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1. Introduction and statement of main result.

_In recent years various ltivariate extensions of the univariate classes

of life distributions that are important in reliability theory have been pro- ''

posed. A survey of my of these classes may be found in Block and Savits

(1981). In this paper we focus on one particular extension of the IFRA (in-

creasing failure rate average) class due to Esary and Marshall (1979).3- - .

nonnegative random vector T - (T 1 . T* UT) is said to satisfy condition (F) L
' if min a T is IFRA for all choices 0 <a <, i-1,...,n. (Recall that a non-,- l~<i<n Ii :..:

" negarve random variable T is IA if P(t)>iF(t) for all t>0, 0< oil,

where W(t) aP(T> t) is the survival probability). Here ve interpret o 0--

Although Esary and Marshall (1979) considered som closure properties of

,*, this class, they did not study closure with respect to the operation of con-

volution. Recently, Il-Neweahi (1984) showed that the class is closed under

* convolution provided one of the two vectors has independent components; how-

ever, the general problem was not resolved. The purpose of this paper is to

prove the general result as stated below.

Let I denote the class of all nonnegative random vectors T (TI,..T d

satisfying condition (7).

Theorem 1.1. The class I is closed under convolution.

The proof of this result is contained in section 2. In section 3 we con-

* nsider a further characterization of the class I. As usual denotes the

nonnegative upper orthant.

2. Proof of the main result.

We shall make use of the following characterization of the class I due to

,l-Neveihi (1984).

3 .*
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ThJearm 2 1 (El-Neveihi). A ncwmptiv* rlndoa. vector T- (T 1 ,. ,T be-

longs to I if and only if

n -~ n
El 11 h (T )I. EB [TI h (T1 I (2.1)

for all 0 < aL< 1 and all nonnegative nondecreasing functions h defined on

Thus to show thatT Iis closed under convolution, we need only show that If

5m (Slqe**iSgn) and Tm (Tlqses n) are independent vector* in 1, then

for all 0 < a< 1 and all nonnegative nondacreasing h~ on [0,40), i-lqee.,u.

An usual we may assume without loss of generality that each hi is continuous

and bounded (see, e.g., Block and Savits (1980)).

First we prove a& lema.

n nLeama 2.2.* Let H(s , t) be bounded,, nonnegative and continuousn on R+ xC +. Let

u~ and iV be two finite measures on *t7 For 0 < a <1, define aI(,tI~

{JHs~tdv~))lCI. Then

[ii~ ~ R(,)I~i(~.<{(Ratd t) 'dV (1)}/ (2.2)

Proof. If m >0 ad ii(i i 9 ,' let I x x 4)fo

1<1j~~~ju-2m, ~~ 10,6H. m..,, StHs,2 1)fo tA and

zero otherwise. Since H is bounded and continuous, Ha(s.t) H (s..t) boundedly

as a*' Hence IH( II*I~(. boundedlyan
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fii H.(-t..LjadjAt) f Ji l(O.t)I dUa(t) as m by the bounded convergence

theorem. But

"f IIR dLt)II I H (..27JII"

j _"a - - ll*'m,-- -'aIt "

-.. . - "Ii(+)3 %2m "I
a -"

-S13

f- II ( (.t)dp ll o

*; The inequality follows from Minkowski's inequality for 0 C < 1. The desired

result is obtained by passing to the limit as m

(2.3) Remark. The above lemaa remains valid if we weaken the continuity assump-

tion on H. It suffices that H(.t) be imasureable and right-continuous in t
-de'

for each fixed a. We can also replace right-continuity with left-continuity

. if we redefine H 3 (s,t) as H(s,2'(i l)) on Am where 1 - (,... ,1).

We are now ready to prove the main result. Let S = (SI..Sn) and

*T =(TI,...,Tn) be independent vectors in I with corresponding distribution

functions F and G respectively. Fix 0 < a< 1 and let h1 be nonnegative, non-

decreasing, continuous bounded functions on [O,). Then

o ff n
[ T h(S+T)] - I h (s+t)dFm)dG(t)

*- 1-,',"
If' [f, h°LC'o+

1 )d~x)1/C~CL0(smince SeIa

F. .<{1f [n hi(-i + t )d(t)J o'A()} - Lena.2.2.), -

,,*- O?

i.....
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n t
11 ha ~ + ~a)dG(t)) ]dF(E)l (since Ie I)

(2.4) Remark. Suppose H is any class of nonnegative functions and we define T

1/ai(to be H-IlRA If EIh (1)]1 < E Ih (/i)]I for all h eH, 0 < a <1. Then this

*same argument show that such a class Is closed under convolution provided

whenever he H, It follows that h(I+ t) belongs to H for fixed s and for fixed

* 3. Another characterization of I

As mws mentioned In Section 2, Il-Neweihi characterized the class r by

*the requirement that

l/~ 01

*for all 0' < < 1 and 1(t) of the form 11 hi(ti) where each hi is nonnegative

and ,aondecre..ins on 10,a). With the help of Laes 2.2 we can extend the In-

equality (3.1) to a larger class.

Let H denote the class of all nonnegative distribution functions on

FR;; i.e., Be H If and only if there exists a measure U on n1+ such that

* E,~)- u((,LJ).We denote this unique measure pi by dli.

*Theorem 3. 2. T c I If and only~ if

E[R(T)J < E l/ p (a)

for all0 <a< 1 and allHie H.

Proof. The sufficiency is clear since h(t) a 11 h (t) £ H whenever each hi
iI -

is nonnegative, nondecreasing and right-continuous. Now suppose Te£ and

H e H. Let 7 be the distribution o * Te

r
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E[HT)]- JH(t)dF(E) - if 1[Ot(8dH(s)dF(t)

fI if [,)C.)P)]K)

t JuJ d[F@ (tQ (t)J 1dH (s) Waice Tel1)

-E 0H~ ) 1

(3.3) &M k The characterization of the NBU class considered by El-Neweibi-

* (1984) also extends to this class H.
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