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NOTATION
A Slope of logarithmic velocity law, A = 1/«
.l Intercept of logarithmic velocity lav in Reynolds-number mode
(also drag characterization function)
. 'l . Value of 'l for smooth surfaces
'r Intercept of logarithmic velocity law in relative-roughness mode
l' Value of 'r for fully rough regime
.1, Integrals def ined by Equation (30)
k Roughness height
hl.uz.. Other roughness lengths
» *
k Roughness Reynolds number, k = uth/v
k Turbulent kinetic energy
1} Mixing length
»
t Nondiaensional atixing length, l. - u‘llv
} » ®
lv Value of L at the wall
M Modification function
T Roughness texture, T = klhl. kllkz,
' u Streamvise velocity component
] | ]
. Nondimensional u, u = nlut
u, Shear velocity, u, = v‘tvlp
v Subscript denoting conditions at the wall, y = 0

y Formal distance from well

R T ————



.
y Nondimensional y, y = u,ylv

L Laminar sublayer thickness
" Yo »
YL ndimensional Yo L " “t’L,\’
AB Drag characterizstion, AB = 'l - ll .
-
Ay Rotea 11 shift
€ Turbulent dissipation rate
x von Kirmidn constant
A Length factor in modification function
» »
A Nond imensional 2, X = u‘AIv
. » »
, n A  for hyperbolic-tangent modif ication function
i
» »
‘v A for van Driest modification function
» -
A A_ for smooth surfaces
v,s v
‘ v Kinematic viscosity of fluid
|
i Ve Tucrbulent eddy viscosity
|
i
' o Density of fluid
} t Shearing stress
rl Laminar shearing stress
T Turbulent shear stress
)
t Wall shearing stress




\>§ ABSTRACT

Mixing lengths are formulated for turbulent boundary
layers over arbitrarily rough surfaces from both the
van Driest and from the Rotta procedures. The associsted
eddy viscosities and the associated turbulent kinetic
energies and turbulent dissipation rates are also formulated. .

\
ADMINISTRATIVE INFORMATION
The work in this report was performed at the David ¥W. Taylor Naval Ship Research
and Development Center. It was authorized and funded by the Ceneral Hydromechanics
Program of the Xaval Sea Systems Command under Program Element 6113I3N, Task Area
SRO230101, and Work Unit 1542-070.

INTRODUCTION

The development of turbulent boundary layers over arbitrarily rough surfaces
may be predicted by mixing-length formulatfons close to the boundary wall. Existing
calculation aethods for smooth surfaces using the Prandtl-van Driest wall mixing
length may be adapted to arbitrarily rough surfaces. Such methods for smooth sur-
faces are the method of Patankar and Spaldlng.l. the nethod of Cebeci and Sm!th.z of
its subsequent modification by Nituch et al.> and the wethod of Husng ot al.”

Wall mixing lengths, or cather the associated eddy viscosities, are also
tequired for heat or mass transter methods using turbulent Prandt] nusbers ot turbu-
lent Sclmidt numbers to predict the turbulent diffusivities of heat or nu.s
furthermore, mixing lengths or oddy viscosities near the wvall may be requited as
dboundary conditions to the k=< transport equations for improved predictions of the
development of turbulent boundary llycts.b in general, the mixing length incteancs
wvith distance avay from the wall until & liniting value (s reached which is compat-
ible teo the mixing length for the outer region.

Initially, in 1950, Iotla’ considered the Prandtl wall mixing length for
turbulent shear stress to apply only outside the laminar sublayer and was able to
correlate the laminar sublayer thickness with the roughness drag characterization
function. However, subsequent tutbulence measurements showed that turbulent shear
stresses start at the wall. The concept of a purcly laminar sublsyer was discarded
and the laminar sublayer vas renamed the viscous sublayer. For smooth surfaces, the

#A complete listing of references is given on page 33,




van Driest modification to the Prandt] wall mixing-length formulation provided a
turbulent shear stress vhich started at the wall. Iotus then adapted the

van Driest-Prandtl mixing length for amooth surfaces to rough surfaces by shifting
the position of the reference wall an appropriate distance. Rotta presented the
mmerical results in graphical form for two well-imown roughnesses: the Nikuradse
sand-grain roughness and the Colebrook-White enginsering roughness. later Cebeci
and s-m:z provided an analytical fit to the wall shift for the sand-grain roughnesa
which was then used by Cebeci and Chaug for calculations of turbulent houndary
layers over rough surfaces.

For arbitrarily rough surfaces, the van Driest factor is currelated ia this
paper with the roughness drag characterization function until a limiting value of
2010 is reached. This ts considered to represent the bepinning of the Tully rough
regime. Then, for the fully rough regine, the mixing length is considerod to assume
an intrial value at the wall in accordance with Rotta's original (19%0) analvais.

for putrposes of comparison, the second Rotta analysis of & wall shift ia
goncralfzed to produce numerical resulis for the drag charactet(zation of arbitrary
roughness. In Appendix A, an explicit conversion of mixing-lengths to eddy viscos=
irles iv dorived. In Appendix B, the assoclated tuttulent kinetic energies (£) and
turhulent dissipation rate (<) are developed.

CHARACTERIZATION OFf ROUCHXESS URAC
A brief reviev is presented of pertinent featutes of the veloc ity ainmilasity
laws and the associated drag chatactletizations of fough surfacea,
Close to the wall, the logarittmic velocits lav for an arbitrarily rough
weface, defined by a sulfficient numbder of length factora k, kl’ k:' veey I8 glven
in what may be called the Reynolds-mmber mode as

2 ny an 0 )
;: Alay +8, Ix,T]

and, in what msay be called the telative~roughness mode, as

v, b *
u * A dn x » lt ix 1) {2

vhete




B =8 +Atlng’
 cB vAlak )

Heve u = streamwise velocity component J
u_ = shear velocity, u_ = 1 Te ‘

1 L4 v
t' « wall shear stress
» = density of fluld

"
y = u!ylv
y = pormal distance from wall j
v = kinematic viscosity of (luid
T = testure of roughness conf lguration, 7 » klhl. k‘lhz

N .
kR * toughness Reynolds numbder, k& = u!tlv

Lither .l or !' may be considered to be a roughness drag duucte:!uuon 1
function. Both Il and l_, ate functions of roughness Reynolds nunber & and
texture ¥,
The usual rougimess regines ate
1. Hydrevlically wmooth :

l.s «)

2. Intetwediate tougtwress

L
Both l‘ and l' vaty with &k for the seme 1 |

3. Fully rough

l' - l' 1) = constant
. . (%)
Il’l' 1) ~Alan

Anothet drag charactetization is glven by LB which teptesents s deviation {tom

smooth conditions ot




* *
4B [k ,T) = Bl [ ,T] - 8 (k)

1,s

As defined, “B is always negative for rough surfaces. Nikurddselo used the Fr-
charactevrization while Haaall preferred the 4B (actually -'B) characterization,

To experimentally determine a characterizatton for a specific arbitrarily rough
surface, there are various procedures available. The dircct procedure requires
velocity measurements close to the wall to define a logarithmic law as well as the
measurement of the wall shear stress. Simpler, indirect procedures mav be uscd
involving measurement of the average velocity of pipe (lou,lu the total drap of

3
tlat pla!c.l- or the torque of a rotating dtsk.l3

MIXING-LENGTH THEORY
MAdcording to the Prandt]l mixing-length theory, the turbulent shear stress (‘L)
te rtelated to the weloctty gradient by

;5 - ;2 qp,
. dy

whete & fo the mining length which, in general, is not renctant, bat i< o function
wts position o the flow field.
The tota! shear csfteas - at a polnt fn the flow ficld i« e qum of lamiaar

ind taehiilent "‘ shear attectea ot

S

Da o du g de S
N © dy dv !
—1 du ,
whete - = dy the Newtonian lLawv of Viacositvy.
For a <hear laver with zero longitudinal pressure gradient, - = -  close te the

wall., With this approximation, Equation (8) may be written in a nondi-ensional torm

. .1 *
cz(i’l'i)45’3‘.,=n (2
dy dy




. » *
wvhere £ is a nondimensional mixing length, © = uxilv. and u is a nondimensional

»
velocity, u = ulu‘.

| ] s
Solving for du /dy as a quadratic expression and integrating from the wall,
» L]
vhere y = 0 and u = 0, results in a velocity profile

. 2 .
" ,J’ N el | 10)

0 1+ Ae™?

Close to the wall Prandtl proposed a )inear variation of sixing length with
distance from the wall

. = vy 11)

where » is the von Karman constant. Use of this relation, in Equattion (10), lecads
to a logarithmic velocity lav with A = 1/¢. However, an erroneous value of 81
results. Furthermore, in so far as the logaritimic velocity law does not hold
right up to the wall, so the Prandtl wall mixing length does not hold. To remedv
this, » modification function H(l.-!Wy‘) is nceded as a function of y‘ and . where
V! ifs an additional nondimensional length, k‘ - u’i/«. Furthermore, ¥ should equal
zero at y. = 0 and equal unity at y’ * -,

14
For smooth surfaces, van Driest proposed the tepresentation

®

Mel- exp(-—‘% ) 12)

v
* '
where )v is the I assocfated with van Driest.

Other modification functions may be formulated as, for exsmple, the hvperbolic

tangent function alluded to by Patel15

&
M = /[tanh (L.) (13)

®

»
where Ah is the A\ used here.




E ]
Why M should equal zero at y = 0 requires some further discussion., Theo-

.
retical tnvosttgattonss indicate that the eddy viscosity Ve should vary with y ’ or
# .

y 4 aty = 0. Now Equation (A.6) in Appendix A relates the eddy viscosity to the

mixtng length. A Maclaurin expansion gives

A
N P (14)
b

ot

v
;5 . 2(2 y.z nz * ...

»
A nonzero value of M at y = 0 such as % would then result in

v
L. 2? nxz y'2e ... Qas)

W

which {s not acceptable.
A Maclaurin expansion of the van Driest M gives

ces (1#)

nd

. (a7

which is acceptable.




!
i
z
1

Likewise, for the hyperbolic tangent M

- = + ... (18)

EXISTINC MIXINC-LENGTH METHODS FPOR ROUGH SURFACES
Some pertinent existing mixing-length methods for rough surfaces are now
critically examined.

ROTTA 1
An extension of the Prandt]l wall wmixing length method to rough surfaces,
initially proposed by lotu.’ assumed a laminar sublayer thickness that would de-

crease with roughness or
* « %
Lt = «(y -yL) (19)

" %
" is the laminar sublayer thickness and - uTyle. The introduction of £
in Zquation (10) resulted in an integration in elementary functions snd a relation

wvhere

]
betwveen " and 'l

*
=B

" +La- e (20)

1

With increasing roughness, the laminar sublayer finally vanishes, y: = 0, and
'l » - 1/x (1-tn 4x). This is now considered to be the beginning of the fully
rough regivre and the end of the intermediate roughness regime.

For the fully rough regime, Rotta assumed an initial mixing length l: at the
wall

el 4y’ (21)

The introduction of this mixing length for the fully rough regime into the
velocity profile, Equation (10), results in sn analytical solution.




. t* V2% :
+ = nf —————rr (22)

x *2 1

L+, /0 %+ =

w 4

*
At higher values of y , this relation reduces to the usual log law, Equation (1), so
that

1 1 |1 2. 1
ll - " (n 4x-1) - — (*2- - lw + z)
xlv

1 JON A
i n (%lw+2 1" + 2 ) (23)

”
This relates B, and lw; therefore, the velocity profile, Equation (10), is a

1

*
function of vy and Bl.

ROTTA 1

Rotta8 seems to have abandoned the laminar sublayer approach in analyzing
rough surfaces after the whole concept of a purely laminar flow next to the wall
became untenable. Since there are turbulent stresses even in the laminar sublayer,
the sublayer has been renamed the viscous sublayer.

Rotta extended the van Driest formulation for smooth surfaces to rough surfaces

by adding a length Ay to the y coordinate such that

*® *
CIPRINEA ’1-@.,, [_su.ﬂu” 28

“v,s




where X:“ is the value of A: for smooth surfaces. When this mixing length is in-
corporated into the velocity profile, Equation (10). and related to the logarithmic
law, Equation (1), Ay* becomes a function of B [k T] Instead of solving the
general case of Ay* - f[B }, Rotta solved Ay - f[k ) for the Nikuradse sand-grain
roughness and Ay - f(k ] for the Colebrook-White engineering roughness and presented
the results graphically. Cebeci and Suithz fitted the results for the Nikuradse
sand-grain roughness to an empirical formula. Subsequently, Cebeci and Chang9 used
this formula in boundary-layer calculations.

The Rotta formulation leads to an {nitial value of l‘. namely, 1: at the wall

(for y’-O) or

*

*
Qw - KAy. 1- exp :%I_ (25)

A
v,s

% *
Hence lw - f[Bll = f{k ,T] for all roughness regimes.

DAHM
Dahn16 proposed a differential equation for the mixing lengths of rough sur-

faces based on empirical considerations, which, for zero mass injection, becomes

© e ——

Wt L
a’ | 0.4y - (8 - w) 26)
*® 11.83

Examination indicates that this equation i{s a linear differential equation with a

solution given by

" = 0.6y 44 (0.0) QL8 [ —2— 1 27
v oy /11.83




It may be noted that this formula resembles that of Rotta, Equation (21), for the
& x A .
fully rough regime (x=0.4; also at y =0, and 1 -lv). In actual use, values of lu

would have to be correlated with drag characterization (Bl).

PROPOSED NEAR-WALL MIXING LENGTHS FOR ROUGH SURFACES
GENERAL
Equating the velocity profiles obtained from mixing lengths, Equation (10), and
the logarithmic law, Equation (1), produces

y
*® *
sl-J 2 gy’ -ty (28)
*®
0 1 + /1+(2¢ )2
A
y *
. d
and with iny = I ~J—* 29
1 y
%
1 b
* *
B, = j 2 dy +J 2 -1 lay (30)
*®
0 1+ /ec2eh? 1 {1+ A2

or

B, =1, +1 (31)

* *
where y 1is a sufficiently large value of y so that the second integrand of Equation

*
(30), dlzldy , becomes negligible.

INTERMEDIATE ROUGHNESS REGIME
With the Prandtl-van Driest mixing length,

]
' =yt | 1- exp (:%—) (32)

v

10




in Equation (30), the van Driest f.ctor A becoues a functton of B
function of roughneas factors. k and T or \ - f[B ) = flk ,Tl.

1 and, hence, a
Numerically then, A iron the precedlng equatlon decreases with decreasing
* *
values of B until the llnlt X = 0 is reached. Then, £ = xy . This {s the same
limit as Rotta 1 whete the lanlnar sublayer disappears.
*
The range of A from i{ts smooth value of XV s to its zero limit, may be

14

*
considered to cover the intermediate roughness regime, at ) s > Av > 0.
FULLY ROUGH REGIME
®
The original Rotta I proposal of an initial mixing length lu at the wall for
the fully rough regime will now be considered appropriate. Accordingly, Equations
(11), (22), and (23) apply.

CENERALIZED ROTTA I1
In order to make comparisons, the Rotta Il method of an additional length Ay
is now generalized. The Rotta 11 mixing length for rough surfaces, Equation (24),
is substituted into either Equation (28) or (30) for B
function of Bl' so that Ay* - f[Bll - f[k*,T].

*
) %° that 4y becomes a

DISCUSSION

Two methods have been described for the prediction of mixing lengths for
arbitrarily rough surfaces. There is the Rotta Il method which is generalized in
terms of the roughness characterization function and applies to both the intermediate
and fully rough regimes. The Rotta [I method extends the van Driest formula for
smooth surfaces to rough surfaces by means of a normal distance parameter.

The other method described consists of an extension of the van Driest formula
to the intermedfate roughness regime; the van Driest factor is correlated to the
roughness characterization function. For the fully rough regime the Rotta 1 method
is to be used in which a wall mixing length is related to the roughness character-
ization function. The relative merits of each method are now discussed.

For the intermediate roughness regime, the Rotta Il method leads to an initial
mixing length, Equation (25), at the wall while the van Driest factor method gives

11




a zero mixing length. A nonzero mixing length at the wall implies the existence of
a nonzero turbulent shear stress and a nonzero eddy viscosity at the wall as is

demonstrated next.

Now the turbulent shear stress near the wall, Equation (7), nondimensionalized
to

N 2 fau” ’
Lt (—“;) (33)
T
v dy
* *
becomes, by use of Equation (10) for du /dy
2
T *®
£ —2 (34)
®
v |she2et)?

»
then, at the wall y = O,

1( 2£v
(;_) I P T (35)
YA | 1ehee)?

Consequently, at the wall, the Rotta Il method has a wall value of turbulent shear
stress, but the van Driest factor method has none.
Also for the eddy viscosity, Equation (A,.6) gives

(36)

\V
(-—E) - 3 Aeh)? -

v 2
w

M|

Again, the Rotta 11 method has an initial value of eddy viscosity at the wall while
the van Driest factor method has none. 1In fact, the van Driest factor method

applied to the intermediate rough regime reiains the variation of eddy viscosity
~
with y 4 at the wall.




For the intermediate roughness regime, an inftial value of mixing length,

turbulent shear stresa, and eddy viscosity at the wall may all be considered

objectionable.

NUMERICAL RESULTS

In determing Bl from an integration of mixing lenfths by means of Equation
(30), {t is necessary to specify a limiting value of y sg that th: integrand of 1,
becomes practically zero. As :n example, the integrand y (d!zldy ) 18 plotted in
Figure 1 for tre smooth case Av « 26 and for the case of the beginning of the fully
rough regime Av = 0 with x » 0.4 (the same case as for ROITA I1). To compensate for
the logarithmic abscissa, the ordinate {s mulciplied by y so that the ares under
the curve repr:aeuts the integral 1,. Then, dlzldy. - y* (dlzldy.) (d Rny*ldy*).

Ac values of y above about 200 the integrand is close to zero.

In Figure 2, the van Driest factor X: is correlated with drag characterization
function Bl for the intermediate roughness regime by means of Equation (35). Ihis
accommodates any arbitrary roughness. The limiting value is B1 = ~1.325 for >v = 0.
Smaller values of Bl are then*ln the fully rough regime.

The wall mixing length Qu for the fully rough regime i{s plotted against the
drag characterization function B1 in Figure 3 in accordance with the Rotta I
relation, Equati~a (23).

In Figures 4 and 5 the Rotta factor hy' is plotted against the drag character-
ization function Bl' as a result of solving Equations (24) and (30). This corre-
lation applies to any arbitrary rough surface and, consequently, includes the
Nikuradse sand-grain roughness and the Colebrook-White roughness.

A comparison is shown in Figure 6 for the mixing length i: at the wall as a
function of the roughness characteri:ation function Bl' It should be noted that the
Rotta II formulation has values of iw in the intermediate roughness regime in
accordance with Equation (25). On the other hand, the van Driest formulation has a
zero value. For the fully rough regime the Rotta 1 values arc compared to the
Rotta II values of Q:. , .

A comparison of the varfation of mixing lengths : with normal distance y s
displayed in Figure 7 for varfous formulations on the basis of equal values of Bl'
The smooth case is shown for a van Driest factor of 26. As an example of the

intermediate roughness regime, a comparison is shown between the van Driest and




Rotta 1l formulations for ll = 2. It is to be noted that the Rotta 11 value of the
mixing length is larger close to the wall. This is & result of having an initial
value l: at the wall. Mixing lengths at the border between ihe intermediate
roughress and fully rough regimes are also compared. Here Av = 0 and Bl = -1,325.
For the fully rough regime, an example comparison is shown for Bl = «6. It is to

* *
be further noted that for large values of y all the values of L tend to converge
* *
to the original Prandtl wall mixing length of £ = xy as expected.

SUMMARY
For arbitrarily rough surfaces, two procedures have been developed. First s
the extension of the Prandtl-van Driest formulation, Equation (12), to the inter-
mediate roughness regime. Here the van Driest factor A: is correlated with drag
characterization Bl in Figure 2. For the fully rough regime, the Rotta 1 procedure

*
miy be used as given by Equation (23) which s plotted in Figure 3 as U aqainst B,.

Second, there is the Rotta II correlation, Equation (24), developed for arbitrarily
a

rough surfaces, Figure 4 shows the correlation of Ay with Bl for the intermediate

rougliness regime and Figure 5 shows that for the fully rough regime.

14
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APPENDIX A
CONVERSION OF MIXING LENGTHS TO EDDY VISCOSITIES

The concept of eddy viscosity Ve (more properly eddy kinematic viscosity) was
originally proposed during the last century by Boussinesq for turbulent flows as an
analogy to the usual viscosity for laminar flows or

T
t du

—_— =)

5 t dy (A.1)

Equating this to the turbulent shear stress given in terms of mixing lengths,

Equation (7), produces the well known expression
v, = 5 — (A.2)

Note that eddy viscosity unlike laminar viscosity is not a property of the fluid,
but depends upon its position in the flow.

For various reasons it may be more desirable to relate eddy viscosity (vt) to
mixing length without the presence of velocity gradient du/dy.

In general, shear stress (T) has laminar and turbulent contributions such that
T du
5 (v+vt) dy (A.3)

Close to the wall T = T and then, nondimensionally,

(A.4)

Also from Equation (10)

du 2

(A.5)




* ok
Equating the two expressions for du /dy results in

/1+(22 )

(A.6)

cl <
(ad
NIH
N

This is the desired relation for converting mixing lengths to eddy viscosities.
* * *
At large values of 1 , (vt/v) + 1 + Ky or v, * uTl -+ Ku y.

For the van Driest formulation for arbitrarily rough surfaces, Figure A.l shows

*
the variation of eddy viscosity ratio Vt/v with normal distance y The smooth case

is shown as well as the case for the boundary between the intermediate and fully

rough regimes. Also, as an example of the fully rough regime Vv /v is shown for B,

-6. At large values of y ,» v /v) + Ky as seen in Figure A.l,
It is to be noted that che increase of Vv /v with y presented here applies only
A limiting value is reached which

to the boundary-layer region next to the wall.

corresponds to outer-region values such as those given by Cebeci and Smith.

-
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APPENDIX B

NEAR-WALL VALUES OF TURBULENT KINETIC ENERGY (k)
AND TURBULENT DISSIPATION RATE (g)

A current modeling method for turbulence determines the turbulent shear stress
from the eddy viscosity which, in turn, is obtained from the turbulent kinetic
energy (R) and the turbulent dissipation rate (c) from

where cu is a constant.

Values of k and € are obtained from solutions of convection equations which are
partial differential equations. However, close to the wall it has been found that
values of k and € obtained from mixing lengths may be used as inputs to the partial
differential equations for k and € with an improved accuracy6 in the solutions of
the equations.

By equating the prodv:tion and dissipation terms of the k-equation, Arora
et al.6 related R and € to the mixing length close to the wall as follows,

2

e =22 (g%) (B.3)

Elimination of the velocity gradient du/dy produces a direct relation between k and
€ with £ as follows. First the relation for k and £ are nondimensionalized to




*
Substitution of du /dy from Equation (10) produces

Ve * 2
Mop o | —2% (B.6)

2
uy 1+/1+20™)2

and

2
*
€= 2 ) P— (B.7)

AV]
A

*
U 14142072

Some general properties of k and € are now deduced. At higher values of 1*,
(/—_7u )k approaches 1 and (v/u )€ approaches 1/2 .

Also (v/u4)€ reaches a maximum value of 1/4 at 2 = V2.

This maximum value is independent of the mixing-length model.

: *
In Figures B.1 and B.2, the variation of k and € with y are shown for selected

roughness conditions.
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APPENDIX C
HYPERBOLIC-TANGENT MODIFICATION FUNCTION

A hyperbolic-tangent function15 may be used as a modification function for

arbitrarily rough surfaces.

2
M = tanh (y*/A:) (C.1)

*
The factor Xh may be correlated with the roughness function B, in accordance

1
* * *
with Equation (30). For Ah = 0, M= 1 and ¥ = Ky which marks the limit of the
intermediate roughness regime just as for the van Driest modifications function.
* *
A comparison of the integrand y (dIzldy ) between the hyperbolic-~tangent

function and the van Driest function is shown in Figure C.l.

T

:
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