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-~ {1) the measurement distance is much less than a free-space wavelength, (2) the

Sommerfeld numerical distance is small, or (3) the measurement distance is much
greater than an earth-skin depth.

In terms of computer time, these new formulas can be evaluated in
fractions of a minute compare? with hours for the complete numerical eval-
uation of the exact Sommerfeld integrals.

These formulas are intended to supplement the author's recently derived
subsurface-to-subsurface and air-to-air propagation formulas.
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EXTENSION OF FINITELY CONDUCTING EARTH-IMAGE
THEORY RESULTS TO ANY RANGE

INTRODUCTION

During the past several years, finitely conducting earth-image theory
techniques have proved quite useful in determining the quasi-static fields of
antennas located near the earth's surface for both single-layered and multi-
layered earths. (For detail references, see Bannister.l,2) The quasi-static
range is defined as that range where the measurement distance is much less
than a free-space wavelength.

Physically, the essence of the quasi-static-range finitely conducting
earth-image theory technique is to replace the finitely conducting earth by a
perfectly conducting earth located at the (complex) depth d/2, where d = 2/y,
and v, = [iwny(o, + iwe;)]!/2 is the propagation constant in the earth (see
figure 1 for the image-theory geometry). Analytically, this corresponds to
replacing the algebraic '"reflection coefficient," (u; - A)/(u; + 1), in the
exact integral expressions with exp(-Ad), where A is the variable of integra-
tion.3 For antennas located a* or above the earth's surface, the general
image-theory approximation is valid throuaghout the quasi-static range.l,2

Re::entlyz:4 we have shown, for horizontally polarized sources, that
finitely conducting earth-image theory techniques are not limited to the
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Figure 1. Image-Theory Geometry
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quasi-static range alone. That is, by replacing the horizontally polarized
algebraic "reflection coefficient," (u; - uy)/(u; + uy), with exp(-uyd), we
demonstrated that finitely conducting earth-image theory techniques can be
utilized at any range from the source. Mohsend has validated and extended
these results to include higher-order terms that correspond to multiple images
at the same location. Mahmoud and Metwally,® employing discrete and discrete-
plus-continuous images, have computed satisfactorily the change in the input

impedance of a vertical magnetic dipole (VMD) due tu the presence of the earth.

We have also recently shown’,8 that, for small Sommerfeld numerical dis-
tances, nearfield and farfield range finitely conducting earth-image theory
teciniques can also be employed for determining the fields produced by hori-
zontal electric dipole (HED) and horizontal magnetic dipole (HMD) antennas
(which are a combination of vertically and horizontally polarized sources.

It is the purpose of this report to extend the use of finitely conducting
earth-image theory techniques to any range and to present new formulas for the
electric and magnetic fields produced by the four elementary dipole antennas
for the air-to-air, surface-to-air, air-to-surface, and surface-to-surface
propagation cases. The only restriction on the use of these formulas is that
,WZT > 10, where n = v;/y,s They are valid at any frequency and at any range
for the flat-earth case. These formulas reduce to the author's previously
derived results when either (1) the Sommerfeld numerical distance is small,’,8
(2) the measurement distance is much less than a free-space wavelength,l’2 or
(3) thne measurement distance is much greater than an earth-skin depth.9

In this report, the four elementary dipole antennas [vertical electric
dipole (VED), VMD, HED, and HMD] are situated at height h (h > 0) with respect
to a cylindrical coordinate system (p,$,z) and are assumed to carry a constant
current, I. The axes of the VED and HED (of dipole moment p) are oriented in
the z and x directions, respectively, while the axes of the VMD and HMD (of
dipole moment m) are oriented in the z and y directions, respectively. The
earth, which is assumed to be a homogensous medium with conductivity g, and
dielectric constant €, (= eprgy), occuples the lower half-space (z < 0) and the
air occupies the upper half -space (z > 0). The magnetic permeability of the
earth is assumed to equal b the permeability of free space. Meter-hilogram-
second (MKS) units are employed and a suppressed time factor of exp(iwt) is
assumed.

AIR-TO-AIR PROPAGATION DERIVATION PROCEDURE

As an example of our derivation procedure, consider an HED source. When

h a?g izare >0, the Sommerfeld integral expressions for the HED Hertz vector
areil-

p I:,_'YcRo e'YoRl e‘“o(z*h)
Iy = 7= - + 2§ —————J,(Ap)AdA (1)
4n1meo [ RO Rl u; +u,
0
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3
; w©
he 5 j Z(UI - uo) -u,(z+h
o n, = 2252 « L[T——;——e of )Jo(Ap))\dA , (2)
, 4n1weo 3p Y{ug * yaul
> 0
3
% where
1
4
3 RZ = p2 + (z - h)2,
[ *
RZ = o2 + (z + h)2,
2 - Y2 2
uj = AC + Yoo
2 2 12 2
up = A+ Y]»
Y% = -wzuoco, and
2 = . .‘: n
Yy xwuo(c1 + 1u,l).

From equations (1) and (2}, utilizing the identity (u1 - uo)(u1 + uo) =
y% - Y3, we have

® , "U {z+h)
2 N N 3 e-YGRO C‘-YORI ZYDe 0
F.i-RC5 22 - . L — J, (0)AdA| . (3)
driwe, ap R, K, o Yyug + ygu, Y
For |[n?| >> 1, we have shown that2 4,7,8
u, - u _
L0 )
u, +u,
and
u, -u 2u -u.d
R (R R R ()
u; +oug u, +u
) where
d - 2/vy, . (6)
4
If we use equations (1) and (5) and Sommerfeld's integral,11
4
[ -y R
' -u, (z+h) y e 101
S ]e Jo o) da R (7
0 1
0
results in2»7,8
3

L g s
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R U ¢ YoRo ) RaFL . o Yol YuR;
X dmiweg\ K R, R, R,
R [ )
- -y R,
b e T
Imioeg \ R, R., ’
where Rf =p° + (d+z+ h)?. This equation 1s valid at any range from the
source.

Since ya/yi = A% = 1/n4, equation (3) can be rewritten os

. ) . '\;OR,) .;\':_‘R“
Voo 7o~ pcos ¢ x 2 ¢ 2. - + li_)h,v » (.9)
4ﬂle0 N RJ Rl
where
% ~u,(z+h)
247e O ol
Ipiv = —_— e J. (i) N, (10)
u, + Louy -
0 v
Since
11 {1 1 1 &7y (1D
2 R R —__—~TT_— - T 2 ’
u, + L7u; u, U, Uy + Acuy u, uo(uG + A ul)
then, from equations (7} and (11},
" —U .:+h\
e‘¥9R1 atue Q( N
Iyy = 288 [— - - _ J (\p)adx (12)
DIV Ry u {u, + 4-u,) ot
¢ 0 [
small so.. - term to account
merfeld
. for larger
= jnumerical + . s
. numerical
distance !
distances

term

Since |n?| >> 1 (|a2| << 1}, we can set the function u, in the second
term of equation (1.) equal to Y,, the propagation constant in the earth.

ine.efore,
2
o) u,;

and
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© -u0(2+h)

-yYaR
. .le YG ] YOAe
Ipv - 2651 —F— -

Uy (Ug + Yg8)
-y.R
o1
= 2A2( - ) .
Ry

Since [y A| << 1, the integral P will be of importance only when |yR,|
>> 1. Waitl0,13 has shown that, when [n?l| >> 1 and |yR| >> 1,

JG(Ap)AGA

(14)

-YoR;
N A ) e
p (————Sin ¢’1+A>[1 P01 — (15)
where
F(w) - 1 - i(mw)1/2e-Yerf:(iwl/2) (16)

is the Sommerfeld surface-wave attenuation function, sin ¥, = (z + h)/Rl, and

R
YOl

2

w o~ - (sin ¢, + 8)? 17

is the Sommerfeld numerical distance. For small numerical distances F(w) - 1,
while for large numerical distances and negative arguments, F(w) - -1/(2w).

For |[n?] >> 1, the Fresnel reflection coefficient for vertical polari-
zation reduces to

sin ¥, - A
WS, 75 (18)
Since
7 1-7, A
= s 19
. 2 sin y; + A (19)
equation (15) can be rewritten as
Y 1-T1, e’YoRl
: P - (1 - Fw)] . (20)
Therefore, from equations (14) and (20),
-YoR 1-T -YoR
2p%e 071 ( ") 282pe 071
- I -~ —il - 1 - F(w = —_— 21
: DIV R, [ 3 { (w)] R, (21)
5

BT e e

— G A g

AT o . HOARI I N F -
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where

(1 - n,)
A=1 - [1-FW)]

2
(22)
(1 + T, R sin ) + 2F (W)
= + F(W) = -
\ 2 2 sin y, + A
Thus, from equations (9) and (21),
. YoRp Yok 200" YoR1

7. ﬁ _P cPa $ « 3 fe _ € . 2AcAe i (23)

4ﬂlw€0 ap RO R] Rl

Another factor that we will encounter in the derivation of the field-
strength components is the factor B, which is

1 + r" 1 - r”
B = sin ¥y - DA = — sin vy - P AF (w)
(24)

sin? v, - A%F (w)

sin ¢, + 4
For small numerical distances (i.e., F(w) -~ 1}, A ~ 1, and B - sin ¥, - A
Furthermore, for sin ¥y >> [A{, A -1 and B - sin ¢,. When sin ¢, is compa-
rable to or less than 4, the horizontal distance p will be much greater than
the sum of the transmitting and receiving antenna heights {(z + h). In the
limit as ¥, approaches zero, A - F(w,) and B - -AF(w,), where

F(wg) ~ 1 - i(wwy)'/%e™0erfec(iunl/?) (25)
and
YOOAZ
- is ]
Wo = - 2 . (46)

For this case (i.e., p2 >> (z + h)2), Waitl0,13 has shown that F(w) can

be replaced by
Fw) ~ {1 + v(z + h)JF(w,) (27)

and we can make use of his tabulated resu!tsl3 of the function F(wo).

Since the factor A (equation (22)) is different from unity only when (1)
the angle ¥, is very small and (2) the Sommerfeld attenuation function F(w)

is different from unity, A is only a farfield surface-wave term. Therefore,
we can discard all derivatives of A that are not farfield terms. For example,

when [n?{ >> 1 and |a sin y,| << 1,
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-y .R ~y.R
Yot YoM

-~ R
0
N LN -A(1 + YoR,)cos ¢, g — . x 28
3p R1 Ri R1 3p
“YoR)
e
~ -A(1l + YORI)COS Q'Jl —RZ— (28)
1
o YoRy
~ -(1 + YORIA)cos wl ——Ei——
1
Therefore, from equations (23) and (28),
~YoXg
3 . -ﬁ ~ - :‘-CLS_¢ 1 + R cVSs e—_—
dmine, |0 " YoRo) VS ¥
(233

“YoRy 2 cos ve

“YoRy

e
- (1 + YURl)cos ¥y )
1

(1 + y,R,A)| ,
n2R2 ' 01

which is idertical to equation (39) of Bannister.9

From equation (11), utilizing the identity (u1 - uo)(ul + uo) = y% - y2

ve have

u, - u 1

o’

A2

2 2
Yiup * vguy  ugluy +up)

Thorefore, equation (2) reduces to

g, = RCos ¢, 3
4n1me0 Ip uo(ul + uo)

- [small Sommerfeld numerical]
distance term

Equation (31) is equiralent to

(30)
ug(u, + Azul)

-uy(z+0) J -uy(z+h)
—fi———docxp)m - 2A2[ A Jo(Ae)Adr| (31)

ug(u, + 4%u,)

term to account for ]
larger numerical distances

)
q. = BCos ¢ 9. g ) . (32)
z 4ﬂiweo ap( 21 22
where
¥ 2u
-u,(z+h
Iy = [(——°——)e Uy ( )Jo()\p)-—)‘-z— da (33)
o \U1 " Yo Yo
7

e s

———rea .= - ) wy

o

3300
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? d
- an
E
, /w e-uo(z-rh)
z I = 252 J.(Ao)Adr . (34)
% 22 ug{u, + A?u,) 0
E Since
- 9l * 2u -u_(z+h) N
21 - -f ° e © L0022 (35)
4 3 o VW1 * % 0
3
and
A
A 2u
-u.d
3 -1 0, (5)
.+ u
5 0
: then,
d121 -u,d\ -u_ {z+h) 12
- - l1-¢ V) ? (M) da {36)
: 3c 1 ug
: 0
f Bannister/»8 has shown that
i
: My 1 YoR YR
2 . - " . -
i 0 " ;[31n y,e 072 - (sin y, - v d)e 0 1] , (37)
which, after some manipulation, can also be expressed [utilizing equation
3 (A-8)] as
f
; -y~R -y~R
3l cos p.e 07 (1 + y d)cos y. e Yot
21 2 _ 0 1 (38)
30 R, +d+z+h Ry +z+h ’
& | where sin ¥, = (z + h)/Rl, cos ¢, = p/Rl, sin b, = (d + z + h)/Rz, and
R cos §, = p/RZ.
R B . > > -
3 If we follow the same procedure as in the derivation of V - i, equation
<. (34) reduces to
®  -uy(z+h)
1,, - 282 ] —S————— J_(Ap)rdA
22 0 ug(ug + vg8) 0
(39)
2
; _2% 2P,
Yob Yy
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and, retaining only terms in 1/R, we have

317?

ap

1 - T “YoRy

t - s €
)[1 - F(w)] P . (40)

~ yOdP cos wl = yod cos wl(

Y
“~

Theretore, from equations (22), (3.2), (37), and (40),
-yaR -ysR
nz~-p*———?osqs[sinq;e%z-sinweyol
dmiwe 5o 2 1
(41)
YoRy .- 2
+ yyde 01 (sin2 ¥, *+ A cos wl)]

Since we have now derived expressions for the HED Hert:z vector [equations
(8), (29), and (41)], the fields in air can be obtained from

'
v

£ - 2 U - )
(42)

>
H

iweoﬁ )

If we follow the same procedure as outlined above, we also can obtain
suitable expressions for the HMD, VED, and VMD Hertz vectors. The resulting
HED, HMD, VED, and VMD field-component expressions for the air-to-air propa-
gation case are presented in tables 1 and 2.* They are strictly valid for
[n?]| >> 1. However, for most cases, the requirement that |n?| > 10 is suf-
ficient.

These formulas reduce to the author's previously derived results when
either (1) the Sommerfeld numerical distance is small,’»8 (2) the measurement
distance is much less than a free-space wavelength,l,2 or (3) the measurement
distance is much greater than an earth-skin depth.9 When o, *> =, d + 0,
A+0,n~>e, T, >1, R, > R;, F(w) > 1, A~ 1 and the formulas reduce to
well-known equations for propagation over a perfectly conducting flat earth.
For convenience, thesec equations are listed in tables 3 and 4.

It should be noted that the VED E, and H, and HMD E, field-component
expressions presented in tables 1 and 2 were %irst derived by Norton.14,15
Also, all VMD components, as well as the HED and HMD H, components, are ident-
ical to the author's previously derived results.Z2,7,8 For the sake of conven-
ience, we have tabulated them in this report. In these tables (tables 1
through 4}, sin ¢, = (z - h)/R;, cos Yo = p/Ro, sin y, = (z + h)/R;, cos ¥, =

p/R, sin ¥, = (d + 2z + h)/R,, and cos y, = p/R,.

*All tables have been placed together at the end of this report.
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SURFACE-TO-AIR PROPAGATION

The HED, HMD, VED, and VMD field-component expressions for the surface-
to-air propagation case (h = 0, z > 0) can be obtained from the air-to-air
propagation equations (tables 1 and 2) simply by setting h = 0. The resulting
equations are presented in tables 5 cnd 6. In these tables, R2 = 52 + 22,

Ri =p2 + (d + 2)2, sin » - z/R, cos ¢ = p/R, sin b, = (d+ :)/Ri, and cos i,

= p/Ry. These formulas are strictly valid for |n?| >> 1. However, for most

cases, the requirement that [n?| > 10 is sufficient.

Irage-theory expressions for the subsurface-to-air propagation case can
be obtained from the surface-to-air propagation equations (tables 5 and 6)
simply by multiplying each expression by exp(y;h). (All VED components must
also be multiplied by 1/n? to satisfy the boundary cunditions.) The resulting
formulas will be valid for |n?| >> 1 and R? >> |hlZ.

AIR-TO-SURFACE PROPAGATION

The HED, HMD, VED, and VMD field-component expressions for the air-to-
surface propagation case (h > 0, z = 0) can be obtained from the air-to-air
propagation equations (tables 1 and 2) simply by setting z = 0. The resulting
equations are presented in tables 7 and 8. In these tables D2 = p2 + h2,

DZ = p2 + (d + h)?, sin y = h/D, cos § = o/D, sin ¥; = (d + h)/D;, and cos y;
= p/D;. These formulas are strictly valid for |n“?| >> 1. Hcwever, for most
cases, the requiremert that |nZ?| > 10 is sufficient.

Image-theory expressions for the air-to-subsurface propagation case can
be obtained from the air-to-surface propagation equations (tables 7 and 8)
simply by multiplying each expression by exp(ylz). (All E; components must
also be multiplied by 1/n? to satisfy the boundary conditions.) The resulting
equations will be valid for |n?| >> 1 and D2 >> |{z]2.

SURFACE-TO-SURFACE PROPAGATION

The (simple form) HED, HMD, VED, and VMD field-component expressions for
the surface-to-surface propagation case can be obtained from the air-to-air
propagation equations (tables 1 and 2) simply by setting both z and h equal to
zero. The resulting equations are listed in table 9. Ia these tables, p% =
p2 + d?, sin by = d/o., and cos by = p/pi. These formulas are strictly valid
for |n?| >> 1.” However, for most cases, the requiremen. that [n?| > 10 is

sufficient.

It should be noted that the VMD H, (and, by reciprocity, the HMD H,)

image-theory expressions for the surface-to-surface propagation case are only
valid when p >> §, where § is the earth-skin depth. When “his condition is

not satisfied, other formulas should be utilized for these cwo field components
(for example, see table 9 of Bannisterl6).

10
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Image-theory expressions for the subsurtface-to-subsurface propagation
case can be obtained {rom the surface-to-surface pr.pagation equations (table
9) simply by multiplying each expression by exply,(z + h)]. (The "ED Ep and
H¢ and the HED and HMD E_ components must be multiplied by 1/n”, whiie the
VED E, component must be multiplied by 1/n*, to satisfy the boundary condi-
tions.) The resulting equations will be valid for |n?] >> 1 and p? >>
jz + h|?. It should be noted, however, that more accurate formulas are avail-
able for the subsurface-to-subsurface propagation case when |n2| >> 1.16,17

LI i TS,

CONCLUSIONS

In this report, we have extended the use of finitely conducting earth-
image theory techniques to any range and have derived formulas for the elec-
tric and magnetic fields produced by the four elementary dipole antennas for
the air-to-air, surface-to-air, air-to-surface, and surface-to-surface propa-
gation cases. The only restriction on the use of these formulas is that
{nzl > 10. They are valid at any frequency and at any range for the flat-
earth case. These formulas reduce to the author's previously derived results
when either (1) the Sommerfeld numerical distance is small, (2) the measure-
ment distance is much less than a free-space wavelength, or (3) the measure-
ment distance is much grecater than an earth-skin depth.

The results presented in this report can bLe extended to a multilayered
earth simply by letting d = (2/11)Q, where O is the familiar plane-wave cor-
rection factor employed to account fcr the presence of stratification in the
earth.13 For a homogeneous ground, the argument of the numerical distance w
is always between 0 and -90, resulting in the transverse mignetic (TM) sur-
face-wave fields varying as 1/p? as p + =. For a stratified ground, the
argument of w, can be positive, resulting in the T surface-vave fields

varying as 14F.13

t should be noted that the two media can be inverted and the air
replaced by the earth's crust (of conductivity 3, and dielectric constant €5) -

The same equations (tables 1 through 9) can be utilized as long as [n3] =
[¥$/¥3] > 10 simply by repla:ing iwe, by o, + iwe,.

p——

These formulas are intended to supplement the author's recently
derived?,16 subsurface-to-subsurface and air-to-air propagation formulas. in
terms of computer time, the formulas nresented in these three reports can be
evaluated in fractions of a minute compared with hours fcr the complete numer-
ical evaluation of the exact Sommerfeld integrals.
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Table 1.

Electric-Field Airx

Dipole

E
Type °
e Y0%o
L3 + 3y.R, + Y2R2)sin y, COS ¥, ——i—
avioe (3 + 3voRy + voRp 0 Y
-YoRy
+ (3 + 3y R, + [,Y2R?)sin y; cos ¥, __E?—
-y R
23+3R02R2)sin cosiaeo1
vio | - 5 YRy * Y1 ¥ Y
. - R - R
cos y,e Yo™2 cos e Yo
+ Yz - {l + Yod)
R, +d+z+h Ry +2+h
[ 1-T, e.Y"Rl
+ 2811 —(—- 5 )F(w)]cos ¥, y%R% T
i iwuol (
4x
WG 0

'(I‘Yo
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+ (1 - 1, )F(w)cos? wl(ygkf)

&1 + yORG)cos ¥ e

- (1« yokz)cos ¥, £

e YoRo
[(1 - 3 sin? yg)(1 + vgRy) + Y2RZ cos? ] R
-y R
02 22 2 e 01
+ [(1 - 3sin? 9)(1 + y,R)) + I, YRS cos® ] R?
“YoRy
3
R
0
13/1
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Table 1.

(Cont'd) Electric-F

Ep
-y.R
€05 914(3 cos?2 ¢, - 1)(1 + Y,R,) - Y2RZ sin? ¢ }E o0
amine 0 00 0o of g3
0 0 sin
e"onl dxiwe,
- §(3 cos? ¥, - 1)(1 + v R|) - L, v3R? sin? y, e
-y
2e TN 2 R By R,R)
*"m{-[(f’ cos® §; - 1)(1 ¢ Y4R;)] e 'E'Z‘e “v.R
L2 0
23
1 -1 h Ill
+ n2y2R2 [si.n v, * ( ")AF(u)] ”
01 1 2
iwu m cos ¢ [(1 8)si e'YoRo iuuol si
- —————[(1 + vyRy)sin ¥y —3— s
4z 0 0 Ry 4
‘Ygax l1-T ‘ToRl
. e “w 2 e
+ (1 + LY R))sin ¥, R% - 'i( 2 )F(V)YOR"; R; + (1 +y
Yok (1 + yyd)e Y0 ‘] ‘
L J - -
Ry(Ry +d+z+h) R(R,+2z+h) Ry (R, <
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Electric-Field Air-to-Air Propagation Formulas (|n2| > 10)
E
E. EZ
-y,R
P.€0S ¢35 , 3y R+ y2R?)sin y, cos ¥ Yoo
4¥iue ™o 0"0 0 0 Rg
sin -YoRy . e'YoRl
Rsngig . R - (3 + 3vgRy ¢ L vgRY)sin w, cos ¥, =43
411uco Ro 1
-yoR
-YoR, 2 22 s e YOO
- (1 4 ypR, + vﬁR";)———e 0 * 0703 * 3veRy + vgRy)sin ¥, cos ¥, R3
r - -v.R
-v,R 2R2 R Yok, Yo
s 22 " a0 ey ray « =i - L eYo(ReRY) Y sl LN ey
tlzll:il 01 d? R, °_R2+d¢z¢h Rxoz+h 0
[ [1-7, Yoy
- - 2p2y&
2511 ( 3 )F(HJ cos vl(yokx) %]
L 1
iwy m sin ¢ e YoRo iwpgm cos ¢ e-voﬁo
1 + vy R )sin —_— —_— 1+ vy R])cos p, ——
pe (1 + ygRp)sin v, R2 o« (1 + voR, LY
. e-vokz e-Yokl
+ (1 + yoR,)sin y, ——Eg—— + (1 + §,vgR,)cos ¥, —;%—-
3
-YORI] -YDRI
- . e
- e YQRZ . (1 YodA)e + (1 - r")F(')COS *1(70R1)T
Ry(Ry, +d+z+h) R(R +z+h) ) 1
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Table 2. Magnetic-Field

Dipole

Type o
542;[(1 + y4Ry)cos
VED 0
+ (1 - I‘")F(w)cos
-YoRo
n 2R2Y e e
= [(3 . 3Y0Ro + yoko)sm ¥, COs ¥, Rg
W™D
Yok,
- 2R2)sin y, cos y, —
(3 + 3vgR, + voRy 2 Y
p_sin ¢ e-y"Rz
e (1 + v4R,)sin ¢, —E%- - 2—%2—’- (1 + vy
e YoRo
MED - (1 « yoko)sm Vo _R—%— - {1 + ‘yok )sin
-Y - R
ot e vgdle O el
Ry(R, +d +z+h) R (R +z+h) Rpy(Rp vd vz
RS0 8 hi(2 ¢ 2y,R)) - sin? ¥ (3 + 3y R ozﬂl-m%
py ToRo) - sIn® 93 + 3vgR, + vgRy)
2p2 2 -YORZ COoS
- . |
+ [(2 ¢ 2vgR, + v2R2) - sin? 4,(3 + 3y,R, + Y2R2)]S ) SRR .y
tiND
'Yokx

- 12 + 2vgR, + Y3R3) - sin? 9, (3 + SygR, + v2RD)]S

'Y Rl

+ [(2 + 2y R/A) - sin? (3 ¢+ 3R, * v RZ)]
l

+ [r" + (1 - r")F




;
ic-Field pir-to-Air Propagation Formulas (|n?| > 10)

TR 6885

Hy H,
Y oR,y ) cos % T + (1 + I,vR,)cos ¥, —‘l'{%""‘
0
-Y R
P)F(w)cos v (vokl)
R
‘Yo“o
‘ [(1 + voRy + ¥3R2) - sin? g (3 + 3yR, + v3 o)]
} 4]
1 Y R
! ‘[(l*’yoRZoy 2)—51n202(303Y°R ’YR)] Rg
A ) e’YoRo
2 SRAASELEN 1R
0 sin - 0o
1 1+ 7°n°)cos .o w2
'YQRI YZRZC‘ 1 -7 - 4n 0
v R )sin ¢ e .2t} "f"(\')e%l
h" 01 1 R R3 2 “YoR,
e
= @+ vgRy)zes ¥, =3
o YoR2 (Levd R R2
+ e
+d+2z+h) Rl(Rloz+h)
-Y R
~YoR ~YoR2 m sin ¢ 00
{(l *+ YoRy ¢ Y%R%)e 37—+ (1 + yR)——3 4% 3+ SvoRy * Y0 l.))""'m ¥y €OS ¥, ——T—
Ry R
: 2 eY°R1‘ + (3 + 3y.R, + v2R2)sin ¢y, cos ¢ ORZ
#1 - TFM))vRE 5 | TR, + V3RS 2 2 Rz'i
3
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Table 3. Electric-Fielc

Dipole Ep
Type
o YoRo
—2 2p2)sin §. €OS Y, ———z—
VED
~YoRy
2R2) 5 cos y, S
+ (3 + 370“1 + yoRl)sm ¥, 1 Rf
VMD 0
p_cos ¢ 202 e YoRo
2+ 2y R)) - sin? g (3 + 3y,R, + y2R
HED
-y Rl
ind 25°73¢ 0
- {(2+ ZYORI) - sin "1(3 + 3YOR1 + Yokll. =3
™
iwnym cos ¢ ) e'YORo
- ———4;—'—— (1 + voRo)sm *0 R%
WD

RZ

Yol
+ (1« yokl)sin v, ——5—
1
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] Ee E,
. P 202 _ ein2
ariwe, [Q + vgRy + vgRY) - sin® ¥, (3 + 3v,R,
0 202 e YoRo 2oz
3 + Y5RG) ] + [(1 + v R, + vgRY)

3
R0

e R,
- ein2 2p2
sin wl(s + .’>~10Rl + VORI)] R%

iwpy m

4x

] e YoRo
(1 + YoR,)cos ¥ 2
0

Yok,
e
(1 + v4R))cos ¥, 2

1

. -YoRy
] psing 2p2€
driu, | YoRo * YoRo) g3

- 2p2y 2

~yoR
e YO 1}
3

Ry

“YoRg
3
Ry

YR

e V0 1]

“R3
Ry

4:imeo

- 2p21g3
(3 + SYORI + yokl)sm ¥, cos ¥,

2—Qs—-’-[(.’» + 3y0R° + y%ll%)sin ¥y €OS ¥y g

imuon sin ¢ “YoRp
1+ yR)singy ———2——°
43 ( 00 0 RO

. e YoRs
+ {1+ yokl)s1n v, Y,
1

~YoRg

iumol cos § e
(1 + y4Ry)cos ¥, -———-—R%

4w

“YoRy
. e
+ 1+ YORX)COS *l T
1
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Table 4. Magnetic-Fi

4 Dipole
5 Type Ho
3
3
. 2
4n
VED 0
+ |
n e YoRo
. yie (3 + 3y,R, + y%R%)sin ¥, €Os ¥, -—Rg——
! 2021 e Yo
: - (3 + SyoRl + yokl)sm ¥, cos ¥, T
|
|
p_sin ¢ e-Y°R°
- B2t A« ygRp)sin v = -
HED
. e‘Yokx
- (1 + yokl)sm v, -—R%— -
- -Yo,R
! sSin _ ein2 202 [ 070 n
y {[(2 + ZYORO) sin *0(3 + SYORO + YORO)]-——Rg—— - -
HMD
) e Yol
+ [(2 « 2yyR)) - sin? (3 + 3vgR, + ygaf)]—k—i‘—- v (
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: H
i H’ z
L,
~YoRyg
. 2 1+ e
: y [( YoRy)cos ¥, ’Z
: 0
e YoRy
1 + (1 + YORI)COS *1 _Ri-—-
] 1
E e'YoRo
b = « v2R2) - sin? 1
" (1 + YORO YORO) sin 00(3 + SYORO + R3
«
e Yoku
: 2p2Y . cin2 2p2
3 - [(1 + v R, + Y3R}) - sin® v (3 + 3ygR; + vgR])] ¥
‘
‘L _PRcos ¢ (1 + y.R.)sin ¢ S-Y_O!.!i p_sin ¢ e_Yono
: . Yo™o 0 TR . (1 + Y Rp)cos v, "EE"'
“YoRy -y, R
. e otz
- (1 «+ y R)sin y, —5— _ € .
0 1 R% 1+ yOR,.)cos ¥, R%
R COS ¢ ¢ Yoto m_sin ¢ 202 e YoRo
- 292 in cos —_—
y (1 + yoR, + Y5RG) Rg y (3 + 3y Ry + ygRY)sin v, ¥ )
e Yok 202 cs e Yok
+ (1 + YORI + Yoni)—i?_ + (3« SYORI + yoRl)sn\ ¥, cos *l -—R—%-—
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Table 5. Electric-Field Surface-to-Air Propagat

E,
cos ve—YOR
R CO° ¥¢ __ }3 + 3y,R)sin v + Y2RZB - Ay R
rrrmarEanl S AL Yo
+y.R d “YoR -y R,
Rsec[(l*vo)e e 10 R
X - -
d | R®R+2) R(R, +G+2)| 0
iwuo |
4y
0 ‘
- (l +
p cos Qe-y°R 2 p sin
3 cos - 1)(1 +« YR
2x(o, + iuc‘)R3 ( v ) YoR) 2n(o, +
2R? R ~Yo(Ri-R) 2res 2R?
-.d_z_l-E;e +ny%R(51n$-B) *32"1
imuol $]
-Y R
Y™ cos ¢e 0 2ud 4
T 31 le sin y - YDR nB
2n(c, + iwe)R l 1y
s R[(1 + v aye TR ~Y.R:
R§60 ('.'Yo)e eYOI
+ - 1 +
d | RR+2) Ri(R; +d +2) 1+~
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Fo-Air Propagation Formulas (|n?] > 10), [R2 = p2 + z2, Ri = p2 + (d + 2)?]

Ey

<

_YOR

P LA 02 2g2 2
2nimeR3[(1 3 sin® y)(1 + v4R) + YGR“A cos v]

iwuo e‘Y oR
(1 + y,R)cos
- |2 * vpRicos ¥ —3

o YoRi
- {1+ yoRi)cos *i 2
i

-v.R
P _sin ¢e Yo
2x(o, + iucl)R3

2R2 R -Yo(R;-R)
f-d—z—-[l-qe 0 1

[u + YoRA)

-y.R
Y,P €Os ¢ cos ye Yo [ +Y,R

Y RA{,_[L
2x(0, + iwe)RZ |0 d

-y R
(1 + ygde "0 o"YoRi
x - - YOR
R(R + 2) Ri(Ri +d+ 2)

-YOR
RZ

iwuol sin ¢

4x

e

[?1 + yoR)sin ¥

e YoRi
+ (1 ¢+ yoki)sm *i —R—2-
1
-y.R
(1 + ydhe "0

o YoRi

RQR + 2) B R,(R, +d+2)

|

-vaR
y%m COS ¢ COs e Yo

2n(c, + iusl)Rz

{1 + y,RA)
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Tab?~ 6. Magnetic-Field Surface-to-Air Propagation Fi

Dipole H
Type (3
-yaR
VED 0 p cos e 'O a
2R
n e.YOR
yin (3 + 3y,R+ YORZ)sm v cos ¥ o3
VMD
2p2 e-yoki
- {3+ SyoRi + yoRi)sm wi cos wi Ri
p_sin ¢ -Y°R
(1+7R\smv— -YaR
4x 0 '2‘- _ p.cos ¢e Yo
R Z‘B’YIRa i
-y |
HED . e ©
- (1 «# y R)sin u -
0 ¥ TR2 ( + vodde
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. -voR
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-
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pto-Air Propagaticn Formulas (|n2| > 10), [R? = p2 + 22, RZ = 02 + (d + 2]
3
H¢ H,
-YOR
cos ye \ RA 0
R o
n e-YOR
- = 202y . sin2 . 2p2
2 [+ vgR + ¥ERY) - sin? Y(3 + 3ygR + YGRT)
J
e YoRi
- 2R2Y - sin2 22
(1 + vy R + YR - sin® ¥, (3 + 3y R, + YoRi)] Ri

1
-v.R
_pcos ee 0],
Y<R<A
2ny,R3 0
-YgR -v.R.
(1 + v d)e o YoRi

RR+2)  R(R; +d+2)

p_sin ¢
4

—YOR
LI + yok)cos 7 eRZ

e'YoRi
- (1 + yoki)cos 01 5

-YR

_mcos ¢
4x

€

1 + y,R + 2Ay2R2
[( Yo Yo ) R3

e YoRi
* R
i

R sin ¢
4x

e YoRi
+ (3 +3y,R, + yﬁkg)sin ¥; €OS ¥, —a

e-Y°R
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(3 « Spr + YOR )sin ¥ cos ¢ 03
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i

a—
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Table 7. Electric-Field Air-to-Surface Propagatic

-v,D
Y,P cos ve Yo
- DA +
2n(o, + iwe,)D? i

—YD
. Dse+Y°D[k1 + yod)e 0

sin w(s . 3YOD + YZDZ)
YID 0
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e YOUi

d L DD + n)

- - Y.D
D;(D; + d + h) 0

-

iwuon

[(I‘YO

- (1 + yaDi)cos

4x

-y, D
p cos ¢e Yo
2x(o; + iwe))D3

22 D -vo(D;-D)
Tiz'[% D,

[(3 cosZ y - 1)(1 + )

. ’YOD
P sin ge
2n(0, + iwe))D?

202 D -
-5 1] -—e
d D.

. nygaz(sin v -B)
1

Y,m cos ¢e-Y°D

2p2
YOD A

2u(o, + iwel)03

-Y D
. D3e’YoD[(l + Yod)e 0

iwuol sin ¢

1
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- {1+ YOD)siﬁ
e Yobi

d L D(D + h)

D,(D; +d +h) - YodA)e-Y

DD + h)




TR 6885
?fkce Propagation Formulas (:n>, > 10}, [D% = o< he, D = ot e (d e )
“ L,
3
1
]
' Yol
- EE (- 3T O ey D)
0 .ﬂlwtol\ 0
* \303A cos® ¥)
E iuuon e’YoD
F - 1 ¢+ y,D)cos ¢ ~—5—
py (1 + vy0) v 52
1 e Yobi °
- (1 + v D )cos ¥, o2
¥ i
]
; -YgD p cos ¢ cosAQp" 0 202
P sin ¢e (1 + y.DA) - - 3 (3 + 3y D)san ¢ ¢ v D°B
2x(o, + imsl)[}3 0 2niwe D
2 - .- -Y,D
_ 224 D v(Di-D) pe Yol (1 ¢ v d)e °° ¢ Yoli
d2 D: - Ay,D - - vgb
1 0 d D(D ¢+ h) D,(D, +d ¢+ h)
iwuon sin ¢ . _ e'YoDi
an (1« Yoni)SIn *1 Df
e-Y°D iwy.m cOs ¢ cos we’y°o
- (1 + vy D)siny 0
-y D
(1 + yydA)e 0 e-yobi
D(D + h) Di(Di +d + h)
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Table 8. Magnetic-Field Air-to-Surface Propag;

p_cos ve-Y°D:l‘

2xD2

a e_Y°D

-2 202y e

i (3 + 3700 + yyD )sin ¢ cos ¥ 03
Z2n2ye; “Yoli

+ (3 + Syoni + voDi)sxn *i cos ¥ o3

i

-YOD
DZ

PSIn 1) oy D)sin ¢ &
4x 0
“YoDi

2
by

. . e
+ (1 + ,obi)sm ¥

Yol -y.D.
. (1 + yodA)e ) e Yol
D(D + h) Di(Di +d+h)

~Y,D
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Z‘IYID

- YID sin y - y;
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-YoDj
3
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%e Propagation Formulas (|n?| > 10), [D2 = p2 + h2, D% =p2 + (d + h)?
H¢ HZ
-YOD
1« yoDA) 0
Yo D
4 [+ (D + ¥2D?) - sin? ¥(3 + 3y, D + vznz)l
0

“YoDi
e
- [+ oDy * YODZ) - sin? v; (3 + 3y;D; + Y%D%)] 03 ]
i

3

-y D-
e 01

Pin v - ygoznn}

—

“YoD [ 4 *Y,D Yo
E;Qe Yo? [p3¢ ™o [(1 + yyde
1

> | 4 | po+m

" D;(D: +d+ h)|

-YOD
P—--’%—-——94{(1 + YOD)cos ¥ ———5-— - (1 + YOD Jcos vl -——15-—]

-YOD

[(1 + vgD + 24y2p2)S
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+ (1 + Y00 ) J .
1
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- !—s‘:'l—l-’—[(s + 3y,D + y%Dz)sm ¥ cos ¢
L1

e_Y°D
- 2p2y¢4
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i
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Table 9.

i aage - 1

Surface-to-Surface Propagat:

Dipole -
E Eq E;
~YgP
R Y, pe [p e“Yo(Di-D) Yop
2u(0, + iwe,)ollo, g
VED 1 1 i 0 - 2,2
¢ vooF(w,)
iy m “YoP
0 e
- 1
4 [( RLears
;] o] (V]
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; Appendix
;_i
3 USEFUL APPROXIMATIONS WHEN R  >> |d|
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