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FLUID MOTION IN A ROTATING AND NUTATING CONTAINER
1. INTRODUCTION

Spin-stabilized projectiles with liquid payloads can
experience severe flight instability. Instrumented flight tests
indicate that this instability is characterized by a rapid increase
in projectile yaw angle accompanied by an abrupt loss in spin rate.
Detailed flight data for the XM761 smoke screening projectile were

given by D'Amico.l'z'3

These data clearly show that the instabil-
ity is due to the motion of liquid white phosphorus embedded in
cotton wicks; at lower ambient temperatures when the phosphorus is

in a solid state, the projectile experiences a stable flight.

A laboratory test fixture was developed by Miller at CSL*
to measure the despin moment of a full-scale XM761 container under-

4 5:6 verified the

going spinning and nutation, Miller's tests
suggestion of Vaughn7 that white phosphorous in the wicks behaves
like a homogeneous, very viscous fluid. The tests also revealed a
maximum despin effect for fluids of kinematic viscosity in the
range ot 0.1 sq m/sec., Flight tests of projectiles having a con-
tainer filled with corn syrup of kinematic viscosity 0.2 sq m/sec
were conducted at BRL and showed instability very similar to that

of the XM761.

The stability problem of the XM761 has, meanwhile, been
overcome, The cotton wicks have been replaced by felt wedges, and
separated by a longitudinal baffle and impermeable plastic foil.

In view of future designs, however, there is ongoing interest 1n
the interior fluid motion in spinning and nutating containers. The
experiments at CSL have significantly simplified the research tar-
get by showing that the basic phencomena can be studied for homo-
genous liquid fills. The experiments have also shown that

viscosity plays an important, if not dominating, rcole in the

*Now the Chemical Research and Development Center, US Army
Armament , Munitions, and Chemical Command.
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problem and this observation makes the study of the fluid motion a
difficult task. Not only is an additional parameter introduced,
but moreover, the theoretical analysis of the motion cannot resort
to the simpler formulations of inviscid theory or boundary-layer
theory.

Major efforts to reveal the fluid motion and to determine
the despin and side moments required for aeroballistic investiga-~
tions have been purely experimental. Miller conducted void obser-
vations in a transparent cylinder.8 He also developed an improved
spin fixture that allows for extended despin moment measurements as
well as for flow visualizations using a laser-induced colored dye
technique.9 D'Amico and Rogers located liquid-filled containers
within the rotor of a freely gimballed gyroscope and measured yaw

growth rates at fixed spin rates.10

The yaw growth indicates the
side moment exerted by the liquid motion. Observations with highly
viscous fluids showed that the growth rates were inconsistent with
the predictions based on the resonant interaction with inertial

11,12 Although

the measurements of despin moments and yaw growth rates lead to

oscillations as they occur in low-viscosity fluids.

consistent conclusions concerning the role of viscosity, they pro-
vide two completely separate sets of data. The link between these

sets is given by the internal flow field in terms of velocity and

pressure distribution. This flow tield, however, is as yet unknown.

A first step into linking and better understanding the
available data is to identify the nondimensional parameters that
model the flow. The experimental data base is as yet too small to
definitely identify these parameters, in particular the Reynolds
number. We, therefore, resort to formal dimensional analysis and
to an analysis, of governing eqguations and special solutions. The
availability of the relevant parameters also efficiently supports
the experiments since the amount of data recording can be
drastically reduced and (future) experiments can be carried out
with properly scaled containers, spin and nutation rates, and

scaled working fluids.




The second step is to set up the governing equations in
the best-suited coordinate system and to prepare for approximate
solutions. Theoretical work in this direction is mostly based on
the Stewartson-Wedemeyer approach, using an inviscid core flow that
interacts with the boundaries through viscous boundary layers.

Essential improvements have been achieved by Murphy and Gerber,13

Sedney and BartoS.l4 Use of the boundary-layer approximation,
however, precludes application of these theories and validity of
their results at low Reynolds numbers. The restriction to small
deviations from solid body rotation is always necessary for working
with linearized equations. We consider various sets of linearized
equations and discuss the inherent assumptions in relation with
estimates trom experimental data. In special cases, more general
solutions or new insight into the structure of the motion 1is
obtained. Finally, we discuss some aspects of computational

methods for solving the complete equations.
2. EXPERIMENTAL APPROACH AND RESULTS

Before going into analysis, we briefly describe the
experimental methods, the range of parameters, and the results

obtained to date,

2.1 Despin Moment.

Measurements of the despin moment were conducted using a
test fixture at CSL described by Miller.? A full-scale xM761
payload canister was mounted in a frame under an angle 6 to the
vertical axis. The canister was cylindrical, with inner radius
a = 60.3 mm, length 2c¢ = 517.6 mm, and a total mass of about
12.25 kg. The angle 6 could be varied to be 5, 10, 15, or
20 degrees, The cylinder was spun up by an air turbine to
realistic spin rates of w < 6000 rpm, Then, the frame was rotated
about its vertical axis up_to the desired nutation rate of
! < 600 rpm, At higher nutation angles, the spin rate started to

decrease before the frame reached high nutation rates (Miller,

Ll
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private communication, 1982).. After cutting off the air turbine,
the spin rate was recorded as a function of time, The total despin
moment was obtained as the product of spin deceleration and axial
moment of inertia. The liquid-induced moment was found by
subtracting the .oment due to friction that was previously
determined. As a result, the liquid-induced despin moment is given
as function of @, y, and 8. The method implies the following

assumptions:
a. The nutation rate is constant during spin-down,
b. The motion of the liquid fill has no effect on the

moment due to friction as a function of 1, w, and 8.

c., The fluld motion is quasi-steady; i1.e., the spin-down
is slow enough for the fluid motion to fully adapt to

the instantaneous spin rates,
d. The friction moments are not a function of time.

For sufficiently high spin rates (w > 1000 rpm), the
liquid moment was found to be independent of w. Data for the
6 Additional
data were obtained for the cylindrical contalner filled with

XM761 payload are given in Miller's figures 7 to 9.

homogeneous liquids of kinematic viscosities 1in the range from
vV = 107°% sq m/sec (water) up to 1.35 sg m/sec (corn syrup). These
data are shown in figures 12 to 14 of the same paper. No attempt
was made to measure the side moment exerted by the fluid, which
would tend to increase the nutation (or yaw) angle &€, Only ocne
aspect ratio, c/a = 4.29, of the cylinder was studied in these

experiments.

An improved test fixture is presently in operation and

more detailed data will soon be available.

10
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" Rogers. The nutation rate of the (empty) rotor for a given spin
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2.2 Yaw Angle Growth Rate,

Measurements of the yaw angle growth rate using a
gyroscope whose rotor contained a liquid-filled cylindrical cavity

were conducted by Karpcv,lS Scott and D'AmicolG, and D'Amico and

10
rate was varied by changing the moments of inertia. The rotor was
spun up with the axis held fixed, and time was allowed for the
fluid to reach a state of solid-body rotation. After releasing the
gyroscope, the spin rate was held constant. The yaw angle was
measured in terms of an amplitude, A, and ln A was recorded as a

function of time.

The earlier experiments in the range ot high Reynolds
numbers served to verify Stewartson's theory. Linear increase of s
1n A with time (constant yaw growth rates) was found in some range ;r,
cf small yaw angles. Scott and D'Amico observed nonlinearity at '
angles as low as 1 degree (for c/a = 3). Virtually, a changeover
to a constant growth rate occurred. At higher viscosity, the ;;:
changeover still occurred but at higher yaw angles. The
experiments of D'Amico and Rogers were made with silicone oils of
high viscosity and with cylinders of aspect ratios c/a = 3.126 and
1,042, Spin rates were in the range of 3000 rpm. Constant yaw
angle growth rates were found up to the limit of the apparatus at o
5 degrees. The growth rates at a low Reynolds number turned out to R
be proportional to the nutation trequency and, therefore, must be
due to a mechanism difterent from the Stewartson~Wedemeyer model.
The data were correlated with various dimensionless parameters; R

however, a simple parametric dependence was not found.

The relation of the yaw angle growth rate to the moments
exerted by the liquid is not easily obtainable. The moments of -

inertia are not given for the various data points, precluding
determination of the side moment via the coefficients ot the
stability equation. Neither the inplane momena. . ~he despin

[y

moment have been separately measured. There'..rte., ‘¢ da a are

11
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completely separated from those in 2,1, They lead, however, to the
same conclusion, that a basically viscous mechanism can lead to the

instability of a projectile with liquid payload.

2.3 Flow Field. ' ' N

The flow field that develops from the viscous fluid motion =
is unknown, Miller reported void observations for a (95%) filled
cylinder with an aspect ratio of 4.45.8 Due to the high spin rate
(w = 40C0 rpm) the void was axisymmetric for solid-body motion. A
characteristic wavy distortion of the void occurred when:

a. The nutation rate Q was increased at fixed v and 6,
b. The nutation angle 6 was increased at fixed vand o,

c. The kinematic viscosity was decreased at fixed 6 and
Q.

For low viscosity, the void was irregular, indicating turbulent
fluid motion. The distortion was essential.y restricted to the
plane spanned by the spin axis and nutation axis. A similar

observation was sketched by Scott's figure 1 without giving any

detail.17 Whereas Scott indicated that the void offset from the

axis at the cylinder end plates, Miller's photographs show no
otfset. The effect of the void on the fluid motion is unknown,

Flow tield observations are presently in preparation at
cst.? A laser-induced colored dye technique combined with high~
speed photography is utilized to determine the three-dimensional

velocity field, ,

3. DIMCNSTONAL ANALYSIS

We consider a cylinder of length 2¢ and a radius a,

rotating about its axis with the spin rate w. The axis of the

12




cylinder is inclined to the (vertical) nutation axis by the
nutation angle 6 and rotates with nutation rate f about the
vertical. The cylinder is completely filled with a fluid of
constant density p and kinematic viscosity v. The cylinder is
"symmetric with respect to the margin 0 defined by the point of
intersection of the two axes of rotation (see figure 1).

spin nutation
axis axis

Figure 1, Dimensional Analysis Test Cylinder Configuration

The motion of the fluid is ygoverned by the continulty
equation

-




and the Navier-Stokes equations

DV
- 2vp +vily (2) 3

|
"

where V is the velocity vector and p the pressure. The V in equa- -
tion (2) is measured in an inertial oordinate system. The body o
force due to gravity g is neglected in equation (2), Justification .
will be given shortly. Equations (1) and (2) are subject to the
nc~slip and no-penetration conditions at the side wall and end
walls of the cylinder. -

The solution of egquations (1) and (2) under the given
boundary conditions is completely determined when the following .
guantities are given: a, ¢, 6, w, fI, p, and v, Hence, any quantity e
derived from this solution can be written as a function of these
seven parameters. As an example, we writ2 the despin moment M
exerted by the flow at the cylinder as

M= t(a, c, 0, w, R, Ppr ) (3)

The principle of dimensional homogeneity requires that the function
i of £ has the dimension of the moment M, According to Buckingham's
-theorem, this can only be satisfied if the function of f is

composed of terms that are products of powers of the seven

parameters.18 For example,
]
p p p o P p P T
£, = const (a) ' () 2 (&) 2 (@) P @ (e C v (4)
] where the constant is dimensionless and Ppre--spy are ¢onstant )

powers to be determined. We utilize the following dimension table:

14
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M a o 0 _w Q o) V
Length (L) 2 1 1 0 0 0 -3 2
Time (T) -2 0 0 0 -1 -1 0 -1
Mass (m) 1 0 0 0 0 0 1 0

which expresses, for example, the dimension of M as m - L2/T2.
Exploiting dimensional homogeneity of equation (4) and comparing

powers of L, T, and m separately provides the following system of
equations for PyreeerPq

L: 2 =p, +p, ~ 3 + 2 (5a)
172 Tpg TPy

T: -2 = -p, - pg - P, (5b)

m: 1 = Pe (5¢c)

Since only three equations are available to relate the seven
quantities, we are left with 4 degrees of freedom that express:

a, The presence of the nondimensional nutation angle 8
b. The presence of two length scales, a and ¢
. The presence of two time scales, 1/w and 1/0
d. The possibility of defining an additional length
scale (for example, az/v) or time scale (for example,
a/A//wV) based on the kinematic viscosity.
Oonly equation (5¢c) provides unambiguously Pg = 1, since there is a

unique scale for the mass, Eliminating pg from equation (5a)
results in '

L: 5 = P; * Py +2p, (5d)

15
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In order to remove the ambiguity, we choose a, w, and p to form a
basic system of dimensions., We can then express equation (4) in

the form

P,*tP,*+2p P4tPs*P
f, = const . (a) 172 7 (w) 47577

Pe

P P P P
2 3 5 7
(p) (£> & R (—!3

a w wa

where the powers of a, w, and p are determined by equations (5d),
(5b), and (5c), respectively. Introducing the dimensionless groups

A = c/a (aspect ratio)
T = /w (nutation frequency)
(6)
0 = s8in 6
Re = waz/v (Reynolds number)
we obtain
p p P 0
f1 = const - Ow2 a5 <A 2. e 3 o T ake 7) (7)

where the expression in parenthesis is dimensionless and the powers
Pyt P3yr Pgr and P, are arbitrary. Forming the dimensionless despin
moment. M*, we obtain from equations (3) and (7) in general form

M = M* = M* A

2 5 = = (Rel ) O) (8)
pw - a

In a completely analogous manner, we can form other dimensionless

flow guantities with the functional dependence on the same

16
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parameters (see equation 6). Different ways to find the functional
dependence will be discussed in Section 3,2,

If partially filled cyllnders were to be considered, the
list of parameters (equation 6) had to be completed by the fill
ratio = (fluid volume)/(volume of the cylinder). 1If gravity, g.
were taken into account, the Froude number, Fr = w2 a/g, would have
to be included in the list of parameters. In our application, Fr
is typically of the orde: 103--the inertial and/or viscous forces
dominate the fluid motion. The negligible effect of the Froude
number is clearly demonstrated by the cylindrical free surface in
8 This
surface should be an axisymmetric paraboloid, if gravity had an

Miller's veid observations (see figures 3a, 4a, and 5d).

effect. Anyway, if the fluid boundaries are fixed, as in the case
of a completely filled cylinder, the Froude number is insignifi-
cant, and the only effect of gravity is to contribute a hydrostatic
distribution to the pressure,

The definition of the Reynolds number in equation (6) is
as arbitrary as the choice of the basic scales a and w. Other
Reynolds numbers can be derived:

Re, = Re + T, Ro, = Re * 1 ° Xzy Re; = Re: I(Ao)2 (9)
or in terms of physical parameters
R - 2 - 2 - 2
e, = fa“/v, Re, = c“/v, Rey = ab%/v (10)

where b = ¢ - sin & is the nutation radius of the cylinder (see
figure l). The question, which of these Reynolds numbers .s most
convenient, that is, leads to the simplest functionral relation for
M* and so on, cannot be answered by the present forma’ dimensional
analysis,




3.1 Formal Scaling Aspects

There are two important consequences of this dimensional
_analysis, however. First, we have reduced the number of seven
physical parameters by the number of three basic dimensions to only
four dimensionless parameters. This simplifies the mapping of the
parametrical dependence. Second, equations such as (8) show that
the nondimensional flow quantities are identical if Re, A, 1, andg
are identical, no matter how these values are achieved. This fact
allows working with properly scaled physical quantities.

Let us replace the original parameters a, ¢,..., by the
model paramet9rs am = a - d.a, Cm = Cc - aclcc-r where aal aclv"l
are scale factors. Then, a physically similar solution (identical
in nondimensional terms) is obtained if the four parameters

(equation 6) remain unchanged. 1In other words, if

ac =a, (10a)
aQ = aw (10b)
a, ai = Gv (10c¢)
ag =1 ' (10d)

This last equation shows that the nutation angle (as ¢
dimensionless quantity) cannot be scaled. Witn equation (10)
satisfied, the same value of M; = M* will be obtained according to
equation (8). The physical (dimensional) moment, however, will
change as

) 2 5
Mp = apayaj M (11)

The relations (equuations 16 and 11) allow model tests without any ’
more detailed knowledge of the physics of the problem. It is

18
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mainly equation (10c) that allows for changes of rotation rates,
size of the cylinder, and viscosity of the liquid.

3.1.1  Scaled Container,

The experiments reviewed in Section 2.1 typically use a
.l " full-scale container with a mass of 12.25 kg, rotate it at 5000 rpm
(10,000 rpm in the new test fixture), and impose a nutation with

500 rpm under an angle of up to 20 degrees, Clearly, operating

1
L,- )

: this experiment bears the danger of catastrophic failure and,
k; therefore, requires extreme care in designing, machining, and

balancing the apparatus. The reason is obvious from eqguation (7)

or (l11): the moments increase with the fifth power of the length
and with the second power of the rotation rates, The scaling o
relations (equation 10) allow the design of a harmless, smaller .

test fixture at reduced cost that bears other advantages.

Let us first consider that the working fluid remains -
unchanged, (ap = 1, a, = 1). If the linear dimensions of the e
cylinder are reduced by a factor of a, < 1, equation (10¢)

immediately requires a, = l/ag, an increase of the rotation rates

2
by a factor l/u;. From equation (ll) 1t becomes clear that the

roro

moments are only reduced by a factor o,. A drastic reduction of

j
the moments cannot be achieved in this manner, since the required .j1
. o K
rotation rates would be prohibitive., It seems necessary, !

i
1

therefore, to change the working fluid. For liquids, there will be

3 only a small variation in density, a, = 1, and the variation will S
be imainly in the viscosity. Keeping the original rotation rates,
@, = 1 (equation 10¢) requires a, = o5
1/2, say, a liquid with Vi = v/4 must be used to maintain dynamical

Using a model with a, =

similarity. In view of the high viscosities of interest,
such a liquid can easily be found. The moments, then, are
considerably reduced by a factor apab ~ 1/32. Further reductions

a
can be achieved by the use of even smaller models.
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benefits, (for example, flow visualizations). Should it turn out

"the factor a, Smaller picture frequency (factor aw) and larger

3.1.2 Scaled Velocities of Working Fluids.,

Disregarding structural problems, scaling may have other

that the velocities are too large for easy visualization of the
colored dye, the time scale of the phenomena in the full-size
cylinder can be changed by reducing spin rate, nutation rate, and
viscosity by the same factor, o, = o:,Q = av. The moments drop by
a, ai, slowing down the spin-down process. The velocities drop by
exposure times (factor l/aw) would recover the original results.
Should it be desirable to work with a special fluid, for example,
water instead of some more viscous silicone oil, the necessary
adjustments of rotation rates and cylinder size can be made

according to a, = a2

a % from equation (10c).

3.1.3 A Small Model Test Fixture.

By proper choice of the scale factor g, it seems possible
to set up a model test fixture (based on a standard record player
as a turntable) at low cost for direct visual observation of the
motion in high-viscosity fluids. With fixed Qm = 45 rpm, the range o
of nutation rates can be covered with a, > 0.075. A reasonable T

w

range ot T can be obtained with w < 2000. witha,  =a. = 0.4, the
filled model cylinder has a mass of approximately 0.8 kg. Moments
are reduced by about tour orders of magnitude. The resulting

tactors a,> 0.012 allow covering the interesting range of higher
viscosities.

3.1.4 Data Reduction and Cross-Checks.

Miller's experiments at CSL provide despin mcments for

fixed A = ¢/a, for four values of o = sin 6, and numerous values of
the viscosity. Nutation rates can be varied in a broad range, and

spin rates vary continuously during spin-down. It is obvious from

equation (8) that only two parameters, Re and T, need to be varied

20




to obtain (or document) the complete parametric dependence of M*

for fixed A and 0. It is useful, therefore, to present all data in

dimensionless form. The experimental procedure mentioned earlier

partially duplicates data. As an example, nutation rates {, and A
"‘Qz = 91/2 with fluids of viscosities v; and v, = v,/2 should s

provide identical values of M* at Wy end w, = wl/z. This

duplication can be utilized for a cross-check of the data and for

verifying the validity of the assumptions outlired in Section 2.1. 1
With this validity assured, the duplication can be avoided in =
-y
future experiments by using cylinders of different aspect ratios. s
3.2 Parametrical Dependence. ?,;%
: -
The second step in the fluid motion analysis and the j
resulting moments requires finding the functional dependencies of ';y;j
nondimensional variables such as M* in equation (8) on the param- 4 o
eters Re, A, T, and o. The results can then be recast in terms of
other, perhaps better suited parametercs, such as one of the modi-
fied Reynolds numbers in equations (9) and (10). Varicus methods N
can be exploited and their results combined to achieve this goal: Qtad
- Phiysical arguments .
® Analysis of experimental data !~*i
3 Formal analysis ot the governing equations ji;
™ Analysis of numerical results ?, -
° Analytical solutions.
Knowledge of the analytical solution for the velocity and pressure ’ -
field would completely solve the problem. However, therg 1s no
chance to tind the solution of the full Navier-Stokes eguations,
Simplifications that may permit finding approximate solutions will
e

be discussed in Section 5. Numerical solutions of the full =
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equations can be obtained, in principle, but are not yet available.
Analysis of the yoverning equations--even without solving them--~
sometimes reveals special combinations of the parameters as most

relevant. An example is the Taylor number Ta = 2Re? . (Ry - Rl)/
"(Rz + Ry), with Re = QRI(R2 - Rl)/v, that characterizes the fluid
motion of a viscous liquid between concentric cylinders of radii R,
and Ryv with the outer fixed and the inner rotating with Q. Simi-
lar combinations, square of the Reynolds number times a purely
geometric parameter, occur in other problems. Physical arguments
are sparse in the present context and can be misleading, in fact,
since the motions of rotating fluids are often beyond our
imagination. In the following discussion, we attempt an analysis
of the experimental data.

3.2.1 An Example: Despin Moments.

This analysis is heavily restricted by the small number of
available data. These data are uncertain due to experimental
errors that are yet known. {Estimates from the cross-checks
suggested in Subsection 3.1.4 would be helpful.) Additional error
is introduced by reading the data from small figures.

From Miller's figure 7, it appears that the despin moment

6

M at tixed A and o varies proportionally to 92. Liquid density

and viscosity are not easy to identify for the wick-type fill. We
have therefore, not used M* but calculated M/Qz. The values of T
and of M/Q2 are given in table 1. There is only a small scatter in
the values of M/Qz, largest for the data points with small values

of M that are difficult to read accurately trom the graphs. An

3 2

average value of 1,77 x 10 ° Nms® is obtained such that

2

302 or M—2 =1.77 x 10°° 1 (12)
W

M=~ 1.77 x 10

where @ or w are in radians/sec. Based on runs 74 anda 2% »nly,

3 2

the average value would be smaller, 1.71 x 10 ° N . m -+ sec®.
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) , * 3
Table 1. Despin Moments Analysis Data -

| Run W Q T M 103 M/Qz N
(rpm) (rpm) (N + m) (N *m + sec?)
74 1000 381 0.381 2.56 1.61
1250 379 0.303 2.69 1.71 ¥
|1 . 1500 366 0.244 2.70 1.84 .
2000 347 0.174 2.33 1.76 -
3000 299 0.0997 1.60 1.63 -
4000 225 0.0564 0.895 1.61
4500 159 0.0354 0.479 1.73
. 25 1500 354 0.236 2.34 1.70 )
2000 339 0.170 2.26 1.79 T
3000 293 0.0977 1.61 1.71
4000 221 0.0553 0.947 1.77
23 2500 296 0.118 1.71 1.78
) 4000 192 0,0479 0.652 1.61 o
4500 100 0.0222 0.289 2.64 '
26 2000 192 0.0958 0.698 1.73
2500 107 0.0427 S 0.277 2,21
i 21 2000 156 0.0780 0.393 1.47 -
2500 101 0.0403 0.173 1.55 "
*Extracted from Miller's Figure 7.6
i .

The deviation from this average 1s shown in figure 2. It is diffi- = =
cult to decide on a systematic variation with w [or the Reynolds
number (Re)]. Although there seems to be a tendency for the data

ot these two runs, we refrain from any additional conclusion,

l.
»

From Miller's figures 8 and 9, the effect of & or ¢ can be
estimated. The values ol M/Q2 for the four angles @ arc given in

table 2. It turns out that the ratio nf M/({ sin 8)2 is almost the

' same for each of the four angles. Significant deviation occurs -
only for 8 = 5 degrees. For 6 > 5 degrees, the data can be
approximated by
[ ] -
By . 2 M Z , - -
M = 0.0156(Q sin 8) or — = 0.0156(t0) (12)
w
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2.0 b= 4 run 74
e run 25
10w/
A
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a -]
A
4 o
16 © a
il | | ]
1000 2000 2000 4000
Figure 2. Deviation from the Average Valus Based on Runs 74 and 25
Table 2. Values of M/Q2 for the Four 8 Angles*
= <i 3 2 . 2
8 g= sin 0 107 M/Q M/(Q sin_ 6) _Average
(degrees) (N -m - secz) (N« m - secz)
5 0.0872 0.076 0.0100
10 0.1736 0.497 0.0165
0.0156
15 0.2588 1.02 0.0153
20 0.3420 1.77 0.151

*From Figures 8 and 9 of Miller
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A similar approximation can be obtained from the Jdata in table 3

r v.—\l‘T‘V Y cvp e -

for Miller's tigure 12, In this case, the cylinder is filled with
a homogeneous fluid of high viscosity. Combining data for all four

angles 6 results in
M = 0.00814(0 sin 8)2 (14)

The different constants in eqguations (13) and (l14) can be attrib-
uted to various effects: different mass of liquid, different
etfective viscosity, and, in addition, different geometry due to

the baffle in the wick-type payload.

Table 3. Approximation of Miller's6 Pata with the Cylinder
Filled with a Homogeneous Fluid of High Viscosity*

0 0 = sin 8 103 M/Q2 M/(Q sin 6)2 Average
(degrees) (N *m . secz) (N +m - secz)
5 0.0872 0.0689 0.00904
10 0.1736 0.2116 0.0070 -
0 00814 =
15 0.2588 0.5559 0,00830 =
20 0.3420 0.9581 0.00819

*“Miller's Figure 12° .

The expressions for M contain only guantities that are
related to nutation. This reflects Miller's observation that the
despin moment was essentially independent of the spin rate when- ;_
ever  was sufficiently large. The other parameters, in particular '
those that were held constant, are hidden in the constants. The
aim of finding the functional relation [(see equation (8)] in an
as-simple~as-poss.ole torm also reguires reviewing the reference - -

quantities that were chosen to obtain the parameters [see egua-
tion (6)). Equations (13) and (14) suyyest that the reference
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velocity wa should be replaced by §¢ sin 6. From physical arcu- 5;

ments, it also seems reasonable to replace pa3 by the effective
- 2
I mass of liquid, mp, = 2npa“c, so that -~
7 M= m, {(Qc sin 9)2 . M{ ' . - (15) '“%mif;;fﬁ;
i where M} = M*/2(ﬂl3T202) is almost independent of §, w, and 8, =

The dependence of M] on the viscosity can be estimated
from Miller's figure 13.6 Figure 3 shows a modified plot of these ‘
data in the form, log M versus log l1/v. This representation has -
been chosen since v appears only in the Reynolds number and,

;a
7

therefore, the dependence of M* on Re should be revealed by this
plot. Although only a few data points are available, it is obvious
y that at least two regions can be distinguished. For high viscosity
(region 1), v > 0.2 mz/sec, it seems that MI ~ 1/v, whereas for
v <0.1 mz/sec (region II), the data align along M} ~ (1/x2)"032,
with some transition region in between. 1t is not clear, though,

whether a second transition occurs tor y < 10-4 mz/SeC-

B .

The data of Miller's figure 12 and the moments according

to equation (14) are located in the region where Mi ~ 1/v. Since o

i % and & are constant for figure 13 and v is constant for figure 12, i
- becth sets of data can be combined into

PQ(C sin e)2

» L " M (16) :

M2=m f1 Re

) 3 72

where M2 is almost independent of Q, w, 6, and v. From comparison
with equation (14) we obtain

»
M, = 0.00294 m%/sec (17)
The value of the Reynolds number for the data in figure 12 is
!‘ Re3 = 2,05, very small indeed, For the range of smaller )

viscosities, expressions analogous to equation (16) cannot be
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derived due to the lack of data. We also note that the
approximations suggested in this section need further verification,

It one adopts Re3 as the relevant Reynolds number, the

‘void observations of Miller can be linked to the despin moments in

figure 3.8 The slight difference in the lengths of the cylinders
can be neglected. The arrows in figure 3 indicate the Reynolds
numbers for the photographs in Miller's figures 3, 4, and 5, To
within the accuracy of reading the void distortion from the small
reproductions, the value of Re3 sorts the pictures in the sequence
of increasing amplitude of the sinusocidal distortion. The void
distortion is barely visible in pictures 4a and 5b, but increases
as Re3 changes through the transition region into region II, It is
tempting, therefore, to associate the void distortion with the
deviation of the despin moments from equation (16) for region I.
One might also speculate that the motion in region I ig essentially
axisymmetric., Flow visualizations of the axial velocity component

can decide this issue.

3.2.2 Gyroscope Data.

We attempted to exploit the measurements of D'Amico and
Rogers in order to check the previous conclusions and to obtain
additional insight,!® However, this attempt failed since the

inertial moments of the gyroscope are not given in the paper; these
data are necessary for extracting the liquid side moments from the

equations provided by the tri-cyclic theory.19

We also attempted to correlate the yaw angle growth rates
with various dimensionless parameters, One of our observations
pr the (few)

data points fit well on straight lines, in particular for the

seems worth reporting: 1If 1i/Re is plotted versus 7

cylinder with X = 1, The slope of these lines seems to be
independent of u, but increases with viscosity.




~ prepare for complementary theoretical studies. This requires one

4. GOVERNING EQUATIONS

Since the experimental data base is toc small for a
detailed analysis of the momerts exerted by the moving fluid, we

to decide on a suitable coordinate system and to write the St
equatirns of fluid motion and appropriate houndary conditions in
these coordinates, Subsequently, simplitied sets of equations can
be developed using various assumptions for approximate solutions.

The geometry and kinematics of our problem suggest one of
the following three coordinate systems:

® Inertial or earth-fixed axes, index i

] Cylinder-fixed or body~-fixed axes, index b

) Intermediate, nutation-oriented coordinate system,
index n. ’

The choice of a special system is largely guided by the idea that
the parameters of the problem should appear in the differential
equations, not in the boundary conditions. The boundary conditions
should be as simple as possible, These requirementy are obviously
not satisfied if equations (1) and (2) for an inertial system are
used. Only v and p appear in these equations, while the remaining
five parameters are hidden in the boundary conditions, Moreover,
the boundary conditions are time-dependent.

4.1 Coordinates Fixed to the Cylinder,

Coordinates fixed to the spinning cylinder are analoyous
to the body axes otten used in aeroballistics. The velocity V = vy
in equations (1) and (2) is measured with respect to an inertial
system. The body-tixed system rotates with angular velocity Qb'

where

29
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8, = fp(t) = g+ wlt) (18) S

‘ with respect to the inertial system, where  and w point in the
a direction of the nutation axis and spin axis, respectively. 1In

“this system, a different velccity, Yy, will be measured,
Velocities V, and V, are related by

Vi =Vt 8y x (19)

where r is the position vector.2% This transformation leaves the

- continuity equation unchanged: f;
) . . &
v Vy,=0 {20)
. Moreover, for a Newtonian fluid, the viscous terms are invariant . s
n under the transformation equation (19). Major changes occur only oy
in the acceleration terms:

- Yy _ DYy ' : =
—_— — 4 + + -

i_ Dt Dt 2 x Voo+ @ x (8 xr)+Qxr (21)

where { denotes the time-derivative of ,,» The three additional :
. terms containing f, are the Coriolis acceleration, the centripetal [
Ei acceleration, and the acceleration due to the change of the

rotation rate, respectively. The cenctripetal acceleration can be
written in terms cf a potential function bt

r

F 8, X (@ X £) = -6, (22)
L

Lﬁ and can be considered as an additional (conservative) force per

Ll unit ne3r, Therefore, this term is written on the right-hand side

of the ..omentum equation:

. : N § 2
F+2gbxgb+8bx£- pr+V¢C+QV_\!_b (23)
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It is obvious from equation (23) that the centrifugal force can be
combined with the pressure p into a reduced pressure:

1 2
Pp = 2 PO, = p - 5o |8, x|

Q) (24).

The boundary conditions of no-penetration and no-slip reduce to the
simple form

!b = 0 at the boundaries (25)

Only the radius & and the half-length ¢ of the cylinder are intro-

duced by equation (25)., All the other parameters of the problem

are contained ir equation (23) with Qp from equation (18). The

system of equations (20) and (23), with (25), supports trivial

solutions V. 2 0, p, = 0, whenever Qb = 0 (that is, rigid-body

motion of the fluid). In a more obvious form, this result can be
written as

Vo2 0, p, =0 for w2 sin & =0 (26)

There are, in fact, three separate cases of rigid-body motion:

] For zero spin rate, w = 0
® For zero nutation rate, § =0
® For a rotation with w + @ about the same axis.

According to eguation (24) Pp = 0 describes the pressure
distribution

21 2 2
p = 2;>|Qb| ry (27)

where ry is the distance from the axis of rotation.
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A fourth case of rigid-body motion occurs for large vis-

cosity, v + «». In this limit, equation (23) reduces to szb =0

for Stokes flow.

4.1.1 Dimensionless Form-

Using the basic system of dimensions (a, w, and p), we
introduce dimensionless variables (denoted by ") in the following
- way:

£=f -a, t =.t/m ] ~ (28) -

v=23.auw 8 =8 w, p, =Dy ° plaw)? (29) E

The basic equations then take the following form: i;§
g -V, =0 (30)

D—¥—+2§ x U +i§—bxf=-v§ + L g2 ¢ (31) -h:

ot ° P gt - b " Re © b

In equation (31), V refers to dimensionless variables. ;;%

We note that the spin rate w must be nonzero for the
availability as a reference quantity. This is no restriction, how-

ever, since according to equation (26) rigid-body motion occurs for
w= 0. We are rather interested in the deviations from rigid-body

motions for w # 0.

4.1.2 Components in Cylindrical Coordinates.

In view of the axisymmetry of the boundary, we introduce
cylinder coordinates r, ¢, and z, where the z-axis coincides with
the cylinder axis and r = 1, ¢ = z = 0 describes a fixed point of

the cylindrical side wall. Since no further use is made of -
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dimensional variables, we simplify the notation by dropping the °

Using equation (6), we obtain the components of Q) and Qb in the
form:

§ L i"'"”‘;"?”i“'—rii':—i"'i"’—f'9'1: =. -To c,os (t + ¢) 4 Qr =Q¢ -
Q¢= T0sin (t + ¢), Q¢=-Qr
S ‘ 2,1/2 :
Q=1+ 11 -0H2 g <o (32)
With Vv, = (u,, Uyr U,), the continuity equation (30) yields
Ju Jdu C
13 1 z _ (33) g
ror (FY) Y E o3t 3z -0 o
while the momentum equations take the form '.7....,1
2 S
' - - - L e
D'u, T Z(Qzu¢ Q¢uz) + Q42 o
.
ap u Ju
= = —b l—. " - I _ 2_ _i . LT
3r ' Re (D Yr 2 2 96 ) (34a) el
S
u_u S
' r¢ B
D u¢ + c + Z(QZU - Qruz) - QrZ *
] ."1
o1 ¥y f Y2 P S
r? Re Yo p 2 3¢ (34b) :
r r k
. » . an . i
D'u, + 2(9‘__1_1(D - ﬂ¢ur; - Q¢r = - 37 *Re D u, (34c) 1‘f1;
LI
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TR, T

St

where
3 R 3
[} = e o . Lo
D s " Yrar T Y Y Yz 3z
and
D" = 32 + l 3 + -l—— —32 + ——82
5r2 r oJr r2 992 3,2
The boundary conditions require
U, = uy, =u, =0 forr =1, lz| < 2 0 < $d < 27 (35a)
u,. = u¢ =u, = 0 for z =+, 0<rc<l, 0<¢ < 2m (35b)
Although these conditions are independent of time, a time-dependent .
solution is desirable, due to the time-dependence of the coeffi- -

cients Qr'Q¢ [see equation (32)]. It is obvious that a simple
time-periodicity with period T = 2w will evolve if transient behav-
ior (after sudden start of nutation, for example) is disregarded. ?;;5

The possibility of studying small deviations from rigid-
body motion as a perturbation of the zero-state [see equation (26))

seems to support the use of this body-tixed coordinate system, The C

periodicity in time can be taken into account by introducing a T

modified azimuthal coordinate, ¢' = ¢ + t. At closer analysis,

however, this change of coordinates is equivalent to working in a

system that rotates only with 2 about the nutation axis. B
T

1
4.2 Coordinates Fixed to the Axes of Rotation.

This nutating coordinate system rotates with constant ot
angular velocity 2, = 2 about the origin. The equations of
Section 4,1 require little change: Quantities with index b are
replaced by quantities with index n and the terms with én are
dropped. The boundary conditions, however, are inhomogeneous, due

to the rotation rate w of the cylinder with respect to the nutating
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system. Instead of eqguation (26), the trivial solutions for
Q sin @ = 0 are rigid-body rotations with w about the cylinder
axis. Homogeneous boundary conditions can be retrieved, and an

apparently simple formulation can be cbtained by splitting the

-velocity field V_ into a rigid-body rotation with w and a deviation .

-
due to Q@ sin 0 # 0. In the following, we return to dimensionless

variables.

We introduce cylindrical coordinates r, ¢, and z, where
the z-axisg coincides with the cylinder axis, as before. However,
¢ = 0 describes points in the plane spanned by the nutation axis

~and spin axis, because 0 # 0. The components of 2, = f are
02)1/2

Q. = -T0 cos ¢, Q¢ = T9sing¢ ' Q, = (1 (36)

r

Hence, in the nutating frame, the Coriolis acceleration introduces
no explicit time-dependence,

4.2.1 Decomposition of the Flow Field.

We decompose the velocity V= (u., ug, u, ) and the

reduced pressure Pn according to

u_ = v _, U¢)=Q¢r+v¢, u, =v,

' 1 . 2
Ppb =P *5 (1 + zQZ) r (37)

Although the continuity eguation remains in the form

3v¢ 8\'2
W + > = 0 (38)

r

2 (rv ) + 1
ar r r

for the deviation (Vs Vi vZ), the romentum equations take the

A

following form:
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)
D'V, = T = 2(1 +Q,) vy + 204v,

— e e i — e - v av S e
ap' 1 [ r 2 ¢]
= - 32— + == D"V, - — - = T (39a)
r Re ro .2 .2 99
VeVe O
D'vy + - + 2(1 + Qz) v, = 2q.v, Y
-
v v 5 o
= -13p' 1 e, _% _ 2 'x
T + R [D v¢ 2 + =3 3% ] {39b) B
r N
D'v_ + 2Q v, -~ 2Q,v_ = = %EL - 2rQ._ + i D"v (39¢) = =
2 ré ¢ r z r Re 2z -
-
D' now reads: .
v et
_ 9 3 d ¢ 3 ? B
D' = * %t Vraww T %t Ve 52 (40) |
The boundary conditions are homogeneous:
Vr = V¢ = Vz = 0 .
for r =1, |z <A, 0O < ¢ < 2n (4l1a)
Ve = Vg = v, = 0
for z = 4), 0 ¢ r 1, 0< ¢ < 2m (41b)

The system equations (38) through (41) for the deviation from

rigid-body motion bears some advantages over equations (33) through
(35). The system can support steady solutions; this formal conclu- 7
! sion is consistent with Miller's void observations, which showed a -

steady void distortion in the nutating system. This system can be
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easily linearized and the conditions for linearization are obvious
(see Section 5), Equation (39) displays an important forcing term,

ZrQr = -21tor cos ¢, which cannot be incorporated into the reduced

C YA

pressure. In dimensional form, this term is proportional to
- wfl sin B. By comparison with equation (23), it becomes clear :hat ;;,
this term produces the deviation. In fact, the system eguations L
(38) through (41) have a trivial solution if, and only if, S
Re - Q. =0. 1In the following sections, we continue the analysis L]
based on the equations and notation introduced for the nutating
system.
4.2.2 The Reduced Pressure p'. L
The relation between the reduced pressure P, and the
pressure p 1s given by ‘
|
1
pn=p-§£2_><£=p-%12-r§ (42)
where ry is the distance from the nutation axis. ®
From equation (37) we obtain
Cep ol 2, (2 2 >
p F 5 Pil + 292) r® + 1 rd] (43) v -
Using equation (36), we tind ftor point r, ¢, z
1/272 e
p'=p-%3[1+r<1-c2> ]r2+<10rsin¢>2
+ (102)2 + 2120(1 - 02)1/2 rz cos¢$ (44) .
It is straightforward to show that p' is identical with the
reduced pressure Py, in the body-fixed system for the same point.
The difference p - p' has to be taken 1nto account in calculating »

forces normal to the cylindev walls and for the moments
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perpendicular to the z-axis. No contribution is made to the despin
moment about the z-axis, that arises from only tangential shear

i stresses on the walls. —
5, - -LINEARIZED EQUATIONS
i The momentum equation [see equation (39)] is nonlinear due ;;

to the convective terms contained in D'. There is little hope of :
findin; solutions of the full system eguations [see equations (38) .
through (4.)] except approximations from computational or S
perturbation methods. Perturbation methods often enhance insight -

-

into the structure of the problem and, therefore, we consider in
this section the lowest-order approximation for small deviations
Ver Voo Ve p' from rigid-body motion, small enough for neglecting
the quadratic nonlinear terms,

There are two circumstances that lead to small deviations,
The first case of weak forcing through nr was mentioned above. The
second case occurs at a small Reynolds number, that is, large vis=~ e

g )

cous damping. The motion is then essentially governed by the terms
multiplied by 1/Re in equation (39). We will consider this case in

Section 5.3

5.1 The Case of Weak Forcing.

According to equations (39) and (36), weak forcing occurs

for

c T0 << 1 (45)

This condition can be satisfied by either small T (nutation rate

small in comparison with the spin rate) or small ¢ (small nutation
angles), or a mixture of both, It is not necessary to restrict

and ¢ separately as was done 1in some previous studies.21
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With equation (45) satisfied and velocity components of
order 0(T¢), equations (39) can be reduced to

v v
r r

riijvﬁjf;ﬁ;-+-3$--r2(l'hﬂz)‘% e

v v
- _3p' Y e, __X_2 _¢
- ‘a%‘*ae[""’r £ - 4 a¢] (46a)
v 3v¢
ot AL vy
v v
_ _ 1 3 1 " 2 _r
--?_8%—+§[Dv¢-—%+ 28¢] (46b)
r r
avz avz 3p’ 1
_at_+w=—-§;L—2rQr+-R—esz (46C)

Continuity equation (38) and boundary conditions equation (41)
remain unchanged. This system of equations is linear, but of high
order due to the presence of viscous terms. It is the keéy to
understanding the moments exerted at the cylinder for arbitrary
Reynolds number and weak forcing. The steady solutions at small
values of Re are of special interest, A first attempt to find
these solutions in closed form led to yet unresolved problems with
the boundary conditions for a finite-length cylindelr We return to
this point in Section 5.3, Only for small viscosity, that is, for
the limit Re + » , the system equations (38), (46), and (41) allow
for relatively simple solutions,

5.2 The Inviscid Limit.

For Re + ® and equation (45), continuity equation and

momentum equations take the following form:




[}

' v av :
% 3 (ev ) + % 2+ 2= ' (47a)

V. Bvr oy

Lo g = 2L 4 Q) v = - 35— L (47D)
v v
%, % _ _ 1 3p’
et e t2l+a,) V= - g 3%— (47¢)
dv, 3vz 3!
et e < - 5%— - 2 (47d)

This system is similar to that considered by Stewartson and

Roberts, who neglected 92.21 Using an ansatz of the form

<
1]

r fr(r,z) sin ( ¢ + kt), Ve f¢ (r,z) cos ( ¢+ kt)

<
/]

£,(r,z) sin ( ¢+ kt), p' g(r,z) cos (¢ + kt) (48)

one obtains

(1 +k) £, ~2(0 +@,) fp = - 32 (49a)
(1 + k) g+ 201 +0y) £ = 1g (49b)
(1 + k) £ = = %g + 2r 10C08 ¢ 21

z 2 cos ( ¢+ kt) ° (49¢)

The first two equations provide

- g _ 9
f =[(1+k) 2 2(1+Qz)rJ
r

(1+ k)% - 41 +0)° (50a)




- 3q .
o - [2u +a,) ¥ u-rk;%]
(1 + K2 - 401 +qa,) (50b)

VWContinuity egquation (47a) requires

2 2

2 1+ K2 -4 +a)?% 2

o9 , 13 _9g ., : z 34 . 9 (51)
g T T g2 (1+ k) 322

which can be written as a Laplace equation for g, by suitably

‘transforming 2., A particular steady solution of equation (51) for

k = 0 can be found in the form

9o = Arz + Br, pb = gy cos ¢ (52)
Consegquently
v _ (Az + B) sin¢ v =~(Az + B) cos ¢
= 14
r, 1 +20q, ¢0 I+ 20,
v s (210 - A) r sin ¢ ' (53)
20

This solution accounts for the steady forcing term in equation
(49c). Additional unsteady solutions with k # 0 can be found from
equations (49), (50), and (51) with the forcing term in equation
(49¢c) dropped. These unsteady solutions represent the modes of
inertial oscillations. Under more restrictive conditions, these
modes were studied by Stewartson for a cylindrical container, and
by Stewartson and Roberts for a spheroidal container. 11,21 The
spheroidal container is an intevesting special case where only one
mode of oscillation of the liquid is induced by nutation.
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r2+—=1 (54)

considered by Stewartson and Roberts, the boundary conditions can
be written in the form

rv_ + —= = 0 (55)

It follows that B = 0 in equation (53), but

A= 2T0(1 + 20,)/(1 + 20, - A%) (56)

The unsteady solutions are free oscillations of arbitrary amplitude
C, which is fixed by initial conditions and frequency:

5 21
- 1 + an - A (57)

1 + Az

If container shape A and nutation rate and angle are such that
k # 0, the solution is

20¢z
v_ = 5 + Cz sin ( ¢ + kt)
1 +2q9, -1

-2ﬂrz
Vg =3 + Cz cos (¢ + kt)

1+ 20, - A%

-2 A2Q¢r

v = - szr sin (¢ + kt)
1 + 2Qz - A

2
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~2(1 + 29,) Q. rz

p' =
p)
1+ 20, - A

(1 o+ )
+ 2C rz cos (¢ + Kkt) (58) o

1+ A8

For a sphere, A = 1, the frequency from equation (57) is k = Qz. -
This result is different from Stewartso: and Roberts, who found -

- resonance, k = 0 for A = 1, This result is reproduced by letting .
. ,Qz + 0 in equations (57) and (58). _ o
Here, resonance occurs in a slightly nonspherical .
- container with A% = 1 + R,. For k = 0, we obtain a solution in the .
b. form -
Q
2 . r
Vr * TF 2q, 8in 6 - 3 2t o
- z z -
| e
- Az = f :
Ve T T W, 0% ¢ % T %
‘ (1 +20,) Q. -
- v, = -Ar sin ¢ + 1= nz rt :
." ' = -—E-—— - g '
2 P Azr cos ¢ + T3 Qz Eyf (1 + 292) Q¢t] (59) .
» where A is8 an arbitrary constant governed by the initial condi-
R . tions. The physical interpretation of the solutions [see equations
(58) and (59)) is very similar to that given by Stewartson and '
- Roberts.
!~ Disregarcing the constants in these solutions, which are

as yet undetermined, we find that velocity components and the
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pressure p' are proportional to 710, or of order 0(to). We also
note the Simple periodicity of the solution in the azimuthal
coordinate ¢,

5,3 Effect of Viscosity.

We have not yet found analytical solutions of the viscous
equations (46) subject to equations (38) and (41). With the
solutions of the previous section and those of Stewartson for the
inviscid case, however, we can obtain some qualitative information

on viscous solutions.11

The inertial oscillations will suffer
increased damping as the Reynolds number decreases, The resonant
peaks in the side moments versus T will broaden and finally perish,
At a sufficiently low Reynolds number, the equations support a
steady solution, The dependence of this sclution on ¢ will still
be simple. However, the simultaneous appearance of velocity com-
ponents and their derivatives with respect to ¢ in equation (46),
for example, 3v,./3¢ and -vr/(Re . r2) in equation (46a) indicates a
phase shift of the velocity field with respect to the forcing.

This shift increases as Re decreases.

Exploiting the simple periodicity in ¢, the linearized
equations can be reduced to partial differential equations for
functions ot r and z. A separable solution can be found only for
an infinite cylinder, X » =, We have not pursued this solution for
two reasons. First, it is questionable whether this solution is
relevant to the problem with X = 0(l). Second, the solution of the
resulting ordinary difterential equation plus boundary conditions
requires a major computational effort., For finite aspect ratios,
the main difficulty for the analytical work is to satisfy the
boundary conditions at side walls and end wails simultaneously.
Similar problems were found by Gerber, Sedney, and Bartos.14 They

employed the boundary-layer approximation in order to satisfy the
no-slip condition at the end walls. Therefore, the range of

applicability of their method is comparable to Murphy's method,
which uses the boundary-layer approximation at end walls and side
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These mechods are not applicable at low Reynolds numbers 'fi
where viscous boundary-layers thicken and finally merge, _
overwhelming the inviscid core. For this viscous range, further -

l analytical work needs to be carried out. Alternatively, the

~partial differential equations for the functions of r and z can be

solved by computational methods. The problem of solving the

T ;'. v

i linearized equations appears as a basically two-dimensional special
' case of the full problem based on the nonlinear equations in
Section 4.2

" 5.4 Scaling Aspects. N
From equations (38), (41), and (46), we have made various

attempts to obtain modified systems of equations that reveal the

i functional dependence on combinations of the dimensionless :f'
parameters. We have rot yet been successful in identifying single '
(or paired) parameter combinations that govern the solution. The
dependence on A concealed in the boundary conditions can be

i introduced into the differential equations by stretching the

z-axis, z = A\Z. In order to keep the continuity equation free from

parameters, the axial velocity can be replaced by v, = AGZ. The

parameters T and o introduced by the forcing term in equation (46c) )
é can be incorporated in the velocity scale. The form of Ay in .
' aquations (53) or (58) suggests rescaling the velocity components

and pressure p' by a factor ATo, which would replace the reference

velocity wa by fic sin O. We note, however, that no change of the »
> Reynolds number would occur in the linear equations for the ff

deviation from rigid-body rotation. Additional informaticn on

proper scaling is expected from pursuing analytical solutions of

these equations.

5.5 Estimates on the Velocity.
In order to obtain some guidance on the validity of the
» linearized equations, we consider Miller's experimental data, in

particular his figure 13.6 With 0@ = 20° we obtain o0 = 0,342, while
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T varies between 0,125 and 0.25. Therefore, 0.043 < T0 < 0,08€,
which can be considered small. It is guestionable, however,

whether the resulting deviations from rigid-body motion are small

enough for linearization. With 2 = 4.29, the inviscid forced

solution scales with XT07£ 0.367, which may be ton latge to permit
use of equation (4%6). On the other hand, viscous damping will
reduce the deviation.

The measured despin moments allow a rough estimate of the
velocity gradients at the cylinder walls. These moments originate
26’ at the end
walls. We assume that rz¢ and Tr¢ are of the same order and can be

from the shear stresses Tr@' at the side wall, and T

replaced by an average value T. The despin moment can then be
written as

M= 41'ra3 (J\+ 3) (60)

The term 1/3 represents the contribution trom the end walls and can
be dropped in comparison with A = 4.29, so that equation (60)

contains only the average of Tr¢ for r = a, This stress is defined
as '

T =\)pla—vr_.+8—'vg_.v (61)
r¢ r=a r 93¢ or L |r=a

With Ve = v¢ = 0 at the side wall, we obtain

I
T = T = ——Q ¥
Tr¢ _ ve )4 (62

Exploiting eqguation (69), the average gradient of v¢ at the side
wall can be expressed as
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e b B v (63)
r=a 4ma” Apv

With M= 0.7 N - m for v = 1 m?/sec, and p = 1400 kg/m>, the aver- o

age velocity gradient is V/a = 0.04/sec, providing an average
velocity of the order v = 0.002 m/sec. The dimensionless value
with respect to the angular velocity of the rigid-body rotation o
(w = 3000 rpm) is v/(wa) = 0.00013, very small indeed. For

v = 0.01 mz/sec, the values are v/a = 8.5/sec, Vv = 0.5 m/sec,

v/(wa) = 0.027, still sufficiently small to allow using the linear
equations. Therefore, the linear equations seem to cover the full o
range where large despin moments were observed. For the smaller -
viscosity v = 10'4 m“/sec, the velocity gradient assumes a large

value, v/a = 254/sec. Formally, we obtain v = 15.3 m/sec. This -

number may be misleading, however, since the growth of the velocity
occurs only across the thickness 0 < a of the viscous boundary
layer. The estimates from equation (63) provide some guidance on

the magnitude of the velocity only in the fully viscous regime, say -
for Reynolds numbers Re < 1000. o
6. REMARKS ON MORE GENERAL CASES

From the foregoing discussion, it appears that the viscous
fluid motion in the spinning and nutating cylinder can be studied
on the basis of the linearized equations of Section 5. However,
there are a number of disconnected topics that require using other
sets of equations. Concerning the gyroscope experiments and the -
still unexplained changes in the yaw angle growth rates, the
solutions of the inviscid eguations should be reconsidered without
resorting to weak forcing [equation (45)). Beyond the inertial

modes studied by Stewartson, which have period 2m in ¢, other

classes of modes exist with period 2n/n, n > 1, which may be
excited through the generation of harmonics at larger yaw angles.
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Other cases of interest are the viscous fluid moiions at
smaller spin rates, where equation (45) may not be satisfied,
Whenever equation (45) is invalid, the products of 1, and 9¢ with

velocity components in equation (39) must be retained. Even at a

- 'small Reynolds number, these products generate harmonics in ¢, and

the flow field assumes the form of a Fourier series in ¢.

Only the linearized equations of Section 5 bear the promise
of analytical or, at least, semianaly*tical so.utions, Strong
forcing or large deviations from rigid-body motion can only be
treated by numerical methods. There is as yet, little experience
in computing internal flows in simply connected rotating

containers. The three problem areas that need to be overcome are

® No-slip condition at the end walls
° Three-dimensionality of the flow field
° Ffailure of most methods at the axis r=0.

As mentioned above, use of the linearized equations reduces
the problem to two dimensions, r and z. We have studied the

applicability of three classes ot methods--finite difference,
polynomials, and finite element,

Finite-difference methods seem to be least promising due to
the difficulty of achieving sufficient accuracy in presence of the
axis at r = 0, The simple geometry of the cylinder favors using
spectral methods, with a Fourier expansion in ¢ and a Chebyshev
expansion in z. Use of Chebyshev polynomials in r was considered,
but abandoned for slow convergence of the series., Legendre
polynomials or Jacobi polynomials in r appear as the better choice,

but additional numerical studies are nccessary for evaluating the
convergence properties. Whereas polynomials are usually chosen for

computational ease, expansions in Bessel functions may work best

for the present problem, It requires, however, major efforts to
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develop this yet-unexplored branch of spectral expansions. The
third method that seems most straightforward to apply to the
present problem is a finite-element method. No difficulties are
encountered on the axis., Even for the three-dimensional problem, a
relatively small number of elements may provide sufficient accuracy
of the moments., The accurate calculation of the flow field with a

large number of elements is a straightforward extension at
increased computational expense.
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