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ABSTRACTI

Five computer programs especially useful in statistics are described and listings f.i
"BASIC are given. The listings are generated using the Hewlett-Packard 85 and 9845 desktop
Smpers. The programs supply the values of: (1) the integral of the bivariate cirrular

normal distribution (ND) over an offset circle; (2) t.e integral of the bivariate elliptic'.d ND
over a circle centered at the origin; (3) the integral of the bivariate elliptical ND over an
offset circle; (4) the integral of the bivariate correlated elliptical ND over ax, arbitrary
polygon; (5) the maximum likeliho. . estimates, obtained from quantal response experi-
ments, for the mean and variance of a ND.I
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I. INTRODUCTION

With the increasing capability of desktops for scientific computation, the need arises to make
available in BASIC several important statistical programs which have been operating in Fortran on
large computers. These programs, as described herein, although not particularly lengthy, are sophis-
ticated in their mathematical and !ogical structure; their design for desktops are in keeping with the
high standards of the CDC 6700 mathematics subroutine library maintained at Dahlgren, [ 14].

We proceed to describe in mathematical terms the statistical functions that are involved.
Details beyond those given here and in the next section can be found in the references.

The first and second programs, which appear together in one package, are titled CIRCV and
GCEF, respectively.

The purpose of CIRCV is to evaluate P(R, d), where

P(R, D) = exp (-D 2/2) f exp (-r 2/2)10 (rD) r dr. (I)
0

Here R = R --D v/T'ii-k/ox, where R is the radius of a circle C in the xy-plane, offset a
distance v/h2 + k2 from the origin. 10 (u) is the modified Bessel function of the first kind of
zeroeth order. Statistically, P represents the, probability of a shot falling in C, under a bivariate
normal distribution with mean zero and with equal standard deviations ax, Vy. 151, [6]. The
function P is called the Circular Coverage Function.

The objective of GCEF is to evaluate the probability function:

F(Ke, c) = r2j) 1 A r2) rdr,(

where

0• 4 c 1 i, , K = /a. ,

S~(3)

A (I -c•2 )/2c 2 , B I( + c2 )/2c2 .

The function F(K, c) is known as the Generalized Circular Error Fuaction, ( 1i,'[ 15 1.

The third program, called ELLCV, is a generalization of the first two. It supplies the value of
P, where

* ! * ~ . . . .
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21Cr fxf exp--" dydx.* (4)

Statistically, P represents the probability of a shot failing, under a bivariate normal distribution
with mean zero and with standard deviations ax and ay in the x and y directions, in a circle C,
centered at (h, k) with radius R, i.e.,

C: (x-h)2 + (y-k) 2 = R2 . (5)

We call P(R, h, k, ax), y) the Elliptical Coverage Function, [3], [4].

ELLCV is slow, in comparison with CIRCV or GCEF. Thus,' we also give listings for the pro-
gram ELLCV3 which supplies P(R, h, k, axs, y) at reduced accuracy but at roughly one-half the
computing time pet case of ELLCV.

The fourth program is named POLYCV, it makes available the values of P(Hl) and A(H) or
P(A 1), where

P(H) = -Z(x, y) dx dy, (6)

H or Al

with

(lx, Y = I -_x" - 2 xc ~ iY y /-My'~
( 2.s<sY exp L 2  SX)1 s, J+ ,2(l-c2){

(7)

and A(H) represents the area of II. Here TI denotes an arbitrary polygon in the xy-ptane which is
defined by the coordinates of its vertices (xi, yj), i = 1, 2 ... , N, Al denotes a semi-infinite angular
region in the plane (see Figures 6 and 7, page 17). The integrand of(6), given by (7), represents a
correlated bivariate normal density function with mean (Mx, My) and covariance matrix

S2 cSxS) (8)

(cSS Y

with correlation coefficient c, (Ccl' < I). Details of the ana!ysis'for POLYCV are given in [9),
,[10] il, (11,12].

The last program is named' MLEQRE, which stands for "Maximum Likelihood Estimates from
Quantal Response Experiments." An estimated mean p and an estimated standard deviation a of a

*Note that (1) 'and (2) fuflow from (4) by transforming (x, y) to polar coordinates (r, 0) and setting Ox Gy for (1),
and h= k = fur (2).

2
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normal distribution obtained from quantal responses are supplied by MLEQRE. It also gives thee
associated covariance matrix elements and a plot of the 50 and 95% confidence ellipses. The esti-
mates IA, a are taken as those unique values of the independent variables u, s, respectively, which
maximize the likelihood function

F -- P(si) J" Q(tj), (9)'
= j=1

where

.(v) * exp (-v2/2), P(v) = f (r) dr, Q((v) = f r) dr, (10)
V

si -(ai -u)/s, tj =(b - u)/s. (1

The ai, bj are input stimuli from a set of quantal experiments. They are called "successes" and
"failures," respectively, [71, [81, where N denotes the number of successes and M the number of
failures.

In the next section we discuss each program and how to use it. The third section contains the
program listings in BASIC with sampie outputs.

II. MATHEMATICAL DESCRIPTION OF PROGRAMS

In this section, the five programs, introduced in the previous section, namely

CIRCV
GCEF
ELL V(ELLCV3)
POL CV
MLEQRE

are described in mathematical terms.

All of the programs, except POLYCV, ontain a subroutine for computing the complementary
error function, erfc (.), to a preset rela ive accuracy using Cody's rational functions, [2],
i.e.,,'

i-I , J- '

erfc(x) W - x P9(J-i)x2  " Q9(J I -i)x 2i, Q9(0) I , lxi • 1/2, (12)
i-0,/ 0

erfc(x) e-) 2  R9(JI -i)xi S9(JI - I -i)xi, S9(0) 1, 1/2< x < 4, (13)
• 1 /i-0(

3
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:, .. , ". ". " ° • ' , * •' * ,.* :€'' m o • * • ' '* ° , " " * * . C C . ° " . . ..



NSWC TR 83-13

erfc(x) = E V9(J2ex2 i)x-2 - 1-i)x-2i, 1, x > 4.
X x2 oi0j'4

L ""7 i=Oi=O 4)

We also use the fact that

crfc (x) 2 - erfc (-x). (15)

The Cody coefficients are stored in arrays for each of the five programs as noted in (12)-(1 4). For
example in MLEQRE they ire listed, starting with P9(1), in lines 225-260 of the HP-85 listing (see
page 91). These sets of coefficients may vary from one program -to another depending on the
accuracy desired.

The subroutine CIRCV provides the value of P, where

Pexp - X(2 +y24 dxdy, (16)

and C denotes the circle:

C: (x -) 2 + (y K) 2 = P2, (17)

i.e., as noted earlier, C is the circle in the xy-plane with center at (h, k) and radius R. The normal-
ized offset distance from (hi, k) to the origin is denoted by

D = vT k2/aio . (18)

The integration of (16) is carried out in polar coordinates as indicated by (1). The derivation of
(1) from (16) is given in [ 5].

Two sets of recurrence relations are used; the choice depending on the value of RD,
(R - Ria,).

For

0 < RD < 7.0,
we have

P = gnkn (19)

gn I ( u/e-,R 2/2 du, kf . e-0 2/ (20)

4
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rg ~ ~ ~ R = g p.2/2, e- (1 R2/2)gn =gn- ! , e-P?2 go =(--•

(21)
(.kv kn-I k0 e-r)2/2

Then (20) and (21) can be used tc obtain'

"n= n + I

K( ( D2) -•. n

Tn - gnk n T • "In- - n
(22)

S Si + Tn, S2 S2 + Kr

R2, 2
2-- •xp(-D 2/2) if - '• 5 X 104

Ko = exp [-(R2 + D2)/2j, To =
R2I.. exp(-D 2/2).- K0 if 2 > 5 X 10-4.

The recurrence relations in (22) are cycl-d, starting with n - 0, Si To, S2 = KO. At the end of
each cycle, test

(a) n > (RD!Vf2) - 1.

Cycle (22) until (a) is true, then test

(b) T, e .

Continue to cycle (22) and test only (b) at the end of each cycle until (b) holds. Then, with
6-decimal-digit accuracy.

P = SI

" " -- R*S2. (23)

The function aP/3R is available at virtually no additional computation. If R is desired for a fixed
P and D, then aP/aR can be used to find R by the Newton-Raphson procedure.

The recurrence relations given above, based on [ 11, yield a slightly faster algorithm than those
given by (22) and (23) in [51.ý The resulting algorithm and test (a), as described above, are slightly
hinproved ovei' those in ( I .

"We wish to thank Peter Shugart for bringing I1 to our attention.

5
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For large RD the above algorithm is inefficient. Consequently, the following algorithm, as
developed in [51, [6], is used if R > .RD > 7.0. 4

Initially, we compute 7;

1 1"X = exp [-(R-D)2 /21

M = (R + D) 1 Il R-DI (24)-R erfc .

S1 =M 1 , S2 =X,.

Then starting with n = 0:

.n n

\~n / 4R I~ f- .
X~n+1 = 2 4R ,"1n -I

M2n-= !R2 -D 2IX21 + 4RD M2n-1 (25)

X~n-i 4D ý2n )~ -
X2n-1 = (2n- l)X 2n+ 1

S1 = SI + M 2n+ 1 , S2 = S2 + X2n.l

Iterate (25) until

M 2n- 1 i e. (26)

When (26) is satisfied, continue to cycl.

n n+l

(2n-1)2 W
X2n+' 2n 4RD X2.- 1  (27)

S2 =S32 + X2n.'

until

X2,1 e. (28)

*The quantity X:.÷1 as given above differs by a ractor of i/4RD from X2n+- as given in (31), (32), (34) of [6].

6
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When (28) holds, then with 6 decimal-digit accuracy

P =1 I1 + sgn(R-D) - S2 - sgn(R-D)*Sll

(29)
-•-• = R ,S2,P

where sgn (R - D) 0 if R = D.

We note that Cody's algorithm for erfc () is only needed for arguments <4. There is no need
to consider larger arguments because if IR - DI//W > 4 then P = 1 or 0, Within 6 decimal digits,
depending on, the sign of (R - D), (see lines 205, 210 of the HP-85 listing). In case it is desired to
achieve greater accuracy, then for arguments larger than 4, use in place of M1 in (24)

::N =.R + Dý /2

SI IR - DI X

'Of course, other changes would also be needed, such as changing the value of e and the right hand
side of RD > 7.

The subroutine GCEF is included in the same program package with CIRCV, because the
Generalized Circular Error Function F(K, c) can be ebtained using P(R, D). Indeed, we have from
(16) and (17) in [5]

P(R, D) - P(D, R) = sgn (R - D)F(K, c) (30)

I P(R, D) + P(D, R) 1 - exp [-(R2 + D2)/2] I 0(RD).

But from (33) below R - D > 0, hence

F(K,c) = 12P(R,D) - I +.exp [-(R2 +D 2 )/2]1I0 (RD)J. (31)

Note that the product in (31) of the exponential and Bessel function is given by S2 in the computa-
tion of P(R, D).

The arguments of F(K, c) are given by

Sr K- = R/aox, (R comes from (3)),-• (32)

0 < c = Oylax < 1,

where R and D in (31) 'are expressed in terms of K and c by

R = K (I D = K ( 42c ) c * 0, (33)

'7
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"and

RD = K2 \(12c 2  R2 +D 2  K2 \L12 2. (34)

"It can also be shown that

3F.- (K/c)S2, c #0. (35)

The case c = 0 is treated separately in GCEF with

"F(KM 0) = 1 - erfc (K/VT2)

/ (v J/2(36)

(K 0) = S2, = e

- - We note, if c > 1, then simply redefine K and c so that

rK=R/la (F% from (3)),
(327)

i.e., interchange a. and ay, (see (2)).

The program input variables are R, D, V. The output variables are P, S2.

"-" -. CIRCV

Input: RP/ax, D/ox, I(V), (a,, > 0).

Output: If R/a. and D/ax > 0, then P P(R, D), S2 i/R 3P/3R. If R and/or D <0.
then P = -1 indicating unacceptable input.

GCEF

Input: R/O (=K), ay/ax(=c), 0(=V), (od, ay > 0).

Output: If R/ax > 0 and 0 < ay/ax,,' I. then P= F(K, c) and S2 = c/K aF/aK(c * 0);
S2 = a aF/aK if c = 0. If R/a, < 0 or Jay/a, - 1/21 > 1/2 then P = -1
indicating unacceptable input. If ay > a0 the user must interchange a. and ay

The subroutine ELLCV provides the value of

J - + dx dy; (38)

8
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C denotes the circle given by (i7). It is shown in (31 that (4) can be expressed in the form

- [exp (-X2/2) + exp,(-X2/2)j [erfc (yo) - erfc (yj)] t dt, (39)

where

k + Rt V = (40)

1'R = R/a•, R _, Wlay,9 h =B/o,, k M k/ary.

Without loss of generality h and k are assumed to be non-negative.

The average computation time to evaluate P from (39) is an order of magnitude larger than the
average time for CIPlCV or GCEF. Hence, a number of tests are used to determine if P < e or
P > I - e in which case P is set to zero or on,, respectively. Let H2 - j2 + R2, u max (Ox, oy).

Test #1: If R2 < 2eOxOy then P e.

Test #2: If R - h + Aoux 0 or R - k + AOy < 0 then P < e.

Test #3:lf +,V + AI*a, then P; I -.

Test#4: If H2 > R2 and if

2ep [(H- < 2-ag then P < e.

The value of A l is chosen so that E (see Figure 1) contains I - e of the distribution; A is chosen in
a similar way with E replaced by a rectangle centered at the origin with sides of length 2AoX and
2AOy along the x and y axes, respectively, (See (50) and (51 )).

Test #1 follows by taking H = 0.and considering small R. Tests #2 and #3 are covered in [3.
Test #4 follows by using the fact that

Sexp [(, + < exp - (x2 +'y2

Tests #5 and #6. given below, are more subtle. We discuss test #5 first.

9-



"NSWC TR 83-13

y' Consider Rgure (1). A tingent line L is drawn
C at point B where the ray M, from the origin to (h, K),

R intersects C; consider also a line E with the same slope

(h, as L tangent to E, the ellipse with center at the origin
"A-"B ~ ~with major and minor axes 2A ia ,, 2A lox. The

distance from the origin to B is given by

SX d(L) = H - R > 0 (41)

E and the normal distance from E to the origin is given
L -by

Figure 1. Test #5 d, kL) AlIu[(.h2 + 22)/H]1/i2 , I y/Ox
(42)

Hence, if

"d(L) > d(L) (43)

then P < e. This test can be formulated without using square roots and is called Test #5.

Test #5: If

y H 2 '- R2 -Alza2(h 2E + e2j2) 0 (44)

and

y2 ) 4R2A12oy2 (2 2 k2k) (45)

then V < e.

For test #6 consider Figure (2). Here E denotes the t,.aent line to E at D where ray M
intersects E at D; L denotes the line tangent to C which intersects M and which is parallel to L.
In this case

T d(L) - d(L) H{l - RVJD - AI /Vft} (46)

where

F - 2 h2 + k2 , D- h2 + k:, R-R/oy.

If T > 0, then P < e. Without using square roots, we have:

10
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Test #6: If

y D -R 2 F/D -A2 > 0, (47)

and if B

y2 > 4AI 2R2F/D, (48)

x
then P e.

If none of the above tests are applic3ble, then a E
Gaussian numerical integration is used to evaluate P
from (39). In this case it is advantageous, if possible,

to reduce the interval of integration. By methods similar
to those described on pp 7-9 of [31, an inter.al of Figure 2. Test #6
integration [e0, ell C [0, 11 is determined such that

[eo, e I = min {[eo, Eil, [1o, =i}, (49)

where

hR-h-A3 { R-k-A
R if h + A3 < R, c-- if k + A3 < R,

e0 (50)
0 if h+ A3 > R. 0 if k + A3 R.

Sif O<h-A3<R, 2 if 0<k-A3<R,
C1  I if h < A3, El I if k < A3. (51)

0 if h - A3 > R. 0 if - k-A3 kR.

If [El - e0 > [=e - [o], then a, is interchanged with ay and h with k. This is equivalent to
reversing the order of integration in (39).

In order to retain efficiency in the Gaussian quadrature evaluation of (39), an empirical func-
tion N is used to specify apriori, the order of the Gaussian process, O(G), to use., It is given by

N (el -e 0 ) -: [0.34 (52)
[. °x• .0251R kl+5'"(

Then

N > 2.75 - O(G) = 24;
1.35 < N< 2.75 O(G) = 20;
0.75 < N < 1.35 - O(G) = 16; (53)
0.35 < N < 0.75 - O(G) = 12;
0.15 4 N < 0.35 - O(G) - 8;
0<N<0.15 ".O(G)=6.

5,
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"For example if, from (52), N = 1.31, then O(G) = 16. This means 16 Gaussian abscissae and weights
I are used to evaluate the right hand side of(39). The abscissae, starting with O(G) = 6 are stored in

array X(i), and the corresponding weights are stored in array Y(i). Since the abscissae and weights
have certain symmetry properties about zero only half of them are actually stored. Thus the right
hand side of(39) is approximated to within 2e by

2!1(e I e0 \ R (54)
E- wifipiti, M= O(G). w0 o , (54)

' t."•.i= -M/2

"where

Swi ith Gaussian weight, wi = wi

U (el -_ 
(55),

= t ( - ) (I + xi) + eo, xi ith Gaussian abscissa, xi =-x

rpi {erfc [y0(ti)] - erfc [y1 td)},

j fi {exp [-X2(ti)/2] + exp 1-Xt(t1)/ , (See (40). (56)

Further reductions in computing time can often be realized by the following:

"(a) In the determination of [eI, - col, it can be shown that if h > A and if R > h - A or
R > It - A then the second exponential in (39) is negligible and can be dropped. Thus
a variable H5 is introduced and set to one if the exponential has been dropped.

(b) An exponential in (39) can also be dropped if the absolute value of its argument exceeds

"Z8- lo 2 14.51()for ELLC/) (7
' Z8 -log t[\-•(' eo)...• .. + {7.70(forELLCV3). (57)

" This feature is not included in ELLCV or ELLCV3 at present.

(c) In case k = 0, the quantity pi in (56) is replaced by

!- pi = 2{I -erfc [y(ti)J}. (58)

Thus, only one instead of two erfc functions are required for each i. (If ax = oy, then by
circular symmetry, hI can be replaced, by VP + P and k by zero.)

* (d) The argument y0 (y1 ) of erfc (.) is a decreasing (increasing) function of t. Hfence if
ft • -A2(yff) >A2) then p, a 2(1-el)(erfc y,(T)-, el)forallt>T. Two

meters are introduced to take advantage of this situation when it occurs. Variable Z
is set to one for the smallest i (say =j) on [-M/2, M/21 for which y0(tj)p-A2 so that
pi is replaced by 2(1 - el) for all ti ) t,. Similarly a variable Z3 is set to one for the
smallest i (say =j) on [-M/2, M/2 1 for which yi (ti) > A2 so that erfc [yj (t1 )i is replaced
by eI for all t1 > t, Note: t, < ti. 1 by the way the Gaussian abscissae are ordered.

12
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In addition to ELLCV which gives P to at least 6-decimal-digit accuracy, a listing is also included
for the program ELLCV3 which gives P to at least 3-decimal-digits. The latter differs from ELLCV
in the assignment of O(G) by (53), by using fewer Cody coefficients to cormptte t;fc (.) to less
accuracy, in the values of the constants A, A,, A2, A3, E1-

The values of these parameters are given in the table below.

ELLCV, e = 5(-7) ELLCV3, e = 5(-4)

A 4.892 3.291
Al 5.387 3.89895
A2 3.8775 2.898
A3 5.16 3.70

1.04('-8) 1.5(-5)

The values of O(G) for ELLCV3 are determined by N from (52) and the following inequalities:

" N> 2 0 (G) 8I 0.675 <N < 2 -O(G)= 6
*0.5 < N < 0.675 0 (G)= 4

N < 0.5 O(G) =3.

_The inputs to these subroutines are: R, h, k, OY, oy. The output is designated by P. The value
of R must be non-negative,; a. and oy must be positive. Tests are not included for these require-
"ments; no error parameter is used.

Accuracy: P is given approximately to within 2e = 10-6 (or 10-3 for ELLCV3).

SNMute: Constraints imposed on h, k, Oa//OY in (31, are no longer necessary.

The subroutine POLYCV supplies the value of P(II) as expressed by the double integral in ,6).
"Tha evaluation of (6) is simplified by using the transformation

rx -M c y -My y - MY
Sx ' Sy (60)

"Then

KID = r ~ff [- 2 )j diydj (61)

where II of (6)'is transformed to ft of (61) by (60). We call l the "transformed polygon.", The
"program determines the vertices (xi, ýj) of fi from (60) and evaluates PKI) from (61). POLYCV can
also be used tj evaluate the double integral in (6) over a semi-infinite angular region. This will be
discussed further below.

Qe,. 13"ao
*• , , 1

'.'
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It is important in order to use POLYCV to understand how H1 must be specified. We say 1-1 is
positivcly oriented (PO) if it is a simple polygon or the limit of a sequence of simple polygons as
defined on page 9 of [Il ], and if its vertices are ordered so that the area of H is on one's left as the
segments of 11 are traversed continuously in the order the vertices are given. If the area is on the
right, H is said to be negatively oriented (NO.) and P will be negative. lI case H has vertices which
occur more than once both (PO) and (NO) regions can occur. Self-intersecting(SI) polygons, as
described on pages 13-17 [ 1], can also be handled However F and/or the area can be negative.
The interpretation of such results is lAft to the user.

Two examples, to help clarify these ideas, are given' in Figures 3 and 4 below. In Figure 3
we have an example of a simple polygon which is PO. The probability P is found over the cross-
hatched region. In Figure 4, a polygon is shown with PO and NO regions. The probability is found
again over the cross-hatched areas.

4 13

144 6

9127

8 137 7 0

2 3 1 2,11 12

Figure 3. A Simple (PO) Polygon Figure 4. A Polygon with (PO) and (NO) Regions

The description given above for specifying 11 is adequate for most applications. When prescribing a
completely arbitrary polygon, all the vertices, points where two segments cross, and initial and
terminal points of overlapping segments must be numbered. In certain situations some of these
points may not be necessary as shown by the example on page 24 of Ill. However, when in
doubt, H1 should be numbered as just described. More details and examples are given. on page 14
of [Ill.

It is shown in [I 1, [121 that P over H1 is given by.

N

P(I) =W - P(Ai), (62)

where N is the number of points specifying n1, and

W = /27r., (See (75) forl ),

Cfexn r1-e ' (j2 + -2) di d9. (63)• ffx y9, (3

Ai

14

• **Q ° * . • • • ' ~ • ,• • . . • b . ... -• *... , *.'... .**. .,



NSWC TR 83-13

Here Ai denotes a semi-infinite exterior angular region of i, In Figure 5, the four exterior angular
regions are shown for a simple polygon with N = 4. For i = 1, ... , N, Ai is formed by extending the

side (i - i, i) from (i) to -o in the direction from (i - 1) to (i). Note (C) E (N). Similaily side

(i, i + 1) is extended from (i + 1) to in the direction (i) to (i + 1), where (N + 1) = (1). The
angle of Ai, with its vertex at (i), is measured as positive in the counterclockwise direction and as
negative in the clockwise direction.

I
A4

12'4
A3.

Figure S. Shows Angular Region 3
*'e

, A1

A2

IN

In Figure 5, angular regions A,, A2, A4 have positive measures with P(A1 ), P(A 2), P(A 4) positive.
angular region A3 has negative measure with P(A 3) < 0.

The sum of the angular measures of the A1, i = 1, 2, ... , N appears in (63) and is denoted by Q2.

In order to evaluate P(A,), advantage is taken 'of, the circular symmetry of the integrand in
(63). A semi-infinite straight line L is introduced extending from the origin to vi, the vertex of Ai,
to -. Then transforming the integration variables in (63.) to polar coordinates (r, 0) at vi, with
0 > 0 when measured counterclockwise from L about vi, we have as derived on pp 2-3 of [91,

P(A1) I exp -(R 2 +2rRcosO +r r dr d&, (64)

where R is the distance from the origin to vi, and 82 - 1AO is'the angular measure of A1. Note if
Vi is at (0, 0), so that R = 0, then P(A1) = A0/2r.

Using the fact that

f -T2/2 e-fRc°O rdr = I - 2u erfc (u/4u)/ , (65)
0

is

~" ...r rr~c r ~ .>15
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where

u -=R cos0, z(u) - exp(-u 2 ), erfc(u) f z(t) dt, (66)
U

we have

P(A1) eR 2/2 A - u [erfc (u)/z(u)] dO], -r < AO < ir. (67)
0~

The evaluation of the right hand side of (67) is achieved by using a minimax polynomial approxima-
tion on [0, C(6)J, i.e., given a 6 > 0, a set of real numbers (Ulk} are found for a least positive
integer K such that

erfc(u) - z(u) Z UlxkUk , 0 < U • C(M). (68)
k=0

Given a value of 6 > 0, the constant C(M) is determined so that the value of P(A) in (63) is negli-
gib!e when A is the angular region with C(S) = R. with vertex on the positive x-axis and with
02 ;-01 = i1/2. For 6 = 5 X 10-!0, C(6) = 6.2, and K = 15.

The coefficients (Ulk} for 8 = 5 X 10-10 are given in the HP 9845 POLYCV listing in lines
205-275. Coefficients for some other 6's are, given on page E-4 of [ 11 .

With (68) it is not difficult to show that, within 6/\/V',

e-R 2/2 F-o U(
P(A,) (69)

k-,0

where

Jk - cosk0 dO, l0il i-, 1021 •' (70)
0x,

{k l = 2 + {1 -] Jk-} (I

J 06 A8, Ji - h2 -hl

' R C o h R ( 7 2 )
gj .coso 1 , hi. /s;nai, j , (72)

R2 = 32 + i 2 (vertex of A1 at (i, )). (73)

16

o, .'- o~o °', .*, l , '.- * * • • * * * o . * f . . . . ' ... . .' - • -°- - . . . - ,--. *. -° '.. *, .



NSWC TR 83-13

Since u > 0 in (68), this requires the constraints on 01, 02 given in (70). For 7r/2 < 0 < ir, we use,

in addition to (69),

where A[ R, 0] denotes an angUi.Lr region with its vertex a distance R from the origin and with

angular measure 0, where one side of A[R, 9] is formed by the !mne L described above. See
pp 13-14 of [ 91 for more details.

We niote that since

N
= '-I(75)

and AG1 already occurs- in (69), littic additional computing is necessary to obtain W in (62).

Since most of the progr-,mming is already available, POLYCV is also designed to yield the
normal probabi~ity P(Al) over a single semi-infinite angular region Al.* However for polygons each

of the angular measures 6A0i in (71) is in the, interval (-7r, -,r), whereas for the single angular region
case !be angular measi're of A! is alwa ys in the interval (0, 27r).** The angular region Al is specified
by three points. The first point is always at the vertex of AlI the second and third points are taken
such that AO of A I is >'0. Figures 6 and 7 show typical angular 'regions.

In addition to'P& P61)), POLCV also supplies as output the area of H, A(H), where

A(nI) = SY~[ ~c] A(fl), (76)

N

(3) 4

Figure 6. Angular Region. AO < w Figure, 7. Angular Region, aG >7w

"P(A 1) corresponds to a Bivariate Normal Integral. See [9, p. 181.
*'Since 4G, in computing P(A 1), is always ;00, P(AI1) is always non-negative.
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In (77), the xi, Yi refer to the coordinates of the ith vertex of the transformed pot igon I as
obtained from (60). For PO (NO) specified polygons A(Hl) is always >(<)0. Thus, as indicated
earlier for arbitrary polygons, one should call A(n-) the "signed" area of HI.

"T tie input fo: POLYCV is specified in d&ta statements accordingly:

HP-9845: P8, P9, MX, MY, C, Sx, Sy, N, xYl, x2 ,Y2 , ... xk, YK,

SHP-85: P8, P9, MI, M2, C, Sl, S2, N, x1 , Y1 , X2 , Y2, ... , XK, YK-

For the HP-85, M1 = Mx, M2' My, S1 =S S2 = Sy.

If P8 = 0, then the vertex coordinates xi, yi, i = I to K are stored in data statements im-
mediately following the initial data statement above. POLYCV stores them in arrays X(*), Y(*).
If P8 * 0, it is assumed th'e vertex coordinates are already stored in arrays X(*), Y(*) which is
convenient if the vertices are macnine generated.

P9: Determines the output desired.,

P9 = 0. No listing of the xi, yi; no plot of HI.

P9 > 1. A listing of the xi, yi is printed.

P9 > 1 or P9 < 0. A plot of HI or angular region A I in the xy-plane, depending on N, is
given on the CRr and dumped onto the printer.

N: If N > 3, then K is set t' N by POLYCV and P(HI) is found.

If N = 1, then K is set to 3 and P(AI) is found.

xi, y,, i = 1, 2, ... , K: (xi, yi) denotes the ith point specifying a' polygon IH or an angular region
Al. If 11 is simple the points should be ordered so that H1 is positively
oriented. In the case of an angular region A1(N= 1), (x1, y1) locates the
vertex of AI, points (x 2, Y2) and (x 3, Y3) are ordered so that one rotates
from (x2, Y2) to (x3, Y3) in a counterclockwise direction about (x1 , yj)-

Four cu tput quantities are always pnnted. They are P, A, W, 11.

P: ContainstilevalueofP(U)ifN >3 orP(Al) ifN 1.

A: Contains the area of rI if N > 3 or is set to 0 if N= I.

W: Denotes the "winding number of Hl," see page 18 of [1 ,1. For a simple (PO) polygon it is
always one. It is set to zero if N = 1.

II: If I I = 0 or 2 output is acceptable, II = 2 indicates that two or more consecutive sides of 11
overlap.. It' I1 = 1, then angular region AI with N = I is- not well-defined, i.e., the vertex of
AI andat least one of the other two points specifying AI are too close to each other. If
I1 = -I then Al may not-be well-defined-the angular measure of Al is close to 0or 27r. A
value for P if given. If I = 3, then c, the correlation coefficient, does not satisfy c2 < I and
is unacceptable.

18
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The routine is presently set to yield P(I1) or P(A1) to approximately 9-decimal-digit accuracy. The
computing time can be reduced significantly by requiring less accuracy. It is not difficult to modify
the program to do this. The necessary changes are indicated in [ I 1].

The final program q4LEQRE provides, from quantal response experiments, the maximum likeli-
hood estimates A, a for the mean go and the standard deviation 'tr of a. normal distribution. It also
makes available the covariance matrix elements and a plot of elliptical confidence regions.

MLEQRE is based on the development given i. [7], [8]. It uses independent variables a. and

13 instead of u and s of (9)-( 11), where

Ix = U/S, = l/s > 0. (78)

It achieves the maximization of F, where F is given by (9), by maximizing the logarith'-. of F over a
and 0, where

N M
L(a, 0) -n. = E cRn P(s1) L dj f iQ(tj), (79)

i-I j=1

with Z(.), P(-), Q(.) defined in (10) and with

" si " ai -- u, tj Ab•j - a

C, -the number of times ai occurs.

di the number of times bj occurs. (80)

N

c FA dj
. i*l *j=l

The ai and bj are input stimuli associated with successful and unsuccessful tests, respectively.
Consequently, the ai are called "successes" ahd the bj are called "failures." They may take any
real values, with 1 denoting the total number of successes and M tfe total number of failures. In
order to take advantage of the situation where repeated values of the ai and/or bj occur, (79) is
written in terms of N and M, rather than R and R, where N and Nf denote the number, of different
ai and bj, respectiveiy. This is an important feature if repeated values occur, because, by (9) and
(79), the computation time to determine ju and a will be proportional to N + M rather than
f•+M.

The values of ai and 13 that maximize L (and also F) are'denoted by A and B, respectively.
Hence

A =lu/, 8 1 l/a > 0., (81)

19
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The maximization is achieved by using the Newton-Raphson (N-R) procedure in two independent
variabies Initial estimates for A and B, which are required for (N-R), are denoted by AO and B0.
Either they are supplied by the user, or with

N M NM= L ci ai , r dj bj , =a + djjE, -N 2 _M __. . 13 ( + R)• Y.~ld

=1j=i =1 j=1 /

MLEQRE uses

rBO = JN- ZF 1 + A' 2) > 0
•B = 3- '(N +M)

I X+(82)

2 =2(I + 12)'0

The (N-R) corrections Dl, D2*, beginning witb corrections to AO, BO, are found by solving two
linear equations (see (55) of [7] and/or (4. 1) of [8] with their coefficients expressed in terms of
the first and second partial derivatives of L with respect to a and 13 (see (1l15)-(l 19) of [7] and/or
(3.6)-(3. 10) of [ 8] )." For completeness, we give these relationships here again.

(DI)Lao + (D2)La0 = -Lu21]

(N-R) Equations, Lao j (83)

(DI)Lo + (D2)LPO -LO

DI = (I.p.--LOLO)/a, D2 = (LoLaOO-LpLaa)/A(

20> (84)
A = LocLOO l- Laf_>0

M N
Lot= djyj/Q, -' cixi/Pi, yj Z(ti), xi - Z(s1) (85)

jzil i-1

N M d(L0 p ciaixi/Pi -- jh~j j/Qj (86)

i--- j= l

M N

La - dj(yQj)(Y/Qj) - ti] - ci(xi/P 1)f(x 1 /Pi) + sil < 0 (87)
j-1 11

*Some quantities such as DI -and D2 are used both'as real variables and also as BASIC variables which contain the
corresponding real variable values. It shouldbe clear from the context which is intended.

20

J-"-"•, o .. . . . . ., " . . ."° ,".• ,• ., ., •# '° "*,j" .,-, .•' .°"-I.("' o "%* . • - " .o* "•I . , .* .*'"* '#f'.



NSWC TR 83-13

N M

Lo= L ciai(xi/P 1)[(x1/Pi) + sil + L djbj(yj/Qj)[(yj/Qj) - tj] (88)
.,i=l J=l

"M N

Lo - djbj2(yj'QJ)[(yJ/QJ) - tj] - c ca?(xi/P)[(xi/Pi) + si] < 0. (89)
j=1 i=1

The equation for a confidence ellipse in the us-plane with center at (A, o) is given by

<A- + 2Au 5(u_-t)(s -a) + AP1(s- a)2 = 1- (90)

where x2. is obtained from a chi-squared table with two degrees of freedom; y denotes the prob-
ability that the ellipse contains (M0, do). For -f = .5, X2s = 1.39, and for .06 =95, =. _ 5.99. See
page 42 of [ 71 for other values. The coefficients in (90), which make up the elements of the inverse
of the covariance matrix, are available directly from

N M

" 2Auu = L ci(xi/Pi)(xI/Qi) + dj (yj/Pj)(yj/Qj)
i=l* j=l

N M

02Au. = L cisi(xi/Pi)(x 1/Qi) + E djtj(yj/Pj)(yj/Qj) (91)
.i=i j=1

N M

I2AU = E cis?(xi/Pi)(xi/Qj) + L djtj(y1 /PJ)(y 1 /Qj)'
"i=1 j=1

which are evaluated at a = j/a and g3 1/a; it "s recalled from (78), (80) that

si - a

{tj bjg ofC,a 'u/s, PJl/s >0.

Derivations of (90) and (91) are given in [7].

The evaluation of the quantities in (84)-(90) requires an efficient and high precision subroutine
to compute

SY -y/Q, YI =(y/Q)ty[Q - t] Y2 -(y/Q)(y/P), (92)

where the -subscript j. has been dropped. It is easy to show that the corresponding quantities in
"terms of (xi/Pi) can be obtained from the same subroutine by changing the sign of the input argu-
ment, i.e., changiog sý to -se.

21
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SCody's rational approximations for the complementary error function as given by (12)-(15)
are fundamental to the evaluation of the qiantities in (92). Using J = 4, J I = 6 and J2 = 4 in

"* (12)-(15) yields a minimum of eleven and one-half significant digits of accuracy for the comple-
... mentary error function, 'erfc (-.

"For completeness, we give the expressions used for Y, YI, Y2, where we use the facts that

"yt) = x(t) = x(-t) = y(-t)
"(93)

""P(t) = Q(-t).

Let t = tj or (-si), KI = t/V, C2 = vr", E exp (-KI 2). Also let

Z= IN/ZD,

where 'N denotes the numerator sum in (12), (13) or (14) and 'D denotes the denominator sum.
For example if 1/2 <K 1 4, then, referring'to (13),

il-

"R9(JI -i)(KI)'.
i-O

*", Now for

IKII < 1/2

Y =.(C2)E/erfc(K1)

YI Y(Y-t) (94)

.Y2 = (C2)EY/(I + KI Z)

. -4 < KI <-1/2

Y (C2) E/(2 - E I:)

.. Y! = Y(Y-t) ' (95)

""Y2 = (C2)Y/ "

S1/2 < KI < 4

Y C2/Z4Y• = Y(Y-t) (96)

iY2 = (C2)EY/(2 - EZ)

22



NSVVC TR 83-13

-5.5 <KI < -4

Y = (C2) E/[• - erfc (K1)! , KI IK I

YI =Y(Y-t) (97)

tY2 =(C2)KI Y/(I/V/i+ 2/K12)

KI > 4

Y (C2)Kl/[(lf/V) + VK12 1

*YI = -'(21/,i) I[(IIVr) + 1:/Kl212 (98)

•-" •.Y2 = (C2)EY/[2d - Wrc (MIA]

KI < -5.5

Y = Y I = Y2 - 0 (Y<3X10-14) (99)

The subroutine for computing Y, Y I, Y2 using the above begins on line 121.5 for the HP 9845
program and on line 695 for the HP-85 program. It is the core of MLEQRE.

There are numerous BASIC variables in MLEQRE which are pertinent; we list them here for
.* convenience.

"A(i): contains the ith listed success value a, (I < i < N).

"BQ)): contains the ith listed failure value bj (1 < j .• M).

C(i): contains ci, the number of a, at a fixed i.

D(j): contains dj, the number of bj at a fixed j.

N: contains the number of different a,.

M M. contains the number of different bj.

AO: contains the current ct(= u/s) value.

'BO: contains the current 0(- I/s) value.

U: contains IA.

"S: contains a.

Al : contains the initial estimate for c upon EXIT

"B I : contains the initial estimate for 0 upo i EXIT

LO: If LO contains one, then c and dj are one for all i and j.

If LO does not contain one, then some c and/or dj may be larger than one.

"23
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SD 1I: contains the current (N-R) correction D I to AtI.

D2: contains the current (N-R) correction D2 to B0.

"Li : contains L(=- aL/aa)

- L2: contains LP

L3: contains L.,

L4: contains LP

"L5: contains Lop

- L6, L7, L8: contain the confidence ellipse coefficients AUQ, AUS, An, respectively

L2, L3, L4: change their contents, after completion of the (N-R) procedure, to the covariance
matrix elements AUU, Aus, Ass, respectively.

Y: contains either (xi/Pi) or (yj/Qj)

*''. YI : contains either (xi/Pi)[(xi/Pi) + s] or (yj/Qi)[(yj/Qi) -t-j

'. Y2: contains either (x1/P1)(xi/Qi) or (yj/Pj)(yj/Qj)

Z: contains 0. 1, 2 and is used to signal that one cycle of (N-R) remains to be carried out.
This allows Y2 to be computed, for use in the evaluation of the confidence ellipse
coefficients in (90), only on the last (N-R) iteration.

The input data for MLEQRE is stored in data statements. If LO * 1, then data is stored
sequentially in the following variables: N, M, LO, AO, BO, P8, C(I), A(1), C(2), A(2), ... , C(N),
A(N), D(I), B(I), D(2), B(2), ... , D(M), B(M). If LO = 1, then data is stored sequentially in the
following variables: N, M, LO, AO, BO, P8, A(l), A(2), ... , A(N), B(1), B(2), ... , B(M); the arrays
C(i) and D(j) are stored with ones by MLEQRE in this case.

AO and BO contain initial estimates of A and B (see (82)),,supplied by the user. If, however,
BO contains zero then ML'EQRE supplies the initial estimates.

The plotting of the confidence ellipses at the 50 and 95% levels begins at line 1440 for the
HP-9845 and at line 830 for the HP-85. If P8 ;' 2, then plot appears on CRT and also the printer.
If P8 = 1., then plot appears only on the CRT. If P8 = 0, then no plot is cWnstructed.

The following output is given with the format differing slightly etween the HP-9845 and
HP,85.

Values in N, M, LO, initial values in AO, BO. P8.
"Values of c, a, and values of dj, b1 if LO *1, otherwise'values of ai and bi only.
The maximum likelihood estimates MU(= A), SIG(ao), cc variance matrix elements,

initial values for A(= p/a), B( Il/a).

Final values of AO, BO.

Final values of Dl, D2 ((N-R) corrections).

Number of (0-R) inerations.
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In [71, nectssary and sufficient conditions were derived for the first time that assure the
existence and moreover the uniqueness of the maximum likeiihood estimates p, a. They demand

: • that

max b- > min aj,

N M (99)

'-'•.•i=1ciai > -=E djbj.

j=1

If either of these inequalities is not satisfied, a message is printed and MLEQRE terminates-for
the given stimuli, ;L and a do not exist.

A' Fortrai IV program based on [7] and upon which MLEQRE is modeled has beer, available
for sometime on the CDC 6700. A diluted version of that program is available in BASIC for the
4051-4054 series Textronix desk-top computers, [ 13]. It does not contain the plotting feature for
confidence ellipses, and it does not have the capability to take advantage of the increased efficiency
when stimuli are repeated, and in general it does not appear to be as efficient as MLEQRE. The
"program is very difficult to follow and we have not been able to verify its correctness.

III. LISTINGS OF PROGRAMS AND SAMPLE OUTPUTS

A short summary of the input and output associated with a particular program, including
examples, is given starting with CIRCV. This is followed by the HP-9845 listing for that particular
"program and then the corresponding HP-85 listing.

It is assumed in operating the HP-9845 programs that

"PRINTER IS 0
I.,°

has been executed.

Th'e BASIC language for the HP-85 allows for multi-statement lines, where the statements on a
"* numbered linue ate separated by the symbol @. Care must be taken in interpreting a muiti-statement

"line when an IF ... THEN or an IF ... THEN ... ELSE statement is not the last statement in the
line. In the first case, when the IF-statement is true and THEN is not followed by, a program
transfer, such as a GO TO, the execution of the IF-statement is followed by executing the next
statement of the same line. When the IF-statement is false, the program proceeds directly to the
next sequentially numbered line. For example:

"100: IF A B THENC B @ GO TO 500

"'110:
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If A = B, then at line 100 C is set to B and execution continues at line 500. If A * B at line 100,
then execution continues at line 110.

In the case of the IF THEN ... ELSE statement, if the IF part is true, and THEN is not
followed by a program transfer, then the program proceeds to the next numbered line. If, however,
the IF part of the IF ... THEN ... ELSE statement is false, then execution of the ELSE part of
the statement is followed by executing the next statement of the same line. For example:

• 100:IF A=B THENC =B ELSE D= B@GOTO500

"* 110:"'

SIf A = B, then C is set to B axid program proceeds to line 110; if A* B, thenD is set to B and pro-
"gram proceeds to line 500.

U CIRCV or GCEF

Input: R, D, V

CIRCV: R - R , D = x + y7/a, V = 1

"GCEF: R = K R/oa, D c = ay/Ox < l, V 0.

If R and/or D < 0, then P set to (-I). Input unacceptable.

"If D > 1 for GCEF, then P set to (-1). Input unacceptable.

Output:

CIRCV: P = P(R,D), S2 = aP

GCEF: P = F(K,c), S2 = (D/K)aF/aK, D 0

- i V7T aF/aK, D =0
.4,

Accuracy: 6 decimal-digits for P and S2

EXAMPLES Input Output
% Case 7AP 'X- y ax OY R D VP S2

0- 3 4 2 2 1.5 2 1 .209232218046 .214447G41618
"6 4 2 2 3 2 1 .785637894167 .101082811001,

6 5 2 2 3 2.5 1 .623010408440 .130887896597
, 5 6 2 2 2.5 3 1 .246101694960 .130887896597

" " 2 0 2 4 .5 .5 0 .215288716030 .738059987125*
® 8 0 2 1 4 .5 0 .999926141520 3.90547542875(-5)

. 2 0 1 0 2 0 0 .954499736146 .135335283238
® 2 0 1 1 2 1 0 .864664716770 .135335283237

""* and ay inteochanged so that ay/ax < 1.
Output values above are for the HP-85. The corresponding values for the HP-9845B differ in the last
one to three digits.
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CIRCV-HP 9845

LIST
100 THIS PROGRAM IS CALLED "CIRCV". IT SUPPLIES TWO

FUNCTIONS: P(R,D), THE CIRCULAR COVERAGE FUNCTION
105 OR F(K,C),THE GENERALIZED CIRCULAR ERROR FUNCTION.
110 THE INPUT IS R,D,V, WHERE IF V=O THEN K=R AND C=D. IF V#0

THE OUTPUT IS P=P(R,D); IF V=0 THEN THE OUTPUT IS P=F(K,C).
115 INPUT R OR D <0 NOT PERMITTED. ALSO FOR Vze, ABS(D-.5)>.5

NOT ALLOWED. IN SUCH CASES P SET TO -1.
120 LET Pr DENOTE THE PARTIAL DERIVATIVE OF P WITH

RESPECT TO R. THEN Pr=R*S2.
125 ! LET Fk DENOTE THE PARTIAL DERIVATIVE OF F(K,C)

WITH RESPECT TO K. T:EN Fkm(K/C)*S2, C#O.
130 ! IF C=0 THEN Fk= SQR(2/PI)*S2. S2 IS AVAILARBLE

INTERNALLY. ' .
135 I SOURCES: MATH OF COMP APRIL 1961,PP169,173 AND OCT.

1961, PP 375,382. NWL REPORT *1768, JAN. 1962.
140 1 IEEE TRANS. INFO. TH. APRIL 1965, P. 312.
145 PROGRAM IS SET FOR SIX DECIMAL DIGIT ACCURACY.
150' P9(3)-21.3853322378
155 P3(2)-I.72227577e39
168 P9(1)=.316652890658
165 Q9(2)=18.9522572415
170 Q9(I)-7.8437457083
175 R9(5)=7.3738883116
180 R9(4)-6.8650184849
185 R9(3)-3.8317993362
190 R9(2)-.56316961891
195 R9(1)-4.3187787405E-5
208 S9(4)=7.3739608908,
285 S9(3)-15.18490819
210 S9(2)=12.795529509
215 S9(1)I5.3542167949
220 B1.00980805

* 225 S2=0
230 P.O
235 B2=.707106781137
240 IF (R>)=) AND (D>-u) THEN 255

,245 PS-I
2,56 RETURN
255 IF R-0 THENH258
260 IF V.0 THEN 685 - COMPUTE GCEF.
265 RI=R-D
270 AR-SS(RI)
275 IF A<5.386773 THEN 295
280 IF AI<8 THEN 258
285 Put
290 RETURN
295 T-R*D
300 T3*.5*R.R
305 BD.SeDeD
310 Nue

'27
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315 IF T>7 THEN 455
320 'rl=B2*T -I
325 T2=T3*B
330 SS=EXP(-T3-B)
.335 S1=EXP(-B)
340 IF T~' .0005 THEN 355
345 S1.Sl*T3
350 GOTO 36-
355 SI=S1-30
360 S2=SO
365 T0zS1
370 N=N+1
375 MIl/N
380 SOzT2*M*M*SO
385 T'O=B*M*TO-Se
390 ,Sl=SI+T0
395 S2=S2+50
400 IF TIMN THEN 370
4085 IF TOMD THEN 420
410 PSS1
415 RETURN
420 N=N+1
425, MI'/N
430 SO=T2*1-I*M*S.-
435 TO=B*M*TC-S6
440 SI=S1+TO
445 S2=S2+SO
450 GOTO 4G5
455 Tlu2*RBS(T3-D)
460 A-R*B2
465 T3ul'CT+T)
470 T2=SQR(T3)
475 Slu.5*,A1*R1
480 S2uEXP(-S1)
485 SO=..564 1395q3545*T2*S2
490 GOSUD 718,
495 T~u(RD)*92*T2*E
5ee T2=S1*T3
585 T,3=.5*T3
510 SlmTS
515 S2=SO
520 NoN+2
525 MaN-1
530 A=M/H
535 SOOR1T3*Se
540 TOnT 1*SG-T2*R*TG
545 SOuM*So
550 S1uSI.TO
555 S2nS2.SO
560 IF TO-91>0 THEN 520'
565 IF S8-31>6 THEN 580
570 Pu.5*ABS(1+SGN(R1)-S2-ýGN(Rl)*S1)
575 RETURN
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588 N=N+2
585 MUN-1
590 SO=M*P1.T3*SO/N
595 S2=S2+SB
680 GOTO 565
605 IF ABS(D-.5)>.5 THEN 245 !START FOR GCEF.
618 IF R>-5.386773 THEN 285
613 IF D<>S THEN 658
.628 PnB2*R
625 S1=A.R'
630 S2=EXP(-S1)
635 GOSUB 718
6418 PZ-i-
645 RETURN
658 KzR
655 CaD
668 Tz.5/C
665 RaK*(1+C)*T
678 D=K*(1-C)*T
685 GOSUB 265
690 RuK
695 DuC
780 P=RBS(PeP.S2-1)
785 RETURN
710 IF ABS(R)>.5 THEN 725 lEwERFC(R)
715 E-1-A*((P9(1)*S1.P9(2))*S1*P9(3))/((SI+Q9(1))*SI+09(2))
728 'RETURN
725 Es((((R9(1)*RR9(2))*AR9(3))*A+R9(4))*AR9(5))/((((R+S9(1 ))*A.S9(2)

(3) )*R*S9(4) )*S2
738' RETURN
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100 THIS PROGRAM IS CALLED uCI 225 IF T>7 THEN 275 ELSE TI=B2*T
RCVu. IT SUPPLIES TWO FUNCTI -1
OHS: P(R,D), THE CIRCULAR CO 230 T2=T3*B @ S@=EXP(-T3-8) '@ IF
VERAGE T3>.8885 THEN Sl=EXP:.-B)-SO

105 ! FUNCTION OR F(K,C) THE GEN ELSE S1=EXP(-B)*T?.
ERRLIZED CIRCULAR ERROR FUNC 235 $2=$8 0 T@=S1
TION. 248 N=N+l @ N=I/N

110 ! THE INPUT IS R,D.V, WHERE 245 SO=T2*M*M*S@ @ T@=BM**TS-S@
IF V=8 THEN K=R AND C=D. IF 258 S1=T8+S1 @ S2=S2+S8
V*1 THE OUTPUT IS P=P(R,D); 255 IF TI>N THEN 248
IF V=0 268 IF T8>B1 THEN 278

115 ! THEN THE OUTPUT IS F(K,C). 263 P=21 @ kETURN
INPUT R OR D<8 NOT PERMITTED 270 N=N+I 0 M=I/H @ SO=T2*M*M*S@
.ALSO FOR V=e ABS(D-.5)>.5 N @ TS=B*",Tr-S8 * SI=Te+Si @

OT S2=S2+SC @ GOTO 268
'128 ! ALLOWED. IN SUCH CASES P S 275 TI=2tRBS(T3-B) @ R=R*82 @ T7

ET TO -1. =1/(T+T) @ T2=SQR(T3) @ S1=.
125 ! LET Pr=THE PARTIAL DERIVAT 5*Rl*R1

IVE OF P WITH RESPECT TO R. 288 S2=EXP(-S1) I S=.5*T2x1.128
THEN Pr=R*S2. 37916789*S2 @ TS=(R+D)*82*FN

130 ! LET Fk= THE PARTIAL DERIVR E(A)*T2
TIVE OF F WITH RESPECT TO K. 265 T2=SITf3. @ T3=.5*T3 @ S1=TB
IF C*O THEN Fk=(KzC)*S2. @ S2=S"

135 ! IF C=@ THEN Fk=SQR(2/PI)*S 298 H=N+2 e M=N-1 @ R=M'N
2. S2 I HVHILRBLE INTERNALLY 295 SS=A*T3*S@ @ TO=TlZS@-T2*R*T

140 ! PROGRAM IS SET FOR 6-DIGIT 8 @ So=M*So
ACCURACY. 386 SI=S1+T8 @ S2=S2+S$

145 ! SOURCES: MATH OF COMP. APR 385 IF TO-B1>0 THEN 298
IL,1961,PP.169-173 AND OCT. 310 IF S8-81>8 THEN 328
t961, PP. 375-382. 315 P=.5*RBS(I+SGN(R1)-S2-SGN(RI

158 ! SOURCES: HWL REPORT#1768,J )tSl) @ RETURN
AN.1962. IEEE TRANS. INFO. T 328 N=N+2 @ M=N-1 @ SS=M*M*T3*S@
H. RPRIL,1965, P.312. 'N @ S2=S2+S8 @ GOTO 318

155 P9(3)=21.'3853322378 @ P9(2)= 325 IF ABS(D-.5)<=.5 THEN 335
1.72227577839 @ P9(1)=.31665' 338 P=-I @ RETURN
2898658 335 IF R<5.386773 THEN 345

168 Q9(2)=18.9522572415 @ Q9(1)F 348 P=1 @ RETURN-
7.8437457083, 345 IF 0*D THEN 355,

165 R9(5)=7.3738883116 @.R9(4)-=6 356 A=B2*R @ SI=R*R @ S2=EXP(-S1
.8656184849 @ R9(3)=3.83'1799 0 I P=1-FNE(A) @ RETURN

@3362 R9(2)=.56316961891 355 K=R @ C=D 0 T=.5/C 4 R=K*(I+
178 R9(1)=4.3187787485E-5 @ S9<4 C)*T e O=K(I-C)*T

)=7.37396089@8 @ S9(3)=15.18 366 GOSUB 285
498819 @ S9(2)=12.795529509 365 R=K e O=C @ P=RBS(P+P+S2-1)

175 S9(1>=5'.3542167949 378 RETURN
186 81=._8e@805 @ S2=e'@ P=8 @ E 375 DEF FNE(R) ! FNE(R)=ERFC(A)

=0 @ B2=.707106781187 388 IF ABS(R)'>.5 THEN 395
185 IF R>=@ AND D>=O THEN 195 385 FNE=I-R*((P9(,I.)*SI+P9(2))*S1
190 P=-1 @ RETURN +P9(3)')z((S1+Q9(1))*SI+Q9(2)
195 IF R=0 THEN RETURN )
200 IF V=@ THEN 325 398'GOTO 480
205 AI=F-:. tr R=ABS(AI) 0 IF R<5. 395 FNE=<(((R9 t1).R+R9(2))*R+R9(

386777 'HEN 226. 3))÷A+R9(4))*R+R9(5))/<(((A+
218 IF A1<6 THEN P=0 ELSE P=1 S9(1))*R+S9(2))*R+S9(3))*R+S
215 RETURN 9(4)')*S2
228 T=R*D @ T7= 5*PIR B 8= 5*0*0 488 FN END
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ELLCV or ELLCV3

Input: R, F1, K, SI, $2

(H=h,K=k, S1 a, S2 =uy)

Output: P = P(R, h,k, Oq, Gy)

Accuracy: 6-decimal-digits for ELLCV

3-decimal-digits for ELLCV3

EXAMPLES

1) R 5, fi 2, K= 3, ax S1 3, Oy $2 =2 (See Example 3 of POLYCV, page 59)

P = .588490575749 (ELLCV)

P =.588490579217 (ELLCV3)

2) R= 2, R =0, K=3, a', = 2, a = 4 (See Example® for CIRCV, page 26)

P = .215288716038 (ELLCV)

P= .215288754652 "ELLCV3)

3) = 3, fl = 2. K = 2 v,, oa 2,ao, =2 (See Example (Pj for CIRCV, page 26)

P =.209232220601 (ELLCV)

P = .209232478927 (EI.LCV3)

4) f-3, H-0, =.3,,x lay =1/10

P= .997146500681 (ELLCV)

P = .997094451746 (ELL.CV3)

NOTE: The bars on R, H, K are to conform with the discusson in the previous section. As BASIC variables the
bars are deleted.
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100 THIS PROGRAM IS CALLED "ELLCV". IT SUPPLIES
THE ELLIPTICAL COVERAGE FUNCTION:P(R,H,K,SlS2).

105 P DENOTES THE PROBABILITY OF A SHOT, NORMALLY
DISTRIBUTED WITH MEAN (0,0) AND STANDARD

110 I DEVIATIONS S1,S2 iN THE X AND Y DIRECTIONS,
RESPECTIVELY, FALLING IN A CIRCLE IN THE

115 XY-PLANE OF PPDIUS R AND CENTERED AT (H,K). THE
INPUT IS R,H,K,S1,S2. THE OUTPUT IS P.

120 1 PROGRAM IS SET FOR 6-DECIMAL-DIGIT ACCURACY IN P.
125 I ELLCV USES ERFC WITH 9 DIGIT RELATIVE ACCURACY.
130 SOURCES: NWL REPORT #1710, AUG.1960. MRTH OF

COMP. OCT. 1961, PP. 375,382.
135 I INPUT R,IH,K,S1,S2
140 "ELLCV" CONSTRUCTED IN COLLABORATION WITH ALFRED MORRIS.
145 OPTION BASE 1
150 DIM P9(3),Q9(2) R9(5),S9(4),X(43),Y(43)
155 P9(1)=3.16652890658E-1
160 P9(2)u1.72227577839
165 P9(3)-21.3853322378
170 Q9(1)=7.8437457083
175 Q9(2)-18.9522572415
180 R9(1)u4.3197787405E-5
185 R9(2)=.56316961891
190 R9(3)*3.8317993362
195 R9(4)-6.8658184849
200 R9(5)=7.3738883116
205 S9(1)u5.3542167949
210 S9(2)-12.795529589
215 $9(3)-s5.18498819
228 S9(4)-7.3735608908
225 X(1)-.238619186083
230 X(2)-.661209386466
235 -X(3)u.932469514283
240 X(4)=.183434642496
245 X(5)m.525532409916
250 X(6)=.796666477414
255 X(7)=.960289856498
268 X(8)*.125233488511
265 X(9)=.36783,1498998
270 X(18)*.587317954297
275 X(11)n.769902674194
280 X(12)w.90411725637
285 X(10)0.981560634247
290 X(14)u9.50125898376E-2
295 X(15)u.281603550779
300 X(16)o.458016777657
385 X(17)=.617876244403
318 X(18)0.755404488355
315 X(19)o.865631232388
328 X(208).944575023073
325 X(21)u.989400934992
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330 X(22)=7.65265211335E-2
335 X(23)=.227785851142
348 X(24)=.373706088715
345 X(25)=.510867801951
350 X(26)-.636053680727
355 X'27)=.74633198646
360 X(28)-.839116971822
365 X(29)=.912234428251
378 X(30)-.963971927278
375 X(31)-.993128599185
380 X(32)=6.40568928626E-2
385 X(33)=.191118867474
390 X(34)=.315042679696
395 X*(35)u.433793507626
400 X(36)-.545421471389
485 X(37)-.648893651937
410 X(38)-.746124191579
415 X(39>-.820001985974
420 X(4')-.886415527004
425 X(41)-.938274552003
430 X(42)u.974728555971
435 X(43)u.995187219997
440 Y(1)=.467913934573
445 Y(2)*.360761573048

.458 Y(3)u.171324492379
455 Y(4)=.362683783378
460 Y(5)=.313706645878
465 Y(6)=.222301034453
470 Y(7)>.10122853629
475 Y(8)a.249*47045813
486 Y(9)-.233492536538
485 Y(10)=.203167426723
490 Y(11>=.160078328543
495 Y(12,)=.106939325995
500 Y(13)-4.71753363865E-2
505 Y(14)-.189450610455
510 Y(15)-.,182603415045
515 Y(16)-.169156519395
520 Y(1?)-.149595988817
525 Y(18)=.124628971256
530 Y(19)u9.51585116825E-2
535 Y(28)n6.22535239386E-2
540 Y(21)=2.7152459411SE-2
545 Y(22)=.152753387131
550' Y(23)=.149172986473
555 Y(24)..142096109310
560 Y(25)m.13168863e449
565 Y(26)a.118194531962
570 Y(27)n.191930119817
575 Y(28)uS.32767415767E-2
509 Y(29)-6.'2672G483l4AE-2
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t35 Yv30)=4.Z6014298804E-2
5913 Y(31)=1.76148871392E-2
595 ',(32)=.127938195347r
600 Y(33)m.12t3837456347

605 (34)-.121670472928
610 N*35)=.115505668854
615 Y(,aS)=.107444270116
6260 Y(37)=9.7618652I041E-2
625 Y(38)=.086190161532
.630 'i¼39>=7.33464814111E-2
635 Y(40)u5.92985649154E-2
640 Y(41)u4.42774388174E-2
645 Y(42)u2.85313886289E-2
658 Y(43)=.0123412298
655 -A=4.892
660 R1=5.387
665 A2=3.8775
670 R3-5.16
675 31=.564189583548 lvS!2RPI)
680 B-1.41421356237 SQR(2)
685 32=29.80197L9 !B2sA1*A1
690 P='3
695ý Z3=.000801*S1*52
700 IF R*R<=Z3 THEN RETURN
785 H2=H*H+K*K 4

710 D-MRX(S1,S2)
715 T-R-A1I*D
7280 PROCEED TO SEE IF P-0 OR Pui
725 IF T<0 THEN 745
730 IF T*T(H2 THEN 745
735 P-I
740 RETURN
745 H8-RUS(H)
750 K8-ABS(K)
755 IF R-H8.A*S1<=0 THEN RETURN
760 IF R-K8*A*S2<m8 THEN RETURN
76' 'SO-SQR(H2)
770 IF S1<>SZ THEN 796
775 HO-SO
780 K8-0
'785 IF R+R*S1<aHtO THEN RETURN

-,790 IF'SO<-R THEN 910
795 'D-(SO-R)'D
800 IF R*R*EXP(-.5*D*D)>Z3 THEN 918
805 RETURN

810t IF SO3<R.R1*MIN(SI,S2) THEN 910
815 IF HS*K8uO THEN 910
820 H9N48/SI
825 K9-K8'S2
830 DuH9*H9.K9*K9
835 IF D<-32,THEN 910
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484 Z2=R/S2
645 QwS2/S1
850 QiuEQ*Q
855 FuQl*H9*H9.K9*K9
860 ZiuZ2*Z2*F/D
865 Z=D-Zi-B2
873 IF Z<0 THEN 888
875 iF Z*Z-4*Z1*B2>=S THEN RETURN
888 TI=H8*H8+Qi.KB*K8
885 Z8u32*S1*Si*TI/H2.

*890 R2=R*R
* 895 .Y-H2-R2-ZS

980 IF Y<=O THEN 910
985' IF Y*Y-4*R2*Z8>=0 THEN RETURN
910 Zeue! FIND LIMITS OF INTEG~RATION

*915 ZuK8+R3*S2
920 H3uK8-A3*S2
925 SO-Si
938 S9uS2
935 Z=R-Z
948 Di-O
945 IF Z>-0 THEN DI=SQR(Z/R)
950 IF H3>=G THEN 970
955 H~u8
960 E3=1-DI
965 GOTO 980
978 E3=SQR(1-H3/R)-D1
975 H5-1
988 IF Z8<>8 THEN 1828

*985 Z8-1
998 F-E3
995 T=01
18080 ZuH8+R3*Si
1805 H6uH5

*1018 H3uHS-R3*Si
1815 GOTO 935

*1820 IF F>uE3 THEN 10865
1025 E3*F
1830 DIuT
1835 59-SIl
1848 Ze-H8
1845 SO-S2
1850 H8-K8
1855 K8*Z8

*1068 H5uH6
1865. E3*.5*E3 B fEGIN GAUSSIAN INTEGRATION
107'0 N=E3*R*(.34/SS8+1,(.025*ABS(R-<8),5*S9))

ie8O RS-R,.<D*SO
d1085 Ht3=H8/,(s*Sg>

1090 K8uKS,(l*S9)
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" 1895 IF H(2.75 1HEN 1115S~1188 J=31

S1605 HI=12
111 GOTO 1285

* 11!5 IF N<1.35 THEN 1135
1128 J=21

- 1125 NI=1l
1138 GOTO 1205
1135 IF N(.75 THEN 1155'
1148 Ju13
1145 NI-S

"" 1158 GOTO 1205
1155 IF N<.35 THEN 1175
1160 J=7
1165 NI6
1178 GOTO 1285
1175 IF N<.15 THEN 1195
1188 J=3

* 1185 NI-4
"" 1198 GOTO 125

1195 J-0
1208 NI=3
1285 Z=Z3-9

" 1218 YnBI1E3*R8
1215 K9=1.84E-8
1228 H9-1.9999999792
1225 G3-8
1238 MNI+HI
1235 Il-NI
1248 IF KB-B THEN 1415
1245 FOR LlI TO M
1258 IF 1=8 THEN I11
1255 T-E3*,SGH(I)*X(J+ABS(I))÷I)+D1
1268 T9-T*T
1265 TI-RS*<1-T9)
"1278 T20HB-TI
1275 T4a'EXP(-T2*T2)
,1288 IF HS<>S THEN 1295
1285 T4-T4+T4

* "1298 GOTO 1310
1295 IF H5<>0 THEN 1318

* 1388 T2-HS.Tl
* . 1385 T4-T4+EXP(-T2*T2)

1318 IF Z<>8 THEN 1348
"1315 ZIZ2*T.SQR(2-gT9)
1328 KI=KS-ZI
1325 IF RDS(K1)<R2 THEN 1358
1338 IF Kl>B THEN 1395

* 1335 ZaI
, 1340 K5-H9

1345 GOTO 1360
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1350 GOSUB 1568
1355 K5-K3

*1360 K1=KS+Z1
1365 IF K1<82 THEN 1380
1378 K5=K5-K9
1375 GOTO 1390
1380 GOSUB 1568
1385 K5-K5-I(3
1390 G33G34.K5*T4*T*Y(J+RBS( I))

*1395 I=1+1
*1488 NEXT L
*1485 P-Y*G3
-1410 RETURN

1415 FOR Lul TO Mi
1428 IF 1-8 THEN 1=1
1425 T-E3*(SGN(I)*X(J+RBS(I>)+1)+D1
1438 T9=T*T
1435 T1.RS*(1-T9)

*14418 T2=HB-T1
*1445 T4-EXP(-T2*T2)

1450 IF HS<>8 THEN 1465
* 1455 T4-T4'-T4
*1468 GOTO 1488
*1465 IF H5<>@ THEN 1488

1478 T2=HS+T1
1475 T4-T4+EXP(-T2*T2)

* 1488 IF Z<>8 THEM" 1508
1485 K1=Z2*T*SQR(2-T9)
1498 IF K1<R2 THEN 1518
1495 ZEI

*1588 K5-H9
1585 GOTO 1528
1518 GOSUB 1568
1515 K5u2.(1-K3)
1528 G3nG3+K5*T4*T*Y(J+RBS(I))
1525 I-I.1
1530 NEXT L

*1535 P=Y*G3
*1548 RETURN

1545 REM CODY FOR K3uERFC(KI)--9 DIGITS
1558 1 IF KI(u-R2 THEN K3u2-2.88E-8
1555 1 IF K1>nR2 THEN K3=l,94E-8
.1560 IF RBS(KI)>.5 THEN 1580
1565 K4uKI*KI
1578 K31l-KI*( (P9(1 )*K4+P9(2))*K4+P9(3))/( (K4+09(1) )*K4+09<2))

*1575 RETURN
1589 K4wABS(KI)
1590 K3~m((((R9(1)*K4+R9(2))*K4.R9(3))*K4+R9(4))*K4,R9<5))/((((K4+S9

* (1))*K4,S9(2))*K4*S9(3))*K4+S9(4))*EXP(-k1*K1,)
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1680 RETURN
1685 ! K6=1/(K1.K1). NOT USED PRESENTLY--FOR USE WHEN K1>4.
1618 K3-(Dl+K6*( ((V9(1I)*K6+V9(2) )*K6+V9(3) )*KG.V9(4))/(<((KS+W9 I) )*

1620 X7=9 CRUTCHER TAIBLE CHECK
1625 INPUT R,H,K,S1,S2
1639 GOSUB 108
1635 PRINT R;H;K;SI;S2
1640 R4=R
1645 X7uX7,.1
1658 R=R44*(7
1655 GOSUD 699
1668 IMAGE DD.DD,2X,D.DDDDDD
1665 PRINT USING 1660;X?;P
1679 IF P~s.999999 THEN 1645
1675 DEEP
1688 END
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"NSWC TR 83-13
ELLCV3- HP 9845

* 100 THIS PROGRAM IS CALLED "ELLCV3". IT SUPPLIES
THE ELLIPTICAL COVERAGE FUNCTION:P(R,H,K,S1,S2).

"105 I P DENOTES THE PROBABILITY OF A SHOT, NORMALLY
DISTRIBUTED WITH MEAN (0,6) ANI STANDARD

* 110 I DEVIATIONS S1,S2 IN THE X AND Y DIRECTIONS,
RESPECTIVELY, FALLING IN A CIRCLE IN THE

115 X XY-PLANE OF RADIUS R AND CENTERED AT (H,K). THE
INPUT IS R,H,K,S1,S2. THE OUTPUT IS P.

120 I PROGRAM IS SET FOR 3-DECIMAL-DIGIT ACCURACY IN P.
125 ELLCV3 USES ERFC WITH 9 DIGIT RELATIVE ACCURACY.
130 I SOURCES: NWL REPORT #1710, AUG.1960. MATH OF

COMP. OCT. 1961, PP. 375,392.
"135 I INPUT R,H,K,S1,S2
140 "ELLCV3" CONSTRUCTED IN COLLRBORRTION WITH ALFRED MORRIS.
145 OPTION BASE 1
150 DIM P9(3),Q9(2),R9(5),S9(4),X(21),Y(21)
155 P9(1)=.316652890658
160 P9(2)=1.72227577039
165 P9(3)=21.3853322378
170 Q9(1)=7.8437457883
175 Q9(2)=18.9522572415
180 R9(1)w4.3187787405E-5
185 R9(2)=.56316961891
190 R9(3)=3.0317993362
195 R9(4)=6.8650184849
200 R9(5)-7.3738883116
205 S9(1)=5.3542167949
210 S9(2)'12.795529509
"215 S9(3)-15.18490919
220 S9(4)-7.3739608908
"225 X(I)o.238619186083
238 X(2)=.661209386466
"235 X(3)=.932469514203
240 X(4)-.183434642496
245 X(5)-.52553240991,6
250 X(6)-.796666477414
255 X(7)=.960289856498
260 X(9)u.125233408511

*265 X(9)=.367831498998
270 X(16)=.587317954287

- 275 X(11)n.?699026?4194
" 290 X(12)u.90411725637'

;"285 X(13)=.981560634247.
. 290 X(14)u9.50125098376E-2

295 X(15)..281603550779
S300 X(16)m.458016777657

305 X(17)s.617876244403
310 X(1S)a.755404409355
315 X(19)-.865631202388
.320 X(20)in.944575023073

* 325 X(21)i. 999400924992
330 Y(1)'=.467913934573
335 Y(2)-.360761573048
"340 Y(3).1?1324492379
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345 Y(4)=.362683783378

350 Y(5)=.313706645878
355 Y(6)=.222381034453
360 Y(7)=.10122853629
365 Y(8)=.249147045813
370 Y(9)=.233492536538
375 Y(10)=.203167426723
380 Y(11)=.160878328543
385 Y(12)=.106939325995
390 Y(13)=4.7175336385E-2
395 Y(14)=.189450610455
400 Y(15)=.182603415045
405 Y(16)=.169156519395
410 Y(17'=.149595988817
415 Y(18)=.124628971256,
420 Y(19)=9.51585116825E-2
425 Y(20)=6.22535239386E-2
438 Y(21)=2.71524594118E-2
435 A=3.291
440 A1=3.89895
445 R2=2.898
450 A3-3.?
455 D1-.564189583548 ! I/SQR(PI)
460 B-1.41421356237 ' SQR(2)
465 B2-15.2018111 !B2=R1*A1
470 P-0
475 Z3s.001*S1*S2
480 IF R*R(=Z3 THEN RETURN
485 H2=H*H+K*K
490 D=MRX(S1,S2)
495 T=R-AI*D
500 1 PROCEED TO SEE IF P=G OR Put
585 IF T<@ THEN 525
510 IF T*T<t!2 THEN 525
515 PuI
52j RETURN

525 HSuABS(H)
538 KS9R3S(K)
535 IF R-HS+R*S1<-G THEN RETURN

A 546 IF R-KS+A*S2<=6 THEN RETURN
S545 SOSsQR(H2)

550 IF S$1>S2 THEN 578
" 555 HO-SO

566 K=G-
1 565 IF R-HS+R*S1<aO THEN RETURN

5708 IF SB<-R THEN 696,
i 575 D-(S8-R)/D

588 IF R*R*EXP(-.5*D*D)>Z3 THEN 696

585 RETURN
598 IF 3O<R+RI*MIN(SIS2) THEN 698
595 IF HS*KS=O THEN 696
600 H9gH8/S1

* 605 K9=KS/S2

* 44
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610 DaH5*H9,K9*K9
615 IF D/1=82 THEN 698
628 Z2=R/S2
625 QsS2/S1
630 QlmQ*Q
635 F=Ql.H9*H9+K9*K9
648 ZlnZ2*Z2*F/D
-645 Z=D-ZI-32
658 IF Z<8 THEN 668
655 IF Z*Z-4*Z1*32>-S THEN RIETURN
668 TlaHS*H8+Q1*KS*K8
665 ZSuD2*Sl*S1*TI/H2
676 R2uR*R
675 Y-H2-R2-ZS
698 IF Y<-8 THEN 690
685 IF Y*Y-4*R2*Z8>uS THENl RETURN
698. z8=9s FIND LIMITS OF INTEGRATION
695 ZuK8+R3*S2
788 H3nK8-A3*S2
785 SB-Si
718 S9=52
715 Z=R-Z
728 D1=9
725 IF Z>8THEN D1'CnR(Z-'R)
738 IF H3>-8 THEN 758
735 H5=8
748 E3sl-Dl
745 GOTO 760
758 E3-,SQR( 1-HJ'R)-DI
755 H5-1
768 IF zs<>e THEM 8ee
765 Zest
770 FmE3
775 ToDi
798 Z=H8+R3*St
785 H6UNS
798 H3-HO-R3*SI
795 GOTI 715
808 IF F>mE3 THEN 845
885 E3-F,
810 DIUT
815 590Si
828 ZO-HS
825 S8.52
836 H8-K8
835 K8wZB
8418. H5.N6
845 E3=.5*E3 1 BEGIN GAUSSIAN INTEGRATION
858 NnE3*R*(.*34'SO+1/( . 25*AVS(R-K9).5*S9))
855 Z2uR/(BeS9)
860 R8.R/(U*SG)
865 HS*H8'(B*S8)
870 K8.K8/,(D*S9)
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875 IF N<2 THEN 895
880 J-13
885 Ni-S
898. GOTO 945
895 IF N<.675 THEN 915
900 J-7
905 N1=6
910' GOTO 945
915 IF W<.5 THEN 935
Q20 J-3
925 NI-4
930 GOTO 945
935 *J-0
940 N1=3
94!5 ZuZ3-8
958 Y=91*E3*R8
555 K9=.800015
968 H9a1.99997
965 G3we
970 M=NI.N1
975 I-N1
980 IF KS=8 THEN 1160
985 Z3=0
990 FOR Lol TO. f
995 IF Ise THEN I-i
18se TnE3*(SGNcI)*X(JRBS(I ))+1 )+D1
1085 T9-T*T
1010 T1-R8.(1-T9)
1015 T2-HS-TI
1828 T4-EXP(-T2*T2)
1025 IF HS<>G THEN 1404
10383 T4mT4+T4
1835 GOTO 1855
1840 IF H5<>8 THEN 1855
1045 T2mHS.TI
1858 T4nT4.EXP(-T2*T2)
1055 IF Z09 THEM 1085
1868 ZIUZ2*T.SQR,(2-T9)
1065 KI=KS-ZI
WS7 IF RBS(K1)<R2 THEN 1095
1075 IF KI)0 THEN 1100
108e, Zul
1005 KSHN9
1090 'GOTO 1105
18994 GOSUD 130OJ
1100 KS-K3
1185 KI=KS+Zl
1110 IF K1(R2 THEN 1125
1115 K~uKS-K9
1120 GOTO 1135
1123 GOSUB 1305
1130 KS-5K5-K3
1135 G3EG3+K5*T4*TiiY(yRBS(I))
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1148 101+1
1145 NEXT L
1158 PmY*G3
1155 RETURN
1169 FOR Lot TO M
1165 IF 1.8 THEN I-1
1178 T.E3*(SGN(I)*X(J+RBS(1))+1)+D1
1175 T9=T*T
1188 TImRS*(1-T9)
1185 T2uH8-Ti
1 196 T4=EXP(-T2*T2)
1195 IF HB<>S THEN 1218
1288 T.4wT4+T4
1285 GOTCJ 1225
1216 IF H5<>G THEN 1225
1215 T2utH8+T1
1228 T4nT4+EXP(-T2*T2)
1225 IF Z<>9 THEN 1245
12318 KlnZ2*T*SQR(2-T9)
1235 IF K1<R2 THEN 1255
1248 Z-1
1245 K5=H9
1258 GOTO 1265
1255 GOSUB 1385+
1268 K~u2*(1-K3)
1265 G3=G3+K5*T4*T*Y (J.ABS (I))
1273 ImI+1
1275 NEXT L
1280 PnY*G3
1285 RETURN
1298 REM CODY FOR K3-ERFC<KI)--9 DIGITS
1295 ,!IF K1<u-A2 THEN K3uH9.
13898 IF KI>uA2 THEM K30K9.
1385 IF RPS(K1)>.S THEN 1325
1319 K4*KI*KI
1315 K3=1-KI*( (P9(1 )*K4,P9(2) )*K4.P9(3))/( (K4+Q9(1) )*K4.Q9(2))
1328 RETURN
1325 K4-ABS(KI)
1336 K3n((((R9.(1)*K4+R9(2))*K'4,R9(3))*K4.R9<4) ).K4+R9(5))/((((KA+S9
(1))*K4,S9(2))*K4+S9(3))*K4,S9(4))*EXP(-K1*K1)
1335 IF K1<8 THEN K3u2-K3
1340 RETURN
1345 X7=9 CRUTCHER TABLE CHECK
1350 INPUT R,H,K,SI,S2
1355 GOSUR 1088
11368 PRINT R;H;K;S1;S2
1365 R4wR
1376 X7mux7.11
1375 RuR4*X7
1388 GOSUb 476
1385 IMAGE DD.DD,2X,D.DDDD
1398 PRINT USING 1385;X7;P
1395 IF P<=.99999 THEN 1378
1488 DEEP
1405 END 4

.*.*,.. *. ~47



NSWC TR 83-13
ELLCV-HP 85

100 THIS PROGRAM IS CALLED"ELL 285 Xf13)=.98156863424f e X14:=
CV".IT SUPPLIES THE ELLIPTIC 9.50125098376E-2' @ X(15)=.28
AL COVERAGE FUNCTION:P(R,H,K 1603550779 * X(16)=.45801677
,Si,S2) 7657

105 ! P DENOTES THE PROBABILITY 21- X(17)=.6178762444da @ X(18)=
OF A SHOT, NORMALLY DISTRISU .7554e4408355 @ Xý19)=.86563
TED WITH MEAN (0,0) AND STAN 1202388 @ X(20)=.94457502307
DARD 3

110 ! DEVIATIONS $1,$2 IN THE X 215 X(21)=.989400934992 @ X(22)=
AND Y DIRECTIONS, RESPECTIVE 7.65265211335E-2 @ X(23)=.22
LY, FALLING IN A CIRCLE IN T 7785851142 @ X(24)=.37370608 i
HE 8715

115 ! XY-PLANE OF RADIUS R AND C 220 X(25)=.518867b01951 @ XQ(6)=
ENTERED AT (H,K). THE INPUT .636053688727 @ X(27)=.74633
IS R,H,K,S1,S2. THE OUTPUT I '190646 @ X(28)=.839116971822
S. P 225 X(29)=.912234428251 @'X(30)=

120 1 PROGRAM IS SET FOR 6-DECIM .963971927278 @ X(31)=.99312
AL-DIGIT ACCURACY IN P. 8599185

125 ! ELLCV USES ERFC WITH 9-DIG 230 v(2>'= .4A91R928626E-2 @ X(3
IT RELATIVE ACCURACY. 3)=.191118867474 @ X(34)=.31

130 ! SOURCES: NWL REPORT * 1710 5042679696 R X(35)=.43379350
-RUG.1960. MATH OF COMP. OCT 7626

1961, PP. 375,382. 235 X(36)=.545421471389 @ X(37)=
135 OELLCV" CONSTRUCTED IN COL .648093651937 @ X(38)=.74012

LABORRTION WITH ALFRED H. MO 4191579 @ X(39)=.82800198597
RRIS. 4

148 OPTION BPSE 1 240 X(40)=.886415527084 @ X(41)=
145 DIM P9(3),Q9(2),R9(5),S9(4), .938274552003 @ X(42)=.97472

X(43),Y(43) 8555971 @ X(43)=.99518721999
150 P9(1)=.316652898658 @ P9(2)= 7

1.72227577039 0 P9(3)=21.385 245 Y(1)=.46791'3934573-@ Y(2)=.3
3322378 60761573048 @ Y(3)=.17132449

155 Q9<1)=7.8437457083 @ G9(2)=I 2379 @ Y(4)=.362683783378
8'.9522572415 250 Y(5)=.313786645878 @ Y(6)=.2

168 R9(1)=4.3187787485E-5 @ R9(2 22381034453 @ Y(7)=.18122853
)=.56316961891-@ R9(3)=3.031 629
7993362 255 Y(8)=.249147045813 @ Y(9)=.2

165 R9(4)=6.8650184849 R R9(5)=7 33492536538 @ Y(10)=.2031674 .
.3738883116 26723 @ Y(11)=.168078328543

170 S9(1)=5.3542167949 R $9(2)=1 260 Y(12)=.1,06939325995 @ Y(13)=
2.795529509 4.71753363865E-2 @ Y<14)=.18

175 $9(3)=15.18490819 @ S9(4)=7. 9450618455 @ Y(15)=.18268341
37396889e8 5845

190 X(1>=.238619186083 @ 'X(2)=.6 265 Y(16'=.16915'6519395 @ Y(17)=
61289386466 @ X(3)=.93246951 .149595988817 * Y(18)=.12462
4203 @ X(4)=.183434642496 . 8971256.@ Y(19)=9.5158511682

195 X(5)=.525532409916 @ X(6)=.7 5E-2
96666477414 @ X(7)=.96028985 270 Y(26)=6.22535239386E-2 @,Y(2
6498 @ X(8)=.12523J488511 1)=2.71524594118E-2 @ Y(22)=

200 X(9)=.367831498998 @ X(18)=. .152753387131-@ Y(23)=.14917
587317954297 @ X(11)=.769982 2985473
674194 @ X(.12)=.90411725637
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275 Y(24)=-142096109318 @ Y(25)= 415 Z=D-ZI-82 @ IF Z<O THEN 425
.131688638449 @ Y(26)=.11819 428 IF Z*Z-4*ZI*B2>=O THEN RETUR
4531962 @, Y(27)=.18193011981 N
7 425 TI=H8*H8+9I*K8*K8 @ Z8=82*SI

280 Y(28)=8.32767415767E-2 @ Y(2 *SI*TI/H2 @ R2=R*R R Y=H2-R2
9)=6.26720483341E-2 @ Y<30)= -Z8 @ IF Y<@ THEN 435
4.86814298004E-2 @ Y(31)=1-7 439 IF Y*Y-4*R2*Z8>=@ THEN RETUR
6140871392E-2 N

285 Y(32)=.127938195347 @ Y(33)= 435 Z8=0 ! FIND LIMITS OF INTEGR
.125837456347 @ Y(34)=.12167 RTION.
8472928 @ Y(35)=.11558566805 448 Z=K8+R3*S2 e H3=K8-R3*S2 @ S
4 8=S1 @ S9=S2

298 Y(36)=.187444278116 @ Y(37)= 445 Z=R-Z @ 01=0 @ IF Z>8 THEN 0
9'76186521841E-2 @ Y(38)=.88' I=SQR(Z/R)
6198161532 @ Y(39)=7.3346481 459 IF H3>=8 THEN 455 ELSE 45=8
4111E-2 @ E3=1-D1 @ GOTO 468

295 Y(48)=5.92985849154E-2 @ Y(4 455 E3=SQR(1-H3/R)-DI @ H5=1
1)=4.42774388174E-2 @ Y(42)= 460 IFZ8*8 THEN 470
2.85313886289E-2 8 Y(43)=.81 465 Z8=1 @ F=E3 @ T=D1 @ Z=H8+R3
23412298 *S1 @ H6=H5 @ H3=H8-R3*S1 @

380 8=4.892 @ qi=5.387 @ R2=3.87 GOTO 445
75 @ R3=5.16 478 IF F>=E3 THEN 480 ELSE E3=F

385 81=.564199583548 @ B=1.41421 475 DI=T @ S9=S1 @ Z8=H8 @ S8=S2
3516237 @ 82=29.819769 @ ! B2 @ H8=K8 @ KS=Z8 @ H5=H6
=Rl*R1 480 E3=.5*E3

318 Z3=.868681*SI*S2 @ P=@ 485 ! GAUSSIAN INTEGRATION BEGIN
315 IF R*R<=Z3 THEN RETURN S
328 H?=H*H+K*K 498 N=E3*R*(.34/S6+l/(.825*RBS(R
325 D=MAX(SI,S2) -K8)+5*S9))
338 T=R-RI*D 495 Z2=R/(B*S9) @ R8=R/(B*Sg) @
335 ! PROCEED TO SEE IF P=@ OR 1 H8=HC/(B*S6) @ KB=K8/(B*S9)

588 IF N<2.75 THEN 5e5 ELSE J=31
348 IF T<8 THEN 355 @ H1=12 @ GOTO 530
345 IF T*T<H2 THEN 355 585 IF N<1.35 THEN 518 ELSE J=21
358 P=1 @ RETURN @ Nl=le @ GOTO 530
355 H8=RBS(H) @ K8=RBS(K) 518 IF H<.75 THEN 515 ELSE J=13
368 IF R-H8+R*SI<=O THEN RETURN @ N1=8 @ GOTO 538
365 IF R-K8+RtS2<=6 THEN RETURN 515 IF N<.35 THEN 520 ELSE J=7 @
378 SB=SQR(H2) @ IF SI*$2 THEN 3 N1=6 @ GOTO 53880 528 IF N<.15 THEN 525 ELSE J=3 @
375 H8=S8 @ K8=8 @ IF R+R*SI<=H8 N1=4 @ GOTO 538

THEN RETURN 525 J=8 @ H'1=3
388 IF S@<=R THEN 435 ELSE O=(SS 538 Z=@ @ Z3=0 e Y=B:1E3*R8

-P)/535 G3=8 @ H9=1.9999999792 @ K9=
385 IF .R*REXP(-(.5*D0D))<=Z3 TH .6666880104 @ M=NI+N1 @ I=-N

EN RETURN 1
-398 IF S8<R+RlMIN(S1,S2) THEN 4 548 IF K8=6 THEN 635

35 545 FOR L=I TO M
395 IF H8*K8=0 THEN 435 558 IF 1=0 THEN 1=1
480 H9=HB'S1 @ K9B=K8/S2 555 T=E3*(SGN(J)*X(J+ABS(I))+1)+
'485 D=H9*H9+K9*K9 @ IF D<=82 THE DI

N,435 ELSE Z2=R/S2 566 T9=T*T @ TI=R8*(I-T9) @ T2=H
418 Q=S2/S1 8 1=0*0 @ F=QI1H9NH 8-TI @ T4=EXP(-(T24T2))

9+KK*K9 @ ZI=Z2*Z2*F/D
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565 IF H8#0 THEN 570 ELSE T4=T4+ 765 K5=K5*EXP(-eKi*Ki))/((('1<4+S
T4 @ GOTO 580 9(i))*K4+S9(2))*K4+S9(3))*K4

570 IF H5#0 THEN 580 +S9(4).)
575 T2=H8+Ti @~ T4=T4+EXP(-(T2*-62 770 IF'Kl(8 THEN FHQ-2-K5 ELSE F

NH0K5
580 'IF Z#O THEN 605 775 FN END
585 Zi=-2*T*SQR(2-T9) * K1=K8-Z1 780 X7(!=O CRUTCHER TABLE CHECK

598 IF BSi)ATHN18785 INPUT R,H,K,S1,S2
595 IF K1>@ THEN 625 790 GOSUB 188
bOO 7=1 795 PRINT RjH;K'zSlS2
685 K5=H9 @ COTO 615 880 R4=R
610 K5=FNO(KI) 885 X7=X7+.i
615 Ki=K8+Z1 0 IF Ki<A2 THEN K5= 810 R=R4*X7

K5ý-FNO(Ki) ELSE K5=K5-K9 815 GOSUB 310
628 G3=G3+K5*T4*T*Y(J+RBS( ID' 820 IMAGE OD 'D,2XD. DODODO
625 1=1+1 * NEXTL 825 PRINT-USING 820 ; X7;P
638 P=Y*G3 @ RETURN 838 IF P<=.999999 THEN 885 ELSE
635 FOR L=1 TO) M BEEP
648 IF I=@ THEN 1=1 835 END

DI
658 T9=T*T @ Ti=R8*(i-T9) @ T2=H

8-Ti @ T4=EXP('-<T2*T2))
655 IF H8#@8THEN, 665
668 T4=T4+T4 @ COTO 675
665 IF H5#0 THEN 675 ELSE T2--zH8+

Ti
670 T4=T4+EXP(-(T2*T2))
675 IF Z*8 THEN 698
680 Ki=Z2*T*SGR(2-T9) @ IF Ki<R2

THEN K5=2*(I-FNO(Ki)) @ GOT
o 695

685 Z=i
698 K58H9
695 G3=G3+K5*T4*T*Y(j+RBS( I))
708 1=1+1 e NEXT L
785 P=Y*G3
718 RETURN
715 REM CODY FOR FN8=K3=ERFC(KI)

78!IF Ki<=-R2 THEN FNO=H9.
725 !IF Ki>=02 THEN FHO=K9.
738 DEF FNO(K1)
735 IF ABS(Ki)> 5 THEN 755
740 K4=Ki*Ki
745 FNO=1-Ki*((P9(1)*K4+P9(2)).*K

4+P9(3))/( (K4*Q9(t))*K44Q.9(2

758 COTO 775
755 K4=RBS(Ki)
768 K5=(((R9(1)XK4+R9(2))*K4.R9<

3) )*K4+R9(4) )*K4+R9(5)
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180 THIS PROGRAM IS CALLED "EL 195 1' ,7.=.617876244483 F xeI:>=
LCV3. IT SUPPLIES THE ELLIPT .755404408355 @ Xr19)=.86563
ICRL COVERAGE FUNCTION:P(RH 1202388 @ X(20)=.94457582307

..k, S1, S2) 3. b 77
t5, P DENOTES THE PROBABILITY 280 X(21)=.989480934992

OF R SHOT, NORMALLY DISTRIBU 205 Y(I)=.467913934573 @ Y(2)=.3
TED WITH MEAN' -8,8). AND STAN 60761577748 @ Y(3)=.17132449 -.

DARD 2379 e Y<4)=.362683783378
118 ! DEVIATIONS SI4,2 IN 'THE X 218 Y(5)=.313706645878 @ Y(6)=.2

AiD Y DIRECTIONS.. RESPECTIVE 22381.834453 @ Y.7)=-10122853
LY,FRLLING IN A CIRCLE IN TH 629
E XY-PLANE 215 Y (:8)=.-49147045813 e Y(9)=.2

115 1 OF RR9IUS R AND CENTERED R 33492536538 @ Y(10)=.2031674
T (HK). THE OUTPUT IS P. 26723 @.Y(11)=.166878328543

128 ! THE PROGRAM IS SET FOR 3-0 228 Y(12)=.186939325995 @ Y(13)=
ECIMAL-DIGIT ACCURACY IN P. 4.7'1753363865E-2 @ Y(14)=.18

125 ! ELLCV3 USES ERFC WITH 9-01 945e6-10455 @ Y(15)=.18260341
GIT RELATIVE ACCURACY. 5845F

130 ! SOURCES" HWL REPORT *1718, 225 Y(16)=.169156519395 @ Y(17)=
AUG.1968. MATH OF COMP. OCT .149595988817 @ Y(18)=.12462

.1961, PP. 375-382. 8971256 4 Y(19)=9.5158511682
135 1 OELLCV3" .CONSTRUCTED IN CO 5E-2

LLABORRTION WITH ALFRED H. M 238 Y(28:)=6.22535239386E-2 @ Y(2
OpRIS 1)=2..71524594118E-2

148 OPTION BASE 1 235 R=3.291 @ 0i=3.89895 @ f2=2.
145 DIM P9(3),Q9(2).,R9(5),S9(4), 898,9 A3=3.7

X(21),Y(21) 249 B1=.564189583548 @ B=1.41421
150 P9(1)=.316652898658 @ P9<2)= 356237 @ 82=15.2818111 @ ' B

1.72227577039 @ P9(3)=21.385 2=A1*A1
3322378 245 Z3=.081*SI$S2 @ P=9

155 89(.1)=7.8437457083 @ Q9(2)=l 250 IF R*R<=Z3 THEN RETURN
8.9522572415 255 H2=H*H+K*K

168 R9(l>=4.3187787485E-5 @ R9(2 268 D=MRX(SI,S2)
)=.56316961891 @ R9(3)=3.831 265 T=R-RI*D
7993362 278 ! PROCEED TO SEE IF P=@ OR 1

165 R9(4)=6.8658184849 @. R9(5)=7 275 IF T<8 THEN 285
.3738883116 288 IF T*T>=H2 THEN P=l e RETURN

178 S9(1'=5.3542167949 @ S9(2)=1 285 H8=ABS(H) @ K8=RBS(K)
2.795529509 @ S9(3)=i5.18490 290 IF R-H8+R*SI<=8 THEN RETURN
819 @ S9(4)=7.3739688908 295'IF R-K8+q*S2<=e THEN RETURN

175 X(I)=.238619186083 e X(2)=.6 386 SO=SQR(H2) @ IF S1*$2 THEN 3
61209386466 @ X(3)=.932.46951 18
4283 @ X(4)=.183434642496 385 H8=S8 @ K8=6 @,IF R+A*SI<=H8

188 X(5)=.525532489916 @ X(6)=.7 THEN RETURN
'96666477414 @ X(7)=.96028985 318 IF SS<=R THEN 365 ELSE D=(SO
6498 @ X(8)=.125233488511 -R)/D

185 X(9)=.367831498998 @ X(18)=. 315 IF R*R*EXP(-(.5**O))<=Z3 TH
587317954287 @ X(11)=.769902 ,EN RETURN
674194 @ X(12)=.90411725637 320 IF SO<R+RI•NIN(Sl,S2) THEN 3

198 X(13)=.981568634247'@ X(14)= 65
9.50125898376E-2 @ X(15)=.28 325 IF HSKS=S THEH 365
1683550779 @ X(16)=.45881677 338 H9=H8/S1 e K9=K8/S2
7657 335 D=H9*H9+K9*K9 @ IF D<=82 THE

N 365 ELSE Z2=R/S2
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NSWCTRR193-13
ELLCV3 - HP 85

34@ Q=S2zS1 @ 91=9*L@ @ F=Ql*H9*H 500 T2=H8+Tl @ T4=T4+EXP(-T2*r2
9+K9*K9 @ Z1=Z2C-*Z2*F/D :

345 2=D-Z1-82 @ IF 7<0 THEN 355 505 IF Zt8 THEN 530
350 IF Z*Z-4*Z1*82>=O THEN RETLIR 510 ZI=Z2*T*SQR(2-T9) @ Kl=K8-Z1

H 515 IF Kl<R2 THEN 535
3~55' 1'1=H8*H8+Q1*KS*K8 @ ZS8B2.*S1 528 IF Ki>rd THEN 550

*S1*Tl/H2 @ R2=R*R @ Y=H2-R2 525 Z=l
-Z8 & IF Y<@ THEN 365 530 K5=H9 @~ GOTO 540

368 IF Y*Y-4*R2*Z8>=8 THEN RETUR 535 K5=FNR(K1)
N 540 Kl=K8+Z1 @'IF K1KA2 THEN K(5=

* 365 Z8=0 ! FIND LIMITS OF INTEGR K5-FNR(K1) ELSE K5=K5-K9
ATION 54ij G3=G3+K5*T4*T*Y(J+A8S(I))

370 Z=K8+R3*S2 @ H3=K8-R3*S2 @ S 558 I=I+1 @ NEXT L
8=S1 @ S9=S2 555 P=Y*G3 @ RETURN

375 Z=R-Z @~ DI=e @ IF Z>8 THEN D 560 FOR L=l TO M
1=SQR(Z/R) 565 IF 1=0 THEN 1=1.

380 IF H3>=@ THEN 385 ELSE E3=1- 578 T=E3*(SGN(I)*X(J+RBS(I))+1)+
Dl @ H5=0 @GQTO 390 Dl

385 E3=SQR(1-H3'/R)-Dl @ H5=1 575 T9=T*T R TI=R8*(l-T9) @ T2=H
398 IF Z8#0 THEN 408 8-Ti @ T4=EXP(-(T2*T2))
395 Z8=1 @ F=E3 @ T=01 @ Z=H8+R3 588 IF H8*0 THEN 590

*S1 @ H6=H5 @ H3=H8-03*S1 @ 585 T4=T4+T4 @ GOTO 600
*GOTO 375 590 IF H5#0 THEN 600 ELSE T2=H8+
* 408 IF F>=E3 THEN 410 ELSE E3=F TI

4e5 D1=T * Z8=H8 @ S8=S2 @ S9=S1 595 T4=T4-'EXP(-(T2*T2))
@ H8=K8 @,K8=ZS @ H5=H6 600 IF 2*0 THEN 615

-: 418 E3=.5*E3 605 K1=Z2*T*SQR(2-T9) @ IF Kl<A2
415 ! GAUSSIAN INTEGRATION BEGIN THEN K5=2*(1-FNR(K1)) @ GOT

S 0 628
* 428 N=E3*R*(.34zS@+1'(.025*RBS(R 610 Z=1
*-K8)+5*S9)) 615 K5=H9

* 425 Z2=Rz(B*S9) @ RS=R'(B*S0) 620 G3=G3+K5*T4*T*Y(J+RBSUI))
H8=H8/(B*Se) @ K8=K8'(B*59) 625 I=1+1 @ NEXT L

* 430 IF N<2 THEN 435 ELSE J=13 @ '630 P=Y'*rW3 @ RETURN
N1=8 @ GOTO 458 635 REM CEJOY FOR FNR=K3=ERFC(K1)

435 IF N<.675 THEN 440 ELSE J=? -9-DIGITS.
@ Nl'=6 @ GOTO 450 640 !IF K1<=-R2THEN FHR=H9. IF

448 IF N<.5 THEN 445-ELSE J=3 eKI>A2 THEN FNA=K9.
N1=4 @ GOTO 458 645 DEF FNR(K1)

* 445 J=e @ N1=3 658 K5=8 @ IF RBS(KI)>.5 THEN 67.
458 7=0 @ Z3=0 @ Y=BI*E3*R8 08
455 K(9=.000015 @ 149=1.99997 .655 9(4=9(1*K(1
460 G3=e @ M=N1+Nl @ I-NI 668 FNA=1-K1*((P9(1):K4+P9(2))*K
465' IF KS=@ THEN 5610' 4+P9(3),'(<K4+Q9(1))*K4i09(2
470 FOR L=1-TO M
475 IF 1=0 THEN 1=1 665 GOTO 690
488 T=E3*(SGN(I)*X(J+ABS(l))+i)+ 678 K4=RBS(K1)

*DI 675 K5=(((R9(1>*K4+R9(2))*K4+R9(
485 T9.=T*T @ T1=RB*(1-T9) @ T2=H 3.))*K4.R9(4)*K4+R9s5

488-Ti @ T4=EXP(-(T2.*T2:) 680 K5=K5'((((K4+S9(1))*K4+S9(,2)'
40IF H8*0 THEN 495 ELSE T4=T44- )*K4+S9(3))*K4+S9(4))*EXP(-(

T4 @ GOTO 585 K1*Kl))
495 IF H5*e THEN 585 685 IF K1<8 THEN FNR=2-K5 ELSE F

Nfi-K5
.690 FN END
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NSWC TR 83-13

POLYCV

Input: (Data Statement for HP-9845) P8, P9, MX, MY, C, Sx,. SY, N

(Data Statement for HP-85) P8, P9, M1, M2, C, SI, S2, N

(Mx, My) or (M1, M2) - mean of the normal distribution

c = correlation coefficient (contained in C)

SX, S or S I, S2 =- standard deviations ox and oa

N = 1, K = 3 - probability desired over a single angular region A L Vertex of A I is
always given by (xj, yj). Points (x2, Y2), (xý, Y3) are given in counterclockwise
order about the vertex. POLYCV sets K = 3.

N = K > 3 - probability desired over a polygon E. Vertices are specified in counter-
clockwise order. POLYCV sets K = N.

P8 is used to specify how the coordinates of the points defining E or A l are stored. If
P8 = 0, then xj, yl, -- XK, YK are stored consecutively in data' statements im-
mediately following the initial data statement above. POLYCV then stores xj in
array element X(J) and yj in array element Y(J). If PS * 0, then it is assumed by
POLYCV that the points are already stored in arrays X(*), Y(*). This is useful if
the points are machine generated.

P9 is used to specify what output is desired is indicated below.

"Output: P, A, W, II are always given as part of the output if N > 3. For N I, P and I1 are

"given.
"" P probability from a normal correlated bivariate distribution over an arbitrary polygon

E or an angular region A 1.

* A EareaofE. lfN l, then A is set to zero.

W winding number of E. For simple polygo s, W.= 1. If N 1, W is set to zero. W is
contained in W i.

I I Error and lnfc.rmation Parameter:

I1 0 0, output acceptable.

SI. = -1, angular region Al, N I, may ot be well-defined. The angular measure
' of A I is close to 0 or 27r. A result fo P is given.

11 = I, angular region A l, N = i, is not well-defined, i.e., at least one of the two
points (X 2 , Y2), (x3, Y3), is too close to (x1, y1 )- Input unacceptable. P is set
to -5.
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NSWC TR 83-13

I 1= 2, two consecutive segments of E overlap. Output is O.K.

i1 = 3, the correlation coefficient, c, contained in C, does not satisfy I cl 1.
Input is unacceptable. P is set to -5.

P9 = 0, no additional output besides the above is given.

P9 = I, the x, y coordinates oi the vertices of E or the points of A l are listed.

P9 < 0, a plot of E or A I is given.

"P9 > 1, both a listing of the x, y coordinates and a plot of E or Al are given.

Accuracy: P given correctly to approximately 9-decimal digits.

56
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POLYCV HP-9845

P8. 0 P9= 2 Mx-.5 My= e C= 8 Sx= 1 Sy= 2 N= 11

"X( I )- a Y( I )= 0
X( ? )- I Y( 2 )= I

I X( 3 = e Y( 3 )= 2
"X( 4 )a-1 Y( 4 )= 2
"X( 5 )z 0 Y( 5 )1 1
X( 6 )w-2 ,( 6 )n 0
X( 7 )--1 Y( 7 )- 0
X( 8 )a 8 Yý 8 )=-I-
X( 9 )=-1 Y( 9 )=-I
X( 18 )z 0 Y( 18 )s-2
X( 11 )a 1 Y( 11 )z 0

P' .26421465361 Ra 4.5 W" 1 I1l 8

P-.26421465361 R-4.5 W-1

WY

2I.

!1

j-1

-2 S

....-... . .-.. 5.
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POLYCV-HP 9845

P8w 0 P9-'2 Mxu .5 My-" C- S Sx= 1 Sy= 3 N= 18

X( 1 )--3 Y( I )- 4
X( 2 )n-3 Y( 2 )u-3
X( 3 )a 4 Y( 3 )z-3
X( 4 )=-I Y( 4 )= 2
X( 5 )m 2 Y( 5 )--1
X( 6) 4 Y( 6) 1
X( 7 )0 Y( ) 1
X( 8 ) Y( 8 )w-2
X( 9 )a-2 Y( 9 )- 6
X( 18)-i I Y( 18 )-.a

P. .48616638044 An 27 W" 2 Ila 2

P-.40616638044 R-27 W-2

Y
S4 . . . . . .'.•

2

1.5

q N10

-.5

-3

-3 I I I i a ,,I I I .' J

I I•
.4.

58,
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NSWC TR 83-13

POLYCV-IHP 9845

PS= 1 P9- 2 Mx- a My= 8 C= 8 Sx= 3 Sy= 26 N 12

X( I ) 7 7 Y( 1 ) 3
X( 2 )- 6.33012781885 Y( 2 )- 5.5
X( 3 )z 4.49999999987 Y( 3 )- 7.33012781885
X( 4 )w 1.99999999988 Y( 4 )- 7.99999999981
X( 5 )=-.50000000001 Y( 5 )= 7.33012701861
X( 6 )=-2.33012701873 Y( 6 )- 5.49999999966
X( 7 )=-2.9999999996 Y( 7 )- 2.99999999976
X( 8 )=-2.33812781838 Y( 8 )z .49999999999
X( 9 )=-.49999999946 '(C 9 )=-1.33012781861
X( 18 )w 2.000888008035 Y( 18 )=-1,99999999939
X( 11 )x 4.5 Y( 11. )a-1.33812781815
X( 12 )x 6.3381278185 Y( 12 )= .58888888874

Pm .56768766783 A- 74.9999999898 Wu I ts 8

P-.56768766703 A-74.9999999898 H=1
Y

5.5

3

.5, 2

-2 1x
(Y) LnCUjU N-

59
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POLYCV- HP 9845

PS= 8 P9= 2 Mxm 0 My= 0 C= .5 Sx= I Sy= 2 Nn 1

X( 1 )w 1 Y( I )= 1
X( 2 )m 1.5 Y( 2 )m 2
X( 3 )= 2 Y( 3 )a .5

Pm .95617907488 A= 0 W= 8 I11 8

P-.95617907488 R=O 6mO
Y

2

1.5

1, I

.5 -- x

60
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POLYCV-HIP 85

IHPUT: 8 2 -. 5 8 0 1 2 11

X( 1 )=0 Y( 1 )=8
X( 2 >= 1 Y( 2 )= 1
X( 3)= Y( 3 2
X( 4 )=-I Y( 4 2
X( 5)= Y( 5)=
X( 6 )=-2 Y( 6 )=8
X( 7 )=-I Y( 7 )
X( 8 )= 8 Y( 8 )=-1
X( .9 )=-1 Y( 9 )=-1
X( 18 )= 8 Y( 18 )=-2
X( 11 )1 Y( 11)=

.264214653623 4.5 1 8

N I

N -)
Ch to
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POLYCV-HP 85

INPUT: 8 2 .5 1 8 1 3 10

X( 1 )=-3 Y( 1 )4
X( 3 )=4
X( 3-4 Y(4)X ( 4 )=-I Y4 )=2

X( 5 )=2 Y( 5 )=-I
X( 6 )4 Y( 6 )= 1

X( 9 )=-2 Y( 9 )=
X( I8 )= I Y( 18 )=-

.48616638881 27 2 2

,.* (,.a' Q 0 C

(-

C-u
Am3

" Z N

62=

I " i62
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POLYCV- HP 85

INPUT: 1 2 8 8 8 3 2 12

X( 1 )= 7 Y( 1 )p 3
X( 2 )= 6.33012701893

Y( 2 )= 5.5
X( 3 )= 4.580080e@981

Y( 3 )=
7.33012781893

X( 4 )= 2 Y( 4 )= 8,
X( 5 )-. Y( 5 )
7.33812781893

X( 6 )=-2.33012781893
Y( 6 )

5.58808088801
X( 7 )=-3 Y(,7 ) 3
X( 8 )=-2.33012701893

Y( 8 ) .5
X( 9 )=-.50880808381

Y( 9 )=
-1.33812781893
X( 18 )= 2 Y( 18 )=-2
X( 11 )= 4.5 Y( 11 )-
-1.33812701893
X( 12 )= 6.33812701893

Y( 12 )
.49999999999

.567687666698 75 1 0

7

CAP

L4c
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POLYCV- HP 85

INPUT : 0 2 0 0 5 1 2

X( .1 s=-j Y( 1 )=-.5
X( 2 )= 0 Y( 2 )=-1
Xr. 3 )=-.5 Y( 3 = .5

483248792488 8

4LL

Q-

"coI

III I

m

II

x

64
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POLYCV- HP 9845

1008 THIS PROGRAM IS CALLED "POLYCV". IT SUPPLIES
THE PROBABILITY P OF A SINGLE SHOT, NORMALLY

185 DISTRIBUTED IN THE XY-PLANE WITH MEAN (Mx,My)
STANDARD DEVIATIONS Sx,Sy AND CORRELATION

1180 COEFFICIENT C, FALLING IN AN ARBITRARY POLYGON
E OR IN R SEMI-INFINITE ANGULAR REGION Al IN THE

115 I PLANE. E IS SPECIFIED BY K POINTS (X(J),Y(J)). FOR J=
1 TO.K. Al IS SPECIFIED BY 3 POINTS (X(J),Y(J)) WITH

128 N=1 AND THE VERTEX OF Al GIVEN BY (X(l),Y(l)). THE
POINTS MUST BE GIVEN IN COUNTERCLOCKWISE ORDER.

125 THE INITIAL INPUT IS:P8,P9,Mx,My,C,Sx,Sy,N. IT IS STORED
AS DATA BEGINNING AT 2006.. IF N=K>=3

138 I THEN THE INPUT SPECIFIES n POLYGON E. IF N=1 (WITH
K=3), THEN AN ANGULAR REGION Al I3 GIVEN.

135 ! IF P8=0, THEN THE COORDINATES X(J),Y(J), FOR J=I TO K,
ARE STORED IN DATA STATEMENTS IMMEDIATELY FOLLOWING

148 0 THE INITIAL INPUT DATA STATEMENT. POLYCV STORES THEM IR
ARRAYS X(*),Y(*). IF P8#*, THEN IT IS ASSUMED THE VERTEX

145 I COORDINATES ARE ALREADY STORED IN THE ARRAYS X(*),Y(*).
THIS IS USEFUL IF THE VERTEX COORDINATES ARE MACHINE

'158 ! GENERATED. P IS GIVEN TO NINE DECIMAL-DIGIT-ACCURRCY.
155 IF P9>=1 THEN LIST X(J),Y(J). IF P9>1 OR <0 THEN PLOT E

OR Al. IF P9=8 THEN NO PLOT OR LIST.
168 THE OUTPUT IS:' P,A,W,II, WHERE A CONTAINS THE AREA

OF E, WI CONTAINS THE WINDING NUMBER W OF E, AND I1
165 ! IS AN ERROR INDICATOR. IF II=8 OR 2 THEN THE OUTPUT IS

ACCEPTABLE. IF 11 =1 OR -1, THE ANGULAR REGION Al MAY NOT
178 ! BE WELL-DEFINED. IF 11=I THE VERTEX AND ONE OF THE OTHER TWO

POINTS MAY BE TOO CLOSE TO EACH OTHER. IF Il--I, THEN THE
175 I MEASURE OF Al IS CLOSE TO 0 OR 2PI.
ISO ! IF 11a2 T HEN TWO CONSECUTIVE SIDES OF E OVERLAP. OUTPUT IS O.K.

IF 11=3 THEN C*C>u1. IF 11=1 OR 3 THEN P SET TO -5.
185 ! SOURCES: NSWC/DL REPORT #3886,SEPT. 1978. NSWC/DL REPORT*80-166,

JUNE,1980. SIAM JN.SCI.STAT.COMPUT.,JUNE 1980,PP.179,186.
190 ! SIAM JN.'SCI.STAT.COMPUT.,DEC,1982, PP. ?.
195 ' X(J) AND Y(J) DIMENSIONED AT 90. IF MORE POINTS ARE

NEEDED TO SPECIFY E THEN MAKE CHANGES AT LINE 280.
200 DIM X(90),Y(9O),U1(15)
205 Ul(1).4. 08335517232E-7
218 UI(2)u-9.718648G416E-6
21t U1(3)l.O857875?4481E-4
220 'Ul(4)--7.842682433O9E-4
225 UI(5)s3.24944543171E-3
230 U1(6)m-1.12323532148E-2
235 UI(7)s3.09199295521E-2
240 UI(8).-?. 14909837SE-2
245 UI(9)-.145868043403
258 UI(18)u-.265638286366
255 UI(11u).442851899329
260 U1(12)--.666626670511
265 U1(13)=.886223733187
270 UI(14).-.999999S99776
275 U1(15)m.886226924931
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NSWC TR 83-13
POLYCV-HP 9845

288 Z9=1. 12837916709
285 R1=2.71E-19
290 A2=1.34E-6
295 R4=7.311E-4
300 R2=19.201924
305 R1*.564189583546!1SQ(I
318 R3=4.9E-27
315 T7=3. 14159265359
328 R4-. 159154943092
325 T9=1.14472988585
330 R6=. 28209479177
335 T8=7E-12
348 A7=3.2625E-11
345 'INPUT: PS,P9,Mx.My,C,Sx,Sy,N,Y(J),Y(J) (J=1 TO K)
358 READ PS,P9,mx,My,C,Sx,Sy,N
355 EXIT ALPHA
368 EXIT GRAPHICS
365 PRINT "P-;8"9"P;Mn!x*Ymty,"=**Sz';~;jyUS;f=;
370 PRINT
375 C7=1-CtC
380 IF C7>0 THEN 485
385 11-3
390 P--5

395 PRINT *I1.m;3;"Pnu;5
488 RETURN
485 C7-SQR(C7)
410 K=3
415 IF N<>1l THEN K-N
428 FOR Jul TO K
425 IF P8.8 THEN READ X(J),Y<J)
430 IF P9>uI THEN PRINT "X(";J;u).w;X(J);TAB(25);HY(H;J;u)-"Y(J)
4343 NEXT J
448 IF (P9>1) OR <P9<8> THEN 1500
445 FOR Jul TO K
458 Y(J)U(Y(J)-tly)/Sy
455 X(J)=((X(.J)-Mx).ýSx-C*Y(J))'C7
4,50 NEXT J
465 X(K.1)wX(1)
470 Y(K+1)=Y(t)
475 P.O
480 11 u0
485 Rue
490 K1=8
495 Kul
500 IF N<>1 Ti4EN 558
585 x1sx(1)
510 Y1WY(1)
515 X(3)=X(1).X(1)-X(3)
520 Y(3)uY(1)+.Y(1)-Y(3)
0.25 U=X(2)-X(1)
530 VuY(2)-Y(1)
535 bWuX(1)-X(3)

)66



NSWC TR 83-13
POLYCV -HP 9845

545 COTO 598
558 Y1=Y(N+1)
555 X1=X(N+1)
566 U=X(2>-X(1>
565 V=Y(2)-YCI)
578 X1=X(1)
575 Y 1=Y (4)
588 W=X(1)-X(N)
585 Z=Y(1)-Y(N)
596 fl1=W*W+Z*Z
5c% IF DI>R THEN 626
688 IF N=1 THEN 1378
685 N=N-1
610 IF N=2 THEN 1175
615 GuaO 588
628 D2=U*U+V*V
625 IF D2>R3 THEN 665
638 IF N-i THEN 1378
635 K-Kid
64k3 U=X(K+1)-X1
645 V=i'(1C+1)-Y1
656 flZ-u*U+V*V
655 IF fl2<=R3 THEN 635
668 IF K-N-i THEN 1175
665 R-x:*(Y(K+1)-Y(N))
678 31=SQR(2*D1)
675 32=SQR(2*D2)
688 P2=Y*W-U*Z
685 C1=u*w+v*Z
698 GOSUB 1398
695 K1=K1+AS
788 L-0
785 3-.5*(X(K>*X(K)*Y(K)*Y(K))
718 IF 3>Al THEN 738
715 C2=0
728 P1-AS*R4-CZ
725 COTO 1.145
736 Cla(W*X(K)+Z*Y(K) )'B1
735 GZ-(U*X(K).V*Y(K))-'32
748 HI.(Z*X(K)-W*Y(K),)/B1
745 H2(<V*X(K)-U*Y(JC))/32
758 IF ADS(P2)>2*B1*B2*A7 THEN 830
755 IF Ci<8 THEN 788
768 IF RBS-(AS><-T8 THEN 778
765 IF G1<8 THEN 838
778. P1-8
775 COTO 1145
788 11=2
785 IF P2<8 THEN 818
79,8 H-HZ
795 GOSUB 1435
880, Pl-.5*E1
885 GOTO 11.45
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810 HuHt
815 GOSUD 1435

". 820 P1=-(.5*Ei)
8 825 GOTO 1145
830 IF B<=R2 THEN 1050

'- 835 IF GI<O THEN 900
840 IF G2>=8 THEN 1090

-. 845 G2=-G2
"850 H2=-H2
855 IF RBS(H2)<=R4 THEN 880
860 H--H2

"N 065 GOSUB 1435
870 L=.5*E1
875 GOTO 1060

"" s88 La.5+RI*H2
"885 GOTO 1060

" 890 L=.5-RI*HI
-895 GOTO 1060

900 Gi--Gi
905 Hi--Hi

"- 910 IF G2<0 THEN 940
. 915 IF RBS(HI)<-A4 THEN 890

920 H=Hi
925 GOSUB 1435
930 L=.5*Ei
935 GOTO 1060
940 G2--G2

* . 945 H2=-H2
* 950 IF RBS(Hi)<-R4 THEN 1815
. 955 IF RBS(H2)<=R4 THEN 995

960 H-Hi
965 GOSUB 1435
970 L=.5*Ei
975 H=H2

". 980 GOSUB 1435
-. 985 L=L-.5*E1

"990 GOTO 1090
" 995 H=HI

1800 GOSUB 1435
, 1005 L=RI*H2-.5*(1-EI)
* 1010 GOTO 1090
- let5 IF RBS(H2)<-R4 THEN 1040

1020 H-H2
,"1025 GOSUB 1435
-1030 L=.5*(I-EI)-RI*H1

1035 GOTO 1690
* 1040 LIkI*(H2-H1)

1045 GOTO 1090
1050 C2nR6*(H2-HI)-R4*(G2*H2-GI*Hl)
1055 GOTO 720
1060 P2=-P2
1065 IF P2<-O THEN 18085
1080 L=L-1
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1075 R5=T7+RS
10889 GOTO 1098
1085. A5=R5-T7
1898 IF B>uR2 THEN 1148
1895 C3uA5
1188 C4m.5*R5
11a5 M=l5
1119 F-0
1115 A6=H2-HI
1120 C5-A6

*1125 GOTO 1318
*1138 PluLEXP(-(B.T9))*(C4-S2)

1135 GOTO 1145
1148 P1aL
1145 IF K<>N THEN 1235
1150 IF H<'>1 THEN 1198
1155 PURBS(PI)

* 1160 IF KOS8 THEN PuRDS(1-P)
1165 C4=W1S8
1170 IF RBS(K1)<1E-11 THEN 11.-i
1175 PRINT
1180 PRINT WP=";P;"IluN;I1
1185 GOTO 1485
1198 PoP-P1
1195 KI-KI4R4
12808 R.5.R
1205 IF K1<8 THEN 1220
1216 W1=INT(KI+.1>-
1215 GOTO 1225
1220 WIUINWT(K1*.9)

1238 GO)TO 1470
1235 W=UU
124e ZuV
1245 D1.B2
1258 X1*X(K41)

d1255 YI*Y(K*1)
1268 Y2&Y(K)
1265 K=K*1
1278 U=X(K+1)-X1
1275 VUY(K.1)-YI

*1288 D2='U*UiV*V
1285 IF D2<aR3 THEN 1265
1298 B2=SQR(2*D2)
1295 PuP-P 1
1380 AnA.XI.(Y(K.1)-Y2)

*1385 GOTO 688
1318, S2=U1(M)*A6
1315 MzM-1
1320 H2nH2*G2
1325 H1-H1.G1
1330 TxH2-H1
1335 FnF+D
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1340 C6=(F*C3.T)/(16-M)
1345 S2-S2+U1(M)*C6
1358 IF Mal- THEN 1138
1355 C3-C5
1368 C5=C6
1365 GOTO 1315

130 P--5
1375 11=1
1388 PRINT-11-;1;*P-n;-5
1385 RETURN
1398 IF ABS(CI)<-RDS(P2) THEN 1415 '!A5=RRCTRNGENT(P2/C1), (-PT.,P13.
1395 IF (Cl(S) AND <P2=0) THEN 1425

14015 -TNP/l

1428 RETURN

1425 A5uT7i1438 RETURN
1435 El-S 1 EI=ERFC(H)
1448 C4RBDS(H)
1445 IF C4>-4.4 THEN 1468
1450 Eu( (C( (C( ( ((UI (1)*C4+UI (2) )*C4.UI (3) )*C4+U1 (4) )*C4+,s .5) )*C4+U1
(6) )*C4,U1(7))*C4.U1(8))*C4,U1(9))*C4,U1(10))*C4+U1( 11))*C4.U1 (12)
1455 E1-( ((EI*C4.U1 (13) )*C4+UI( 14) )*C4i.UI (15) )*Z9*EXP(-H*H)
1468 IF H(8 THEN EI-2-E1

v1465 RETURN
1478 C4uSx*Sy*C7*R
1475 PRINT

*1498 PRINT fP-*;P;"R-";C4;"W-*;W1;ml1-;I1
*1485 IF (P9>1) OR (P9<8) THEN 1985

1498 DEEP
*1495 RETURN
*1588 PLOTTER IS OGRRPHICS*
*1585 GRAPHICS
*1518 U-X(1)

1528 W-Y(1)
1525 Z-W

*1538 FOR loI TO K
1535 IF X(I)>U THEN LfrX(I)

%1548 IF X(I)<V THEN VwXCI)
*1545 IF Y(I.)>W THEN WUYCI)

1558 IF Y(I)<Z T-!N Z-Y(I)
1555 NEXT I

*1568 GCLERR
1565 P1a-U-

*1578 IF PI<>G THEN 1590
*1575 Plot
*1588 VVy-Pt

1585' UmU+PI
-. 1590 Y1-LGT(P1)
-1595 XI-INT(YI)'
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1600 Yl=FRACT(Y1)
1605 Y1=10"Yl
1616 IF Xl<0 THEN Vizi0tYI
1615 XI=IOAX1
1620 IF Y1>=2 THEN 1635
1625 Tlu.l*XX
1630 GOTO 1670
1635 IF YI>=4 THEN 1650
1640 Tlu.2*X1
1645 GOTO 1678
1650 IF Y1>=5 THEN 1665
1655 T1=.4*XI
1660 GOTO 167b
1665 TIU,5*X1
1670 T3=INT(VT1)*TI1
1675 T4=U
1680 IF FRACT(T4/T1)C>0 THEN T4=(INT(T4'TI).1)*T1
1685 P2=W-Z
1696 IF P2<>0 THEN 1710
1695 P2=1
1700 Z=Z-P2
1795 W=W+P2
1710 Y1=LGT(P2)
1715 X1=INTCY1)
1720 Y1-FRACT(Y1)
1725 Y1=10AY1
1730 IF Xi'<0 THEN Visl0tYl
1735 X1ZIOAX1
1740 IF Y1>s2 THEN 1755
1745 T2=.1*X1
17'J0 GOTO 1790
1755 IF Y1>u4 THEN 1770
1760 T2=.24X1
1765 GOTO 1790
1770 IF Y1>=5 THEN 1785
1775 T2u.4*X1
1780 GOTO 1790
1785 T2s.5*X1
1790 TSSINT(Z/T2)*T2
'1795 T6u6.W
1800 IF FRACT(T6'T2)c>0 THEN T6u(INT(T6/T2,)41)*T2
180!5 SCALE T3-.35*PI,T4..2,5*P1,TS-.25*P2,TG,..p2*
*1810 CLIP T3,T4,TS,T6
1'8!5 LAXES T1,T2,T3,T5,ý,5,4
1820 LAXES T1,T2,T4,T6,5,5,z
1825 IF Hal1THEN 1945
1830 MOVE X(1),Y(1)
1835 FOR Jul '0 N
1840 DRAW XUI),Y(I)
1945 LABEL VALS(I)
1850 MOVE.X(I),Y(1)
1855 NEXT I
1966 DRAW X(1),Y(1)*
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1865 MOVE U+TlZ-.O2iPl
1876 LABEL -X-
1875 MOVE T3-.02*P1,TG÷.iS.p2
1886 LRBEL "Y"
1885 C8sT3
1890 C9-T+.I.*P2
1895 D3wPl
1966 GOTO 445
1965 MOVE C8,C9
1916 LABEL "PU"&VALS(P)
1915 MOVY .C8+.5*D3,C9
1926 LABEL "R-'&VALS(C4)
1925 MOVE C8÷D3,C9
1936 LABEL "W="&VRL$(Wa)
1935 DUMP GRAPHICS
1948 RETURN

.1945 MOVE X(3),Y(3)
1956 LABEL VALS(3)
1955 MOVE X(3),Y(3)
1960 DRAW X(1),V-()
1965 LABEL VALS()
1978 MOVE X(1),Y(1)
1975 DRAW X(2)Y(2)
1988 LABEL VALS(2)
1985 GOTO 1865
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180 ! THIS PROGRAM IS'CALLED "PO 188 ANGULAR REGION Al IS NOT
LYCV". IT SUPPLIES THE PROBA WELL-DEFINED. IF II=I,THE VE
BILITY P OF A SINGLE SHOT, N RTEX OF RI RND ONE OF THE OT
ORMALLY HER TWO

185 ! DISTRIBUTED IN THE XY-PLAN 185 ! POINTS ARE TOO CLOSE TO ER
E WITH MEAN (MI,M2),STANDARD CH OTHER.IF l1=-1 THEN MEASU

DEVIATIONS S1,S2 IN THE X A RE OF A1 IS CLOSE TO8 OR 2P
NO Y I.

110 ! DIRECTIONSRESPECTIVELY, 198 ! IF 11=2 THEN 2 SIDES OF ECORRELATICN COEFFICIENT C, OVERLRP.IF I1=3' THEN C*C>=I.

115 ! FALLING IN AN ARBITRARY PO 195 ! IF 11=1 OR 3 THEN P IS SET
LYGON E OR A SEMI-INFINITE A TO -5. IF OUTPUT IS O.K.,THE
NGULRR REGION Al IN N P IS GIVEN TO 9-DECIMAL RC

120 ! THE XY-PLANE. E IS SPECIFI CURACY.
ED BY K POINTS (X(J),Y(J)),J 288 ! SOURCES: NSWC/DL REPORT #3
=1 TO K. Al IS SPECIFIED BY 886, SEPT.1978. NSWC/DL REPO
3 POINTS RT*80-166, JUNE 1988. SIAN J

125 ! (X(J),Y(J)) WITH THE VERTE N. SCI.,
X OF Al GIVEN BY (X(1),Y(I)) 285 ! STAT. COMPUT.,JUNE 1988, .P

AND THE POINTS GIVEN IN COU P.179,186. SIAM JN. SCI.STRT
NTER . COMPUT.,DEC. 1982, PP.?.

138 ! CLOCKWISE ORDER. THE INITI 218 i X(J) AND Y(J) ARE DIMENSIO
RL INPUT IS:P8,P9,MI,M2,C,S1 14ED AT 90. IF MORE POINTS AR

S2,.,4. E NEEDED TO SPECIFY E "tHEN M
135 ! IT IS STORED AS DATA BEGIN RKE

NING AT 1885. 215 ! CHANGES AT LINE 225.
148 ! IF N=K>=3 THEN THE INPUT S 220 OPTION BASE I

PECIFIES E. IF N=I(WITH K=3) 225 DIM X(98),Y(9g),U1(15)
,THEN Al IS GIVEN. 238 SHORT 19,J

145 ! IF. P8=8, THEN THE COORDINR 235 R1=2.71E-19 @ R2=.98888134 @
TES X(J),Y(J), FOR J=l TO K, A4=.0867311 @ R2=19.281924
ARE STORED IN DATA STATEMEN 248 R1=.56418958355 @ R3=4.9E-27

TS IN- e T7=PI @ R4=.159154943892
150 ! MEDIATELY FOLLOWING THE IN @ T9=1.14472988585 @ R6=.282

ITIAL DATRASTRTEMENT. POLYCU 89479177
STORES THEM IN ARRRYS X(*), 245 T8=.89e890e8e887 @ R7=3.2625

Y(*). E-11 @ Z9=1.12837916709
155 1 IF P8#6, THEN IT IS ASSUME 2508UI(I)=.068088408336 @ UI(2)=

D THE VERTEX COORDINATES ARE -. 866809718649 0 U1(3)=1.857*
ALREADY STORED IN ARRAYS X( 875745E-4.@ UI(4)=-7.8426824

" *>,Y(*). 33E-4
160 ! THIS IS USEFUL IF THE VERT 255 UI(5)=.003249445432 @ U,1(6)=

EX COORDINATES ARE MACHINE G -. 811232353215 e U1(7)=.e389
ENERATED. IF P9>=.l THEN'LIST 19929552 @ U1(8)=-.071490983
X(J),Y(J). 78

165 ! IF P9>1 OR. <8 THEN PLOT E 260 U1<9)=.1450680434e3 @ U1(18')
OR RI.IF P9=8 THEN NO PLOT 0 =-.2656382e6366 @.U1(11)=.44
R LIST. 2851899329 @ U1(12)=-.666626

17 I 'THE OUTPUT IS:P,R,W,I1, WH 670511
ERE A CONTRINS THE AREA OF E 265 U1(13)=.886223733187 @ U1<14

W-I CONTRINS THE WINDING NU )=-.999999899776 6 U1(15)=.8
MBER W 86226924931

1,75 I OF E, AND It IS AN ERROR I 270 READ P8,P9,MIM2,CS1,S2,N
NDICRTOR. IF I1=e OR 2 THEN 275 C7=I-C*C @ IF C7>0 THEN 285
THE OUTPUT IS O.K. IF II=1OR ELSE 11=3 @ P=-5
-1,THEN

73

• ° .. • _, ° • .•. ~~~~ ~~~~...........'.•o• .-. ,o................°.% ,.o. .%. . . ° ".'• ... °o.



NSWC TR 83-13
POLYCV-HP 85

288 PRINT,"I10;IA;wP=n;P 8RETU 455 IF RBS(P2)>2*B1*B2*R7 THEN 5
RN 18

295 PRINT "INPUT:";P3;P9;K1;fl2;C 468 IF C1(A THEN 480
;S1;S2;N @ PRINT e C7=SQR(C7 465 IF RBS(RS)<=T 8 THEN 475

)470 IF Gl>=@ THEN 475 ELSE 510
29C tF Nt1 THEN K=H ELSE K=3 @ W' 475 P1=0 @ GOTO 645

1=80 480 11=2
295 FOR J=1 TO K 485 IF P2<0 THEN 588
388 IF P8=8 THEN READ X(J),Y(J) 498 H=H2 @ GOSUB 735
385 IF P9>1l THEN PRINT "X(';J;' 495 P1=.5*E1 @ GOTO 645

)=;X(J);TRB(16);"Y(";J;")= 508 H=Hl @ GOS'JB 735
iY(J) 585 Pl=-(.5*E1) @ GOTO 645

310 NEXT J 518 IF B<=02 THEN 605
315 PRINT @ IF P9>1 OR P9<8 THEN 515 IF G1<@ THEN 545

779 528 IF G2>=@ THEN 625
320 FOR J=1 TO K 525 G2=-G2 @ H2=-H2 8 IF RBS(H2)
325 Y(J)=(Y(J)-"2).'S2 @ X(.J)=((X <=R4 THEN 535

(J)-fll)/Sl-C*Y(J))ZC7 538 H=-N2 @ GOSUB 735 @ L=.5*E1
336 NEXT J @ GOTO 618
335 X(K+1)=X(l) @ Y(K.1)=Y(1) 535 L=.54R1*H2 @ GOTO 610
348 P=0 @ 11=0- 8A=@ 8 K1=8 8 K= 540 L=.5-R1*H1 @ GOTO 618

1 545 GI=-G1 8 141=-HI
345 IF H~l THEN 368 558 IF G2<0 THEN 565
358 X1=X(1) 8 X(3)=X(1I)iX(1)-X(3 555 IF ABS(H1)<=A4 THEN 548

) @ Y(3)=Y(1)+Y(1)-Y(3) @ U= 568 H=H1 8 GOSUB 735 8 L=.5*E1 @
X(2)-X(1) 8 V=Y(2)-Y(1) ,GOIO g18

355 W=X(t)-X(3) @ Y1=Y(1) e Z-Y(, 565 G2=-G2 8 H2=-H2
1)-Y<3) 8 GOTO 388 578 IF ABS(H1)<=R4 THEN 598

360 YI=Y(N+1) @ X1=X(N+I) 575 IF RBS(H2)<=R4 THEN 585
365 O=X(2)-X(1) 8 V=Y(2)-Y(1) 588 H=H1 @ GOSUB 735 8 L=.5*E1 8
370 XI=X(1) @ Y1=Y(1) H=H2 8 GOSUB 735 @ L=L-.5*E

* 375 M=X(1)-X(M) 8 ZxY(1)-Y(N) 1 @ GOTO 62!5
388 D1=WMH+Z*Z 585 H=H1 @ GOSUIB 735 @ L=R1H"2-.
385 IF D1>R3 THEN 486 5*(1-E1) @ GOTO 625

* 398 IF H=l THEN 738 598 IF RBS(H2)<=R4 THEN 688
395 N=N-1 8 IF M=2 THEN 665 ELSE 595 H=H2 @ GOSUB 735 8 L=.5s(1-E

375 1)-R1*H1 8 GOTO 625 ,
480 02=U*UV*V 668 L=R1*(H2'-H1) 8 GOTO 625
485 IF D2>R3 THEN' 438 685 C2=T6*,(H2-H1)-R4*(G2*H2-G1:H
418 IF N-1 THEN,738 1) @ GOTO 445
415 K=K+1 @ U=X(K+1)-XI 8 V-Y(K+ 618 P2--02 8 IF P2(=S THEN 628

1)-Y1 @ D2=U*U+V*V, 615. L=L-1 @ R'5=T7.+A5 It GOTO,625
428 IF 02<-R3 THEN 415 .628 R5wA5-T7

* 425 IF K-N-1 THEN 665 625 IF 8>-R2 THEN 646
438 R=X1*(Y(K+1)-Y(N))@ 8B1=SQR( 638 C3=R5 @ C4-.5*95 8 Ml-15 8 F-

2*01) @8B2=SQR(2*02) 8 8 R6=N2-M1 @ CS=A6 8 GOTO
435 P2-V*M-U*Z 8 C1=U*W.V*Z @ A5 -715

-RTH2(P2,CI) 8 Kl=Kl.R5 8 Lm 635 PI=L+EXP(-(B.T9))Z(C4-S3) 8
O @-B-.5*(X(K)*X'(K)*Y(K)*Y(K GOTO 645

648 P1=L
440 IF 8>R1 THEN 458 ELSE C2-0 645 IF k#N THEN 695
445 P1-R5*R4-C2 8 GOTO 645 658 IF N~l THEN 675 ELSE H18@
458 G1=(W*X(K).Z*Y(K))/91 0 G2-( 655 IF K1<u8 THEN P-ROS(PI) ELSE

U*X(K)+V*Y(K))/B2 8 HI-(Z*X( PinABS(1-.ABS<P1))
K)-W*Y(K))/B1 @ H2-(V*X(K)-U
*Y(K.) )'2
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660 IF ABS(Kl).888e00e88885 THE 818 Y1=LGT(P1) @ X1IHIT(Y1) @ YlI i
N 11=-i =FP(Y1)

665 IF N*i THEN PRINT P;H1,W1;I1 815 Y1=18'-Y1 IF X1'<8 THEN Y1=1
ELSE PRINT P;Il e~yi

670 BEEP @ IF P9=0 OR P9=1 THEN 820 X=1=8'X1 @ IF Y1>-=2 THEN 838
RETURN ELSE 19=P @ J=H1 @ GO 825 T1=.1*X1 e GOTO 855
TO 1855 838 IF Y1>=4 THEN 848

675 P=P-PI @ K1=K1R4 @ R=.65*R @ 835 T1=.2*Xl e GOTO 855
IF K1<0 TH4EN 685 848 IF Yl>=5 THEN 858

688 W,1=IP(K1+.1) @ GOTO 698 845 TI=.4*X1 e GOTO 855
685 bdl=IP(Kl-.1) 858 Tl=.5*Xl
698 P=P+Wl 0 H1=SI*S2*C7*R 0 GOT 855 T3=-INT(V'TI)*TI

0.,665 868 T4=-U @ IF FP(T4'T1)*0 THEN r
695 W=-U @ Z=V 0 81=82 @ X1=X(K+1 4=(INT(T4/T1)4-1)*T1

@ Y1=Yi(K41) @ Y2=Y(K) 865 P2=W-Z @ IF, P2#i8 THEN 878 EL
788 K=K+1 @ U=X(K41)-XI 0 V=Y(K+ SE P2=1 e Z=Z-P2 0 Id=W*P2

1)-Y1 @ D2=U*U'V*V 878 Y1=LGT(P2) e Xl=INT(Y1) @ Yi
785 IF'D2<=R3 THEN 780 =FP(Y1) @ Y1=lo-Yi 0 IF X1<e
71e8 2=SGQR(2D2)1 @ P=P-P1 @ 0 A THEN YI=18$Y1

X1*(Y(K+1)-Y2) @ GOTO 435 .875 Xl=18'-X1 0 IF Yl>=2 THEN 885
715.S3=Ula(M)*R6 888 T2=.1*X1 @ GOTO 915
728 M=M-1 @ H2=H2*G2 @ Hl=H1*Gl 8 IF Y1>=4 THEN 988

0 T=H2-Hl @ F=F+B 0 C6=(F*C3 898 T2=.2*Xl
.eT)/(16-fl) 0 S3=S3e.U1(M)*C6 895 GOTO 915

725 IF 0=1 THEN 635 ELSE C3=C5 0 98e IF Y1>=5 THEN 918
C5=C6 0 GOTO 720 985 T2=.4*Xl 0 GOTO 915

738 P=-5 e Il=l 0 GOTO 665 918 T2=.5*Xl
735 E1=8 0 C4=R8S(H) @ IF RBS(H) 915 T5=INT(Z/T2)*T2

>=4.4 THEN 755 ! EI=ERFC(H)- 928 T6=0+bI @ IF FP(T6zT2)*@ THEN
-9-DECIMAL DIG1T740 FOR 19=1 T6=(IHT(T6/T2)+1)tT2
TO 15 925 SCRLE T3-.35:P1,T4...25:PI,T5

748 El=(((((((U1(1)*C4+U1(2))*C4 -.25*P2pT6.w.2:P2
.U1(3))*C4.UI(4))*C4.'Ul(5))* 938 XRXIS T5,TI,T3,T4 0 YAXIS T3
C4.*UI(6)>*C4+U1(7))*C4+UIi(S) ~ T2,T5,T6
) *C4 935 XRXIS T6,T1,T3,T4 0 YFIXIS T4

)SC4'Ul(i1)*C4+Ul(12))*C4+ 948 GI=T3/(5*T1) 0 IF FP(Gl)*O T
UI(13))*C4+U1(14))*C4.Ul(15) HEN Gl=(INT(GZ).s.)*5*T1 ELSE

)*Z9 Gi=T3
750 E1=El*EXP'-(H*H)) 945 1u-5.
755 IF H<8 THEN El=2-E1 95a r1+5 @ X=Gl+I*Tl
768 RETURN 955 IF X>T4 THEN 988
76-5 BEEP 84, 1880 @IF P9=0 TH4EN R 968 MOVE X,1T5 @ IORRM 0,.045*P2

ETURN I965,HOVE X,T6 @ IDRAW 8,-(.045*P
778 U=X(1) @ V=U @ W-Y(1) @ Z=W 2)
775 FOR 1=1 TO K 970 Y1=LEN(vRLs;(X))
788 IF X(I)>U THEN U=X(I) '975 MOVE X- .03*(y I-1-I)*P 1 ,T5". *P'
"4795 IF X(I)<V THEN V=X(.I) 2 @ LRBEL VRLS(X) 0 GOTO 958
7'3 . IF Y(I)'>W THEN W=Y(I) 988 G1=T5'115*T2) 0 IF FP(Gl)*8 T
795 IF Y(I)<Z THEN Z=Y(I) HEN Gl=(INT(G1)+1)*5*T2 ELSE
898 NEXT I GI=T5
885 GCLERR @ P1IJ-V @ IF P1*8 TH 983 1=-5

EN 818e ELSE Pj=l 0 V=V-PI e 990 1-1+5 0 YI=G141?72 @ IF Y1>T
U=U4-Pl 6 THEN 1815'995 MOVE T3,Y1 0 IORRW .045*P1..e
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10e0 MOVE T4,Yl R IDRRW -(.e45*P 1058 C8=T3 @ C9=T5-.22*P2 @ 03=P
1).8 1 @GOTO 32e

1085 X=LEN(VRLS(Y1)) 1855 MOVE CB-.2*D3,C9 @ LABEL OP
1818 MOVE T3-.-05*(l.X)*PI,Yl-.5* =ftVRL$(19) @ MOVE CS+.45*D

T2 @ LABEL VRLS(Y1) @ GOTO 3,C9 @ LABEL *R="&VRLS(J)
998 1860 MOVE C8+D3,C9 @ LABEL *M=n&

1915 PENUP @ IF H=1 THEN 1078 VAL$(W1) @ IF P9>1 THEN COP
1828 FOR 1=1 TO N @'PLOT XkI),Y( y

D) 1865 RETURN
18205 LABEL VRL$(I) 1787 PLOT X(3),Y(3) @ LABEL VAL*
1838 NEXT I @ PLOT X(1),Y(1) (3) @ PLOT X(l),Y(l) @ LABE
1835 MOVE U+1.5*T1,t-.02*P2 @ LR L VALS(1.)

BEL OX" @ MOVE T3-.02*PlT6 1075 PLOT X(2),Y(2) 0LABEL VAL$
+.085*P2 @ LABEL tmY n(2) @ GOTO 1835

1848 MOVE T3+.09*P1,T6+.l1P2 1889 END
1845 IF N#1 THEN4 LABEL OSPECIFIE

o POLYGON" FLSE LABEL OSPEC
IFIED RNG.REG.0
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MLEQRE

Input: (Initial Data Statement), N, M, LO, AO, BO, P8

N: Number of listed successes

M: Number of listed failures

LO: If LO = 1, initial data statement is followed by data statements containing list of
successes, a, followed by data statements containing list of failures, bj, i.e., a1,
a2 .... aN, bl, b2 , ... , bM.

If LO '* 1, initial data statement is followed by data statements containing each
listed (different) success ai, with each a, preceded by ci, the number of times that
a, occurs. Then follow data statements containing each listed (different) bj preceded
by dj, the number of times bj occurs, i.e., cl, a,, c2, a2, ... , cN, aN, di, bl, d2,
b 2, ... , dM, bM.

The listed successes (failures) are stored by MLEQRE in Array A(I) (B(J)), 1(J) = I
to N(M). If LO * 1, then the ci(dj) are stored in Array C(I) (D(J)).

If LO = I then ones are stored in arrays C(l), D(J) by MLEQRE.

AO, BO: Contain initial estimates for a = pa/ and 0 = 1/i if supplied by user. If BO < O,
then initial estimates for ca and 03 are supplied by MLEQRE.

P8: If P8 = 0, no confidence plots are made. If P8 = 1, then confidence plots at the 50
and 95% level appear on the CRT. If P8 > 2, then plots appear on CRT and also on
the printer.

It is necessary and sufficient for a solution that two conditions be satisfied, namely

max (bd) > min (ad)j i

('average of the a1) > (average of the bj)

If either condition is violated an exit is made and a message is printed indicating which condition
isviolated.

The program is set to limit the number of iterations to 30. This number of iterations has never
been necessary, however if it should occt,r the constraint can" be overridden as described in the
comment statements' at the head of MLEQRE.

Output: N, M. LO, AO, BO, P8

If(LO -= , (See Example 2).

Successes Failures

Al) = a1  00() = b,

A(2.) = a2  B(2) = b2

A(N) " a. B(M) = bM
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MLEQRE

If(LO 1), (See Example 1).

NO. OF A SUCCESS AND SUCCESSES NO. OF A FAILURE AND FAILURES

c1  A(M) a d, B(1) b,

C2  A(2) =a 2  d2  B(2) b2

CN A(N) = aN dM B(M) = bM

Maximum likelihood estimates MU and SIGMA (SIG).

Covariance elements

auu, aus, ass

Final values AO = p/a, BO = I/o.

Last Newton-R.qphson corrections -(contained in DI and D2).

Initial values for AO, BO-(contained in Al and BI).

No. of N-R iterations.

This completes output if P8 = 0. If P8 = I or >2 plot follows on CRT, and in
the latter case it also appears on the printer.

Accuracy: Approximaely 6-decimal digits in g and a assuming the elements of {ai}, {bj) are
exact.
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H= 4 ,M= 4 LO= 0 A80= 8 ,BO= .04 ,P8= 2

NO. OF A SUCCESS AND SUCCESSES NO. OF A FAILURE AND FAILURES
2 A( 1 )= 41.67 6 B( 1 ) 27.1
11 A( 2 )= 58.33 9 B( 2 )= 41.67
9 A( 3 )= 81.67 18 B< 3 = 58.33
6 A( 4 )= 114.33 1 B( 4 ) 81.67

MU= 5.80059E+01 SIG= 1.68263E+Oi

COVARIANCE MATRIX ELEMENTS
1.28485E+81 , 1.85908E+00 , 1.99478E+01

FINAL 80= 3.44734E+08 FINAL BOa 5.94308E-02
LAST DELTA A8,B8 - 3.79341E-86 , 6.78833E-18
INITIAL AO= 0.08880E+00 INITIAL BSz 4.88880E-02
NO. OF ITERATIONS= 7

MU=5.80059E+01 SIGMR-1.68263E+01
2 s 50% & 95% CONFIDENCE ELLIPSES.28

24

18'

4

0) V, N n N~ VW
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N= 18 ,M= 18 ,LO= I ,O= ,B8= 0 ,PS= 2

SUCCESSES FAILURES
R( I )- 2854 B( )1 2652
A( 2 )= 2836 B( 2 ) 2741
A( 3 ) 2767 B( 3 )a 2846
A( 4 )z 2814 BV 4 ) 2713
R( 5 ) 2881 B( 5 )= 2806
A( 6 )= 2792 B( 6 >3 2770
A( 7 )> 2820 B( 7 )= 2776
R( 8 )s 2741 B( 8 ) 2763
A( 9 )= 2767 B( 9 )z 2706
A( 10 )m 2761 B( 10 )= 2735

MUw 2.77534E+03 SIG= 7.12326E+Sl

COVARIANCE MATRIX ELEMENTS
4.63975E+02 ,-7.89329E+00 , 1.33797E+03

FINAL AO= 3.89617E+01 FINAL BO= 1.40385E-02
LAST DELTA AO,B8 = 1.97272E-05 , 7.07111E-09
INITIAL RO= 5.62895E+01 INITIAL DO= 2.02988E-02
NO. OF ITERATIONS= 4

MU=2.77534E+03 SIGMR=7.12326E+01'

S 50% & 95% CONFIDENCE ELLIPSES170

130
120

s070

30
.20

-20 "U " I I U 1

N NN No CXO m
NU co I , N
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N= 4 ,M= 4 LO= 0 ROA= 0 O
.04 ,PS= 2

HO. OF A SUCCESS AND SUCCESSES
2 A( 1 )41.67
11 At 2 )=58.33
9 A( 3 )81.67
6 A( 4 )114.33

NO. OF A FAILURE AND FAILURES
6 B( I)' 27.1
9 B( 2,)= 41.67'
10 B( 3 )~58.3.3
1 8( 4 )811.-67

MU=5.80059q+1 SI=1 .68263+1

COVRRIANCE MR-RIX ELEMENTS.
12.8404937513:> 1. 839081946P3
19.9470015095

INITIAL AO= 0 INITIAL 80=
.04

FINAL AOBO= 3'44733960886
5 .94308247597----2

LAST DELTA AO80=
3. 79447746219E-8
6 .7$760493686E-10

NO. OF ITERATIONS= 7

co

(An

Onn

iti
z

NI " m

+ U
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"MLEQRE- HP 85

N= 4 ,M= 6 .LO= 1 PAO= 0 ,8@= 0
7 P-= 2

"• ~SUCCESSES
R. 1 )= 2481Aý 2 >=2506
A( 3 ;257

8A 4 262620

FAILURES
B( I 2= 2443
8( 2 2486
B( 3 ' 2463
B( 4 2= 2480
B( ' ' = 2505
SB( 6 "= 2508

MU=2. 50393+3 SIG=2.62261+i

COVARIANCE MATRIX ELEMENTS
S202. 594767688 107.937942839
330. 540527278

INITIAL AO= 54.5879207362
INITIAL 80= 2 .17720294092E-2
FINAL R80,8= 95.4744043317
"3.81298920267E-2

LAST DELTA AO,8B=
1 .6844341005E-6
6. 74520352426E-18

NO. OF ITERATIONS= 5

co-

ej- '+ 4 1

i-Aj

.i. 
..

,Z . ÷ _ . - - - _ I
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MLEQRE-HP 9845

1e8 e THIS SUBROUTINE, MLEQRE, GIVES THE MAXIMUM LIKELIHOOD EST-
IMATES,MU AND SIGMA, BASED ON OUANTAL RESPONSE EXPERIMENTS,

1185 I FOR THE MEAN AND STANDARD DEVIATION,RESPECTIVELY, OF A NORMAL
DISTRIBUTION. OUTPUT ALSO INCLUDES THE COVARIANCE ELEMENTS

118 0 AND ,AT THE USER'S OPTION, A PLOT OF T'iE CONFIDENCE ELLIPSES
AT THE 58 AND 95% LEVELS. THE QUANTRL RESPONSES ARE CLASSIFIED

"115 1 AS "SUCCESSES" OR "FAILURES". THE INPUT QUANTITIES TO MLEQRE
RESULTING IN SUCCESSES(FAILURES) ARE ALSO SIMPLY REFERRED TO

128 qS SUCCESSES (FAILURES).
.125 THE INPUT IS STORED IN A DATA STATEMENT BEGINNING WITH:

NM,L0,RA,Be,P8 WHERE N(M) DENOTES THE NUMBER OF "LISTED"
130 !SUCCESSES(FAILURES). IF L0=I, THEN THE DATA STATEMENT IS

CONTINUED WITH THE LIST OF SUCCESSES FOLLOWED BY THE LIST

135 I OF !AILURES. IF LO*#, THEN EACH DIFFERENT SUCCESS IS PRECEDED
BY 'HE NO. OF TIMES IT OCCURS. THE SAME IS THEN DONE WITH

148 FAILURES. THE LISTED SUCCESSES(FAILURES) ARE STORED BY MLEQRE

IN A(I)(B(J)), I(J)=l TO N(M). IF L0#1 THEN THE NO. OF A(I)
p. 145 !B(J)) AT A FIXED I(J) FOR ERCH I(J) IS STORED BY MLEQRE IN
--. C(I)(D(J)). IF LC=I, THEN C(1)(D(J)) CONTAINS N(M) ONES.

158 AR AND BO CONTAIN INITIAL ESTIMATES FOR MU/SIGMR
, AND l/SIGMA. IF B8<-8, THEN A6 AND BO ARE SUPPLIED BY MLEQRE.

S155 !,MAXIMUM NO. OF DIFFERENT 8(1) IS 180. SIMILARLY FOR THE B(J).
TO INCREASE, CHANGE DIMENSION STATEMENT AT LINE 345.

168 P D8 IS A4 OUTPUT SPECIFIER. IF P8=0, THEN NO PLOT IS MADE. IF
"P8=1, THEN PLOT APPEARS ON CRT. IF P8>=2, THEN, PLOT APPEARS ON

165 CRT AND PRINTER.
178 ! IT IS NECESSARY AND SUFFICIENT FOR A SOLUTION TO EXIST THAT

"MAX. LISTED FAILURE>MIN. LISTED SUCCESS RND, THAT THE AVERAGE
175 ! OF THE SUCCESSES>THE AVERAGE OF THE FAILURES. IF EITHER COND-

"ITION IS VIOLATED AN ERROR MESSAGE IS PRINTED FROM LINE 718
"18e OR 735. A MAX. OF 38 ITERATIONS IS ALLOWED. MESSAGE PRINTED

FROM LINE 800. IF MORE DESIRED CHANGE LINE 790 AND CONTINUE
185 AT LINE 778.
190 SOURCES: NWL REPORT 2846, NOV. 1972. SIAM JN.

OF APPL. MATH., MAR. 1972, PP. 447-454.
195 OPTION BASE 1

"-" 200 DIM P9(4),Q9(3),R9(6),S9(5),V9(4),W9(3),D$[30],E$[(9]
205 P9(1>)=-3.56898437018E-2

S218 P9(2)=6.99638348862
215 P9(3)-21.97926161e3
220 P9(4)=242.667955231
225 Q9(1)-15.8827976304

"" 230 Q9(2)-91.1649854845

235 09(3)=215.05887587
240 R9(1)--6.08581519597E-6
245 R9(2)-.5643716868S4
258 R9(3)=4.26772010709
255 R9(4)-14.5718985969
268 R9(5).=26.0947469561
265 R9(6),=22.8989928517
278 S9(1)-7.56884822936
275 S9(2)=26.2887957588
280 S9(3)a,5..273282863'8
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285 S9(4)=51.9335706876
290 S9(5)=22.8989857499
295 '/9(1)=-3.2431951927SE-2
388 V9(2)=-.243911029489
385 V9'(3)=-. 119983955268
318 V9(4)--.0812130827639
31b W9(1)u1.43771227937
328 W9(2)-~.489552441961
325 W9(3)=4. 30026643453E-2
330 C1=.707106781187, !1'SQR<2)
335 C2-.797884560603 !SQR(2/PI)
348 C3=.564189583548 !SQR(1/PI)
345' DIM A(100),B(100),C(108),D(100)
358 D$="NO. OF A SUCCESS AND SUCCESSES"
355 ES="NO. OF A FAILURE AND FAILURE3-
360 STANDARD
365 READ N,M,LO,A8,BO,PB
370 PRI-NT $Nu;N; ~, I; 'Mmu";M; ", ;~0 M L;~ . A=;8 ," 3u;8 ,

375 PRINT
388 IF L8=1 THEN 485
38.9 PRINT D$;TAB<38);E$
390 FOR Im1 TO N
395 READ C(I),A(I)
400 NEXT I
485 FOR J-1 TO M
410 READ D(J),B(J)-
415 NEXT J
428 FOR 1-1 TO MIN(N,M)
425 PRINT C(l)-;TAE<9); NAQ; I; ")=";A1);TAB(38);D(I);TAD(45); *g(N; 1; N)N;D(I)
438 NEXT I
435 IF M>N THEN 465
448 IF M=N THEN 598
445 FOR I=M.1 TO'N
458 PRINTC(I;TB9;A(;;)';AI
455 NEXT I
468 'COTO 598
465 FOR IaN+1 TO M1
470 PRINT TB3)DI;A(5;B.I;)HBI
47.5 NEXT I
4-80 COTO 590
485 PRINT DSC22,3 ' 0;TAB(380;E*t22,29]
498 FOR Im-i TO N
495 READ A(I)
500 C(I)w1

505 NEXT I

510 FOR Jul TO M1*

525 NEXT J *,

538 FOR lu1 TO P1!N(M,N)
535 PRINT ;I)uA()TB3)N(;;u;D)
548 NEXT I
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545 IF M>N THEN 575
558 IF MwN THEN 598
555 FOR I=M+I TO N
560 PRINT "R(;I;")=";R(I)
565 NEXT I
570 GOTO 590
575 FOR I-N+÷ TO M
580 PRINT TRB(30);"B(";I;")=";B(I)
585 NEXT I
590 ' PAUSE
595 Z=1E99
680 Da-Z
6e45 E1u.008
618 E2=.81
615 Ll=L2=L3x8
620 FOR I=I TON
625 LI=LI+C(1)
638 IF R(.I.<Z THEN Z=A(I)
635 PIuC(I)*R(1)
648 L2=L2+P1
645 P2=Pl*R(I)
658 L3=L3+P2
655 NEXT I
668 L4=LSL6s8
665 FOR J-1 TO M
670 L4=L4+D(J)
675 IF B(J)>D THEN D=B(J)
698 P3=D(J)*B(J)
685 LSaLS+P3
698 P4=P3*B(J)
695 L6=L6+P4
788 NEXT J
785 IF Z<D THEN 728
718 PRINT "R-MlN>=B-MAX"
715 RETURN
720 L7=L2/LI
725 LS=L5/L4
738 IF L7>L8 THEN 745
735 PRINT "AVE. OF Ws <- AVE. OF Bs"
748 RETURN
745 IF 08>8 THEN 778
758 LI=L1+L4
755 V=(L2+LS)/LI
768 BO,-SQR(I/((L3+L6)/L1-V*V))
765 ARw.5*(L7+L8)*B8
778 Rl=uf
775 B31BO
780 ZwL6-L7=L8L1.9=O
785 LlL2!L3sL4xLS-8
790 IF L9<30 THEN 810
795 US1E99
800 PRINT "30 ITERATIONS"
885 RETURN
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81e L9uL9+i
815 FOR Imi TO N
620 SB*()R

* 825 Tu-S
830 GOSUB 1215
835 PinC(D)ty

* 848 Li-Li-P
845 PIZR(1,I0P
85e L2=L2.P1
855 P2-C(I)*Y1
866 L3-L3-P2
865 P3=8(I)*P2
870 L4zL4+P3
875 P4-R(I*P3
888 L5-L5-P4
885 IF Z=O THEN 928
898 P5-C(I)*Y2
895 L6nL6.P5
988 P6-S*P5
985 L7-L7+P6
918 P7-S*PS
915 L8=L8+P7
928 NEXT I
925' FOR J-1 TO M
938 T-B8*B(J)-Ae
935 GOSUB 1215
940 P:%D(J.)*Y
945 L1=L1+P

* 950 P1-B(J)*P
955 L2-L2-P1
960 P2uD(J)*Y1
965 L0uL3-P2
970 P3-B(J)*P2
975 L4-L4+P3
.98e P4-3(J)*2 3
985 L5-L5-P4
998 IF Z-8 TIEN 1B25
995 P5-D(J)*e2
1888 L6=L6+P5
1885 P.6=T*P5

* 1818 L7kL7.P6
* 1815 P7uT*P6

1028 LSuL8+P7
1825 NEXT *J
1838 DnL3*L5-L4*L4
1835, DI(L2*L4- 1*L5)/D
1848 D2-(L1*L4-L2*L3)'D
1845 RemR8.D1
1858 Be-BO.D2
1855 IF (RBS(D1)>E1I*(RBS(A8)+.80800081)) OR (RDS(D2)>E2*B0)'THEN. 785
1868 Z-=Z.1
1065 IF Z<2 THEN 785
1070 S-I/Be- !S=SIGMH
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1075 USA84S 'UMuU
1880 IL6mRuu, L7-Aus, LB-Ass
1085 ZUBO*30
1090 L6nL6*Z
1095 L7-L7*Z
1100 LS=L8*Z
1185 Le.L6*L8-L7*L7
1110 L1'A'L8
1115 L2&LS*L1
1120 L3=-L7*L1
1125 L4zL6*L1
1130 !L2,L3,L4 ARE THE COVARIANCE MATRIX ELEMENTS.
1135 PRINT
1140 FLOAT.5
1145 PRINT "MU=";U;TAB(19);"SIGu";S
1158 PRINT
1155 PRINT "COVARIANCE MATRIX ELEMENTS
1160 PRINT L2--Lý--L
1465 PRINT
1:70 PRINT "FINAL A8=";A8;TAB(26);"FINAL Beu";BO
1175 PRINT "LAST DELTA AO,BO --;DI;-,-;D2
1180 PRINT "INITIAL AO-";A1;TAB(27);"INITIAL B0-";B1
1185 STANDARD
1190, PRINT "NO. OF ITERATIONS="L9
1195 PRINT
1200 IF P8>8 THEN 1448 FOR CONFIDENCE ELLIPSE PLOTS.
1205 RETURN
1210 ICODY. INPUT:T. OUTPUT'YuSQR(2.,'PI)*EXP'(-K1*K1)/ERFC(K1), YiwY*(Y-T),

Y2= SQR(2/PI)*EXP(-KI*K1)*Y/(2-ERFC,(K1)). 12'-DECIMRL ACCURACY.
1215 KIlaT*C1.
1220 Y-YI-Y2-0
1225 IF K1<=-5.5 THEN RETURN
12?0 IF ABS(K1)>.5 THEN 1275
1235 K4=KI*K1
1240 K3=( ((P9(1 )*K4+P9(2))*K4+P9(3) )*K4+P9(4),/(((K44Q9(1))*K4.Q9(2) )*K4+Q9(3))
1245 Y1l-KI*K3
1250 W-C2*EXP(-K4)
1255 YwW/Y
1260 YI-Y*(Y-T)
12 65 IF Z<>0 THEN Y2-W*Y'(1+K1*K3)
1270 RETURN
1275 K4=ABS(KI)
1280 IF K4>4 THEN 1350
1-285 K3z( ((( (R9( 1)*K4.R9(2) )*K4+R9(3) )*K4+R9<4) )*K4eR9(5))*K4+R9(6) )/(<( (<K4+S9
(1) )*K4+S9(2) )*K4+S9( 3) )*K4+S9(4) )*K4+S9( 5) )
12'90 IF KI<8 THEN 1320V
1295 Y-C2/K3
1300 IF Z-0 THEN 1348
1305 W-EXP(-K1*K1)
1310 Y2nC2*W*Y/(2-W*K3)
1315 COTO 1340
1320 W-EXP(.-K1*K1)
1325 Y=C2*W/(2-W*K3)
1330 IF Z-0 THEN 1340
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1335 Y2=C2*Y/K3
1lt48 YI=Y*(Y-T)
1245 RETURN
1350 K6=I/(KI*KI)
1355 K3=(((V9(1)*K6+V9(2))*K6+V9(3))*K6+V9(4))/(((K6+W9(1))*K6+W9(2))*K6+W9(3))
1368 WIaC3÷K3*K6
1365 IF KI<8 THEN 1400
137e YUC2*KI/W1
1375 Y1m-(2*C3*K3/(WI*W1))
1388 IF (Z=S) OR (KI>5.5) THEN RETURN
1385 W=EXP(-KI*K1)
139e Y2uC2*W*v/(2-W*W1/KJ)
1395 RETURN
1488 W-EXP(-KI*K1)
1485 YuC2*W/(2-W*WI/K4"
1418 YIY*(Y-T)
1415 IF Z-0 THEN RETURN
1428 Y2=C2*K4*Y/W1
1425 RETURN
1430 Y-YI=Y2=0
1'435 RETURN
1440 EXIT GRAPHICS I PLOTTING OF CONFIDENCE ELLIPSES FOLLOWS.
1445 PLOTTER IS "GRAPHICS"
1450 GRAPHICS
1455 L9u5.99 !L9= 95% CHI-SQURRED VALUE.
1468 SI-2*SQR(LS*L9/L8) ! RANGE OF X-VALUES.
1465 S2=2*SQR(L6*L9/LO) ! RANGE Or Y-VALUES.
1147 Y.LGT(SI)
1475 T=INT(Y)
1488 Y=FRACT(Y)
1485 Y=10^Y
1490 IF T<8 THEN Y=10*Y
!495 T-10-T
1588 IF Y>-2 THEN 1515
1505 Klu.1*T
1510 GOTO 1550
1515 IF Y>4 THEN 1530
1520 Klu.2*T
1525' GOTO 1550
1530 IF Y>u5 THEN 1545
1535 KiU.4*T
1540 GOTO 1550
1545 K1..5*T
1550 K3-INT((U-.5*SI)/K1)*KI
1555 K4=U+.5*SI
1560 IF FRACT(K4/KI)<>O THEN K4u(INT(K4/K1)*I)*K1
1565 Y.LGT(S2)
1578 T=INT(Y)
1575 Y=FRRCT(Y)
1580 Yu18-Y
1585 IF T<( THEN Y=IO*Y
1590 T=lO^T
1595 IF, Y>=2 THEN 1610
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1600 K2w.1I*T
1685 GOTO 1645
1618 IF Y>=4 THEN 1625
1615 K2-.2*T
1620 GUTO 1645
1625 IF Y>u5 THEN 1640
1638 K2=.44T
1635 GOTO 1645
1648 K2=.5*T
1645 K5nINT((S-~.5*S2)/K2)*K2
1650 K6=S+.5*S2
1655 '&F FRRCT<K6/K2')<>S THEN K6=(INT(K6/K2).1)*K2
1668 SCALE K3-.35*S1,K4,.25*S1,K5-,25*S2,K6,.2*32
1665 CLIP K3,K4,K5,K6
167e LAXES K1,K2,K3,K5,5,5,4
1675 LRXES K1,K2,K4,K6,5,5,2
1688 1 ELLIPSE PLOT
1685 Lim~d
1698 L~wSGN4L7)*CI
1695 Plw.L6-L8
1788 IF ABS(P1)<(ARS(L6)+ABS(L8>)>uE-1O THEN 1725
1785 P3=ATN(2*L7/P1)
1710 P3-.5*P3
1715 Ll=COS(P3)
1728 L2xSIM(P3)
.1725 1-0
1738 K-40
1735 P5-PI.PI-
1748 P7=P5/K !Ku NO. OF POINTS FOR ELLIPSE.
1745 XuL1*L1
1758 YaL2*L2
1755 TUSQR(L9/(L6*X.L8*Y.2*L7*L1*L2))
!76e YIuSQR(L9/(L6*Y.L8*X-2*L7*LI*L2))
1765 X=COS(P7)
1?770 YuSIN(P7)
1775 P3*T*L2
1788 P0uY1*L1
1785 P1uTwLI
1798 P2uYI*L2
1795 A-u-P7

1885 Y2-0-
1818 MOVE'U+P1,S+P3
1815 Z=Z+P7
1828 IF Z>P5 THEN 1850
1825 P6=W*X-Y2*Y
1830 Y2-W*Y+Y2*X
1835 W-P6
1848 DRAW U.P1*W-P2*Y2,S+P3*W+P4*Y2
1845 GOTO 1815
1858 IF I<>0 THEN 1908
.1855 1.1
1860 MOVE U.P1,S.P3
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365 DRAW U-PI, S-P3
378 iiuVE U+P2, S-P4
37t DRAW U-P2, S4P4
380 I-8=SQR(1.39'L9) !1.39 IS 58% CHI-S.QURRED VALUE.
385 TmT*I8
390 Y1ZYI*18
B~o GOTCI 1775
900 MOVE K3+.15*S1,KG+.025*S2
985 LABEL "50%. & 95%/ CONFIDENCE ELLIPSES"M

318 FLOAT 5
915 MOVE K3-.005*S1,K6+..8*S2
920 LABEL MMUwM &VAL$(U)
?25 MOVE K4-.4*SI,K6+.O8*52
?338 LABEL 'SIGtIRu"&VRL$(S)
?33! MOVE K4+.82*S1,,K5
348 LABEL "U"
)45 MOVE~ K3-.085*S1,K6+.01*52
358 LABEL "S"
355 IF PS>-2 THEN DUMP GRAPHICS
3ý68 RETURN
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1i0 0 THIS SUBROUTINE, MLEQRE, G 175 ! THE R(I),B(J),C(I),O(J) AR
IVES THE MAXIMUM LIKELIHOOD E DIMENSIONED,188 AT LINE 2?t
ESTIMATES, MU AND SIGMA, BAS 5.
ED ON 188 ! P8 IS RN OUTPUT SPECIFIER.

105 ! QURNTAL RESPONSE EXPERIMEN IF P8=0,THEN NO PLOT IS MADE
TS, FOR THE MEAN AND STANDRR IF PS=I,THEN PLOT APPEARS
o DEVIATIONRESPECTIVELY, OF ON CRT.
A NORMAL 185 ! IF P8>=2, THEN PLOT APPEAR

119 ! DISTRIBUTION. OUTPUT ALSO S ON CRT RNO ON THE PRINTER.
INCLUDES THE COVRRIRACE ELEM 190 ! IT IS NECESSARY AND SUFFIC
ENTS AND ,AT THE USER'S OPTI IENT FOR A SOLUTION TO EXIST
ON, A PLOT THAT THE MAX. FRILURE>MIN.

115 ! OF THE CONFIDENCE ELLIPSES SUCCESS,
AT THE 58 AND 95' LEVELS. T 195 ! AND THAT THE AVERAGE OF TH

HE QURNTRL RESPONSES ARE CLA E SUCCESSES>HVERRGE OF THE F
SSIFIED RILURES. IF EITHER CONDITION

120 ! AS "SUCCESSES" OR rFAILURE IS VIO-
So. THE INPUT QUANTITIES TO 288 ! LATED AN ERROR MESSAGE IS
MLEQRE RESULTING FROM SUCCES PRINTED FROM LINES 440 OR 45
SES( e. R MAX.OF 38 ITERITIONS IS

125'! FAILURES) ARE ALSO SIMPLY ALLOWED
REFERRED TO AS SUCCESSES(FAI 285 ! IF MORE DESIREDCHANGE 38
LURES). THE INPUT IS STORED IN LINE 488 AND CONTINUE AT
IN A 470.

130 ! DATA STATEMENT(S) BEGINNIN 213 ! SOURCES:NWL REPORT 2846,NO
G WITH:N,M,L0,AR,B@,P8,AHERE V.t972eSIRM JN. OF APPL. MAT

N(M) DENOTES H., MAR.1972,PP.447,454.
135 ! THE NUMBER OF nLISTEDO SUC 215 OPTION BASE 1

CESSES(FRILURES). IF L8=1, T 228 DIM P9(4),Q9(3),R9(6),S9(5),
HEN THE DATA STATEMENT IS CO V9(4),W9(3),DSE3@J,ESE29]
NTINUED 225 P9(1)=-3.56098437813E-2 @ P9

140 ! WITH THE LIST OF SUCCESSES (2)=6.99638348862 @ P9(3)=21
FOLLOWED BY THE LIST OF FAY .9792616183 @ P9(4)=242.6679

LURES. IF L8#I, ,THEN EACH 01 55231
FFERENT 238 0911)m15.0827976304 e Q9(2)=

145 ! SUCCESS IS PRECEDED BY THE 91.1649S54845 e Q9(3)=215.05
NO. OF TIMES IT'OCCURS. THE 887587
SAME IS THEN DONE WItH THE 235 R9(1)=-6.@8581519597E-6 @ R9

FAILURES. (2)=.564371606864 e R9(3)=4.
150 ! THE LISTED SUCCESSES(FRILU 26772010709

RES) ARE STORED BY MLEQRE IN 240 R9(4)=14.5718985969 @ R9(1)=
A(I)(B(J)), .I(J)=1 TO N(M). 26.094'746J561 e R9(6)=22.898.
IF L8#1 9928517.

155 ! THEN THE NO. OF R(I)(B(J)) 245 $9(1)=7.56884822936 e S9(2)=
AT A FIXED I(J) FOR EACH I( 26,.2887957588

J) IS STORED BY MLEQRE IN C( 258 S9(3)=50.2732928638 @ S9(4)=
I)(D(J.) 51.9335786876 e S9<5)=22.898

i68 ! IF L8=1, THEN C(I)(P(J)) C 9857499
ONTAINS N(M) ONES. , 255 .V9(1)--3.24319519278E-2 @ V9

165 ! A@ AND Be CONTAIN THE INIT (2)=-.243911029489 @ V9(3)=-
IRL ESTIMATES FOR MU'SIGMR R .119903955268 0 V9(4)=-.0121
ND I/SIGMR, RESPECTIVELY 38827679

170 ! IF B@<=@, THEN MLEQRE SUPP 260 W9(1)=1.43771227937 @ W9(2)=
LIES THE INITIAL ESTIMATES F .489552441961 i M9(3)-4.3802
OR Re AND Be. 6643453E-2
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CI=.707106781187 @ C2=.79788 455 RETURN
45608863 @ C3=.564189583548 @ 460 IF 80>0 THEN 470

C2=SQR(2:'PI)@C3=SQR(1',PI) 465 LI=Ll+L4 @ V=(L2-'L5)'Li @ 80
INPUT N,i1,L@,Ae3BO =SQP(1/((L3+L6)/Ll-VYV)) A

Din R(8)C100818~( =.5*(L7+L8)*B@
88) 470 A1=H@ 81B=B@
READ N,fl,LS,RtB@,PS 475 LET 4ZL6,L7,L8,L9=0
PRINT "N;;;l;;; 48LTLI,L2,L3,L4,L5=e @ IF L9

L8~~L;,;R8R8,;<38 THEN L9=L9+1 ELSE U=1.E9
B8;8;;uP~;8@ POINT 9 @ PRINT w38 ITERATIONS"

Ds=aN9. OF A SUCCESS RNO SUC RETURN
CESSESu @ ES=&NO. OF A FRILU 485 FOR 1=1 TO N
RE AND FRILUPESO 48S6*A(I)-1 90RT
IF L@=l THEN 358 495 GOSUB 695
PRINT 0S 588 P=C(I)*Y @ LI=L1-P
FOR 1=1 TO N -505 P1=R(I)*P @ L2=L2+P1
READ C(I).A(I) 518 P2=C(I)SYI @ L3=L3-P2
PRINT C(I);TAB(9);AR(*;"~)= 515 P3A8(I)*P2 @ L4=L4+P3

; A I)520 P4=A(I:)%P3 8 L5=LS-P4
NEXT 1 525 IF Z=9 THEN 545
PRINT @ PRINT E$ 538 P5=C(,I)Y2 @ L6=L6+P5
FOR J=1 TO M 535 P6=S*P5 @ L7=L7+P6
READ D(J),B(J) 548 P7=S*P6 @ L8=L8+P7
PRINT D(J);TARB(9);"B("J;") 545 NEXT I
.;8(J) @ NEXT J 558 FOR J1l TO M

COTO 388 555 T=808B(J)-RO
PRINT DSE22',392 566 GOSUB 695
FOR 1=1 TO N '565 P=O(J)*Y @ L1=L1+P
READ R(I)@ PRINT.R(";I;*)=* 570.P18B(J)*P,@ L2=L2-PI
sR(I) @ C(I)=1 e NEXT,! 575 'P2=0(J)$Y1 @ L3"L3-P2
PRINT @ PRINT-ESC221 293 588 P3=B<J)*P2 @ L4=L4+P3
FOR J=l TO M 585 P4=B(J)*P3 @ L5=L5-P4
READ B(J)e PRINT "B(*;J;")=* 598 IF Z=@ THEN 610
;B(J) @ D(J)=1 @ NEXT J 595 P5=D(J)*Y2 @ LG=L6+P5
7=1.E99 @ D='-Z R E1=.088 @ E 6e@ P6-T*P5 @ L7-L74-P6
2=.01 @ LET L1,L2,L3=0 685 P7=T*P6 @ L8=L8+P7
FOR 1=1 TO N 618 NEXT J
L1=L1+C(l) @ 'IF R(I)<Z THEN 615 0=13*L5-L4*L4 @ D1=(L2*L4-Li

Z=A( I)*L5)/D @ 02=(Ll*L4-L2*L3)-'D
P1=C(I>*R(l) @ L2=L24+Pi' 628 A0A8@+Dl @ Be=BO+02
P2=P1*8(I) @ L3=L3+P2 625 IF ABS(Dl)>El*(RBS(R8)+.9eee
NEXT I 8861) OR RBS(D.2)>E2*80 THEN
L4=0 @ L5=0 @ L6=0 488O
FOR J=! TO M 638 Z=Z1+1 @ IF Z#2 THEN 488
L4=L4.D(J) @ IF B(J)>O THEN 635 S=1/80 @ U=#30*C

0=8(j)64e U=MU@S=SIGMR8L6=RIStt6 MUMU,
P3=nf(J)*8(J) @ L5=L54-P3 '8L7=RlSU8 MUS'8L8=A'SUBSS'.
P4=P3*8(J) V L6=L6,+P4 645 Z=89*80 @ L6=L.6*Z * L7=LZ*Z
NEXT J @ LSvLS*Z 8 Le=L6*L8-L7*L7 @
IF Z>=O THEN PRINTu`A-MIN>=B L11'/LS @ L2=1.8*L1 8 L3=-(L
-MAX" ELSE 458 0I L4=L6*Ll
RETURN- 653 ! L2,L3,L4 ARE THE ELEMENTS'
L7=L;_'L1 @ L8=L5'L4 8 IF L7<' OF THE COVARIANCE MATRIX
=L8 THEN PRINT'Am VE OF THE R 655 PRINT @ 21=U 8 GOSUB 1166
'S(=AVE OF THE B'S ELSE 468 66e B$ARS @ Z1=S @ GOSUB. 1168
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65 PRINT "MU=;B$;TAB(17);*S1G -795 IF 7#0 THEN W=EXP(-(K1*K1))
";R$ @ PRINT ELSE RETURN

78 PRINT OCOVARIRNCE MATRIX ELE 888 Y2=C2*W*Y'(2-W*W1'Kl) RETU
MENTS' e PRINT L2;L3;L4 0 PR PH
I NT 805 Y'=O @ Y1=O @ Y2=0 @ RETURN

,75 PRINT TMINITIAL AO=M ;A'1.-INIT 810 W=EXP(-(K1*K1)) @ =2*/2
IRL BO=b;BI,UFIHAL AO,BO=";A W*W1'K4) e YI=Y*(Y-T)
0,BG,*LfiST DELTA A8,BO=*jD1; 815 IF Z*O THEN Y2=Y*C2*K4/WI
D2 828 PETURN

;80 PRINT ONO. OF ITERATIOHS=";L 825 ! PLOTTING BEGINS
9' 0 PRINT @ IF P8*f0 THEN 825 830 GCLEAR @ L9=5.99 ! L9=95%CHI
ELSE RETURN ! C04FIDEHCE PL -SQUARED.

OTS. 835 S1=2*SQR(L8*L9/L@) % S2=2*SQ
385 REM CODY. INPUT T. OUTPUT: R(L6*L9/LO):

Y(Kl)=SQIZ(2/P'D*EXP(-K1*Kl) 848 Y=LGT(S1' @ T=IHT(Y) @ Y=FP(
',.ERFC(K1), Y1=Y*(Y-T) Y

39B ! OUTPUT CONTINUED:Y2=SQR(2/ 845 IF T<(-CHY18Y1 ELSE
P1 )*EXP(-K1*K1 )*Y/(2-ERFC) Y=10-y

595 K1=T*C1 @ Y=a @ Y1=@ 9 Y2=0 850 T=18-T
@ lF Kl<=-5.5 THEN RETURN 8 55 IF Y>=2 THEN 865

708 IF ABS(Kl)>.5 THEN 730 860 K1=.1*T @? GOTO 890
705 K4=K1*Kl 865 IF Y>=4 THEN 875
710 K(3=(((P9(1)*K44-P9(2))*K4+P9( 870 K1=.2*r 4 GOTO 890

.3))*K4+P9(4))/(((K4+Q9(1))*K 875 IF Y>=5 THEN 885,
4+99(2 ))*K4+Q9(3)) 880 Kl=.4*T 0 GOTO 890.

715 Y=1-Kl*K3 @ W=C2*EkP(-K4) @ 885 K1=.5*T
0=/ Yl"Y*(Y-T) 890 K3=INTN(U-.5*Sl)/K1)*K1

728 IF ZOO THEN Y2=W*Y/(1+KI*K3), 895 K4=U+.5*S1 @ IF FP(K4zt'l1z*
725 RETURN THEN K4=(IHT(K4'K1)+l)*K1
730 K4=RBS(K1) @ IF K4>4 THEN 77 908 Y=LGT(S2) @ T=IHT(Y) @ Y=FP(,

5 Y)
735 K3=((((R9(1)*K4+R9(2))*K4+R9 905 IF T<O THEN Y=10-(Y+1) ELSE

(3) )*K4+R9(4) )*K44R9(5'))*K44 Y =10-y
R9(6) ,910 T=10-T

748 K3=K3/((('((K4+S9(1))*K4+S9(2 915 IF Y>--2 THEN 925
N)*K4+S9<3))*K4+S9(4))*K4+S9 920 K2=.1*T Q GOTO 950
k5)) 925 IF Y>=4 THEN 935

745 IF kl),= THEN Y=C2/K3 ELSE 7 930 K2=.2*T @ GOTO 959
60 93,5 IF Y>=5 THEN '945

7'58 IF Z#0 THEN W=EXP(-(K1,*K1)) 948 K2=.4*T @ GOTO 950
ELSE 778 945 K2=.5*T

7,55 Y2=Cf'.*W*Y/<2-W*k3) @ GOTO 77 95,3 K5=INT(CS- .!5*S2)/K2)*K2
0 .955 K6=S+.5*S2 R IF FP(K6/K2)#O

768 W=EXP(-(Kl*K1)) @ Y=C2*W/(2- THEN K6=.(IHT(,K6/K2)+1)*K2.
W*K:35 968 SCALE K3-.35*Sl,K4..25*S1,K5'

765 IF ZOO THEN Y2=C2*Y/K3 -.25*S2,K6+.2*S2
770 YI=Y*(Y-T) @ RETURN 965 XRXIS KSK1,K3,K4 @ YAXIS K7
775 K6=1/(KItKl) K2,~K5,K6
788 K3=(((V9'k1)*K6+V9(2))*K6+V9( 970 XRXIS K6,K1.,K3,K4 R YAXIS K4

3) )*K6+V9(4) )/( ((K6+W9(1) )*K, K2,K5,K6
6+W9<2))*K6+W9(3)) 975 WI=K3/(5*Kl) 0 IFFP(Wl)#A T

785 W1=C3+K6*K3 @ IF 1(1<0 THEN 8 IkEN WI=(IHT(W1).1)*5*Kl ELSE
10 WI=K3

790 Y=C2ZKl/Wi 0' Y1=-(2*C3*K3/<W. 980 Jm-5
1*W.))
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J=J+5 @ X=W1+J*Kl @ IF X>K4 1185 IF I#0 THEN 1120 ELSE 1=1
THEN 1810 1110 MOVE U+PI..S+P3 @ DRAW U-Pl, v
MOVE X,.K5 @ IDRAW 8ý.. 45*S2 S-P3 @ MOVE U+P2,S-P4 r0 ORA
MOVE X,.K6 @ IDRAW 0,-(.045*S W U-P2.S+P4

2) 1115 IS=SQR(1.39'L9) @ T=T*I8 @
*Y=LEN("VALS(X)) YI=Y11I8 @ GOTO 1075 @ ! 1.
MOVE X-.03*(Y-l)*51,K5- 1IE; 39 IS 50%~ CHI-SQURRE-D VALUE
2 @ LABEL VRLS(X) @ GOTO 98
5 .1120 MO'VE K3-.225*Sl,K64-.1*S2 @
WI =K5/(5*K2) @ IF FP(W1)*8 LABEL 050% & 95%. CONFIDENCE
THEN U1=(INT(W1)+1)*5*K2 EL ELLIPSES*
SE W1=K5 1125 X=LEN(oMU="&BS)
,J= -5 .1138 MOVE K3-. 825*X*S1,K5-. 2S2

8;J+ Y=Wl+J*K2 @ IF Y>K6 8 LABEL "MU="&BS
THN 1850 1135 Y=LEN("SIGMA='&R$)

MOVE K3,Y @ IDRAW .@45*S1,O 114e MOVE K4+(.1-.05*(Y-1))*S1,K
MOVE K4,Y @ IDRAL% -(.045*Sl 5-.2*S2 @ LABEL "SIGMR=&RS
)1 0 1145 MOVE U+.6*S11 S-.56*S2 @ LAB
X=LEH(VRLS"Y)) EL "U" @ MOVE K3,K6+.02*S2
MOVE K3-.05*(1+X)*S1,Y-.5*K @ LABEL m53 @ IF P8>=2 THEN
2 @ LABEL VRLS(Y) @ GOTO 10 COPY
20 1158 RETURN

ELLIPSE PLOTS .1155 ! SUBROUTINE OF FOR SCALING
Ll=CI @ L2=SGN(L7)*C1 e'r1= THE N@.'S MU AND SIGMA ON
L6-L8 @ IF RBStP1)((RBS(L6) GRAPH

+AB(L)).8800801THEN 1160 Z=RBS(Z1) @ IF FP(Z1)=@ AND
1060 ABS(Z.1><100000000 THEN AS
P3=.5*ATN(2*L7'P1) @ L1=COS =VALS(Z1) @ RETURN
(P3) @ L2=SIN(P3) 1165 IF 2<1 THEN C$="-" ELSE C$=
1=0 @ K=30 @ P5=PI.&PI @ P7=
P5/K ! K= NO. OF POINTS FOR 1170 T=LGT(Z) @ T1=FP(T)
PLOTS OF ELLIPSIS. 117'5 IF TI=@ THEN 1208 ELSE 18=1

X=L1IL1 @ Y=L2*L2 e T=SQR(L NT(T)
9'.(L6*X+L8*Y+2*L7*L1*L2'K' @ 1188 TI=.5*(1-SGN(T))+T1 @ Ttl=1
Y1=SQR(L9/(L6*Y+LS*X-2*L7* -T1+ .Oe0805
L1$L2)) 1185 AS=VAL*(T1) @ Z=SGN(Z1)*VAL
X=COS(P7) @ Y=SIN(P7)' (ASE1,7i) @ IFFP(Z)=@ THEN
P3=T*L2 @ P4=Y1*L1 @ P1=T*L 1205
I @ P2=Y1*L2 1198 AS=VALS(Z) @ IF r8*0 THEN A
Z=-P7 @ W=1 @ Y'2=8 S=Av&C$&YAL$(ABS(I8>)
MOVE U+P11 S+P3 1195 RETURN
,Z=Z+P7 @ IF Z>P5 THEN 1105 1208 A$=VAL$($GN(ZI))&*.0o @ A$=
P6=W*X-Y2*Y 8 Y2=W*Y+Y2*X @- AS&C$&VAL%$(IP(RBS(T))) 8ý RE'
W=P6 @ DRAW U+P1*W-P2*Y2,S TR
+P3*14+P4*Y2 .1285 AS=VRL$(Z)&". 0"&CS.&VALS(A8S
COTO le09 (IP(18))) @ RETURN
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