=Y2=0

RETURN ‘ '
EXIT GRAPHICS ! PLOTTING OF CONFIDENCE ELLIPSES FOLLOWS.
PLOTTER IS "GRAPHICS"

GRAPHICS

L9=5.99 1L9= 95% CH1-SQUARRED VALUE.
S1=22SQAR(LB8*L9/L1) t RANGE OF X-VALUES.
S2=2#SARCLE*L9/LD) t RANGE OF Y-VALUES.
Y=LGT(S1)>

TsINTCY)D

Y=FRACTCY)

Y=10~Y

IF T<O THEN Ys=10#Y

T=10-T

IF ¥>=2 THEN 1513

Kis,1#T

GOTO 1550

IF Y>4 THEN 1530

Kis,2#T

GOTO 1559

IF Y>=3 THEN 1545

Kis, 4T :

GOTO 1550

Ki=,5#T

K3sINT(C(U~-,5#S1)/K1)>#K1

K4=U+, 5%S1 }
IF FRACT{(K4/K1><>8 THEN Kas(INT(K4/K1)>+1)>»K}
YeLGT(S2) :

TasINTC(Y)D

YsFRACTCY)

Ysi9~Y : :

IF T<® THEN Y=1QsY

T=i0~T

IF Y>=2 THEN 1610
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1608
1605
1610
1615
1620
1625

1630

1635
1648
1645
1659
1653
1660
1665
1670
1675
1680
1683
1690
1695
17e@
1705
1710
1715
1720
1728
1730
1735
1748
1745
1750
1755
176@

1763

1779
1773
1788

. 178%

1790
1795
1600
1803
1810
1815
1828
1823
1830
1833
1840
1849
185@

. 18355

1860

NSWC TR 83-13
MLEQRE — HP 9845

K2=, 12T

GOTO 1645

IF Y>=4 THEN 1625
K2=,2#7

GUTO 1645

IF Y>=3 THEN 1649
K2=,4%T

GOTO 1645 -
K2=,S#T
KS»INT((S-, 5*82)/K2)GK2
K6=S+,5#82

IF FRACT(X6,K2><>8 THEN K6=(IN|(K6/K2)+1)*K2
SCALE K3-.35#S1,K4+,25#S1,K5-,25#52,K6+.2#32

CLIP K3,K4,KS,Ké

LAXES K1,K2,K3,KS,5,5,4
LAXES K1,K2,K4,K6,5,5,2
! ELLIPSE PLOT

L1=C}

L2=SGNC(L7)>#C1

P1=L6-L8

IF ABS(P1)><(RABS(LE>+ABS(LB)>*#1E-18 THEN 172S

P3=ATN(2#L7/P1)

P3=,5#P3

L1=COSCP3)
L2=SINCP3)

1=0

K=48

PS=PI+PI.

P?=PS/K  IK= N@. OF POINTS FOR ELLIPSE.

XsLl#l ]

YsL2#L2
TaSQAR(LI/(LEXX+L.BxY+22L72L 1%L 2))
YI-SQQ(L9/(L6iY+L8*X -2xL7xL1%L2))
X=COS(P?) '

YsSINCP?)

P3=T#L2

Pasyial}

P1sT=L1

P2=yY1#L2

os=-pP?7

Ws1

Y2=9:

MOVE 'U+P1,S+P3

2=2+P7?7

IF 2>PS THEN 18%@

PEsU#X~-Y2xY

Y2=W#Y+Y24X

W=pP6

DRAW U+P1*W-P2#Y2, S+P3*N+P4*Y2
GOTO 181S

IF 1<>@ THEN 1900

1=y

MOVE U+P1,S+P3
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365
379
37¢
386
385
390
529
500
305
310
15
320
328
338
3%
348
345
350
35S
1360
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DRAW U-P1,S~P3

MUYE U+P2,S~P4

DRAW U-P2,S+P4

I8=SQR(1.39-L9> 11.39 IS 506% CHI-SQUARED VALUE.
T=T*I18 ‘
Yi=Y1#18

GOTO 1775

MOVE K3+.15%S1,K6+.0825#352

LRABEL *“58% & 95% CONFIDENCE ELLIPSES*

"FLORT S

MOVE K3-.985+*S1,K6+.08#S2
LABEL “"MU=*&VALS$CY)

MOVE K4-.4#S1,K6+,08%S2
LABEL “SIGMA=“&VALS$(S)

MOVE K4+.02%S1,KS

LABEL *“u* '

MOVE K3-.005#S1,K6+.01#S52
LABEL "$*

IF P8>=2 THEN DUMP GRAPHICS
RETURN
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168

185

119

115

120

125

138

NSWC TR 83-13

MLEQRE —-HP 85

i THIS SUBROUTINE. MLEQRE, G
IVES THE MAXIMUM LIKELIHOOO

ESTIMATES., MU AND SIGMA, BAS
ED ON

! QUANTAL RESPONSE EXPERIMEN
TS, FOR THE MEAN AND STANDAR
D DEVIRTION,RESPECTIVELY. OF
A NORMAL

! DISTRIBUTION. OUTPUT ARLSO

INCLUDES THE COVARIANCE ELEM
ENTS AND AT THE USER' S OPTI
ON. A PLOT

't OF THE CONFIDENCE ELLIPSES

AT THE 56 AND 95% LEVELS. T
HE QUANTHRL RESPONSES ARE CLAH
SSIFIED
! AS "SUCCESSES" OR "FARILURE
§®. THE INPUT QUANTITIES TO
MLEQRE RESULTING FROM SUCCES
SES(

! FRILURES)> RARE ALSO SIMPLY
REFERRED TO AS SUCCESSES(FAI
%URSS). THE INPUT IS STORED

N .

! DATA STATEMENT(S) BEGINNIN

G WMITH:N,M,L0,A8,B6.P8, 4HERE

135
140
145
150
155

169
165

170

[
......

N(M> GENOTES
! THE NUMBER OF *"LISTED* SUC
CESSES(FAILURES). IF L@=1, T
HEN THE DATA STATEMENT IS CO
NTINUED
t WITH THE LIST OF SUCCESSES

FOLLOWED BY THE LIST OF FAI
LURES. IF L®#1, THEN EACH DI

! SUCCESS IS PRECEDED BY THE
NO. OF TIMES IT OCCURS. THE
SAME IS THEN CONE MITH THE
FAILURES .

! THE LISTED SUCCESSES(FAILU
RES? ARE STORED BY MLEGQRE IN
ACIICBCIY), ICJO=1 TO NCMD.

IF Lo#1

t THEN THE NO. OF ACI)(BCJ))
AT A FIXED I(J> FOR EACH I<
Jy IS STORED BY MLEQRE IN C¢
1>(DCJ>)

! IF L@=1, THEN CCI>(N(I>)> C
ONTAINS N(M) ONES. .

| A@ AND BO CONTAIN THE INIT
IAL ESTIMATES FOR MU/SIGMA A
ND 1-/SIGMA, RESPECTIVELY

! IF B&<=@,
LIES THE INITIAL ESTIMATES F
O0R A® AND B8.

FFERENT

THEN HMLEQRE SUPP

175
188

185
156

195

260

. 285
213
215
229
2293
239
2335

240

2495
258

2355

260

9

...........

! THE RCID,.B(I,CCI),0C(J)> AR
g DIMENSIONED 1806 AT LINE 27

! P8 IS AN OUTPUT SPECIFIER.
1F P8=06.THEN NO PLOT IS MADE
. IF P8=1,THEN PLOT APPEARS
ON CRT.
! IF P8,=2, THEN PLOT APPERAR
S ON CRT AND OH THE PRINTER.
t IT IS NECESSRRY AND SUFFIC
IENT FOR A SOLUTION TO EXIST
THAT THE #MAX. FRILURE>MIN.
SUCCESS.
| AND THAT THE AVERAGE OF TH
E SUCCESSES>HVERAGE OF THE F
ARILURES. IF EITHER CONDITION
16 VIO~ . .
! LATED AN ERROR MESSAGE IS
PRINTED FROM LINES 4486 OR 45
8. A MAX . OF 38 ITERITIONS IS
ALLOKED _
! IF MORE DESIRED.,CHANGE 30
IgeLINE 488 AND CONTINUE AT
470.
! SOURCES:NWL REPORT 2846, N0
V. 1972€SIAM UN. OF APPL. MART
H., MAR . 1972,PF 447,454,
OPTION BASE 1
DIM P9(4).Q9(3),R9(6),59(5),
V9(4)5,H9(3),D$C3081,E$C29]
P9(1)=-3.56898437813E-2 @ P9
(2)=6.99638348862 € P9(3>=21
.9792616183 @ P9(4)>=242 5679
55231
@9(1)>=15.8827976384 @ Q9(2)>=
91.1649054045 € R9(3>=215.85
887587
R9(1)=-6.88581519597E-6 @ R9
(2)=.564371686864 € R9I(3r=4.
26772010789
R9(4)=)4 5718985969 8 RI(5)=
26.094746U561 € RO(6)>=22.898 .
99283517 .
S9¢1)=7?. 56884822936 @ S9(2)=
26.2887957588
S2(3)>=T0.2732828638 @ S9(4)=
51.9335786876 @ S9(5)>=22.898
9857499
09(1)3-3.243195192?85-2 e V9
(2)=-.243911825489 € V9 (3)=-
. 119903955268 € V9(4)=~ 9121
30827639
H9(1)=1. 43??122?93? € WI(2)>=
_489552441961 € H9(3)*4 3682
6643453E-2
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C1=.787186781187 @ [C2=.79788

4560863 € C3=.564189583548 €
I C2=SQR(2-PI1>@C3=SQR(1/PI)
! INPUT N.n.L0.A6.B60 .

glﬂ AR(1988)>,C(188)>.,8¢186)>,D(1
8> :

RERD N.M.L0.A8.BO,P8

PRINT “N="iN;",":"NM=";M,",";
*LB8=";;L0;",";"AB=";A8;",";"

BO=",B8;",",;"Pe=",P8 @ PRINT

Ds="N8. OF A SUCCESS AND SUC

CESSES™ @ Es$="N@. OF A FAILU

RE AND FAILUPRES®

IF Le=1 THEN 356

PRINT Ds

FOR I=1 TO N

RERD CCI>,RCID

PRINT CLIX;TAB(9>; A ;1 ")
";ACID

NEXT 1
PRINT @ PRINT ES$
FOR J=1 70 M~

REARD D(J)>,BC(J) |
PRINT D(J>; TAB(9); "B(";J;")=
“:B(J) @ NEXT J

GOTO 388

PRINT Ds$C22,392

FOR i=1 TO N

READ RCID>@ PRINT "AC*;1;")>="
:ACIY @ C(Id=1 @ NEXT I
PRINT @ PRINT ES$C22,293

FOR J=1 TO M

READ B(J>¥ PRINT ®"B(";J;"y="
iBCJ> @ D(JIr=1 @ NEXT J

' 7=1.799 @ D=-2 @ E1= 808 @ E
2=.61 € LET L1,L2,L3=0

" FOR I=) TO N

L1=L1+CCT1> @ IF ACI><Z THEN
Z=R(1) :
P1=CC(I)>XAC1) @ L2=L2+Pi "
P2=P1%ACI)> @ L3=L3+P2

NEXT I N
L4=B @ LS=9 @ L6=9

FOR J=! TO M -

L4=L4+DC(J> ® IF B(J>>D THEN
D=E(J> :
P3=N(J>2B(J> @ LS=L5+P3
P4=P3%B(J) © L6=L6+P4

NEXT J S
IF 2>=D THEN PRINT:
-mAX" ELSE 450
RETURN - |
L7=L2/L1 @ LB=LS/L4 @ IF L7<
=L& THEN PRINT “RAVE OF THE A
'S¢=AYE OF THE B'S" ELSE 460

*A-MIN>=B

455
460
465

479

475

488

485
496
4935
586
585
Si1e
515
Szu
525
536
535
546
545
556
555
566
565

576

57

588
585
590
595
689
685

- 610

€15

620
625

530

635
64e

645

6953
6535

668

92

RETURN

IF BB>8 THEN 478

Li=L1+L4 @ V=(L2+L5>7L1 & B8
=CER(1/((L3+L6>/L1I-VYXV)>)> @ A
8= Sk(L7+L8)1B0

Al=A8 @ B1=BO

LET 2.L6.L7.,L8,L9=86

LET L1.,L2,L3,L4.L5=8 @ IF LS
{20 THEN L9=L9+1 ELSE U=1_.E?
9 @ PRINT "38 ITERRTIONS® ®
RETURN

FOR I=1 TO N

S=BBXACI>-A8 €& T=-$

GOSUB 695

P=CC(I>xY € Li1=L1-P
P1=ACI>XP 8 L2=L2+P1
P2=CCI)3Y1 @ L3=L3-P2
P3=ACI>3*P2 8 L4=L4+P3
P4=ACI,%P3 @ L5=L5-P4

IF Z=06 THEN 545

PS=C(I>%XY2 @ Lé=L6+F5
P6=SXP3 @ L7=L7+P6

P7=SiP6 € L8=L8+P7

‘NEXT I

FOR J=1 TO M

T=BOXB(J)-AB

GOSUE 695

P=0CJ)XY @ L1=L1+P
P1=B(J)¥P @ L2=L2-P1
P2=D¢J>2Y1 © L3=L3-P2
P3=B(J)¥P2 @ L4=L4+P3
P4=B(J)>¥P3 @ L5=L5-P4

IF 2=8 THEN 610

PS=D(J)$Y2 @ L6=L6+PS
P6=T%PS @ L7=L7+P6

P7=T%#P6 @ L8=L8+P7

NEXT J

D=1.3%L5-L4XL4 @ D1=CL2%L4-L1
XL5)>/D @ D2=(L1%L4-L2%L3>/D
AB=AB+D1 @ BB=BB+D2 «
IF ABS(D1)>>E1¥(ABS(ARB)+. 86800
8081> OR ABS(D2)>E2%B@ THEN

' 486

Z2=C+1 @ IF Z#2 THEN 489

S=1/80 € U=A8%xS - :

! U=MU@S=SIGMAeLA6=A"SLIB MUMU
‘€L7=f'GUB MUS'eL8=R'SUBSS'.
2=B89%B0 @ L6=L6%xZ 8 L7=L7%2

@ L3=L8%XZ @ L8=L6xL8-L7XL7 @
Li=1-L8 @ L2=,8%L1 @ L3=-(L

‘7%L1)> & L4=L6%L1

Y L2,L3,L4 ARE THE ELEMENTS
OF THE COVARIANCE MATRIX -
PRINT @ Z21=U @ GOSUB 1168
Bs=A$ € Z1=5 € GOSuB 11680




385

396
59%
766

785
718
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PRINT "HMU=";B$; TAB(17); "S1G=
iA$ 8 PRINT

PRINT *COVARIANCE MATRIX ELE

MENTS" ® PKRINT L2;L3;L4 & PR

INT

PRINT *"INITIAL RO=";A1.“INIT

1AL BB=";B1,"FIMAL AB,BB=":A

3.B6,"LAST DELTA A8,BB=";D1;

D2

PRINT “N@. OF ITERATIONS=";L

9 @ PRINT @ IF PS#6 THEN 825
ELSE RETURN ! CONFIDENCE PL

0TS . '

REM CODY. INPUT T. OUTPUT:
Y(K1)>=S@R(2/PI)XEXP(-K1¥K1)
ERFC(K1Y, Y1=YX(Y-T)
| OUTPUT CONTINUED:Y2=SQR(2/

PID>SEXP{-K1%¥K1)XY/(2-ERFC)

K1=T2C1 © Y=3 @ Y1=0 ¥ Y2=6

@ IF K1¢{=-5.5 THEN RETURN

IF ABSC(K1>>.5 THEN 739

K4=K12K1

K3=¢ ((PIC1)IXK4+PI(2) ) XK4+PI(

3))XKA+PI(4)) 7 (((K4+Q9(1) 2K

4+Q29(2))XK4+Q9(3))

Y=1-K13K3 € W=C2¥EXP(-K4>

Y=W/Y @ Y1=YR(Y-T)

e

IF 288 THEHN Y2=uWixY-/(1+K1XxK3) -

RETURN
K4=ABS(K1)> @ IF K4>4 THEN 77
S .
K3=((({RI(1>XK4+RI(2)>£XK4+R9
(3))EKA4+RI(4) XXKI+RI(5)IXK4+
R9C(6) |
K3=K3/(((((K4+59(1))£K4+S9(2

. VIXKA+SI(3I)IHXK4+59(4))>XK4+S9

(32

éF K1>=8 THEN Y=C2/KZ ELSE 7
e .

IF Z#90 THEN H EXP(-C(K1%XK1)>)
ELSE 77@

Y2=C SWXY/(2-WXK3)> @ GOTO 77
@
W=EXP(~-(K1XK1)>)
WXk 3 :
IF 289 THEN Y2=C2%Y- K3
Yi=Y2(Y-T) @ RETURN
K6=1/(K1%¥K1>
K3=(((VIL1)XKE+VS(Z2HIrXXKE+VI(

@ Y=C2!H/(2-

3))*K6*U9(4))/(((K6+H9(1))XK

E+WI(21 )XKS+HI(2))
W1=C3+K63XK3 @ IF K1<®© THEN 8
18

Y=C2%K1/dl @ Y1=
1xW1O)

...........

~(23C3XK3/ (W

93

.........

S IF ¥Y>=2
S IF ¥Y>=4

S Kl=

K2=.

IF 7#8 THEN W=EXP{(-¢(K1¥K1)>)
ELSE RETURN
Y2=C2EMEY/(2-HEW1-K1> @ RETU
RN
Y= @ Y1=@ @ Y2=8 @ RETURN
W=EXP(-(K1%¥K1)) @ Y=C2%M/(2-
MEW1-K4) € Yi=YX(Y-T)
IF Z#@ THEN Y2=Y$C22K4/H1
PETURN ,
) PLOTTING BEGINS
GCLEAR € L9=5.99 | L9=95:CHI
-SQUARED.
S1=2XSQR(L3XLS/LB) € S52=2%S0
RCLEILS LD |
Y=LGT(S1~ @ T=INT(Y) @ Y=FP(
Yy '
IF T<: *»IN Y=18~(Y+1) ELSE
Y=108~Y
T=18~T
THEN 865
2 G0TO 399
THEN 875
@ GOTO 899

THEN 885
K1=.4%T @ GOTO 898,
53T

K3=INTI(U-.5xS1>/K1)>%xK1
K4=U+ 5%S1 @ IF FP(K4/K1)480
THEN K4=(INT(K4-/K1)>+1)>xK1
Y=LGT(S2) €@ T=INT(Y)> & Y=FFP(
Y)

IF T<@ THEN Y=1@~(Y+1) ELSE
Y=10~Y .

T=18~T
IF v>=2
K2=.1%T
IF Y>=4
K2=.2%T
IF ¥>=5

Ki=_ 1xT
Ki= 2%T
IF ¥>=5

THEN 925
® GOTO 956
THEN 935
e GOT0o 958

THEN 945
4%xT € GOTD 38S5e
Ka2=. 35%7T

K3=INT((S~.5%S2)/K2)%K2
K6=S+.5%52 ® IF FP(K6/K2)#%0
THEN K&6=(INT(K6/K2)+1)XK2

. SCALE K3-.35%S1.,K4+.25%S1,KS’

=.25%S2,K6+. 2232

XRXIS KS3,K1,K3.,K4 € YHYIS K3
+K2,KS,Ké6

XAXIS K6,K1,K3.K4 @.YﬁXIs K4
;KEIKS'KG

W1=K3/(9%K1) @ IF FP(MI %A T

hEN W1=C(INTC(W1)+1)%S5%xK1 ELSE
W1=K3 §

J=-3

.........

-----------
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IF I#8 THEN 1120 ELSE I=1

94 .

J=1+S @ X=Wi+JXK1 @ IF X>K4 1185

THEN 1@tin 1118 MOVE U+P1.,S+P3 € DRAN U-P1,

MOVE X.KS @ IDRRW 2. .843x32 S-P3 @ MOVE U+P2.5-P4 @ DRA .

MOVE X.K& ® IDRAK ©.,-(. 0845%S W U-PZ,S+P4 :

22 1115 I8=SAR(1.39/L® T=T£I8 @

) Y=LEN{VALS(X)) Yi=yixlg & GOTO 1&?5 e ! 1.

P MOVE X~ @33(Y-10%S1,K5- 1¥€S 33 1S 58% CH1-SQURRED VALUE -
2 @ LABEL YALS$(X)> B G3THO 28 '
=3 1128 MDOVE K3—.225¥SI;K6+.1182 2
W1=KS-(5%K2> @ IF FPC(W1 849 LABEL =56X%X & 95% CONFIDENCE
THEN WI1=(INTC(W1>+1)X5%KZ2 EL ELLIPSES”

SE W1=KS 1125 X=LEN("MU="&BS$) ‘

'd==5 . 1138 MOYE K3-.925%X%51,K5-.2%52
J=J+5 @ Y=HW1+JXK2 @ IF YD K6 € LABEL "“MU=“%BS 4
THEN 1854 1135 Y=LEN("SIGMA="%AS$)

- MOVE K3.,Y ® IDRAW .845xS51.8 1149 MOVE K4+( . 1- . 05%x(Y-177%S51.K
MOVE K4.Y 8 IDRAL -¢.845xS51 ' 59— .2%52 @ LRBEL "SIGMA="&AS
.9 1145 MOVE U+ .6%S1.5-.56%S2 @ LAE
X=LENC(YARLSY))> EL "U" @ MOVE K3,Ké+.82%82
MOVE K3- 653 i+Xr3S1,Y-.5%K € LABEL "S* @ IF P8>=2 THEN
2 @ LABEL VALS${Y> @ GOTO 19 - COPY . }
ze 1158 RETURN
! ELLIPSE PLOTS 1155 ! SUBROUTINE OF FOR SCALING
L1=C1 @ L2Z=SGN(LT»XC1 & P!— . THE N@.'S MU AND SIGMA ON
L6-L8 @ IF ARSIP1)<{(ABS(LS) GRAPH
+ABS (L8 Y% . #BRABAGRA1 THEN 1169 Z=ABS(Z1> @ IF FP(21>=8 AND
1368 ABS(Z21)<1000088868 THEN AS
P3=_S¥ATN(2XL7?-P1) @ L1=CO0S =VALS$(21> @ RETURN ,
(P3> @ L2=SIN(P3: 1165 IF 241 THEN Cs$="-" ELSE Cs$=
1=80 @ K=38 @ PS=PI+PI @ P?= ' “en ,

PS/K + K= N@. OF POINTS FOF 1178 T=LGT(Z> @ T1=FP(T>
PLOTS OF ELLIPSIS. 1175 IF Ti=0 THEN 1206 ELSE 18 1
X=L1xL1 @ Y=L2%L2 @ T=SeRC(L NT(T>
S/ (LOXX+LBXY+2XL7XL1XL2)) @ 1138 T1= 5x(1-SGN(T)>>+T1 @ T1=10
Y1=SOR(LO/(LEXY+LBEX-2XL7X ~T1+ . 09a005
LixL2)>) 1135 AS=VALS(T1> @ Z=SGN(Z1)>XVAL
X=COSCP?7)> ® Y=SIN(P?) ' (ASL1.,73) @ IF FP(Z>=6 THEN
P3=T% 4=Y1x%x P 1205 )
1 @ p%zygxtg YiXL1 @ P1=T*L 1199 AS=VALS(Z)> @ IF I8#8 THEN A
=-P7 @ W=] @ Y2=0 $=ASLCSLVALS(ABS(1I8)) :
MOVE U+P1,S+P3 1195 RETURN : .
2=2+P7 @ IF 2>PS THEN 1165 1208 AS=VALS$(SGN(Z1))>%" . B" @ AS=
PE=WIX-Y2XY @ Y2=WEY+Y2%X @ ~ ASSCSEVRLS(IP(RABS(TH)>»)> @ RE
W=P6 @ DRAW U+P1XWU-P2%Y2,S -~ TURN
+P3XU+P4XEY2 12065 A$S=VALS$(Z>&".0"LCSLVALS(ABS
GOTO 18990 o C(IPCIB>)>> & RETURN

.............................
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