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o’ 1. INTRODUCTION

ﬁ: For a nonequilibrium beam—plg§ma system, the lowest-order Born approxi-
mation for the nonlinear force Fgy ' on the bare charge of an unperturbed
relativistic test particle is given py!~3

!

T

3 0

. +(1) .2 + Va®Bk > >

F.:: F(! = lim r €q f ——= G(w - k'va) . (1)

. t+ w+ 1ié

Here a is a label designating the species of the test particle of charge e,
and velocity gu' t is the time, R is t§e wave vector, and w is the fra2quency
corresponding to the Fourier component Egx of the total field, §(x) is the one-
dimensional Dirac delta function, & 1is a small imaginary part, and
dk = a% do. Equation (1) differs from equation (7) of Akopyan and
Tsytovich1 by an additional factor of (2m)~3 appearing in the latter because
of the different Fourier transf.rm convention chosen there.? If the part of
the contribution to the force, equation (1), which is associated with recoil
of the unperturbed bare test particle due to bremsstrahlung, is averaged over
the random phase of the bremsstrahlung field, it reduces to

<}grg'rad(ﬂ) = <§grad(1a)> + <§grad(1b)> , (2)

where

> > >
<§orad(1a)> A o202 f @393 do aXx 43 A
@ 1612 B (2m) 3 w2 (Kevg)"
X IEf(O)lziefjﬂif)(k,-K)Gip(-K)vaplz (3)

> AN R(0O) 2.2 > >\ ,2
x (¥ - ) GPBfPB 8w - Revg + (R-R%) VB)
is defined and calculated in this report, and <§grad(1b)> is defined by equa-
tions (25)4 (26{, and (47) below but calculated in another report.* The
quantity <Fgra > is not mentioned by Akopyan and Tsytovich, ! but it is
nonvanishing and makes an important contribution to nonlinear bremsstrahlung.

la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

2y, E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-
cle to Second-Order in the Total Field in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL-TR-1995 (August 1983).

« E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,
HDL~TR-1994 (September 1983).

*H, E. Brandt, Collective Bremsstrahlung Recoil Force on the Bare Charge
of an Unperturbed Test Particle in a Nonequilibrium Beam-Plasma System, Harry
Diamond Laboratories, 1983, (to be published).
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The - *orad(la) : . .
quantity <Fgq > given by equation (3) corresponds to equation (27) of

Akopyan and Tsytovich.! Their equation (27) is expressed in Gaussian units,
whereas equation (3) above is in MKS units. This results in an additional
overall factor of (4m)2 in Akopyan and Tsytovich.1 Also there is an addition-
al factor of (27)™® in their work because of different Fourier transform
conventions. However, their equation (27) also differs from equation (3) here
in that they omit an overall factor of 2. Also, the arguments k and =k of
Alj (k,-x) in equation (3) appear incorrectly interchanged in equation (27)
of Akopyan and Tsytovich.1 As shown below, these disparities are evidently
due to minor errors in their work.

In equation (3), B designates the species of the other particle with
velocity 33, momentum 53, and background distribution fg 0 involved in the
bremsstrahlung process. Also, ¥ is the momentum transfer %rom the test parti-
cle and Ef is the amplitude of the lowest order stochastic bremsstrahlung
field with polarization éf and mode 6. The matrix A{])(k,—K) in equation (3)
is defined by!”3

> 5> W
Vet V ke*kq - —'l')
AN (kyx) = 7—-e°‘ UL Bl LA S Ll (4)
1) ’ oMy 1] w - kovq - id (UJ - }g'\-;u - 15)2

The quantity G (k} in equation (3) is the linear photon Green's function,
whose inverse is given by"“

-1 1
G, . ————= (kijks - k28;:) + €54 . (5)
13 yo(w+ i6)2 (s 1)+ i

NN —_—

RN la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
v Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

Fl? 24, E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-
=) cle to Second-Order in the Total Field in a Nonequilibrium Beam-Plasma System,
Yoy Harry Diamond Laboratories, HDL-TR-1995 (August 1983).

S N 3. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
: > Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,

HDL~TR-~1994 (September 1983).

“H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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For a spatially isotropic system, the dielectric permittivity tensor €4 1is

given by%*~7 i

kiks kiks;
eij(K, ) = (gij --jtzl)et(f,w) + «i;l eg(K,w) (6)

where €. and e, are the transverse and longitudinal permittivity, respec-
tively. In this case the linear photon Green's function is given by“7b

kik+ 2 kiks
Gjs = 13 + w <,5i. __1__3> . {(7)
J i k2 \ M
k2ep  eplw+ i8)2 - g

and the transverse and longitudinal permittivities are given by

R(O
e2 a3 k2vZ - uKev 3fp( )
1 1 S S k2 s S_x S

E¢ = &g +'§“”"'. 2 Lo TTog Vem * > > . m (8)

(w+1i6)c g k (2m) w = kevg + i6 9Pgm

and
2 32
1 es d Pg 1 > > > R(0)
€. = —___ 7= Rev. Ke¥_ ¢ (9)
2 o w+ id s k2 (2,")3 w - E.“;s + 1§ S ps pS [

respectively. Here €, and u, are the permittivity and permeability, respec-
tively, of the vacuum. Each species s of particles present in the system
makes a contribution to equations (8) and (9). If the distribution function
depends only on energy, then using the expression €g for the relativistic
energy of a particle of species s, namely,

es = (p2c2 + mgcu)l/z , (10)
allows equations (8) and (9) to be easily rewritten in terms of
atR(0) /35405

“H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-~
1996 (September 1983).

SA. I. Akhiezer, I. A. Akhiezer, R. V. Polovin, A. G. Sitenko, and K. N.
Stepanov, Plasma Electrodynamics, Vol. 1, Linear Theory, Pergamon Press
(1975), 206.

by. N. Tsytovich, Nonlinear Effects in Plasma, Plenum Press, New York
(1970), 314.

7v. N. Tsytovich, Theory of Turbulent Plasma (Consultants Bureau), Plenum
Publishing Corp., New York (1977), 63-65.
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:\: In the present work, equations (2) and (3) are derived from first princi-
f} ples for the purpose of identifying some of the important physical assumptions
‘ and mathematical techniques involved in Tsytovich's theory of nonlinear brems-
" strahlung and radiative instability in relativistic nonequilibrium beam-plasma
AR systems (see also Selected Bibliography).l This will facilitate understanding
A and illustrate the procedures for reducing other components of the total
\in nonlinear recoil force on a test particle due to bremsstrahlung emission. !
3 2.«
. ¥
Lkt The present work, together with other related work by the author (see also
- Selected Bibliography), 2”% ;s important for ongoing work in calculating col-
o lective radiative processes and conditions for the occurrence of radiative
'i{j instability in relativistic nonequilibrium beam-plasma systems.
.‘v_\
- 2. REDUCTION OF A COMPONENT OF THE BREMSSTRAHLUNG RECOIL FORCE
\
%:ﬁ In this section, equation (3) is to be derived by reducing that part of
o equation (1) a %hich corresponds to bremsstrahlung recoil. Also the
;ﬁ quantity <§gra ( b)> appearing in equation (2) will be defined. It has been
{;Q shown by using the balance equations that the general form for the collective
' bremsstrahlung recoil force on a test particle participating in induced brems-
- strahlung in a nonequilibrium beam-plasma system is given byl’8
-
’
%"'\ dsf(' dw d3-lz d3i;8 1 3
i > > >
S ?g = -4n3 | —_ (wzeo(f,m))K(K - k)-(§p fo ) (11)
(2m)9 w? 3w BFB
I.'?.‘
g(0)]2 x - 2. 2 _ ).
\ x ’Ek ‘ Vga'pB(K,f)G((u g i’a + (K )?) 36) .
-_‘:11‘
gl
s:.‘;‘
AN
P~
e
t:{.
i N
SChe] la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
. Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].
_:,} 2y, E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-
.\ﬂﬁ cle to Second-Order in the Total Field in a Nonequilibrium Beam-Plasma System,
2ON Harry Diamond Laboratories, HDL-TR-1995 (August 1983).
a*:: 34. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam=-Plasma System, Harry Diamond Laboratories,
hi HDL-TR-1994 (September 1983).
.:$4 “H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
e librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
-:’: 1996 (September 1983).
jx 84, E. Brandt, On the Form of the Collective Bremsstrahlung Recoil Force
2 in a Nonequilibrium Relativistic Beam-Plasma System, Harry Diamond Labora-

tories HDL-TR=-2026 (January 1984).
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Here the dielectric constant €% (k,w) for the bremsstrahlung mode ¢ is defined
in terms of the dielectric permittivity tensor €i4 (k,w) and the unit electric

ks polarization vector é’]‘(’ byl7 678« .
\ oo
0 2 7
Ay c,? o o ct (> +agy\( P *a*
X4 €k, w) = exi€ijekj * €o 5 (keex)(keex ) - (12) <
~b1 .
3o <
N o
a7 Also in equation (11), Eg(O) is the zeroth-order amplitude of the stochastic :
bremsstrahlung field,"“ and Vg P (%,%) is the bremsstrahlung transition proba- =
A bility with the delta func%ion factored out, expressing conservation of o
o Y g > > L.
‘V*«;’ energy. It is clear that V P (k,K) must be at least first order in the S
3.4 reqular part of the field. In reducing equation (1), only those contributions -
‘; which are of the same form as eguation (11) are to be included, since only '.-"_"
: they correspond to bremsstrahlung. l.
L] 'q',
-\j The total field Ek appearing in equation (1) and associated with the ';'\'
t‘ bremsstrahlung process involving the test particle is given byl’“
AN S
S
e o B
i Y
j‘. > _ .'0(0 > ‘l) -7(2) +> 1) > 2) L
Ex = Ex )+ E,ﬁ + B+ Eépk + Eépk . (13) "
v b D
o ;
eyl AN
9]
N +>
~3 Here E}g(o) is the zeroth-order bremsstrahlung field '
~ .
J'_‘
149 > -
E}g(O) _ E)(g(O)-w , (14) E‘
BRN
e
\-, RS
) where 0 designates the mode and 3}8 is the polarization vector. If the brems-~ 3

strahlung field is to be real, then

.
o

A
4

1
be. ey
) b
E}g(O) = "g}gO)* . (15) ":;
g N
:g -
— 12, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium A4
-4- Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371). ::-._':
:,_, “H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi- o
Ak librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR- ::\::
g 1996 (September 1983). -::‘_-'_
t ~) by, N. Tsytovich, Nonlinear Effects in Plasma, Plenum Press, New York ..-:‘-.
fad) (1970), 314. A
84, E. Brandt, On the Form of the Collective Bremsstrahlung Recoil Force
~.:'; in a Nonequilibrium Relativistic Beam~Plasma System, Harry Diamond Labora- N
R tories, HDL-TR-2026 (January 1984) o
~5 *H. E. Brandt, Bremsstrahlung Recoil Force on the Third-Order Nonlinear ":-:
:-; Dynamic Polarization Charge of a Relativistic Test Particle, preprint, Harry =
-— Diamond Laboratories, 1983 (to be published). @
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The fields E]g” and §]£2) in equation (13) are the self fields arising directly
from the relativistic test particle's own motion, namely,“

1996 (September 1983).

( By “lea Grm(K) 6(w - Kevg) (16)
4 = v w- kev
7. kno T om 3w+ 16) M ¢
<.
I'; and
o]
'
Lot (2) -eq K)
Exn = Gnp (k
< (2m) 3(w + i6)
AN (17)
Dy
oL dak
) 1 * (a)* > > > >
f‘-' x f —_w1 =33 Ek1jAmj (k1,k)6(w + wy - kevg - k1-va) .
o The fields Eég)}l and Eégﬁ in equation (13) are the increasing order fields
:;‘;: produced by the dynamic polarization current induced by the test particle and
[-3 are given by"
<
‘ (1) i dkq dko 13
A4 Edpkn = — Gnm(k) Z eg f —- : 5(]( + kq + kz) L
o 2(w + 196) s (wg - 16)(wy - 18) <Y
.- K
e (18) o
.{ ..c '.b
A (s) (s)
2N x [sm3e(k,=k1,-k2) + Sn3j (k, k2, -k1 ) JER, 5ER g o]
[
> and =
&, AR
v N
~ (2) _ i dk; dkp dkj
N Edpkn = ~= Gpp(k) ) eg | - ; ) S
;: w+ i s (wy - i8)(wp - 18} (w3 - 16) T
L (19) £
".
.\:: x 6(k + ki + ky + k3) Zé&%z(k,—k1,-k2,-k3)Eﬁ1 iEﬁszﬁ32 , :.
e RN
| \( '.;.
.'-:: ; respectively. The symmetrization in equation (19) appearing in earlier A
work !’% has been removed. The delta functions appearing in equations (18) and ~
- (19) are four-dimensional, namely, L
e ':LJ'
I M §tk) = &3(R)6(w) . (20) e
l ) :::
b The second-order nonlinear conductivity tensor S{?}L(k,k“kz) appearing in i, )
:.-: equation (18) is given by
% 5
:.r: 1a. v. aAkopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium o
“« Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371). - j.:
) “H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi- e
¢ librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL~-TR-  J
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dsg Ves
s{3)(kokq kp) = oF | LEs i [(«n CRyeve) 2

3 F ¥ i
(21)% w - kevg + 18 IPs

(21)

. s 2 ] [ ., Vs o ]fR(O)
It m IPsm) | 3Psy wy - ﬁzozs +id 2n dpgn | PS

The third-order nonlinear conductivity tensor Z{%lm(k,k1,k2,k3) is given by

L{$dn(kokq 1k 20k 3)

da; Ve
S S1

(21)3 w - Kevg + 16

- -ied

1
¥Psn w - wy - (ﬁ - i1)';s +ié

x [850(wy - Kyevg) + KinVsj] (22)

1
apSu w3 -4;3'35 + i

x [8gulwg - K2+vg) + kayvey)
3 _R(O
X [qu[w3 - ;3';5) + k3qum] ssga'fps ) .

Letting 83&1) denote the operation of including only that part of 5&1)
which is of the bremsstrahlung form given by equation (11), we obtain

Fgrad(), _ gpll), | (23)

Here < > denotes the ensemble average over the statistical phase distribution
of the bremsstrahlung, which to the needed order is assumed to be random.“
Substituting equations (1) and (13) in equation (23) gives

Fgrad(i), _ ni1 Fgrad(ll, (24)
where
BIF), in Boeg [ = f Ve EDo8(w - ReTg) (25)
teo t w+ ié

“H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-~
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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and

>

(BB, n =1, 2, .05} = (B840, BLD), BED), BLL), ES3 . (26)

To the needed order, the stochastic properties of the bremsstrahlung field are
approximated byl'“

g% = o (27)
and

ORI = efied) |8 26(k + xq) - (28)

Substituting equations (26) and (27) in equation (25) for n 1 produces

Fgrad(l),. - o (29)

If we substitute equations (26) and (16) in equaticn (25) for n = 2, it is
evident that the resulting expression is not of the fg?uired form yiven by
equation (11). For example it does not contain |Ef 2; therefore the B
operation gives zero, thus:

-
kgrad(h),, - o (30)

Next substituting equations (26) and (17) in equation (25) for n 3, we

obtain

sorad (1) 2n &k » > > —eoSnm (k)
<F >3 =B lim — e KvVandlw - kev (31)
@ 3 tro £t & I w+ is O ( a) (2m)3(w + i6)
dk 4 * {a)* > > +> >
x f <Ek1J>Amj (k1,k)6(w + wy - kevg - k1'va) .

12, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

“H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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Furthermore, substituting equation (13) in equation (31) and using equation

(26) then

S
Fgradiil, o 21 Fgradny, . (32)
n.".'
where
+orad(1) ., 2m dk > > > -e oGnm (k)
<F > =B lim — e ———— kVonllw - kev
@ 3n toeo t afw+i§ an a) (2m)3(w + i6)
(33)
dk n* (a)* > > > >
x [ - N <Ek,3>Anj (k1,k)5(w + W - Kevg = kyovy) .
4y -
Substituting equations (26) and (27) in equation (33) for n = 1 produces
Fgrad(i),. =0 . (34)
Next substituting equations (26) and (16) in equation (33) for n = 2, we

obtain an expression which is clearly not of the bremsstrahlung form given by
equation (11), and therefore the B operation yields zero, thus:

Next substituting equations (26) and (17) in equation (33) for n = 3, we
obtain a higher order Born term which is also not of the bremsstrahlung form
given by equation (11), and therefore

#grad(i)y.. - o (36)

For consistency with the Born approximation, only those terms which are first
or second order in the regular part of the field are needed. !

So that in the limit of t + » the integrals in equation (25) or equation
(33) do not vanish, it is important to note here that the following
combination of delta functions is needed in the integrand:

t+oo 2n

In this way the t~1 factor is canceled. Equation (37) is obtained as follows.
The well-known integral representation of the delta function is

§(w) =] ‘;—:e'i‘*’t . (38)

la, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

13

vy
L

[
.

MM AR




Therefore

/2 0 (22 IR
§(w - ):-\7) = lim g—:’t- e i {wkev)- . (39) @
tre Jor/2 S

Then using equation (39) one has

>

§2(w - Kevy) LA (40)

~t/2 27

§(w - f-;a) tim
£+

/t/2 arr  -i(w-Kevg)e

) t/2 ac! > > -1((»—120\7(,)t'
= lim T 8(w - kevge
tro Jes2
t/2 .
= lim %%— G(m - ;‘;a)
tr Joty2

i t > >
= 11:.1;’2—2? (S(UJ - k'Va) .

Thus in evaluating equation (31) one has an integrand containing the factor

F =-% 8(w - Kova)<Br 5>6(w + wy - KoV - Ky +Vg) (41)
or

1
F=v §(w - f-za)<E£1j>6(w1 - Kyovg) (42)

or substituting equation (13} in equation (42) produces

F =

i~

1 > > n* > >

T nly §{w - k-va)<Ek1j>6(w1 - K1*vg) - (43)

Because of equation (37), another factor of 6(m1 - ﬁ°3a) is needed to give a

nonvanishing limit. For n = 2 in equation (43), one picks up a factor of

6(w1 - 31030) by ejuation (16); however, the remaining integrand does not
1 4

contain the facto Eﬁ 2 necessary to be of the bremsstrahlung form given
by egquation (11). An iteration of equation (17) in equation (43) can give the
quadratic delta function, but the remaining integrand is higher order. By
analogous reasoning

#gradlil, .~ o (44)

«#Fgradl), o -0 . (45)

Therefore, substituting equations (34) to (36), (44), and (45) in equation
(32) produces
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RS
..\'\

:.-,..-.“
i .
¢
.J"
b GFFadll),. oo (46)
"2
e
"9
) The quantity <i,tgrad(1)>4 is nonvanishing and is calculated in a se?arate
A report.* Here the result of that calculation will be designated <?gfad( b),,
t: Thus
v~'
<ggrad(1)>4 = <§grad(1b)> (47)
N
3 .
" In the present report we emphasize the calculation of <For@d(1a)s i, equation
Substituting equations (26) and (19) in equation (25) one has
+>orad(1) .2m dk + > >
<F >5 = B lim — e ——— k§(w - kevy v
a 5 P I / w+ ib ( a) an
- dkq dky dkj
X 1. Gnm (k) Zes / (48)
w+ ib s (w - i8)(wp - i6)(w3 - i8)
(s * * *
x (S(k + kg + ko + k3)2'.mi%2(k,-k1,—kz,-k3)<Ek1 iEkszk32> .
One has, using equation (13) to the required order in equation (48),
- , = o(0) (1 (2 1) 2)
<By,iEk,iBkye> = <(B;i * Ekp). + Ek,l + Eépki + Eépki)
o(0) (1) (2) 1) . 2) .
x (Ek23 + Ekzj + E‘.kZJ + E(Spkz] + E(Spkz]) (49)
o(0) (1 (2 1 2
x (EQ32 + Ek3}!, + Ek3i + Eépl)c;;l + Eépﬂ3z)> .
If equation (49) is substituted in equation (48), the only possible nonvan-
ishing contributions to the required order are given by
<
<
: *H. E. Brandt, Collective Bremsstrahlung Recoil Force on the Bare Charge
" of an Unperturbed Test Particle in a Nonequilibrium Beam-Plasma System, Harry
Diamond Laboratories, 1983 (to be published as HDL technical report).
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Fgrad(1),

I L
tso t w+ id

dky dk,y dkj

g <w : 16>Gpm(k) g e J (wy - i6)(wp - 16)(w3 - i86)

(s) 1 _(1)*x _o(0)*_o(0)*
x G(k + ky + ko + k3]2mij2(k,-k1,—k2,-k3) {—2' Ek32 <Ek1i Ekzj >

1 _(1)* o(0)* _o(0)* 1 _(1)* _ag(0)*_o(0)=*
+3Ek2j <Ek1i Ek32 >+_2'Ek1i <Ek2j Ek32 >} . (50)

The factors of 1/2 in the three terms in the braces arise from the fact that
equation (50) is effectively a self force; the field Eég) in equation (50) and
given by equation (16) is a field produced by the test particle a, and through
the dynamic polarization that it induces it produces a force which acts back
on the same test particle. Equation (50) may be rewritten as

Fgrad(l), . (51)

g 104

<E‘!grad(1)>5 = L

where

<Fgrad(i)sg,

27
=B lim — e
t-not (!I

dky dkp dkj

x (;:l'_3> Gpm(k) ; es [ (52)

+1i (wy - i6)(wp - i6)(w3 - 16)

(s) 1 _(1)* _0(0)*_o(0)*
x 8(k + ky + k2 + k3)Inije(k,k1,%2,-k3) 5 Exyp <Exyi Ex,j



seacac

o3

f -\.I

4 ‘,"

o't\“

"".::‘. «Forad(l )>52

xR ,

£ m dk > > >

At =B lim — e ké{w - kevy])v

- tro t olfuu+i<5 ( a)ap

ooy i dky dkp dkj

2N x (_'%_> Gom(k) | eg [ —1 =2 , (53}
1S w+ id S (un - i6)(m2 - iﬁ)(w;; - 16)
‘c

oy

(s) 1 _(1)* o(0)* _o(0)*
x 6(}( + kq + ko + k3)£mij2(k,—k1,—k2,—k3) 5 Ekzj <Ek1i Ek32 >

k-
B
\:,3 and
5“,1
a3 Fgrad(n),
o
SR ak
2Tl . 2n + > >
il =B lim — e f —k6(m—k°v )v
v e t a . a)JVap
7, tro w+ié
TN
osts
Lot - dkqy dky dkj
x (——1. )Gpm(k) Les | (54)
N w+ ié s (@ - i8)(wp - i8)(w3 - i6)
(N
s (s T _(1)*_ _o(0)*_g(0)*
:"‘.}J x 8(k + ky + k + k3)558d o(k, k1, k2, k3) 3 Byl <33 5y >
' %
""ﬁ"i Substituting equations (28) and (16) in equation (52) produces
. X} >
4] Fgradil, g
3
4’?’ . oo2r dk =+ > >
o =B tl:lmz—em ]-——_GkG(w- k-va)
>0 w+ i
L -i dky dky dkj
) X Vop|~——Y6pn(k) ] es [ (55)
. § W+ i s (0 - i6)(wp - i8)(w3 - 18)
<o
W x 8(k + kg + kp + k3)£:$.f3)z(kr'k1r-k2r'k3)
§ 1 leq * F >y 0* g a(0) o
A x = YonGonlks )8 lwz - kyev,ler.sen. 5 |E 2 e
3 [omreraray inea)etos - Ratudo et 5|22 3
L o .
WA ‘-:\
:x;,‘":j x 8(kq + k3) . -
1N :
Y
5 Integrating equation (55) first over k,, using the property of the delta e
}-‘», 2 *‘o
B function 6(k1 + kz] and effectively setting k, = -k, (that is, Ry = Ky, wy = o
> -w,), we obtain %
‘;',: g
ek ay N
s
N, 17 G
VAY e
N
.
N &
N ST e e e e I D
. ,'?: o , SRS AA SRS - N '
i

2,

.
LAY
QLSRN AR
-..J‘;. . Al PN
A A ok 0



M~ -

I
.”ia 2 %4 > .o
‘jip (gorad(I)) B 1i -€a dk dk1 dk3 ké(k + k3)6(w - k‘Va)
' = B lim — ——~
- * tro 812t * (0 + i86)2(w - i8){w + 16)(w3 - i8)2
{
N
.5;3 x VapGpm(k) g eSZéfgl(k,-k1’k1,—k3) (56)
.

PRI N

x vonGan (k3)8(wy - R3-¥q)edlief 510102 |

Next integrating equation (56) over k3 produces

2
1 -e dk dk

- . <§grad( )>5 =B lim : - . l 3 fdz(w - E';a)

fﬁ? t+o 84t (w+ 186) w3

X (

“ur S *

2 X v opGpm (K ) ; esIN L g (ko k1,k 1,k )V oG an (k) (57)
R

f»\. x @0*. o0 ,lgn(O)lz

?"1 €k1i%k 13 1%k, .

it One also has

W .

40 Gam(-k) = Gpp(k) . (58)
35{: Equation (58) holds since“

i .

vy Exn = = — = Gpup(k)iknm (59)
AR w+ i

Ny

__,\% and by the reality of the current and field
T .
—— E_xn = Ekn (60)

and
-* .
j-kn = Jkn - (61)

“H., E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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Taking the complex conjugate of equation (59), replacing k by -k, and substi-
tuting equations (60) and (61) produces

-1 * . .
Ekn = ——— Gnm(—k)jkm . (62)
w+ id

Comparing equations (59) and (62) shows that equation (58) follows. Next
substituting equations (37) and (58) in equation (57), and noting that the t's
cancel, we find that the limit is trivial and

2 > > >
gorad(l) B(-ea dk dkqy k&(w - kevy)
@ > 16n3 (w + iG)“wf

X VopGpm (k) s{ esINE 1 o (k, k1 ,k1 .k JvonGgn () (63)
o* O 0
x eyied 5 [BRO |2 .

Changing variables {k,k,} to {k,,k} and {i,j, 2} to {2,i,j} in equation (63)
produces

-e 2 dk dk
<Egrad“)>s1 = B(—gi) L es f_“—‘““?—"' £1|E)g(0)|2

x VapGpm(k1)VanGjn(k1)e€Ee€i (64)

If we substitute equations (28) and (16) in equation (53), we obtain

<§grad(1)>52

= B lim %1 eq [ dk fd(w - f';a)

torm w+ i

dkq dko dk3 (65)

" "°’P<w ; ic)°P‘“(k’ bes | o Ty m - 18)(ar — 19)

(s) 1 ieg
§(k k k k3 )Ilniielk,.=kq,-ka,-k =
o e R 3 o ]

x vonGin(k2)8(up - ¥3+¥q)ellied, o|B01%)|26(k1 + x3) .

. .
I"f$’~n . ,.f
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A S A SRR AR AR R A AT SR S

P R
P
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: A . g
o
v R,
'\.’?\‘ ‘
AN
:,';\_ If we integrate over ky and k,, equation (65) becomes .‘;'_.:
. - ~
P > -
LN -»orad(1) . -e§ d& dkq k
! <Fq >52 = B lim \ —— _— ass
\ t+o \8n2¢ (w + i6)4w?2 @
Al 1 (o]
<o '.-t"
50 x 82(w - Re¥o)vapSpn(k) [ es It (ks -kq K k) (66) L
eyt 5 t'{:"
-‘*i -:
5 x (=) 802 . _ﬂ
VoG ]n ek1lek12 k =
: 9]
;}: N Next substituting equations (37) and (58) in equation (66) produces :-.::
Wy e
N e
132‘2-, Forad(1) e} dk dky K > > o
?{' ¥ <Fq >52 = B 3 . 4 2 (w - k.v(!) '.'j
» 167 (w + 16) wg .

i
; , (s
‘\(“: X v opGpm (K ) SZ esZhfd g (K, k1K K1 JvonGin (k) (67)
Vﬁ o(0)
O x edief, 5 |B3{0) )2
2k
\t
~;.}: Changing variables {k1,k} to {k,k1} and {i,l} to {z,i} in equation (67), we
- obtain
xS
D
X »>orad (1) _ -eq dk dk1 k1 o(0) 2
Fa >52 = B 3 2 5 |z |
N 16m w (w1 + 16}
”h}ﬁn
o L]
Y *x
‘-‘% X VapGpm (K1 )vanGyn (k1 Je geids (68)
RN
LA 5 >
x SX eszé\ij)i(k1'-k'k1'k)6(w1 - Kyovg) -
bovd
Vel
LN
. g“ Next, substituting equations (28) and (16) in equation (54), we get
"'.. ’ "
— Fgradll), o _ g Lin ? eq | = Rs(w - Revg)
.‘.,_._ +ié
ii:::' -i dkq dk, dkj
e b e, X Vop ~)Cpm (k) ) e | ; ) -
}VQ). w+ i§ s (wy - i6)(wp - i8)(w3 - i8)
Ko {o!
R x 8(k + kq + kg + k3)5{E o (k, k1, k2, —k3) (69)
XN

:“\4 xl[ iey

* > >
Ginlky )6 - Kqe
(2ﬂ)3(w1 — iﬁ)]vm 1n( 1) (‘”1 1 Vu)

x ekzjekzllgk(O)'ZG ky + k3) .

20

AR AR NN,

a "-“'v‘.“‘ '-"‘ "»"u.l\ ‘-t' DAY AN ;' L f LY U4 00

.'
'
.‘\




v T v wpwLYEW VARV TN TEATN N TP AT T e T S WL
m'.".', o a2t St At st At Jr i St it et S O IS T v ¥ el St it il el PN TF IR AT SNTRTN IR o

f‘.
v’y

£

If we integrate over k., and k,, equation (69) becomes
o 3 1
L
o .
' +orad(1) . e dk dkp k
! <Fgq >g53 = B lim
" t+o \872t (w + i8)%w?
e 2
} 2( - o3 (s) -
'-‘\.‘1 x 6 (“’ K Vct)"cpspm(k) 2 eszmljl(k'k' k2'}‘2) (70)
Py Y
e .
gk 0 a(0
x VmGin(‘k)ekzjekz.Q‘Ekg |2
M '.
\"l Next substituting equations (37) and (58) in equation (70) produces
el
(:‘ -
4:" >orad (1) "eczx dk dkp k > +
Ny <Fg >53 = B G(w - k°va)
16w3 (w + iS)“m%
v
2.3
.f X v oGpm (k) SZ esInd ok K, -k 2. k) (71)
. '
MRS
£

¥ o* g a(0
. X vain(k)ekzjekzzlEké )'2 .

Y Changing variables {k,kz} to {k1,k} and {i,j,l} to {j,z,i} in equation (71)
“'3 produces
B
3

2 »
sorad(1) -e§ dk dkq kq a(0)
<Fq >53 = B( ) |Ek |2

»

,, 1673 wz(w1 + i6)"
e N g% _ o
:ﬁ x v qpGpm (k1 J¥anCin (k1 )edreRs (72)
2

-t

A ] > >

x Zeszxgj}.i(kwkw-krk)ﬂw - Kyovg) -
s

S However, equation (72) is not of the bremsstrahlung form given by equation
N (11); in particular, it does not «contain the delta function factor
N3 8(w - ®eFy + (¥ - 2)-38) in the integrand. Such a factor could only appear
-..-_’ through the third-order nonlinear conductivity tensor appearing in equation
Y (72). According to equation (22), the factor[w - w, - (R - Ry)e¥g + is]7!
- appears in ):j(_?lm(k,k“kz,k:,), and it can be written

4]

4
o 1 P 1

* C ZREa 4 ¥ X = ¥ ¥ 3

w—w1-(k-k1)-vs+16 w - W -(k—k1)'vs (73)

i
é - 11!5((» - w - (k’ - k’] )'35) ’

‘
Y
WY
N
“

L
i; 'a‘
ﬁg‘ 21
b
.-

P "B ®"a "2 AR A" "= B
3] ;.-s_-‘.r‘,c\a_' - \-:.':: SRS

\ *"sﬁ‘.‘c\i\ IR R _‘ ..

o N TN
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and the imaginary part contains a delta function; however, in equation (72) it ed

o is Z[%ii (k1,k1,-k,k) which appears, so that the delta function becomes Ry

::.-f -in8(0), which is not of the required form. Thus the B operation in equation ey

( (72) yields zero, and therefore

83

o

oy »>

' Fgradll, o -0 (74)

s

:’j Next substituting equations (64), (68), and (74) in equation (51) and the

' result together with equations (29), (30), (46), and (47) in equation (24),

o and comparing with equation (2), then b

Fd 3> ','"'.':

o soorad(la) _ g -e?,> Pey kK 20002 i

: a = —— s ) o k A

s 16m3/ s w2(wy + i6)" ]

- ok O > > ﬁ

) x v apGpm (K1 )VanGin (k1 Je geki 8(wy - Ky +vy) (75)

e

%o x (28505 (kao-kokoky )+ 28935 (ko ke k)]

2

Y

N It remains to be shown in this report that equation (75) reduces to equation

iad (3).

oo s

~.: Evidently equation (75) should agree with equation (24) of Akopyan and ::-':'

s Tsytovich.l Clearly there is a typographical error in the latter since a -:'{\-:

,\ factor of e, has been omitted. Also a factor of (-2) and complex conjugation e

‘ signs on the conductivity tensor have apparently been omitted as shown below. )

I Their equation (24)! contains an additional overall factor of (4m)12(2n )% due ?,.

::.‘ to the use there of Gaussian instead of MKS units and differing Fourier

\4: transform convention.

\.- :’-':

:J" As was already noted elsewhere,“ extra factors of (4m), (27)7%, and (2m)~3
evidently enter through E pkn in equation (19), due respectively to the use of

P Gaussian units, differing Fourier transform convention, and differing normal-

:*-f ization of the background distribution £R in equation (21). However the

normalization in equation (24) of Akopyan and Tsyt:ovichl is apparently the
same as that here. Otherwise an additional factor of (21)~3 was omitted there

)

'.‘2 in equation (24). A factor of (21r)3 arises if the normalization is
B restored. An additional factor of (4m)(2m)3 enters through Exkn® in equation
(16) due to the use of Gaussian units and differing Fourier transform
o~ convention. As already noted, an additional factor of (2n)”3 enters through
s equation (1) due to the differing Fourier transform convention. These factors
N combine to

A

‘ [(am)(2m)76(2m)~3][(2m)3][an(2m)3][(2m) 73] = (am)2(2m)™6 .

L

:: la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium

Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].
“H. E. Brandt, The Total Field in Collective Bremsstrahlung In a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL~TR-

1996 (September 1983).
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Eg(O)

(13) there, the differing Fourier transform convention is compensated for.
Thus equation (75) is in essential agreement with equation (24) of Akopyan and
'I‘syt:ovich1 up to the omission of a factor of (-2ea) and a complex conjugation
sign on the conductivity tensor. This follows since the § in wy + id may
clearly be ignored, and

Because wie same definition of in equation (28) here is used in equation

z;igj(k1,-k,k,k1] = —iTéizg(k1,k,-k,-k1) . (76)

Also if the background is assumed to be nondissipative to the needed order
then it follows that

(w1 +18)7lens(ke) = [(w1 + i6)7laya(ke)]" (77)
which is true under certain conditions to be discussed below. Also for a
spatially isotropic system the Green's function is symmetric in its indices
according to equation (7). It should, however, be noted by comparing equation
(14) of Akopyan and Tsytovich! with equation (21) of Brandt“ that the indices
of Gi;’, are interchanged in Akopyan and Tsytovich1 in the definition of the
Green's function. It also follows that if one ignores the zero frequency
resonance denominator, then equation (77) may be used provided the
contribution of the imaginary part of the photonic Green's function is
negligible to the needed order. Evidently the complex conjugation on the
conductivity in equation (24) of Akopyan and Tsytovich1 has been omitted. It
.S required if their equation (25) is to be consistent with the fact that the
first and second complex denominators in their equation (21) are (w - (}?-\75)

. > > > . . A .

- i6) ang (w K (k + k1)-vs - idJ, respectively. In equation (76) the
tensor T{${n(k,kq,kz,k3) is given byl’

TiShn(kixikaks) = ed [ (2:3 w - lfsxl-; - i8 [(M - Ravve) %Psj
s
. . 1 > > 9
(kq e [ - ke e
+ VSJ( 1 ps)] {w + w1 - (z + i.‘)ﬂ\fs - ]_6 (wz 2 VS) apsz )
. 3 Vem > R(0O)
+ vsz(kz’ﬁps]] [3Psm ¥ w3 - }t3';s + ié (k3'$ps)], fps )

la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonegquilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

“y. E. Brandt, The Total Field in Collective Bremsstrahlung In a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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7
}:' It was concluded elsewhere“ that for consistency, negative imaginary parts
: must be implicit in the first two denominators of equation (21) of Akopyan and

Tsytovich. ! By equation (22) here it is evident that

pior e W e

<o "

‘. Ziﬁlm(k1:-krkrk1) = { Im( K1k =k, k1) . (79)

Also from equations (22) and (78) it follows that

¥

o]

3

N 8S b (k1 .k, ~k, k1) = -iT{${n(k1.k, -k, -kq) . (80)
e

o, If we substitute equation (80) in equation (79), then equation (76) follows.
~} Equation (77) holds approximately if there is negligible linear absorption
‘{é of ener b the background beam-plasma. To see this one notes that the
'*; enerqgy Eabs absorbed linearly by the background beam-plasma is given by

39

Y w .

. e@d - far [C av Bz, 0)3(2e) (81)
h\" 00
o

!

'}j where the Fourier transform of the field is given by equation (21) in an
.,';‘ earlier report,* namely
. | _i
P Exi = — Gii(k)jks (82)
R SEPPUTIS RS

o

%
,,ﬁ In equation (82) G;. is the linear photon Green's function of the background
b beam-plasma. Rewriting equation (81) in terms of the Fourier transformed
quantities one obtains
§

& effd = m* [ & Bgeiag (83)
:’ Next substituting equation (82) in equation (83) prodices
(0) . 4 dk ..

- € = -i|2wm) ——— Gi3(k)Ik3F-ki (84)
i' abs ( fm . is ij kjJ-ki
:{ If the current 'J' is to be real, then
; > ?
-P:',q Tk = 3k - (85)
—

:. la, v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
:.:: Plasma, Fiz. Plazmy, d (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

g “H. E. Brandt, The Total Field in Collective Bremsstrahlung In a Nonequi-
R, librium Relativistic Beam~Plasma System, Harry Diamond Laboratories, HDL~-TR-

1996 (September 1983).
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X
L7
RN
o,
.':. Substituting equation (85) in equation (84) results in
L)
~ .
~ 0 Gi+ (k) *
bl elhe = -i2m® [ ak (2 )ikgins - (86)
‘ w+ 18
‘-':1 Also, clearly, since the energy must be real, then N
~ . e
2 (0)* _ £(0)
vI "_-
e €abs = €abs (87) T
3 Then using equation (87), we find ol
S AR
i (0)y 1 { (0) (0)*
o €abs = 5 \fabs * fabs . (88) e
>~ )
> But using equation (86) —
: 0 * ' dk * ) * ) .:....
-:, e;bs); = i(2m4 [ —=— G5 (k)ikjiki - (89)
1 w-1id -
_'.‘ Or, if we rename dummy indices {i,j} as {j,i}, equation (89) becomes :j-f'f
7 ( G451 (K)\*
W 0)* . ji .oL* SR
.. €abs = -i(2mt f dk o + 18/ Jkidki - (90) t
f\j Then substituting equations (86) and (90) in equation (88), we get -{
. o
S, . G; s (k) Gai (k\ *] & e
. (0) i I ij ) Jji KoL A
. € = - = (2n) dk - jkidk . (91) S
3:2} abs 2 I w+ i w+ i 15 o
se
..; If 1linear absorption by the background is to be vanishing for arbitrary E
‘;‘ current 3kr then equation (91) must be vanishing, and therefore ‘_«_:':
’_\3 .:;__'
180 G4 (k) Gas (k)\ * .::
N —— =<31 —) (92) N
w+ i w+ i e
o, b
in which case equation (77) immediately follows. It is to be stressed that ::
equation (77) is at best an approximation since the background will not be .::-.
completely linearly nondissipative. In summary then, equation (75) is in ‘.\
essential agreement with equation (24) of Akopyan and Tsyt:ovich1 except for a o
) typographical error of omission of a factor of ~2e, in the latter; also 1
5 Akopyan and Tsytovich there implicitly assume principal values with respect to
‘ : single-wave particle resonance denominators as well as the approximate :\:;
‘a nondissipation relation, equation (77). However it is to be stressed that :-j
A equation (75) is independent of these assumptions. o
10l 10
B
4 NS
‘ t‘-~
:‘ X
ﬂl\ la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium -:'}
N Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371). R
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Proceeding with the further reduction of equation (75), one first defines

T - (s)
Zmuj(k1,-k,k,k1) =B ) es[Emuj(k1,-k,k,k1) °
5 (93) bt
+ 288 (o, k,k k)] N
mzjl 17 g . ..--\
Again the B operation selects only the part leading to tne bremsstrahlung form '
given by equation (11). Using equation (93) in equation (75) produces =
2 'Y 3—
1 -e dk dkq ki
Egrate, g (28) 00 |2 7
16m3 w?(wy + i8)" "
\.
g% o . +> .
x vapGpm (K1 )VanGin (k1 Jed geds §(wy = Ry +¥y) (94) "
RS
* Logiy (kyr-kokiky) o o
If we substitute equation (73) in equation (22), then equation (93) becomes j.’
o
iy (kg eekeky) | A
. d7ps Vsm -
= B(-i) J ed [ >

s (2m)3 wy - kKqevg + 16 b
> > > > 1 r.
x [(—w + keve |V + v ~keV [P s
s) Ps s ps” w4+ w - (;?+121)-3s :.-
> > > > > »> (95) :-(
- ind(w + wy - (B + Ry )evg) [(w - k-vs)Vpsi + Vsi(k‘$ps)] '
Vg r:'
s3 > > .
x 1V, . + Kq eV, ] .
[PS] w - }-(;1 -\73 + 16 ( ! Ps) :"
> > > e
+ [(w1 - k1-vs)Vpsj + Vg5 (k-| -Vps)] L
o
Vsi R(0) <
Sl > LS
x|V, .+ KoV ]‘f .
[ Psi * - Kevg + 16 Ps]) ' Ps K
.*‘
If we compare equations (94) and (95) with equation (11), 1t 1s evident that 4

only the part of equation (95) proportional to G(w + w - ()? + 1?1)-33) can
lead to the bremsstrahlung form given by equation (11), which is proportional ::-
to 6{w - Revg + (¥ - )Z)';”B)' Note that because of the factor §(wg - Rye¥gy) in -
equation (94) one can set wy; = ki -3g in G[w + w - (]? + f1 )-v ) and a*lso N
rename the integration variable 131 as -K to obtain §lw - E-(r’a + (K - R’]-VB). ~
Therefore the B operation in equation (95) selects, out of the sum over s, o
only the term s = f, and also only that part proportional to G(m + oW ]
- (ﬁ + 21 )-\78). Therefore equation (95) becomes -
26




s S S T T T W, e, AN aAT T
e

>
= daPB VAm > >
Lpgiq = B(-i)e¥ -w + kevg)y
miij B f (2m)3 w - 1:1 .;;B + 16 [( 8) PBe (96)
¢ vga(ReBpg)C-imngy (ko Bg)eBEO)
where the operator D, (k/,kq,85) is defined by
>
Dlj(klk"lps)
= G(w + wy - (k’ + 1?1 )'\73)‘[(00 - ﬁO;B)VPBi
> > Vg5 > >
| e e ity | o
> > > 2> VRi -
+ [{w - Xqovg)Vpgy + vgy (k1'Vpg)][Vpgi e Reeg s 16 ""693]} .
Simplifying equations (96) and (97) produces
>
- d3pB VEm > >
i = L4
AR L 914 = Bme w - kevg]V
o mii) 8 (2m)3 w - Kqovg + i8 i 8% g,
N
"
P >
g8 + vagk+¥pg[05 56540 (98)
*'-
\ and
Pl
< Dys = 8w+ w (£+£)-3){(m-i-c)—33-—+(w-z-s)_i—
S o 1 e B/ 3pgi9pp; 17TV Bpgtpgs
\:"-.l VBJ
+ > > + >
+ (w - k°v3)Vp . 37 —= (k1 °§p ) + vgi[k°Vp )Vp .
i« Bi wy - kqevg + 16 8 B ) (99)
) > Vgj >3 > > Vgi
roe i lke . - kg L
.::H. ¥ vsl(k $p8) w - l-c’1 ';B + 1ié (k1 pB) ¥ (w1 ! VB) Pgj w - )f‘JB + i8
A
1 > > > > VBai >
- Ke (o0 )V, + vgs(Kqe¥ ke¥
B x | VpB) + VB]( 1 698) Pgi VB]( 1 PB) " 'jk';B 16 ( PB)‘ '
)
ENd
AN
*
;'\", where the arguments of Dj 5 (k,k1,§8] are suppressed. If*we_’use the prape::ty of
. the delta function in equation (99) to replace wy ~ Kjevg by -w + Kevg, the
: 1 1°VB B
» first two terms cancel and equation (99) becomes
RS
e
o
VR
-.1

A

& X4 ..r‘_q.,_v_.--... g
SR
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Al

\‘. - ®
13 4

*‘ ’.
M > > > > > VB3 + 2 AN
~~.- Pij = 8w - (K k)ovp)i (- Kevg)Vg, E.Jts 16 X1 Veg Y
L .'- 3

* > > VB3 > -
+ vgy (Ro¥g )V, + vpg(Ke¥ Kq e
%‘ﬂ gi ( PB) Pgj gi ( Pg 0y - i1‘:’8 16 (k4 pB) (100} o
ea o

tud Rer Vi Ke¥ o
- (w - kevg)Vp,,. ke e
( 8) PB} w - Kevg + 18 (ik-gg) ‘0

R + vgs (ReoVp ) Voo + vas(Kyo¥p.) V81 (%3,.) s

5 83151 pe) pay B3LE1 Tpg) 12-33 +ié Pg ) .

N ~

a3 Using the properties of the derivative operator and using the delta function, a

one may rewrite equation (100) as

p -~

- R o

vB. -: )
> »> > > > J + e
Dij = 6(w + wy - (K + kq)eveg){(w - Revp)|v,.. Kye¥
&;' ij ( 1 ( 1) B){( B)|: 981(w1 _ ?‘1'38 A iG)] Pg F
o > > +> Vg3 > > X
- vgi(Kyo¥5 )., + vgi(KeVy, )Vp,. + vay(Ee¥ k1% &
- BJ( 1 PB) Pgi 81( PB) Pgj Bl( PB) w - ﬁ1"78 + 18 1°Vpg S
Y. (101) o]
L LS
T > > vai > > Tt
S0 - (w - k- : KeVs, - vai(KeVo, )0,
(o - VB)[VPBJ( - kevg + 16>] pp = v81("Top) g, -4
A »> > Vgi + .’f.
,"{::,‘ + VB] (k1 .§PB)V981 + VBJ (k1 '§pB) o o i.;s Y (k-§p8) . ‘:-.\
:‘-‘-' In equation (101) the second and seventh terms cancel and the third and sixth ._::
) ‘% terms cancel. Further simplifying equation (101) produces O
* > >\ > > > MR > ks
Dis = 6(w + wy - (K + Kq)evg)i(w - Kevg)|vs.. K1V i\
‘ ij ( 1 ( 1) B){( B)[ 981<w1 ~ i1‘38 . ié)] 1°Vpg oy
N 1
A +> > vgi > .
e - (0 - kevg)|vy .. ke (102) N
N ( 8)[p83(¢n - kevg + ia)] P8 ~
L] B - ‘.
: Fs VBJ- > A_
+ vsi k.ep K S 3 - k‘]'Vp ._.
N 8 Wy - kjevg + 16J B .:'
it R PR Y8 MRt - anis(wy - Bredg)vaivasteno fyen
" g va- . L] - w - sy vasvazke L] -..'A
| '“: B3[*1 " pg \ - ;,;B + 16 Pg 1 1°VBJVBiVBjX* Vpgh1*Vpg
Y N >
X i J
::s: where equation (73) has been used in obtaining the last term. The last term :-::
o may however be dropped since it does not lead to the bremsstrahlung form, -:-:
:,._ﬁ , equation (11), and therefore it will not contribute to equation (94). In :':-.
-3'»_;-'1 particular, because of the factor 6{wq - ﬁp‘&g), the needed factor ':
o 6w + wy - (k' + K4 )-33) becomes §(w - 12-33 - Also, if we replace w - )?-35 by 2
ais -w, + 1-33 in the first and w, - ﬁ, 033 by -w + ﬁ-ve in the third term, v
24 equation (102) can be rewritten as -::-
3 o
) ;.':: 28 :;::
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> > 1 4
- Kqe |y i k 06 CL.
(w1 1 VB)"BJ[psl(m1 _ ,'(’1 “78 + ié>]> 1" "pg @

> > Vgai > ,:'
- (w - Kevg) V5. Ke¥, (103)
( 2 [983<w - Kevp + i6>:| Pg el
o4
o J
1 4 > 1 > -
+ Vg KoV, vgs) + vgs [Ke¥ KoV
B <<—w + }f-\:;s + ié>( Pg BJ) BJ[ ps(w1 - }?1 "78 + i&):l) 1 'Ps B
R R v \|z.: 3
VR4 . . . ol
By |1 Pg - z'\‘;s +1i6 Pg |
3
Using the relativistic relation :::
S
- 2 2 2)21-1/2 o
Vg: = c ct + (mge (104) .
g1 = Pgic’[p} (mge?)?] X
produces LN
1 VBiVg] e
where -::'.:'
21172 B
P .
Yg = [‘ + (ﬁ?g>:l . (108) 2,
LN
Performing the differentiations in equation (103) wusing equation (105) :-’:'
produces e
B > > > 1 VBiVRgj e
Dij = G(w + W - (k + kg )'VB) - Yemg ((Sij - ——cz .7:.‘:.
RO
K14vg5 1 Vgivpy vgikg 1 B
- F—F 8gi - + > F o
w - kyevg + 18/ Ypmg c2 -w + kevg + 18/ YE"B (497 T
L

L
»

o - 222)

s MIALS] VBik‘lR.kaBj Som - = Fa

X i - 2 + >—3F - 3 1° Pg
c (w1 - Kk vg + 16) Ygmg

ot ] s
2| @

e . e
A 2l

o ey - YBIVEBI) __ veike 1 (. VBAVE)
vgmg \ 13 T c2 w- Revg + 16 Ygmg \ O T T c2

N
’ i VEmVEe e
+ Jveikis ! (5i - M) . VijBik12km(6m2 - —-gz—) 22 N
i 33 . ;
w - kevg + 16 YgMB c? (w - Kevg + iG)ZYsmB Pg 5-
- ;:-:_:.
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Using the delta function to replace wq - R’, -\73 by -w + R'-(/'B in the denomina-

tor, we can rewrite equation (107) as

> > > 1 VRiVRej > >
Dis = § - |k ki) 84 - ———= - ke
i3 (w+ o - (x + kq)evg) Yamg(-w + Revg + i8) <lJ o2 )(w vg)

}-{r > }-() >
1°vgvgi Vg
Vg3 (ku STz )¢ Vm(“j PYIRL

> > > >
(k'vs)(k1 *vg 2 6
c2 Pg

3 >
VRiVgy + > k'VB
- —C—Z-—> (w - k-vB) + VBi<kj - —-c—z— VBj)

<~> > (}?';8)(}-{1 “78)> 2.3

Kk - o2 Pg

TTTF ST
w - k'VB + ié
When terms are combined, equation (108) becomes

1
Dij = 6(m+ w - ():-*1:1)'; ) _W<6ij

ijk”-
YBmB(—w + l‘("\})s + iG)

>
‘k 6 i
. oV
-m+):-\78— i5) Kov i —w+lf-\73- iG) Pg
(109)

Teh (&
gmg \'' " T

ijk”-
yamg(w - K+vg + i6

] < es

> > >
VBiVBjk1 Vg k1 .
3 F
nggc2 w=- ke

VB—i5 w-l-(FO
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Further simplifying equation (109) produces

Dij = 6(w+ w - (K + Kq)+vg) ‘vém—g ‘(‘5ij - vBi:'B‘j‘)(w - Kevg)?

(o}

VBiVRj =+ > + > >
+ VBjk1i - VBikj + cz_ VB'(k - k1) (w ~ k'VB) (110)
Kevgky v
> > Kevgkqevg
+ VBiVBj k1 k - T)

2 Ky
+ — .

L o-Rag+18)2 (w-Revg- i0)2| PB

Equation (110) may be rewritten as

(111)

VBI‘;BJ [( k.VB)z + 38.(): - }?1)(0) - ):'\-;B)
C
> > > > > ]: }:1
+ k'k1cz - kevgKq .VB] - -§ .

+ I
(w-Xevg + 18)2 " (w- Kevg - 18)2| P8
Further simplifying equation (111) produces

Dij = -G(w + W - (l: + ]:1 )'\-;B) YB_;‘E (w - ]:':';;B)zsij

+ (w - }-:'\-;B](Vﬁikj - VBjle) - 1@;‘-;—83— [}:-ﬁ1c2 (112)
C
> > > > }: l.:1
+ m(m = kqevg- k-vB)] + 5 -5

(w - ﬁogs +i6)2  (w- f-vs - i6)2 Pg

Using the delta function to replace (w - 21'38 - R'GB) by (-w1) in equation
(112), we obtain

> 4)-») 1

> >
Dij = -8(w+ w - (k + Ky)evg Ygmg (0 - kevg)28s4
> > > > w1
+ (w - kovB)(V&kJ - VBJk11) - VBIVBJ k'k1 - ;‘2—> (113)
R Ky

-4

x PB .

+

(w-Kevg+ 168)2 (0= Kkevg - 16)2
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Substituting equation (4) in equation (113) produces

1 > + >
Djy = -—e-E §(w+ w - (k + k1 )evg)
*

o x [Aj(.js) (k1,k)f<' + A]-(.js)(khk))ﬂ ]‘:VPB . (114)
N

:-; Next substituting equation (114) in equation (98) results in

Y

¥

apg Vm
=
(2m)3 wy - kKyevg + i6

Ingij = -Bre} [ [(w - Reg)Vp,,

+ vgg}?-ﬁps]é(w + w - (f(’ + f('1 )-\78) (115)
*
x [ASE ey ) 4 A{J?’(h,k)m]&psfg(;) .

Integrating equation (115) by parts, then (since the background distribution
fg(so) is vanishing at infinity), one obtains

d3§B (w - f'gB)vBm
- a ‘VP - > Ed
(2m)3 BL |-wy + kyovg - i8

Ingij = Brel [

VBmVBR,kn

5 + >
Yepn | oS Fivig - 10 §(w + w - (kK + Kq)evg) (116)

*
x E (e )8+ LB (o) ] B £REO)

Performing the derivatives in equation (116) using equation (105), and then
using the delta function to replace wy - )?1 -\78 by -w + 1?0\7'8 in the denomina-
tors, we obtain

- d353 1 VamV k
. = Bred - - [BmVB2 n —
Imgij Breg / (2m) 3 Yem g Smg o2 + 35 s YE"B

VEnVERL

1 1 VenVge
*nt c2 >V8m * w - ]:"78 - i Kin Yemg <6n2' T ez )V&n

X

1
> & -
w-k-vB—lé

1 8 - VgnVgs ke + VemVRtKnKir 1 5o - VBnVar
LT] L c2 n (w _ ).:'38 ~ 16)2 Ygmg nr

1 VamVYfn Vam
g (“mn - :2“>Vezkn g

x

x 8w+ w - (B + &))" (ky k)R + A8 (kq )ty )00, 650

o> Coet o
AR R DT D)

[ WU =, R




Combining terms in equation (117) produces

Al
! . a%g kmvgg = X14Vgm
N T 9:: = Bred — - -
m&i) °8 I (2m) 3 YEUB Sme w - }?-38 -1ié6 (118)
b > > > > + + >+ >
.} VEmV AL (k - k")'VB k'k]CZ k'V8k1 *vg
X + ——0 1 + FF + 3 - 35
j c? w=-kevg - i8 (w - kevg - i6)2  (w - kevg - i8)2
(B)* (8)
4 x 6w+ w - (B4 &) 0 (A5 Oy k)R & ALS) (kq k)R ] ERLOY
¢
j Further simplifying equation (118), we obtain

adpg 1 knvag - K1gv
. = 3 a’pg _ _m BL 12VBm
zmh] B'rreB f (2m) 3 Ygmg Sme w - )-E-\‘;B -1ié

vBmVBf, > > .., _’._.' 2
+ cz(w _ ;"78 _ i6)2 [w((u - (k + k1) VB) + k*kyc ]]

5

x 8w+ w - (& + %)) [ (kq xR (119)

o 088 (k0 )R J¥patng -

If we use the delta function in equation (119) to replace (w - (R’ + 21)-33)
by ('“’1 ), then after rearranging terms, we obtain

4
3 Tagiy = -Bred f———dass o [& . Y8tkn - Vént1g
meij = BT I omy3 YERB [ T R, - 16
ww o
- ML Ry = —)[6(w + w - (K + Ry)evg) (120) RS
(w - kKovg - i8)2 c o
(B)* (8) R(0) N
x [Alj (k1 ,k)ﬂ' + Aij (k1 ,k)ﬁ1 ]'ﬁpefps . T
5o
A £
; Next substituting equation (4) in equation (120) produces ;
M)
:: = 2 0353 (8) > >+
- zmzij = —BﬂeB f(—25§ Am [k1,k)6(w + wy - (k + k1)'VB) (121)
121 s
¥ () (8) R(0) R
x [Aif) (k1/ kR + A{5 (k1,k)1t1]-§p‘3fp‘3 . T
A
“ _"‘.:-
:j 33 g
'.r-'.r «
5 e
; PR

L CGrOa R GRS A R O S Sk Y WA

>, ,\I RTINS
SN SO ON0) IE'\;; AL
L}

IR Wit L A o 0,

¥

)

¥
Ay



ARRIA 7 NS T
GONIOG DS - | SN
- l"o s\‘ l'-‘l" - s > .

s
-

A

VNN

%t L

PR -’- .‘.‘-' .,
. . . .
SRR R

. S0 Ba i en Bs Ts Bk BoF W IFE U AP R I T ST I S
R RN h s taial b sl AR L S LR S SEAANNNUSE AN AT AL AEAS RS AR AL SRR AR

Equation (121) is to be compared with equation (26) of Akopyan and Tsytovich. !

Since the B operation projects out s = 8 as discussed above, equation (93) may
be written

T _ (B) (B)

Tmeij (K1s-%ok,kq) = Beg[Zngij (k1,-k, Xk, ke ) + Ingsj (k,-k,kq,k)] (122)

Comparing equations (121) and (122), we find
[Z,f.glj(kp-k.k,h) + (B) i(kqo-kokq,x )]

>
d3ps

G[w + W - (f + £1)’;B)

= —B‘NeB ]
(2m)3 (123)

( (B)* (B) R(0)
x Alﬁ) (ko )[A5 (kaak )R + A5 (khk)z]].ﬁpsfp; .

By equation (4) it follows that?

S(w+ w - (B + &) Tg)ats (k) = 6w+ w - (& + &1 )e3p)0 8 (kky) .

(124)

Substituting equations (76) and (124) in equation (123), dividing by i, and
taking the complex conjugate, one obtains

(8) )
B[Tagd s (k1 k, -k, =kp ) + Tag)s (kK k1, k)]
43 (125)
= Biveg [ (;:,?3 S(w+ w - (K + Ky)vg)ang (kokq )[4 (i, )R

(B)* R(0)
+ A5 (k)R ]§psfp8 .

If one 1gnores single-wave particle resonances, the i§ in equation (4) may be
ignored and Aij (k1,k) becomes effectively real and

PyA{ (B) (k1.k) = P1A(B)(k1.k) ' (126)

where P, denotes the operation of taking principal values with respect to
Cerenkov resonance denominators of the form (w - Re¥g + i6). The principal
part of A (k1,k) is real. The nonprincipal part is proportional to
§(w - Re¥ ) og §'(w - £+¥,) according to equations (4) and (73). Therefore
it will "not yield the correct bremsstrahlung form and may be dropped.
Operating on both sides of equation (125) with P1 and using equation (126), we
obtain

la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

2y, E. Brandt, anlznear Force on an Unpolarized Relat1v1st1c Test Parti-
cle to Second-Order in the Total Force in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL~-TR-1995 (August 1983).
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(8) (8) i
P1B[Tmeij(k1,k, -k, k1) + Tpgji(k1,k,kq, k)]
a3
a’p > > > S
= PyBiTeg f 3 G(w + w - (k + k1]'vB) (127) n
(2n) .
(8) (8) > 2 R(O o
x A9 Ocer )8 (g k) (R + R1)Vpefng) o
Equation (127) ,agrees with equation (26) of Akopyan and Tsytov1ch1 except for ;:“*l
k appearing 1nterchanged with k4 in A(B) and A . This is apparently an T
error in the cited work.! The operatlon P.B is 1mplicit there and the i is ','_-:.:
absent since the imaginary part has been taken (the coefficient of i) and the e
right-hand side of equation (127) here is purely imaginary. ]
- -n.‘
Next substituting equation (121) in equation (94) results in u—*.-;
+0rad(1a) €ag dsPB dk dk,
<Fq B ]
1672 ° (2m)3 w?(wy + 18)% o
S
x R1|BZ(O|26(w + wy - (R + K1)eVg)s(wy - Kqe¥q) =
‘ ki‘l
> (128)
N (B8) oxr o ,(B)* >
% x VopGpm(k1)Agm (k1'k)ek2[ekiAij (x1,k)64n(k1)vank .
& .l._‘-
N A(8)
’ R O - "
+ ediA ij (x1,x)e Jn(k1)vanﬁ1] 3pgfpé Yo
Y
o N
Using equations (92) and (124) in equation (128) produces Sy
<§grad(1a)> .;‘
- b
- odel al dk dky > 1 a(0)
. =B iq|Eg |2
1en2 © (2m)3 w?(w, + i8)%? ey
_:I‘ -.':':
% s
o -
> > o * s’ a
z—-: x G(w + wy - (lt + K1 ]-vB)G(w1 - K1°VG)[ek2Aé‘E)(k,k1 )Gmp(k1 )Vap] (129) yy
ey
p23 A (D) (8)* b3
o .
BYN x [ediAii’ (k,k1)65n(k1)vank + efingi’ (k.%1)G3n(k1)vanks]e 3 ( ). Ao
'.? . > . '\:\7‘
- Integrating over W, letting 1?1 = =K, and denoting 'E'
-y a4
" ’ '.“‘.
N < = (B:%q,8) (130) 3
L% e
;i then we find that equation (129) becomes R
N la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium "
§-} Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371)]. ’
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TeT4TAT P4 ",

3** g

K KIEk(O)lz

2,2 > >
goradila) egeg  adpg dw a3k 4
T >
* 1672 © (2m)3 w2(kevg - 16)2(keva)?

x G(w - 2-60 + (2 - f)-zg)[eggl\élg)(k,-K)Gmp(—K)vap]*

(131) -

(

x [e]giAjf)(k,—K)Gjn(-K)VQnE
o1

B)* > [

- e,‘giz\](i (k,-K)Gjn(-x)vmz]-vpsfgéo) . -
e 7]
ESRY -7,
o If Cerenkov resonance is ignored, eguation (126) applies. This is justified -
': since only the principal part of Ai(' )(k,—K) leads to the bremsstfablung form, “-

i and the principal part is real. Also, ignoring the id in (K'Va— i6)'1,

dropping the unneeded B operation, and making the change of indices from oy

A {i,j,n,p} to {j,i,p,n}, we find that equation (131) becomes ‘hs.
& -~
)

2.2 > > + +1 g(0) <

sorad(1a) e(!eB daps dw a3k a3k KlEk '2 .3

<Fa > = > F ‘.

16m2 ° (2m)3 w?(kevg)* =

> > > >\ > ":

x 8(w - ke¥gy + (kK - R)e%p) (132)

"

x | e@sni8) (k) =k)Gip (=) vgp | 2(% - #)e¥, £R(O) 2

kjfiij (% ip ap Pg PR . :

*

N
! :-\; Equation (132) is in fact equation (3), as was to be shown. It is to be L
",-::: stressed that to obtain this expression it was necessary to assume that the W
;-:\' background is approximately nonabsorptive and spatially isotropic. However, :-'_
‘-' these assumptions are not involved in equation (128). As already stated in o

the introduction, equation (27) of Akopyan and Tsytovich!l is apparently in

- errOfé namely, a factor of 2 1is omitted there and the arguments o
‘.:-j of Ai-)(-K,k) are interchanged. The additional factors of (4m)2(2m)”® there .
Y are gpparently due to the use of Gaussian units and different Fourier 3\
\j transform conventions, as already discussed in egquation (75). Also the :'
‘ Green's function used there is symmetric. R
-\
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3. CONCLUSION

A number of important physical assumptions and mathematical techniques
have been identified which are involved in Tsytovich's theory of nonlinear
bremsstrahlung and radiative instability in relativistic nonequilibrium beam-
plasma systems. In particular, the stochastic average of the lowest-order
Born approximation for the nonlinear force on the bare charge of a relativ-
istic test particle, equation (1), has been reduced to the form given by
equations (2), (3), (47), (25), and (26). In the result of Akopyan and S
Tsytovich,! their equation (27) which corresponds to equation (3) here, a :J~
factor of 2 is evidently omitted and the arguments of Ai- are incorrectly T’
interchanged. Equation (3) has been shown to hold provideajthe background is .
approximately nonabsorptive and spatially isotropic. However, the form given -

by equation (128) holds without these assumptions. Also, an important -
expression, equation (123), was obtained involving the third-order nonlinear “

. . . . . . . . N
conductivity tensor. Using this expression it was shown that in equation (26) ==
of Akopyan and Tsytovich1 the argquments of Aij are again 1incorrectly "o
interchanged.

The present work will facilitate better understanding of the methods
necessary to reduce the other components of the total nonlinear force due to
bremsstrahlung emission. ! The latter is needed to determine the nonlinear "
bremsstrahlung probability and the conditions for the occurrence of a brems- ..
strahlung radiative instability in nonequilibrium relativistic beam-plasma o
systems. .
.
)
—
L)
;..'
g
v

P

s
.

1la. v. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].
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