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ABSTRACT

An analysis of the electromagnetic coupling between two arbitrarily

AR T

oriented dipoles through planar multilayered shields is made. This method of

- approach is based on the plane-wave spectral representation of radiation fields (1]

. and the use of transformation matrices for multilayered media. Numerical

results are found to be in good agreement with the experimontal data obtained in

the frequency range from 10 kHz to 1 MHz.
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1. INTRODUCTION
It is well-known that an arbitrary field can be represented in terms of its
plane-wave spectral representation. In this paper, we employ this represen-
tation to express the incident and scattered fields from multilayered media as

follows
Ehh%z)=ffRaJ)eﬂm&m*n)dﬁs (1)

H(x,y,2) = [[ B(a,8) eI (PFETTYZ) 440 (2)

where y = /£ -a - BE, k = w/pe and ~ on top indicates Fourier transform. For

a plane wave that is incident on the boundary between two media from an
arbitrary directiaon, it is possible to find a matrix relationship between the
fields in the two regions separated by the boundary. The matrix may be termed
the transformation matrix and will be very useful for our analysis. 1In order to
simplify the representation of the transformation matrix, it is useful to
resolve the incident wave into two components, one parallel to the plane of
incidence, and the other perpendicular to the same. These two components will
be denoted by subscripts (1 - parallel, L - perpendicular), propagate indepen-
dently, and remain uncoupled throughout the processes of reflection and
transmission at the interface between dissimilar media. Hence, the transfor-
mation matrix for the fields expressed in terms of the parallel and perpen-

dicular components (to the plane of incidence) becomes diagonal.
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2. TRANSFORMATION MATRIX [T] FOR PLANE WAVES

In this section, we first derive the transformation matrix for a single

~
A interface between two dissimilar media. The extension to the multilayered case
1‘ b is considered later. Let us define two reference planes that are parallel to
T
3’.\, the boundary at Z = 0, namely, plane 1 and plane 2, as shown in Fig. 1. The
waves Eie and Eie are at plane 1, and EJ. and Eie are at plane 2. The & sign
I
,:j indicates waves propagating in the +z-direction, whereas the © sign indicates
‘5 waves propagating in the opposite direction.
&3 Next we resolve the incident electric field of the incident wave into the
fg parallel and perpendicular components. Figures la and 1b illustrate the
xd
e geometry of propagation of the perpendicular and parallel components, respec-
tively. The boundary condition that must be satisfied on the interface between
the two dissimilar media is that the tangential components of the fields E and H
be continuous. Enforcing these conditions we get
.
o] jr.d jr.d jr.d jrad
W r -jr -jr r
:Q,: Elleell*'gllee 191 . g2 %% | 2 2% (3)
) L L
o\ jr.d -jr.d ~jr.d
o _ul® 19 1 —ird, - y® TIN%, 20 Jryd,
Hl e cos el +HJ. e cos 61 HJ. e cos 62 + HJ. e cos 92
is‘ (4)
oy
;-'t where dl and d2 are distances of the terminal planes from the interface, and
LR
N el and 02 are the angles between the directions of propagation and the normals
of the interface, as shown in Fig. l. Therefore, we have
T(-l 2z /if - az - 82
cos el o —— = (5)
K, | &, |
IZ‘Z VE% - az - 82
. cos 92 - = (6)
[, | I, |
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Note that the phase factor ejkr is assumed here. Rewriting Eq. (4) and using
H = Ye/u E, we obtain
. A
*3: € r,d -jr,d € -jr,d jrad
NN . —I(Eleejll-Eleejll)cose- —l(EZerzz-Ezeerz)cose
- ¥ 1 1 | Uy L 1 2
2: (7)
A_ Multiplying Eq. (3) by (v ellul cos 6;) and subtracting from Eq. (7), we have
0
5 0 - € - € €
{:'; ZELLe e ind /:i cos 61 = gig radz L cos 9 + — cos e
< u u U
2 o 1
- €
Y + EZG iradz il cos e _z_cos 8, | (8)
L 1 ll u 2
N
Similarly, multiplying Eq. (3) by (Y€ /u cos 6)) and subtracting from Eq. (7),
3:' we have
N .
rord € £
. -jr,d -jr
2 ZEleej11 —lcose=E:Ze jzz cose —cose
. 1 M 1 L u My
(v
2
o, -4r € €
N +E2€ “122 —Lcose+ —Zcose (9
» " )
3, From Eqs. (8) and (9), we obtain
»
:0 - N -
) 1 p.::}
P
2 Ey Ey
- = ['r] (10)
) 1© 2
2 E, Ey
Y
*_: N - —
::a where
\.:
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1 2 - 1 2 :
o JF2dpiT 4y - JT2d2in 4y
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The matrix [T] is termed a transformation matrix for the perpendicular com-

1
ponents of the electric field.

i
L)

s
4
s

In a similar manner, we can derive the transformation matrix for the

A
hY

PR

parallel components of the electric fields, which is given by

P

" s

P IS
A

% El@ EZ@
¥ !

(o . = [T) (12)
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i f/q /q /E; /eT 7
T ~= cos8,+ /— cos® ~= cosf,- /— cosd
o ‘ by 1 ) 2 Yy 1 " 2

e-;jr:zdz—jr:ldl ’ 1 ejjr:zdz--jrld1

e
$2§ &) €1
L 2 —u-l- cos Bl 2 "1 cos el

(] =

;J € € € €
- =2 cosf - ~L cos 9 2 cosg + 1 cosfH
"2 1 ul 2 d+ir.d “, 1 ul 2 d +ic d
L A AT Jra9tin e

. € £l
". 2 /== cos® 2 /— cos@

u 1 u 1
, - 1 1 -

(13)

E E
These matrices [T] and [T] are used to calculate the coupling between two
1 1
magnetic dipoles. For the coupling between two electric dipoles, it is

" necegsary to find the transformation matrices for the magnetic field, namely,
Y. H H

75 [T] and {T] . It is evident that Fig. 1(a) also describes the propagation for
> L 1

LAY

:‘f- the parallel components of the magnetic fields, and Fig. l(b) the perpendicular
S

components of the magnetic fields. With Eq. (4) and E replaced by H in Eq. (3),

3
.f:." it is not difficult to show that the transformation matrices for magnetic
}\f'
::" fields are given by
™Y
- 19 )
. Hl HL
NN q
o = (7] (14)
]
N 410 L 20
L 1
A and
o8 af’ ﬂf’
fa- ;|
A = (T (15)
1
: ® 2
o
&F
v 6
o~
.‘J




where

r—

/“—1
2 /— cosh
el 1

H
(T] =
1
u u u u
—lcose- —zcose —l-cose«i- —zcose
€ 1 € 2 ] £ 1 € 2 4 q
e dT2dHindy JT242%737 4y
u u
2/; <:ose1 2/; cose1
- "1 1 -~/
(16)
and
~—~
u u u u W
/; <~.<>sfil‘l'v/;€—L cos8, d ~ir. d /_e—z' cosBl'/; cos 8, 4 -ir d
2 L e 027N 2 L J5247IN Y
[ €
=L L
2/_‘1_1 cose1 2/u_ cosel
1
H
(T} =

~jr,d +jr
erzJ

The matrices [T} and (T]

/u u u
e—l cos 91+/?‘2- cos 62 /—;
: 2 JIrdmingd) L

-

///FI
2 /- cosh
sl 1

"2
cos el- <. cos 8, . .
2 © Jdndyind

2 !

— c08h.+ / — cosH

€ 1 € 2
19 !

/u_l
2 / =— cos?9
El 1

can be identified as the transformation matrices

ej 1:'2c12-4-jr1d1

(17)

for the perpendicular and the parallel components of the magnetic fields,

respectively,
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Having derived the matrices for a single interface between t : dissimilar

media, we now proceed to generalize the analysis for the case of multilayered

media. Suppose we have n different media and (n - 1) boundaries as shown in
Fig. 2. From the preceding results, we have

SR ™

wl@ w2$

419 =T, 29

= J W

(20 »)

W W

= [T]
2 2,3 ”36
Lw - .
Ga-ne i®

W
=My 10

wn-l,G wrﬁ
wn-l,e al'rln-l,n s 3]

=

where wie stands for the waves propagating in the +z-direction in the
1th medium, and wie stands for the waves propagating in the ~z-direction in the
th

i medium, i.e.,

W@ . @ g0 @ 1 1=1,2,3, coon
L | 1 L
wie-Eie, Eie, Hie, or Hie i=1,2, 3, ... n
1 ] L 1
We obtain the following results
wl@ wrﬁ
= [T (18)
we l,n wne

---------
--------
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I~
o where
1
o [T]l,n = ['1‘]1’2 ['1‘]2'3 cos [T]n-l,n (19
Lﬁi : The matrix [T]1 , can be termed the transformation matrix for the N-~layer
.-, ?
.-
i medium.
A It is obvious that the transformation matrices only depend on the direc-
Ny
Znﬁ tions of the waves, the constitutive parameters of the media, and the locations
o
AL
C?} of the terminal planes. For the lossy medium, all of the above formulas are
M still applicable, provided we replace e by (e' + je").
;g"
b
33
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3. SPECTRAL REPRESENTATION OF THE RADIATION FIELDS
The fields due to a z-oriented electric dipole located at (x',y',z') can be
derived from a z-oriented electric vector potential Az, which satisfies the
equation

72 A+ K2 A, = -1de &(x - x') &y - y') &z = z') (20)

where 1d% is the dipole moment of the electric dipole. Equation (20) can be

solved via the Fourier transform technique to yield (see Appendix I)

® - - )4 —_? Jp |
Az(x,y,z) = Id;’ [/ al oI [a(x=x")+8(y=y" )+v(z=2")] dadg (21)
871 -= /£2 - a? - 82
From Maxwell's equation we have
2

(g =2 (. Y%

X 3y jwe 3z3x

aAz < 1 aZAz
\Fy =T x Ey = Jwe 3z3y (22)

1 azAz
E = = S -
z jmmz juwe 2
. 9z

Therefore, the various field components for a z~oriented electric dipole are

given as follows

P T TR FS T T P e T I R IR N Y A
T T T T e T e e e e R T T T e T A T TS
PRI DR P S T T T TR M ‘e v . LI I St . - . - . S . Bl
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(u 'E‘% f}'___i ejla(x-x')+B(Y'Y')+Y|z’z'“ dodg
X  ax _“42‘02‘82
R =i I = oI Lol +8ymy Itylz=z" ] 4 g
Y gt e S 2. &
< E -I_d_& 17;2 eJ[a(x-x')+8(Y'Y')+‘Y|Z‘Z'“ dodB (23)
X 2 we
8n -
_Idg (7 =B  3la(x=x")+B(y-y" )+y|z-z']]
E, = =5 // — e dadB
8n" -
2 2
£, =2 /) T E) latexratmy erlenat ) g
ga2 = A2 - 2 - g2
where

Similarly, we can derive the various field components for an X-oriented

electric dipole as follows

n =142 gy e dlaaxty+Bly=y a¥yfz=2t ]y g
T —oo

Id2

H = =—=

T -8
L L{ f2 2 _"_82

oI [alx=x")+8(y=y" Yy|z=2" [ 4 44

1dg (7 -G - o) [a(x-x")+B(y-y' )+v|z=2'|]
< Ex = ;’ ff ej alx-x B(y-y Y|z-2 dodB
81" ~= yeh? - of - g2 (24)
aB

g 14t (] Jlalx=x")+8(y-y I+ylz=z'|) 4,0

wek? - & - o2

\f = 1d% r}.l eJ[a(x-x')+8(y—y')+ylz-z' |1
81!2 -J-O we

dadB

12

¥ -, .
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From duality, we know that

E+H I1d2 + kde €+

- _ (25)

H + -E kde » Id2 u+e
where kdf is the dipole moment of the magnetic dipole. Consequently, the
various field components for the magnetic dipole can be obtained directly from
those of the electric dipole upon application of the duality principle.

The various field components for the z-oriented magnetic dipole are

/

E_= kdg H eJ[m(x-x')+B(y-y')+ylz-'2'Il dadB
82 —w A2 _ az _ &2

Ey -%& II ejfc(x‘x')*'ﬁ(}"}")""flz‘z' “ dodB
o {2 _ az _ &2

f - kdy ” -8 Jlatx=x")+8(y=y" M+y|z=2' |] 4 4,
8w -c
kd® (7 -(az + 82) Jla(x=x" )+8(y~y' Y+y|z=2'|]

\Hz -= || ——————— dodB
8r - wy - a2 - 82

Likewise, the components for the x~oriented magnetic dipole are given by

""\$o’:\ .-:
\ > > e
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LY
!

Y
XA

"

?ﬁ ® ' '
ko (E ...kd_;' {f o1 Latx—x )+8(y-y' )+y|z-z' ] dodB
Y g1 -
g - Xkd 7 8 Jlalx=x")+8(y-y +ylz=z' |1 o
2 gl e A2 - 2 - g
kdg (¢ -j(k2 - az) jla(x=x')+B(y=y' )+v|z=2'|]
n -kt (f e dodB (27)
X gella f2_ 2_ 2
wy a B
Hy - kd;. f}' jaB ej[u(x—x')+8(y-y')+Y|z‘z'|] dodg
gr2 o Al - & - &2
n, =54 gy e ed Lo 8=y tvlz=2" 1] 4 4
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4, NUMERICAL COMPUTATION

4.1, Collinear Magnetic Dipoles (or Small Coaxial Loops)

Suppose we have two z-oriented collinear magnetic dipoles separated by a
shield. Loop 1 is a transmitting antenna placed at the origin of Cartesian
coordinates (0,0,0), whereas Loop 2 is a receiving antenna at the point
(0,0,zo), as shown in Figure 3.

Letting the terminal planes at z = 0 and z = z, respectively, the incident

electric fields E}l‘e, E;G for the magnetic dipole at the plane 1l are

EL2(x,5,0) = 542 [y _8 IO g

2
8x (2 2_ 2

(28)
1® kd g a jCox+By)
E (x,y,0) = /] e dod B
\7 g 7 2. 2
- a - 8
From the matrix Eq. (A.12) in Appendix 2, we obtain
~ N 8 a = ™
~1® ’ B ~1
g /2, & [T, & g
- (29)
510 ok’ - 2 - & phE - ok - g +10
1 2 /2 2
L J L kia +8 kfa” + 82 J ~.y.4
and
e ™ /2 2
Eie(x.)'.O) ~kdL g ofa B () g
8r2 <m A2 2 2
-a -8B
4 (30)

1
KE' (x,y,0) = 0
This result shows that the direction of every incident electric field at plane 1
is always perpendicular to its plane of incidence, because the electric field of

15
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the z-oriented magnetic dipole in the cylindrical coordinates (p,¢,z) has the

L
4
1
d
one ¢~component. !

Let ]
1® ~1P ~Xp 3
W =E W . E, )
9 ~1© o (31) '
W = E W = 0
l .
Finally,
~1® 1 ~1®
1 'T—lEl (32)
11 .
L E EL  ER !
where T11 is the first element of the matrix [T] which is [T] +[{T] . The J
L 4
matrix [T]E is the transformation matrix for téé left bounda%y, whéreas I
ER L

the [T]L is the one for the right.

g

Therefore, one may obtain the field at plane 2
/ 2
- gz + 8 oJ (ot By)
l

11 -~ a - B

Eie(x,y, . kat ff dodB (33)

8w -

i S Bl odion’.

In order to find the magnetic fields received by loop 2, it is necessary to

transform the gfa into the components Esa and Esa. From the matrix Eq. (A.13)
in Appendix 2, we obtain
~
5| | 2= ok (&7
x ’ L
i 4? + B2 /;? + B2 ,{2 - a2 - 82 L3
E —. — B E
’ 1
L L /& + g2 /2 + 82 A2 - 2 - g2 |L D
— -/
and
17
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& I! -8 ej(dx"'BY)

dodB

(34)

£20(x,y,2,) = 4 /1 a I oy

\ 8" = /42__'_2—"_2
'1‘l -a =~ B

11
4
; It is obvious that the z-oriented magnetic dipole placed at the z-axis can
'
]

W YW

only couple the z-component of the magnetic field. From Maxwell's equation we

have i
1 (98, OB, ]
LR 'aT'W'] | (35) 5
and
2 2
H (x,,20) = hiw et F R I (36)
. Tfllﬁ -a - 82

In order to evaluate this integral, let us make the following

substitutions [2]:

a= ) cos £ X = p Cco8 ¢
(37)
B = X sin £ y = psin ¢
E
It is worth noting that the first element T11 of the matrix [T] 1is only a func-
L

tion of A and independent of £, because the factors contained in the matrix

become

/{cz-a2~82_/{(2-kz -
k

cos O = X

(38)
SRR % 2 R R & R g

Hence, one can separate the above double integral and obtain

.'-
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-1 =A"d)
Hz(p!¢’zo) 2 6{

87 wy -7
L AZ - )2

11

- 3
.t =21 J,(PN) dA
0

i AZ - 2

11

81! wu

Making another substitution
A=gin ¢

we have

kde , -2nk3 sind ¢
— |

1
87w ¢ Tll

H, (p,9,25) = * Jo(kp sin ) dg

where ¢ is a contour in the complex z-plane, as specified by the transformation

A = k sin z. In this case, the magnetic dipole is placed in the free space, so

k is real. Let k = k'. Then

A= 2"+ jJA" = k'[sin ' chg" + § cos ' shg”]

It 1s easy to show that the mapping of Eq. (34) transforms the quadrants of the
A-plane into parallel strips of width n/2 radians. The path of the integrands

in Eq. (39), that runs from A = 0 to A = +® in the right-half plane, is now

transformed into the path ¢, as shown in Fig. 4.
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Finally, we have

r—

X
y ) - ~kkds fz sin® dg' |, Ceosin 2ty do
z p:¢’zo AT 0 0 psin g g

1 '
Tll(cos z') =
- 3 "
h
- -—Ji—JL——-JO(kp chz”) dzg™) (43)
® Tfl(shq")

-
The magnetic field received from the z-oriented magnetic dipole placed

along the z-axis 1is

2
-k3kde sin3 dz' v U7 ch3;“ »
H,(0,0,20) = —J7an jo - dg i — dzg (44)
Tll(cos z') Tll(shc")
\— -

1f the shield is removed, it becomes a free space. From Eqs. (26), the com-
ponent of the magnetic field on plane 2 is obtained

kds (o’ + 8 iCatsy) AT

8rlun ~o A2 - 2 - @

z
H (x,y,zo) = 0 qadg (45)
%0

Using the same substitutions in Eqs. (37) and (40), one may obtain

I
2
-k3kdy

3 jkzpcos z'
Hzo(p,%zo) = Zrwp | fo sin“g' J,(kp sin g') e 0 dg'

" kz sh .« d "
+ fO Ch3c JO(kDCh;") e 0 g 4 (46)
and ]
-kdzl| 3 jkzqcos ¢'
HZO(O,O,Z) "W f sin ;' e 0 dC'
0
-
3 . kzgshg
- fo ch e 0 d (47)
21
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Let us define the shielding coefficient of the shield as

|“z0(0,0,zo)|(free space)
Sy = 20 log (db) (48)
I8,(0,0,2,)| (with shield)

apf L s
S

l?l - ’

It can be used to describe the coupling between two coaxial z-oriented small

-
.‘"/{"‘

loops separated by the shield. The large S means that the coupling is weak.

e 1

Ay

4,2, Collinear Electric Dipole

PRt W

Consider two z-oriented collinear electric dipoles separated by a shield,

as shown in Fig. 5. Invoking duality (Eq. (25)), it is possible to find the z-

="

i:{ component of the electric field at plane 2 directly

R

o —-

A T

N ~k’1dyg ! gia3 dz'

)] E,(p)4:2y) = — [ * Jy(kpsin ') dg'

< . 11lco8 -

.;' ~—

“ e - h3 "

e - | —=2— 3,(kp chg™) dg") (49)
I @ l i1}

w Tll(sh; )

.r\ _

'i‘

X and

R

2 —~ =\

o I

R Krde | 2 sind dg' - -

EZ(O’O’ZO) = 2 f d;' - f -_S_-c_d;" (50) }
. 4mwe | 0 ol (oos ¢") > 1l (shg™) 1

" 11 11

\q.. - -

t? But Tfl is the first element of the transformation matrix for the perpendicular

-— H E

- component of the magnetic fields [T] in Eq. (15), instead of [T] .

<3 L L

::2 : For free space, we have

e
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" -.:k_Ld_". 3 jkzO cos g '
£y EZ(O,O,zO) o IO sin” ' e dg
."n; -cn kz Sh ”"
b<a -/ ch3 "e O - dzg” (515
R 0
N
.{g Similarly, we can define the shielding coefficient of the shield as
25 s |Ezo(0,0,zo)|(free space) (aB) 52
N £ = 20 18 TE75,0,2,) [(with shield) )
',J‘
.“.1
Jﬁ It describes the coupling between two collinear electric dipoles separated by a
iy

shield.
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5. NUMERICAL RESULTS

We have two coaxial loops separated by a double copper shield. Let us com-
pute the shielding coefficient of this shield. The thickness of each shield is
(1/1000)"; the separation between the two shields is ds = (1/2)" or (1/8)"; and
the distances from the dipoles to the shields are dl = d2 = 12", as shown in
Fig. 5.

The variations of the shielding coefficient with frequency for magnetic
dipoles, electric dipoles, and plane waves are shown in Fig. 6., Experimental
results for magnetic dipoles are also given. From these results, we know that
the copper shield, which has a very high electric conductivity, possesses a
higher shielding coefficient for electric dipoles.

It is worth noting that in the above calculation we have assumed that the
propagation direction of each of the components radiated by the dipole is always
perpendicular to the boundaries in the double copper shield (see Fig. 7). This

is because the electrical coanductivity of copper is very high.
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Figure 7. The propagation direction of each of the components radiated by
- the dipole.
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6. CONCLUSION

AN 4

The formulas given in References (3] and {4] are only for specially

oriented dipoles, i.e., the dipoles must be perpendicular to the boundary. The

‘é formulas are not available for arbitrarily oriented dipoles. We have already
*; obtained formulas for z-oriented and x-oriented dipoles. The former is perpen-
q dicular to the boundary, whereas the latter is parallel. If a dipole is |
,3 oriented in an afbitrary direction to the boundary, we can always resolve the
i; dipole into two equivalent dipoles. One is z-oriented, and the other is x-
oriented. Therefore, the above approach can be used for arbitrarily oriented
'2 dipoles. Furthermore, the boundary transformation matrices obtained in this
‘; paper are also useful for the study of wave propagation in stratified media.
7 The method presented in this paper is simple and convenient.
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APPENDIX 1

)
lela'a s’

FIELD EQUATIONS

N
AN We have
Nl
»

VzAz + kAz = ~Ide 8(x-x') &(y-y') &(z-z') (A.1)
‘-' Let
N
- A (x,y,2) = [[[ K (a,8,7) o [ax=x" )+8(y-y " I +y|z-2" ] dodpdy (A.2)
N Fourier transforming Eq. (A.l) we get
K W2~ (2 + 8+ ) K (q,8,y) = - —F

(2m3
f\.‘
§ Therefore,
~ Ide
* A (C, B’Y) - - r
5 z (2m3? - (a? + g + yz))
i“
X Thus the solution of Eq. (A.1) is
L; Az(xryoz) = -id—;’- fff ej[a(x-x')+8(y-y')] dadgdy
2 N —~oo
y ® . , w (z-z")
3y - 140 7 latex 480y g g elviz-z dy
L e k2 - - @) - 2

A (A.3)

{
: r—-——— !
‘; Let k2 - cxz - 82 = Kz, and K = 2 . az - 2. Then the second integral of :
h Eq. (A.3) becomes

® edv(z=2")

- kZ_YZ

dy (A.4)

. Applying the complex function theory to evaluate this integration, it is evident
: eJY(z=2')
, that the {ntegrand 3 has two poles y = *K on the real axis in
i K - vy
‘i
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the complex y-plane. From the radiation condition, we know that only one pole

Lele e, B0
EVRY R R

is reasonable and that

.
-

y = R(cos ¢ + jsin ¢)
Therefore,

!ejy(z-z')| = e~R(z-2') sin ¢ (A.5)
Since sin ¢ > 0 in the upper-half plane, the integrand will become negligibly
small as R increases without bound, but only 1if z > z'. Thus, we can take the
contour as shown in Fig. A.l. For z > z', the contour includes only one pole

(r = +K). We then obtain in the limit

- ejy(z-z') jr(z=2z")
STz dv = 2nf Res| Sy |y = &
e K -y K -y

(A.6)
X2 I“ejfcz-az-sz(z-z')

K
2. 2. &2

Obviously, for z < z' the contour must be closed in the lower-half plane,

-d

(z > 2")

as shown in Fig. A.2. The contour includes another pole (y = -K), so that

o jy(z-z') -jr(z-2")
/ .e._z_._..- -27j Res e
e K2 - Y2 K2 - Y2
(A.7)
re~J 2. 2-g2(z~2")
= J (z < z')
‘2 _ °2 _ 82
and for z > z' or z < z'
- eJY(z'z') JJEJ'E -~a -8 |z-2'| z>z' )

[ =
- KZ - Y2 2 - az - 82 or z < 2'

Finally, we have

A(x,y,z) = - :d; [/ - J ej[a(x-x')+B(y-y')+{{2..az-82|z_z' b
n -

> 5 dadB (A.9)
/4 -a - B
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Figure A.l. Contour for z > z'.

Figure A.2. Contour for z < z'.
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APPENDIX 2
: ]
COORDINATE TRANSFORMATION

.

N
: Considering the coordinate transformation from the Ex’ fy, Ez coordinate *

‘.

b
system to the system defined by the orthogonal triad consisting of the wave vec- |

:'! tor k and vectors EI and EJ. shown in Fig. A.3 , we obtain a coordinate transfor-

]
y 3
X mation matrix

() _

- El Ex

“ 3 = T

« E' [R] Ey (A.10)

:‘ where

<

sin ¢ -cos ¢ 0
- (R] = (A.11)
) cos ¢ cos 6§ , sin ¢ cos 8 , -sin @
- The final results are
) r

A E sin ¢ -cos ¢ Ex
: 3 (A.IZ)

; E cos ¢ cos 8, sin ¢ cos 8 E
- - L - y

\ ~ ~ ~
§ --j cos ¢ _1
N E sin ¢ E

3 S cos A L (A.13)

- sin ¢ -

E -cos ¢ E
cos 9 L

L y.J L . J

J -

j and

A

' ) E -cos ¢ 0 E

: I y (A.14)

T —_
1 gin ¢ cos 9 -sin 8 Ez
' 32




Coordinate transformation.

Figure A.3.
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N = =
- 1 —_
E - E
) Y|a| cos ¢ L (A.15)
- sin ¢ cos O
E - L E
- z cos ¢ sin © sin 8 "
- _ -/ </
where
4 Koz 2_ 2. ¢ 2 _ 2
cos &8 —m= ; 8in § = ——
,kl k k
:E::f cos ¢ = kex = 2“ 5 H sin ¢ = B (A.16)
N Ya© + B 2 + 32
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