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A NOTE ABOUT THE STRONG CONVERGENCE OF
THE NONPARAMETRIC ESTIMATION OF A REGRESSION FUNCTION

by

Zhaoben Fang

China University of Science and Technology

ABSTRACT
t*

Consider the regression model Y, g(x*) e i= 1 2.n Xi's are unordered design

variables, g unknown function defined on (0,11. (e*} i.id r.v with mean 0 and finite

moment of order p > 1. The asymptotic behavior of estimator gn are studied.

Key Words: Nonparametric regression. Kernel estimation, large sample property .

AIR FORCE 0FICE D? SCIENTIFIC RZSIRCH (AYSC.-
NDTICZ OF1 RAWAKITTAL TO DTTC
This tochnic'l r-, ).t hias b1- -P-v1.ewo, Rnd 1,

Dt 13tribut jo,: " :

, 7 7H FEW T. ,;,:. '

,hief, Techrnic1, Inforowtion Divisio-.

%. . . .. o .

. . . . . . . . . . . . . . . . . . . . . . .



%- , -- . ro 4

2

We consider the regression model

Y1• g(xi*) + ei* i , 1, 2,...,n (1)

where xi* E [0.1] are unordered design variables. ei* are iid random variables with zero

mean. g(x) is an unknown function defined on the interval [0,11. The problem is to

estimate g(x) through observable variables Yi*.

Denote ordered design variables by xi < x2 S ... __xn, and define Yi - Yi* and ei - el*

if x1 = xj* and 6n - 1max (xi - X 1il) where X0 1- 0, Xn+ 1 t 1. An estimator proposed byif x Xl and6 n  <i<n'l

Lin and Cheng [1) is given by

n xign(X) I an 1k (x -z) dz (2)

i X 1 n

where {an} is a sequence of positive constants converging to 0. as n , =, k(z) is a kernel

density satisfying:

(i) k(z) > 0;

(ii) k(z) = 0 for z tf- 1.11 for some positive constant L;

L
(iii) f k(z)dz = 1.

In fact, it is obtained by the natural estimator

SY1 x < xi

h(x) Yi+1 i i....n- 1 (3)

""~~ Yn x > Xn  .i:.

, after smoothing with weight function anlk[(x - z)/an]. Lin and Cheng [1] discussed the

strong convergence of gn and the rates of uniform convergence under a condition

, : .: -..
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El e*P < P > 2 among other conditions. In this note we relax the restrictions on the

moments of et and improve the results of [1] and 12). The results are given in the

following theorem:

Theorem Assume that k(z) is bounded, El e*IP < * for p > 1, 6n  0(n-), an n-d.

for 0 < d < 1 - 1 If g(x) is continuous in [0,11, then for all x E (0.1)

gn(X) n g(x) a.s. (4)

Proof: Denote e, eil(I  i I < il/P).

n e an k (x ) dz, where I() is an indicator function. Then
ji xi- 1 n an

gn(x)- g(x)

a gn(x) - gn(x) +n (x) - Edn(x) Egn(X) - Egn(X) Egn(x) g(x)
• A

1 2 13 + 14.

a.s.
In the following we prove Ii - 0, i -1, 2 and I-0, j 3, 4 separately. First, when n -

is large enough

n x1

14 - Egn - g - g(x,) anlk(-A ) dz - g(x)Si xi-1 n

n -.Ix' c g(z ) a-]1 dz -" .. d

n .'-"-

+ I [g(z) - g(x)]anlk(x - Z) dz (6)
i=1 xi_ 1  n -n.

By the uniform continuity of g(x) in (0.11 and the property of k(z), the first term above is

less than e f k dx - z dz. where E is arbitrary positive constant. The second termo an an
in (6) is not greater than

,' .....-.,.. .. . . . .- *****.j.%*.~.*****. -



sup Ig(z) -g(x) + l sup_ 6 tk(t)l1 0 f g(z)Idz
z < >an 0

+ sup g(x) I f, k(u)du.
an

So it is easy to see when n -

14 0 (7)

by Holder and Chebyshev inequality.

n X
1 13 1 j E(II(eI >i)fxi -1 x-Z) dz1131~~~ ~~~ < .E]e 1 i lP} i n an

n 1 1- 1 6 n Ik I.[P e >i/lI-P(l ei IP)iP
< an n 11 It 11 (P(j a, > ilI)'~(I

na 1 1 1:.

an (El eiIP)'-PEI • i P)P

1

_ a1 n 1- ' c nn 0 n- (8)
i1 il-- .I -

np c n n

where I k U - sup I k(x) , c a constant. Notice that if 1 < b < 2, we have
x

z
__ + z + z lb when z < 1, so if r.v Z < 1, EZi = 0 then E(exp[Zi}) S exp(E) Zi )b).

Now, take b < p, dn 2 
tnn n-n. dn( i - Ei) fx' a-k (x By the choice ofxi_ 1 n an -_..

dn and the conditions on 6 n and an in the theorem we know that Zi < 1 when n is large

enough. Thus, we have

n n n
E( li exp(Zi)) 1 1 E(exp{Zi}) Ti exp(EI Zi Ib)

im1 i-i i-I
n t
< l exp(dnldn fl k II tnanl)b- El ei 1b Jxi 1

ni 1 (a .) dz)

< exp{c dn(dn6nanl)b-l)

For given e > 0, when n is large enough,

* . ..-.. . . . .
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-dnE 2 n-
e E( TI exp{Zi)) < *

So, we have

1 0

SP(12 > )<enE<
n n

by Borel-Cantelli lemma

-rn sup 12 < 0 s.-

Similarly, it is true that 1

liP nf12 > 0 a =s

n n -

Thereore-anel e a

lia s p12 0 a.s.(9

n-,

P(i eil > i , t.0) 0. Hence

'II

0 l1 m e in > 0 a.s. "- ,

Finally,

n -o

22 x 0 2

n

S i  1 , (eo e ) f x' P a k (x ZP) dzB1 n n

By Schwartz inequality,

n n" " ' "

1 (X a x ''2 - eI(" e>iP)
n2 ) Jxa~an Z J an 1 .-.

*. -.. .... . ...
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n Ik fi Jak (ldz ee?(II ei I > i-P)

n-<c 1 6 1elje

By (10) we have

111 1 0 a.s. (1

From (5), (7). (8). (9), and (11). the theorem follows.

.S.

*1

.............................................................................
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