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ABSTRACT
/ DYNAMICAL CHARACTERISTICS OF WEAK TURBULENCE

QJThis project is an exploration of dynamical features of chaotic
physical systems with the emphasis upon turbulent fluids. The specific
areas of investigation involve (1) the develooment of techniques that
discriminate measurable differences in the observed behavior of
theoretical models for chaotic behavior, (2) the application of these
techniques to experimental studies, and (3) the study of bifurcation
behavior in multiparameter families of differential equations.

The transition to chaotic behavior in fluids has received intense
experimental study during the past ten years. Various "routes to
chaos" have been studied, and a satisfying picture has emerged of how
this transition proceeds in low dimensional dynamical systems. Our
primary interest is in the behavior of a system after it has undergone
the transition. Of central concern is the guestion of determining
when low dimensional chaotic models provide a good description of the
physical system./K

| Considerable progress has been made in the development of
efficient algorithms that estimate a fractal dimension of attractors.
The work supported by this grant includes one of the first
applications of these methods to data from experimental studies.
These studies reveal that the dimension of the attractors describing
the fluid motion in its state space grow rather quickly with parameters.
This fact poses a considerable challenge for future investigation.
When a system has an attractor of even moderate dimension, it is no
longer feasible to observe it long enough to obtain a detailed picture
of the attractor. Using the techniques that have gone towards the
work done thus far, one may have to be content with tools that
discriminate regimes describable by low dimensional chaotic models
from others.

The second major area of investigation involves bifurcation
theory for differential equations. Here the goal is to classify,
insofar as possible, the way in which the qualitative dynamics of a
system depend upon parameters. Current work in this direction involves
studying the role of symmetries upon the bifurcations and work with
models of chemical reactors.
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DYNAMICAL CHARACTERISTICS OF WEAK TURBULENCE

Research Objectives

The overall goal of this research is the development of
qualitative and geometric tools for studying the dynamics of
physical systems - particularly when the dynamics are complex.
Attention has been especially directed at fluid systems in
regimes near the transition to turbulence. There are two
specific areas of investigation that have been emphasized:

(1) The classification of typical bifurcations in multi-
parameter families of differential equations and in families
of differential equations with a specified symmetry.

{2) The analysis of aperiodic data with a view towards
determining whether the data can be modelled by a strange
attractor.

These goals bear upon applications in the following
manner. Much effort has been directed towards the experimental
study of the "routes to chaos" in fluid systems. Different
sequences of transitions are observed in different systems and
one would like a theory which could predict the results of such
experiments. The bifurcation theory problems being studied are
directed towards this goal. The regions of a parameter space
near the coincidence of different types of bifurcation are
tractable places in which to calculate successive bifurcations
and to study the effect of nonlinear interactions between
different modes which are becoming unstable. The theory
developed here should have broad usefullness well beyond the
applications to fluid systems. For example, multiple bifurca-
tion theory is a promising tool for studying complicated
dynamical behavior of chemical reaction mechanisms. These give
rise to systems of differential equations which are usually
time consuming to integrate numerically (due to different time
scales of component reactions) and have many parameters.

The work on data analysis is motivated by the desire to
model aperiodic behavior by systems with few degrees of freedom
when this is possible. Since fluid systems have an infinite
number of degrees of freedom, one would like to determine those
regimes in which reduced models are possible. The "traditional"”
technique of identifying chaotic behavior with a continuous
power spectrum does not distinguish data which is random, has
many degrees of freedom, or comes from a strange attractor with
few degrees of freedom. This has been the intent of the.
analysis sponsored by this project. - '"‘1
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Status of the Research

There has been significant progress in achieving the
research objectives described above. We describe the situation =
with regard to data analysis first.

An attractor of a dynamical system is a set of trajectories N
towards which other trajectories are drawn (and does not contain -

smaller sets with this property). An additional concept of T
relevance to physical applications is the idea of an as totic =
measur» for the attractor. This is defined as a measure with ”f

the property that it describes the time that most trajectories

in the attractor spend in different regions of the attractor.

If one thinks of a moving point in phase space which leaves a
uniform trail of ink, the asymptotic measure describes the
expected relative density of ink after a long time. With appro-
priate technical assumptions, one can define a "fractal"
dimension for a measure. The most natural definition of this
dimension for the applications is that it is given by the scaling
- behavior of the measure of balls. In a space of dimension d ,
- the measure of balls of radius r will be proportional to

rd as r > 0 .

R T Ny .y

The fractal dimension of an attractor (or its asymptotic
measure) provides a lower bound for the number of degrees of free-.
dom which one needs to model the attractor. Therefore, estimates
of the fractal dimension of an attractor obtained from a
trajectory are directly relevant to the questions posed above.

Research sponsored by this project has developed an efficient
experimental technique for estimating the dimension of (the
asymptotic measure of) an attractor from a trajectory. The
technique is based upon using interpoint distances between
observations to estimate the volume of balls with respect to the
asymptotic measure. Similar ideas have been used by Procaccia
and coworkers and by Farmer and coworkers. One of the first
applications of this technique is the paper by Guckenheimer and
Buzyna, examining data from experiments measuring low in a
rotating annulus. This technigue has the potential for becoming
a standard diagnostic tool for distinguishing data describable
in terms of low dimensional strange attractors from more
complicated aperiodicity. Further refinement of the technique
is needed as well as more extensive investigation of the
dimensional properties of specific examples like the Henon
attractor.

There has also been progress on multiple bifurcation _
problems. A systemic review of codimensions two bifurcations T
at equilibria appeared in January 1984. More recent work has e
focussed upon the analysis of problems with symmetry, upon
problems of higher codimension, and upon examples arising in
the theory of chemical reactors. A review of the applications
to chemical reactor theory is being prepared, and it will contain :
a number of new results about model equations for stirred tank B
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Status of Research (cont)
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reactors. Current work is underway on the effect of symmetry
breaking perturbations of a problem with circular symmetry.
Examples of such a problem are the motion of a horizontally
forced sperical pendulum (previously studied by Miles) and the
sloshing of a cylindrical container of fluid (studied by Sethna).
It is our feeling that the previous work in the bifurcation
behavior in these problems is incomplete and that an approach
which focuses upon generic aspects of the problems is warranted.
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