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I. INTRODUCTION

In 1958 Karpov and Bradley! observed short flights of shell, accompanied
by substantial reductions in spin rates. An eleven percent range reduction,

for example, was accompanied by a fifty percent reduction in spin over thirty
seconds. Later tests showed that the spin loss occurs after the coning motion
exceeds ten degrees and is not the cause of growth in the coning motion. It
was shown2™3 in 1977 that this coning growth and spin decay could be explained
b{ the motion of loose internal components. It should be emphasized that in
all monitored flights of projectiles with large coning motion and no loose
internal parts, no large despin moments have been observed. Thus, the

combined gresence of a large coning motion and a large despin moment is
symptomatic of a loose internal component.

In the summer of 1574, a 155mm shell with a liquid payload was fired with

a yawsonde telemetry unit“ and this projectile developed a coning motion with

amplitude in excess of forty degrees.S When the coning motion exceeded forty
degrees, the telemetry record showed a very rapid despin of forty percent in
less than five seconds. Since 1974, six more observations of liquid-filled
¥ 155mm projectiles with large coning motions and large despin rates have been

made. 58 In addition, thirty-six observations have been made of large coning

1. B.G. Karpov and J.W. Bradley, "A Study of Causes of Short Ranges of the
8" T317 Shell,” BRL Report 1049, May 1858 (AD 377548).

8. C.H. Murphy, "Influence of Moving Internmal Parts on Angular Motion of

Spinming Projectiles,” Journal a; Cuidance and Control, Vol. 1, March-
April 1978, pp. 117-132, 06 also BRL~-Mi-2731, Februaxy 1977
(AD A037338).

3. W.G. Sopsr, "Projectile Instability Produced by Intermal Friotion," AIAA

Journal, Vol. 18, Jan 1978, pp. 8-11.

4. W.H. Mermagen, "Measurements of the Dynamical Behavior of Projeotiles

Over Lung Flight Paths," Jowrmal of sE"“’ﬂ% and Rockets, Vol. 8§, April
1871, pp. 380-385. See also BRL MR-2078, N AD 712002).

¥.P. D'Amico, V. Oskay, W.H. Clay, "Flight Tests of the 155mm XM68?
Binary Projectile and Assooiated Design Modification Prior to the Nicolat
Winter Test 1974-1975," BRL-MR-2748, May 1977 (AD B019963).

S,

6. W.P, D'Amico, W.H. Clay, and A. Nark, "Yawsonde Data for M687-Type
Projectiles vith Application to R Spin Decay and Stewartson-Type
Spin-Up Instabilities,” ARBRL-MR-03087, Jume 1980 (AD A089646).

7. W.P. D'Amico, W.H. Clay, and A. Nm‘k‘ “Diagnostic Tests for Wiok-Type
Payloads and High-Viscosity Liquide," ARBRL-MR-02915, April 1979
(AD A072813). ‘

8. W.P. D'Amico and W, H. Clay, "High Viecoeity Liquid Payload Yawsonde Data

for Small Launch Yauws,” ARBRL-NR-03039, June 1980 (AD A088¢11).
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motions and despin moments for projectiles with payloads of liquid-solid
mixtures; namely, twenty-six XM61 projectiles containing 1iquid plus cotton
wicks 729711 and ten XM825 projectiles containfng 1iquid plus felt
wedges.1271% Indeed, all observed flights of projectiles with 1iquid or

1iquid-solid payloads that performed large coning motion exhibited large
losses in spin. LW

This characteristic association of a large despin moment with a large
coning motion for a projectile with a moving payload can become a diagnostic
tool, Miller!S suggested using this tool to determine the existence of small
amplitude unstable 1iquid-induced side moments. Spin measurements made during
coning motion on a gyroscope predicted flight pitch instabilities caused by
very viscous liquids, and these were observed in flight.16 The original M687
flight instability was caused by a large external Magnus moment, even though
the 1iquid caused a rapid despin. Thus the assumed connection between large

Lkt

‘\ »,
"
-

»
"
n:
i-

n‘eb

: coning motion roll moments and small coning motion side moments may have been
. fortuitous for the case of very viscous payloads.

3 The linear liquid-induced side moment was first computed by Stewartsonl?
:i for an inviscid liquid payload by use of eigenfrequencies determined by the

1 9. W.P. D'Amico, "Early Flight Ezperiences With the XN?61," BRL-MR-2751,

: September 1977 (AD B024875L).

& 10, W.P. D'Amico, "Field Tests of the XN?61: First Diagnostic Test,” BRL-MR-
. 3783, September 1877 (AD B034876L).

.ﬁ! 11, W.P, D'Amico, "Field Tests of the XM?61: Second Diagnostic Test," ARBRL~
‘ NR-08806, January 1978 (AD B03530SL).

?33; 18, W.P. D'Amico, "Aerodallistic Testing of the XNG8S Projectile: Phase I,”

ARBRL-MR-03911, March 1979 (AD B037680).

X 13, W.P. D'amico, "Aeroballistic Testing of the XN835 Projectile: Phase II,”
n ARBRL-NR-03072, Jorwary 1981 (AD A09803¢).

)

X 14. W.P. D'Amico, "Aercballistio Testing of the XN835 Projectile: Phase III,
- High Muxale Velooity and High Quadrant Blevatiom,” ARBRL-MR-03196,

2N September 1983 (AD B068S11L).

:] 15. N.C. Niller, "Fl(ght Instabilities of Spimming Projeotiles Having Non-

2 rigid Payloads,” Journal of Guidance, Control, and Dynamics, Vol. §,
:! Naroh-April 1088, pp. 151-157.

16, W.P. D'Amico and N.C. Niller, "Flight Imstability Produced by a Rapidly
1} Spimning, Highly Visoous Liquid,” Jourmal of Spaceoraft and Rockets, Vol.
:

1“ J“‘F.b 1’79‘ w. a"“o

17. X, Stewartson, "On the Stability of a Spimning Top Containing Liquid,”

A Jowrmal of Fluid Nechanics, Vol. 5, Part ¢, September 1959, pp. 577-593.
] ‘
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fineness ratio of the cylindrical container. Wedemeyer!® introduced boundary
layers on the walls of the container and was able to determine viscous correc-
tions for Stewartson's eigenfrequencies, which could then be used in Stewart-
son's side moment calculation. Murphyl9 then completed the 1inear boundary
layer theory by including all pressure and wall shear contributions to the
1iquid-induced side moment. The Stewartson-Wedemeyer eigenvalue calculations
have been improved at low Reynolds number by Kitchens et al20 through the
replacement of the cylindrical wall boundaEX agproximation by a linearized
Navier-Stokes approach. Next,Gerber et alZl-22 extended this linearized NS
t::hnlgugoao compute better side moment coefficients for Reynolds numbers less
n . L ]

The only theoretical work on liquid-induced roll moments was done by
Vaughn23 in 1978. Although fair agreement with Miller's data was obtained,
the work was marred by some hard-to-justify algebraic steps. It is the
purpose of this report to compute the roll moment associated with the linear
perturbation flow of Reference 19.

[I. LIQUID ROLL ¢ OMENT

The pitching and yawing motion of a symmetric spinning projectile can be

represented as the sum of two rotating exgonentially growing two-dimensional
vectors. In terms of complex variables, this relationship assumes the form2*

18, B.H. Nedemeyer, "Viscous Correction to Stewartson's Stability Criterion,”
BRL-R=1325, Jwne 1966 (AD 483687).

19, C.H. Nurphy, "Angular Motion of a Spinmning Projectile with a Viscous
Liquid Payload,” Nemorandum Report ARBRL-MR-03194, August 1982 (AD

Al118876). See also Journal of Guidanse, Control, and Dynamics, Vol. 6,

July-August 1983, pp. 360-386.

80. C.W. Kitchens, Jr., N. Gerber, and R. Sednay, “Osctillations of a Liquid
in a Rotating Cylinder: Solid Body Rotation,” BRL Technical Report ARBRL-
TR-08081, June 1878 (AD A057759).

81, A. Gerber, R. Sedney, and J.N. Bartos, "Prassure Moment om a Liquid-
Fillad Projectile: Solid Body Rotatiom," BRL Technical Report ARBRL-TR-
02483, Ootober 1882 (AD A130567).

88. N, Gerber and R. Sedney, "Noment on a Liquid-Filled Spinming and Nutating
Projeotile: Solid Body Rotation,” BRL Tachnical Report ARBRL-TR-03470,
Fedruary 1988 (AD A135332).

33, H.R. Vaughn, "Flight Dymamic Imstabilities of Fluid-Filled Projactilaes,"
Sandia Laboratories, Albuquerque, NM, SAND 75-0993, Jume 1978.

8¢, C.H. Nurphy, "Free Flight Motion of Symmetric Missiles," BRL-R-1216,
July 1063 (AD €43757).
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1 i
§+i3-xle‘1+xze’z (2.1)

3
where  n (Ky/Kyg) = & rjlilt

[J

QJ a .jo + tjot and

¢ is the roll rate.

The transverse moment exerted by a 1iquid payload was expressed in
Reference 19* in the following form.

i

. i
"LV + 1 "LZ = . a2¢2 [rl cm1 Kle * T, cw2 Kze ’2] (2.2)
;,”
-l where
N
m = mass of 1iquid in fully filled container
and

% a = maximum radius of liquid container,

For linear fluid motion, c”‘l should depend on vy, ¢, time, Reynolds number,

oy
g, -
N D)

aNapa’s

kd
R

:il:;';:tio. shape of cavity, and direction of spin. A similar remark applies
) .

b

The c"‘j are complex quantities whose imaginary parts represent in-plane

N moments causing rotation in the plane of exp (“j) and whose real parts
X represent Side moments causing rotation out of the plane of exp “'3)' Thus,
N

cmj with its dependence on the direction of spin can be written as

y g

,f? c L § C +1C (2.3)
2
‘ where cmj. l:'.mJ are real and y = §/|él.
N
Y
\..\-!
S

4Since relations from Reference 19 are used throughout this report, ax errata
Jor Reference 19 is given in Appendiz A.
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The 1iquid roll moment can now be defined in a similar way. Symmetry

considerations imply an even dependence on coning amplitudes and an odd
dependence on spin rate,

. 2 o 2 2
e Mgem 2 olol [ogu * 7 Ky Gy * 2 X Ciawd (209

where CLRHJ are functions of Reynolds number, fill ratio, shape of cavity, and

time. In addition, for j = 1 and 2, the CLRHJ may be functions of Tis € and

Kj?'. CLRMO is the roll moment coefficient exerted by the liquid during spin-

up and is zero when steady state is reached, For the steady-state coning
motion considered in the Stewartson-Wedemeyer theory (K2 = 0), only one roll

moment coefficient is present and we will omit the subscript on ! and CLRM :
1

ﬁ;-ﬁazuﬂrxfcmw (2.5)

Throughout this report, we will consider only roll moments that can be

approximated by the one-term Eq. (2.5) rather than thg more complete three-
term Eq. (2.4) and will consider only positive spin, ¢.

The roll rate of a projectile in flight is controlled by the sum of the
internal liquid roll moment and the external aerodynamic roll damping
moment. For pure coning motion

Y 2

A Y !Vi 2 32 2

**‘\4 xx = (T) St ( ) Clp + ﬂL " ¢ = Kl CLR“ (2.6)
WX

¥ For the iiquid payloads, the large increase in roll moment usually occurs
) suddenly when the coning motion amplitude exceeds 30°. On the other hand, the
Lo liquid/solid XM761/XMB825 payloads produce large roll moments at a much lower
N coning amplitude of 10-15°. For all payloads, the coning motion increases

. rapidly to a steady-state amplitude of 40-45°,

_‘i,' Since definitions (2.1, 2.2, 2.4) were for small coning angles, more

N precise expressions are required for an?les in excess of ten degrees. The yaw
! plane is the plane containing the missile axis and the velocity vector. The
S anyle between the two vectors is the total angle of attack, L The amplitude
of the complex variable % is sin a, and the argument of T is the phase angle
A/ of the yaw plane about the missile axis, For the pure coning u.tion of Eq.
(2.5), the exact definition of K, is

5

1 Ky * 1§l = sin q (2.7)
o
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Unfortunately, the yawsonde data for the XM761/XM825 flights were too
poor to yield numerical values of the 1iquid rol) moment coefficient. Seven
flights of the M687 payloads did have sufficiently good data and their liquid
roll moment values could be computed from Eq. (2.6). The change in rol}

acceleration at high cone angles, A ¢, can be easily obtained from the yaw-
sonde data, From Eq. (2.6)

2 e 2 2. v 2
8 0= (m a%/1) $°t K" C oy (2.8)
; Table 1 gives the seven MAB7 valuee of the roll moment coefficient, For
k- very Tow Reynoids number, a value of about -.04 seems representative while 2
b high Reynolds number value of -.01 is indicated. Since Round 7254 was not
) completely filled, it is an isolated value, Miller's ggroscope datals is
N given in Figure 1 and indicates a range of -.001 to -.05 for Cipu. Two
’:j recently obtained values of roll moment for eight-inch shell2S are also
7:::3 iven in Table 1, Since the flight data were poorly resolved during spin-
own, the 1iquid roll moment coefficients of Table 1 should be considered
& estimates with accuracies no better than 30%.
X {I11. LIQUID ROLL MOMENT THEORY
b
. ¥ Two coordinate systems will be used in this report: the nonrolling
) aeroballistic XVZ svstem whose R-axis is fixed along the missile's axis of
o, symmetry and the inertial XYZ system whose X-axis is tangent to the trajectory
XN at time zero.* Both coordinate systems have origins at the center of the
o gﬁindricn payload cavity, which is assumed to be at the center of mass of
2y projectile, Location in the cavity can be specified in the aeroballistic
systea by the cylindrical coordinates X, F, 8 and in the inertial system by x,
I r, 6 The boundary of the cavity is given by X = s¢c and F = a where 2c is the
N height of the cavity. Linear relations between cylindrical coordinates in the
) two coordinate system< were derived in Reference 19:
. £ex-rk cos (4 -0 (3.1)
Farexkcos (o -9 (3.2)
7
N 4 he trajestory aan be vell approzimated by a straight lixe for a wumder of
e periods of the angular motiom.
o 35. W. P. D'Amivo and R. J. Yalamanchili, “Yaveowmde Tests of the 4-Imch XN8S?7

Binary Projeotile: Phase I," BRL Neworandum Roport in preparation.
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AR AR AL N b e =

=06+ (x/r) Ky sin (¢, - 0)

(3.3)

Since the gradient vector for the surface X = f (x, r,

the direction of increasing X, the unit vector in the direct
X is

2 2 2|-1/2 '
][ R e |

In a similar way, unit vectors in the direction of increasing ¥ and § can be
computed in inertia system cylindrical coo

8) is a vector in
ion of increasing

” rdinates. These unit vectors along
&0 the aeroballistic cylindrical axes are:

L & = (eges e egy)

e (3.5)
;§\ = (1, - K1 cos (¢1 - 9), - K1 sin (¢1 - e))

'

‘3 = ( )

- € = (8hys O ey

{.{

7 (3.6)
:§§ = (K1 cos (¢ - 6), 1, Ky (x/r) sin (¢ - e))

85 = (e e o)

B (3.7)
§§ = (Kl sin (¢1 - 8), = Kl (x/r) sin (¢1 - 8), 1)

fgg Eqs. (3.5 - 3.7) are correct to terms of order Klz.

'E Since compressive viscous shear is neglected in boundary layer flows,

o the components of the shear tensor in cylindrical coordinates have the

Lat very simple form26

et

R xx " Ter ® Teg ® <P (3.8)

A S

avr avx]

e T ey T ¥ [3? T (3.9)

38. H. Sohlichtin "Boundary Layer Flow," MoGraw-Hill Book Company, New
York, 1860, po 54. * *
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¥
[ B
) 3(Vy/r) 1 V. :
B et T TH|T T t o (3.11)
i ‘ The stress vector on an area element of the interior lateral cylindrical
surface of the liquid container is
df, = (dF gy» dF gy dF ) (3.12)
where
dF gy = = [eFx Txx * R Trx * g "ax]~ a dx dé
r=a
dF g = - 5Fx ket &Fp Tpr t R Tm~]~ a dx d6
r=a
[~ ~ ~
oo™~ |%x ™o * &r Trg * eF rea],_ 2 dx db

r=a

The corresponding roll moment differential is

dMz, = a 33 . sz

(3.13)
2. - - 4%
{ % * [t st =0+ oo (o - 01k} o a2 cp
r=a

25 For the boundary layer on the lateral wall, only derivatives normal to the
1§ wall need be considered,
v,
] Ter =W (3.14)
X
j g0 (3.15)
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i Tre T M — (3.16)

The roll moment differential on the forward and rear end walls (j = 1, 2)
can be computed in a similar manner.

dMges = 3 {rxe - [, (x/r) sin (¢3-0) (3.17)

A 52 ~ .~
* 1.4 COS (¢1-e)] Kl}h r® dr dé
X=1C

;fi On the endwall only derivatives with respect to x are important.

9 VP
S (3.18)

T

! xr ¥
!

o

n
=

= (3.19)
< et 0 (3.20)

N We will now compute the quadratic liquid roll moment under the restric-
) tive assumption that only linear fluid mechanics terms need be considered. In

B Reference 19, the velocity components were expanded in terms of perturbation
5 velocities that were linear in K,

Vr R{u e el (3.21)
Ve = R{v, €50 104 (3.22)

Vg = rd + R {ws eS? - ie} (ad) (3.23)

) where
‘N s = (e+1)
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and where Ugs Voo W are functions of r and x and are linear in K. Eqs.

(3.21-3.23) give the velocity components in terms of x, r, 8. In computing
the linear liquid side and in-plane moments, x, r, 6 could simply be replaced

by X, Fy & The liquid roll moment, however, is a quadratic function of K1

and Eqs. (3.1-3.3) must be used. A useful approximation for this change of
variables is

h (r,x) e 8. (F,x) 1%, [35—%£451 (r - F)

(3.24)
+ﬂL%ﬁlu-£)-m(am(e-m]fﬁ

]

The roll moment induced by the lateral wall can now be computed by
integrating Eq. (3.13) with the aid of Eqs. (3.14-3.16, 3.21-3.24).

.2 - c 21[
CLRMz = (1 m a2¢ Klz) 1 S S dM~

) 3
L - Jo (3.25)
*“I
B i | C PN -~
g = (2xc)"! S R {fz x'l} d
3 -C r=a
. X=X
;
2 2
. w aw u
] where fl = [ax- Z - a2 S . ja—2|ge! (3.26)
ar arax ar
8 a ¢
;; Similarly, Eq. (3.17) can be integrated to yield
" C = = (1/2) C
: LRM,, ~ “LRM,, LRM,
3 (3.28)
3 a2 2.1 " on
% = (2vac) S R{fek } r dr
M 0 raf
. x=C
2 azws 2 3 ¥ -1
where  f, = [-r ";‘Z"" Cmp (W * 1vg - r;—— Re (3.29)
X r
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Finally
Curm ® Crrw, * Curm, (3.30)

~ In Appendix B it is shown that

CLpn = ~CLsn * (xe/2)01 = (4/3) (c/2)?] (3.31)

This equation is valid for linear fluid mechanics and states that for the
simple case of constant amplitude motion (e = 0) the liquid roll moment is the
negative of the liquid side moment. If the complete nonlinear fluid equations
are used, additional contributions to the quadratic liquid roll moment which
are large enough to affect Eq. {3.31) may be present.

IV. DISCUSSION

Reference 2 considers the effect of two types of internal component
motion: (a) a mass moving in a circle in a plane normal to the missile's

axis; (b) forced coning motion of a spinning component. For these motions the
side moment, Mg, and the roll moment, Mgs were computed and for both cases

My = -K; N (4.1)

This is precisely Eq. (3.31) for constant amplitude motion. Equation (4.1) is
equivalent to the statement that the liquid moment about the trajectory is
zero, i.e.,

This essentially follows from the linear assumption that the azimuthal
velocity about the trajectory varies as exp (-16). A nonlinear theory could
well have terms that are independent of 6. '

The liquid side moment was computed in Reference 19 for c/a = 4.291 and
Re from 102 to 108; the results are given in Figures 2 - 6. MillerlS observed
the roll moment to be independent of roll rate. This means that the liquid

_roll moment should be proportional to t. As can be seen from Figures 2 - 6,

this 1s roughly the case for the liquid side moment coefficient. Since
Miller's measurements were taken for t varying from .12 to .25, we will use
the 1iquid side moment coefficient for v = .18 to compare with Miller's
measurements in Figure 1. The agreement is encouraging when we recall that we
are applying a linear fluid mechanics calculation to measurements taken at a
20° cone angle and a boundary theory to Reynolds numbers as low as 100.
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3% V. SUMMARY

§§ l. The linear theory for a coning and spinning 1iquid payload has been
;‘,; 4 extended to the calculation of a quadratic roll moment.

ig A 2. The resulting quadratic roll moment coefficient is shown to be

&) exactly the negative of the Tinear side moment coefficient for constant

g% amplitude coning motion.

¥ o 3. This relationship between side moment and roll moment has been

observed for projectiles with moving solid components and is reasonably well
supported by experiment for 1liquid payloads.
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APPENDIX A

ERRATA FOR REFERENCE 19
1. Third term of Eq. (5.20) should contain (s = 1), not (s - 1),
2. Second line of Eq. (6.4) should read:

1
- ~ a-l "~ 2
i (c/2a) S X [c;]r-a K™ dx + (h/c) Moeh (6.4)
3. Eq. (7.1) should read:
- 1 2'
o= 1 (22K Re)d o759 S S el® md, do dx (7.1)
-1 70

4. EQ. (7.4) should read:

AP Bl x=1 2
m,e * (2a K Re) Sb [x 3 v, - wsv)]‘ lrdr s (ve)a,,  (1.4)
X" e

where

- -l & 3 ; s ]
uoep = (2 K Re)™D (c/an) s [-5 (v, - w“)] ) rdr.
b

x e <]

§
R
3}
.,7
&
w

5. Third term of Eq. (9.4) should contain (s - 1), not (s-1).
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APPENDIX B

Relationship Between CLRM and CLSM

33




"1
lN

..v
N
P

5
o
%

o 2
<3

LR e, L ~
e PR -4

ZFRAAIL

ERLRIENERER: -

-

o
]
g
e
"n
o
K
1
.

e N Y ] TR Wy Y 'S ~
LA R A R\ L s N AR P S A S R e A /it /b S AN S
‘l‘t"ﬂ.f‘-?‘ﬂ LRl ReE Al Mol SR ACA 4PN - A a4

APPENDIX B
RELATIONSHIP BETWEEN CLrM AND Crom

In Reference 19 the pressure parts of the side moment coefficient for the
lateral and endwalls are given in Eqs. [6.4 - 6.5).* The viscous shear con-
tributions are given in Egs. [7.2, 7.4]. These can be combined to yield the
complete side moment coefficients for the lateral and endwalls, respectively:

¢
Cgy = (27c)7 S R{gja 12'1} dx (B-1)
. -c r=a
X=X
a
"1 -1 ~ ~
c = (tac) S R K rodr (B-2)
LSMe 0 {ge }
r=F
X=C
where
awg wg | 4
9p= 1 (Wa) pot [x 52 +da 2| Re (B-3)
S - ,a__ - '1
e = -1 (r/a) pg+ com (W, -4 v) Re (B-4)

As is shown by Eqs. (3.25 - 3.29), the roll moment coefficients have a
very similar form: . ,

C
Cua, * (zm)‘ls R {fz E'l} dX (8-5)
-C f‘:i
X=X
a
CLRM = (rac)” S R {fe K'l} rdr (B-6)
¢ 0 rar
X=C

* Brackets identify equations from Reference 19.
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& where

b 32w 32w au

- S 2 3 S -1

; fz = |ax — - & ——— =~ ia —=]Re

3 ar arax ar

1 '
. :

2 azws azws e v\
s fe = Jap — +cir + + i Re
e ax xar  ax ax

-Q 2

1 3w (a,x)

5 Since ———

¥

ar

carefully than by the usual boundary layer approximation.
ferential momentum equation as given by Eq. [B6] is

b - e LI S IV B3 e 83 ORI Y A CLEY Vo B S St Mok W AR D AN it S A
Sadmrt e o S A ST RN PRI AL Bt S A A ot BN X S ORI Y PR G Vo B St ol el M

(B-7)

(B-8)

is the dominant term in C » it must be computed more
2 LRM2

The linear circum-

ﬁ 2 1 azw o azw 2w 2iv
X a‘ Re” S+ _S+__S. “% -.__zi
3 art  ror e p r
- (B-9)
Q iap
X - S
¥ -‘(s - 1) Wg *2v - —
% On the boundaries F = a, X = ¢, or & = =C» Vg and wg must satisfy the boundary
conditions as given by Equations [3.8 - 3.9]:
wg =1 (s-1) (x/a) K = SR (B-10)
Thus, on the boundary surfaces of the liquid container
3 ) ) | »
\ W W 3w .2 [ fapg 2 .
A + tem = e+ i (s% + 1) (x/a) K [Re (B-11)
ar ror  ax r
-
3 R a?‘ws azws
% On the lateral boundary (r = a), — is zero and "?T'i" Eq. (B-7) can
5 ax ar
[y be computed by use of Eq. (B-11). The result can be integrated and
T Simplified by use of Eq. (B-10).
CLRMz g - CLSMz - (2/3) (6/6)2 TE (8'12)
‘g 36
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Similarly, —5— and — are zero on the endwalls (X = i) and —7— in Eq. (B-8)
or ar X

S can be eliminated by use of Eq. (B-11)

C = -( + 18/2
LRMe LSMe

(B-13)
™

+ (1 Re)'lR {a —3; K '1}
r=a

X=C
The derivative of wg normal to the endwall at the junction of the walls can be

computed from Eq. (B-10) and is the same size as the derivatives omitted in the
boundary layer approximations of Eqs. (3.18-3.20). Thus, the last term of Eq.

(B-13) can be neglected. Eqs. (B-12 - B-13) can then be added to yield the com-
plete liquid roll moment coefficient:

CLaw = CLn + (/2) [1 - (4/3) (c/2)8] (B-14)

For constant amplitude coning motion, then, the liquid roll moment is the
negative of the liquid side moment.

3
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APPENDIX C
LIQUID ROLL MOMENT FOR PARTIAL FILL
If the cylindrical container is only partially filled with liquid, a

fully spun-up liquid will fill the space between the outer cylindrical wall
and an inner cylindrical free surface with radius b, The ratio of the volume

of this inner cylinder to the volume of the complete payload cavity is b2/a2.
The fi11 ratio for the payload is, therefore, 1 - bz/a2 and is denoted by f.

In the presence of small amplitude coning motion, this cylindrical free

surface is deformed slightly. The equation for this surface in aeroballistic
coordinates is

F=b(l+n) (C-1)
where n=R {"s (x) e3¢~ 16} (c-2)

and the perturbation function ng is linear in ﬁ.

In earth-fixed variables the surface has the form:
F(x, r, 6,¢t) = %2 + bl 1+ n]2 -x ..y (C-3)
From Eq. [A12]

X=x-R {r K eS¢~ 16}, (C-4)

and n must vary such that the free surface moves with the liquid, i.e.,

OF

of of Ve of oF
) A R

roar LR S (C-5)

Equations (C-3) - (C-5) with Equations (3,21 - 3.23) can now be used to obtain an
equation for ng that is linear in K.

- avs(b.x)
bns (x) = xK + -1 (C-6)

According to Eq. [B14], at X = #c
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vg = % (s - 1) (c/a) K (C-7)

‘e N (c) = " («c) =0 (C-8)

On the free surface, the pressure is constant:

, F=0 (C-9)

_The linear version of this is Eq. [5.8], which was used as the inner boundary

condition.

(s = 1) Ps (b,x) + (b/a) Ve (byx) = 0 (C‘IO)

The side moment coefficient has the same integral relation for CLSN as

. -Eqe (B-1), but Eq. (B-2) becomes

-] 3 S e a a
CLSN = {qac) S R {ge K }r.? rdr {C-11)
e b x=C

gimﬂarl‘ for thn liquid roll moment coefficient £q. (B-5)is unaffected but
q. {

[ - . -
Cme = (1ac) 1 S R{fe K 1}"; rdr (C-12)
b xXuC
Eq. (B-13) then becomes

Claw, " “Cun, * (ve/2). 11 - (7))

(c43)
|
+ (w Re)"} R{[ra-t?-:;f-)-] i'l}
b
oo Cipy = =Cun + (re/2) [1 = (473) (c/a)? = (b/a)*]
(C-14)

- b2 (v Re)™! a{—i‘ﬁi)- x"}
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LIST OF SYMBOLS

orw “'. 3 .

radius of a right-circular cylindrical cavity containing liquid

?:lf;geight of a right-circular cylindrical cavity containing
qu

TEOROL ~ o ey

I3 3P0

fast (j=1) and siow (j=2) mode 1iquid in-plane moment
coefficients; imaginary part of CL" .

J

fast (j=1) and slow (j=2) mode complex 1iquid moment
coefficients defined by Eq. (2.2)

l.o:t.-“Q'

. Cl
5
'.'.('4
N
|
u
"
5
' ¥

derodynamic roll damping moment coefficient defined by tq. (2.6)
cuml for steady-state coning motion (Kz = ()

fast (j=1) and slow (J=2) mode liquid roll moment coefficients
defined by Eq. (2.4)

that part of CLRN induced by the end walls of the cavity

that part of CLRN induced by the lateral wall of the cavity

cLSNl for steady-state coning motion (Ky = 0)

fast (j=1) and slow (j=2) mode 1iquid side moment coefficients;
real part of CLNJ

& &, &  unit vectors along the aeroballistic cylindrical axes
Cio Components of & in the inertial x, r, 8 systea

®2xsCipetry  COMponents of &~ in the inertial x, r, o systea

»&5, Components of 33 in the inertial x, r, o system

SS I axial moment of inertia of the projectile
& K K10 €xp (i4,)
X
Gt
% 43
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magnitude of the fast (j=1) or slow (j=2) yaw arm

initial value of XJ

reference length

mass of the liquid in a fully filled cylindrical cavity

L Y

"L;' "L;' NL; XYZ components of the moment exerted by a liquid payload.

e

Re

radial coordinates in the inertial and aeroballistic
systess, respectively

Reynolds number
(e+ 1) ¢
reference area

time

components of the liquid velocity perturbation in the
inertial x, r, 8 systea

magnitude of the missile’s velocity
velocity components in the inertial x, r, o systes

axial coordinates in the inertial and aeroballistic systeas,
respectively

tnertial axes; X-axis tangent to the trajectory at time
2ero.

nonrolling aercballistic axes; X-axis fixed along the
missile's axis of symmetry

ntndy

»uglcs of attack and side-slip in the XVYZ systea

vidl
noadimensionalized growth rate of Xy

azimuthal coordinates in the inertial and aeroballistic
systems, respectively

viscosity
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] air density
. T ) for steady-state coning motion (Ky = 0)
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&
P

(Qj/ $ the nondimensionaiized frequency of the j-th yaw arm
J=1,2)

roll rate

»

o
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Qjo initial orientation angle of the j-th yaw arm (§=1,2)
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