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ANALYTIC SOUTION OF THE SPENCER-LEWIS

ANGULAR-SPATAL MOMENTS EQUATIONS

I. INTRODUCTION

The major accomplishments of the project were

1. A closed form solution for the angular-spatial moments of

the Spencer-Lewis equation"2

2. A computer program that generates benchmark solutions for

electron densities as a function of position and path length due

to monoenergenic plane sources in infinite media.

The original aim of the proposed work was to use benchmark

calculations to aid in the development of numerical codes for

solving electron transport problems. It was proposed to

determine energy deposition profiles using Spencer's method of

moments2 . Such solutions would then be used to evaluate some

of the numerical approximations used in the streaming rays'' (SR)

and SNG-6 methods. Spencer's technique consists of reconstructinq

energy deposition profiles from angular-spatial-path length

moments.

During the course of this project it was discovered that

the angular-spacial moments could be determined directly,

thereby eliminating the need to take moments in path length. At

this point it was decided to change the emphasis of the work.

Instead of concentrating on the application of existing

benchmark methods, the primary objective become the development
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of new benchmark solutions based on the new closed form

solution for the angular-spatial moments.

The major effort was devoted to calculating the angular-

spatial moments. The remaining work involved reconstructing

electron density distributions from the moments. Several

sample calculations have been carried out with monoenergetic

plane sources of electrons in infinite media of aluminum and

carbon.

An important feature of the new solutions is that they

provide the electron density distribution in position and path

length rather than an integrated quantity such as the energy

deposition profile. With a little more programming it appears

that the angular electron density could be determined as well.

II. THEORY

This section begins with an outline of Spencer's method of

moments. It is then shown that the set of coupled ordinary

differential equations for the angular-spatial moments can be

solved directly, thereby eliminating the need for path length

moments. Finally some of the standard techniques for

reconstructing the electron density from its moments are

discussed.

I. A. Spencer's Method of Moments

The electron distribution in space, angle and path length

can be obtained by solving the Spencer-Lewis equation. In one
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dimension this equation jst, •

( + 14 + C * (xs,')
as

= 2w a(ul'-u) *(x,s,u') du' + G(x,s,m), (1)

where

*(x,s) the density of electrons as a function of

position x, path length s, and direction.,

a = total interaction cross section,

a(p'-u) - differential scattering cross section,

Q(x,s,m) - the fixed source of electrons.

We will assume that the medium is infinite and homogeneous, that

initially there are no electrons present,

(x,O-.R) - 0 , (2)

and that Q is a function of the form

Q(xsU) - a(x) (s) Q(W) • (3)

It is convenient to measure x and s in terms of the maximum

electron range. Then the region of interest is defined by -1 <

x < 1 and 0 < s < 1.

To solve Eq. (1), let

2z+I
*(x's,,)= 4w O(x2s) PL(U), (4)

L-0

Ja



S2i+1 a 't(s )P jt( U ) ,(5 )
t=0

and

O(x,s,t) = 6(x) a(s) f qP+1 (6)
L--0

where u. is the cosine of the angle between directions u and ,',

and the P1 are the Legendre polynomials.

Using the addition theorem and recurrence relation for

Legendre polynomials, and Eqs. (1) and (3) to (6), one obtains

+ a - a,) t(x,s) + 21+ a

+ 1+1 a +l(xs) =8(x) S (s) q, = 0, , 2, . .. (7)

Since the electrons originate at x = 0, it follows that

#(x'sM) = 0, IxI > s . (8)

Thus multiplying Eq. (7) by xn and integrating over the interval

-i < x < 1, yields the result

+ a(s) - CL(s #tn(S) n t,-l,n-l(s) +

(t+l) *L+l,n-l(S)' = 6n,0 6(s) q., n,t = 0, 1, 2, . . . , (9)

where

Ln(S) = J xn #1 (x,s) dx . (10)
-I

The s dependence of the cross sections appearing in Eq. (9)

is reasonably well modeled' by the relation,
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C(s) - a t(s) %

where

= (O) - (O) (12)

Using Eq. (11), multiplying Eq. (8) by (1-s)p +I , and

integrating from o- to 1 yields Spencer's result,

arc - nI L , l l + (L +
Pn In q +-~ - t, P >  - 1(13)

p+l+f t (p+l+fL)(2 1+l) 1

where

LPn = n (1-s) p *Ln (s)ds (14)

Surface terms do not appear in Eq. (13) because the factor

(1-s)( p +I ), p >-1 vanishes at the upper limit, and as shown in

Section II. B., # Ln(S) vanishes at the lower limit. The #P , ptn

>-l are easily generated from Eq. (13).

Ir. B. Closed Form Expression for the Angular-Spatial- Moments

The simple recursion relationship for the #P , Eq. (13) was
Ln

made possible by assuming that the cross sections vary inversely

with the residual electron range, Eq. (11). It is shown here

that this same assumption enables one to solve Eqs. (9)

directly.

For the case nO we have



d + y) ,(s) =qL (S) .(15)

Frm Eqs. (2), (4) and (10) it follows that

Ctn( 0-) = 0 , n=0, 1, 2, ... . (16)

Thus, the solution of Eq. (15) is easily shown to be

I-qt 9(s) (1-s)f , >0 ,(1S,(S) . i (17)

e(s) , LO

where e(s) is the step function.

Forn > 0,

(4 + -L) *tn(S) n L-l,n-l(S)+ (1+I)#t+l,n-l(S1 (18)

To solve this equation it is necessary to know the initial

values of the * Ln(S) as s approaches zero from the right

rather than froa the left.

Using Eq. (10),

lir *tn(S) = lim xn *L(x,s)dx . (19)
S.4"0 s.O+ J-

Fran Eqs. (4) and (8)

*L(xs) =0 , XI > s, (20)

therefore

4%n(0 + )  -0, n > 0 .(21)

In spite of Eq. (20), # ,(0 + ) # 0, as seen by Eq. (17). Thus,

# (x,O) must contain a delta function centered at x = 0 of

strength q.. This should not be surprising in light of Eq. (6).



After multiplying by (1-s)-ft Eq. (18) can be easily

integrated to yield

znls) = nil-silL tSt-ln-l(t) + (L+l)lt+ln-l(t)

is (2,+i)(-t) f dt, (22)
0 n> 0

where use has been made of Eq. (21).

Consider now the anzatz:

n Jni

*Ln (s) E TL A1nj (1-s)(ft+i + IiI+2j) (23)
i=Itn j=O

where

I n = max -n,- t, (24)

(n-lil)/2 , n-li even
Jnji =  (25)

L- tlil-)/2 , n-jil odd

and the ALnij are constants to be determined.

Eqs. (17) and (23) are consistent provided

AIL" = qt" (26)

After some rather tedious algebra it can be shown that Eqs. (22)

and (23) are equivalent provided the Atnij, n > 0 are given

recursively by



"-CLnij + Etnj , I,n-2 < i < n-2 , j#O

- ¢ nij In j i < 'L,n.2 , jO ,
Anij(27)

Etnij < i<n , j=O
Ct cnij ,IjLn . i < 0 , j=0 ,i

n Jni'

- ~ ~IAtniI , i:-j=O,
i'ILn j -0

where rntAtl~nl~i+l,jl 0 < i < n-2 ,j#0

(2 t+l) (f L+i+1 i +2j-fL) L- _

Ctnij =, (28)

nLAL-I fn-l,i+l,j t

(2L+)(f +i+I i+2j-fL)1

ELnij (29)

* n( L+1)Az+ 1 ,n-i,i-Ij-I
(2,+1)(f,+i+Iil+2ift) , Iz,n- 2 , i i < 0 , j#O

If. C. Computational Considerations

Equations (23) to (29) constitute an exact solution for the

* tn(S). W now discuss some of the details of their numerical

implementation.

Calculation of the ALnij:

From Eqs. (23) to (25) it is evident that the AItnij comprise

a very sparse array. On the other hand, as seen from Eqs. (27)



to (29) the ALnij depend only on the Ap,n-l,ij. Thus to avoid

excessive storage requirements, the A,,n.l,ij are discarded

after the Atnij are determined. In addition, for a given n

value the ALnij are stored in a one-dimensional full array whose

index, k(t,n,i,j) is given by

t-1 n
k = (Jni,+l)

L'=0 P'=Ih n

i-i
Z (Jni,+l) + + 1 (0

i'=Itn

It is possible to evaluate the summations analytically,

however the algebra is quite lengthy and will not be reproduced

here. The final expression for k can be presented most

compactly if the rules for integer arithmetic (any quotient is

truncated to an integer value) are assumed to apply. In this

case

k -k + k2 + i + 1 (31)

where

0, L 0,

n[ n(12t-2n-9)+36L-101
kl = + 24 L > n, (32)

6nt(n+L+3)+(t-i) [(L-1)(1-2L)+26]
24 0< L < n,



0, i =Ifn,

(2[ (i-Itn) (n+l)-i ]-(i-i 12-j2n

k 2 =< 1 + 4 Itn < i 1, (33)
i2[(i-ltn)'(n+l)+i]+(i-l)2-12 Lni>1

4 4 '

III. RECONSTRUCTICN

The electron density distribution can be obtained via Eq.

(4) if the t(x,s) are known. At least on physical grounds, one

would expect the *,(x,s) as functions x to belong to L2(-1,1)

space for any s value. Therefore, in theory it should be

possible to reconstruct (with convergence in the mean) * L(x,s)

from its moments # n(s), n = 0, 1, 2, .... Since the * tn(S)

are determined recursively, in practice one must approximate

*L(x,s) from a finite number, N of its moments. We consider

three straight forward techniques.

1. In the first method (and also in the second) we exploit the

fact that there is a wave front located at IxI=s [see Eq. (20)]

and put

S2m+1 m(s) , Ix, < s
m=

L (x,s) = (34)

0 , IxI> s

where



-s

s I I I . -

and the Legendre polyncimials, Pm(!) form an orthogonal basis on

(-s,s]. If the coefficients, hrm are defined such that

m
Pm(x) F hmxn  , (36)

n=0

then

H () iJ|-s xntL(xs)dx " (37)

From Eqs. (10) and (20)

A hrnm
Him(s) = >- s+-m 0 n(s) (38)

n=0

2. The second procedure to be considered is mathematically

equivalent to first provided all calculations are carried out

with infinite precision. Therefore the numerical discrepancies

between the two techniques should give sane indication as to the

severity of computer round of f errors.

In place of Eq. (34) we set

>- Gtm xm ,I <s

m=O
t (xs) =" (39)

ing 0, Ixl >s ,
Multiplying Eq. (35) by xn and integrating from -s to s gives, in



matrix form

= x (40)

where t. and L are N-dimensional column vectors whose m th

components are GLm and Lm(S) respectively, and X is an N x N

matrix whose n,m th element is given by

s 2sn~~h+l
s n+m+l , n+m even,

Xruu xn +m dx , n+m odd. (41)J_s 0nmod
Inverting Eq. (40),

X- 1 ;L • (42)

3. The final reconstruction method is identical to the second

except that the location of the wave front is not explicitly

built into the procedure. The equations for this case are the

same as those for method 2, except that Eq. (39) becomes

N
I (x,s) >i: GLm xm (43)

iwO

and Eq. (41) becomes

r n+m+1 ' n+m even,
x J xn+m dx , n+modd.44)

~~1

While methods 1 and 2 are theoretically identical for all

values of N, this last method should agree (convergence in the

mean) with the former two only in the limit N--.



IV. NUMER~ICAL RESULTS

A computer program was written which determines the

moments P , and the total electron density, #(x,s) defined by

i

*(xs) = 2 *(x,s,m) du = *,(x,s), (45)

where the second equality follows from Eq. (4). The #P are
In

determined both by Spencer's method, Eq. (13), and also from Eq.

(23). The total density distribution is reconstructed by all

three methods described in Section II. C., namely; Eqs. (34),

(39), and (43).

IV. A. Cross Sections

The moments method appears to be restricted to infinite

media problems, and to cross sections of the form specified in

Eq. (11), or the somewhat more complicated expression',$

Ofj
a(s)-at(s) = (l-s)(l-s-G) ' (46)

where a is an adjustable parameter. Due to these limitations,

moments calculations are probably more useful today for

benchmarking more flexible numerical techniques, such as Monte

Carlo's or discrete ordinates3' ' , than for producing realistic

electron transport results. For this reason our results are

based on Eq. (11) rather than the more complicated Eq. (46). In

References 2 and 9 Spencer gives the counterpart of Eq. (13) for

the case when the cross sections satisfy Eq. (46).
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Although Eq. (11) is of limited validity it does permit the

cross section for the incident (s=O) electron energy to be

specified to any desired accuracy. The model assumed in all

calculations is the following expression for screened Rutherford

elastic scatterings,

U(sM0, )d = 21 Z(Z+1) Narea T Eq+11 (47)1
A Na LE(E+2)j [+n ' T42]

where

E = kinetic energy of source electrons (s=0) in mc2 units,

Z = atomic number of the transport medium,

A = atomic weight of the transport medium,

Na = Avogadro's number,

r,= ez/mcs (classical electron radius),

= cosine of the scattering angle,

and the screening constant, n, is given by the Moliere formula 9

[ Z1/3 is [1 [~~+ "Z (EO+1)l (8

As specified in Eq. (48), the units of the cross section are

(cm2/g). To be consistent with our former development where

distances are measured in range units we let

a(s=O, v.) - a(s=O, u,) " S(E.) , (49)

where S(E,) is the maximum range in (gm/cm2 ) of electrons of

energy E,.



IV. B. Moments

According to Eq. (23) and the definition of #pt Eq. (14)

jin Ariij (50)Lfl *j [+iI+2j+p 1
tn f Z+i+1i12plil~n j=0

if fL+i +il+2j+p +I > 0 for all z, i, j, p and diverges otherwise.

For the case £=i=j-0 the denominator inside the double summation

becomes p+l (f =a-a = 0) and therefore, Eq. (50) has the

restriction p >-l, which is identical to the restriction placed

on Eq. (13). The #pn were calculated for t,p = 0, 1, 2, 3 and n

= 0, 1, ... 40 with an isotropic (qf = at,) source of electrons

and initial energies, E. = 1.0 MeV and 0.1 MeV. As shown in

the left half of Tables I and II the results obtained from Eqs.

(13) and (50) are in agreement to at least five significant

figures provided that the calculations for Eq. (50) are carried

out in double percision (on a CYBER 175 computer). However, Eq.

(50) does appear to be sensitive to round off errors as seen in

the second column of results in Tables I and II, which were

obtained using single percision.

An outside verification of the new formulation would be

desirable. Unfortunately, Spencer's published moments valuesO

are based on Eq. (46) rather than Eq. (11). Nevertheless, as --

the two cross section expressions become identical. Comparison

of moments determined from Eq. (50) and Spencer's published

results are shown in Table MIf for an isotropic plane source, t
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.Anglars~a4-a-oahlegthmomnts P -0,with cross sections Si*:en b,.

PI12 / 3/'/52 2 1

Carbon 0.025 MeV electrons

a 0.200623C 01 0.665623t 00 0.3984031-W a.26623710"0 . ...0.-1-C ;.-*3
Z 0:207134FE00 1.353090E-01 C.1262701-01 0.6359102 .' 4a1-Oz a;1-2 :.,3d3Z";-Z

5 0.5741.-.01 0.665209it-C2 9.179023E-02 Q.6S9119L1C3 a.2913121-C) G...1(C .793?59 -,_';
6 0.2032951-01 0:1953101:02 0.4. 77.1-033 0.1240239-1 '151-. C.9.6i. 3.90C6r9z:;5

* 0.462443 0 .640 53 -3 a.12310 0.316172C-0 0.10039U-c. 0..16'5 0~l.L-
0 0.271666-02 0-2407511-03 0.'61661-C.' 0.960662c-Cs 0.2726721-cl :.8$6d6L(.' Z-3Z6CIS-C6

3.2234311-02 0.1261199103 0.17.1026E-C' .6541C O-.67219C06. :2111c. 06,,1

1*1 .2000001.01 C-000

'0 E1 0 1 :02 4 3-3 * 1410-3 *4 5 9 O 19. 75011-00 . 59 46 +0

13 *41551-02 679346-0 .1 3' -) * 688 .;21 -- 04 9317 1-05 .11470-0
12 .2015E:02 .140 j, : 40 39;0 *q6 g,~ * ,4113 E503 .933 u -o

3 .IZ?193e-02 :.176430E-04 .35691-035 .68704 -0 4 :269539 *83441

Aluminum 0.1 MeV electrons

a - 35.43
o 0:19a1619 01 C.670366[ 00 0.6047761-0O 0.2901479-"o 0.2261771-00 0.1893421-00 0.15TOOSE-0o
Z 0 i6ao22t-oo 0.2760111-Ot 0.1079919-01 0.34-0627[-02 0.310972E-02 0.195692E-02 0.1319689-02

0.2683701-01 G.-410171-02 0.1191911-02 0.4720961-03 0.220171-03 0.1151561-03 0.6516021-ou
6 0.602401-02 0.49*26-03 0.2173&21-03 0.71839S1-0c. 0.261-7361-'. 0.1274001-04 0.62699S1-05

* 0:27'59*1-02 0.2939931-03 O.S24374C-04OO.290 0. 515314 osiuiC-05 C.Zcs44&L-os o.sS6162C-06
0 012?E1-Oa G.64-56439-06 0.1520071-04 0.3606611-05 0.1167071-05 0.6119901-0l C.1616571-Q*

12 004509$19-03 003156571-06 0.5036L01-09 0.1127661-05 0.3106661-06 0.993t#16L-07 0.355t161-0?

3 * : 8 ?J1+0 .40000 1000 -55110 ;a :i?1i8 0 :18i :II*0 .15 80-9
2 Z~!9 . 106035 -0 154 -02 . 4 22-2 2650
4 .!959951-01 .'oiizaF-oz .1171071-02 .44 ?95sE-o3 .211525'-03 .1094792E-03 .15210
6 .934394102 F~87P0 21 005 3 6 65611Eg-0 .272113 -04 .120776F0 58310

I .65~2E02 .25561 -3 517W I-oN4 *'6-4 .491414 -05 .1016181-05 .9?69221-:06 -
5 421:2 25-03 .esz -4 76 019( 39 411 .1 13- E .371 06 .l50160E IS

1 :~11402 .320-4 .065-~ 109723-0 .296934-06 .9 3931-07 .3237561-07

Aluminum 2.0 MeV electrons

a =1.288
0 0.161676L 31 3.7395761 00 0.100*521 00 0.3630969-00 0.31140.1.00 0.24352DE-00 0#22669-00

2 0.142001-00 3.340.621-01 3.1412O11-01 0.10.5,51-01 0.6700001-02 0.459232C-02 0.33032ZE-02
4.317201- ) z..5910 3.24&2151-02 0.1193901-02 0.6512161-03 0.36.1591-03 0.2.330S1-03

6 2.9#12111-ZZ 0.1633761-02 0.5335611-03 0.22273?1-03 0.107211103) 0.565199E-34- 0.3200111-0.
* 0.1632COE102 3.50'.1619-03 0.1.069CZE-03 0.1.66IC0. 0.23509113.% 0.1125211-04 0.561342E-05
t0 0.1511661-02 0.1**9669-03 0..?S66[-0. 0.LSO122C-0. 0..253371-05 0.274,.611-05 0.1307961-01

.2 3.6.4161-03 3.7530129-0. 3030SS1-0. .2.51C 0.1909971-05 0.7755671-06 0.3.3.091-0.

611,1:001 61 :111 1*00 .15195,6E*00

:i484S~:~~ .8 a~:8 :I 1: :i.32 1 2 01 1 0 .715564F-02
;416-3 .* 04-oj o .261737'-03 .1417471- 03 :4
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0, p - 1 1 . and three different values of a. The

case a = 1.288 corresponds to 2.0 MeV electrons in aluminum, a =

35.45 corresponds to 0.1 MeV electrons in aluminum, and a =

107.8 corresponds to 0.025 MeV electrons in carbon. As

expected, the agreement improves as increases.

IV. C. Reconstructed Electron Densities

The electron density *.(x,s) was reconstructed from the

en(S), pn = 0, 1, 2,... N for 1.0 MeV and 0.1 MeV isotropic

electron sources in aluminum. All three methods described in

Section 11. C. were used. For small N values the first two

methods give better results since there was no need to

represent the rapidly varying density, *,(x,s) across the wave

front. on the other hand, with increasing N the third method

appears superior at least for small s values. As s.0 the

monomials xn , n = 0, 1, 2, ... N begin "loosing" their linear

independence on the interval f-s,s], that is, the matrix defined

by Eq. (41) becomes more ill conditioned as s-O. Although a

special matrix inversion routine developed for ill conditioned

matrices was used, it eventually broke down for s small enough

or N large enough.

No difficulties were experienced inverting the matrix

defined by Eq. (44). However, method 3 was subject to round off

errors in the determination of the Oon(S). The best results for

the 1.0 MeV source electrons were obtained with N = 34 while



the best results for the 0.1 MeV source occurred with N = 30.

This conclusion is based on qalitative observations of the

results for larger N values, where the influence of numerical

errors is quite apparent. No independent solutions are

presently available to make quantitative comparisons. It is

planned to repeat these calculations using the streaming ray

numerical technique so that an independent verification will be

possible.

The results of the electron density calculations are shown

in Tables IV-I. The agreement between the three methods is

quite good for large s although the breakdown of methods 1 and

2 at small s values is apparent. This breakdown could be

avoided by decreasing N with s. In fact, with the right choice

of N, methods 1 and 2 should do at least as well as method 3

since there is no need to mmmerically represent #,(x,s) - 0 in

the region beyond the wave front.

The electron densities determined by method 3 for plane

isotropic sources in aluminum are plotted in Figs. 1 and 2 for

Ee a 0.1 MeV and in Figs. 3 and 4 for E, = 1.0 MeV. Figures 5

and 6 represent the same physical situation as Figs. 3 and 4

with the modification c(s=0) -* 1.0 (range unit)-'. Figures 1, 3

and 5 give *,(x,s) in the region .025 < s < .975, .0125 < x <

.988. The oscillations in the region IxI > s, s small, are due

to the problem of trying to represent a delta function with a

II
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finite number of polynomials. This gives one incentive for using

method 1 or 2. Alternatively, method 3 could be used to

reconstruct the density of collided electrons which would be

added to an analytic expression for the density of uncollided

electrons. (The discontinuities at the wave front including the

delta function at s=O arise from uncollided electrons.) In

order to cut out some of the nonphysical oscillation in the

region Ixl > s, s small, Figs. 2, 4 and 6 give *,(x,s) for 0.25 <

s < .981.

It is reassuring that method 3 is able to locate the wave

front. This is more apparent from Figs. 5 and 6 then from Figs.

1 to 4. Only uncollided electrons appear at the wave front.

From Eq. (11), c(s) P % as s P 1. Thus the wave front

disappears in Figs. 1 to 4 as s increases. To verify that

method 3 correctly locates the wave front the mean-free-path

of the electrons corresponding to Figs. 5 and 6 was set

equal to 1.0 (range units).

V. CONCW13SIONS

A closed form solution for the angular-spatial moments of

the Spencer Lewis Equation has been found. The validity of the

solution was checked in two ways. First, the * n(S) were

integrated to yield the *4 in. These agree to at least five

significant figures with those obtained directly from Spencer's

recursion relation, Eq. (13), and they are in good agreement with

4h
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Spencer's published results;O for large a values (Eq. (50)

corresponds to the case c = n). Second, the electron density,

*,(x,s), was reconstructed from the *.n(s). Although no

independent calculations are currently available for comparison,

the results look reasonable and the location of the wave front

is correctly predicted.

Since the solution for the OLn(s) are valid only for the

approximate s dependence of the cross sections specified by Eq.

(11), and for homogeneous infinite media with plane sources of

electrons, their use for generating solutions to practical

engineering problems is limited. On the other hand, they enable

analytic benchmark solutions for ,(x,s) and in theory for O(x,s, P).

This is expected to be the main benefit of this project.

Several interesting observations are possible as a result

of the analytic expressions for the 4%n(S). The exponents in

Eq. (23) are all positive except for the case -i=j=0 for which

the exponent is zero. Therefore,

limit Ln(s) 0 noterwo, (51)s~l 0i , otherwise,

implying [see Eqs. (4) and (10)] that the electron distribution

becomes isotropic as s1. The physical reason for this is that

the differential scattering cross section blows up as sol

[see Eq. (11)].

From Eqs. (17), (23) and the last line of Eq. (27),

I!

II



limit ,n (s) q0• (52)
s +0 , n>O

which is in agreement with Eq. (21).

The total number of electrons in the medium for a given s

value is given by

1J (xs) dx = *,,(s) = q. e(s) (53)
--1

where use has been made of Eqs. (10) and (17).

Therefore, #(x,s) does not tend to zero at the electron

range, that is, as s.l. In spite of the infinite scattering

cross section, there is no mechanism in the model for elimi-

nating electrons, and #04(s) remains constant. (For s > I the

scattering cross section, Eq. (11), goes negative and Eq. (22)

predicts complex solutions.)

As a final point, Figs. 1 and 2 for 0.1 MeV electrons are

practically identical to Figs. 3 and 4 for 1.0 MeV electrons.

Some of the similarity is due to scaling and the fact that

distances are given in electron range units. Further studies

are under way to determine if any additional explanations can be

found.

IV. Suggested Follow-on Work

From the results obtained so far, it appears that the

following additional work should be carried out.



A. Modify the computer code such that the distributions of

uncollided electrons is determined analytically, while moments

reconstruction is used only for the density of collided

electrons. This should speed convergence for Methods 1, 2 and 3

of Section II.C and eliminate the oscillations in the region

Ixl>s obtained with Method 3.

B. Compare the electron densities determined with the modified

code of Section IV.A with those obtained by an independent

method such as the streaming ray numerical technique.

C. Equations (23) to (29) constitute an exact solution of the

Spencer-Lewis argular-spatial-moments equations and should be

reported in a scientific journal. This would require writing a

suitable introduction to Sections II to V which are already in

journal format. In addition, some modifications based on the

results of VLA and VI.B would also be needed.
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