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Convolution of the IFRA Scaled-mins Class
By
Emad El-Neweifii
and
Thomas H, Savits

The class of nounegative random vectors I (rl....,rn) for which

ma a,T 1s IFRA for all 0<

‘1§°' Aiél....,n.. is closed undar eonvolu;ion.
1<i<n
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- 1. Introduction and statement of main result.
R‘“\?N
Z

-QIn recent years various multivariate extensions of the univariate classes

of 1life distributions that are important in reliability theory have been pro-
posed. A survey of many of ghue classes may be found in Block and Savits

(1981). 1In this paper we focus on one particular extension of the IFRA (in-
creasing failure rate average) class due to Esary and Marshall (1979)}%-‘7 Mf&“ -

nonnegative random vector T = (Tl.....Tn) is said to satisfy condition (F) ik

:: if 1ﬁt<xna1'1‘i is IFRA for all choices 0<ai <w, i=1,...,0. (Recall that a non-
& negative random variable T is IFRA if F(ac) 3?“(:) for all t>0, 0<a<1l,

ﬁ vhere F(t) =P(T>t) is the survival problbmty). Here wve interpret @+ (0 sm,

- Although Esary and Marshall (1979) considered some closure properties of

this class, they did not study closure with respect to the operation of com-

volution. Recently, El-Neweihi (1984) showed that the class is closed under
convolution provided one of the two vectors has independent components; how-
ever, the gensral problem was not rvesolved., The purpose of this paper is to
prove the generz) result as stated below,

Let 1 denote the class of all nonnegative random vectors T= ('rl....,'rn)

satisfying condition (F).

Theorem 1.1. The class 1 is closed under convolutionm.
The proof of this result is contained in section 2. In section 3 we con-
sider a further characterization of the class I. As usual R: denotes the

nonnegative upper orthant.

2. Proof of the main result.
We shall make use of the following characterization of the class I due to o

El-Neweihi (1984).
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M (El-Neweihi). A nommegative rendom. vector T = (Tysevn,T ) be-
longs to I .if and only if

a n
5 B Ik, (1)) < &% 1 u¥r, /o)) (2.1)
i=] i=)

~
LAR AN

for all 0< a<1l and all nonnegative nondecreasing functions hi defined on
[0,”). i .lgcto.nO
Thus to show that I is closed under convolution, we need only show that if

S= (sl.....sn) and T= ('rl.....'rn) are independent vectors in I, then

n n
BLT by GyTy)) <t/ IRATES
=] -

for all 0 < d< 1 and all nonnegative nondecreasing hi on [0,®), i=1,,,..,n.
As uysual we may assume without loss of generality that each hi is continuous
and bounded (see, e.g., Block and Savits (1980)).

First we prove a lemma.

Lemma 2.2. Let H(s,t) be bounded, nonnegative and continuous on R:xkz. Let

AR
et Sl

U and V be two finite measurss on R:. For 0< a<l, define || ll(°.£)||a-

= A
A {Jn %s,£)dv(2) /%, Then SN
2 | S5
& [Il (e, || duce). < ¢ [ t[u(_-_.gmu(g 1%v(e) 1/° (2.2) s
= | [H(',Qdu(g) Il i\]‘
SR
i1.-1 1 1-1 1 LN
Proof. If m>0 and L=(1;,...,1 ), lee A=<, Lyx,  x(-B_ _B) gop NS

——— n i zll 2m 2‘ m

- 124, <wed”, fel,eee,n, m=1,2,... . Set H (s,8) = H(s,2 ™) for te A] and a?.‘};._‘.j
u - ,:\:; 4
3': zero otherwise, Since H is bounded and continuous, n‘(g,t) + H(s,t) boundedly E'Z-\. .:'.1
- -—— MR |
~ i
as > Hence ||H C,elllg +||nCe,02]], boundedly and B

%N
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Jll B (*,8) Il duce) + JII H(+,t) || du(t) as m + = by the bounded convergence

theorem. But

|-
E‘

-
.
.

[l @@ = | el pap
- E lApE 2" ],

m -m
<l Eu(A_i_)un(-.z vl ,

= |l I B¢l .

The inequality follows from Minkowski's inequality for 0< 3<1, The desired

result is obtained by passing to the limit as m + ,

(2.3) Remark, The above lemma remains valid if we weaken the continuity assump-
tion on H. It suffices that H(s,t) be measureable and right-continuous in t
for each fixed s. We can also replace right-continuity with left-continuity
if we redefine Bn(g_,_t_:_) as E(_s_,zdm(_i;-.]_..)) on A‘: where 1= (1,...,1).

We are now ready. to prove the main resu;.'t. Let § = (81,....Sn) and
Is= ('rl....,r n) be independent vectors in I with corresponding distribution

functions F and G respectively. Fix 0<a< 1 and let h:l. be nonnegative, non-

decreasing, continuous bounded functions on [0,%), Then

n n ek

E[ T h,(S,+T,)] = ” T b, (s, +t, )dF(s)dG(t) e
et Rt A mp 24T C
n 8, R

a, 1 l/a,. . S

. if[jilllhi('?. + t)dF(s)])7 Tde(e) | (since Sel) <

n s e . |
' 5‘1 ‘L“l“i“i +£)d0(0)] “ar@)/ o (9 Leama 2:2).
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n 8 t
< {f{(f Mhd <+ Dac)*ar@ 1’ Gatnee T D)
i=1

n S +T
| l'[lh:(—iz-i)].
1-

R ]

(2.4) Remark, Suppose H is any class of nonnegative functions and we define T

: to be H-IFRA if E[n(D] < EY/*[n*(I/a)] for all heH, 0< a<l. Then this S
) same argument shows that such a class is closed under convolution provided
l whenever h e H, it follows that h(s +t) belongs to H for fixed s and for fixed "1

t.

EOR o0 SRRSO N RO N

3. Another characterization of I

As wvas mentioned in Section 2, El-Neweihi characterized the class I by

' the requirement that

: E(H(D)) < gt/ e [n"(ya)] (3.1)

n

for all 0<a< 1l and H(t) of the form I hi(ti). vhere each h, is nomnnegative
I and nondecreasing on [0,®). With the h:;: of Lemma 2.2 we can extend the in-

equality (3.1) to a larger class.

Lat H denote the class of all nonnegative distribution functioms on

B B 2 TE I N L

R:; i.e., HeH 1f and only if there exists a measure U oOn R: such that

H() = u([9,8]). We denote this unique measure u by dH. ‘

MRS SO O,

Theorem 3.2. T ¢ 1 if and oni, if

1/ a

e() < e’ 2 [m%(/a))

for all 0< 0<1 and all H ¢ H.

n
Proof. The sufficiency is clear since h(t) = I h, (t RE H whenever each h,
i=1

5 is nonnegative, nondecreasing and right-continuous. Now suppose Te I and
I
: HeH, Let F be the distribution of T. Then
!
L4
[4
3
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E[H(T)) = | H(t)dF(t) = ” L. ](s)dH(s)dF(c)

lladﬂ(g) (since Tel)

'I I L =) &IF (L) 1dH(s)
f I Lg,=) &/ 0) dF(D)]

< {[[I ‘xlg.sm(g)dn(g)] % gr(e) 1 Remark (2.3))

El/ a [lla@:/ 0)' 1.

(3.3) Remark. The characterization of the NBU class considered by El-Neweihi
(1984) also extends to this class fi,
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