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INTRODUCTION
J"'rhe type of game of timing analyzed here is known as a discrete, Gf
”*“noisy” duel. Through the use of\“decomposition,“ such games can be 'f

defined recursively (i.e., in terms of successively simpler games). The

principle of decomposition is well suited to implementation on a
computer, Such a program (listed in the appendix) was developed on a
VAX 11/780 computer in BASIC. This program permits parametric analysis

by providing nearly instantaneous solutions to discrete, noisy duels.
THE GAME

The discrete, noisy duels considered here can be thought of as a
naval engagement between two ships armed with surface-to-surface
missilesfk§;Ms). Eachipléyer (ship) begins the game (engagement) with a
certain number of bullets (SSM salvos). The distance between the ships
is decreased by a set amount until one or both of the ships has been hit
by the other's SSMs, or the intership separation has been reduced to
zero. Before each decrement in intership separation, both players have
the choice of firing one SSM salvo or waiting. The players select their
option (shoot or wait) secretly, and then announce their selections
simultaneously. The probability of hitting an opponent's ship decreases
monotonically with range, and the probability of hit equals 1 at a range

of 0. Hence, each player wishes to delay firing as long as possible to

increase his chances for success, but not so long as to allow his
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i opponent to effectively precede him. An or+imal strategy provides the
‘." proper balance between effectiveness and vulnerability.
o
o
Qiﬂj The value of the game (payoff) is +1 if player 1 (arbitrarily
<. .:
v designated) hits player 2 and is -1 if player 2 hits player 1. The .
ﬁj; value of the game is 0 if both players hit their opponent (on the same
Y ':.

turn) or both players fail to hit their opponent. Because the
probability of hit equals 1 at an intership separation of 0, if at some
point one player has exhausted his SSMs, the other player can simply
hold his fire until the separation decreases to 0, guaranteeing a hit
against his opponent. This is possible because it is a "noisy"” duel,

i.e., each player knows when his opponent has fired.

G . RATIONALE

e ~

\‘;\; 5 JU—

I .

MO < The duels described above, while not prohibitively complex
L 4

problems, are sufficiently time-consuming to make manual attempts at

N%& parametric analysis virtually impossible. However, the development of a
X
by computer program that can solve very large duels in seconds (i.e., duels

involving 10 salvos per player and 20 distance decrements) readily

T

AN allows such analysis. In fact, a fortunate side benefit of the ¢
AN decomposition algorithm is that not only is the value of the specified

duel determined, but also the value of every duel with parameters
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(salvos for player 1, salvos for player 2, and initial separation) less
than those of the specified duel. The result is a vast reduction in

completion time. .-~

The remainder of this paper is divided into four main sections:
Method, Results, Discussion, and Conclusions. The Method section
outlines the procedure for solving discrete, noisy duels via
decomposition, as well as the implementation of this process within a
computer program. The Results section lists the topics that were
investigated using the previously discussed methods and graphically

displays the results of the parametric analyses. The Discussion section

analyzes the results and proposes explanations of unexpected or

counterintuitive results. The Conclusions section summarizes the

findings of this investigation.
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- This section outlines the method for solving discrete, noisy duels,
RS
Zfi: as well as how such an algorithm is implemented within a computer
\'::
an program. The notation V(K,J;I) refers to the value of the game to *
:\3 player 1 (which is the negative of the value of the game to player 2)
oY
%&: when player 1 has K salvos remaining, player 2 has J salvos remaining,
w and the players are separated by a distance of I units (where I, J, and
1N
,;33 K are all non-negative integers). P1l(I) and P2(I) are the probabilities
Iy
ﬁnﬁ: of hitting one's opponent at a separation of I for players 1 and 2,
.
Al respectively. The expression "value of the game"” refers to the payoff
Y
o to player 1 when both players follow their optimal strategiles.
""‘.'
-"‘qq‘ i
L SOLUTION VIA DECOMPOSITION
i
{Q Decomposition of a duel into simpler duels (i.e., duels with
'1 smaller parameter values) is made easier by the fact that before each
" 0y
*{5' decrement in separation, each player has only two options, shoot or
-
a; wait. Thus, the game V(K,J;I) decomposes into the following game:
ary]
. Player 2
.\'-.
i"..
~5 Shoot Wait
\J'
e,
*:-.: A. 8.
,-;.'_
s Shoot | P1(1) « [1—=P2(N] * (+1) + [PU1) » (+1) + v

P2() « (N1—=PIN] « (=) + [[1—=PII}] » VIK—1,0;1—1)

At
()
»

N - [1=P1() » [1—P2(N] *
e - VIK=1,J—11—1)
s
-:_*_ 2 C. D.
Wwait (P2(1) « (=) + VK, J; 1= 1)
8 (1=P2(1] + VIK,J—1;1—1)
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The expected values listed above come directly from the
probabilities of various events occurring. Since both players have two
options (shoot or wait), there are four possible joint outcomes
(represented by the four boxes above). The expected values derive from

the following reasoning:

Box A. Player 1 shoots, player 2 shoots

The first term in this box refers to the outcome that player l's
shot hits and player 2's shot misses (times resulting game value
of +1). The second term in this box refers to the outcome that
player 1l's shot misses and player 2's shot hits (times resulting
game value of -1). The third term in this box refers to the
outcome of both players' shots missing (times the value of the
resulting game, which is simply a duel starting with one less
salvo for each player and with a smaller initial separation).
There is no term corresponding to the outcome that both salvos

hit, since the resulting game value would be O.

Box B. Player 1 shoots, player 2 waits

The first term in this box refers to the outcome that player 1l's
shot hits (times resulting game value of +1). The second term
refers to the outcome that player l's shot misses (times the

value of the resulting game, which is simply a duel starting

%

N g NN S AN




with one less salvo for player 1 and with a smaller initial

separation).
Box C. Player 1 waits, player 2 shoots

The terms in this box are analogohs to those in box B, with the
exception that the resulting game value of a successful salvo
is -1 and the game resulting from a miss has player 2 starting

with one less salvo rather than player 1.
Box D. Player 1 waits, player 2 waits

Since both players choose to wait, the resulting game is

identical, except that the initial separation is reduced by one.

This process continues until all of the "resulting” duels have zero
as one or more of their parameters (i.e., I, J, or X). Such duels are

trivial, as shown below:
Example 1. K=0 and J>0
Since player 1 has no more salvos, but player 2 does, the latter

can hold his fire until separation (I) becomes zero,

guaranteeing a game value of -1 ({.e., V(0,J;I) = -1).




-:: Example 2. J=0 and K>0

e This 1is the opposite of the previous example (i.e.,
A

(V(R,0;I) = +1).
> Example 3. I=0 (J>0 and K>0)

Since the separation is 0 and both players have salvos

;ﬁ:? remaining, both will hit their opponent, resulting in a game
e
:E}j value of 0 (i.e., V(X,J;0) = 0).
e
NN
SR Example 4. J>I+1
A
::\:-\
A i These parameters correspond to a player having more salvos than
I{E: can be used at the rate of one per decrement (note that players
!\-
A\l
qﬁﬁ can shoot at I=0, hence the +1 term). This duel has the same
oxy value as V(K,I+1;I).
259
A
-~ ~Q
it
x:_\‘
e Example 5. B I+l
RSN
NN This 1is analogous to Example 4, but for the other player. This
\
Lg‘\ duel has the same value as V(I+l1,J;1).
3 ¢
el
_~."'_'\'
:‘3 Note also that certain games that are impossible in terms of the
1 ‘ \
e original game cannot be treated as trivial and ignored. For example, if
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the initial problem is to find V(1,5;2), it is obvious, by means of
Example 4, that this is equal to V(1,3;2). Even though the game (1,3;2)
is impossible in terms of (1,5;2), i.e., player 2 could not have fired
two salvos before the game even began, it still must be solved as an
intermediate step in the solution of the original game.
N

Because solutions to the trivial games listed above are known, some
of the "matrices” (boxes A through D, which collectively represent the
value of a particular duel) can be filled in. That is, values have been
determined for every term in the expression (the P1(1I), P2(1), and
V(K,J;1I) terms). Letting a, b, c, and d represent the numeric value of
the newly filled-in terms within boxes A, B, C, and D for a particular
matrix this duel becomes what 1s called a two-by~two, zero-sum matrix

game of the form:

Player 2
Shoot Wait
Shoot a b
S
2
a
Wait c d
-
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The following discussion, based on Guillermo Owen, Game Theory, New
York: Academic Press, 1982, is included for the sake of completeness.
There are two possibilities for such a game: either the optimal
solution occurs for an equilibrium pair of pure strategles (i.e., shoot
or wait) or it occurs for a pair of mixed strategies (probability
distributions across all players' choices). If an equilibrium pair of
strategies exists, then the value of the game will be the number in the
box that is defined by that equilibrium pair. Such a pair exists when
one (or more) of the numbers a, b, ¢, or d is both the minimum number in
its row and the maximum number in its column. The basis for this is the
Minimax Theorem. Because player 1 is trying to maximize the value of
the game, and player 2 is trying to minimize the value of the game, such
an equilibrium pair of strategies (also known as a saddle point) will be
optimal for both players. This is true because neither player, even
with knowledge of the other player's choice, will have any incentive to

change his strategy.

For example, if a = .5, b= .7, ¢ = 0, and d = ~.4, then it is
obvious that the value of the game equals a (.5), because the optimal
strategy for both players is to shoot. Observe that neither player,
knowing his opponent will shoot, can improve his payoff by changing his

strategy.

If no equilibrium pair of strategies exists (e.g., if c were .6

rather than 0 in the previous example), then a solution would be

..............................




A A e e R

obtained by using mixed strategies. A mixed strategy associates a

LA

.b
‘s

:gn probability with each choice (pure strategy) facing a player. These

jt probabilities must be non-negative and sum to 1. For example, a mixed
iEf strategy for player 1 might be: shoot with probability .5 and wait with
tzi probability .5. A mixed strategy for player 2 might be: shoot with .
;1i probability .25 and wait with probability .75. Using game theory,

;S;l optimal mixed strategies can be calculated. These prevent a player from
 i? being outguessed by his opponent through the (proper) randomization of
’,:, strategy selection. Determination of optimal mixed strategies is

?; discussed here only because it is a means for determining the value of a
i; game (we are not concerned with strategies). The value of a game can be
:ig derived from the optimal mixed strategy for either player. Such a

E;? process is outlined below.
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Given the matrix game just discussed, let Xy and Xy be the

v
AT

probabilities that player 1 chooses to shoot and wait, respectively.

Let 1 and ) be the analogous probabilities for player 2. If we denote

IS NN -

,t the game matrix as M, and mixed strategy vectors as x and y for players
o\

,:i 1 and 2, respectively, then the value of the game = xMy. The optimal
e

:" value of the game v* = x*My* yhere x* and y* are the optimal mixed
;1§ strategy vectors for players 1 and 2.
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To determine the optimal value of the game, solve the maxi-min

problem of player 1, namely:

vk = Max { ™n [ =xMy}} -
x1+x2=1 y1+y2=1

xl,x2>0 yl,y2>0

Carrying out the matrix multiplication, this becomes: i

* =

v ax  { M faxgy; by, +oexyy, +dxy,l)
x1+x2-1 y1+y2-1
xl,x2>0 yl,y2>0

Note that for a fixed value of x, the expanded xMy 1s linear in terms of
y. This means that the min of (axly1 + bxly2 + CXy¥, + dx2y2) will
occur at a vertex (that is, either yl-O and yz-l or y1-1 and y2=0),
though this does not mean that player 2's optimal strategy occurs at a

vertex. Thus, the expression can be rewritten as:

vk = Max { Mn {(bx1 + dx,), (ax, + cxz) 1.

Since x; + x5 = 1, 1-x; can be substituted for Xy above, yielding:

-11-
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vk = Max { Mn {(b-d)x1 +d, (a-o)x, + cl} .
0<x1<1
The two inner terms, (b—d)x1+d and (a-c)xl+c, are both linear in terms
of Xy Also, since no equilibrium pair of strategies was found, the two
terms will intersect within the interval [0,1]. The solution to the

problem occurs at this intersection, i.e., where (b-d)x1+d =

(a-c)x1+c. This can be seen graphically below:

f(x,)
1
{b—d)x, +d
v.
(a—cix, +c
o Xy

To find xl*, set the two lines equal to each other and solve:
(b-d)xl* +d= (a-c)xl* +c
(b—d-a+c)x1* =c-d

x * = (c=d)/(b=d-atc)
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To find v*, simply plug in x,* into either of the equations for the
lines plotted above, i.e., substitute the equation for xl* into

(b=d)x,* + d:

(b=d) [(c=d)/(b=d=atc)] + d =
[(b=d) (c-d) + d (b-d-a+c)]/(b~d-a+c) =
[be = bd - dc + d% + db - d? - da + dc]/(b-d-a+c) =

(be - ad)/(b=d~atc) = v*

To summarize, if there is a payoff (either a, b, c, or d) which is
the minimum of its row and the maximum of its column, then the value of
the game 1is that payoff. 1If no payoff meets this criterion, there is no
eqﬁilibrium pair of pure strategies and the value of the game (which

results from the use of mixed strategies)Aequals (be = ad)/(b~d-a+c).

Although this technique of decomposing the original game into a
sequence of games with smaller parameters is straightforward, even

obvious, it was not seen it the literature.
IMPLEMENTATION
Implementation of this scheme requires a computer with enough

memory to store four arrays totaling slightly over 40 kilobytes. The

computer should also be capable of executing, in a reasonable amount of
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time, the large anumber of commands required (on the order of 11(D+1) +
21(DHL)(N1+1)(N2+1), where D = initial separation, N1 = salvos for
player 1, and N2 = salvos for player 2). For example, to find
v(10,10;20), the program executes over 53,000 commands, and this does
not include I/0 operations. The computer on which the program was run,
a Digital Equipment Corporation VAX 11/780, provided nearly instant

turnaround, and could handle problems of even larger parameters.

Program execution is a five-step process, summarized by the flow

diagram below:

PROMPT THE USER FOR THE
DUEL’'S PARAMETERS

/

CALCULATE P1 AND P2 FOR
EACH DISCRETE INTER-SHiP
SEPARATION

y
FOR EACH COMBINATION OF

Note that the looping is done with N1, N2, AND SEPARATION: IF
indices starting at their maximum THIS DUEL IS TRIVIAL, THEN oy e TRIvIAL:
value and decreasing to zero SOLVE IT, ELSE STORE THE 18 TRIVIAL DUELS
VALUES THAT CHARACTERIZE
THIS MATRIX®
i
SUBROUTINE GAME: IF THE
Note that the looping is done with FOR EACH COMBINATION OF GAME HAS A SADDLE POINT
Not " ! . N1, N2, AND SEPARATION: IF .
indices starting at one and increasing THIS DUEL IS UNSOLVED (IT > THEN FIND IT, ELSE USE THE
to their maximum value WAS NOT A TRIVIAL DUEL), LA Fon xeD
bl AL R LA EGIES TO DETERMINE
THE VALUE OF THE GAME

y

FOR THE DESIRED COMBINATIONS
OF DUEL PARAMETERS: PRINT
THE VALUE OF THE GAME

#The matrix, as you will recall, had four boxes, each filled with an expression of the
genersl form ty + t3 [V(t3, te, tg)]. Since box D hes no terms corresponding to t,
and t3, an entire matrix {which represents the decomposition of a particular duel)
can be stored in an array of length 18 (i.e., 4 x § = 2),

-14=
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The program's structure follows the principles of dynamic

programming or recursion. First, the duel to be solved is decomposed
into duels (matrices) of decreasing couwplexity, which are themselves
decomposed. This continues until all duels with parameters less than
those of the original duel have been so defined. Then, working
backwards using the initial conditions supplied by the trivial games,
increasingly more complex matrices can be filled in with actual values
and solved. This continues until the original duel is solved. Because
the loop indices increase in the second phase of this algorithm, the
process of filling in the values of matrices will occur only after the
component duels have already been solved. The program code is in BASIC

and is listed in the appendix.

-15-
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RESULTS

The following table lists eight cases that were felt to be of
sufficient interest to warrant investigation. Immediately after this
RO table are the actual results, consisting of plots of the values of the
games as a function of some of the games' parameters. The Probability
of hit (Ph) function listed for each player, called Pl and P2, is the
probability of hit as a function of the intership separatiom, "D",

Nl and N2 denote the initial number of

- previously denoted as "I".

salvos for player 1 and player 2 respectively.
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\':,:- TABLE 1
RS PARAMETERS OF THE EIGHT CASES

!; Case Salvos, Salvos, P, for P, for P, plotted for
< number ~ player 1 player 2 player 12  player 2 goth players

1-.05D 1-.05D Ph

.
OV EN
W HE W -~

P1, P2

\ > D
20

Comment: Game value is plotted as a function of initial separation and salvos.

Ax)
A

«

" R A
. 'a:}(n“—l’-‘..

I-OOSD 1- OOSD

P1, P2

-
NN
NV W

4 . — D
< 20

- Comment: Game value is plotted as a function of initial separation and salvos.

o P,

- 3 5 5 1.1-.05D 1-.05D 1

-":-‘ 3 1.2-005D 1--05D

i:j 1.3-.05D 1-.05D

" P1 (varies)
>

o D
o 20

Comment: Game value is plotted as a function of initial separation and Py for
player 1.
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Case Salvos, Salvos, Ph for Ph for Pg plotted for
o)

number player 1 player 2 player 12 player 2 th players
4 5 5 1.2-.06D 1-.050 'h
: 1.4-.07D 1-.05D
2.0-.10D 1-.05D
P1 (varies}
P2
- D
20

Comment: Game value 1s plotted as a function of initial separation and Ph for

player 1.
Ph
2 4
3 6
4 8 P1
5 10
D
20

Comment: Game value 1s plotted as a function of initial separation and salvos.

Ph

1 1.5"'0751) 1- DOSD P1

O
(V-

-
20 b .

Comment: Game value 1is plotted as a function of initial separation and salvos.

-18~
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;: Case Salvos, Salvos,‘ Py for Py for Ph plotted for j
. number player 1 player 2 player 12  player 2 both players ﬁ
P
7 6 3 1- V.05D 1- V.05D h
- 1- .05D 2 1- .05D )
o 1-(.05D) 1-(.05D)“ 1
i P1, P2 (vary)
,' D
- 20

K Comment: Game value 1s plotted as a function of initial separation and Py for
" both players.

N

:.n' ' 8 1 5 1- OOSD 1- -OSD

_ 2 Ph
P 3

. 4 1

S 5

. 6

- 7

8 P1, P2

2 9

.. 10 - D
.o 20
>

A Comment: Game value is plotted as a function of player l's salvos and
. initial separation.

‘i: a Probability of hit functions are actually equal to the minimum of
- . {I,Pl}, i.e., they will never exceed 1.
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DISCUSSION

This section discusses the results of the parametric analyses.
Each of the eight cases is considered in terms of intuitive appeal.
Attempts to explain unexpected results will also be made. Because the
value of a game 1s zero regardless of initial separation when both
players have the same Ph functions and the same number of salvos, the

cases discussed here explore some asymmetrical properties of duels.

Note that the significance of any findings should not be reduced by
the contention that discrete duels are not realistic. The value of a
discrete duel appears to rapidly approach the value of the equivalent
continuous duel as the number of discrete distance gradatioms
increases. Table 2 compares the value of discrete duels of increasing

"granularity” with those of the three corresponding continuous duels.

Thus it appears that if the discrete game has 20 or more
gradations, its value will be very close to that of the continuous
version. The imprecise term "very close"” is used intentionally because
the rate at which the value of discrete and continuous games converge is
influenced by the choice of Ph functions. Specifically, games where the
difference in Ph functions is small converge faster than games with

disparate Ph functions. Because only very special continuous games have

-28-
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Eﬂz been solved, this conclusion is significant in that it suggests a
\ computer program can "solve"” such problems by substituting a close
.

.j:j:ja approximation to the original problem that can be solved.

Ao

23

. TABLE 2

L

S VALUES OF DISCRETE VERSUS CONTINUOUS DUELS

1“:}3

oy Duel parameters?

o Nl=1 Nl=1 N1=3
Ay N2=1 N2=1 N2=2
o Discrete Pl=l-D, Pl=1-D Pl=1-D
" gradations P2=1-D P2=1-2D P2=1-D
ANAN r—— — s e ek
A4 2 -.250 .000 .000
| 'J'::- 5 - '240 -200 0200

h :::.: 8 —-250 0250 0211
e 11 -.248 273 192
::;:; 14 -.245 .286 215
aar 17 -.242 «294 .206
i 20 -.240 +300 .200
Sy

R Value of

oy corresponding

:'_; continuous duel -.240 .333 .200
T

N

i 8where Nl=salvos, player 1

OGN N2=galvos, player 2

B Plsprobability of hit function, player 1

. P2=probability of hit function, player 2

o D=inter-ship separation
oy and the values of the continuous duels are calculated

e using formulas from Melvin Dresher, Games of Strategy-—Theory and
e Applications, Englewood Cliffs, New Jersey: Prentice Hall Inc., 1961.
3%

o

I*.l.
J \ *
-’:‘:: . ~-29-




The following discussion of the eight cases is based on the graphs

,f_ shown in figures 1 through 8 in the preceding section.

508

o Case 1: i
§j

The main point of the graph in figure 1 is to demonstrate that when

the ratio of player salvos remains constant, increasing the number of

:ﬁ: salvos decreases the value of the game to the favored player. This

S&: behavior is not intuitive unless the extreme case of player 1 having 40
i salvos and player 2 having 20 salvos is considered. In such an

::; engagement, both players can fire at every opportunity and the value of
Eji the game will be zero even though player 1 has many more salvos than
:ﬁl player 2. Based on this "end point,” we might infer that the value of
Eﬂg this game decreases as the magnitude of salvos increases because the
E? players are gradually approaching a point where the extra salvos of

= player 1 will never be used.

o

0

S&E This trend (not firing beyond some separation) 1is also reflected,
xj in a different way, by the "flattening out” of the curves. Such a

:Ei phenomenon is the result of a change in the players' optimal

is strategies. 1In particulaf, for the case of N1=2 and N2=1, both players'
d;j optimal strategy is to fire for any initial separation of 12 or less. -
gié At an initial separation of 13, there is no equilibrium pair of pure

i;: strategies, and the players use mixed strategies. At initial

'a!

5 -20-

=

.-




separations greater than 13, both players' optimal strategy is to hold
their fire ("wait") until their separation equals 13. Thus, the value

of the game levels off, but not at its maximum value (see below).

Given N1=2, N2=1, P1=P2=1-.05D:

Initial Optimal strategy Value
separation (for first stage of duel) of game
1 Both players fire .0025
2 Both players fire .01
: Both players fire :
: Both players fire :
10 Both players fire 25
11 Both players fire .3025
12 Both players fire .36
13 Players use mixed strategies 35547
14 Both players wait 35547
: Both players wait .35547
: Both players wait «35547
20 Both players wait +35547.
Case 2:

Figure 2 shows the advantage of having one more salve than your
opponent. As expected, the value of the additional salvo approaches
zero as the number of salvos 1lncreases. This 1is not a surprise, since
the "importance” of each salvo increases when there are fewer of them.
Said another way, the favored player's optimal strategy will direct him
to use his extra salvo at a range shorter than it would.be used in an
engagement where both players have more salvos available. This results
in a higher probability of hit for that additional salvo and, therefore,

a higher value of the game.

:j
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Figure 3 demonstrates the effect of adding a constant to one
player's probability of hit function. The effect is roughly equivalent
to adding that constant to che.value of the game. Also, the fact that
the value of a game increases as the initial separation increases
follows intuition in the following way. Whenever one player has an
advantage over another player (either in salvos or Ph)’ increasing the
initial separation will improve (or, in the worst case, not affect) the
value of the game, because it is providing the favored player with a
greater number of alternatives for exploiting his advantage. However,
an unexpected trend occurs: the value of the game is linear for small
initial separations. This can be explained in terms of the Py
functions. Because player l's Py function equals that of playéf 2's
plus some constant, there will be an interval over which player 1l's Py
function will exceed 1 (i.e., set equal to 1). Thus, for this interval,
P1(D) will be constant (1), but P2(D) will be decreasing linearly, hence
the linear increase in game value. No explanation for the divergence of
the curves (as initial separation increases), however, is readily

apparent.




.............................

Case 4:

Case 4 (figure 4) demonstrates the effect on the value of the game

when one player has a proportionally larger Py than the other. The value

of the game initially increases linearly, as in case 3 (and for the same
reason). The point at which the curves change slope 1is simply the point
where the Py function for player 1 finally becomes less than 1. The
unexpected decrease in the value of the game beyond this point is due
simply to the shape of the Ph functions (see below). Notice that player
1's advantage (i.e., the difference of the curves, plotted to the left)
is 0 at a separation of 0, increases to a maximum at the separation

. where player 1's 2% first drops below 1, and then decreases to 0 at
separation of 20. Hence, the value of the game decreases after some

point because player l's advantage linearly decreases to zero.
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NN Case 5:

jﬁ ' This case, shown in figure 5, presents an interesting question. Is

1;5 it preferable to have twice as many salvos, but half the Ph' or the

lﬁt reverse? The value of the game decreases after a certain point, but .
iﬁ: this trend is explained in the previous case. As in case 1, the ratio

‘i% of player salvos was kept at two, but the number of salvos was varied.

For all curves, the value of the game is positive over the entire range

ﬂﬁ of initial separations. This will not always be true when Pl exceeds

‘I

:} P2. For example, if P1>P2 but N2>>N1l, the value of the game

| couldconceivably be negative. The fact that the value of the game

:if increases for engagements with more salvos (i.e., is to the advantage of
X the player with fewer salvos) is in keeping with the trend demonstrated
(. in case 1.

“J
L0 ‘

-~ Note that even as simple a term as "twice the accuracy” 1is

]

] difficult to define mathematically because of the upper bound of 1 that
:i exists for probabilities. There are two straightforward ways of

:% defining Py functions so that one will have twice the probability of hit
- at any distance, but both have drawbacks. The two methods are
*;E illustrated in the plots below. The first method's drawback is that P2
:% is discontinuous at D=0, i.e., the value of P2 jumps from .5 to 1l as
; Y intership separation goes from "near-zero"” to zero. The second method,
N

.Y
_?j while continuous, has the drawback that once Pl reaches a value of 1, it
’l
i levels off.
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Method 2 was used in this analysis, although the computer program is

capable of handling either type of Py function.

Case 6:

Figure 6 shows the effect on the value of a game (where both
players have the same number of salvos) of increasing the number of
salvos for both players. Such an increase does improve the value of the
game for the player with the better P, function. This follows intuition
in a manner analogous to the trend discussed in case 3. That is, by
providing the favored player with more options, we will increase the
value of the game. The increase is not particularly large in this

example, but it exists nonetheless.
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Case 7:

Figure 7 shows the effect of degrading both players' Py
functions. Specifically, when both players have identical Ph functions,
and one player has an advantage in salvos, the favored player prefers
the Py function that is less "deadly”, i.e., that has the smallest
Phassociated with each separation. This preference runs counter to the
intuitive. trend exhibited in cases 3 and 6 (providing an improvement to

both players helps the favored player). No rationale for this situation

is obvious.
Case 8:

This case, shown in figure 8, differs from the others by plotting
salvos for player 1 on the abscissa, rather than initial separation.
These curves, along with the results from case 1, support the hypothesis
that the value of a game where the players have identical Ph functions
is directly proportional to the ratio of their salvos. The curves cross
the x-axis where player 1 has five salvos because it is at this point
that both players have the same number of salvos (and the same Py

function) and hence a game value of zero.
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g CONCLUSIONS
(
:i: The conclusions drawn from these parametric analyses can be grouped
»ﬁf; into three main areas:
Nt
f;ﬁ o Discrete versus continuous games
ij: i
i
I o The use of intuition in predicting game values
N
e
:}: o Twice the salvos versus twice the accuracy.
A
L=
1}9 As discussed previously, the development of a program that solves
=
_ﬂ} discrete duels, combined with the tendency of discrete duel values to
(», approach those of continuous duels, has important ramifications.
\ -
o
::Q Previously only certain continuous duels could be solved. Now many
n‘_:‘. .
: 2 continuous duels can be "solved”™ by substituting the analogous discrete
D duel with many small distance gradatioms.
A
'_'::;Z
B
;}I; The second main conclusion that can be drawn from this work is that
~;:§ intuition should not be used for predicting the value of a game based on
N
1:*3 its parameters. Usually general trends in the value of games can be
Y
o
PON . surmised, but this is not universally true, as shown by case 7. Also,
DR the point at which a game's value changes sign, derivative, sign of
ffjf second derivative, and so on, cannot be intuited.
o
on
.-.{-‘
-~
.'\-. -l = 3 7 =
Foer
A
)
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The final conclusion has important implications for U.S. weapous
appropriations. By proving that it is better (i.e., the value of the
game is higher) to have half the salvos with twice the accuracy rather
than the reverse, this paper supports established U.S. weapon
appropriations policy, which is to buy fewer (more expensive) weapons
with greater effectiveness rather than many weapons with lesser
capability as the Soviet Union does in general. Note that this is true
for ratios other than two (for example, having two—thirds the number of

salvos at three-~halves the accuracy is better than the reverse).
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10 1 PROGRAM SOLVE BY HENRY HERZ 1 DEC 83
- 20 1
< 30 1 THMIS PROGRAM SOLVES GAMES 3F TIMING C(DISCRETE, NOISY,
& 40 ) TWO~PLAYER DJUELS OF UP TO 10 SHOTS FOR
50 1 EACH PLAYER AND UP TO 20 INTER-PLAYER OISTANCES.
60 1 v
70 1 NOTE: ALL ARRAYS ARE OPTION SASE 0.
. s T SYMBOL FOLLOWING VARIABLE NAMES SIGNIFIES INTEGER.
80 -

90 OIM TC10,10,20,18) ! TABLEAUS STORING DECIOMPOSED DUELS

94 DIM V(10,10,20) f  VALUE OF DUEL (K,J3ID)

98 OIM FLAGIC(10,10,20) t 1 IF DUEL (K,J3I) WAS BEEN SOLVYED
* 100 0OIM P1C20),P2C202 § PROBASILITY OF HIT AT SEPARATION I

110 ¢

120 t PROMPT USER FOR PARAMETERS WMICHM OEFINE THE DUEL

200 INPUT “ENTER INITIAL SEPARATION OF SHIPS*,1S%

210 INPUT “ENTER » OF SALVOES FOR PLAYERS I AND II®,N1T,N2%

220 PRINT "ENTER PK FUNCTION OF FQRM: AD42+8D+C"

230 INPUT ® FQOR PLAYER 1:3%,41,81,4C1L

2640 INPUT ™ FEOR PLAYER II2%,42,82,€2

250

255 1 CALCULATE P1 ANKD P2 FOR EVERY INTER=-SHIP SEPARATION

260 FOR IT=0% TO ISX

270 PLCIXI=ALEIZAZ + 81312 + C1

A SRS B nindosonfondondh SN et donfoedbacbosciin

276 IF P1CI3)>1 THEN PL1(IZ)=l
218 IF P1CIZ)CO THEN P1(IZ)=0
230 P2CITI=A28TZA2 + B2%IT o C2
284 IE P2CI%)>1 THEN P2(IL)=1l
288 IF P2C¢1T)<0 THEN P2(1%)=0
230 NEXT IR
300 .
30 1 LOOP ON ZVERY (DECIEASING) COMIINATION OF N1, N2 AND SEPARATION.
308 | IF OUEL IS TRIVIAL, SOLVE IT. IF NOT, STJRE DZCOMPOSED DUSL IN
339 ] ARRAY T (TABLZAU), WMICH WILL 3F SJOLVED LATER.
310 FJR IT=153 TO 0% STEP -1%
320 SOR JT=N2% TO 0% STEP -1%
330 FOR K3aN1Z TO 0% STEP -i% 3
340 IF (JT=0%) OR (KI20%) IR CJITDITe1T) OR CKEPIZ+l) OR CIT=03) d
THEN GOSUS Trivial ;
GCTO Nextl ‘
END IF ]
390 1
%00 1 STIQE THME DECOMPISED DUEL AS THME 18 CCMPONENTS OF A TABLEAU 4
410 TCRTeJTsITe1TI=PLICILTIRCIT=P2CLIXII=P2CITISCIT-P1CITI)
©20 TCKZe JZeT3922)nC18=PTC22))S(13-P2CIT))
430 TCRZeJTeI%s IZI=KRT~12
440 TCKZedSsIZpeT)ny2-12
450 TCKSeJZeIZy53)uIT-13
460 TCRXsJZe I3, 82)2P1(IX)
470 TCKZ0dSelZeT2)=13-P1CLT) ]
480 TCKZaJ%sI%082)0K2~12
490 TCKS0J%e 1%, 9XInIX
500 TCKZedTs15,103)12-12
- 510 TCKTeJdZe23,118)2=P2C1%)
520 TCKZeJZeI%s12%)213-P2CTX)
530 TCKZp %9 T8 138)8KS
560 TCKTeJZe1%0165)232=1T
550 TCK39J2012,152)013=12
560 TCX2e e ITe16%)8KT
$70 TCKTs JTeI%e 178D 048
580 TCRTed8eI2e183)513-1%

A
.:. "{jf:':'*'if“’t"
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590 NextlINEXT K2

600 NEXT J%

610 NEXT I

620

625 | LOJP ON EACH CINCREASING) COMBINATION OF N1, N2 AND SEPARATION.
627 | I® DUEL MAS 3%EN SOLVED, SKIP TCO NEXY ONE. IF NOT, CALCULATE
623 )} THE VALUES WITHIN THE FJUR ®30XES™ OF THE TA3LEAU, AND SOLVYE.

630 PFOR KT=0% TO N1T v
640 FOR JX=0T TO N2Z

650 FOR IZ=0% TO IS

660 IF FLAGICKZJTHITI=LY THEN GOTO Next2

670 1§

680 ABVLTCRToJCeTZe38) 0T KTo B0 IR0 489 TEKTJRpIT,S5%)) £

® TCRT9JIZ0ITe22) ¢ TCKZ,JT,I%,12)

700 B2YCTCKSoJRsIT0B8T)oTCRS T ITe L)y TC(KTHJT9IZTH103)) &
2 TCAToJToITTT) ¢ TIRTLITHIZe6T)

120 CaV(TCRTo o Tel33)pTCRTeJITsITo142)oTCREHJITHIT,L158DIC
® TCRTeITITp12%) & TCNTWJSNIZeil)

740 DSVCTCKTeJToITol6T) s TCKE B eIRslTTIeT(KZ4JIR0IZ,18%))
750 GaSuUR Game

760 Next2:MNEXT I
770 NEXT J%
790 NEXT KT

785 1

790 t  PRINT QUT THE VALUE OF THE JUEL AND ALL *LESSER®™ DUELS
792 PRINT

796 PRINT

776 PRINT

793 PRINT

390 PRINT ®SOLUTIONS TO OUELS WITH:®

8§10 PRINT

315 PRINT ® PR FCNe PLAYER T 22321;%0%2 +%331:%"0 +%3(C1
320 PRINT ® PK FCNy PLATER II=®3A23%042 ¢®;22:%0 +%3C2

342 PRINT
843 PRINT SINITIAL = INITIAL INITIAL Gang®

844 PRINT ®SALVOE3, I SALVOSES, II SEPARATION  VALUE®
865 PRINT ® : -

846 FIR KX=N1ZT T0 13 STEP -1
S48 FOR JYaN2Z TO 13 STEP =13

850 £l IT=IST TO 1t STEP -1
ass PRINT i1 % § 34 83423 kP & 13 PIVEKTeJTLIT)
860 NEXT IX

861 NEXT J42%
862 NEXT K%
865 6070 1500 1 END
866
870 Trivials | THIS SU3 SOLVES BTRIVIAL®™ GANES
380 ¢ )
382 1 IF NEITHER PLAYER HMAS ANY SALVOES REMAININGy VALUE = 0. N
385 IF (J%=0%) AMD (X%=0T)
THEN V(XX,JZsI)=0
FLAGIC(XReJReIX)n1R
RETURN
END IP -

837 1
889 | IF PLAYER 2 MAS NO SALVOES LEFT, BUT PLAYER 1 OCES, VALUE = |,
890 If J%Ts02
THEN VY(KZ,JZsI)=1
FLAGICKS 9Ty i2)=1X
RETURN
END 1B
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: 300 1
K ' 910 1 IF PLAYER 1 HMAS NO SALVOES LEFY, BUT PLAYER 2 DOSS, VALUE = -1,
N 930 IF X3=0% .
e THEN YCKZ,J%01%)=~1
o FLAGICKToJZeIT)=1Z
oA RETURN
B END IF
=, 340

950 1 IF SEPARATION IS D, AND B0TH PLAYERS HAVE SALVOES LEFT, VALUEsO.
1019 IF (I%=07)

4
S

\,i- THEN Y(KZ9JTeIXI=0
. FLAGI(KTsJZeIZI=12
s . RETURN
o END IF
- 1020 ¢
1030 1 IF EITMER OR BOTH PLAYERS HAS MORE SALVOES THAN CAN POSSIBLY
Y 1040 ) BE FIRED IN THME REMAINING OPPORTUNITIES, REDUCE THE NUMBER
xS 1050 1 OF SALYJES TO THE NUMBER OF REMAINING OPPORTUNITIES,
B 1090 IF CJX>IT+1T) OR (KIDIZeLX)
- THEN KKX=KY
.. 1
ey ! SET KKL = MIN ( I+l , X )
o~ IF CIZ+13CKZ) THEN KKI=IZ+1Z
N END IF
¥ 343238
. 1
e 1 SET JJT = MIN ( Is1 , J)
ot IF CIZ#13CIT) THEN JJIT=IT+1%
oy END IF
.'.-: TCKTeJZeITe16%)KKS
= TCKZsJZeITs 172I=3I2
{ TCKZsJTe1Ze28)21T
o [}
) § SET FLAG T3 SHOW THAT ALTMOUGH SIMPLIFISD, THE DUEL
N ! HAS NOJT YET 3EEN SOLVED AND REJUIRES SPECIAL HANDLING.
2 FLAGI(KXsJZoITI228
e END IF
o 1100 RETURN
1260 ¢
1270 Game: | THMIS SUB SOLVES A 2X2 MATRIX GANE
o 1280 ¢
o 1281 1 IF GAME WAS SIMPLIFIED, BUT NOT SOLVED, USE THIS SPECIAL CDOE.
Y 1293 1F PLAGE(KT,J3,12)=2%
Y THEN V(KZ,JZe12)=0
L, FLAGI(X Z9JZe2IT)212 .
R RETURN
- END IF
> 1284 | '
<9 1286 1 OETEAMINE IF GAME HMAS A PURE STRATEGY EQUILIBRIUM PAIR
AREE 1283 %P=9999
. 1290 IF (AC=3) AND CAD=C) THEN EP=aA
] 1300 IF (3<®A) AND (3>s)) THEN EP=)
e 1310 I# CC<=0) AND (CD>sa) THEN Eps=C
P 1320 IF (0<sC) AND (D>%3) THEN EP=D
. * 1330 IF EPC9999 I IF GAME HAS AN E.P.,
7 THEN V(KTsJ3sITInESP 1 TMEN STORE THIS VALVE,
ELSE V(XIsJTeIT)s(ARD=83C)/(ASD~3=C) ! ELSE CALCULATE THE
END 1IF 1 VALUZ Q€ THE MIXED
o) 1620 PLAGSC(KRZ,JRe21%)e12 ! STRATEGY SOLUTION,
' 1630 RETURN
- 1440 1
1500 END
._j
\J -
N
._4
".
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CMA PROFESSIONAL PAPERS ~ 1978 TO PRESENT®

2N
Mizrahl, Maurice M., "On Approximating the Circuiar Coverage
Function,® 14 pp., Fed 1978, AD AOS4 429

P 212
Mangsl, Merc, "On Singular Cherascreristi: Initial Vaiye
Prodlems with Unique Solution,” 20 pp., Jun 1978,
AD AQ38 3335

PP 213

Mengei, Marc, "Fluctustions In Systess with Miitiple Steady
Stetes. Appllication to Lenchester Equations,” 12 pp,,
Feb 78 (Presented atr the First Annual Workshop on the
information Linkage Betwesen Appiled Methemetics and
Industry, Nevel PG School, Feb 23=23, 1978), AD AO71 472

P 214
Welniend, Robert Gs, "A Somswhet Oifferent View of The
Optimal Naval Posture,” 37 pp., Jun 1978 (Presented at the
1976 Convention of the Amsrican Political Sclence Associs=
tlan (APSA/1US Panel on "Changing Strategic Requiresents and

Militery Posture®), Chicago, Ili., September 2, 1976),
D A0 228
P 213

Colle, Russell C., "Commmnts on: Principies of Informstion
Retrieval by Menfred Kochen," 10 ppe, Mar 78 (Published a3 o
Letter to the Editor, Journal of Oocumentation, Vol. 31,
Noe 4, peges 296-301), December 1973}, AD A0S4 426

P 216
Colle, Russei!l C., ™.otka's Frequency DOlstribution of
Sclentitic Productivity,® 18 pp., Feb 1978 (Puwilshed In the
Journat of the Amrican Soclety for Informetion Sclence,
Yole 28, Noe 6, ppe 366~370, November [977), AD AD34 423

P 217 .
Colle, Russsll C., "Sibliometric Studies of Scleatitic
Productivity,” 17 ppe, Mar 78 (Pressated ot the Annual
aseting of the Americen Soclety for informetion Sclence heid
in Sen Francisco, Caiifornle, October 1976), AD AD34 442

PP 218 - Clessified

P 219
Huatzingsr, R. LaVar, "Murket Ansiysis with Retlional Expec~
tations: Theory end Estimation,” 60 pp., Apr 78, AD AOS4 422

» 220
Mawrer, Ooneld E., "Diegonelizetion by Group Matrices,*
26 ppe, Apr 70, D N34 {43

" 22y .
Weiniend, Robert G., “Superpower Naval Dlplomecy In the
Octaber 1973 Arss=isresi| War,® 76 pp., Jun 1978 (PuWbiighed
In Sespower In the Mediterrensen: Politicel Ut(Ilty end
Militery Constraints, Te Weshington Papers No. 61, Bewerly
Hitis end London: Sege Pudiications, 1979) AD ADSS %64

PP 222
Mizranl, Meurlcs M., “Correspondence Rules and Path
Integrais,” 30 pps, Jun 1978 (invited paper presented at the
CNRS mpeting on "Mathemstical Problems In Feynmsn's Path
Integrais, Marseille, France, Mey 22-26, 1978) (Puwlilshed
In Springer Verlag Lecture Notes in Physics, 106, (1979),
234-253) AD AO35 336

223
Mengei, Marc, "Stochastic Machanics of Moleculelon Moiecule
Reactlons,” 21 pp., Jun 1978, AD AOB6 227

PP 224
Manger, Merc, “Aggregation, Blturcation, and Extinction In
Exploited Animei Populstions®,® 48 pp., Mr 1978,
AD AO38 536

*Portions of this work were started at the Institute of
Mppiled Msthemstics and Stetistics, University of British
Columbla, Yancouver, B.C., Canade

PP 225
Mengei, Merc, "Oscillations, Fluctuations,
8iturcation®,™ 43 pp., Jun 1978, AD AO38 537
*Portions of tis work wre completed at the (nstitute of
Appiled Mathematics end Stetistics, University of British
Columbla, Vencouver, Csnada.

and the Hopf

PP 226
Raiston, Je Me and Jo We Mann,® "Temperature asnd Qurrent
Ospendence of Degradation in Red-Emit+ing GaP LEDs,” 34 pp.,
Jun 1978 (Pubilished in Journal of Appilled Physics, %0, 3630,
May 1979) AD AQ38 538
"SB!l Telephone Laboratories, tnc.

PP 227
Menge(, Marc, "Unlform Treatment of Fluctustions st Critical
Polnts,” 30 pp., Mey 1978, AD AOS8 339

PP 228
Mange!, Merc, "Relaxation et Critical Points: Deterministic
ond Stochastic Theory,” 54 pp., Jun 1978, AD AO%8 540

PP 229
Mengel, Merc, "Diffusion Theory of Reasction Rates, I:
Formuistion oand Elnsteln=Smoluchowsk! Approxisetion,*
50 ppe, Jan 1978, AD A8 341

P 230
Mengel, Marc, "™iffusion Theory of Resction Rstes, ||
Ornsteln=Uhlenbeck Approximetion,” 34 pp., Fed 1978,
AD AO38 542

PP 231

Wiison, Desmond P., Jr., "Neval Projection Forcss: The Cese
for a Responsive MAF,® Aug 1978, AD AOS4 343

PP 232
Jacobeon, Louls, "Can Policy Chengss B» Made Acceptable O
Lebor?® Aug 1978 (Submitted for pwilcarion In Industrial
ond Lebor Aelations Review), AD AOBT 520

0N Professionsi Papers vith sn 0 nusber mey be obtaingd from the Netional Techaical Informetion Service, U.S. Departwmnt of

Commeres, %ringtleid, Virginia 22191,
Aneiyses, 2000 North Beeuwregard Street, Alexandris, Virginie

Other papers we evalisble from the Menegement information Office, Osnter for Navel
22311,

A Indem of Selected Pwlications Is also evelisble on

request, The index includes a Listing of Professions! Papers; with absiracts; lssued from 1969 to June 1981,
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PP 233
Jecobaon, Louls, "An Alternstive Explanation of the Cyclical
Pattern of Quits,” 23 ppe, Sep 1979

PP 234 = Revised
Jondrow, Jamss and Levy, Robert A., "Doss Federal Swpend|-
ture Olspiece Stete and Local Expenditure:r The Case of
Construction Grants,® 29 pp., Oct 1979, AD AO6t 529

P 233
Mizrehl, Mawrice M., "The Semicisssical Ewpansion of the
Anhermonic-Osciilator Propegetor,® 41 pp., Oct 1978 (Pud~-
lished in Journs) of Mathemetical Physics 20 (1979) pp. 844~
835), AD A0S 538

PP 237
Meurer, Donald, "A Matrix Criterion for Normal Integral
Sases,” 10 ppe, Jan 1979 (Pubiished in the |lilnols Journsl
of Methematics, Voi. 22 (1978), pp. 672-681

PP 238
Urgott, Kethiesn Classen, “Unempioyment I(nsurance and The
Empioymnt Rate,” 20 pp., Oct 1978 (Presented st the Con-
ference on Econcmic indicators and Performence: The Current
Dllemms Facing Governsent end Business Leaders, presented by
indlana University Graduste School of Business). AD AOS! 327

239
Troat, R. P. and Werner, Jo T., "The Effects of Ml llitery
Occupstionsl Tralning on Clviilen Earmings: A Income
Selectivity Approsch,® 38 pp., Nov 1979k, AD AO77 A31

PP 240
Powers, Gruce, "Goals of the Center for Neval Analyses,”
13 ppe, Doc 1978, AD AOG3 739

PP 243
Mengel, Merc, “Fiuctustions ot Chemical Instabilities,”
24 ppe, Dac 1978 (Published In Journal of Chemical Physics,
Vol 69, No. 8, Oct 13, 1978). A A0G3 787

» 22
Simpson, Wililam R., "The Analysis of ODynsmically inter-
ective Systems (Air Coshbat by the MNumbers),” 160 pp.,
Dec 1978, 20 A083 760

" 243
Simpeon, Wiillas R., "A Probedllistic Formulation of Murphy
Oynanics as Appiled fo the Anelysis of Operstions! Resserch
Prodbiems,® 18 pp., Osc 1978, O AOE3 761

T2

Sheruen, Alien end Morowitz, Stanley A., ™aintensnce Coets
of Compien Equipment,® 20 pp., Dec 1978 (Pubilshed By The
Amricen Soclety of Navel Enginesrs, Navel Engineers
Journei, Yoi. 91, No. 6, Dec 1979) AD AOTY 473

» 243
Siapeon, Wiiilem Re, "The Accelerometer Mythods of Obrelining
Alrorstt Performance fran Flight Test Oats (Dynemic Per-
formense Testing),” 403 ppe, Jun 1979, 20 AO75 226

™ 24
Sreshiing, Fram, "Leyotfs and Unampioyment (nsurence,® 33
ppe, Fab 1979 (Presented ot the Noer Conference on ™Low
Inomme Labor Markets,® Ohicego, Jun 1978}, D AO96 629

»
Thanms, Jamse Ae, ir., "The Transport Properties of Dliute
Gases In Appiied Flelids,” 183 pp., Mar 1979, AD AODS 464

PP 249
Glasser, Kenneth S., "A Secretary Problem with & Random
Nusber of Choices,” 25 pp., Mar 1979

PP 250
Mangei, Marc, "Modeling Fiuctustions In Macroscoplc Sys=
tems,” 26 ppe, Jun 1979

PP 251
Trost, Robert P., "The Estimation snd Interpretation of
Several Selectivity Models,” 37 pp., Jun 1979, AD AO7S 941

PP 292
Nunn, Weiter R., "Position Finding with Prior Knowledge of
Coverfance Psramsters,” % pp., Jun 1979 (Pwlished In (EEE
Tr lons on Aer 4 Electronic Systems, Vol. AES~13,
No. 3, Mar 1979

PP 233
Glasser, Kenneth S., "The d=Cholce Secretary Prodbiem,”
32 ppe, Jun 1979, AD AOTS 229

PP 254
Mengei, Marc and Quenbeck, ODavid B., "integration of o
Blverigte Normsl Over an Otfset Circie,™ 14 pp., Jun 1979,
AD AO96 4T

PP 253 = Classifled, AD BOS1 441L

PP 256
Meurer, Oonaid E., "Using Personnel Distridbution Models,”
27 pp., Feb 1980, AD AOB2 218

PP 297
Thaler, R., ™Discounting end Flscsl Constraints: why Ols-
counting 1s Always RIght,” 10 pp., Aug 1979, AD AOTS 224

PP 2%8 .
Mengel, Marc S. end Thomss, Jases A., Jr., “Anslyticel
Methods In Search Theory,® 86 pp., Nov 1979, AD AO77 832

PP 259
Glass, Osvid V.; Hey, Ih=Ching; Nunn, Walter R., snd Perin,

Devid A«, ™A Class of Commytative Merkov Matrices,” 17 ppe,

Nov 1979, A0 AOTT 833

PP 260
Menge!, Merc $. and Oope, Devis K., "Detection Rete and
Sweep Width in Visuel Search,” 14 pp., Nov 1979, AD AO77 834

P 261
Vila, Corlos L.; 2vijac, David J« end Ross, John, "Frenck=
Condon Theory of Chemical Oynemics. Vie Anguier Olstribu=
tions of Reection Products,” 14 ppe, Nov 1979 (Reprinted
from Journai Chemical Physe 70(12), 15 Jun 1979),
AD AOT6 287

PP 262
Petersen, Charles C., "Third worid Miiitery Elltes In Soviet
Perspective,” 30 pp., Nov 1979, AD AOT7 8335

PP 263
fRobinson, Kathy i, “Using Commercial Terkers end Contslner-
ships for Nawy Underwey Replenishment,” 23 pp., Nov 1979,
AD AO77 438
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PP 264
Weinland, Robert G,, "The U,5. Nevy In the Pacltic: Past,
Pregent, and Giispses of the Future,” 31 pp,, Nov 1979
(Delivered at the International Symposium on the Ses,
sponsored by the Internations! institute for Strategic
Studies, The Brookings (nstitution and the Yomiur! Shimbun,
Tokyo, 16=20 Oct 1978) AD A086 837

PP 265

weintend, Robert G., ™ar and Pesce In the North: Some
Political Implications of the Changing MIiitary Situation In
Northern Eurape,® 18 pp,, Nov 1979 (Prepared for
presentation to the Conference of the Nordic Balance In
Perspective: The Changing Miiitary and Polltical Situation,”
Center for Strategic end International Studles, Georgetown
University, Jun 15=16, 1978) AD AO77 838

PP 266
Utgott, Kathy Clessen, and Brechiing, Frank, "Taxes and
Intiation,® 23 pp., Nov 1979, AD A0S 194

PP 267
Trost, Rebert P,, snd Vogel, Robert C,, "The Response of
State Government Recelpts to Ecomomic Fluctuations and the
Alloccation of Couater<Cyciical Mevenue Sharing Grants,”
12 ppe, Doc 1979 (Reprinted from the Review of Ecomomics and
Statistics, Yoi, X1, Mo, 3, Awgust 1979)

e 268
Thomason, Jumes S., "Seaport Oependence and Inter-State
Cooperation: The Case of Sud-Sshersa Africs,” 141 pp.,
Jan 1900, AD AOS1 193

e 269
Welss, Xemneth G., "The Soviet !nvolvemeat In the Ogaden
Wor,® 42 pp,, Jon 1900 (Presented st the Southern Conference
on Stavic Studies In Ocrober, 1979), AD AOS2 219

P 270
Remnek, Richerd, "Soviet Pollcy In the Horn of Aftrica: The
Decislion o Intervene,” 52 pp,, Jan 1980 (To be published In
"The Soviet Union In the Third World: Success or Fallure,”
od, by Robert M, Doneidson, Westview Press, Boulder, Co,,
Sumser 1900), AD AOO1 1939

rm
MoConnell, Jemes, ®Soviet snd Americen Strateglic Doctrines:
One More Tias,” 43 pp,, Jon 1990, AD AOS! 192

P 72 -
Welas, Kenneth @,, "The Azores [n Dlpiomecy and Strategy,
1940=1943, 46 pp., ar 1980, AD ACOS 094

[ 1]
Nokoda, Mchae! K,, ".obor Sysply of Wives with Hisbends
Enployed Either Pull Ties or Part Tise,” 39 pp,, Mar 1900,
AD ADS2 220

w24
Nunn, Witer R,, "A Resuit in ™he Thesry of Spirsl Seerch,”
9 pp., tar 1980

e 279
Goldbery, Lowrence, "Recrviters Advertising snd Nevy Enilist-
mnte,® 34 pp,, Mer 1960, AD AOS2 221

[ 1]
Goldherg, Lswrence, "Deleying an Overheul end Mip's Equip=
asnt,® 40 pp,, May 1980, AD A0S 093

PP 217
Mengel, Marc, "Smmil Fluctuations in Systems with Muitiple
Limit Cycles,” 19 pp,, Mer 1980 (Published In SIAM J, Appl.,
Meth,, Vol, 38, No, 1, Fed 1980) AD AO86 229

PP 278
Mizranl, Msurice, “"A Targeting Probiem: Bxact vs, Expected—
Value Approsches,” 23 pp., Apr 1980, AD A08S 096

PP 279
walt, Stephen M,, "Causal iInferences and the Use of Force: A
Critique of Force Without Wer," 9350 pp,, Mey 1960,
AD A08S 097

PP 280
Golidberg, Lawrence, "Estimetion of the Effects of A Ship's
Steaming on the Faliure Rate of (ts Equlipment: An Appilfca=-
tlon of Econometric Anaiysis,” 23 pp,, Apr 1980, AD AO8S 098

PP 281
Mizrahl, Meurice M,, "Commnt on 'Oiscretization Probiems of
Functiona! Integrais In Phese Space’,” 2 pp., Mey 1960,
pubiished In "Physical Review O%, VoI, 22 (1980),
AD AO94 994

P 283
Olsmukes, Bradford, "Expected Osmand for the U,S, Nevy to
Serve ss A Instrumen® of U,S, Foreign Policy: Thinking
About Political and Ml |itary Environmental Fectors,® 30 pp.,
Aor 1900, AD AQSS 09%

‘P 204
Jo Kellson,® ¥, Nunn, and U, Sumits,*® "The Laguerre Trens-
form,” 119 pp., Mey 1980, AD ACSS 100
*The Graduate Schao! of Mansgement, University of Rochester
and the Center for Naval Anesiyses
SSThe Graduate School of Menagement, University of Rochester

PP 283
Remneit, Richard 8,, "Superpower Security Intferssts [a the
Indien Ocesn Ares,” 26 pp,, Jun 1960, AD AOS7 113

PP 286
Mizrehi, Maurice M,, "On the WB Agproximetion fto fthe
Propagetor for Arbitrary Hemlitonlaens,” 23 pp., Aug 1980
(Published (n Journal of Math, Phys,, 22(1) Jen 1901),
AD AO91 307

PP 207
Cope, Davis, "Limit Cycle Solutions of Resction-Oiffusion
Squations,” 33 pp., Jun 1980, AD AOB7 114

PP 208
Golman, Walter, "Oon't Let Your Silides Flip You: A Paintess
Guilde to Visuals T™at Really Ald,” 28 pp,, (revised
Aug 1982), AD A092 732

P 209
Robinson, Jack, “Adegquate Classification Guldance - A
Solution end & Probiem,” 7 pp,, Aug 1960, AD AO9V 212

e 290
Watson, Oregory M,, "tweiuation of Computer Software in on
Operstional Environssnt,® 17 pp,, Aug 1960, AD AO91 213

P 291
Maddele, G, S.* and Trost, R, P,, "Soms Extensions of the
Nerlove Press Made!," 17 pp,, Oct 1900, AD AO91 946
“niversity of Florida

-3

L ..,\.‘. -’.:‘5 ALY ,'-\- Al N h,N s."-g} "\.\ . \_. vl 'yﬁ'.-\ T 5% B ‘,‘: ..; F ) ‘_-;:- K .'_..:...:\1“{.’1' -'\ -'\(‘\O‘.‘..

A P4

AL SRR RN




>

[d

‘l" Sele,
B

.V

-

S A A
g =% b e 01 e
PR S

-. l' l. .
LN

‘s "."\{‘b VY
b LR

[l

A

S

'fn.’t-‘,:- hY

] —~ b
I'A.,,t ".,'_

L

[

R
[ RN

o0

Lo B

Y
. g ':.

'.

»

v

L4

".0
s
e
o
.
v

PP 292
Thomas, James A., Jr., "The Transport Properties of Binary
Ges Mixtures In Appiied Megnetic Fleids,: 10 pp., Sep 1980
(Published In Journsl ot Chemical Physics 72(10),
15 May 1960)

PP 293
Thomss, Jemes A., Jr., "Evaiuation of Kinetic Theory Colii-
slon integrals Using the Generalized Phase Shitt Approsch,”
12 ppe, Sep 1900 (Printed in Journa! of Chemics! Physics
72(10), 15 Mey 1900)

P 294
Roberts, Stephen S,, “Freach Nevel Poilcy Outside of
Europe,” 30 pp., Sep 1980 (Presented ot the Conterence of
the Section on Military Studies, Internationsi Studles
Associstion, Klowsh isiend, S.C,), AD AD91 306

29 .
Roberts, Stephen S,, "An (ndlcator of Informal Empire:
Patterng of U,S. Nawy Cruising on Oversess Stations, 1869~
1097, 40 pp., Sep 1900 (Presented at Fourth Nevei Wistory
Symposium, US Nava! Academy, 26 Oct 1979), AD AO9! 316

PP 298
Dismukes, Bradford, end Petersen, Oharies C,, ™aritise
Fectors Attecting iberisn Security,® (Factores Meritimos que
Atecten I3 Segurided iberica) 14 pp,, Oct 1980, AD AQ92 733

" 297 - Classitied

P 290
Nizrshi, Meurice M,, "A Markov Approsch to Large Wissile
Attachs,” 31 pp,, Jan 1981, AD AD96,199

”» 29
Jondrow, Jamss M., and Levy, Robert A,, ™Wege Leadership In
Construction, 19 PP, Jan 1981, O MM 797

M 300
Jondrow, Jamss, Wé Schaidt, Peter,® "On the Estimstion of
Techaical inetticiency in the Stochestic Prontier Production
Function Made!,” 11 pp,, Jan 1901, AD AD9¢ 160
Michigen Stete University

PP 301
Jondrow, Jemse M.; Levy, Robert A,; and Hughes, Clelre,
"Technical Chenge and Esploymmt in Stee!, Autos, Alualnum,
ond iron Ore,” 17 pp,, War 1981, AD AO99 N4

» 302
Jondrow, Jemss M., and Levy, Robert A,, "The Eftect of
laperts on tapioyment Under Ratione! Expectations,” 19 pp.,
Apr 1901, /0 M09 392

303
Thamoon, Jemes, "The Rerest Commodity In the Coming
fResourcs Wars,” 3 pp., Aug 1901 (Published In the Washington
ster, 13 Apr 1981), AD A104 221

» 304
Outty, Wches! K.; Greamwood, Miches! J,;® and MoDowell,
John K,, %0 =p Orose-Sectional Medel of Annwel Interregional
Nigretien and Gpioymsnt Growth: Intertemporsi Evidence of
strustursi Cwngs, 1998-1973," 31 pp,, Apr 1981, AD AO99 393
Sniversity of Oslorsde
SArizone State University

PP 305
Nuna, Laura H,, "An Introduction to the Literature of Sesrch
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