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SECTION 1
INTRODUCTION

Large high-gain antennas are used in many radar and communica-
tions applications to increase the energy collected, to increase angular
accuracy, and to provide protection against jamming. If the wavefront at
the antenna aperture experiences scintillation, large apertures can act to
average the signal and thereby modify the observed signal properties.
Aperture averaging is important for large lenses at optical wavelengths
(Tatarskii, 1971) but is not generally important at satellite frequencies
under ambient or naturally perturbed ionospheric conditions.

However, communications and radar systems from VHF to SHF that
utilize trans-ionospheric propagation geometries can experience severe
Rayleigh fading after a high altitude nuclear detonation. This increased
level of scintillation is caused by the creation of great quantities of
ionization which evolves into large irregular structure that takes the
form of striations or filaments aligned along the earth's magnetic field.
Since the velocity of propagation is dependent upon the local index-of-
refraction, different portions of a wavefront propagate at different
velocities in a striated region. Thus a once plane wavefront can become
distorted with different portions traveling in slightly different direc-
tions. As the wave propagates farther, diffraction or angular scattering
causes constructive and destructive interference which introduces fluctua-
tions in amplitude, phase, and angle-of-arrival,
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For cases of severe scintillation where the signal varies across
the area of the receiving aperture, the effect of the aperture can be
significant. It is well known that an aperture antenna acts to cut off
enerqy that is incident at off-boresight angles where the antenna gain
function is reduced. This effect may also be viewed as the result of
averaging or coherent processing of the electromagnetic field received at
the aperture location. In this report the effects of aperture averaging
are analytically calculated for the situation where a Gaussian antenna
beam 1s used by the receiver. It 1s shown that aperture averaging has a
greater effect on antenna measurements of mean time delay and time delay
jitter than on measurements of decorrelation time or scattering loss.
Simple analytic expressions are given for all these quantities in terms of
the geometry of the propagation path and the severity and structure of the
ionization 1rregularities.

To obtain results applicable to a general geometry of the line-
of-sight relative to the field aligned ionization structure, it is neces-
sary to obtain an analytic solution for the two-position, two-frequency
mutual coherence function for spherical wave propagation through a thick
layer of amisotropic electron density irreqularities. It is assumed here
that strong scattering conditions prevail and that the quadratic approxi-
mation to the phase structure-function is valid.

This approximation was used by Sreenivasiah et al., {1976) and
by Sreenivasiah and Ishimaru (1979) for the cases of plane wave and beam
wave propagation n homogeneous turbulence. More recently the two-posi-
tion, two-frequency mutual coherence function was obtained for spherical
wave propagation using the extended Huygens-Fresnel pranciple (Fante,

1981). Although the quadratic structure-function approximation can some-
times lead to difficulties (Wandzura, 1980) it 1s appropriate for the
two-frequency mutual coherence function but not for calculation of higher
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moments of the field (Fante, 1980). Fante (1981) discusses the accuracy
of the quadratic structure-function approximation for the case of atmo-

spheric turbulence with a Kolmogorov power spectrum. He has found that

the accuracy i1s a function of the irregularity power spectrum and of the
strength of the turbulence (Private Communication, 1982), with accuracy

Increasing for stronger scattering.

This work is a generalization of an earlier calculation (Knepp,
1982) valid only for isotropic turbulence. As in the former study, the
results here are specialized to the case of a thin phase-screen approxima-
tion to the thick scattering medium. With this simplification analytic
results are obtained for the received impulse response function to a
transmitted power delta function. Then results may easily be determined
for the mean time delay and time delay jitter for strong, anisotropic tur-
bulence 1n the thin phase-screen approximation. Results for these quanti-
ties in the thin phase-screen approximation have previously been shown
(Knepp, 1982) to closely approximate the results for a thick scattering
layer for the case of isotropic turbulence.

The effects of a Gaussian receiving antenna on measurements of’
received power, decorrelation time (or distance), mean time delay, time
delay jitter and coherence bandwidth are determined. It is shown that

aperture averaging can reduce observed signal power, increase observed

decorrelation time and be a significant factor in reduced observed time-
\

of-arrival jitter at the antenna output.




SECTION 2
FORMULATION

Consider a monochromatic spherical wave E(?,z,w,t) which origi-
nates from a transmitter located at (0,0,-zt) and propagates in free-
space in the positive z direction where it is incident on an ionization
irreaularity layer which extends from O <z < L. After emerging from the
layer at z = L, the wave then propagates in free-space to a receiver
located at (0,0,zr). This thick layer geometry is shown in Figure 1.

As the wave propagates, its phase substantially behaves as (-i<k>z+iwt) so

write
E(P,z,w,t) = U(P,z,w0) exp{i(wt-[<k(z')>dz")} (1)
—_——— o TRANSMITTER
N
2t

V72 s <
=

— %
]

Figure 1. Propagation of signals through a disturbed
transionospheric channel.
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where <k(z)> 1s the mean wave number given by

1/2 1/2
<Kk(z)> =2 (L -N/n )" =k (1 - K2/K?) (2)
c e’ '¢c p
where ¢ 15 the speed of light in a vacuum, Ng 1s the mean 1oni1zation

density, nc 1s the critical electron density and 15 related to the clas-
sical electron radius ro by ne = N/(Azre), (ro = 2.82x10-15 m).

It has been shown that U(P,z,w) satisfies the parabolic wave
equation under the Markov approximation, (Tatarskii, 1971: Yeh and Liu,
1977)

AN w?
e "
2 <N > 2
T - 2ick(z)> Y- k(2> &7 u=o0 (3)
= 32 (l-wg/wz)

where ANg 1s a small variation n the 1onization level and wp = Kpc
is the circular plasma frequency of the background 10oni1zation. The
exponential time dependence has been suppressed and 1t has been assumed
that wy < v, otherwise signal attenuation would be the dominant effect.

2.1 MUTUAL COHERENCE FUNCTION

Now in the case that the transmitted waveform 1s no longer a
monochromat ic wave, but can be expressed as a waveform modulated on a
carrier, the two-postition, two-frequency mutual coherence function T 15 of
Interest. T 1s important for the calculation of pulse propagation 1n a
random medium and 1t serves as a basis from which to calculate the
important power impulse response function and 1ts moments. Under the
Markov approximation, T satisfies the following equation (Tatarskir, 1971;
Yeh and Liu, 1977).
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v 1 (ko2 ok v2 )T

9z 2k ko 41 412

--% [2k 181k 282A(B1-B2) - (k1281%+k228,2)A(0) T = 0 (4)
where

I = <U(xy,y1,2,01)U%(x2,y2,2,wy)>

and k) and k, are the wavenumbers at two frequencies w; and w,,

respectively, and V2 is the two-dimensional Laplacian
41

2 2
v2 o= 8,00

! Bxlz aylz

with a similar definition for V2 Following Yeh and Liu (1977) let
42

w /w2
By = ’__jL_ET_‘E' (5)
l—wp /0’1

with a similar definition for 8.

The function A(®) is the integral of the autocorrelation func-
tion of electron density fluctuations, Bg, n the direction of propa-
gation

-]

A(P1-P2) = [ Be(P1-P2,2')dz2" (6)




where
P1=p2 = (X1-X2,¥1-y2)
£ = MNe
<Ne>
so that
o K «(p,-p2) -
- 1L
A(P1-8y) =27 [ [ e ¢E(K_L,KZ=O)d2K_L (7)

where ¢¢ is the power spectrum of electron density fluctuations. Equa-

tions 6 and 7 depend upon the validity of the Markov approximation where

it is assumed that the electron density fluctuations are delta-correl
in the direction of propagation (Fante, 1975). That is

35031;52921'22) = A(EI-BZ)G(Zl*Zz) (8)

Now the sum and difference substitutions
X = (x1*+x2)/2
g = X1-X2

Y = (yi1tya)/2

n=Yyi-ya
ke = (ki%kg)/2
kd = kl'kz

and the assumption that the frequencies of interest are much greater
the plasma frequency so that

11

ated

than




: B = o/ wy?

By = pr/mZZ
enable Equation 4 to be rewritten as

ar i
kv 4 1

Bz 2,2 dd d
2(k2-k2/4) 4

2 _ 7 oV
Vs st S d]F

! 4
- % [%"{— Alz,n) -(i_ + L k“A(O)]r = 0 (9)
1K 2 k2 k3
5 where
2 2

vé =¥ L

3z an?

V2 = 82 +i

S o2 py2

{ 2 2

’ Vs-Vd= 3 +—3__
\ 3gaX  3IndY

I is now written in terms of the above sum and difference arguments as

r(z,n,z,uq) where ug = ckq.

The unknown two-frequency mutual coherence function may be
written as T = I' T, where Ty is the exact free-space solution in the

parabolic approximation




g = (10)

2+2 2(z+zt)

_ 2 2 , 2 2

( 1 )2 -ikp{xty;) + 1kz(xz+y2)}
exp

t

which under the sum and difference transformation used previously becomes

2+2 (z+z

t

1 \2 -ik (Lx+nY) - ikd[(X2+Y2)/2 + (g2+n?)/8]
Tg = ( ) exp { ) (11)
t

Substituting T = T Ty into Equation 9 and neglecting near zone terms of
the order of kscz/(z+zt) and smaller, one obtains

k
iil-_‘._____‘l__vérl+ 1 2+ 0l
oz 2 (kZ-k3/4) (z¢2y) | %c  on

2k 'A(z,n)
ST (_% s _;) k*A(0) Ty
8 kikz ki k2
+ terms with EIE.+E£1 =0 (12)
ax Y

Equation 12 3s valid n the region 0 < z < L with boundary
condition

Pl(c,n,z=0,wd) =1 (13)




Since the boundary condition is independent of X and Y, and the equation
has no terms other than the derivatives with respect to X and Y, it is
apparent that

Q

r, _ or,

—

W W

Now the substitutions
z2' =2+ z, (14a)
B =1¢g/2 = c/(z+zt) (14b)
¢ = nfz' = nf(z+z,) (14c)

yield the following

ar, B kd 1 [32 . 32 ]Fl
3z' 2 (k:-k3/4) 2'2 [a8%  2¢?

2k*A(z'(0+4))
N A -(lz +.l§)k;A(0) ry=0 (15)
8 klkz kZ kl
The additional substitution Ty = T2T3 where
2
T3 = exp ‘- l.A(O)(z'-zt)k“ l_ - l_ I (18)
| 8 AVTERT A

yields the simplified equation for T,

14




where kq has been neglected with respect to kg. The effect of this
assumption is to restrict the validity of the solution to a small range of
wavelengths centered about kg. In the following kg, the average
wavenumber, will be replaced by ko‘ the wavenumber at the carrier
frequency.

Equation 17 can only be solved analytically for the case where
the function A{z'e,z'¢) can be represented as a quadratic. This is the
well known quadratic phase structure-function approximation (Sreenivasiah
et al. (1976); Sreenivasiah and Ishimaru (1979)). At this point it is
necessary to determine the form of A for the irreqularity spectrum of

interest here.

2.2 IONIZATION IRREGULARITY DESCRIPTION

Here the ionization irreqularities are assumed to be elongated
along the direction of the earth's magnetic field. Fiqure 2 shows the
geometry of the irregularities. The electromagnetic wave propagates in
the negative z direction. The magnetic field vector lies in the y-z plane
at an angle of ¢ with respect to the z axis. The ionization
irreqularities are assumed rotationally symmetric with autocorrelation

function
2
o,
N 2 2
By(rus) = —2; exp . Ty ‘5' (18)
TR I e

15
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Figure 2. A single irregularity elongated along the magnetic field
line in the y-z plane.

where s 15 measured along the magnetic field direction and r s i

measured perpendicular to the magnetic field direction. The quantity q
1s known as the axial ratio (Briggs and Parkin, 1963) and rg is the
correlation distance or 1irreqularity scale size.

The s, r coordinate system may be related to the x, y, z
system by the equations

w
1}

(y sin ¥ + z cos ¥)? (19)

r? = x? + (ycos ¥ - z sin ¥)? (20)

Using the above transformation the irregularity correlation function may
be expressed n the x, y, z system as




°§ ‘ 2 2
Bg(x,y,z) = € exp ! - L (q2c052¢+sin2¢)
2 2 2.2
<Ne> ' r« 97,
: 2
+ 2YZ siny cosy (q2-1) - 2 (qzsin2w+coszw)' (21)
q’r? q%r? ’

The function A(Z,n) as given by Equation 6 may then be easily obtained as

2
o\ /n ar,
A(z,n) = ¢
<Ne>2(qzsmz%coszw)1/2
2 2

[« " l

x exp |- 2 - (22)
l rg rg(qzsinzw+coszw)‘

The above equation is essentially Equation 10 in Briggs and Parkin
(1963). A(g,n) is easily expanded in a Taylor series and, retaining only
terms up to the quadratic, one obtains

A(g,n) = Ag + Apc% + 82p,n2 (23)
where
2
oNeﬁ qroA
Ag = —— (24)
<N >2
e
- oﬁ /n qa
2
<Ne> ro
A% = 1 (26)

qzsinzw + cos?y

17




This same formalism may also be applied to irreqularity power spectra that
are non-Gaussian. For the case of a power-law PSD the coefficients Ag
and A; are different than above but behave in essentially the same
manner as a function of the outer scale size as long as the three-dimen-
sional in-situ electron density PSD falls off at least as rapidly as K-*.

2.2.1 Phase Standard Deviation

It s useful to establish the relationship between the coeffi-
cient Ao and the variance of phase fluctuations og2. For a layer of
thickness L greater than the correlation length of the irreqularities
the autocorrelation function of the phase is (Salpeter, 1967)

LkZ<Ng>2 = _ _
i <A¢(X1oY1)A¢(X2,)’2)> = —QL- fag(pl'Oan) dn (27)

2
4nc ®

Evaluation of this expression at py-p, = 0 yields

k2 <Na>2
oi = 0 € LA, = _.k;LAO/kg (28)
4n§ 4

where Equation 6 is used for Ao‘

For the anisotropic correlation function given by Equation 18, the
quantity Ao or A(0) is given by Equation 24 and

: 2 2 2
: o = /n (Are) qAroLoNe (29)

e —— — e~

o~




where the relationships n. = n/(Azre) and ko = 2n/ X have been used in
Equation 28.

2.3 ANALYTIC SOLUTION

Now that expressions for Ag, A2 and oi have been obtained it is
possible to proceed to an analytic solution for I. Recognizing that A(0)
and Ag are identical, the quadratic structure-function approximation may
be used in Equation 17 to eliminate A(0). With the additional

substitutions

a .;. ky/k2 (30a)
21 4, 2
b -Z kp /k0 (30b)
v = (abAz) 1/2 ' = 312' (313)
w= ()" 6 = g (31h)
a bA2
- 1 \lyw
€ = -3 ¢ = 32¢ (31C)
a bAz

and the quadratic phase structure-function approximation given by
Equation 23, Equation 17 may be written as

2 2
ary _ i 1_ _a__ + i_z r, - (u2+A262) \)2['2 =0 (32)
v v2 auz de

With these substitutions, the boundary condition describing the mutual
coherence function at the transmitter is

=1 (33)

PZ(useo\’:alz

£+




An analytic solution of the form
Ty = f(v) exp{-g(v)u?-h(v)e?} (34)

may be substituted into Equation 32 to obtain the following three

equations
3 ‘An2
‘ gt +199% 4+ 2= g (35)
: 2
\Y
; AR 2
he + 1807 L 42,2 2 g (36)
E 2
s \’
Froe i2f(g+h) - 0 (37)

Equation 35 represents the coefficients of terms from Equation 32 that are

factors of uz; Equation 36 consists of the terms that are factors of ez;

Equation 37 consists of terms that are independent of u and e.
Additional simplification results from the substitutions

g = v (38)
h = vH (39)

which enable the three equations to be written as

6'vZ + 2u6 + 14v362 = - V2 (40)
2 .2 (41)

, H'vZ + 2w + i4v3H? = -

t
>
<

i f' + i2fF(G+H) = 0 (42)
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It is not difficult to solve Equations 40 and 41. The results may he

written as
6(v) = - 1 tann(gvec)) (43)
4v B
H(v) = 1 - 2 tanh(a8wC,) (44)
4v 8
where
g2 = -i4 (45)

and C, and C, are constants yet to be determined. With G and H
known, f can be determined by direct integration of Equation 42 with the

result

f(v) = v[cosh(BwC,) cosh(aswC,) ]~/ 2 C,4 (46)
where C3 1is another constant yet to be determined.

Equations 38-39 and 43-45 may be combined to yield the result
for Pz

ry = Cav[cosh(Bv+C,) cosh(ABv+C,)]-1/2

x exp}--}f (n2+e?) +.3i [uztanh(Bv+C1)+A52tanh(ABv+C2)]: (47)
8

The boundary condition given by Equation 33 is met by requiring
that the coefficients of u and € are zero at v=vy and by requiring
that Tr, be unity at v=w for zero u and €. Mathematically




— ————_—— ¥ " Vgl

-1 Vi v,%
+ — tanh(Bw+Cy) = 0 (48)
4 8
-1 Vi Avg
L tanh(Ath+C2) =0 (49)
4 B
Cavt[cosh(gvt+cl) cosh(Ath+C2)]‘1/2 =1 (50)

The solutions to Equations 48 and 49 may be found as

gtl/ v, \!/2
Ch= - By * n t (51)
B-I/vt
= - th + C'l
A8+1/ v, /2
Cp = - 8By, + &0 (52)
AB-l/vt
= - ABvy + C;z

where the new constants Cj and C, are introduced for later con-
venience. Equations 51 and 52 may now be used in 50 to obtain the

constant Cj3 as

C, = L [cosh C} cosh Cp)1/2 (53)
\Y
t

The expressions for the constants C;, C, and Cj3 may now be inserted
into the solution for T, with the result




_— v A
. ——————— e . e

Cvem e

cosh C) cosh C; ll/z (54)
cosh[s(v-vt)+C1]cosh[Ae(v-vt)+C§]$

_—
1

t
x exp 3- %) (u2+e?) + ;—2 [u2 tanh[B(v-vt)’rC'l] + Ae? tanh[AB(v-vt)+Cé]]{

This result is valid for propagation within the random slab from 2=0 to
z=L or equivalently from vy to Vvt .

In keeping with the approximation kd < ko, I, from Equation 16
may be written as

s A, (2'-2,) k; k§
l B,

At the far edge of the thick scattering layer, z=L or z'=zt+L and Tj
becomes

AL k" k?
ry = exp‘-<J3_.J1_ll_ (56)
l 8k

which may be written as

2 2
g, w
Ty = expy- ¢ d (57)
202
0
where o: is obtained from Equation 28.

23




At this point Equations 54 and 57 may be multiplied to give the
value of Ty at the exit of the thick scattering layer:

2 2
ry(e, ¢,2'= = exp: % % |
108, ¢,2 'L+Zt’“b) = expsy-
| 22 |
o
§ (L+zt) s cosh C) cosh C) !1/2
z, lcosh(sa1L+C1) cosh(ABa1L+C5)‘
i(L+z,)a a2
122
x exp‘- t (82+47)

2 2
, (Lrz)? a] ay [

62 tanh(Ba,L+C,) + A¢? tanh(ABa1L+Cé)]I
B | (s8)

For temporary algebraic convenience let this be written as
Fl( 8, ¢az'=L+zt1 wd) =

F exp{-(A-Bt) 62 - (A-aBt')¢?} (59)

where

. (L+Zt) ; cosh C, cosh C, ) (60)

| cosh(8a,L+C}) cosh(aga,L+C3) |

s et A




g o= J(Ltzy) a2 (61)

B=___- 62
3 (62)

t = tanh (BaL+C}) (63)

5{ t' = tanh (BBailL+C3) (64)

Although the above expressions are sufficient, considerable simplification
occurs later, in the thin phase-screen approximation, if all the hyper -
bolic functions of sums in Equations 60, 63 and 64 are expanded. The
expansions require the functions tanh C) and tanh C,. These two

-

guantities are easily calculated as

tanh C; = tanh |2n B+1/% 12
B'l/vt

-1 .1 (65)
t Balzt

: ) AB+1/v
: tanh C; = tanh |&n ____1_1.1/2
' AB-—I/\)t

1 1

1]
& = -

ABv, ABa)z,

D
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The function F can then be written as

2 2
o< w
F=expl- 24 gay(L+z,)
2w? ‘
(o]
x ‘ A ll/Z

(Bayz, cosh Ba;L + sinh BajL)(ABa;z, cosh ABa L + sinh Aga,l)
t t 1 (67)

Similarly

1+ Bayz, tanh Ba;l

t = (68)
Ba z, + tanh ga,l

1+ ABalzt tanh Aga lL

t' = (69)
ga,z, + tanh aAga,L

To complete the solution it is necessary to solve for T; in the
region z > L or 2' 2_L+zt. Equation 58 serves as the boundary condition
at z' = L+zt. Since the region z' Z_L+zt corresponds to free-space with
no ifonization, Equation 15 is appropriate where the last term, which is
dependent on the function A, may be neglected since A is zero in the
absence of ionization irregularities. Also, in keeping with previous
assumptions, the kd2 term is ignored with respect to the ks2 term in
Equation 15.

The Fourier transform pair

® o . 8 "
N R I AR NI (70)
MKgKyoz'suy) = (17202 [ [ e 0% e8) 100,420, )dude (71)




may be substituted into the suitably modified Equation 15 to obtain the
algebraic equation

EQ._l_(K§+K§)§1= 0 (72)

where kS has been replaced by ko, the wavenumber at the carrier fregquency.

Equation 72 may be solved and the boundary condition 59 applied
at z' = L+zt with the result

rl(Ke’K¢’Zt+zl’"wd) = rl(KeaK¢sL+zta“’d)
x exp[-iy(Kg+K$)] (73)
where
k (z,.-L)
Y=1J% r (74)
2 kS (L+zt)(zt+z )

The final result may then be obtained by taking the Fourier transform of
Equation 59 to obtain rl(Ke,K¢
Fourier transform of Equation 73. The appropriate Fourier transform pair

’z'+zt’”H) and then taking the inverse
is given by Equations 70 and 71.

The Fourier transform of Equation 59 is easily obtained as

-~ . - F
r,(Ke,K¢,z 'L+zt’”H) e
1
x .
(A-Bt)1/2 (A-aBt')1/2
$ k2
x exp!l- o $ ) (75)

4(A-Bt) 4(A-Bt') |

27




According to Equation 73 this expression is multiplied by the appropriate
. factor to account for free-space propagation and the inverse transform
' taken to obtain as the final result

ri(e,¢,2'=z,+z ,u,) = F
[(1+i4y(A-Bt)) (1+idy(A-aBt'))]!/2
3 2/n_ 2(p_ ARE
§ v expl. OF(ABY)  e%(A-aBt') | (76) 4
: l 1+i4y(A-Bt) 1+14y(A-ABt')$
f; Utilizing the relationships given by Equations 14b-c at the receiver
% location,
f. 8 = ¢/(z,+z)
i; ’ ¢ = n/(Zt+zr)
Equation 76 may be written in final form as
F
Tigamzitz ,0,) =
[(1+i4y(A-Bt)) (1+i4y(A-aBt'))]}/2
{ .
2(p_ 2 2(p_ ' 2 i
z4(A Bt)/(zt+zr) n“(A-aBt )/(zt+zr) ' ()

S B w7 T3 R TR T b WY |

Equation 77 is the result for I, after propagation through a thick layer.
The full solution for the two-position, two-frequency mutual coherence
function is obtained by multiplication by Ty as given by Equation 11. T,
is not affected by the random layer and may be ignored in the following.




2.4 PHASE -SCREEN APPROXIMATION

Much simplification 1s possible 1f the thick scattering layer 1s
replaced by an equivalent thin phase-screen of 1nfinitesimal thickness and
the same overall phase variance. To the first order, in the thin phase-
screen approximation

cosh Aaa|L =1 {78a) !
Sinh Aaajl = Aaa;l (78b)
tanh Aaa L = Aca;l (78¢c)

With the above approximations 1t 1s_easy to show that

e L

2
F o= exp'- 23

Q.EN
—

~N
N

Similarly, the coefficient of ¢ can be written as

2
1(L+zt)a1a2
i A-ABt'

]

4

, 22 2.2 2
A(L+zt) ajaz f1 + 48 ajzl

8 ABal(L+zt)

232 2
= -4 a;angt




4 where 82 = -i4 is used to simplify the result. The quantities a; and a;
B are given by Equations 30 and 31 and may be substituted into Equation 80
to obtain

A-ABt' = - Aszszt2
4 A2k 4A L 72
p t
4k 2
0

This equation may be simplified by substituting the expression for oi

given by Equation 28 to yield

AZOiAzlg
‘ A-MBt' = - ¥ (82)
B ’ AO
Fy 4
’ Similarly
2 2
g Azz
A-Bt = - ¢A t (83)
0

The final quantity of interest in this phase-screen approximation is

2 2
24 kdzrzt°¢A2

2 +
k0 (2 zr) A0

]

4y(A-aBt')
t

2 2
AZ 2, oA
. Y4 rct% 2 (84)
"“b(zt+zr) Ao

Similarly

2
whxzrzto¢A2

‘4y(A-Bt) = - 27 x (85)
' "ot 2t zr) 0

]

‘ 30




Now in this phase-screen approximation the result for the two-position,
two-frequency mutual coherence function may be written as

Pl(E,n,zt+zr,uh) = 1 '1/2
(1+1‘ ﬂ) (1+i uy ) ‘
wl wl/AZ
2 2 27,2 2710222
o w g/ 8 n¢/(5/48%)
x exp‘- ¢ 2) exp‘- °c _. o (86)
l 2w, ‘ l (1+i ﬁﬁ) (1+i d )
w' wl/AZ
where
(z,+2.) %A
5= - JLE%%“lz (87)
ZtU¢A2
W = - "7z (88)
2
Azrzt%A2

Equations 86-88 are valid for any anisotropic power spectrum for which, in
the strong scattering limit, the phase structure-function can be expanded
in the form of Equation 23. For the anisotropic Gaussian power spectrum

of interest in this work

Ao 2
LD =-r 89
o (89)

The phase variance is given by Equation 29 so that for the Gaussian PSD

2
+
(2442 )%,

22 = (90)
° /n(xr ) 2qaLz 242
e t'N
e
3/2
. 27 c(zt+zr)ro
© T 5a 2 (91)
rex zrthALoN

e
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2.5 DECORRELATION DISTANCE

Since T} 1s a form of the complex signal correlation function it
s possible to obtain the signal decorrelation lengths in the x and y
directions directly from the exponential terms of Equation 86. These
important signal parameters are

on : lo (92a)

]
L =20
oy - 3 (92a)

20x and goy are measures of the average distance between fades at the
receiver location and depend on the path geometry. The quantity A 1is
given by Equation 32 and gives the effect of the variation in the angle of
propagation with respect to the magnetic field direction. Another useful
measure of the signal decorrelation properties 1s the signal decorrelation
time which 1s a measure of the inverse fading rate or fading bandwidth.

The signal decorrelation time is given by the equations

L
- 0OXx
tox 7 ¥ (93a)
xeff
L
t =2 (93b)
oy v
yeff
where Vxeff and Vyeff are the velocity components of the line-of-sight at
the receilver location. Although this velocity is a function of transmit-

ter and receiver motion as well as irreqularity motion, it is sufficient g
to consider the case where the transmitter and receiver are stationary and
the phase-screen i1s n motion. Assume that the scattering layer consists

of striations moving in unison at the velocity Vy 1+ Vy j where 1 and 3
are unit vectors in the x and y directions, respectively. Consider only

the y component of motion as shown for thin screen case in Figure 3. The
projection of the striations at the receiver location due to a signal
originating at -z, has velocity

32
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Figure 3. Thin phase-screen propagation geometry.

V. (z +z2,)
Zt

Using this result for the y component of the velocity at the receiver, and
a similar result for the x component of velocity, one obtains for the
signal decorrelation time

t = (R0 \1/2 (95a)
OX 02 AZ VZ 5
) X é
t = Yf P N/2 (95b)
oy A 02 AZ vZ
o
33




Substituting the values of Ao’ A2 and o¢ for a Gaussian PSD one obtains as

a final result

t o
ox % Vx
. 172
= ° (96a)
wl/“(qAL) l/zxreo er
t o
oy A0¢Vy
. 1/2
= 0 (96b)
rrl/“(qA3L)1/2)\r'eo'\‘ev.y

where both forms are given for convenience.

At this point the solution for the two-position, two-freguency
mutual coherence function 1s complete. The result for the thick scatter-
ing layer given by Equation 77 1s simplified by taking the thin phase-
screen limit. In this limit the result is given by Equation 86 in terms
of the quantities o¢,
that describe the propagation environment and geometry. The quantity o¢
1s the phase standard deviation and describes the strength of the scintil-
lation. The decorrelation distance of the complex electric field is lo n
the x-direction and is 20/A in the y-direction. It will be seen that the
parameter w' 1s related to the coherence bandwidth which is a measure of
the maximum bandwidth modulated signal that can propagate through the

A, 20 and w'. These quantities are basic parameters

layer without multipath distortion.

In the following the effects of an aperture receiving antenna on
the measured values of signal decorrelation distance and coherence band-

width are determined.
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SECTION 3
ANTENNA APERTURE EFFECTS ON RECEIVED SIGNAL

An antenna aperture acts to coherently collect the energy inci-
dent upon the antenna and to deliver it to the receiver. In the transmit-
ting mode a directive antenna is designed to transmit energy only over a
selected angular region. In the receiving mode this same directive
antenna accepts energy only from a narrow range of angles. Thus, relative
to an omnidirectional point antenna, a directive antenna will experience
what is referred to as angular scattering loss when the signal at the
aperture exhibits scintillation. This angular scattering loss arises from
angle-of-arrival jitter present in the incident wavefront that may cause
energy to arrive at the antenna propagating at angles greater than those
accepted by the receiving aperture.

A different but equivalent way to view the effect of a receiving
antenna aperture is as a coherent integrator of the signal arriving on the
aperture face. If the antenna is pointing towards the source of an undis-
turbed plane wave, then the antenna output is maximum. If there are fluc-
tuations in the signal phase across the aperture or the incident wavefront
is tilted relative to the antenna boresight direction, the coherent inte-
grator output is decreased.

As another aspect of the aperture averaging effect, an antenna
can act to increase the measured decorrelation distance at the antenna

output. This observed increase is caused by the averaging effect of the
coherent integration that smooths the more rapid fluctuations.
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Similarly the antenna acts to cut off signals that are incident
at large angles from boresight. In severe scintillation this off-
boresight energy propagates over longer paths than the more direct energy
incident at boresight. For this reason a narrow beam antenna that does
not accept off-axis contributions acts to reduce the observed time delay
Jjitter of the output signal and thereby to increase the observed coherence
bandwidth.

3.1 APERTURE ANTENNA FORMULATION

Consider the case of a spherical wave that originates from a
transmitter located at (0,0,—zt) and propagates in free-space in the
positive z direction where it is incident on a thin layer of irrequlari-
ties located at z=0. After emerging from the irregularities, the wave
again propagates in free-space to a receiving aperture antenna located in
the plane 2=z .

If the incident field in the plane of the antenna is U(ﬁ,zr,w)
then the complex voltage envelope at the antenna output may be expressed
as (Price, Chesnut and Burns, 1972)

*
v(B,,2,.,9) = [ U(P',2,,0) A (B'-P) d?p' (97)
where

U = the solution to the parabolic wave equation
at location P' in the receiver plane for a
monochromatic signal frequency of w.

P = the location of the center of the aperture
antenna

A = the complex antenna weighting function
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In this section all single and multiple integrations on infinite limits

will be written using a single integral sign with no limits shown.
It is recognized that Equation 97 is a convolution so that

v(K) = UK,z ,0) AT(R) (98)

where the Fourier transforms are given by

U(Kz,0w) = 2 [ U(5,2,.,) exp(-iK+p) d2 (99)
472 r
AK) = L [ A(B) exp(-iK+B) d% (100)
472
and the vector K is
K =k sing(cos ¢ { + sin¢ 5) (101) 1

for the geometry shown in Figure 4.

The received voltage envelope at the antenna output may then be
written as the inverse Fourier transform

—_ — * — .
V(po’zr’w) = 492 | U(K,zr,w) A (K) exp(iK-Bb) d % (102)
Since A(K) represents the antenna voltage gain in the direction E, it is

possible to write the effect of changing the antenna pointing direction as

* —

(K-Eo) exp(iioso) d2 (103)

V(820K ) = 4x2 [ UK,z ,0) A




A R

Figure 4. Receiving antenna aperture centered at origin of
coordinate system.

where only the antenna voltage gain function has been affected by the new
pointing direction. By replacing U and A by their Fourier transforms and
performing the integrations, Equation 103 can be written in the form

v(po,zr,w,Ko) = exp(lKO-pO) [ u(® ’Zr’w>

x A (3'-B,) exp(-i5' K ) dZ%p' (104)
Equation 104 gives the voltage output from an aperture antenna centered at
;g and pointed in the Eg direction. This result is applicable to the case
of a transmitted monochromatic sinusoidal waveform.

Now if the transmitted waveform is a pulse waveform modulated on
a carrier, the transmitted signal can be expressed as




s(t) = Re {m(1) exp(iubt)} (105)

where w, is the carrier radian frequency and m( 1) is the modulation wave-
form. After passage through a layer of irregularities the received signal
may be written (Knepp, 1982) in the absence of an antenna, as

r(%,z,,1) = Reze(ﬁ,zr,r-rd)exp[i(ubt+eo): (106)
where
e(?,z.,7) = L 7 M(w)U(P,2,.,0tw Jexp(iwt)de (107)

The quantity e 1is called the complex envelope of the received waveform.
M(w) is the Fourier transform of the transmitted modulation waveform and
is given by

M(w) = Tm(T)exp(-iw‘r)dt (108)

The quantities 6, and T1tg are the mean phase shift and time delay
incurred after propagation through the ionization and are given as

w %y 2, 2y1/2
o =-0 [(l-w¥/w?)?2dz2 (109)
o} p°o
C -z
1 T /
R -zf (1-(.,;/.»3)'1 2 4z (110)
t
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In order to obtain the effect of the antenna on the received
time-domain waveform, the received complex envelope U in Equation 107 is
replaced by its equivalent value v given by Equation 104. Thus the
received time-domain signal at the antenna output may be written as

_ — _ 1 —
e(py,2,., K ) = = [ M(w)U(B ,Zr,w+wo)
n
x A(5 5, )exp(- 15" K_+iwt)d 2" du (111)

where the phase term exp(iié-gg) has been omitted since it is constant.

In the case that the receiving aperture is a point antenna, A* is a delta
function and the received complex envelope given by Equation 111 is
identical to the result given by Equation 107.

The correlation function of the received power is given from
Equation 111 as

<e(p),t)e*(py, 1)> = 1—2 / M(w')M*(w“)<U(B',w'+wo)U*(B",w"+ub)>
4n

x A (3'-5))A(5"-52)

x exp[-i(B'-E")°Eo + i(w'-w")1]dw'dw"d?p'd2p"

(112)

where the 2z, dependence has been omitted and it is assumed that
interest is focused on only the ?6 pointing direction. Recognize that
the term in the angle brackets is the two-position, two-frequency mutual
coherence function, and is only a function of the difference in position
and frequency, TI(p'-p", w'-uw"). MWith this in mind introduce the sum and
difference transformations




by =P -p
(113)
5, = L (3+)
2
wd = ' - "
(114)
ms = i ((A)‘+N")
2
to obtain for the correlation function of received power
— .= 1 — *
<E(01,T)e (92’ T)> = 4—1';2 f r(pd’wd)M(wS+wd/2)M (ms'“’d/z)
X
x A (o +p4/2-01)A(0 -0,4/2-03)
x exp(-i?d -KO'H'mdT)dwddmsdzpddzpS
(115)

In order to simplify this equation it is convenient to consider
the case that the transmitted power is a delta function of delay. Since
M{w) is the Fourier transform of the transmitted complex envelope, the
time-domain representation is given by

m{1) = %_. [ M(w)exp(iwt)dw (116)

Thus the input power can be written as

L= n{t)e(t) = _1_2 [ M{w' )M(w")exp [i (w'-a")t Jdw' du" (117)
“®

a1




Now under the sum and difference transformations above the input power can
be written as

1

te) = 42

[ M{u ta /20N (u -u /2)exp(ia,t)du,du, (118)

Now if the input power is a delta function

1(t) = 6(t) = = [ exp(int)du, (119)
2n

Comparison of Equations 118 and 119 yields for an input power delta
function,

1 *
—J M(ws+wd/2)M (ws-wd/Z)de =1 (120)

2w

Equation 120 above may be used to obtain the received power
correlation function for an input power delta function

6(51520 ) = — [ T(Bys0,)

n
A* P *+0.,/2-9,)A(p -p,/2-p
X (os o4 -91) (ps-pd -py)

x exp(-i5 K +iu,1)duw,d?p d%p_ (121)

where the notation G is used for this important function. At this point
introduce the Fourier transform of the antenna aperture distribution as
given by the Fourier transform of Equation 100

A(B) = [ A(K) exp (iK-p)d% (122)

Substitution of Equation 122 into Equation 121 gives




6(FL-P2,T) = 1 [ I(By.uy A (KAK")

V4

- Pd — -~
x exp[-i5 s (K*-K*)-i “9 (Rr4kH)
2

1K' <51 K"+ 5215, °K_+10,7]dw d%p d%p d%K'd%K"

d'"d "d
(123)

The pg Integration yields the delta function 4ﬂ26(f'-ﬁ") and enables
one to then easily perform the K" integration. The result is then

6(P1-P2,7) = 27 [ T(B,,04)|A(K) |2

x exp [iKe (31-32)-1(E+E0)-3d+wd t]dw,d%p

d d (124)

To additionally simplify this expression introduce the generalized power
spectrum (Wittwer, 1980; Knepp 1982) which 1s the Fourier transform of the
mutual coherence function,

—_ 1 .—.__ i 2
S(K,T) = - / F(wa, ) exp (-iK pd+1wdt)dwdd P (125)

Utilization of the generalized power spectrum in Equation 124 yields for
the power impulse response function at the aperture output

6(F1-P2,7) = (2m)* [ S(Kek,T)[ACK)|? (126)
x exp [iK*(B;-P2) Jd%K
A simple change of variables yields the final result
6(F1-P2,7) = (2m)" [ S(K,7)|A(K-K )|

x exp [i('l-(‘-fo)'('ﬁl-iz) a3k (127)




Taking 'p1=p, gives the mean power at the antenna output due to a trans-
mitted power delta function

6(0,7) = (2m)* [ S(K,7)|A(KK )|%d% (128)

It is easy to verify that the above equation has the correct normaliza-
tion. For a point receiving antenna A(7%)=6(p) and therefore

A(K) = L (129)
47

and the mean received power impulse response function becomes
6(0,t) = [ S(K,1)d% (130)

which is identical to previous results (Knepp, 1982) that were derived for
the case of no antenna or equivalently, a point antenna.

Equation 128 can be written in another very useful form with the
substitution

~ __ 1 —_ — -
I‘(K,wd) = 1—1? / I‘(pd,md)exp(-1K°pd)d2pd (131)

where ;(E;uu) is the Fourier transform of the mutual coherence func-
tion. If T is used in Equation 124 one obtains

6(0,7) = (2%)% [ T(K¥K_,u,)|A(K) ! ‘exp(iw,1)dud? (132)
or, changing variables,
6(0,t) = (27)3% f‘(f,wd)lA(E-EO)Izexp(iwdr)dwdde (133)

It will be seen that Equation 133 is preferable for the evaluation of the

effects of antennas on mean time delay and time delay jitter.
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It is easy to compute T directly from Equation 131 using the
thin screen approximation for the two-position, two-frequency mutual
coherence function given by Equation 86. The result is

2 2 2
;(Ea md) = 4ﬁ exp %- :¢:d :
TA u,o
‘ Kflg 1+i “ay . Kjlg 1+i “d ' (134)
x exp l' 4 1 ;T 442 o' /82 ‘

The generalized power spectrum may now be computed by using the expression
just given for T and by applying the relationships of Equation 125 and
131 to obtain

2 2,2 2,2
_ Law Keg K2
S(K,t) = —2% ____exp ‘-__"__9-_!_°
25/ 243/ 2, l 4 442 |
2
2 (KZ"’KZ)R,Z
x exp ‘-i [w't-—_——x y 0 I (135)
| 2 s 1
where
w
as 2 (136)
o¢w'

For a Gaussian irregularity power spectrum, the parameter a may be
calculated using the expression for w' given by Equation 88 as

Az 2, 0
=_rte (137)

2
n(zt+zr)r0

It is apparent that a is a measure of the severity of the scattering

since it is directly proportional to the phase standard deviation.




3.2 APERTURE ODISTRIBUTION FUNCTION

Let the antenna be modeled as a Gaussian beam with gain function

6,(8) = G, exp (-ez/eoz) (138)

where the beamwidth 68, is related to the effective aperture diameter
D by

o? - (5‘)2/(4 in2) (139)

where © s the wavelength at the carrier frequency. With this choice of

%

Ga(A/ZD) = GO/Z (140)

so that this Gaussian aperture has approximately the same 3 dB beamwidth
as a uniformly illuminated circular antenna.

The antenna gain pattern is the square of the transform of the
aperture response function defined earlier. Thus

AK) = |6,(8)] 2. e;/Z exp (-06%/262) (181)

Equation 122 may be used to find the aperture weighting function A(P).
Then since

KeP = k sin6(x cos¢ + y sin¢) (142)

dK

k? sin® cosO ded¢ (143)

the substitutions

P cosé'

x
[}

p sin¢’

<
]




yield, after performing the azimuthal integration

m
A(B) = ZHkZGé/Z [ Jo(kosine)exp(-ezlzeg) sin® cos8 do (144)
0

For small 6, most of the contribution to this integral comes from

small values of 6. Thus 1t 1s possible to replace the sine of the angle
with the angle itself and to extend the upper limit to infinity
(Ratcliffe, 1956). The resulting expression is available in standard
integral tables (Gradshteyn and Ryzhik, 1965) with the result

A(B) = 2nkzegeé/2 exp (-kzpzeg/z) (145)
Since, in the small angle approximation,

k2 = k% sin? 8 = k%02 (146)
Equation 141 may be written as

A(K) = 6/% exp (-k?/2k?0]) (147)

It 1s easy to verify that Equations 145 and 147 are Fourier transform
pairs.

3.3 ANGULAR SCATTERING LOSS

The scattering loss and the effect of the antenna on measure-
ments of decorrelation distance may both be calculated simultaneously by
evaluation of Equation 127. Here only the limit of strong scattering
(targe g4) and large coherence bandwidth (large W.on OF w') 1s consider-
ed. In that case the parameter a given by Equation 136 is small and the
generalized power spectrum reduces to the simplified form
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2 2,2 20,2
— L%aw' KSe Keg
Tim S(K,1) = — % exp‘- *xo_yo I
25/ 253/2, l 4 442 ’
a+0
wexp - L (aur)2! (148)
| 2 J

The factor aw' is equal to the ratio wy/og and does not reduce to
zero in the limit of small a.

The correlation function of the received power can easily be
evaluated for the case of a Gaussian antenna beam. Using Equations 147
and 148 in Equation 127 one obtains

(27)“6_aw'’ exp j_1 (uw'r)z'
0

2 $
(2m) Y2 [(1+0.280%/22) (1+0.28420%/22) |1/ 2

G(FI’EZQ T) =

‘ -cz/zg nz/(lg/Az) I

exp - (149)
[1+0.280%/22  1+0.2842% 12}

where it is assumed that the antenna boresight is in the z-direction and
therefore Eb=0. In Equation 149

Py - Py = (gyn)

and the antenna beamwidth 6y, is written in terms of /D as given by
Equation 139. For an omnidirectional receiving antenna whose aperture
diameter approaches zero, the gain Gy goes to 1/(2n)* and

Vim 6(0,1) = ___E$%5 exp g- 1 (a2 : (150)
D40 (2w) 2

which is identical to earlier results for the power impulse response
function neglecting antenna aperture effects (Knepp, 1982).
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The ratio of the correlation function of the received signal
envelope (Equation 149) to the received power with no antenna (that is,
with a wide-beamwidth point antenna) gives the aperture antenna effect as

G(_pl'_p.2a T) = 1\
lim G(0, 1) [(1+0.2802/22) (1+0.284%02/22) ]}/ ?
D+0 [¢] o]
27,42 2 27,2
g/ n“/(25/ a%)
X exp 0 - ° ' (151)

[ 1+0.280%/ 4] 1+o.28A202/z§$
The angular scattering loss is given by the term in the square bracket
loss = [(1+o.2802/;g)(1+o.zeA202/z§)]‘/2 (152)
Equation 152 gives the angular scattering loss as a function of antenna

diameter and various properties of the scattering medium and scattering
geometry. In order to separate geometric effects from antenna effects

.

note that the decorrelation distance (with no antenna) is given by

Equation 90 repeated here %

2
+
(Zt Zr‘) rO !

2
o T = 2 2 2
/u ( xre) qAthoNe

where the factor & gives the effect of varying the inclination angle.
For propagation parallel to the magnetic field line =0 and A=].
Therefore define the new parameter f%p as the decorrelation distance

for parallel propagation as

(z,+z_)%r
t " o
23 = aef - R TERTIEL (153)
" (Are) qutoNe
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As can be seen zp 1s not a function of the propagation geometry. Now
the angular scattering loss can be written in terms of £ as

loss = [(1+0.28A02/2;)(1+0.28A3Dz/l;)]1/2 (154)

which explicitly gives the effect of variations 1n the antenna aperture
s1ze and of variations in the scattering geometry.

As seen from Equation 151 and the following, the effect of the
antenna aperture 15 easily interpreted as a function of the ratio of the
antenna diameter to the decorrelation distance of the field incident on
the aperture. It 1s easily shown that these results may equivalently be
interpreted 1n terms of the ratio of the rms scattering angle to the
antenna heamwrdth., From the Appendix and Equation 139 relating the
antenna beamwidth and drameter one obtains

o)
D "‘JL“177"35 (155)
zo (21n2) eo

g
AD b1 Oy (156)

——=_—T_
zo (21n2) eo

where dgy and ogy are the rms angle-of-arrival fluctuations measured
along the x- and y-axes, respectively.

Thus since

2
0.28 02 _ 2 %6x

(157)
2 2
20 eo
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2
0.28 a%02 _ 2 %y

2 2
10 90

(158)

it is apparent that antenna aperture effects become important only when
the rms scattering angle approaches or exceeds the antenna beamwidth.
1 This statement is true for all the effects considered here; the severity
i of the effect depends upon the particular measurement.

9 Figure 5 shows the scattering loss in decibels as a function of
,Q the field inclination angle for a value of the axial ratio q of 15. In
all succeeding figures q is taken as 15 (Wittwer, 1979). The ratio of
the antenna diameter to the decorrelation distance for parallel

| propagation D/zp is shown parametrically for the values 1, 3, 10, 30

2 and 100. Figure 6 is another plot of Equation 154 and shows the angular
| scattering loss as a function of the normalized antenna diameter D/zp
for values of the inclination angle of 0°, 15°, 30°, 45° and 90°. It is
seen in both figures that only when the antenna diameter is large with

respect to the decorrelation distance is the angular scattering loss
significant. Small inclination angles cause increased values of the phase
standard deviation os and thus give increased angular scattering and
increased scattering loss as shown. An increase in the inclination angle
; . causes a decrease in Og» AN effective increase in the true
decorrelation distance and therefore causes a decrease in the effect of

angular scattering loss.
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Figure 5. Angular scattering loss as a function of the magnetic
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3.4 SIGNAL DECORRELATION DISTANCE

The effect of the aperture on the measured correlation function
is given by the two terms in the exponential of Equation 151 as

L = zo(1+o.2802/g§)1/2 (159)
- 2n27,2\1/2
2, = (%,/8)(1+0.284%0%/42) / (160)

where 2, 1is the antenna measured decorrelation distance in the

x-direction and Ly s the same quantity measured in the y-direction.

] These quantities differ because of the geometry of propagation with

respect to the magnetic field direction. For propagation parallel to the

: magnetic field line a=1 and fx=Ry- Similarly for isotropic irrequ-

E, larities g=1 and A=l and D is not a function of the field inclina-

“ } tion angle so that gx=2y again. With a point receiver, D=0, and the

measured decorrelation distances are &, and #,/A as given by

Equations 92a and 92b as well as Equations 159 and 160.

The decorrelation distances in the x- and y-directions may be
normalized by their values measured by an omnidirectional (point) antenna
' and plotted as

: M. (1+0.2820%/22) /2 (161)
20
Y . (1+0.282%02/22)1/2 (162)
(2,/8) P

Figure 7 shows the relative decorrelation distance in the x-direction as a
function of inclination angle for values of D/zp of 1, 3, 10, 30 and
100. The axial ratio g is taken as 15. Figure 8 shows the relative de-

correlation distance in the x-direction as a function of the normalized
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Figure 7. Effect of aperture and magnetic field direction on measured
i decorrelation distance in the x-direction.
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antenna diameter for values of the inclination angle of 0°, 15°, 30°, 45°

'5 and 90°. Fiqure 8 shows that antennas with diameters less than the

;, decorrelation distance do not affect measurements of anqular scattering.

‘. From Figures 7 and 8 1t is evident that very large antennas can qgreatly

& increase the measured decorrelation distance (relative to a point antenna)

for sufficiently strong anqular scattering at small inclination anqgles.

Figures 9 and 10 show the effect of an aperture antenna on
measured values of the decorrelation distance in the y-direction. The
format of these two figures 1s i1dentical to the format of Fiqures 7 and
8. In the y-direction the effect of the antenna aperture 1s much smaller
than In the x-direction for values of Inclination angle greater than about
g 10°.

3.5 ANTENNA APERTURE EFFECT ON <t> and o

!
: j In the same manner than an aperture antenna with a finite
4 { beamwidth neglects or averages out energy incident at off-boresight angles
to reduce the received power, 1t also acts to reduce the measured time
delay and time delay jitter. This reduction occurs because the energy H

arriving from directions away from boresight typically travels over longer
paths than the more direct signal. These longer paths require a longer
. propagation time and hence contribute to increased <t> and o, values.
; If this enerqy 1s neglected by an aperture antenna, then the signal at the
| output will be characterized by smaller <t> and o than that measured by
an omnidirectional (point) antenna.

Now define the mean time delay, <t>, as

: ‘ ¢v> = L 6(0,7)udr (163)
[ 6(0,7)d
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Figure 9. Effect of aperture and magnetic field direction on measurements
of the decorrelation distance in the y-direction.
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and define the time delay jitter o, by the second moment

2=/ 6(0, t) r%dt _ <2 (164)
] 6(0,t)dx

where G(0,t) is the response measured at the output of the receiving
antenna due to an impulse of power originating from the transmitter. Now
the alternative expression for G(0,1) given by Equation 133 is the choice
for the evaluation of the mean time delay and the time delay jitter. In
this case the integrals with respect to +t give Dirac delta functions and
derivatives of Dirac delta functions. That is

/ f‘(?,wd) exp (iu)d'r)d'r = an‘(E,O) (165)
[ TKow,) exp (fuy)cdr = i Ar(K, w) (166)
amd w,=0
d
- o 227(K, ug)
/ I‘(K,wd) exp (lmdr)r dt = - 2w 5 (167)
3wd _
wd-O

Utilizing Equations 133 and 165-167 in the expressions for the mean time
delay and the time delay jitter leaves only integrals over K. For the
Gaussian antenna beam used previously these integrals are easily performed
with the result that, in terms of the antenna diameter

.1 1 % |
<= — + , (168)
20' |1+0.280%/22  140.282%0%/42
and
" 1
2=_1 1Y ! + 4 | 1 (169)
Toa2w? 2 |(140.280%82) % (140.284%0%/2) %f w2




Since aw'=oy/wy the first term in Equation 169 is proportional to
the ratio of the phase standard deviation and the carrier radian fre-
quency. This term is always small for GHz frequencies and may be
neglected. The result for the time delay jitter is then

01‘ = _1 ‘ 1 + A“ 11/2

2 W l(1+o.2802/z§)2 (1+0.28A202/£§)2‘

(170)

For point antennas with no directivity the mean time delay is given from
Equation 170 as

<t{point antenna)> = 1 (1+42) (171)
2w'

Thus the effect of the aperture antenna on the measured mean time delay is
given by the ratio
2027 ,2 2 2,2
¢xlwith antenna)> _ (1+0.284°D /zo) + A%(1+0.28D /zo)
<t(point antenna)> (1+A2)(1+0.2802/£§)(1+O.28A202/z§)

(172)

For a point antenna the time delay jitter is given by Equation 170 as

o (point antenna) = 1 (1+a*)1/2 (173)
V2 w'

The effect of the receiving aperture is best measured by the ratio

2n2/92y2 4 2702y211/2
O (with antenna)> _ {(1+0.284%02/42)% + a*(1+0.280%/22) %} /

(174)
o (point antenna)> (1+A“)1/2(1+o.2302/zg)(1+o.zsA202/zg)
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3.5.1 Coherence Bandwidth

The coherence bandwidth is the inverse of the time delay jitter
of the power impulse response function. From Equation 170

V2 m'(1+o.2802/zg)(1+0.28A202/z§)

© = (175)
coh 2 2
{(1+0.284%0%/22)" + a%(1+0.280%/22)"}!/?
With a point antenna, the measured coherence bandwidth becomes
wcoh(point antenna) = __£ZJ1L__ (176)

For isotropic irregularities, g=1 and therefore A=1 so that wop=0'
as is given by Knepp (1982). For infinitely elongated irregularities q
goes to infinity, A tends to zero and wcoh=/§ w' which also agrees
with the previous results that were calculated without consideration of

aperture averaging,

The effect of an aperture antenna on the measured coherence
bandwidth 1is given by the ratio of the antenna measured coherence band-
width to the coherence bandwidth with no antenna. This ratio is the
reciprocal of Equation 174. Figures 11 and 12 show the effect of inclina-
tion angle and of aperture diameter on the measured coherence bandwidth.
In both figures the ordinate is the relative coherence bandwidth given by
the reciprocal of Equation 174. In Figure 11 the relative coherence band-
width is shown as a function of the inclination angle between the direc-
tion of propagation and the magnetic field. Values of the ratio of the
antenna diameter to the decorrelation distance for parallel propagation
are shown parametrically. In Figure 12 the abscissa and the parametric
quantity are exchanged. The two figures show that the aperture antenna
has a strong effect in increasing the measured coherence bandwidth over
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the value given by an omnidirectional antenna especially for large aper-
tures and propagation angles close to the magnetic field direction. This
increased measurement of coherence bandwidth 1s caused by the action of
the aperture to exclude or average out signals that are incident at large
angles and hence have experienced greater delay than the directly incident
signals. Equivalently, as discussed in conjunction with Equations 155-
158, 1t 1is apparent that the aperture antenna significantly affects mea-
surement of the coherence bandwidth whenever the rms angle-of-arrival
fluctuation 1s greater than the antenna beamwidth.

Note that Figures 7-12 show the measured value of some signal
parameter (measured with an aperture antenna) normalized by the value of
that parameter measured by an omnidirectional antenna. That is, these
figures present the effect of the aperture. Actual values of these para-

meters are easily calculated for any ionospheric condition and propagation

geometry using the equations provided.




SECTION 4
SUMMARY

In this report results are presented that show the effect of
non-isotropic irregularities on the two-position, two-frequency mutual
coherence function. In addition the aperture averaging effect of a
Gaussian antenna is determined for strong scattering conditions. It is
shown that antennas that are larger in diameter than the decorrelation
distance can experience significant angular scattering loss and cause
increased measurements of decorrelation distance and coherence bandwidth
relative to values measured with an omnidirectional antenna. Increases in
measured decorrelation distance are caused by the averaging effect of the
aperture that smooths the smaller scale signal fluctuations. Increased
measurements of coherence bandwidth are caused by the action of the
antenna to cut off signal contributions originating from off-boresight and
which generally have experienced more delay than the direct signal inci-
dent at boresight.

Generally, the effects of aperture averaging begin to be signif-
icant for aperture sizes that are ten times the decorrelation distance.
For still larger aperture dimensions, the aperture has a significant
effect on the parameters that describe the received signal at the antenna
output. However, this effect may be calculated using the formulas and
curves provided herein.
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APPENDIX
EVALUATION OF RMS ANGLE-OF-ARRIVAL FLUCTUATION

Consider a plane wave traveling in the negative z-direction and
incident in the x-y plane at an angle @ from the z-axis. The electric

field i1s given by
E(x,y) = E_ exp {ik(sin® x+cos® z)} (A-1)

where the exp(iwt) time dependence 1s suppressed. The angle-of-arrival
measured along the x-axis 1s computed as

o - 1 3E(x,2) (A-2)

This computation gives sin 8 which in the small angle lwmit, 1s

approximately 6,

In the case of interest here the incident field i1s given as the
solution to the parabolic wave equation and the angle-of-arrival may be
measured in both x- and y-directions as

1 3u(p,z,w)
6 = i/ A-3
X 1ka 33X ( )

s - 1 3U(P,z2,w) (A-4)

y ika 3y




where the meausrement depends on the frequency.

rms values of 8, and 8, are related to the second derivatives of the

two-position mutual coherence function (Papoulis, 1965, p. 317)

From Equation
fluctuations

8x

1 azr(c,n,wa=0)
= - (A‘S)
k2 ag?

1 Szr(c,n,wd=0) h6)
= - A-6

86 n the text one obtains for the rms angle-of-arrival

2 (A-7)

. V2 (A-8)

At a single frequency the
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