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144 1. INTRODUCTION &
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tr 4 l'"
There has in recent years been a renewed interest in satellite operational i

32 control using rapid and accurate prediction techniques. Of especial interest are t:g?
3 ",
;: satellites in low earth orbits that experience atmospheric drag disturbances. :'%
1 46
gj' Early studies concerning the effects of atmospheric drag perturbations upon $>

artificial satellites of small eccentricity were performed by Cook and Kino~1e1e.l’2

Sﬁ Zee,3 Otterman and Lichtenfeld,4 and Lane.5 More recent analyses have been 152

:; developed by Liu and Alford,ﬁ'and Santora.7’8 The latter author's works represent %?E
f&i one of the more realistic approaches to the determination of drag perturbations on K

N a decaying satellite.9 There the oblateness and diurnal characteristics of the KEET
i» atmosphere have been combined with the effects induced by the oblate earth mass gé;
;3 gravitational perturbations to provide a "unified" analytic theory describing both F?ﬁ
? the drag and gravitational influences exerted upon a low altitude earth satellite. %E;

h

Santora's theory is unified in the sense that the oblate diurnal atmospheric

ey
e

o

drag perturbations have been combined with those produced by the terrestrial ??
LN

gravity field. It is not a completely unified theory for low altitude satellite izg
chs

motion because a significantly different development must be used to treat orbits

with 0. £ e s .01 than is used for orbits with .0l < e ¢ .20. A completely

:"i

v

¢ unified theory is presented here that not only combines the oblate gravitational
“{]

k effects with those produced by an oblate diurnal atmosphere, but also eliminates
& the eccentricity dichotomy that exists in Santora's approach.

A

The following sections of this report discuss in detail the development of this

unified theory. The nonsingular element set and the associated Lagrange planetary

SPL PRI

equations used in the development of the theory; a detailed derivation of the drag

M e e

decay rates; and an overview of the geopotential perturbations are presented in the

following sections. Appendixes are also provided that contain mathematical

relationships used in the development of the decay rate expressions.
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* ..
'-%; 2. EQUATIONS OF MOTION IN NONSINGULAR VARIABLES ‘cr~
A »
A '
" The eccentricity dichotomy that exists in the Santora theory can be removed by :
%% redeveloping the theory in terms of the following element set:
¥, ":‘-
£,
23 a = semimajor axis )
g A=M+au+
;“g‘l
& E=ecosd (@=w+Q)
s,‘ (2.1)
‘4* n=e sind
L)
cale P = sin (1/2) cos §

Q = sin (1/2) sin @ y, e
& b

-

o
. &,

=¥ ~r
R Nl
B

'Q where a, e, 1, w, 2, and M are the usual Keplerian elements. This element set is 3

w5 nonsingular for © # 7 and e < 1. o

> ; The Lagrange planetary equations for the nonsingular element set defined in

f; Equations 2.1 are:

Kt é = ..g— R

na A

. : 2 1

X A=n--=R +—L—(ER, + nR ) + (PR, + QR))

§§S na a Zna2 & n 2na2Y RP Q

2%

. §=-—L—r - —L-R - —I— n(PR, + QR))

0 2 X 2 2 Q

Gl na (1 + v) na 2na’y

o (2.2)

f‘;:‘:' ‘e e —Y R +-L-R +——1—E(PR + QR.) =

ef n 2 e 2 ¢ 2 P Q h

s na (1 + v) na 2na’y s

o . o

o B = - —p PR, - — R, + L~ P(R, - R ) WGt

311 2na’y 4na”y 2na’y %?

T, d

‘\J\ . W

W Q =~ 1 QR +___1_RP+__1_Q(nR - ER) :;

2 A 2 2 € n

. 2na’ vy 4na y 2na’y J -

T .

422 2

% s where n is the mean motion and \;

M) ::‘.'

o"' 2 .l'.

T Yy = 1 ~e . (2.3) -
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For close-earth artificial satellites perturbed by the earth's oblateness and
atmospheric resistance, the partials of the disturbing function are of the form

D G
R, =R +R (2.4)

where o represents any of the elements of Equations 2.1, and the superscripts D
and G designate the perturbing terms due to atmospheric drag and the earth's

oblateness, respectively. To be more explicit

—)
D _= . dr
R =F 3 (2.5)
and
G _ 3R
Ry = %0 (2.6)

> . .
where ¥ is the nonconservative drag force, r is the satellite radius vector, and

R is the gravitational disturbing function.

3. DRAG DECAY RATES FOR NONSINGULAR ELEMENTS IN
AN OBLATE DIURNAL ATMOSPHERE

Analytic expressions for drag decay rates in an oblate diurnal atmosphere
using nonsingular variables are developed in this section. Since the principal
drag effects on a close-earth satellite are perturbations in a and e, it is
necessary only to consider expressions for the drag induced changes in a, &,

and n.

An analytic form for the atmospheric density can be obtained by combining
the oblate atmosphere used by Cook, King~Hele, and Walkerlo with that of an

atmosphere with diurnal variation discussed by Cook and King—Hele.1 The resulting

form for the density is given by
p = po(l + F cos ¢)exp[-B(r - 0)] (3.1)

where o is an average atmospheric density defined by
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_ 1
p0 - Z(Dmax + pmin)

F is a density amplitude factor given by

pmax pmin

, 2 , 2
l -¢sin” 1 sin” u

. 2
1 sin

1 -¢ sin2

cos E- e + B

TR 84-353

(3.2)

(3.5)

1
]

(1 - e2) sin E (3.6)

cos ¢ = A 1l - e cos E

In the last four equations © max and Pmin 2T the maximum daytime and minimum

1l - e cos E

nighttime densities, respectively, at the osculating perigee altitude hp; H is

the density scale height; ¢ is the earth's ellipticity; rp is the osculating

perigeal radius; E is the eccentric anomaly; u = 6 + w, where 8 is the true

anomaly; and

an s s e e en -

AT A
fortrbrs

B“:‘J I R

|74

= i 0 - .
A = sin 6B sin 1 sin w + cos GB{ cos ( aB) COS w

- cos t sin (Q - aB) sin w}

B = sin éB sin 1 cos w - cos GB‘ cos (0 - qB) sin w

4+ cos 1 sin (0 - aB) cos w} (3.8)

The declination and right ascension of

» respectively,

designated by GB and ag

the center of the diurnal bulge are

in the last two equations.

Equation 3.5 may be expanded to first order in : to give
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XA
1 . 2 ‘r'
o= rp[l + 5 € sin 1(cos 2u - cos 2w)] (3.9) ty'
Similarly, Equation 3.6 may be expanded to first order in e to give '.
A
2 By
cos ¢ = A(cos E -~ e + e cos” E) + B(sin E + e sin E cos E) (3.10) G
3 ¢ Substituting Equations 3.9 and 3.10 into Equation 3.1 and using the relation ;
%¢ -]
3 e
9% = a(l E) ]
Y r=a e cos (3.11) 4
2 allows the following first-order expression to be written for the atmospheric foo s
ot v
= density: ]
¥ 2
‘P:.“ :'»}.'
-’u"' 2 "! %
- p = po[l + FA(cos E ~ e + e cos” E) + FB(sin E -
»:.‘_ ;
n + e sin E cos E)]exp{ -Bae(l ~ cos E) ;7-
o L:’Z
o + ¢ cos 2u - ¢ cos Zw} (3.12) e
NG
where {‘
o iyt
1o . ) 3
o = = !
c =3 eBrp sin” 1 (3.13) _
; y g
S gt ¢
.,:‘; This quantity may be treated as a small parameter of the same order of magnitude e
3::', as the eccentricity so that the following expansion may be used: WY
N ahe,
1 2 2 . k’!
exp{c cos 2u} =1+ c cos 2u + 5 ¢ cos 2u (3.13) -
‘-i- T'_\‘
'::-' The changes in the elements a, §, and n over one orbital revolution due \
g o~
~ to atmospheric drag deceleration are given by (see Appendix B) et
¢ J
2 Ly
'-" C S 3/2 ‘.%
I
o ra = - (__z_ 6a2f 0 (1 + e cos E)I/Z dE (3.15) 2 3
o 0 (1 - e cos E) ‘
.l.J ) r
'-“ !,‘
s Yy
D) N
"2 .$~
..1 I* 3
%‘ 5 K
5
z 2
o “‘:\
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RS

X, b

w:. :,.:

‘.-.{, C_S 2w 1 / 2 {“’L )

oy AL = - _D_ Sa .l_iis_‘if:. (; cew O cos E 4

v m YJ PY\T ¢ cos E PoEey W ees R
0

2 - sin & sin E) dE (3.16)

&

..'.i-‘

¢ and

EN 27 .

vy An = - €pS sa l+ecos E 1/2(\ i - -

'ﬂ'g' n - Y| *\T e s & ¢ sin I cos L

- 0

N + cos & sin E) dE (3.17)

Y C.S

-f; where (——m—) is the inverse ballistic coefficient for the satellite, and
1N

e

'S\N

Lo
¢
'f In the last expression vp is the speed of the satellite at perigee and A is
e
o the ratio of atmospheric angular rotation rate to that of the earth, designated by
«“.'I W e

e

e, Using the relations 2
¥ s
7! E ?

cos E - e A&
‘ § = —— .10 A
‘e cos l - e cos E & ) %

4]

%

(M
i and €
X v
o 1/2
:.:'_' sin 0 = (1 - e2) sin E (3.20) el
Lo l - ecos E : g
-}; to eliminate 8 to first order in e; applying Equations 3.12 and 3.14; and .‘
- L "I
:; expanding the resulting integrands of Equations 3.15 - 3.17 yields: el
e - )
254 (CDS ) | 3
a X ha = - — J8p . a"exp[-Bae - ¢ cos 2w {I + FA cos E '
?’ m 0 0 M
‘\‘-: “»
g + eFA cos’ E - eFA + FB sin E + FB sin [ cos h}{l L
i -
u'::: '}l.
o 12 e
= + c cos 2(w + E) - 2ce sin 2(. + E) + 7 ¢ ol
A %
s ¢ &
AN

: 2
7,

[

b
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+ %-cz cos 4(w + E) - c2e sin 4(w + E) sin E}-{l

+ 2e cos E} exp [Bae cos E] dE (3.21)

27
CDS
AL = - (—5_) époayexp[—Bae - ¢ cos Zwl/ﬂ{SAME}-{SAME}-{i
0

+ e cos E}-{y cos & cos E - sin & sin~E} exp{Rae cos E] 4E (3.22)

and

27
CDS
AN = - (T) SpoaYeXP["Sae - C cos Zwl/‘ {SAME}-{SAME}-{I
(6]

+ e cos E}-{y sin & cos E + cos & sin E} exp[Bae cos E] dE (3.23)

When the integrands of the last three equations are multiplied, the results
contain trigonometric terms that are expressible as functions of cos (nE), n = 0,
1, 2, ..., 7. This permits them to be written in terms of the integral represen-
tation of the Bessel function of the first kind and imaginary argument defined by
27
In(Bae) = g%J/ﬁcos (nE)exp(Bae cos E) dE (3.24)
0
The changes in a, £, and n over one orbital revolution due to atmospheric drag

deceleration then become
pS 2
Aa = - 27 - 6p0a exp[-Bae - ¢ cos 2w] IO + 2eI1 + FA[I1

+ e(IO + 312)] + c {I + 2el +-l FA[I1 + I

2 32

va—-

3

2

N|r—-a

1
e(I0 + 212 + 514)]} cos 2w - = cFB{I1 - I3

, 1 2
+ = e(I0 + 412 - 514)} sin 2w +-Z c { IO + 2e11

1 1 2
+ FA[I1 +-§ e(I0 + 312)]} + - c {IA - e(I3 - 31

4 5)
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2 1 1
oy = (L, = 21, ~ i1 s
._._:: + 2 FA[I3 + IS ) t_([z Z;!+ BRRPY: ]}(,_05 4w
- N 1S S Leqr, - 81, » 7i0Y sin
i;i -3¢ B 5" [S -3 e( 5 - bLA v i sin 4. (3.25)
= F = = — - - ~OS L i + 2 ovAae)T -
AE 2n - (Spoaexp[ Rae c cos 2.} ‘ e 3 1.xL)L1
‘;' +i (e + FAY(I, + 1.) +~1~F">I 11 +—E;\ 08 o r"
; \::. 2 £ 0 2 7 A ,3 \ ;', ) COos w }_.: ¢
'.:-:' D "
e LEBIT. - 1, + e(1, - 1.)100 + S sin =
2 o " 2T el Tl R
b TF
N +{S (1, + I, + FAe(I. + I.) - = o(1. - 21, - 31,) i
2 ‘1T 3 37 %52 T ety T o 4 oy
T . ¥
N 0
1 VRN ey
;‘; +2FA(IO+212+Ia)]cosm+ZFBL[10—212+Iq —
;i' 3
P + 2e(I, - 2T, + I,)] sin & 2 - 1 {FB{I ]
) 1 37 s S“‘“}COS A 0 2
::: ¥
1WA _ _ ~ - 4 2%’
14 + 2e(I1 15)] cos & + [e(IO 412 + 314) :
. ~
-‘..'-f . ~ . iy
e +2(1y = 1)) = FA(IL) = I, + 2e(1, = 1.))] sin 5} sin 2 i
;\
.:."-.'. C2 ;-:‘;.
-) + TE{[Z(I3 + IS) + e(SI6 + 214 - 312) + FA(l6 + 214 ;
‘P' ,
-“:'. . _ P + - St
2o + 12 + e(BI7 + 3I5 I3 Il))} cos L + PB[_[6 214 "
.::\: ‘
o - - sin 7y c b, Y
+ 12 + e(3I7 715 + 513 LL)] sin }LOS 4, 3
.:_::- 2
R c i
- - — - -— —_ N = 5
: + 16 {F‘B[I6 12 + e(3I7 I5 313 + 11)] cos & E_._

Canld
»
LATARA
,,“‘v"‘!

s
%

RO _ _ - a Vo FAL -
‘ + [Z(I3 IS) e(SI6 814 + 3I2) PA‘[E IZ g
) o f} '\
"-_‘ - - : o L. , '»:-: X
§’= + e(3I7 315 13 + Il))] sin ,} sin A,} (3.26) £33
;I . f"
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L) f_-*
N cpS . 2 RECK
L% = - —_— - - —_ — - Iy
c: An 27 o Gpoaexp[ Bae - ¢ cos 2uw] 3 FB(1l + A )[I0 I2 2
-N‘ +e(I, ~I.)]l cosa+ [(1+ 1 eFA)I. + l-(e + FA) (I ‘:
WX 1 3 2 12 0 terd
ko 2 =
o 1 c c "'
v = - N~ ~ - AR
R + 1,) + 5 eFALJ(L + ) sin & {4 FB[I) - 21, + I, }.&,‘,
L . c ”V'f-
§${ + 2e(I1 213 + IS)] cos & ~ E{Il + 13 + eFA(I3 + 15) f':
N o
:’4 te(-2 I +1,+21,)+FAG I + 1, ++1,)] sin &} cos 20 K
% 270 2 274 270 2 274 L
?Q + E-{[e(I - 41, + 31,) - 2(1, - 1)) - FA(I, - I, + 2e(I
B 4 0 2 4 17 %3 0~ 4T s
'
o
g - 1)) cos & - FB[I, ~ I, - 2e(I; - I,)] sin m} sin 2u
3 5 {FB[I 21, + & 71, + 5 i
X - 16 6~ 14 12 + e I7 - 71 + 13 - Il)] cos &
R
3 - [2(15 + T) + e(5I, + 2T, - 31,) + FA(I + 2I, + I,
o~ c2
4 - - 0 - — -
e +e(3I, + 315 - I, - 1))] sin 5§ cos 4w - {[2(13 1)
:
b - e(SI6 - 814 + 312) - FA(I6 - 12 + e(3I7 - 315 - 13
r‘ -
%;_ + Il))] cos B - FB[I6 - I2 + e(3I7 - I5 - 313
&y
Y-
e + 1)1 sin m} sin 4w (3.27)
)
iﬁ It should be noted that y does not appear in the last two equations since it
AR
En has been replaced with its first-order expansion equivalent of unity. The
ol changes in eccentricity and orbital period per revolution can be found from
1/2 2
¥ )
: se = (a€% + &%) (3.28) Wt
[ A
) @fﬁ
5 s
{4 and fL'
- £
R >
5, R
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% 3 =
et A = = — R
§ﬁ> T 2 a aa (3.29)
{gﬁ respectively, where T is the orbital period.
s
b
*J? 4. GEOPOTENTIAL PERTURBATIONS IN NONSINGULAR ELEMENTS
3f In order to evaluate the drag-induced changes in a, £, and n given by
:5: Equations 3.25 through 3.27 on a rev-by-rev basis, it is necessary to propagate
25 the gravitationally perturbed six-member nonsingular element set to the time of

interest. This subsection is devoted to a development of the gravitational

2ff disturbing function R of Equation 2.6.

LA\ ‘éf
P 5
:&ﬁ As will be discussed in subsequent studies, computations performed 4
f,f using this development will be done in terms of the mean state. Thus, it is ;;;
s convenient, yet completely general, to divide the gravitational disturbing ;;

Y8 function into short-periodic and secular-long-periodic parts: 3
SN s
d &
08 = 5
R R =Rgp+ Rep (4.1) e

o
b e

-
-

l‘
3 i where the subscripts "SLP" and "SP" denote the secular-long-periodic and
b%: short-periodic parts, respectively, and are given by

L

o

-

e £ £
3’*‘?: Rsee = Z Z Z Z Rempq (4.2

Ty
(¥

R £>2 mw=0 p=0 q=2p-£ B:‘

¢ 0

My ¥

8 and

o o

% Rsp = Z Z Z Z Rempq “-3

Sy £22 m=0 p=0 q#2p-L

,ﬁ The (zmpq)th terms in the disturbing function summations arc11

Y

N
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£
na
e
Rﬂmpq = ;233- szp(c)szq(y) :ﬂEizmpq(Azm cos elmpq

+ Blm sin elmpq) + (A, sin 8

Lmpq "~ £m £mpq
- B[m cos eZmpq) (4.4)

where a, is the mean equatorial radius of the earth, p is the earth's

gravitational constant

sz, £ -m even

= (4.5)
£m -Sp» £ - m odd

Spm’ £ -m even

By, = (4.6)

sz, £ -m odd

and

e[mpq = (L -2p+ qQA - md 4.7)

Here 6 is the Greenwich sidereal time.

The Jlmp and Klpq functions in Equation 4.4 are the inclination and

eccentricity functions given by

p)
_ k (L +m)! j(ZZ—Zp)( 2p ) 2£~a-2j
J, (¢) = (-1) —5—— -1) -m-iJ ¢
top o1t - p1 Z: VAN
1=,
) d+a=lal)/2
- (1 -¢9) (4.8)
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szq(v)

-t 2

k-t 2

cos (1/2)

(o

k = integral part of [£%E]

i = max (0, - a)
iy = min(2¢ - 2p, £ - m)
a=m-4£+2p

NSWC TR 84-353

r+t
(‘Zﬁ)(%ZZEiﬂ) a+»TERG C k|, (for q > 0)

o la]+k  k
k=0 r=0

o lgj+k  k )
SHLEY I Z > Z 3 (éfﬁfr

r=0 t=

t=0

.

r+t
: (2p—2£)(/&-2p+q) 1+ ™A - [, (for q < 0)

The R&npq and ]I[Zmpq functions in Equation 4.4 are given by

k Y2

Rmpq Z Z( 1)

n=0 u=u,

.Av }{4'-',4-'- r-.-{ r,

t- e

("”X'ai )Ej lq| -u Up lo] —2n+uQ2n—u
2n-u

AL

PR R

3 i S LA, 15"‘"“

-(-(*b Lt
2 AN »4"(’."‘»" .:'
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(4.11)

'~.L\,

bk ¥
PRE

e

e W

LBk
S

YL

st RV

Ee

o

A vl
SRR ot

=

s




e vy
At t e

v
;{ , NSWC TR 84-353 e
iy &
'3 ’ T
g Zk’ 2 3
iy ]I[ = 2 : pyrtutl e figif o) lal -u o
A £Lmpq D 6u u \2n+1-u [° by

n=0 u=y .,/

b 1 -
s &5
s 2
: -2n-1+ -u+
, . nUp lol ~2n-l+uo2n-u+l (4.12) q&.'
gl “r':-f
E}& where é:;
K3 - 4 .':’l
Sy - Tty
k = [—L———' L+ 'a'], Ko ['1' + Jol 1]
R % 2 2 ‘:-‘j
r
f_? u, = max(0, 2n - |al), u, = min(2n, |q|) k;
309 i
;::' ’ ’ ‘Z”';
W u; = max(0, 2n + 1 - Ja]), u, = min(2n + 1, |q]) v
%5? Gu =1, if q, o are both positive or negative 1
0 o
e < Gu = (~1) ', if q or o is negative %
e f
524 The partial derivatives of the inclination and eccentricity functions that Zﬁ.
',3 are required for use in the Lagrange planetary equations are gﬁ
b;ﬁ ég
33, 3, ) -
Al TR = .2p TR -
%y P dc
1 & %?;‘
120 NS
% 83y 33p a‘
j?& _._B = —ZQ _.ﬂp. ,J
i 3Q dc "
2 v
‘1‘* (4-13) 2:5‘
1% 3K 3K B
W L4 £ _4pq f e
< 3 Y 3y XS
7% o
and
3 ‘J .:i:
X 3K 3K W
3 pq _ 1 Mapg
o an Y 3y J o
e &
% where R
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Iz
aJ
Lop _ (_yk _(Bm)! -1y (ZK—ZP)( 2p )
1
cHrom2itigenleliar japye® - (25 4 a - ,a,)st'z]: (4.14)

s = sin (1/2)

o q] tk k

3K
Lpq _ (-£-1ql) _1y laht -2~ lql§ :
3y 14y K’pq+(1)b(l+” £ Z Z

r=0 t=0

r T+t
. ﬁB (lﬁf;ifr)(;fg)(é-_gm) A+ D™y D

- ek +pa - @ 0 (4.15)
and
3Ky (-2~ |q1) 2 £ o
pq _ (-£-|ql _1y 1] -£-q|
Y 14y Kflpq+(1) 271+ 2.—‘5 Zo Zo
=| r= t=

D[ -2p \[2p-20\[t-2p+q “’t(l 4 yyFttekel
rie! \|q|+k-r J\ k-t 2 \

[+t -0 - -k +v0 -], @< o0 (4.16)

The partial derivatives of the ]H;{,and ]Hj functions are as follows:
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; = |al:l]R ;
0 3P tmpq 20

£m’pq

where

¥ and

3
8
"

m+ 1, (o < 0)

The nonsingular element set of Equations 2.1 can be decomposed into the

o standard Keplerian element set through application of the following relations:
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2 212 A
e=(¢"+n’)
1/2
v=2stnl (%4 QD) )
Q = tan * (Q/P) (4.18)
-1
w = tan = (n/g) - Q
and
M=~ + Q
(w ) J
In closing it should be mentioned that the osculating perigee radius rp is
required to compute the decay rates of Equations 3.25 - 3.,27. This quantity
is given by
r =r +r (4.19)

The rSLP

from the Lagrange planetary equations when the gravitational disturbing function

evaluated at 6 = 0. portion is computed using the a and e obtained

R is represented by RSLP only. The short periodic variation of the satellite
radius is
a2
_ 1 e 3 2 e
rSP ZCZOP 1 2sinl)l+ 2cose

2
2 r 1 e 2
+.__1__2_(;) ~ 3 CZO(_E_) sin” 1 cos (2w + 29)
- e

where p is the orbital semi-latus rectum.

(4.20)
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33 APPENDIX A :§{
N POSITION PARTIAL DERIVATIVES WITH RESPECT TO ORBITAL ELEMENTS A
£ 0
e D t‘
it Relationships that are required for the transformation of Ra into a more >
e Y
oy usable form are collected in this appendix. Let xj’ j =1, 2, 3, represent the "k

-
inertial Cartesian coordinates of the satellite position vector r. Then

\' g
e b
_J 3% -gx
4 *‘ . Y
9 i
o a2 - a (A.1) R0
- ) a1
o —— == [-=—— - e(sin w cos  + cos w sin Q cos 1)] (A.2) N
o D\ Yy 'r du !
-“‘p‘ }
G 3
b ) a 1% £
?: = = ?.[;-Bu - e(sin w sin § - cos w cos Q cos )] (A.3) %ﬁ
W Hg
}}u by
i ™3 _a 123 3]
\i: o=y [; e tecosw sin 1] (a.4) ?5‘
5 :: axl “
oy = -r[sin u cos Q + cos u sin Q cos 1] (A.5) ok
v du 1%
o L4
! - -r[sin u sin f - cos u cos Q cos 1] (A.6)
é\ﬁ
k3 ax3
L\ ——— =
5:& ™ r cos u sin 1 (A.7)
i X Ix Ix
o, I (A.8)
he 3  du A
..
e
i Yo X . 3(x,x,) ax
. _d o -1y 127 3§
3 s~ D75 ™ (A.9)
P 3 -\
L~ t‘\:
p ax ax m\
P 1, stnf 1 _ a(cos w cos © - sin w sin Q@ cos 1) (A.10) t}
N de Y2 du b
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ST L

- a(cos w sin @ + sin w cos Q cos 1)

- a sin w sin 1

r sin u sin Q sin 1

-r sin u cos Q sin 1

r sin u

X

d
3.3
5E e COS

‘T

s INE |
e

> -
v
-
8
P

*

ij axj cos axj sin Q

P 2 91 cos (1/2) 239 sin (1/2)

axj _ axj sin Q axj cos §

3Q 2 91 cos (1/2) + 90 sin (1/2)

In the above expressions u is the true argument of latitude defined by

u=w+06
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APPENDIX B

A DERIVATION OF THE INTEGRAL EXPRESSIONS FOR Aa, Af, 4An

In order to obtain integral expressions for Aa, Af, and An, it is necessary

to develop the Gauss planetary equations from the Lagrange planetary equations of I

section 2 for the case when

- "
R =RD=_f~%§- (B.1) i

This is accomplished by first resolving the disturbing force ? into three

components U, V, and W, where W is perpendicular to the plane of the orbit

(positive toward the north pole); V is in the plane of the orbit at right

angles to the radius vector (positive in the direction of motion); and U is o]

along the radius vector (positive in the positive r direction). The required

transformation is:

— 1 ~ P
F cos u cos § - sin u cos Q sin Q@ sin 1 (bj

~ 8in u sin Q@ cos 1 - cos u sin 2 cos 1

cos u sin @ - sin u sin @ - cos  sin 1

+ sin u cos Q cos 1 + cos u cos O cosi

- ' : :
e F sin u sin 1 cos u sin 1 cos 1 W A,
o [z L JU 2
[ .h:'.- '&‘

ol LA
L Applying Equations B.2 along with the relationships of Appendix A to Eﬁ
F Equation B.l gives the following results for RZ: oy

e
:aiﬂ &
5 D r =
13 Ra = @ (B-3) :
[
( . . a3

2
D - (ae ay
RA (:7 sin 8)U + ( T \'

s~

4

- §
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D _ a sin 0 sin &

cos O sin &
a————
»

Y

faal

- cos O cos G)U +

+ cos © sin 6)- A] V

D sin 68 cos @ L.
Rn = -a —————jfiiiiﬂ + sin & cos 68U + a(%in % sin 6

cos i cos B
Y

- B|V

Rg = 2rfqv + 2 P sinu+ Q cos u cos2 (1/2) W

sin 1
and
D Q sin u - P cos u cos2 (1/2)
R. = -2r| PV - 2 - W
Q sin 1
where
A= -r sin 0 cos & -a- iL) sin &
2 Yr e
Y
B = -r sin 0 sin & + (1 - jL) cos @
Y2 Yr e
L o
y =491 - e2
and
u==46+uw

The results of Equations B.3 - B.12 can be applied to Equations 2.2 to

provide the U, V, W representation of the Gauss planetary equations.

Since

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

only the retarding force that is opposite the direction of motion is considered

here, it is convenient to transform the equations of motion for a, £, and n from
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3N
e
'::: the U, V, W representation to the T, N, W representation, where T is the component
b s along the velocity vector; N is normal to T (positive toward the interior of the 7
.:._ ellipse); and W is normal to the orbital plane as before. The required transfor- Ty
b mation is: :'::'_
] »':. -y - - ';:'.\:‘
& i {5
\ (1 + e cos 6) e sin © T
- -1 (3.13)
<o o i,
o s
P U e sin 6 - (1 + e cos 0) N ;:;-.-
) R
-.'.4 I - =l L - -

\ where -
o 2 e
g = ‘/ 1+ e 4+ 2e cos § (B.14) 2x
o A
- A
_ Applying this transformation to the U, V, W representation for a, é, o
. T . '.b ry

and n and retaining only the T component yields: r—‘:‘
' -';-.
. 4
N a=2I, (B.15) o
ny
‘:-_' h '
,l‘; L%t
V:'-“ . .YT I
]:';', £ = E[Z cos (& + 8) + e(sin (& + 8) sin © AN
) 4 N
a + cos (&5 + 6) cos 6 + cos &)] (B.16) W
. ) Y '
” [T
.\{" 5".-
).'-“. and i
O r"n.
o) n = —tr-[Z sin ( + 8) + e(sin (@ + 6) cos 6 e
- nac P
) el
- R
o - cos (B + 0) sin 8 + sin &)] (B.17) R
' »-:
i :
Fat The retarding force due to atmospheric drag resistance is s;
- c.s N
"y T = - l’.(_l)_) Gpv2 (B.18) O’i‘
v--,’; 2 m E‘%‘
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") ]
':-: t‘L‘
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where § is given by Equation 3.18 and p is the atmospheric density. Substi-
tuting Equation B.18 into Equations B.l5 - B.17; using Equations 3.19 - 3,20;

and applying the relations

l + e cos E
1 - e cos F

2
)

d
dt

allows the

2 (1 + e cos E)

d

dE

following to be written

3/2

C,S
D
- (_m—) Sap
C.S
D
) (—m_) " (

(1 - e cos E)

1l - e cos E

1/2

(y cos &

cos E - sin &

1 + e cos E)l/2

W
'y
5
%
;

dn
dE

cos E + cos @
T — e cos E

)

The changes in 'these elements over one orbital revolution are obtained by

1 + e cos E)I/Z(Y sin &

wutelel ol
] “l.t{) B

integrating the last three equations over 2w radians of eccentric anomaly to

give the final results

S

2n
m ’ P
0
2n
m Y P 1
0

- sin & sin E) dE

3/2
1/2

(1
(1

E)
E)

E 1/2
(Y cos & cos E

Aa

dE

T P o
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S el e A
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