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I.  INTRODUCTION

The prediction of the complete moment exerted by a spinning liquid pay-
load on a spinning and coning projectile has been a praoblem of considerable
interest to the Army for some time. For a fully spinning liguid, the linear
side moment was first computed by Stewartson! for an inviscid payload by use
of eigenfrequencies determined by the fineness ratio of the cylindrical con-
tainer. Wedemeyer? introduced boundary layers on the walls of the container
and was able to determine viscous corrections for Stewartson's eigenfrequen-
cies, which could then be used in Stewartson's side moment calculation.
Murphy3 then completed the linear boundary layer theory by including all
pressure and wall shear contributions to the liquid-induced side moment., The
Stewartson-Wedemeyer eigenvalue calculations have been improved for low
Reynolds numbers by Kitchens ¢t 4Z.* through the replacement of the cylindrical
wall boundary approximation by a linearized Navier-Stokes approach. Next,
Gerber et ul.5” 6 extended this linearized NS technique to compute better side
moment coefficients for Reynolds numbers less than 10,000. Finally, the roll
moment for a fully spun-up liquid was computed by Murphy.’" 8

1. K. Stewartson, "On the Stability of a Spinning Top Containing Liquid,"
Journal of Fluid Mechanics, Vol. &5, Part 4, September 1959, pp. 577-592.

2. E. H. Wedemeyer, '"Viscous Correction to Stewartson's Stability Criter-
ion,"” Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland,
BRL Report No. 1325, June 1966. (AD 489687)

3. C. H. Murphy, "Angular Motion of a Spinning Progjectile With a Viscous
Liquid Payload,” Ballistic Research Laboratory, Aberdeen Proving Ground,
Maryland, BRL Memorandwun Report ARBRL-MR-03194, August 1582. (AD
Al118676). (See also Jourmal of Guidance, Control, and Dynamics, Vol. 6,
July-August 1983, pp. 280-286.)

4. C. W. Kitchens, Jr., N. Gerber, and R. Sedney, "Oscillations of a Liquid
in a Rotating Cylinder: Solid Body Rotation,” Ballistic Research Labora-
tory, Aberdeen Proving Ground, Maryland, BRL Technical Report BRL-TR-
02081, June 1978. (AD A057759)

5. N. Gerber, R. Sedney, and J. M. Bartos, "Pressure Moment on a Liquid-
Filled Projectile: Solid Body Rotation,” Ballistic Research Laboratory,

Aberdeen Proving Ground, Maryland, BRL Technical Report ARBRL-TR-02422,
October 1982. (AD A120567)

6. N. Gerber and R. Sedney, "Moment on a Liquid-Filled Spinning and Nutating
Projectile: Solid Body Rotation,” Ballistic Research Laboratory, Aberdeen
Proving Ground, Maryland, BRL Technical Report ARBRL-TR-02470, February
1983. (AD A125332)

7. C. H. Murphy, "Li?uid Piylowl Roll Mumenl Induced by a sSpinning and
Coning Projectile," Ballistic Research Laboratory, Aberdeen Proving
Ground, Maryland, BRL Technical Report ARBRL-TR-02521, September 1963,
(AD A133681) (See also AIAA Paper 83-2142, August 1983.)

8. C. H. Murphy, "A Relationshkipy Between [i.quid Roll Moment and Liquid Side
Moment," Ballistic Reseurch Laboritory, Aberdeen Proving Ground,
Maryland, BRL Memorandwum Report ARBRL-MR-03347, April 1984. (AD A140658)
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An important lTimitation of this work has been the restriction to a single
liquid in the payload. Scott? has derived relations for eigenfrequencies for
two inviscid liquids and obtained fair experimental agreement. For Scott's
inviscid liquids the tangential perturbation velocities have discontinuous
jumps at the two-1iquid interface.

In this report we will consider two viscous liquids, although we will
restrict our consideration of viscosity to boundary layers near the cylin-
drical walls and near the two-liquid interface. The remainder of the liquid
will be considered to be inviscid. Under these assumptions, side moment
coefficients, as well as eigenfrequencies,will be computed.

IT. LIQUID BOUNDARY CONDITIONS

Two coordinate systems will be used in this report: the nonrolling aero-

~

ballistic XYZ system whose X-ax1s is fixed along the missile's axis of sym=-
metry and the inertial XYZ system whose X-axis is tangent to the trajectory at
time zero. Both coordinate systems have origins at the center of the cylin-
drical payload cavity, which is assumed to be at the center of mass of the
projectile. Location in the cavity can be specified in the aeroballistic

system by the cylindrical coordinates X, r, 6 and in the 1nert1a1 system by x,

r, 8. The boundary of the cav1ty is given by x = tc and r=a where 2¢ is the
height of the cavity and 2a is its diameter. The projectile is assumed to be

performing a coning motion of amplitude K;(t) and phase angle ¢1(t). If o and
3 are the angles of attack and side-slip of the missile's axis with respect to
the trajectory (the X-axis),

- - 19
B+ 1 a le (2.1\

"
Pa

H
x
4]

(%]
-

where b

1]
©
P

9. W. E. Scott, "The Inertial Wave Frequency Spectrum in a C/ltndrically
Confined, Invzsﬂzi Incompressible Two Component [Liquid," Ballistic
Resenrch 1abor2tor4, Aberdeen Provingy Ground, Maryland, BRL Report No.
1609, September 1372. (AD 752439). (See also Physics of Fluids, Vol.
16, No. 1, pp. 9-12, danuary 1373,)

'
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reia = K, /K

and ¢ is the axial component of the angular veloctity relative to inertia axes
and is assumed to be positive and constant, Linear relations petween cylin-
drical coordindates in the two coordinate systens were :derived in Reference 3:

X =X =7 K1 cos (¢1-a) = x-r R 1K eS;J (2.2)
Far ot ox chos (@1-5) =r o+ xR 1K et (2.3)
6= 9+ {x/r) Ky sin (;1 - 2) =9 - (x/r) R {iﬁ ey, (2.4)

where R{ } = [{ } + {T}]/2 is the rea)l part of a complex guantity.

The two liquids have densities o and pz(pl > pz) and kinematic vis-
cosities v and Vo When the liquids are fully spun up and Ky = 0, liquicd 1
occupies the cylindrical annular region b1 < r <aand liquid 2 occupies a
cylindrical annular region b2 <rg bl. The fill ratio, f, is the ratio of
the volume of the annular reygion containing both liquids to that of tne com-
plete cylinder, i.e., 1 - (bz/a)z. The surface r = b, is either a free

surface or the surface of a rigid central rod. The free surface boundary will
be considered in this report while the central rod will be discussed in
Appendix A. For a fully filled cylinder, b, = 0 and f = 1.

When the cylinder is forced to perform a coning motion, the interface
between the liquids is located at

rp = by (14 ) (2.5)

where

and the free inner surface i< !7cated at

where

PR R I W P Lmd 3 SO SN z

.

PP I Sy

a2 a'a o .2'A

a ";-- atnd




p—y p——— Natar on 2on s s o A i )

1)

oy

TN Ty

My a2 o san amn e o 4

e e 2 A

p—y
]

T TR TR T TUmLT YT = w ocec e cwtTe R

The velocity compeonents in the two lijquids have a very simple form,

.= R iu. es:'1"'- d? (2.7\
X] JS :
, Syeld, .

- , . [
VF‘J R LVJS e d \-°8)
So=12 .
= + { A +
ij r+ R iw s poat (2.9)

where J=1,2,

The fluid pressure, howeve~, has a more complicated form:

P =Py U
[ 2 2
rc b
vyt ¥ { 2 21 R et T et fp 87 s
2.1
NN 22
Y 2 e U 0 DU 1
8 2 5 2 2
+ R {pls @S9y o1 3232 rnsrga

If we assume the small perturbation of the interface surface has the same form
as the perturbation velocities,

i = R Do () 85T (2.11)

/

tyoause of Eags. (2.3, 2.11), the equation of the interface surface is

Sa=1 3y

- B -
F- \)(,r,,‘,t) = r b lqls e I

1 - R {b

(2.12)

1"
=
.

Taels alaiua enaiet o late alalalaialiala e e e e b B B A S o e B b S P b e B A e mmi...:*l‘.a.i
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At the interface, the two liguids have the same velocity, i.e., the
velocity of the interface itself,

. dF SF T 1 o
..a-t—-ijsr+Vr‘j7+—r—-ﬁ+§{—~U . (2.13)

When only linear terms are retained, this reduces tao

a vic (byy x) @ vy (by,x)
15 (b 25 (b
by %) = > (2.14)
S -1 S -1

Similarly, the perturbation of the inner surface has the form

a Voo (bo,yx)
2 2° .
b2 nZS(x) = 4___£L___7_._ (2.15)
S - 1
where
es¢-10-

np = R {“25 ;

In addition to three continuous velocity components at the interface, we
will require the pressure and the two viscous shears to be continuous at the
interface. Equations (2.10, 2.14) yield a simple pressure relation at the
interface:

by vy.(b;,x) Dy Voo Dy ,x)
1 "1st1 1 "2s'¥1»
Pre (byyx) + ————— = o, [p, (b;)x) + ——— (2.16)
Is "1 a(s - 1) 21[25 1 2 (s - 1)

where 91 = pz/pl.

[f only velocity gradients normal to the interface are considered, the
continuous viscous shear assumptions imply that

3 uls(bl’x) B uZS(bl,x)
W (2.17)
ar ar
3 Wy by ,%) O AT
Wy _.._}_J_.__.l.w.__ = . - “.-'I_"h._i,. —_ \L' i‘?z)/
3 r - Dr

At the free surface, the Liessore 1s coastant and Lre (150708 shedrs dreg
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. ]
—d
[ p
bov,. (by,yx) ]
2725722 )
pZS(bZ’X) + _— = 0 (2.19) ;
a (s - i)
)
3 Uy (by,yx) 1
25\ "2
—_— =0 (2.20) 1
ar
_4
3 Wo(boyyx) ]
2 g, (2.21) ;
ar '
Finally, at the cylinder surface the liquid must have the rigid body motion of
the cylinder,
) e b |
Upg = (s = 1) K (2.22) .
Vig = -(s = i) (x/a) K (2.23) ]
54
Wi = i(s - i) (x/a) K. (2.24) ;
[II. THE INVISCID SOLUTION ,:f
The perturbation functions are written as sums of wviscous and inviscid ’
parts.
Ujs = Ujsi * Yjsv Wis T Wisi * Wisy
(3.1)
= + = + ’
Yis T Visi T Vjsv Pjs = Pjsi * Pjsv.

The differential equations for the inviscid functions of each liquid are the
same as those for a single liquid and the solutions have the same form,3

More specifically, the pressure and velocity perturbations are expressed
as the sum of products of functions of x and functions of r. The functions of
x are 1, x/a, sin (Ajk x/a), and cos (Ajk x/a) where

Xjk = (nk/2) [1 + ch] : k = 1,3,5...(2Nk-1) (3.2)
- zla/) (o) fl-ds 30+ ds) } re ~1/2 (3.3)
J 2vZ (1 +is) | V3 + is Y1-is J
2
Re, = 2.9 (3.4)
V]

14

v ' ,_‘,.
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The specific expressions for pressure and velocity functions are given in
Table 1.

TABLE 1. INVISCIl) PERTURBATION FUNCTIONS*

pjsi = - [(i-s)z(x/c)(r/d) + Rjk(r) sin (kjn x/c)] (c/a) K
Ujs i =-[(i=-5)(r/a) + (1'-5)'1 h Rjk A €os (*jk x/c)] K

Voo = [(i-9)2 (iv) Hxra) + 2R L sin (a., x/0)] (c/a) K

jsi o = vk *ik
szi = [ (i-s)2 (1‘)«5)'1 VAR ijk sin (xjk x/c)]) (c/a) K
Rji = Eg dq(r) + Fy vi(e)

Ryji = L(s=1) a Ry = 2ifa/r) Ry 57!

) . . -1
r = Ajk r/c

. o
Ak A oot

a .. 4 A b

S = 52 - 2°s + 3, .
]
L
If Yy # Vo the xjk's for the same k are not the same, the trigonometric
functions on opposite sides of the liquid interface are slightly different, T
and the interface boundary conditions require a special least squares process. :
In the body of this report, we will use a single A determined by an average )
kinematic viscosity, v, ' T
L 177 )
= n + & . sy ~
A (nk/2) [1 1 ( a/ 1 ] (3.5) '
’
A e Mt ions Fop che Bt oo DD e e sToens e e Tom U0 Mane i e
erivirdome o G ol F e L e T e nol ‘L‘L; TR DR
’
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where 2

In Appendix B, a much more accurate treatment of unequal viscosities will be
described.

IV. THE VISCOUS SOLUTION

In Reference 3 the viscous parts of the perturbation variables were im-
portant only in a small region near the cylinder wall and the endwalls, and
these functions were computed by the use of unsteady boundary layer equations
in these regions. It is reasonable to expect that the viscous parts can also
have contributions near the 1liquid interface and that derivatives in the
radial direction are much larger than those in the circumferential or axial
directions. Thus, we will assume that the viscous functions away from the
endwa]lg satisfy the same equations as those for the cylindrical wall boundary
layers.*

2
3 W,
. _ .2 -1 jsv
(s - 1) Wigy = a Rej X > (4.1)
r
2
3 u
. 2 -1 SV
(s = i) u,., = a Re, (4.2)
Jsv J ar
3 p.Sv )
a i __J'—a r - 2 ijV . (4.3)
The solutions to Eqs. (4.1 - 4.3) are
r-a - (r - bl)
as asé
_ al al
Wisv T %10 € e e (4.4)
r - bl -(f‘ - b2)
a s asé
. a2 a2
Wosy T ¥p1 © t W e (4.5)
r - a -(r - bl)
as asé
_ al al
Yisv T Y10 © YU (4.6)
16
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r- b -(r - b2)

b
L
L Yasv T Y21 ® v ® (4.7)

b as as
! _ al al
g Plsv = 2 &1 |%10 © - ¥pp® (4.8)
i re- b1 -(r - b2) 7
as as
_ a2 a2
Pasy = 2 S50 |%o1® - Wopt , (4.9)

where 5. =[—L121 7 ge. '1/2,
2 (1 + is) J

and the eight coefficients Ujs Wik are functions of x. Four conditions on

the coefficients come from the continuity of tangential velocities and shears
[Eqs. (2.17 - 2.18)] at the interface.

Mgi + Wig g * Wy - Wy - Mgp e = 0 (4.10)
AuSi + UIO €1 + ull - U21 - U22 €y = 0 (4.11)
!
E. WlO €1 - wll =N (W21 - w22 62) (4-12)
[
& Ulo El - ull =N <U21 - UZZ Ez) (4.13)
! where
N A L
r o= b1
' gy = [upgi = upgil )
r = b1

17
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b, - a
a8
B al
61-8
by = by
a §
_ ac
€2-e
N= o V /.

Four more conditions come from the no-slip condition at the cylindrical

wall [Eqs. (2.22, 2.24)] and the no-shear condition of the free surface [Egs.
(2.20 - 2.21)] .

Wy (@ax) W+ Wy e = (s - i)K(x/a) - (4.14)
upgi(ax) + upg * Uy g = (s = 1) K (4.15)
Wol €5 = Wop = 0 (4.16)
Upy €p = Upp = O (4.17)

Egs. (4.10 - 4.17) can now be used to determine the eight coefficient
functions. If the total 1liquid occupies an annular region that is thicker
than ten boundary layer thicknesses, the product €1 € is quite small and can

be neglected. The resulting expressions for the coefficient functions are
given in Table 2. If the liquid interface is more than ten boundary layer
thicknesses from both the cylindrical surface and the free surface, both
£ and e, are very small and can be neglected in Table 2,

Eqs. (4.8 - 4.9) can be used in conjunction with Eqs. (4.12,4.16) to

yield general relations for the viscous perturbation pressures at the three
boundaries.

Py, (Dpsx) = 0. (4.18)

Prsy (Prsx) = pp1 Pogy (bysx) - (4.19)

Pisy (a,x) = 2 831 (w10 - Wy el), (4.20)
18
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TABLE 2

T T T T T T R N N T Y T T T TR T L, T TR LY URTRLN TR T T T N =, v =

. VISCOUS COEFFICIENT FUNCTIUNS FUR INTERNAL FREE SURFACE.

o
1]

<
I

W= {1+ N+ (1-=N) ezz]wa+N£

_ 2
= {{1 = N) g W, - N (1 - €) ) A wsi} D

in=l
13 wSi D

-1
-1

2
{2 € Wa t (1 + €1 ) a wsi} D

SN+ (1-N) efTu + Ne au )0l

S
= (1= N) gum N (1= e)?) aug 07
= @ e u (14 512) Bugy) p~!
i -1
=g dug; D

= (1= N) g vy + N (1 - e)f) %) p-l

= {2 €Va * (1 + e12) A% } p-1
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In order to compute the viscous radial velocity, we must wuse an

inequality involving the magnitude of a complex exponential, From the
definition of §_.
a)
-1/2
Ar -2 Ar
fexp { - == }| = exp ¢ } (4.21)
a ‘Saj aléajl
.« jJAT Ar _ 5172 -2
. |—3— exp {- 3_3;;}' =2 'Gaj' ze "« Isaj' (4.22)

- o-1/2 ar -1
where z =2 P 'dajl >0 .

Equations (4.4 - 4,7) can now be substituted in the continuity equation,
The results can thenzbe integrated and simplified by use of Inequality (4.22)

and neglecting Idaj| terms.
r-a -(r - b1)~
a as
- al al
FVigy = 2851 V0 © tvye (4.23)
J
r- b1 -(r - b2)‘
aé as
- a2 az
P Voo, = 38,5 Voi® t vy, @ (4.24)
d
where Vio = i Wig = 2 Yyg

Vip = =01 wyy = by up,y]
Vor = 1 Wy = by Uy
Vop = =Li Wy = by Uyl

Egs. (4.23 - 4.24) can now be used in conjunction with Eqs. (4.11, 4.13 -
4.17) to give relations for the radial viscous velocity at the three bound-
aries,
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psy (Dyex) =0 (4.25)

ey 0ps%) = 0g) Voo, (bysx)

(4.26)
= vy Lvgy v gy vyl (arby) 55,

Visy (a,x) = [VIO + V) el] 831 (4.27)

where Vi are given in Table 2 (relation (4.22) was used to simplify entries

in this table).

V. INVISCID BOUNDARY CONDITIONS

In the previous section,we used eight of the twelve liquid boundary con-

ditions to determine the viscous perturbations in terms of the inviscid
perturbations. We will now completely determine the inviscid perturbation by

use of the remaining four conditions--Eqs. (2.16, 2.19, 2.23) and Vig ¥ Vpg at

the interface. These conditions can be simply stated by use of Eqs. (4.18,
4.19, 4,25, 4,26):

at r = b1
L0 Vs .21 Vesi (5.1)
Pisi " a5 =37 " P21|Pesi T3 (s - 1) .
Visi T Vasi * (L = epp) vogy (5.2)
atr‘=b2
b, v, .
2 2
Posi ¥ 3 T5 -515 =0 (5.3)
at r = a
Vg ¥ Vigy = (1= 8) (x/a) K (5.4)

Egs. (5.1 - 5.4) with vyg, and vyq, set equal to zero were used by Scott?

to obtain eigenfrequencies tor a completely inviscid liquid payload. As can
be seen fron Table 1, for each k four constants must be determined to
completely determine the inviscid perturbation functions, 1.e., Elk' Eoks Flk'

Foe  (For the special case ot 100% filled cylinder (b, - 0), F2k 1s zero and

21
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instead of dN . constants only 3N, constants remain to be determired.) To

aontirn these conditions, we fit (x/c) to a series in sin (kkx/c) by least
m;_ud!‘GS

x/c = tag sin (AKX/C) . (5.5)

Next, Eq. (5.5) and the corresponding expansions for the pressure and velocity
functions from Table 1 are substituted in Egs. (5.1-5.4) and coefficients are

equated.

-1

R]v‘gl) - 021 RZK(DI) - (bl/a)[RV]K(bl) 021 RVZK(bl)](S-])
(5.6)

(I = o,7) 87 (i - s)
- 21 (by/a) a,
i+ s
10 = Ry (dy) = (1= 051) 850 RE = (1 - 0p1) & 83 Ay 3 (5.7)
2 (b,) - (b,/a) D R (b)) = S = 8)
k(Do) = (byra) (s =1 vok(Pp) = = p/a) a (5.8)
. ' . -1 _ 2s gi - s}

aela) = Ay sga Ry (@) + oo N &) REY Dy 7 = ==+ 3y (5.9)

?
where

e 2 2 . o
Re = UL+ 5" = 5%) a IRy (b)) = Ryp, (b))]

-2 el(a/bl)[vak(a) +a R;lk(a)]} Dl-1

RE* = 2[Ry (by) + by Ry (5q) = Roo(by) = by Rip(by)]

.
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VI, LIQUID MOMENT

For coning motion described by Eq. (2.1), the linear liquid pitch and yaw
moment is defined to be:3

K'IS

M-+ iM>=m a2 Zr (C e!5® (6.1)

LY Lz - mae iC

Lsw 16w

where m, = 2 pleC.

The major components of this liquid moment are due to the pressure on the
lateral wall and the endwalls of the container. Lesser components are due to
the viscous wall shear on the lateral and endwalls. Thus, the liquid moment
coefficient can be given as a sum of four terms. (For simplicity these terms
=311 be computed for the center of the cylinder at the center of mass of the
projectile. More complete expressions are given in Reference 3.)

(G + 1 Cpqy) = Mo ™ Moe ¥ Myp * Me . (6.2)

By use of Eqs. (2.2 - 2.4) and Eq. (2.10), the linear periodic part of
the pressure can be computed in cylinder-fixed coordinates

A

P

- N T o LSt - i9 ~
ey R {[9151 (r,x)] e } for by <r <a
: (6.3)
= i R lppgy (1,x)] €377 19 for by < r < by
where gjsi (r,x) = Pisi (r,x) - (Ei/aZ) K.

Fqg. (6.3) for the inviscid pressure and £q. (4.8) tor the viscous lateral wall
pressure can be inteyrated to yield the pressure moment coefficient on the
lateral wall,

23
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c 3
mpz =i (2 acKA)'1 S X [5151 (a,i) * Py (a,;)] dx (6.4) -
-C

where Py (a,x) =2 8.1 (w10 - wllelL

' .
i, " b

Since the viscous pressure on the endwalls is zero, the expression for the i
pressure moment coefficient on the endwalls is slightly simpler. ’ i

3
R
19
0]
]
—_
oY)
O
Vel
~—
[}
—
P e N
ety
o Y]
© @
—
[72]
—
—_
e I }
-
O
~—
e I
[a X
e B

1

(6.5)
by i N - - ;
* oy S Pos {r,c) r= dr . “j
b2 i
The viscous moment coefficient on the lateral wall can be computed by use fE
of Eqs. (4.4) and (4.6). 8
o =
- ¢ -1 : " " 7
M, = (2ack Re1 éal) S [ia (u10 - g ull) + X (w10 - g wll)] dx. (6.6) .
-C :
Ty
The viscous moment coefficient on the endwalls is a 1ittle more difficult to 1

compute since a change in kinematic viscosity can occur across the interface )
as well as a change in density. The relations of Reference 3 can, however, be
used to obtain the following result.

a b
(Y375 pe -1/2 Sraien VD N dr 7
Ma = ——;?—z- e Wi (r) r dr Wy (r) r dr (6.7) ]
by b,
where .
wj(r) = 2(1+is)(c/a) X - szi(r,c) + i vjsi(r,c).
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Jule o o LTUSSTUN
;“ " T ct P S S R \':(‘ - 5.9) _‘/ie]d values of Flk’ EZk'
f v, e oL ceten ik T o Conponent of tne liguid mowent, Values
. [ ~
Of 5 that  mase e four by four determinant of the system zero are called 1
af e T e wnere k15 tne axtd]l node number and n is the radial mode
noeater, Poo 1 AGTaar parte ot the skn‘s are frequencies, L of the -
- Transyenr orogs dn tne 1vaaid oand the real parts are the damping rates of |
that mstion,  (Foroa single liguid, w1 is the smallest “n and Yn increases ]

A

neaotontcally witn increasing n.)  When the forced coning motion of the pro-

jectile has a freguency near an eigenfrequency, the liquid side moment has a

Tocal maaduue, For this reason, tne eigenfrequencies are of considerable i
Titerast Lo projectitle designer.* ’

The eguations of this paper have been coded for the VAX 11/780 computer

and eigenfrequencies can be computed for specified values of c/a, Re, k, Poys |
N, np/a, and bp/a. Codes for both an interior free surface and rigid rod are »
availanle. In Figs., 1 - 3, sample plots of 13) are given for a fineness ratio }

of 3.1 and Reynolds number of 40,000. Each figure plots T3] versus the loca-
tion of tne ligquid interface for three values of Po1®

]
In Figure 1, we see that for a fully-filled container, 137 has the 3
single-liquid value of .035 at vy/a = 0,1 and reaches a maximum value for by/a
= .75, Thus, the maximum charge in eigenfrequency occurs when there are -
approximately equal volumes of the two liquids. ]
»
)
A fill ratio of 98% (by/a = ,141) is considered for a free surface (Fig. 1
2) and a central rod (Fig. 3). Although there is very little change from the
fully-tilled cdse for tne free surface, the central rod has a strong ~ffect. ]
& For all denstity rdatios, the single-liguid eigenfrequency of .113 occurs for R
K thres values of hp/a (0, .53, 1) and the maximum effect is at .8, S
3 L
: ]
»
‘
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Scott's experimental dats were for cra = 3,177, ey = 7 . 10", o) = .82, 5

L

and f = 0,9, 1. (The second, third, and fourtn (ol 7o ot watt's Table | are

mis-labeled 1in Reference 9. In his aotation, *rne, wnaLtd e adentified  as :
d/c, bdc'z, and adc'z. ) His data are compdare! Wit tre tneary of this paper ﬂ
in Figure 4, and we see that the maximum error Vs 14, Ir Reference 3 1% was J
found that much better fits could be o~tiainet ny usin; a4 stigntly g1 fferent ]

value of the fineness ration, Indeed, effective valivs ot tineness ratio whicn
were 0.5% greater than the measured value would 3Jive excellent agreement, In
Figure 4 it is shown that a 0.7% greater fineness ratio (¢/3 = 3,150) gives
excellent agreement for six different experiments,

An important characteristic of an eigenfrequency is tne occurrence of a .
maximum side moment coefficient for a coning motion with constant damping and )
a fregquency near the eigenfrequency. The theory of this report was used to
compute the maximum side moment coefficients for the conditions of Figure 1
and constant amplitude coning motion with frequency near 37 The resulting

curves are given in Figure 5 and have a number of interesting properties.

As by/a varies from 0 to 1, the heavier 1iquid is replaced by the lighter 1
tiguid. Since the side moment is defined in terms of the density Py of the
heavier 1iquid, a requirement for our C gy (bj/a) is that

C

Lsmm = 0y, C eml0) - (7.1)

This requirement was satisfied by our calculations, It is important to nonte
that a large change in side moment occurs when the liquid interface is near
the cylindrical wall and the interface boundary Tlayer overlaps the wall
boundary layer. Therefore, small amounts of heavier liquid can have a large
effect on the side moment exerted by a spinning liquid payload.

An interesting feature of the Py = .4 side moment coefficient curve is

——
. ﬁ‘.r L.J

the presence of two small peaks. These are caused by the equality of T3] and .
5o for these locations of the interface. Figure ¢ compares the complete

dependence of Tgp ON interface location with that of 31 for o = 4. For

!
n = 1 the eigenfrequency has one maximum, while for n = 2 the corresponding 1
eigenfrequency has two maxima,and for small enough density ratio those eigen=- 1
frequency curves can intersect.
|
1
%
|

PrPT———— PPy

The coalescence of eigenfrequencies for special interface locations also
i nccurs for the fineness ratio of 4,29, which has been extensively studied by
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vt ' S S Par e aensity ratios., This
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P ety raraes, tigenfrequency Yy
Cous SRR < oin Figure 4. This n = 3

oot : s e b atersections with o0 On Figure 9,
- s : : S platrer versus byp/a for three
[T o o . o Lot w e oesenwe of dn elgenfreguency

Moah e 4 0T s e id 0Ty cdate protaced by 3 mixture of o1l and

witer e ThL e e, Krgour Lo ar a mixture of 15% silicon

P - : ottt e e st yersas o in Fiaure 10, This
et ot e ot e e b etad e sounted in the gyroscope.  The
Coeeco U b wiie wrent o lar w o owwed toopredict the damping rate, and this
Jre ot s Snown s thie fssned curye. The shape of the curve 1S good but
trnore 1y g foogaancy nilas of 20250 This nias corresponds to changing the

e oyy 3010 UL3n from o the actual vilue of 3,126 to an effective value of

Vill.  SHMMARY

| T sy dayer tneor, aay oeen Jdeveloped for a two-liquid payload
Pt i odnd o spinning.

2.0 the st To o elaenfregnens tes o and side moments agree well with available

o, et taenis eacept furoan unexplained frequency bias.

D ;.ﬂ.lﬂ.’(: ERATE
Jaovant o oar

noStte mogents can be caused by the presence of a small
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iquid payload has been discussed

4
In o detail by froaoter R Cindtivion, (2019 - 2,210 at r o= by, are replaced by 1
CompTtIons STuttar ool - S, )
sl s e (y/a) K . (A1) ;
S < -3
Voo (Dysx) = =(s = 1) (x/a) K (A2)
oS ]
W (bz,x) =iy - 1) (x/a) K. (A3)
[} <
Equation (A2), of course, replaces Ey. (5.3) as the boundary condition at r =
bp. EQS. (4.16 = 4.17) are then replaced by
- + L+ = 3 -i) K 4
WZsi(DZ’X) Wor€y ¥ Wy =1 (s=1) K{x/a) (A4) 1
(t 4 + = -i) K .
UZS1\)2’&) Uyi € Uso (s=-1) (b2/a) (A5)
A revised version of Table 2 can be computed for the viscous coefficient
functions fsee Table Al). For these viscous coefficient functions the only E
radial viscous velocity to be affected is that at r = by [Eq. (4.25)]. b
Vogyihaax) = (a/by) (vyy * 55 Vo) 355, (A6) '
The inviscald woundary conditions now differ from Egs. (5.1 - 5.4) by the {
condition at r = by, [hey are i
dt r - IJl ;
) ¢ _“ll_] = + bl Y2si (A7) g
Flsi a (s =1 721 | Pesi a (s = 1)
L B ot WL saare) "hywmamies of a Liquii-Filled Shell:
WOl e ey i ol Raod Y Ballistie Research Laboratory,
Vol bplove . pmont, tapylwd, BRL Memorovidwn Report  BRL-MR-13841,
v AR S
e e : C e e =R el Bael Ly Viscous Effects ivoa
Do o , Co T o renl oAea," kalillstic Research Laboratory,
Gegdo sn we T, Nin e, AR venor vidum Report  BRL-MR-1450,
i 1S o t v
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TABLE Al. VISCOUS COEFFICIENT FUNCTIONS FOR CENTRAL ROD.
Wiy = {[1+N = (1-N) 2] w.o+ Nei aw }6'1 -
10 P22 M 1 2 fsi "
Wyy = {(1=N) & N(1+ 2)Aw + 2 N ew -1
1 - AR U Y €2 S N ey
Woy = {2 eow_ + (14 2)Aw - e, {1-N) w ‘6-1 —j
21 ©1% | si” F2 b! '
_ t-1 .
Woo = {-52 Aw .o+ {[1+N + [1-N) € ] W} D :
Uy = {[1+N = (1=N) ¢ 2] u, + N AU} p-l '
10 2 1 % i 1
Uiy = ((1-N) equ.= N (1+e,2) au_.+2 N e, u,_jD~}
11 “17a 2 S 2 b ;
4
2 S=1 ' 1
Upp = (2 eugt (Lre)") Bougi- e (1-N) up D
Uy = (e, AuU_.+ [1+N + (1-N) e,2] u 0~}
22 ? si 1 b
.................................................................. )
Vin = ([1#N = (1-N) e,2] v. + N e, a*}0"1
10 2 a 1 )
Voi = (=(1=N) ey + N(1+e,2) a% = 2 N ey J07 1
11 17a 2 2'b )
1
Vo, = {2 e,v. + (l+¢ 2) &% = e, (1-N) v }6_1 b
21 1Ya 1 2 b ]
Voo = {e, &% = [14N + (1-N) ¢ 2] v }6'1 j
22 ? 1 b ;
where T
D=1+N + {1 = N) (612'622)
- ]
Wy = (s = i) {x/a) K = WZSi(bZ’X)
uy = (s = 1) (b2/a) K - u2$1.(b2/x)
»
- 3 (r vy .)
vy, = (s = 1) (x/a) K = 251
ar
r - b2
»
44
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ot T Yagr T T ) Vo (A8)
AL r p

oyt Vpey = = s) (x/a) K (A9)
at r - 4

Wit Ve, T -9 (xa) K, (A10)

where tne necessary viscous coefficient functions Vig are given in Table Al.

[t snould be noted that in terms of 6aj the computational versions of
Egs. (A9-Al0) which are wused in this paper are slightly more accurate than
those of Reference 3., For a single liquid they become

b,as 3 ves(bo,x) .
vey (byax) + 2%% i) (i - s) (x/a) K (A11)
51 b2+a5 ar
4
s 3 vei(a,x) -
Vey (a:x) = [ - ] I L) () £ (A12)
l—da ar

The corresponding equations of Reference 3 are:

3 Vsi(bZ’x) . -
Ve (hz,x) + a8, - = (i - s) {x/a) K (A13)

avsi(a,x) . -
Ve i (a,x) = arSa — 5 = (1 = s) (x/a) K, (A14)

The Jifference retween bys. (All) and (A13) 1is only important when by is very

sndil while the ditterence between Eqs. {Al2) and (Al4) is unimportant for
Reyncl.ds rusbers appropriate to boundary layer theory.

Atter the isi.l substitutions of the Fourier series expansions, new forms
of tys. (H.0 - 5,495 tor the E]k's and ij's can be obtained.
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Ry (b1) = 0y) Ry (0]) = (b1/a) (s = 1)7F IR, (b)) = by Rypy (b))]

P

[ S A

(A15)
(1 = pyy) s (i - s) '
= = (bl/a) a 1
-i
Rtk (01) = Ryg(bg) = (1= 051) 8,5 RE = (1= 0yy) () = 5) 835 Ajay (A16) 1
»
i 21, -l i
Ryak(Pp) *+ @ 8,5 D D70 RUs (b)) + (a/by) ey 8,5 D70 RE '
(A17) §
- 2s (i - s)a f
1+ 5 K )
»
. 1 ' s =1 _ 25 (i - S) |
Ryt(@) =@ 851 Ay Rigy (8) + ) 859 N Dy~ RE™ = == 3, (A18) ]

where
R* = fa (1 +¢2+ ) [R', (b)) =R (b)]
k 1 2 vlik ‘"1 vZk 1
\ | :
+ 2 (a/by) ey [R5 (by) + by Ris (D))} Dy -
b T s (i = s S |
* Ap = 4 (a/b)) [“§‘$‘§‘l] 0y
;.
b - - 2 2 y -1
Ay = 1+ N = (1-N(g+ 61D
b
}
» S . 2, 2
C D = 0 = 65y [N = (1-N)(g;"+ &,°)] :
i E
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Tne linear liguid moment coefficient for a cylinder with a central rod
can pe expressed as the sum of six terms--the four terms of Eq. (6.2) plus the

pressure and viscous contributions from the central rod. 2
.
T (CLSM + 1 CLIM) = mpz + mpe + mpr rmtmog + LI (A19) =

]
Tne two additional terms are quite similar to Uy and My g respectively. :
¢ 1
o 2.8y~ s - 14 :
Myp = =1 by 0y (2a“cK) S X [ppgi(bpsx) + ppg, (byex)] dx , (A20) ) 1

-C

= o

b _ / 2 2 -1 , ~ ~

- -C

’.3

C »
In Figure Al the maximum side moment coefficient associated with 3] is

s plotted versus by/a for the central rod of Figure 3. Note the sharp changes

[ in side moment for the interface near the central rod and near the outer

{ cylindrical wall., The two bumps in the Py = .4 curve are caused by the

:; coalescence of the 1 and the g eigenffequencies,

i
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APPENDIX B, EFFECT OF DIFFERENT KINEMATIC VISCOSITIES

As was stated in the body of this report, the approximation given in Eg.
{3.5) can be avoided by a much better least squares approximation, Exact
expressions for Pisis Vjsi> and Vigy can he derived from the series of Table 1

and the other relations given in the main part of this report, and these are
tabulated in Table Bl. Next, these expressions for the pressure and radial
velocity perturbation functions are substituted in Egs. (5.1-5.4}) to obtain
four equations for the EkJ's and FkJ‘s:

T LE

: 1k Azk + Flk sz} sin (Alk x/c) + I [EZK Czk + F?k Uik] sin (ka x/c)

k 8 <

1"
O
>

~
(@]
=

I

1,2,3,4 (B1)
k= 1,3,5,7,...2N - 1
where the coefficients Alk’ sz’ Cik’ le, d2 are given in Table 82,

For N, sets of the parameters (Elk’ Eoy s Fles F2k), these four equations

can not be satisfied exactly. We can, however, consider the squared sum of
the residuals for each equation produced by a particular selection:

N .
o S-c |2 LBy Age * Fri By sin Oyyve)

. . 2
+ 2 [Ep Co # Fpp D, d sin (a5, x/c) - d, x/c | dx-

We seek those values of the parameters Elk’ E2k, Flk’ F2k that minimize
(1n a least squares sense) the Rz's. For a single Tliquid and 100% fill (b, =
0), the F 's satisfy the condition at r = b, while the B 's satisfy the
condition at r = a, For two liquids, the conditions at b, and a are

represented in Egqs. (B1-B2) by ¢ = 3 and 4, respectively. Hence, in analogy
with the simpler case, we select the F2k‘s to minimize Ry and the Elk's to

mininize Ry, To satisfy the interface conditions (2 = 1,2), we select the
Fie's to minimze Ry and the E, 's to minimize R,. The resulting 4N,

equations are given in Table R3.

Tanles Bl and B2 have to be modified for a fully-tilled cylinder with a
central rod of radius by, The pressure and inviscid radial velocity functions
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1o Table 8l are UnChdnied, but three viscous radial velocity functions have to
Seofertvent from Tanle Al and are given in Table k4.

As owas indicated in Appendix A, the houndary conditions at r = by for the

sroo surtace (Eq. (5.3 is replaced by Eq. (A3),  The corresponding Eq. (81)
1 ientitiet hy o o= 3. The new coefficients are:

n*

’\ - ﬁ/h IK

Voo
3k \ 27 a2

2 - I3/ \ N *x
By T oAb S NGy

U o (bp) warhy) S Yy

D3 T Yoy (bz) + (a/bz) S22 hzk

-1

dy =2 s(i=s) (i+5)7 - (a/by) 5., h%,

T

ne renaining coefficients for ¢ = 1,2,4 are given in Table B3 when the h,,

n,'s of Table B4 are used.

A< 4 comparison of approximation (Eq. 3.5) with the better approximation
ar tnis appendix, the maximum side moment coefficient for 315 Re = 40,000,

c/a = 3.1, by = 0, » = 0.6 is plotted versus by/a in Figure Bl. Comparison of
tne two approximations are given for kinematic viscoSity ratios (v21 = v2/v1)

ot 0.1, 1, and 10. We see that approximation (Eq. 3.5) underestimates the
oftect of unegual kinematic viscosities.
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TABLE Bl. PRESSURE AND RADIAL VELOCITY FUNCTIONS.

N

;o_ o= -J(i-s)z(x/c)(r/a) + [Ejkdlk(') + ijYlk(F)] sin (\jkx/c)} (c/a) K

Vigylan) = nyx/e + n LBy e Py g d sin Gyyx/c)

+ sz h4k] sin (Xekx/c)} (C/a) 661

+ 2 LBy Py

VZSV(bI’X) = {hZX/C + I [Elk h5k + Flk h6k] sin (AlkX/C)

v. . = {(i-s)z (i+s)‘1(x/c) + 5 [Ejkfjk(r) + ijgjk(r)] sin (Ajkx/c)} (c/a)

K

+ oz [E2k o * Fox h8k] 5in ()‘ZkX/C)} (C/bl) 6,2 K
where
r = Ajk r/c
N dJl(r) -~ _1
e .
fjk(r) =-{(i-s) (a/c) Ajk - + 21 (a/r) J1 (r)] S
. dvy(r) .

35, (r) = =Li=s) (a/c) Ay » +2i (a/r) ¥y (r)) S

ny = os [l - 2.2 (1 - 1) 017 (i-s) (i+s)™}
L, st s (i) Civs)"t o7}
|
| . ? .14 2 i -1 ¢
| s ell- 2y (1 - N) 077 fla) +# 25 ND EPACEY
|
! " -1 -2 2 (1 ~ N) n‘l] q (a) + 2 ¢, N D'1 ] (b,)
| I ‘ A 1k 1 e A1

~

K

Mt Aod b0

P, Sy




JABLE BLl. PRESSURE AND RADIAL VELOCITY FUNCTIONS (Continued).

|
3
1
y
|
p)
N -1 ¢ ’
T N er\ (hl) 1
{
l
1:"’\ -0 rl R l) \jzk (hl) . J
»
f
r ‘ "1 a - 2 -1 ~
no,o= 2 ) (a)+(1+s’-52)D-1A(b) '
: ok~ T M Ik 1 2 Ik "1
o = =(1 + 2 ~2)D’1F (by) j
7k S 2k ‘71 .
1
B 2 2, -1 * }
Ny = =L+ )7 =57 D7 gy () 1
!
. )
o= f.  +r f' 1
JK Jk Jk 1
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' TABLE 82. COEFFICIENTS OF EY. (B1).
; - 1
(4 A = 9y (A by/e) + (by/a) (ims)™h e (b))
o -l
B = Y1 (A pp/e) * (by/a) (i=s)™0 g, (b))
i - oAl
(] Chp = =y L (g D/e) + (b/a) (i-5)7" £, (0))]
» i - -l
g Dy = =ppy DY Oy By/c) + {by/a) (i-5) " gy (by)]
3 .
€ | Ao = (0y/a) Fry () = {1 = op)) 855 Mgy
Bai = (0y/a) gy (b)) = (1= 09) 85, Ny
[ e Co = =(by/a) Fp (b)) = (1 = w5)) 5, Ny
! Do = =(by/a) gpy (by) = (1 = pyy)) S,y Ngy
! | _ ]
(4 Az = B3 = 0
~ - N . —l
b3k = JI(AZk bz/c) + (bz/a) (1'5) f2k (hz)
b B _ ~ . -1
{. Dy = Yy lag by/c) + (by/a) (i-5)7" gy (b))
Age = Fre(a) + 851 Py
K Ba = 91 (a) + 55y Mgy
Cie T fal M Pap T Sy Mgk
e (11 = 1)
1y = (L= vpy) S50 Mo
dy = s (= s) (e 8)7h (byra)
|
J (14 = 2s (i = s) (i + S)-1 - 631 hl
.

56

PR

U )

Ad

o

P " ISR PR e e e S sl a L TV N U N S



T —— —— " - T . F— oy . T Bn "R SR ans ~ D die Aen 4

L Ahe Smn Avn Sam Ae b s v o g ol

. : \
f . ok 1k L s o
T B T TTTTmT T - T
| |
i | .ot v, | it . |
| . N vy [ . n |
! i
{ ' ’ ! T , \I‘«J R - |
R . . ' , |
' 1 ' ' , v . 1§ O N R
- M e 1 ® ! N » 3 S X B in
; | A ; . ( 7 -
' [ 2 tor N : vt 1) ;o - D =)
Yoo e | ES TR 1 P sn K me I m
N
}
v l» r,L:, .. :“P‘ - |
i
covellee T

1

i

! [ -

: o - \ SIN (0, xdoh SIn vy xS0) s
| } ‘

|

1
- SIn KOO s [y, 0 dx
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TABLE B4, VISCUOUS RADIAL VELOCITY FUNCTIONS FOR CENTRAL ROD.

Vi (ax) = px/e + o By Ny Frono 3 sin (4 x/c)

Vo

LSy

A

F Ly Nyt Fay Mgd sin Ogx/edd (e/a) 65 K

(byax) = thpx/e + 2 LBy Ny + By hgd sin (g x/c)

+ 5 [E2k h7k + FZk h8k] sin (x2kx/c)} (c/bl) 6a2 K

Vo {bosx) = {hf x/c + £ [E) hf + F o h% ] sin (4, x/c)

+ [EZk hgk + F2k hzk] sin (Aka/c)} (c/bz) 8,9 K

s [ -2 el (1M BTG -s) (1 k)]
. . -1 21

hy = 4(ep - 5) s (i-5s)(i+s)"D

nt s as [ 2 5t (1= M) 0T (- s) (i k)]

he o= a1-2e2(1-ND0Yf (a)+2e NDEE (b
Ik ] 1k 1 1k

n :—EI-ZEZ(I-N)6-11§(3)+2€ Nﬁ-lé(b
2 1 1k 1 1k

n = -2 v N 6-1 { (b )

"3 3l 2k {01

N, o= =2 o NDTL g (b))

" 1 92k 'P1

TS R 2. 2, a-1:

\5k = =2 Ll ) flk(a) + (1 + El + L2 ) D flk(bl)
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- Tantt e, U lseady RADIAL VELUCTTY FUNCTIUNS FOR CENTRAL ROD (Continued). 1
S N N I .
E f‘f!\ ) VL v glii.\<j/ i l‘] ! (1 N 62 ) D glk(bl) :
2 R 2\ “1 ; i 5 ‘A-l ; . ».“‘
Y\/.R - =0 o by ) U fzr\'\l/l) + /! =) W fZK\{,Z) )
I
. R I TO S B el | Ny
o = VL 1 + r/ ) D g?k(hl) + 7 E,Z D 92k(b2) | ,‘
f! 1
!‘i,’" - K) [) Lj) L le(bl) I\ 1
VX ) :"l -
A b gl‘,\(nl) )
nes il e 2 -0 ) -2 e 0L (b))
3 R T2k T2 2 2k 71
\ 2 10 I
'\“ - ll t tZ (1 e N) Y _l gZK(bz) -2 (~2 D gzk(bl)
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AXISYMMETRIC EIGENVALUES
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APPENDIN C.  AXISYMMETRIC EIGENVALUES
: M cigenvalues of tnis report were determined by linear perturbation -
| tang ooy abose azimuthal variation was exp_(-io)_ A more general expression )
15 weas Tl o Since the boundary conditions have an azimuthal variation
s etelien Lo o= 1, the steddy-state response required a consideration of
tnis vabue of @ oonly.  Experimental measurements of eigenfrequencies have been
Made Tor a«ts daetric waves (o= 0) in a single liquid.bl In this appendix we
wWill Jerooe e cguttions for o acisymietric waves in two liquids.
fne dinviscid perturbation functions for any m have been derived in -
Roterence (7. In Table Cl the appropriate expressions are given for m # 1, N
The winre yeneral derinitions for %aj and (SC‘, also given in Reference (2, are .
J
+ -1/7
T L e : (C1)
c Ve(mris) .
e 2is) Y [ 2emeis) wp TE - (2emeis) B Th (c2)
o i - jm jm :
. ) 2
Lo - Lera) s - (ze) it/ Rejl/z (C3)
. q1/2 1/2
o= {c/a) [s o+ (2-m) 1] / Re . / R (ca)
Jm J
-r‘ where the conplex roots are selected to have positive real parts. ’
r “ . . . . - .
: Since velocities at rigid boundaries are zero for m # 1 perturbations,
[ the courresponding  viscous coefficient functions can be computed for an
{ interndl free surface from Table 2 when w,, u,, and v, are defined to be
.
F. Wy T MY {a,x)}. {C5) -
. . Tl Coopifieation of tne ivertia osceillations of a
@ il Dl S’ BRL Contract Report 273, September
' e T gta Gesohys. Astrophys. Flutd Dynamiczcs, Vol.
s L il
- T Dl T pd D Rl aad i Spii-up Without
) . Ll T Scae et Llbopatory, Aberdeen Provivg Trowd,
L. ey ool 'A.r i i LA »1”"111”-’.r‘f'f-u’.‘?:')f"‘i“, 4“_{'“;1{ I-\/“f“f'. h f;/':‘-‘ Toel!
b
-
- Vo4
-
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TABLE Cl., INVISCID PERTURBATION FUNCTIONS FOR m # 1.

—— T T — o

Pisi = - (c/a) ¢ Rjkm(r) sin (n, x/c) K
. =1 9
Uisi = (s - im)™" ¢ Rka(r) M €08 (A ¥/€) K
Visi ~ (c/a) £ Rvjkm(r) sin (ka x/c) K
Wigi (c/a) ¢ ijkm(r) sin (ka x/c) K
Rjkm N Ejkm Jm (Akm r/c) + ijm Ym (Akm r/c)
Qyskn = [(5 = m) @ Ry = 2 im (a/r) Ry 87!
) , . . -1
Ruiknm = [2 a Rigg * 1m (s - im) (a/r) Rjkm] Sn
~ 2 2 o iy=2
o = Sam (s - im)
S = 52 -2 ims + 4 - m2
m
Uy = = Upgqi (@,x) (C6)
3 (r vyes)
vy = - [ ar‘151 ] (C7)

Tahble Al can be used to compute viscous coefficient functions for a central
rod and m #1 if, in addition to Egs. (C5-C7), similar definitions are
assigned to wy, uy and vy:

Wb = - Wzsi (bz,)() (C8)
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uD Z - UZSi ([)Z,X) (Cg)
JAr v )
25
NI ] (C10)
o r=ob
) -

General versions of EQs. (5.6-5.9) for m £ 1 can now be derived

Ut Pl = oy Kognlby) = (by7a) LR g (bg)

(C11)
ol Kv?Km(bl)] (s - 1'm)'1 =
Roten(P) = Koy = (1 - 221) Saom Rkm = O (c12)
Calby) = (0y/a) (s = imH Ry (0)) = 0 (C13°
L "1‘ A | ' ! D % -1 —
el AR vakw(d) b R Salm Rk& Dy = 0 (C14)
wWhenre
(,' / [} ]
X | v, P . -
A ’ ] 2 ) [vakm(ol) Rv2km(bl)]
) | (a) + o R ()]}, 7t
! L' vlkn lkm' 1
R LR R r)‘:/lkm(bl) - Rv2km(bl) - by RLka(bl)] .

tgte v Li=oddy have been coded for mo= 0 and eigenvalues can be computed.

At e e et gasy et ric etgenfrequency measurement for Re = 43,000
At vy feolr e ST versus by/d 1s plotted for oy A4, .6,
B P R et sagle Tiguid s plotted for by/a = 0, 1.
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LIST OF SYMBOLS ]
3 radius of the cylindrical cavity containing the liquids T
’ 4
a, coefficients in a least squares fit of x/c to a series in .
N sin (% x/c), Eq. (5.5) ]
by radius of the interface of the two liquids for K; = 0 ; -
- i
by radius of an air core (or central rod) for K1 = {
< half-height of the cylindrical cavity containing the ) 1
Tiquids

f 1 - (bz/a)z, the fill ratio |
1
» 1
m anla c, the liquid mass in the cavity fully filled with ’ 1
ligquid 1 !
p.
Mpe pressure moment coefficient on the end walls, Eq. (6.5) ’

]
A
i, pressure moment coefficient on the lateral wall, Eq. (6.4) R
-]
My pressure moment coefficient on the lateral wall, Eq. (A20) ]

»
.
Mye viscous moment coefficient on the end walls, Eq. (6.7) 1
L_ n, viscous moment coefficient on the lateral wall, Eq. (6.6) : j
¢ )
&= )
f n,, viscous moment coefficient on the lateral wall due to a .

rod, Eg. (A21)

v
Lk 3

P # Pigpnid pressure ) 1
S "4
1 .
] . pressiace perturbation 1n Tiguid q
- '_ﬁ
[

2 ¢ .”

¢ ‘,)‘ R INMEARTED! p.}"t of p]s ) ;

B
6/ d
)

]
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o

Jsi

pJsv

Skn

js* Vise

Uisis Visis Wisi

"isvr Visv, w;

ka

CLm

ClsM

tike Fik
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LIST OF SYMBOLS (Continued)

PRSI 1 -

A

- (r x/a%) K

v
—tt

Pisi

viscous part of pjs

radial coordinate in the inertial system j;

radial coordinate in the aeroballistic system

FVIY T S SO IR

(e + 1)1

eigenvalues of s: the values of s that make the
determinant of the system (5.6-5.9) zero

| .
time -
coefficients in the expansion of Ujsys Eqs. (4.6-4.7) y

Wis x, r, O components of the liquid j velocity perturbation -
1
C i inviscid part of Ujss Vjss Wis  §
jsv viscous part of Ujss Viss %js '
coefficients in the expansion of Wisy Eqs. (4.4-4.5) ]
axial coordinate in the inertial system —
axial coordinate in the aeroballistic system -
Y
1
liquid in-plane moment coefficient, defined by Eq. (6.1) ",
1
liquid side moment coefficient, defined by Eq. (6.1)
coefficients in the expression for Rjk computed by
solving the system (5.6-5.9) :
68 *
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LIST UF SYMBOLS (Continued)

Bessel function of the first kind of order 1

13 10)
xl(u) Q t

amplitude of the coning motion

1/2
Y21 (vp/vy)

number of terms considered in summing for
k = 1,3,5...(2 N = 1)

Y, z components of the liquid moment, Eq. (6.1)
2.2 -1 , o
ac v Reyvnolds number for liquid j
[(s - 1) a Ry =21 (a/r) Ry,] 571
. ) . -1
-[2 a Rjk + i (s = 1) (a/r) Rjk] S

32 - 2is + 3

x, r, o components of the liquid j velocity,
Egqs. (2.7-2.9)

|

1

i

U D G W

am R . m_m A a

imertial system Cartesian axes, the X-axis tangent to the

trajectory at time zero

. .
ate a

aeruballistic system Cartesian axes, the X -axis along the

missile's axis of symmetry

Beswel tunction of the second kind of order 1

h

- x

P S

o
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LIST UF SYMBOLS (Continued)

angle of attack: the projection in the XZ plane of the
angle between the X and X axes

angle of sideslip: the projection in the XY plane of the
angle between the X and X axes

1 + i 7 Re.'l/z
Y2 (1 + 15) J

- (/) (L +i)[1-ds ,i(3+ 1ﬂ] Re ~1/2
2y 2 (1 +1is) [¥V3+is y1-is J

fluctuating part of the inviscid pressure, Eq. (6.3)
(Kl/Kl) 51-1, non-dimensionalized damping
exp [(by-a)/a Galj

exp [(by=b})/a &,,]

dimensionless perturbation of liquid interfaces due
to coning motion, Eqs. (2.5-2.6)

azimuthal coordinate in the inertial system
azimuthal coordinate in the aeroballistic system
"average" value of Ajk’ Eq. (3.5)

(nk/2) (1 + SCJ)

[sY2/(1 + is)] N

70
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Derivatives:

Indices:

t:

LIST OF SYMBOLS (Continued)

vy vy dynamic viscosity of liquid j
average kinematic viscosity, Eq. (3.5)
kinematic viscosity of Jiquid j
density of liguid j

r»Z//r;l f l

#)/$» nondimensionalized frequency

etgenfrequency for modes k and n; the imaginary part
of syp

it
inertia spin rate

phase angle of the coning motion

d( )/dt

d( )/dr

endwall

liquid no. (1 heavier, 2 Tighter)
axial mode number: 1,3,5,...(2 Ne - 1)
fateral wall

radial mode number: 1,2,3,...

pressure camponent

viscous (wall shear) component

/1
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