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1. INTRODUCTION

This document is a description of XWVG, a program for calculating the

signal levels of electromagnetic waves propagating in a tropospheric ducting

environment over seawater. This program is based on the waveguide formulation

of the tropospheric ducting problem given by Marcus and Stuart [1, 21. Like

the program DUCT developed by Marcus, Stuart, and Ellis [2, 3], XWVG uses the

root-finding program of Shellman and Morfitt [41 to find the complex modes

that propagate in the tropospheric duct.

XWVG has been developed for the purpose of providing a program which

guarantees that all waveguide modes with attenuation rates below a specified

value will be found. XWVG is particularly useful for conducting case studies

over a large dynamic range of frequencies, and its results can serve as a

standard against which results of quicker but more approximate methods 151 may

be measured.

XWVG assumes that the modified refractivity profile of the troposphere

can be successfully modeled with three linear segments. For many naturally

occurring tropospheric ducts this is a good assumption. The program DUCT of

Marcus, Stuart, and Ellis allows the modified refractivity profile to be

modeled with up to five linear segments and hence can describe a wider variety

of refractivity profiles.

The waveguide modes that can propagate in a tropospheric ducting

environment are the complex zeros of a transcendental function. In the Marcus

and Stuart formulation of the tropospheric ducting problem this modal function

:is expressed as a determinant. In XWVG, where the modified refractivity

profile is restricted to three linear segments, the modal function is

evaluated by expanding the determinant and numerically evaluating the

resulting expression. This allows the derivative of the modal function, which

is needed by the Shellman and Morfitt root-finding program and for the

evaluation of the modal excitation factors, to be evaluated easily. In DUCT,

the modal function is evaluated by numerically evaluating the determinant.

Because of the method used in DUCT to evaluate the derivative of the modal

, . ' .. '," ... . . . ..-.. *-. .- Aw. .- . . . .
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function, DUCT is restricted to refractivity profiles with five or fewer

linear segments.

XWVG includes an approximate allowance for surface roughness and

atmospheric absorption, effects which are not included in DUCT. XWVG also

includes a subroutine that evaluates the complex index of refraction of

seawater as a function of frequency, temperature, and salinity.

The major advantage that DUCT and XWVG have over some other

implementations of tropospheric ducting models is the use of the complex root-

finding program of Shellman and Morfitt. Use of this routine guarantees that

all modes with an attenuation rate below a prespecified level will be found.

However, this advantage does not come without a price. The Shellman and

?orfitt root-finding routine has an extremely long execution time

compared with other less infallible methods of finding modes [6).

JJ
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.-
2. MATHEMATICAL FORMULATION OF TIME MODEL

MODIFIED REFRACTIVITY PROFILE

The index of refraction of the atmosphere is given by

nG) = [er(;),r (r)J . (2.1)

where &r and pr are the relative permittivity and permeability of the

atmosphere. Throughout this document the assumption is made that

Pr()= (2.2)

and the only variation of the index of refraction is with height above the

surface of the earth.

When modeling tropospheric propagation, it is mathematically convenient

to utilize a rectangular coordinate system to describe atmospheric wave

propagation over a curved earth. The curvature of the earth may be

approximated by modifying the index of refraction of the atmosphere [7, 8J.

This modification is accomplished by adding a term to n(z), where z is the

height above the surface of a flat earth, which would cause a ray to bend

in such a way that its height above the flat earth at each point would be the

Ssame as if it were a straight ray over a curved earth. The modified index of

refraction is then given by

m(z) = n(z) + - , (2.3)a

where a is the radius of the earth.

The accuracy of the flat-earth approximation depends upon the frequency

of the electromagnetic wave and the height above the surface of the earth at

which the signal level is measured (9, 101. The approximation breaks down as

the frequency and height above the earth's surface increase. For the standard

atmosphere, Pekeris (9] finds that the fractional error in the height-gain

functions is approximately

3
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A = 512  :;
a 2n46 h 12  (2.4)

5 As3/2

1.911 X 10-10 [h(m)] 5/2  (2.5)X(m)

From this it can be seen that for signals with wavelength A = 3 cm (f =

10 GHz) at a height of h = 1000 m the fractional error in the height-gain

function is approximately 20%.

The modified index of refraction of the atmosphere, m(z), is very nearly

one, the difference being on the order of 10 .  For this reason it is

convenient to introduce the modified refractivity, M(z), defined by

M(z) [m(z) - 11 x 106 (2.6)

Often, the modified refractivity can be approximated by three linear

segments, as shown in figure 1. The model developed in this document assumes

that the modified refractivity can be approximated with three straight line

segments and that this one profile is valid for all range values, x. AndM"'-
additional assumption made is that the slope, A--, of the modified refractivity

profile is positive in the first and third layers. In the second layer,

can be either positive or negative, but not zero.
dz

Let Mi(z) denote the value of the modified refractivity in the i-th "5

layer. The modified refractivity profile shown in figure 1 can then be

written

dM1
M(z) M(Zref) + -(z - ze) (0 < z < z 2 ), (2.7) ,

2
M2(z) = MI(z 2 ) + d-(z - z 2 ) (z 2 < z < z 3 ), (2.8)

4



and

4(2) M ?I(z) z11 (z3 < z) .(2.9)

3 22 z

dM

LAYER 3 dz

23 Z-- - - - - -3 - -eeee --

dM 2 <

LAYER 2 dz

->0
LAYER I dz

Z, 0 Z, 210 M

GROUND XMZ

Figure 1. Trilinear modified refractivity profile. The slope of M(z) is assumed to be positive in the
first and third layers. In the second layer the slope can be positive or negative.

The square of the modified index of refraction is then

2 -6

1+ a1 (z H) +in1 (0 <z <z 2) (2.10)

2 -6m2 (z) I1+ 2 X 1 M(Z) + in

I + a (z2 -H) + a(z -z)+ in (z < z <z 3) (2.11)

and

2 -6
" (z)I + 2 X10 M (Z) + in

I + a (z -H) + a (z3  z)

+ a 3 (z - z 3) + in (z 3 < Z) .(2.12)

5



dli.
The slopes a. are related to the slopes dI by

a= 2 x 106 (213)

The term in introduced in equations (2.10-2.12) allows for attenuation of the

signal due to absorption by atmospheric gases. The height H is chosen so that

at some reference height, Zref, in the first layer, M(zref) has a specified

value. H is related to a1 and M(ze) by
I ref

2 x 10-6 M(Zr) .

H = Z ref - re (2.14)

The complex index of refraction of the ground is assumed to be

independent of position and given by

=- - i (2.15)

where e is the relative permittivity of the ground, o is the ground
g g Wconductivity, eo is the permittivity of free space, and f = - is the

frequency.

DORIZONTALLY POLARIZED WAVE PROPAGATION

Horizontally polarized waves may be considered as due to a radiating

magnetic dipole ; oriented in the z-direction and located at x = y = 0,

Z = zT . In a laterally homogeneous medium the fields due to such a dipole

exhibit axial symmetry and may be obtained from the magnetic Hertz potential

vector [111.

ft(rz) n(r,z);z (2.16)

where e is the unit vector i- the z-di ction and r is the lateral distance2+iwt
from the source location. A de adence of e is assumed. The

6
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electric and magnetic fields are related to the magnetic Hertz potential

vector by

- WV x 1 (2.17)

and

~= x xf (2.18)

The Hertz potential may be expressed as [11]

I(rz) L f pdp H 2 ) (rp)ff(p,z) (2.19)
C

where H (2)Q) is the zeroth-order Hankel function of the second kind and the0

contour C is shown in figure 2. In the j-th atmospheric layer (j = 1,2,3) the

function f(p,z) satisfies the differential equation

IMP
ImRp}

BRANCH CUT 
HPOINTOF H (2) B,)L/ RANC H O N .

b % BRANCH CUT

Figure 2. Contour of integration C for evaluation of equa-
tion (2.19). By Cauchy's Theorem the contour L is equivalent
to the contour C. The branch cut in the fourth ( iadrant is

due to the factor Vn. _ P2/k2 introduced into-nbecause

of the ground boundary condition.

7



+ k[ (z) - (P,z) -p6 (z -z (2.20)kt Id2

where k is the free space wave number and 6(Q) is the Dirac delta function.

In the ground, I1(p,z) satisfies the differential equation

{ 2 2 g(PZ) = 0 (2.21)4dz2g k 2  ""

Continuity of the tangential components of the E and H fields yields the

continuity conditions [12]

g11 (p,o) = ?l(p,o) , (2.22)

(p = { 1(P,o)} , (2.23)

f(P,zj+ 1 ) =i j+l(P,zj+1 ) (j = 1,2) , (2.24)

and
d

z = .P{j +1 (p,zj+ 1 )} (j = 1,2) (2.25)

The boundary conditions that (p,z) must satisfy are: as z n - , Ig(p,z)

must represent an outgoing exponentially decaying wave; and as z 4 + O,

f3 (p,z) must represent an outgoing wave.

The solution to equation (2.21) is

ng (p,z) = A (p)eiYz, (2.26)

where

k[n 2  2 (2.27)

8
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and j
* (2.28)

With time dependence e , equation (2.26) represents an outgoing wave as
z * - . If the branch of the square root in equation (2.27) is chosen so

that

Im(Y) < 0 , (2.29)

then as z - f - , Ii(pz)l decays exponentially.

The complete solution of equation (2.20) will be the sum of the general

solution of the homogeneous equation corresponding to (2.20) and a particular

solution of the inhomogeneous equation. With the new independent variables

qj(z) [ (z) . 2] (j = 1,2,3) , (2.30)

the homogeneous equation corresponding to (2.20) can be written as

d - + qj f lj(p,qj) = 0 (j = 1,2,3) (2.31)

This is Stokes' differential equation and its solution can be written as

111(p,qj) = Aj(p)fj(qj) + Bj(p)gj(qj) (j = 1,2,3) , (2.32)

where f.(t) and gj(Q) are any two linearly independent combinations of Airy

functions. The functions f.(t) and g.(t) need not be the same combinations of

Airy functions in each atmospheric layer. For numerical purposes it is

sjl convenient to choose [2]

ft) = kl(t) (j = 1,2) , (2.33)

f3 = h1 (t) - e'4n i/ 3h2 () , (2.34)

1 9



:1g() k k2(t) ( 1,2), (2.35)

and

93t h2(V) (2.36)

where the modified Hankel functions [131, hi (E) and h2 (t), and the functions

k Wz and k2(z are related to each other and the Airy functions through
12

k 1( W h 1(z)

-2i(12)l/Ai(-zefh3 (2.37)

4ni/3
k 2(z) h2 (Z')-e h Wz

= (21/6 ni/6 (.8
21) e Ai(-z) (.9

and

h W(z = 2i(12) /Ai(-ze~fi3 (2.39)

Equation (2.32) represents the solution f(p,z) for every atmospheric

layer except the one the transmitter is in. That is, only for the layer4

containing z = z T is equation (2.20) inhomogeneous. Assuming the transmitter

to be located in the M-th layer (M = 1,2,3), two particular solutions to -

(2.20) are [1, 2]

IR~kl(qM<)k(q) (M 1,2)

n M(p qM (2.40)

and

-R~k~qM)k 2q~d(M =1,2)

=()p~M (2.41)

-RM~l~q>)- h (M>)h (M<)(M 3)

In these equations

=M, qM(min[z'zT]) ,(2.42)

10



=M; qfl(maxlz 'zTJ) (2.43)

and

RMqPT (2.44)

In equation (2.44)

3q /ka 1  (2.45)

and W is the Wronskian

W = F.(Mg(F M - f'(FE)g M ) (2.46)

For the choice of solutions (2.33-2.36), the Wronskian has the constant value

-4i(3)1/3 (.7

in all atmospheric layers.

Combining the general solution (2.32) of the homogeneous equation (2.31)

with either one of the particular solutions (2.40, 2.41) of the inhomogeneous

equation (2.20) yields

f(P,z) A A(p)k (q.) + B.(p)k 2(q.) + (P)Y(pq)6.M (j =1,2) (2.48)

and

f(P,z) A (p[ (q B3(p4h2(q

+ (P) ,(2.49)

(n; (j=HM)6

6 jM =j#H (2.50)

an outgoing wave as z 4 + 0D if



A 3 (p) - 0 (2.51)

The other coefficients A. and B. are determined from the continuity conditions
J 1

(2.22-2.25). Thus, the coefficients A and B are solutions of the system of

equations

* a/lull2/3 ~(p )
A11(q11)+ B1 2(q11) = a --\7 1  (Pq11)

( ) {(P)(pIq 61M (2.52)

A1k1 (q12) + BIk 2 (q12 ) -A2k1 (q22) - B2k2 (q22)

- - f(P)(p,q)6 + ,(P)(p,q (2.53)
1 2) 11 2 (q 22)62M

/1ul1\2/3 oi 1)123 '

A1kj(q 12) + Blk2(q12 ) "A ) 2k"(q 22) B k(q

a {k(P q '-124 61

1 \1 of )/- J(Pp1 2'2 3d { 1-P, , (2.54)"

+ a \k dz 2 (Pq 22 ) 6 2M (2.54)

A2kl(q 23 ) + B2 k2 (q23) - B3h2 (q33)

i - - )(pq3)62 + ffP)(pq)63H (2.55)

and

A2 kj(q 2 3) + B2k2(q 2 3) - B3 (1I)/3 a2 2(q 33

1 aI)2 2/3 d { 621}= - __ - R(P,q23 62 .

02 'z 2 2) M;

12



+~ 1('IS0) 2/3 d_ j(P) (,q(.6

d°

a dz '3 ( 33) 63(

where

I (q1 l) = kj(q11 ) - GsHkl(qll) (2.57)

, and

n 2 (qll) = kl(qll) - Gs k2(qll) (2.58)

with

SH k1

ilk \1/3 4n 2 (a, > 0) (2.59)

The notation qj, means

3qj = q (z£) (2.60)

and

qjT= qj(zT) (2.61)

in equations (2.52-2.56) the prime denotes the derivative with respect to the

arPument.

The derivatives dz N* (pqj,); in equations (2.52-2.56) are equal to

P)(p,qjj) 2= 1,2) (2.62)[ ~- dz i[i[ ajkqjk2(jT) ( ,),,

d{ 3P)(p,q)} =(l) 2 3 a3 R3 [hj(q 3 3 )-e-4 h/3b(q 3 3 )]h 2 (q3 T), (2.63)

13
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4.'°

'zd jf! ,j - /j 3 jRjk(qjT)k (qj,j+1  (j = 1,2) (2.64)

or

d P ' ) j -l) "R k1(q jT )k2(qj(J = 1,2) , (2.65)

d -(p H 2/3
- = _1 k 

(-4ni/3h
2

-- P (pqR)[ (q )-e h (q= 1) , (2.66)

2/3d (fP) (p'qj'jl kT~ \; cjjk q ~)k qT
dTZ i V ajl -j (a : ,( ~+ k2( T 1,2) (2.67)

depending upon the choice of particular solution (2.40, 2.41).

In matrix notation, equations (2.52-2.56) may be written as

(2.68)

where the coefficient matrix A is given by

A A12 0 0 0

A21 A22  A23  A24  0

AA A 4  0(2.69)31 A32  A33  A34 (

0 0 A43 44  A45
4 3 45

(o 0 A A A
A53 A54 A55)

and the vectors f and are equal to

A1

B

11

A 2  (2.70)

B 2

B3

14
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and

~2 (2.71)

P3
04

(5)

The non-zero elements of the 5 x 5 coefficient matrix A are

A 1 =i(q 11) ,(2.72)

A 12 = 2(q 11) ,(2.73)

A21 = kl(q 12) , (2.74)

A22 =k 2 (q12) '(-5

23=-k (q22  (2.76)

A24 -k2 (q 22) 
(-7

A31 =k'(q12  (2.78)

32 k 12) ,(.9

A = -I(q~ ~ '( (2.80)
3 2 122

2/3

A = -1 4 k(q ),(2.81)34 &1 01 2 2

A43 = k, (q23) ,(2.82)

A 4 = k (q23  (2.83)

A5 = -h (q33  (2.84)

A53 = kj(q 23) ,(2.85)

kj (2.86)

ndA 54  k(q 2 3 )

an

15



2/3
AS -(~ )~ (q3  (2.87)

The elements of the vector a are

= -olk ) 1 (P'q1 1 )
6
1I

" O1 fP)(Pq (2.88)

= ffP)(p,q2)6 + (P q V (2.89)

02 1261M 2  (q 22)62M

- +(c 2/3 L ff(P)103 \rlk ] dz f (P'q12)) "IM

+ )hp L2( ) , (2.90)

F2 - (Pq 23)
6
2H + fP)(p'q23)63  , (2.91)

and

11..2, 2/3

05 2 dz 2 {3P) q 62M

+ dz P)(p•q (2.92)

The solution for the unknown coefficients A. and B. may be obtained from
J 3

equation (2.68) by using Cramer's rule [14]. Thus

A IT A'I (2.93)

i~n
and

B 1= B (2.94)

16



where for j = 1,2, the matrix !Aj is obtained by replacing the column of & in

equation (2.69) containing the coefficients of A. with the vector 0; and for

j3 = , = 0. The matrix c is obtained by replacing the column of a

containing the coefficients of B. with the vector The notation
i

indicates the determinant of the matrix A.

Substituting equations (2.93, 2.94) into equations (2.48, 2.49) yields
I

(PIz) -E -k,(q. ) + I BjIIk2(qj)}

+ ( P)( (j 1,2) (2.95)=M ?

and

-3 (p,z) = I]1 {II[ 3I h2 (q3 )] + N(PqM)O3M . (2.96)

From equation (2.19), the Hertz magnetic potential n.(r,z) can be
expressed as the contour integral

I(r~z) f pdpH 0 (Pr)fT.1(PIZ) ,(2.97)

C "
where the contour C is shown in figure 2. By closing the contour C and using

the theory of residues, equation (2.97) becomes

. 2hi 1 ~(2) (r p"
ri (r,z) = - I b (n) + f pdpH (Pr)H.(p,z)4n 4n ""

n C

+ f pdpH 0 (pr)fl (p,z) , (2.98)
B

where the bW(n) are the residues of PH(2 (pr)nf.(p,z) at the poles of n.(p,z)
.1 01 3

in the fourth quadrant; the contour C is the quarter-circle of infinite

radius lying in the fourth quadrant; and the contour B encloses the branch cut

which is present as a result of the square root in the expression for y in

equation (2.27). Through use of the asymptotic approximations for the Hankel

and Airy functions it can be shown that

Sf1 pdpH 2 )(pr).(PIZ)= 0 . (2.99)
Cl.
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The integral over the contour B represents the surface wave contribution to

the total field and is assumed to be small relative to the other field

contributions. Therefore,

i

1. (r,z) - I b.(n) . (2.100)
n

The residues b.(n) are given by [2]

({IAj Ilkl(qj) + '[!Bjl k2(qj)p=pn

b.(n) = p H'0(P r) } (j = 1,2) (2.101)n o n I 1 =Pn

and

I [ B3 11h 2 (q
3 ) .

1143 2 )P=Pn

b(3 (n) p r) (2.102)

b()=nno (Pn ) il8P n
where pn is the n-th value of p for which l I = 0.

Substituting equations (2.101, 2.102) into (2.100) yields

i (2)
I(r,z) I nE(n,z,zT)4p n Ho(pr) , (2.103)

2 nn n

where

n an
;J: ~~~ I1=Pn "::

p~n

k2  :
k k(2.104)

lull 5-q[1 ! l11 1 q11=q11(pn )  "

is the modal excitation factor and

18
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{ILAj1tkj(qj) + Ij~j1 2 q)Ppn( 1,2)

E(nz,zT) = (2.105)

limB I l h 2 q3 ) }~ p
n (i = 3)

is the modal height-gain function.

For the cases of interest Pn rl>>, so that the asymptotic approximation
[151

[11 2 (P/r) - ( 2 1/2 exp(-ip r + i ) 
(2.106)

can be used in equation (2.103). This yields
j(r,z) =-i_ e in/4 7- An E(n,z,z Te'ip nr (2.107)

i n

Rather than evaluate the fields by using equation (2.107) together with

equations (2.17, 2.18), it is more convenient to evaluate the magnitude of the

electric field relative to its free space value. This is given by [21

AIcoh =2v I X n E(n,z,zT)e-iPnr , (2.108)
IEfsl n

where p is the magnetic dipole strength. This expression takes into account

the phase of each term in the sum and is known as the coherent mode sum. It

is also useful to define the relative field strength that results when the

phase of each term in (2.107) is ignored. This is the incoherent mode sum [21

A F2 4r FI X E'n~ )e-ipnr,2] 1/2(20)
03Aincoh p Lnnn ~T/ (2-109

Because E(n,z,zT) is proportional to R. = p through the coefficients A.

TWqA 1

and B., the factor of p in E(n,z,zT) will cancel the factor of p in the

expressions (2.108, 2.109) for Acoh and Aincoh.
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VITICALLY POLARIZED WAVE PROPAGATION

Vertically polarized waves may be considered to be due to a radiating

electric dipole Pe oriented in the z-direction and located at x = y = 0,

z n ZT. A time dependence of e again will be assumed. The medium again

is assumed to be laterally homogeneous so that the fields due to the dipole

exhibit axial symmetry. Because of the variation of the permittivity Z with

height above the surface of the earth, the equations

A(r,z) = i&w x fi*(r,z) (2.110)

and

E(r,z) = x t x ft*(r,z) , (2.111)

relating the electric and magnetic fields to the electric Hertz potential

vector

F1*(r,z) = lF*(r,z)e z  , (2.112)

are only approximately consistent with Maxwell's equations. However, because

the variation of er with height z in the atmosphere is so small, equations

(2.110, 2.111) constitute a good approximation [11].

The calculation of the electric Hertz potential [*(r,z) proceeds exactly

as the calculation of the magnetic Hertz potential F(r,z), with some minor

modifications. The magnetic dipole strength p in the differential equation

(2.20) should be replaced by

|p

pl = Pe
&- (2.113)

This yields the differential equation

d 2  k2  (z) . 2 f*(Pz)= -p*6(z - zT (2.114)

20
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The continuity conditions (2.22-2.25) become

n2f (p,o) = nl(o)fif(P,O) , (2.115)

ld-f(p,) 1--Iff*(P,o)l (2.116)

Jf(~. 1 =+ j+ 1(P~zj~1 ) (j =1,2) *(2.117)

and

J J f (p,z.l)} = p )} ( = 1,2) (2.118)

The particular solutions (P) (p,z) of (2.114) are the same as the particular

solutions % ((pz) given by equations (2.40, 2.41) except that RM is replaced by

R = WP' (2.119)

The system of equations (2.68) becomes

= . (2.120)

The elements of the coefficient matrix * are identical to the elements of A

in equations (2.72-2.87) except that kl(qll) and k2 (qll), as given by equations

(2.57, 2.58), are now equal to

Il(ql k(ql - Gsvkl(qll) (2.121)

and

2(qll ) = k,(q11 ) - Gsvk2 (q11 ) , (2.122)

where

G iai 2/3 nf(0) (2.123)
8V al \k /

This change is due to the continuity condition (2.115). When considering the

field strength relative to its free space value, the dipole strength p*

cancels out in the final results for A* and A* just as p does in A
coh incoh' dosi coh

and Aincoh. Therefore, the only significant change for vertical polarization

21 ..
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is the replacement of GSH by GSV in the expressions for Il(qll ) and 2(qll ) ,

due to the changed continuity condition (2.115).

TRILINEAR DUCT MODAL FUNCTION

When evaluating the field strength relative to its free space value,

equations (2.108, 2.109), the values p = pn for which 11il1 = 0 are needed. The

determinant IJAII is known as the modal function. The values p = p for which

JI II = 0 are the eigenvalues of the problem, each eigenvalue representing a

different electromagnetic mode that propagates in the atmospheric waveguide

formed by the trilinear refractivity profile. In XWVG the zeros of JJAJJ are

found by using the complex root-finding routine of Shellman and Morfitt, which

will be discussed in a later section of this report. First, explicit formulas

will be given for the modal function, its derivative, and the modal

height-gain functions for the case of a trilinear refractivity profile.

The determinant of the coefficient matrix A, equation (2.69), can be

expanded to obtain

a-3 / jj 1/3
II= 1 +  (q11 )X(q11 ) 

+ *(q1 1 )O(q1 1) ' (2.124)

where both a I and a3 are positive and the top sign is to be taken if a2 > 0

and the bottom sign if a2 .< 0. The auxiliary functions C(qll), X(qll),

*(q and *(q.l) are given by

t(qll) = k2 (ql 2 )Rl(ql I ) - k1 (ql2)2(qll) , (2.125)

X(q11 ) = h2(q3 3 )[k1(q 2 2 )k2 (q2 3) - k2(q 2 2 )kl(q 2 3)1

F2 (q22-)k q23)- k (q2 2 )kj(q 2 3)] , (2.126)

*(qll ) = k'(ql2)kl(q 1l) - kj(q 2) 2 (q1 ) , (2.127)

and

(qll ) = h (q 3 3 )[kl(q 2 2 )k 2 (q 2 3 ) - k2(q22)kl(q23)1

; (2J)" 3 h2 (q3 3 )[kl(q 2 2 )k (q2 3) - k2 (q22)k (q2 3)1 (2.128)

22
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The arguments q.j appearing in equations (2.125-2.128) are equal to

qll (ik_ [I + in -lH -[2] (2.129)

ILk \2/3

12= q + 1 aIz 2 , (2.130)

q a,_ \213 qI+/ Fk 2/3 fZ(21)
q22 C l2 ) ql + -T21/ az 211

2/3 +2k 2/3 [a Z + a2(z z A (2.132)

23 \1G2 ) VI U2z 2 ( 3 -2)

and

q33 = 43I/) q * 1 Z2 + 02 (z3 " z2 )] ' (2.133)

i with
ith2 = 2 .(2.134)

The functions 1 (qll) and R2 (q 1 1 ) are given by

II(q = kj(qll) - Gskl(qll) (2.135)

and

= kc(qll) - Gsk2 (qll) , (2.136)

where

G S =G - ik 4n 2 (2.137)

for horizontal polarization and

) G = nn -1u (2.138)"GS = SV = Z SH

for vertical polarization.
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The derivative of the modal function I with respect to q1 I is needed

by the Shellman and Morfitt root-finding routine. The derivative is also

needed for the evaluation of the modal excitation factors A . Taking then

derivative of equation (2.124) and making use of Stokes' differential equation

to eliminate the second derivatives that occur yields

1/ lljI} = + 1/3 3 (q11)x(q) + t(qll)x'(q11 )]

+ [*'(q 1) (q1 1) + 4s(q1 1) '(q1 1)1}, (2.139)

where again the upper sign is to be taken when a2 > 0 and the lower sign when

a2 < 0. The derivatives with respect to q1I of the auxiliary functions are

C'(qll) = k (q1z) 1 (q11 ) - kj(q 12) 2 (q11 ) + kl(q 12) S1 _ l (ql )12) 12)2 12 11 3q, 2

Gk2(qll) - k2 (q12){ + _Sk (q ) + Gsk'(q 11) ' (2.140)

1 /ul 2 / 3  .:"

xCq ) =-q 3 3q I) h2 (q3 3 )[kj(q 2 2 )k2 (q2 3) - k(q)kl(q

( a1)2/3+ I0/ hq2 [k(q 22)k(q 23) -22

+ [k'Cq22)k q23 - k'Cq22)kjCqz3]

1 h22q333[2(22 )(23) -k(2)k 2)

" 11a2 1 1/3/ \2/31.~~jh(q 33) {q 22 )k(q23 q22)kki 23) 1

- kI(q 2 2 )kj(q 2 3 )J + q2 3 [k(q 2 2 )kl(q 2 3 ) - k(q 22)k2(q2 3 )} (2.141) -
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o .a a a*... . . . . . . . .. . . . . . . .. . . . . . -

*'(qll )  - q 2k2 (q 2) l(q1 1 ) - k2(q[2)[ 
+  _ k (q1 1 ) + Gski(q1l)12k 12' 2) 1 qll1

+ q 12 kI (ql2A2(q ) + ki(ql2) [ + - k2 (q1 1) + Gsk2(q1 1 ) , (2.142)

and

2/3

...'ql ) = -q33 (2) h2 (q33 )[k1 (q22)k2 (q23) - k(q)kl(q

+/ el 12/3 ,

*** (-A.. 2 13 h2(q 33 ){[kj(q 2 2)k2 (q2 3) - k2(q 2 2 )kl(q 23)

+ [kl(q 22)k(q 23) - k(q )k(q

- (IaL[ 1/3(_ )2 / 3

+\a3 I \WO h2(q 33) [kl(q 22 )k2(q23) - k 2(q 22N1(q 23)]

i0 12' 1)1/3 ofT 2/3 h (q )k'(q )k2(q) k(q2)k(q

013 (a) 233112 2)2 2 .43)

q2 3 [kl(q 2 2)k2 (q2 3 ) k2(q22)kl(q23)1 }  (2.143)

For horizontal polarization

SG sH i () 1/3 2 2 ]1/2

q11  8q11 B _ 9/ (2.144)

while for vertical polarization

BG 8Gsv n ) GsH
8q1 n2 b= (2.145)aq11 aq11 g aq1 1

TRILINEAR DUCT MODAL HEIGHT-GAIN FUNCTIONS

The height-gain function corresponding to the n-th mode is
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-4

{lljAjllkI(q j ) + l!BjllIk 2 (qj)}p=pn (j = 1,2)

T j
E(n,z,zT) = (2.146)

'11431 h2 (q3)}p=pn (j = 3)
4

When J - 1,2, the matrix TAj is the matrix obtained by replacing the column of the
the matrix A, equation (2.69), containing the coefficients of A by the vector -'

c and when j - 3, ITA311 0. -The matrix T j is obtained by replacing the

column of A containing the coefficients of B. by the vector p. For example,

!B2 is given by

A11  A12  0 0

SA 2 1  A2 2  A2 3  2 0

B2 = A3 1  A32  A33  3  0 (2.147)

0 0 A43  P4  a45

(40 0 "5 3  05  AS)

The elements of the matrix A are given by equations (2.72-2.87) and the elements

of the vector P are given by equations (2.88-2.92).

The elements of the vector depend upon the choice of particular

solution. Theoretically, either of the particular solutions

Rfkl(qH<)k2(q>) (M = 1,2)

r) (p,qM) = (2.148)

(I [hIcqM<)-ef/h 1 (qM<) h2 (q>) (M = 3)

or

-N1(qM>)k 2(qM<) (M = 1,2)

=)(P q (2.149)
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can be used. Numerically, however, one solution may be preferable to the

other. Numerical experience shows that for the trilinear refractivity

profiles shown in figure 1, when the transmitter and receiver are both in the

dH2
first layer or the transmitter is in the second layer and i is negative, the

best choice for the particular solution is (2.149). When the transmitter is

Tin the first layer and the receiver is in the second or third layer, when

dM2

the transmitter is in the second layer and dz is positive, or when the

transmitter is in the third layer, the best choice for the particular solution

is (2.148).

When the transmitter is in the first layer and the receiver is in the

first layer, the modal height-gain function is given by

\13
E(n,zRzT) = R a, h(q 33 )k(q

+ h2 (q3 3)k(q 2 3 ) { (a)/ 3k(q 2 2 )k2 (q12  + k(q k(q

+ \1 /3 bq23 + h (q _ 1tt 1/3
p 4+ (-[ ) h2(q3 3)kl(q2 3 ) + h2 (q3 3)k 23 ) (q22) 2(12

- k2 (q2 2 )k(q 12 ) f 2 (q 1 1 )kl(q 1 T)kl(q 1 R) + [{; ([a2 3 h2(q 3 3)k2 (q2 3)

1/3,~1/
+i h1(q /3 k(q2 + N h(q 3 )kl(q 1/ (q12)
+ 33 ) hq2)l3 ) kq 

) ell- 22 2)22) 12

,, } h2(q 33 )kl(q 23)"+ h 2(q 33 )kj(q2 3
)  { l (-lI/k2(q 22 )kl(q 12)

.4,

+ k2(qa2)k{(q12) 2(qll)fk2(qlT)kl(qlR) + kI(qIT)k2(qlR)}

"4
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02 322) 2 33 a, kq22)k(12)

+ k I(q 22 )kj(q12)

- 2 1 h2(q 3 3)k (q 2 3) + h2 (q 3 3)k ( 2 3 {+ (I) 2 2  1 2 )

k k2(q22 )kl(q12)} ll(qll)k 2(qIT )k 2(ql1R)

(0 < z R < z 2 ; 0 < z T < z 2 ) .(2. 150)

When the transitter is in the first layer and the receiver is in the second

layer, the modal height-gain function is given by

1/3 1/3 ,
E(n,zRz )  RIW ( ) hq3)k223 + h2(3)k (q2)2(lklqTlq2) -

-; o )I 3 h(q k (q +h(3k(q3 ] (qll)k(q )kl(q

$ a._1/ 3  -
1%11 h2(q33)kl(q23 + h2(q33)kl(q23)] 2(qll)kl(qlT)k2(q2R

1/3(a 21) h (q 3 3 )kl(232 3 ) + h 1( q
1

) k
2 lI T ) k 2 ( 2 R )

(z 2 < zR  < z 3  0 < z T < z 2 )  (2.151)

When the transmitter is in the first layer and the receiver is in the third

N layer, the modal height-gain function is

E(n,z zR ZT) -Rl1)W2[ 1 (ql1)k 2 (qIT) " 2 (q 11 
)k (qT)] ((qq T]k2( 23R)

(z 3 <zR Z 0 < zT < z 2 ) (2.152)
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In the above equations

Sp (2.153)R1 Wql ' '

where p is the magnetic dipole strength, W is the Wronskian of kl(t) and k2Q)

and has the value

4%)3 1/3
W2 (2.154)

71b 2

and qj is equal to

" 8ql (k 2 I3
q 1 ./ (2.155)

When the transmitter is in the second layer and the receiver is in the

first layer, the modal height-gain function is given by

EIn z-rz- a I lq^)^:
ET = ± R2Wl) /3 h'(q 3 )k (q23 )

+ h2(q33)k (q23) I2 (qll)kl(q2T)kl(q1 R)

- ~\1/3 ] t(ql)k (q2 )kl((qR)"

2-) hj(q 33)k2(q23) + h2 (q33)kj(q 23)] (qll)kx(q2 T)k2 (q1 R)

1/3!

+e. [ 2 hj(q 3 3)kl(q2 3) + h2(q3 3)ki(q2 3) 1(qll)k 2 (q2 T)k2(qlR
)  .

(0 < zR < ; z2 <z _ z3) (2.156)
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When the transmitter is in the second layer and the receiver is in the second

layer, the modal height-gain function is

E(n,_z,z) =T

R igja 1/31/
2Ia2I) hj(q3 3 )k2 (q23) + h2 (q3 3 )k2(q 2 3)fj ( 1a1)/k(q22 )k2 (q1 2)

+ ka2(q22)kj(q 12) ]  1 (qll
)

+ (102) k2(q22 )kl(q 12) - k2(q22)ki(q12) 2(q11 )}] kl(qzT)kq "

+[1- aA "1/3 }[(ja11)1/3 -
* ' I.) h2(q3)k2(q + h2 (q3 3)k (q ( 2 3) k;(q 22 )k2 (q12)

- kI(q2 2)k(q12) 1 l(qll)

FG 1/3
+ [ 1 L2) ki(q 22 )k1 (q12 ) + k (q2)k(q (q I (q2)kl(q2R)

* klI (q 2T)k2 (q 2R)}

1/3 UrII1/3* -(I- l h(q33)kl(q23 + h2(q33)k,'(q2)kq2k(q)

+ kl(q22)k'(q12 I(q11)

1/

+ (1z)1 3 k' (q )k1(q 2 ) - k (q2 2 )k'(ql2 ) 2(q ( )q k2 (q2T)k2 (q2R)

(z 2 < zR _ Z3  z 2 _zT <Z 3 ; 2 > 0) (2.157)
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or

. E(n'zR',ZT) =

(q2) 2). h2(q1)kl(q2 +) (q2)k(q2 ) (k(qA(q

[~+ k2 (q2 2)k (q 2) I2(qll) + 
+ l(2T

2
2 q21/3

k 2 22 2) c k (q 22 )k1 (q12)

k k2(q 22 )kl(q 12 ] ~2 (q1 ] k 1(q2T )kl(q 2R)

+[{(h '(q2 3 3 )kl(q +2 ( q 23) L" ( 22) 21(q2

+ k1(q 2 2)kj(q1 2) 1i(qll) + - k(q2)k1(q

+ k22)k(12] (qll )  k(q)k(q) +k(qA(q)

2  < 1 < 2q 2 ( 2 T  < 32R a2T 2 2R)

- When the transmitter is in the second layer and the receiver is in the third

u W layer, the modal height-gain function is

J/

J/h [(flZ0zT = 2  1{ Ic1/3 3 ~q 2 ) 2( 2

<1 {- (1. ~.. ,... (q )kl(q) + k2(q2 2)k(q_ 2 _2(qll)J k(q2T)h2 (q3R)

+ [ ; k(q 22 )k2(q12) + 2 (12) l 12
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+ +( i-l) 11 3k(q 22 )kl(q 12 ) + kl(q 2 2)k(q12 ) } 2 (q11)] k2(q2T)h2(q3R}

(z3 < zR ; z 2  _ ZT < z3) (2.159)

In the above equations

R= --p- (2.160)
Wq2

where

q2  k 23 (2.161)

When the transmitter is in the third layer and the receiver is in the

first layer, the modal height-gain function is given by

E(n,zR,ZT) = RW 2 2{I(qll)k 2 (q R ) - 2(q11)kI(qlR)}h2(q3T)

(0 < zR < z2 ; z3  < zT) (2.162)

When the transmitter is in the third layer and the receiver is in the second

layer, the modal height-gain function is

E(n R3W .A2 1/3 k qa q/3
-ZZ 5 I 2I a 2 a12)

+ k2 (q2 2 )k'(q 1 2 ) } £(q 1 1 )2 22 2 2
" k ("J2J)' 3k2 (q 22)kl(q 2 ) k2(q h2(q3T)k((q2 )kl!

S-; 1 3k'(q 2 2 )k2 (q1 2 ) + kl(q 2 2)k2(q1 2) }l(qj1)
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+; (I0fI 1/3  k q ,2  + kl(q22 )kj(q12 $~(q 11 )] h (q A k(q 2 }

(z2 < ZR < z3 ; z3 ( ZT) (2.163)

When the transmitter is in the third layer and the receiver is in the third

layer, the modal height-gain function is given by

1/3 {

-} h ( )113 k2 (q23 ) h'(q 3 3 )e-
4 ni/ 3h2(q3) J (q)

"r[. (121)l/3 , k2 (q2 2)k (q1 2 )] [kj(q2 3 )

1/3 4i/

I,.t'l I  k2(q22)k2(q12 + k q{q[jq h I(q 33 ), -e - 4 / h 2 (q 3 3 ,}

LI a, 2 221)2I2k 1 3
1/3 (q hi(q:)e-4ni/3h'(q 

(qtj )

[' ~~~ l 21' 3 ) 33)2 )] 1k'q3l(3)

+ 1/3 k(q 2 2 )kl(q 12 ) + kl(q 2 2 )kj(q ] [k(q h(q 3 3)e-4ni/3h 2(q

f _.1/3

+" (IC12 ) k3(q23 )

O)1/3 k (q23) { hl(q 3 3) e-4ni/ 3hj(q 3 3) J2 (q
1 I) h2 (q3T)h2 (q3R)

(z3 < zR ; z3 < ZT) (2.164)
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In the above equations

R 3 i- (2.165)
3

where

q1 q3  0(\23 (2.166)

In all of the above equations for the modal height-gain function, the upper

sign is to be taken wh~en a2 > 0 and the lower sign when a2 < 0.
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3. SURFACE ROUGHNESS

The preceding results have assumed that the earth's surface is perfectly

smooth. Because surface roughness could have a significant effect upon the

signal levels at large ranges, especially for frequencies above several

gigahertz, the modifications necessary to incorporate surface roughness into

the previous results will now be made.

One way to introduce surface roughness, or any loss mechanism that can be

modeled as a lossy boundary, is the following [16]. Instead of the trilinear

layer shown in figure 1, consider the layer shown in figure 3, where the

infinitesimally thin bottom layer, zI  0 < z < zp, has a constant modified
refractivity. In the limit z 4 = 0 this profile is exactly the same as

the one considered before. In the bottom layer 0 < z < z, the function ?r(p,z)

can be written as

LAYER 3

23 z3 - -

LAYER 2

22 z2 -""

LAYER 1

Zp zP "
LAYER 0 z

Z "x zI0 M W

GROUND

Figure 3. Modified refractivity profile used to introduce surface roughness loss into
dM

calculation of field strength. In layer 0, -z = 0. The height Zp is infinitesimally

small, and eventually Zp - 0.
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To(0,z) = o(P){e iPZ + Re i p z } , (3.1)

where

P= k 4n(O - (3.2)

and

-Y. (3.3)

+iwt
For a time dependence of e and with

Re{/nY(O) - p2 = Re 2 > 0 >(3.4)

the first term in (3.1) represents a down-going plane wave and the second term

represents an up-going plane wave. The effect of surface roughness is -

introduced through the plane wave reflection coefficient R in equation (3.1).

With the introduction of (3.1), the function l(p,z) is no longer required to

satisfy the boundary condition that nf(p,z) represent an outgoing decaying wave

as z - - m. In the other layers the solution f(p,z) is exactly as before:

. k(qj) + Bj(p)k 2 (qj) + K qP)(P'qj)6 j, (j = 1,2)

n i(p,z) = (3.5)

3 (P)h2(q3 ) + f P)(p,q3 )
6
3M( = 3)

where the particular solutions 11. are given by equations (2.40, 2.41).3

The continuity conditions that H(p,z) now has to satisfy are

i0 (p
'zp) = p l(P.,Zp) , (3.6)

d_fr o(P,z )(P,Z (37)
dz o p dz -((pz) ,(37

ff(Pz +1 ) = lj+I(Pzj+I) (j 1,2) , (3.8)
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i and~andzL (Pzj+l)l d- rj+(Pzj+l)} 
(j - 1,2) (3.9)

for both vertical and horizontal polarization. Substituting equations (3.1)

and (3.5) into equations (3.6, 3.7) yields

(iIz~j A ( IqZ) -( P)
A0 e

iPzp + Re Alk 1(qlp) + Blk2(qlp) + FlP (p,qlp)61M (3.10)

7.,

.and

iPZ " k 2/3 2/3

(A-e P -Re) A k(q 1  + a 1( ) B k (qlp)

+ d'-I(P)(pqlp)}61M (3.11)

where

._ / k 2 / 3

qlp q1 (Zp) = kl!11/ [1 + in + a1(z - H) - p2] (3.12)5 P p T 0k1, p

In the limit z 0, equations (3.10, 3.11) become

A(1 + R) = Alk1 (q1 1) + BIk 2 (ql1 ) + , P) ,q11)61H (3.13)

and

• 2/3 , 2/3 ':

iijA (1 R R) = ai(.jT-1) Alkl(qll) + a1 (JL[ 2 1 Bk2(q11)

{~~ L fP)(pql}"

d 1, (1 1

- Eliminating A° from equations (3.13, 3.14) finally yields

: 11lq1 ) . p
1  211 2/3( )213)+B{k(l)I1 U
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"~~ 2/3 61 +L ,2/3 , _ _
9.,

1 ~i~ )/d f-'f ~ i~ 2 3 1\(P)((pq)6
= " a11 k dz 1 P)(Pq 11

)  61M + 1 \kPJ kl+RJ

(3.15)

The continuity conditions (3.8, 3.9) yield equations (2.53-2.56) as before. In

comparison of equations (2.52) and (3.15) it can be seen that the net effect of

the modification to include surface roughness is the replacement

1-R (3.16)

Therefore, all of the previous results hold if the functions kl(q 11) and

2(qiI) are defined to be

(qll ) = k'(qll) - GRkl(qll) (3.17) J"

and

=2(qll)  k (qll) - GRkl(qll) , (3.18)

where

GR = ak 3 1-R

\ 1" /3 1n'O - ' 1-R (c x > 0) (3.19)
01k V1 -+R

When reflection occurs from a surface with a Gaussian distribution of

bump heights, the reflection coefficient R can be represented as the product

of the smooth surface plane wave reflection coefficient and a surface

roughness factor [17). For horizontal polarization, the reflection coefficient

R is given by

r1~~ 2/31
R exp [2k262  ql Re(q 11 ) > 0

R =(3.20)
RH Re(qll) < 0
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where 6 is the root mean square surface bump height and RH is the Fresnel

plane wave reflection coefficient for horizontal polarization

[nj(O) - p2]1/2 - P2n1/2

R1 - [nt(0) - 1211/ 2 + n - p2]1/2 (3.21)

When Re(ql I) < 0, the magnitude of the exponential factor exp kql-]

is greater than one. Since modes with Re(qlI) < 0 correspond to well-trapped

modes and should be unaffected by the surface, the exponential factor is not

included in R when Re(qlI) < 0.

In the case of vertical polarization, R is given by

x 2k26( 2/3 1{ v~exp [-2k26() J Re(ql1 ) > 0

R = (3.22)
RV  Re(q 11) < 0

where RV is the Fresnel plane wave reflection coefficient for vertical

polarization

a2[nj(O) - p]] 1/2 nj(O)[n- p211/2

RV= n[nj(O) p2]1/ 2  + nj(0)[n2 - p2]1/ 2  (3.23)

g g

The limits of GR as the rms bump height 6 approaches zero are

G Is, 2/3/ H1 I/2 Ik I/3(I2RH-

()2/ G 1/2Q 11 3  (3.24)
01 SH

for horizontal polarization and

1"2/31"Rv 3"I/3IRv
G 2  lnj(O) p211/2 (L (.)
RV k '1+ RV C"1 1+-RV
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.y 41(.)2/3 n (0) = ~ 2  p 2]1/2 k 1/ ni(O) =Gv(.5-nI = GSV ""-
g g

Thus, the above results for reflection from a rough surface contain the

results for reflection from a smooth surface as a special case.

The coefficient GR and its derivative 3G are needed when evaluating the

modal function and its derivative. For horizontal polarization, GRH can be

written as

Rt= ( 1/ 3 a(q1 1 ) (3.26)

where N

a(q1 l) (1/3) /(q 1/2tanh(2) + _ 2/3 1]/211 k (ql2) + (k l (.7

and -4

1/3 ))I1/2 2/3 11]1/2

b(q 1  (q -1/2 ta T + q (3.28)

with -

= n 2 - 1 - in - alH (3.29)
g

and

-111 2/3

= 2kI62(k q11  
(3.30)

For small values of Iq,11, a(ql1 ) and b(ql1 ) have the series expansions

a(q) 1/3 (qj/ 1,/2 262( j) 2/3q1 I

a~qll) = ( 2 ql) q 06( qk 1

- ke6 *Ia q + 2 kA 06A 0 ( -i ) 1 0 / 3 q 1" "'")40

• 40 .
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+ 'El/2 I + L / 3 q/3 - 4 ( 3 q2 1 2q
2r 'k /8 q1  k) q 11+ 16T3~l

8/3 10/3
- k (k ) qll + * l "("'" (331)

andandb(q) 
= 1 + tl/2(q 

1)l/2{k262(t!I)1/3 
+ k62t-)ql 

-[ k666 +

+ 842](91k) 5/3 q21 + [ 68 + 1 k262]1\ 7/3 -q
' .. Jk ' 1 1-+ [ 6 6 7 ~ '

+[Lk1O61O + 1k6,6 12 62 kq4 1  [1. kO610

4-cJk 6 6 + 25 6-T(
k 2 6] ( ) 1 qll ... . (3.32)

The derivative of GRH with respect to q is given by{ 1
8 i 3 a a -b (3.33)

8ql--ii \ I/ b 8q I  ql

where

aa 1 - 1/213 (SL) 1/ 2 62
(q_ tanki(l) + q (Yk)k262 ehq

8l- 2(qll )/(±) a (qll)1/2  sech2(1k) 11 k

2/3 -1/2
+ 'A ql 1 (3.34)

and

O8b I k (L 1/3q-3/2 tanh(l)[t (.)2/3 q 1/2 '

1q'" -2~ 1/3'l ql + (i ql

''~1-/k tah( F _- 2/3 1-1/2
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+1 +q k262(0-) sech2q) [r12 1 / + ( 2i/]/ (3.35)

For small values of 1q1,- and -b have the series expansions

8%1, aq1

1/3 3 2/32
B k (51 q1/2 4 262 (21) 4 ~666(91) q2

+ .}k~o10/3 4 1/2{1 2/3

4 Z 06(1) q 1  + -E (I)q2. 3T()8/

4/328/

+* 35 - 10/3 q4 - (3.36)

.4

and

ii

/3

'I 4262 2qll " qll

[1 666 +l =1C26] (5/32q q
2
1 1

S°, 1 °-' 1 / "17/3  3 + 9 _ 2 1

+ z L-066 1k26 kl ) L0"15 + .k666

• ._

2 T1T 21( ) 11 )1 2-4l

5 1 r 1 °k262] (A) 3 q4 + 11 [1 IoTIO6

I _1/2 -1 _ 1k262( 1) 1 1/3 q + + (3.37)
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The corresponding results for GRV are

( k i /3 (qll )  (3.38)
I- G~RV al1 ql

where

1/3 1/ AfA2/3 1/2
a(ql) = ( )1/2 tanh()+ + q (3.39)

and

= ,+n -l/2(k) 1 / 3  ( 2/3 1/2 (.b(qll )  -- -n" /1 k] Iah( + (A) qll 1/ (3.40) ..

g

For small values of 1q,11 , a(qll) and b(qll) have the expansions

3 '1(/3 2/3 4/2II

a(qll ) = k q 11 k k22 ) ql- 1k066(2 1 ) q3l

15" \ k q ""':

{ 1 ( 2 / 3  1() 4 / 3  1 2o
+ Sn, )1/2 1 + L 1 qll- -- q2l +  k'}ql ;

8/3 10/3 }
(,k q4 +  

q (3.41)

and

b (q = 1 + !n- g " 1 q 6k28 i) + Lk262(12.Iql - [.k666
n211g 11 kk ' 2Tk k1 1 L3

8_k262] I 
5/ 2 + - k666 + 1 k262] -  j

+q q6i\8Tz k/) 11 6T1L- k

+ [Lko6o + 2 -k666 5 -, 2 kJ() q4l +  ,61
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1 k666  + 7 1 k22 (. 11/3q5+(.2
4 °+ q6 )+ .. (342

The derivative of GRV with respect to qll is equal to

RV 8a/ aq11  2 (3111. 43) M

where

a =1-1/2 tanht ) + k262 9!1 q1/2 sech2q()
2q l \~kJ 2 k q1 1  2

ad + I 1-2/3 + ,1, 2/3 q1]-1/2 (3.44)

and

-" qll ka,,1 Ia T ( + ql]

flgk2 1/2 /\'1 3 t n ( 2 ( + (ii./3 q ] 1/2 k( . 5

+ l \sl k

For small values of 1q111, ~-and have the series expansions

____ I'1/3 2/3 2
+ql---1_ =k. " 112 j3k2 (SI.) - 6k;(l 2~.

bq 11  2k Zk666(k'11

+ 1 o-51 O 10/3 q -l + n- (O) 1/2 k1 "_.A 2/3
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4/3 2 8/3

+ \k (~) 1 1 -" (3.46)

and

Ob 0~O 1/2 -1/2 1 262( ,)' 3bql 4- qll k + 2-k 6 2/l

5 [51066 + 81 k2 62 Jt1 5/3 2 7

+ i~jk262 I l + 2 k1°o1° +

125_.4.2,5 3 ( ~ q2" 1  0 +1 ..

11 / 3

7/

1 45 7 22

+8J k- -5 -C 5 q l 1 1 ... . ( 3 .4 "7 ).

PM%
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4. COMPLEX INDEX OF REFRACTION OF SEAWATER

In the waveguide formulation for tropospheric ducting of electromagnetic

waves, one of the physical parameters needed for evaluating the modal function

and height-gain functions is the complex index of refraction of seawater. The

complex index of refraction of seawater is a function of frequency,

temperature, and salinity. The temperature of the ocean's surface lies between

-20C and 320 C, with about half of the ocean's surface being warmer than 200C.

Although the salinity of the ocean near the mouth of large rivers may approach

zero, the salinity of most water in the open ocean lies between 33 and 37

grams of salt per kilogram of seawater, and 35 g salt/kg seawater is often

chosen as standard 1181.

The complex index of refraction of seawater, ng, can be related to an

effective relative dielectric function, &eff, and an effective conductivity,

Gff, through

n2  s - i eff (4.1)g eff we

where As is the permittivity of free space and has the value
0

A 0 8.85434 x 10 F/in , (4.2)

w
while f = is the frequency at which n is to be evaluated. The effective

dielectric function and the effective conductivity are related to the complex

dielectric function

= A' - it'' (4.3)

and the ionic conductivity, a, through

Ceff = ' (4.4)

and

e a+ (4.5)Oef f  0

The above equations assume the ionic conductivity to have an imaginary part of

zero. For frequencies much less than 104 GHz this is a good approximation. -
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filThe theory o-' an ideal polar dielectric in an alternating electromagnetic

field was given by Debye [19] in terms of a single relaxation time. While

Debye's derivation assumes a spherical molecule whose free rotations are

resisted by a viscous force, all that is needed is the assumption of

exponential relaxation of the polarization [20]. In the Debye theory the

complex dielectric function is given by

c= W' - i", (4.6)

where

sq
, = S - 0!

Cs +

= 5 + + (4.7)

and

(Fs- M)( /A)
(c + (/) (4.8)1 +. (A 5/AY'

(C - C )w
. 1 + wZz  (4.9)

In equations (4.7, 4.8), e 00 is that part of the dielectric function which is due

to the atomic and electronic polarization and is assumed to be real and

independent of frequency, and E is the static (u+O) value of the dielectric

function. The wavelength of the alternating electromagnetic field is A, while

X the characteristic wavelength, is the wavelength corresponding to the

frequency , where T is the dielectric relaxation time. Equations (4.6-4.8)

represent the fall in the value of the dielectric function from &s (w+O) to

C (wtm), the fall being accompanied by a single broad absorption band in the

neighborhood of the characteristic wavelength, Xs . The representation of the

variation with frequency of the dielectric function in terms of a single

dielectric relaxation time x should be valid for frequencies up to 300 GHz

[211. For higher frequencies more than one relaxation time will be needed.

Some of the earliest experimental work on the dielectric properties of

pure water and aqueous ionic solutions was performed by JB Hasted,

....... ..-.........................
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CH Collie, and DM Ritson [22, 23]. For pure water they measured the value of

the complex dielectric function at the wavelengths, X, of 10.00, 3.213, and

1.274 cm (f - 2.998, 9.331, and 23.53 GHz) for temperatures between 00 C and

75*C. For temperatures in the range 00C to 40*C, the least-square fit to

their values for the characteristic wavelength and static dielectric

constant is

& = 5.5 (4.9)

X(P)(T) = 3.338 - 0.11417T + 0.0022T2 - 1.833 x 10-6T , (4.10)
S

and

%P)(T) = 88.192 - 0.405T + 0.0007T2 , (4.11)

where T is in degrees Celsius and A is in centimeters. Equations (4.9-4.11)

give the parameters in the Debye equation for the complex dielectric function

of pure water as a function of temperature. For seawater there is a lowering

of the value of the dielectric function from its pure water value due to

saturation of the dielectric in the neighborhood of the salt ions. Hasted,

Ritson, and Collie [231 also measured the complex dielectric function of ionic

solutions. For NaCl solutions less than 1.5 molar, their experimental values

could be fit by the Debye formula with A and s as functions of temperature

and salinity, given by

As(T,S) = Akp)(T) - 0.08 c (4.12)S

and

zs(T,S) = P)(T) . 11.0 c , (4.13)

where A is again in centimeters and c is the salt concentration in moles per

liter. They assumed that the value of E for NaCl solutions was 5.5, the same

as for pure water.

A more recent fit of the Debye model parameters has been obtained by

Klein and Swift [24]. Assuming that

to = 4.9 (4.14)

for both pure water and seawater, they found that the static dielectric

constant of pure water is given by
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&(P)(T) = 88.045 - 0.4147T + 6.295 x 10-4T2 + 1.075 x 10"5T 3 , (4.15)

while the static dielectric constant of seawater is given by

s(T,S) = s(T)a(S,T) , (4.16)

where

E (T) = 87.134 - 1.949 x 10-1T - 1.276 X 10- 2 T2

+ 2.491 x 10- 4T3  (4.17)

and.
a(S,T) = 1.000 + 1.613 x 10-5ST - 3.656 x 103 S

+ 3.210 x 10-5S2 - 4.232 x 10"7S . (4.18)

The temperature T is in degrees Celsius and the salinity S is in grams of salt

per kilogram of seawater. When S = 0 the expressions (4.16-4.18) for the static

dielectric constant of seawater do not reduce to the expression (4.15) for the

static dielectric constant of pure water. This may be due to the presence of

sulphates and nitrates in the seawater samples measured [24]. The dielectric

relaxation time of seawater in the Klein and Swift model is given by

T(T,S) = T(T,O)b(S,T) , (4.19)

where T(T,O) is the pure water value of the relaxation time and is equal to

T(T,O) = 1.768 x 1011 - 6.086 x 10' 13T + 1.104 x lO1 4 T2

- 8.111 x 10-17 T3  (4.20)

and

b(S,T) = 1.000 + 2.282 x 10-5ST - 7.638 x 10"4S

- 7.760 X 10-6S2 + 1.105 x 10"8s3 (4.21)

The dielectric relaxation time is in seconds. The ionic conductivity of

seawater is given by

o(T,S) = G(25,S)exp(-Ap) , (4.22)

where

A = 25 - T (4.23)

= 2.033 x 10-2 + 1.266 X 10 4A + 2.464 x 10 6A2

- S1.849 x 10- - 2.551 x 10 7 A + 2.551 x 10 8 A2] , (4.24)
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and

o(25,S) = S[O.182521 - 1.46192 x 10-3S + 2.09324 x 10-
5S2

- 1.28205 x 10" 7S3]  (4.25)

The conductivity a is in siemens per meter.
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5. SHELLMAN-MORFITT ROOT-FINDING ROUTINE

the When the mode sum formulation of the tropospheric ducting problem is used,

the most difficult part of the field strength calculations is determining the

zeros of the modal function. For the trilinear model of the tropospheric

index of refraction considered in this document, the modal function is given

by equation (2.124):

II-II 1 (l-1021) 1 C(qll)X(qll) + t(qll)O(qll) , (5.1)

where C(qll), X(qll), 4(qll), and O(qll ) are given by equations (2.125-2.128)

and involve sums and products of Airy functions. It is not possible to

solve equation (5.1) analytically for the complex zeros, qll" Therefore,

numerical methods must be used. Several algorithms exist for finding the

complex roots of transcendental equations [4, 25-271. In XWVG, the complex root-

finding routine of Shellman and Morfitt is used to find the zeros of the modal

function (5.1). This routine was also used by Goodhart and Pappert [28] and

Marcus [1, 21 for finding the zeros of modal functions for linear segmented

models of tropospheric refractivity.

The root-finding routine of Shellman and Morfitt locates all the simple

zeros of an analytic function in a prescribed rectangular region of the

complex plane. Initial guesses for the location of the zeros within the

prescribed rectangular region of the complex plane are not required. The

root-finding method of Shellman and Morfitt is based on the theorem [29]:

Theorem: Let f(z) be a meromorphic function, i.e., analytic everywhere

in the complex z-plane except at isolated poles. Let r be a closed

contour in the z-plane such that there are no zeros or poles of f(z) on

F. Then, the accumulated phase change, A0, of f(z) around r traversed in

a counterclockwise direction is equal to

2n(Nz - N) (5.2)

N is the number of zeros enclosed by r and Np is the number of poles

enclosed by r. When determining N and N n-th order zeros and poles

are counted n times.
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For a function that has only zeros in the region enclosed by F so that N = 0,P
this theorem implies that every phase contour associated with each zero

crosses F.

Consider the analytic function f(z). In terms of its modulus and phase,

f(z) can be written as

f(z) = {[Re(x)1 2 + (Im(f)12)eiO (5.3)

where 0 is the phase of f and is given by

e = tan -1 im(f) (54)

If f(z) has no poles or branch points, the curve for the constant phase value

S 0c radiating from a zero of f(z) must cross a closed contour r enclosing

that zero at least once. Furthermore, no other zero of f(z) may be on this

phise curve. See figure 4. A curve of constant phase, e.g., e = 0, which
C

crosses the closed contour r may be followed until it leads to a zero of f(z)

or until the phase curve again crosses the contour r. A zero of f(z) may be

determined by the crossing of the curves

01 64 03 04 63

262

02

03

CLOSED CONTOUR I

04 61 02 &1

Figure 4. Constant phase curves for an analytic function with three simple
zeros in the region enclosed by the rectangular contour r.

I(f) 0 ( c =0 or n) (5.5)

and
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Re(f) 0 0 = or . (5.6)

The routine of Shellman and Morfitt will search a specified rectangular

region of the complex z-plane for the simple zeros of the analytic function

f(z). Let the edges of the specified search rectangle be denoted by tL, tR,

tT, and tB, where tLand tR denote the value of the real part of z at the left

and right edges of the search rectangle and tT and tB denote the value of the

imaginary part of z at the top and bottom edges of the search rectangle. This

search rectangle is divided into small mesh squares in which each mesh square

side has length 6. Restrictions upon the size of 6 will be discussed later.

A new search rectangle is generated from the specified search rectangle. The

4 left edge of this new search rectangle is given by

JL = IntL, (5.7)

where Int(x) denotes the integer part of x. The other edges, JR' JT' and J.,

of this new search rectangle are similarly obtained. Thus, the new search

rectangle is given in terms of mesh units, where one mesh unit is of length 6.g Since truncation may occur in evaluating JL' JR' JT' and JB' this new search

rectangle is made one mesh size larger on all sides in order to ensure that

the original specified search rectangle falls completely within the new search

rectangle. If the original specified search rectangle is near a branch cut or

other discontinuity of f(z), this expansion of the search region could cause

problems.

Consider an individual mesh square in the new expanded search rectangle

as shown in figure 5. A local mesh coordinate system, where each unit is of

length 8, may be set up as shown in figure 6. The value of f(z) evaluated in

the local mesh coordinates of mesh square k is denoted by f(k)(Xk,wk). Thus,

as shown in figure 6, the value of f(z) at the origin of mesh square k is

denoted by f(k)(0 ,0 ). Note that for each mesh square the lower left-hand

corner is taken as the origin in that mesh square's local coordinate system.

The values of f(z) at the corners of mesh square 1 are

f(I)(0,1) = 6 + 0 6) (5.8)

f(1)(O,O) =f(JL6 + i[JT - 116) , (5.9)
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SQUARE b

414 22.

3 7 111 1 19 23 .

4 12 16 1 20 24,

C E

Figure 5. Illustration of search rectangle and mesh grid set
up in the complex z-plane by the Shellman-Morfitt root-
finding routine. The plus and minus signs at the corners of the
mesh squares indicate the sign of Ina(f). Along the solid -.

curves Im(f) = 0; while along the dashed curves, Re(f) =0. to

The zeros of f(z) are located at the intersection of the
Im(f) = 0 and Re(f) 0 curves.

Wk i  EDGE 4

f(k) (1, 1

flk) 10, 1)"

6 EDGE 1 EDGE 3

f (k) (1,0)1 ~ 0 f(k) (00)

0 " EDGE 2

Figure 6. Local mesh coordinate
system and numbering of the
edges of mesh square k. The
value of f(z) evaluated at the
corners of mesh square k are
denoted by K(k) (Xk, wk), where
Xk and w.k equal 0 or I at the
corners.
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f(1)(lO) = f([JL + 116 + i[JT - 1]6) , (5.10)

adf(1)(l'l) = f([J L + 1]6 + iJ TS) .(5.11)and (.1

The values of f(z) at the corners of all other mesh squares are obtained

similarly.

A basic assumption concerning f(z) made in the algorithm of Shellman and

Morfitt is that along the edges of every mesh square k, Re(f) and Im(f) are

linear functions of the local mesh coordinates Xk and wk. This implies that

in mesh square k, f(z) can be written as

f ak +bw (5.12)
r kk) 'k + k k + ckXk  kkXk

where ak, bk, c and dk are complex constants. This assumption puts an upper

limit on the size of 6 that can be used. If 6 is too large, the assumption

that f(z) has a linear variation along the edges of the mesh squares breaks

down. Thus, 6 should be chosen small enough so that equation (5.12) is a good

approximation to f(z). In order to reduce computer run times, however, 6

should not be excessively small. Note that equation (5.12) implies that in

the mesh square, the curves Im(f) = 0 and Re(f) = 0 are hyperbolic curves with

vertical and horizontal asymptotes.

In order to further describe the workings of the root-finding routine of

Shellman and Morfitt, use will be made of the example shown in figure 5. The

zeros of f(z) in the new expanded search rectangle are looked for by examining

the imaginary part of f(z) counterclockwise around the rectangular contour.

Intermediate steps of investigating mesh squares are also carried out counter-

1clockwise. For the example shown in figure 5, the edges of the search rec-

tangle are examined for crossings of phase curves along which Im(f) = 0,

starting with mesh square 1 edge 1. The values Im[f 1)(0,1)] and Im[f(1 )(0,0)]

are computed. If, as shown in figure 5, the signs of these two values are the

same, then there can be no Im(f) - 0 curve passing through edge 1 of mesh

square 1. This is a consequence of assuming that Im(f) varies linearly along

the edges of the mesh squares.
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Next, mesh square 2 is investigated. To obtain the values

im[f (2) (0,1)] and Im[f(2)(0,0)], use is made of the relationship

Im[f(2)(O,1)] = Imf(1)(0,O)1]. (5.13)

The value of ImIf (2(O,O)] will be a new computed value. If the signs of

Im[f(2)(0,1)J and Im[f(2)(0,0)] are opposite, as shown in figure 5, then an

Im(f) - 0 curve enters mesh square 2 somewhere along edge 1. Because of the

assumed linearity of Im(f) along the mesh edge, the Im(f) = 0 curve AB crosses

edge 1 at

X2 = 0 (5.14)

and

Im(f (2) (00)] (5.15)
'02 = Im[f(2) (0,1)1 - Im~f (2) (0,)

The problem is now to find whether a zero of f(z) lies within tbifi mesh square

and where the curve AB exits from the mesh square. First, the values

Im[f(2)(i,O)] and Im[f2) (1,1)] are obtained. The values of Im(f) at all four

corners of the mesh square are now known. Next, a test is maee to determine

whether there are one or two Im(f) = 0 curves entering and leaving the mesh

square. If the values Im[f(k)(0,0)J and Imf-(k)(1,1)] have the same sign,

e.g., minus, and the values Im[f(k)(0,1)] and Im[f (k)(1 ,0) both have the

opposite sign, e.g., plus, then there are two Im(f) = 0 curves entering and

leaving the mesh square. This situation will arise in mesh square 14 of

figure 5. Otherwise, there is only one Im(f) = 0 curve entering and leaving

the mesh square, as in mesh square 2. Next, a test is performed to determine

whether there is at least one Re(f) = 0 curve entering and leaving the mesh

square. If the values Re[f(k)(0,o)1, Re[f(k)(1,0)1, Re[f(k)(1,1)], and

Reif(k)(0,1)] all have the same sign, then there are no Re(f) - 0 curves

passing through the mesh square. If these values of Re(f) do not all have the
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same sign, then there is at least one Re(f) = 0 curve entering and leaving the

mesh square. Mesh square 2 does not have a Re(f) = 0 curve passing through it

and therefore does not contain a zero of f(z). The edge through which the

Im(f) = 0 curve exits the mesh square can be determined by using the signs of

Im(f) at the corners of the mesh square. In figure 5, the Im(f) = 0 curve AB

exits mesh square 2 across edge 2, which means it enters mesh square 3 across

edge 4. The local mesh coordinates of mesh square 3 where the curve AB enters

mesh square 3 can be determined by using the values

Im[f(3)(0,1)] = Im[f( 2)(0,0)] (5.16)

~and
[Imf3)(1,1) = Im[f(2)(1,0)) 

(5.17)

together with the assumed linearity of Im(f) along the mesh square edge.

The Im(f) - 0 curve is traced through the search rectangle, and each mesh

I square through which it passes is checked for zeros of f(z). In figure 5,

the Im(f) - 0 curve AB is followed through mesh squares 2, 3, 7, 11, 10, 14,

and 13. The tests for a zero of f(z) are made in mesh squares 3 and 7, with

the same results as in mesh square 2. In mesh square 11, however, Im(f) - 0

and Re(f) - 0 curves both pass through the mesh square. On the basis of the

values of f(z) at the corners of the mesh square and the assumed linearity of

f(z) along the mesh square edges, the value of f(z) at any point within the

mesh square can be determined from

f'k(xk,wk) = ak + bkwk + ckXk+ dkwkXk , (5.18)

where

ak = fk)(0,0 ) , (5.19)

Ibk = f(k)(0 ,1) - f(k) (0,0) , (5.20) -

(k) (k)
b=f a(01) - f (0,0) , (5.21)Ck = f (k) (1,0) - f (k)(0,0) , (5.21)-, -k

and

dk f(k)(0,0) + f(k)(1 ,1 ) - f(k)(0 ,1 ) - f(k)(1,0) (5.22)
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The point of intersection, if any, of the curves Im(f) = 0 and Re(f) = 0 can

then be determined. The mathematical details are presented in the report by

Morfitt and Shellman [4].

After determining and storing the approximate location of the zero of

f(z) in mesh square 11, the contour AB is followed out of mesh square 11 into

mesh square 10, then into mesh square 14. Two Im(f) - 0 curves and one

Re(f) - 0 curve pass through mesh square 14. A solution for a zero of f(z)

in a mesh square is accepted if it lies on the Im(f) - 0 curve currently

being followed [4]. When the contour AB is followed, the zero in mesh

square 14 will be ignored since it falls on the Im(f) = 0 curve CD. When

curve CD is traced through the search rectangle, this zero will be found

again and stored. From mesh square 14, the contour AB is traced to mesh

square 13, where it exits the search rectangle. Information that gives J
the mesh square and edge where the contour AB exits the search rectangle

is stored. Identifying these exit points makes it possible to avoid later

following the same Im(f) - 0 curve through the search rectangle. For

example, if the Im(f) - 0 trace was later allowed to reenter the search

rectangle at B, the same zero of f(z) in mesh square 11 would be found. .

After the Im(f) - 0 curve trace exits at point B, the search for zeros

of f(z) is continued by looking for more crossings of Im(f) - 0 curves with the

rectangular contour. Since mesh square 2 was the last mesh square examined

for such crossings, the next mesh square to be examined will be mesh square 3.

The next crossing of an Im(f) = 0 curve with the rectangular contour will

occur in mesh square 12. Since this crossing point is different from the

previously stored exit point B, the Im(f) = 0 curve CD will be followed

through the search rectangle. The zero of f(z) in mesh square 14 will again

be located; and since it lies on the Im(f) - 0 curve currently being traced, its

location is stored. The curve CD is followed the rest of the way through the

search rectangle, and the exit point D is stored. The search along the

rectangular contour then continues at mesh square 16. At mesh square 20, a new

crossing of an Im(f) - 0 curve with the rectangular contour is detected. The

curve EF is followed through the search rectangle, and the exit point F is stored.

No zeros of f(z) are found along this curve. The rectangular contour search

continues at mesh 24 edge 2 and goes until mesh square 23, where another
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crossing of an Im(f) - 0 curve with the rectangular contour is found. But

since this crossing point is the exit point found when following the curve

EF, it is ignored and the rectangular contour search continues. The

rectangular contour search will continue as described above until the search

finally gets to mesh square 1 edge 4, where it stops.

The zeros of f(z) found by the above search must be considered as

approximate, since the approximation

f(k)(xk,wk ) = ak + bkwk + CkXk + dkwkXk (5.23)

was used in each mesh square containing a zero, to solve for the location of

the zero. These approximate zero locations can be used, however, as starting

values in a Newton-Raphson iteration

~f~zi)

zi I = zi  ) (5.24)

in order to locate the zeros to within a preassigned tolerance e.

£ When the Shellman-Morfitt root-finding routine was used to find zeros of

the modal function (5.1), problems were encountered in locating the zeros that

lie along the real qll-axis. These zeros correspond to well-trapped modes.

The cause of this difficulty is the fact that, as originally implemented, a

mesh line would always fall on the real qll-axis. The Shellman-Morfitt

algorithm assumes that the zeros do not lie on a mesh line. Since some of the

zeros of the modal function fall on or very close to the real q11-axis,

this assumption was not always true and difficulties ensued. To overcome this,

a small offset was used to move the mesh lines off the real axis. No further

difficulties were encountered once this was done.
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6. SOLUTIONS OF STOKES' DIFFERENTIAL EQUATION

When the modified refractivity profile is approximated by linear segments,

in the waveguide formulation of propagation of electromagnetic waves in tropo-

spheric ducts, the modal equation and height-gain functions are expressible in

terms of the solutions of Stokes' differential equation

dw (6.1)dF +  =wt 0 .(.t

Since this is a second-order linear differential equation, there exist two

linearly independent solutions wl(I) and w2 (t). Any other solution to (6.1)

can be expressed as a linear combination of w and w2(0:

Y(M) = clWl() + c2w2() (6.2)

One commonly chosen set of two linearly independent solutions of (6.1)

consists of the Airy functions [301

)= Ai(-) (6.3)

and

w2(Q) = Bi(-E) . (6.4)

The Wronskian for this set of linearly independent solutions is

W(Ai(-E), Bi(-t)} = Ai(-t) d [Bi(-)] d [A i(- )]B i(- )

1(6.5)

While Ai(-t) and Bi(-t) are analytically linearly independent everywhere in

the complex t-plane, they are numerically linearly independent only along the

real axis and in the sector Iph~l < The advantage of this choice of

solutions of (6.1) is that when t is real, both Ai(-E) and Bi(-C) are real. As

,- 4 + OD, Ai(-E) decays exponentially while Bi(-t) grows exponentially. As

i - * - *, both Ai(-t) and Bi(-t) are decaying oscillatory functions of the

same amplitude and with interlacing zeros.
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Another possible set of linearly independent solutions of (6.1) consists

of [301

WAi(-) (6.6)

and

2 = Ai(-ge2 n i /3) (6.7)

The Wronskian corresponding to this choice of linearly independent solutions

is

W(Ai(-E), Ai(-te2 ni/3)} = L e 6  (6.8)

The functions Ai(-t) and AiC-te2ni/3) are numerically linearly independent in

the upper half of the complex t-plane.

A third possible choice for the linearly independent solutions of (6.1)

consists of

= Ai(-) (6.9)

and

i .(0 = Ai(-e . 2 n i / 3 )  (6.10)

The Wronskian of these functions is

W{Ai(-t), Ai(-te-2fi/3)} = - L eni/6 (6.11)
27r

-2ni/3I The functions Ai(-t) and Ai(-te "  ) are numerically linearly independent in

the lower half of the complex E-plane.

In radio propagation work other choices for the two linearly independent

solutions of Stokes' differential equation are frequently used. One such set

of functions is the modified Hankel functions of order one-third [13], h1 ()

and h2(Q). The modified Hankel functions and their derivatives are related to

the Airy functions by

SQ)= (12)I' 6e'i 6 [Ai(-) - iBi(-t)]

S= - 2i( 1/6 2ni/3 (6.12)
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h 2( = (1 2)l/6en/6 [Ai(-t) + iBi(-t))

= 2i(12) 1/6Ai(-te- 2ni/3) , (6.13)

h( = -(12)1/6e'ni/6 [Ai'(-t) - iBi'(-t)]

2i(12)1/6 e2ni/3 Ai'(-te 2n i/ 3  (6.14)

and

1/6 iri/6
h = -(12) e [Ai'(-t) + iBi'(-)]-

= -2i(12)1/6e-2ni/3Ai'(-te2 nl/3) , (6.15)

where the prime denotes the derivative with respect to the argument. The

Wronskian of h1 (Q) and h2 (t) is

W~h Q), h (0) 4i (2) 1/3 (6.16)

Harcus [1, 2] uses the functions kI(t) and k2(Q) as the two linearly

independent solutions of (6.1). These functions and their derivatives are

related to the modified Hankel functions and the Airy functions by

kl(Q) h hi(V)..

= -2i(12) /6Ai(-,e2 n i / 3  , (6.17)

4ni/3
k =t h( - e h(

2(12)/6e ni/6 (-) (6.18)

ki(t) =h'(t)

= 2i(12)1/ 6e2ni/3Ai'(-e 2n i /3) (6.19)

and

4ni/3
kj(t) = h'(t) - e h ( )W

= -2(12)1/6e ni/6Ai'(-t) (6.20)
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The Wronskian of kl( ) and k2( ) is

WkQk() 4i () 1/3 (6.21)
W{k 1(), k2()} = - (

The choice of which set of linearly independent solutions of Stokes'

differential equation to use is dictated by the boundary conditions and

numerical considerations. The arguments of the Airy functions appearing in

the solution (2.32) for ff(p,q.) are qj(z). Since Im(qll) is proportional to

the attenuation rate of the electromagnetic signal, from physical

considerations Im(ql1 ) > 0. This, together with equations (2.30) and (2.129)

implies that Im[q.(z)] > 0. Therefore, the Airy functions occurring in

?(p,q.) are all evalutated in the upper half of the complex q-plane. In the

upper half of the complex plane a numerically satisfactory pair of linearly

independent solutions of Stokes' differential equation consists of the Airy

functions Ai(-E) and Ai(-te2ni/3 ), or equivalently, kl(t) and k2

The solution ft(p,z) to the tropospheric ducting problem has to satisfy

the boundary condition that as z 4 + -, f(p,z) must represent an outgoing wave

iwtwith time dependence e . A solution of Stokes' differential equation that

asymptotically satisfies this requirement is Ai(-te'2ni/3). Therefore, in

order to satisfy the outgoing wave condition in the topmost layer of the

modified refractivity profile, Ai(-e "2n i /3 ) and Ai(-t), [or equivalently,

h2(E) and hl(t)-e'4ni/3h2(t)] are chosen as the linearly independent set of

solutions of Stokes' differential equation. While this set of solutions does

satisfy the outgoing wave boundary condition, it is not a numerically

satisfactory set of solutions in the upper half of the complex q-plane. For

this reason this set of solutions is used only in the topmost layer of the

modified refractivity profile.
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While asymptotic expansions of the Airy functions Ai(z) are available in

the literature [30-32], none of these papers gives a rigorous upper bound for

the magnitude of the error associated with these expansions. These bounds are

useful for the writing of subroutines to evaluate the Airy functions.

Error bounds for the asymptotic expansions of the Airy functions are next

obtained by using the asymptotic expansions of the Hankel functions and

modified Bessel functions and their error bounds.

The Airy function Ai(z) and its derivative are related to the Hankel

functions by

1 z 1/2 [r i/6(1) -ti/6(2)(e)l

Ai(-z) = ( ) Le i/ 31/ + e 1/3(V (6.22)

and -

Ai'(-z) = e  H2/3t) + e H1(V, (6.23)

where

3/2 4=2
(6.24)

The Hankel functions have the asymptotic expansions [331

(1 2 )1/2 1i n-1 k k
H(1) = exp(it - vni - I i A k(V)C

V z k=O k

+ -1)(tv)f (-n + 6 < ph < 2n 6- ) (6.25)

and

epi2 1/ 2  / n-1

H 2 >( ) = (_ ) 2exp(i+ V+li + k=O
V t2k=O k

+ n(2 ) Q'v)} (-2n + 6 < pht < n - 8) , (6.26)

where 6 > 0. The coefficients Ak(v) are given by
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A 0 Aov) = 1 (6.27)

and
Ak(V) = 14V 2 - 12][4V2 - 32] ... [4v2 - (2k - 1)2] (k > 1) (6.28)

k), s  8 k !

The error term rn (,v)is bounded by

In nq (,v) _ 21An(V)I (1)(t)eXPOn Iv "10 1(V (6.29)

where the error control function (1)( ) has the bounds
n

(0 < ph n)

< x(n) I<n (- < ph < O; t< ph<) (6.30)
n ..

The error term n-(2) (t,v) is bounded by

n n n '4 1

-~ (2)
where the error control function n() is bounded by

(-Tr < ph < 0)

*(2)( ) < x(n) n (0 < pht < - 3 t < pht < - n1)
-n -- -2' 2 --

,2X(n)IIm(t)In < pht < n - 6 ; -2nr + 6 < ph < -L71

(6.33)

When v = 3' equations (6.25, 6.26) become

33
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(1) 21/2 - .. (2 2-k +()(

= ( -- /2exp(it - i{k (k)].. + A (I '

(-n + 6 < pht < 2n -6)

32 ) Z-3/4 2 - ) k 3k/2 + _(1)(2 3/2 1)}n)ixp z 15--. 1 (-0kC k z'3/ +n (3z '3
= } ep 2 k=O

2- + 6' < phz < - 6') (6.34)

and

1/) 32 + 5(-i k /1-k + (2)

(~) 1/ .~. ni 14k=O 1 kjj

(-2n + 6 < pht < n - 6)

2  -3/4 exp.i2z3/2 + 5ni k lkc -3k/2 + (2 )(2 3/2 j
(4) 3 - ' kn n-z

(-L- + 6' < phz < - 6 ') (6.35)

The coefficients Ak I)and Ck are given by

A°  = CO = 1 (6.36)

and

kAk( )= (1l)k L- Ck -

(_)k [9 - 4]1(81 - 41."[9(2k - 1)2 - 41 (k > 1) (6.37)
2k 23k k > ) (

The error terms tn ) and ,) are bounded byn 3 n  3.

2 C n (1)( )expj * 1( )) (6.38)n-P3 3 n n nVxpIL3
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and

(2)1 < 2r+ 15(2
n+) Q) (expi3 ) (6.39)

Using the above results in equation (6.22) yields the asymptotic expansion

N Ai(-z) in z1  xp I (-i) kC z -3k/2 + (

I n-1i 3/ 2
+ exp(it + 4i)[nlikckz 3k/2 + ( I3i k=O q

n + 6' < phz < - 6'). (6.40)

Putting v = in equations (6.25, 6.26) yields

HM (V2 e(n'71)1i k A 2 k + _(1)(t 2)H()~ 212 - 7fl.(nl/2 n

2/3 -1 exp 12 k=O k3

(-n + 6 < pht < 271 - 6)

{31/2"34 23/ }

( ZZ3/4 7 n ikD z 3k/2 (1)2z3/2 2(7) 3 x 12 /k=O k +H 3 2

(-- + 6 < phz < L- - 6') (6.41)
3 -3

and

H (2 '1/2 l( + 2 (-i k k+ r(2)(t 2)2/3 n x 12 lk= k 3 k

(-2n + 6 < pht < n - 6)

= exp+ ('g)) 3n)k
z

2 3k/2 + n(2)( z3/2
) z exp xyz 2 ]k=O

+ 6' < phz <2 n- 6). (6.42)

The coefficients A k(3) and D k are given by
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A.(!) D(6.43)

and

3

= (.1)k (9 - 161181 - 161"[9(2k- 1)2 - 161 (k > 1) (6.44)
32k 23k k!

(2)
The error terms and 2 are bounded byThe~ ~ 3ro trsn n ' 3

_ n ~n~n()ex () (V) (6.45)

3

and

11(2 ID 4 2)(tex 7 i(2)Q)(646
3) 1n n n 3601 ',.(.6

Combining the above results with equation (6.23) yields the asymptotic
expansion

Aik(-z) = - Lr-1/2 -1/4 nexpi + n 3k  2 + n(i)(i  )]

2. i + (2 [ k..

+ i -i )[ I 4_i~kZ3k/2 + "n(2)(' 9

-- + 6< phz < 2n - 6'). (6.47)

In order for asymptotic expansions of Ai(z) and Ai'(z) valid for other

values of phz to be obtained, the equations [30]

Ai(z) = 3 K1/3 ( ) (6.48)

and

Ai'z - (- K (0) (6.49)
n (43- 2/3
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relating the Airy functions to the modified Bessel functions, are used. In

equations (6.48, 6.49), E is again related to z by

2 3/2 (6.50)

IIz
The modified Bessel functions have the asymptotic expansion [33-35]

< /2e - 1 ~ -k

K () = I Ak(V)A + Yn(tv)V21k=Oka

(- - + 6 < pht < LA - 6) ,(6.51)

where the coefficients Ak(V) are again given by equations (6.27, 6.28). The

error term yn (,v) is bounded by

JYn(tV)J < 21An(V)Itn(t)exp{iv2 - ()} ,1Y1  (6.52)

N where the error control function *n(E) has the bounds

(pht I <
1 r ~j-n(Jph [ 2)

Mn < x(n) t,-n  2 <- lphtj < )(6.53)

2X(n)jRe()Jn < lphl < -n 6)

When v =' equations (6.51, 6.52) become

1/3Q)= ( 2 - {:k= Ak(3) k + 3n( '

(L + 6 < pht < L- -6

(3 )1/ 2 z-3/4exp(-2 z3/2){n l1 ( - 1)kCk z-3k/2 + Y z3 ' 24 3 l~"k=0

(-n + ' < phz < n -6'), (6.54)
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where the error term is bounded by

ni-7
2n+l

n ) < 3cn()exp i() . (6.55)

Substituting equation (6.54) into equation (6.48) yields the asymptotic

expansion

1) -1/2z -I/4 - -nl )kCkz' 3 k/ 2  n I)IAi z) in z e k0 (-I) + Y .~' 3

(- 7 + 6' < phz < n - 6') (6.56)

Putting v = 2 in equations (6.51, 6.52) yields the asymptotic expansion

2/3 = ()/2e- nI Ak(2) E-k + 2)e k=0 (3)Y~

.n+ 6 < ph < L 6

)1 (2z3/2)ynI Dkz -3k/2 23/2 24=(" /z3/ep 3 k=0 +onn z

(-n + 6' < phz < n - 6'), (6.57)

where the error term is bounded by

, 1( )1 < 3' IDn (E)exp (V) (6.58)

Combining equations (6.57) and (6.49) yields

Ai1(z) =- 1-1/2 1/4 e - z'3k/2 n

Ai'z) in z e {I D k Z+ Y n\~t3/

(-n + 6 < phz<n-6) (6.59)
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Consider the asymptotic expansion (6.40)

Ai(-z) = 1 -1/2 z-1/4 exp (ni ["I' (_i)kCkz-3k/2+ (1)( ]
+ xin 4i [li k=O2 + na)(3

Sk=O k
( 2n 2n = 6). (6.60)

L" n + 6 < phz < L(660

~L1Let Rbe the ratio of the bound for the error term ri (1)(, ) to the modulus
.k -3k/2

of the first neglected term in the series S1 = I(-i) CkZ . When 0 < phz <

2n _ 6, this ratio is approximately 2. When -n < phz < 0, R1 is approximately

2X(n). When - L- + 6 < phz < - g, R1 is approximately 4X(n)csc ("). As 6

0, this last bound grows sharply, warning that if rn(1 )( ' 3) is neglected, this

Z3 asymptotic expansion for Ai(-z) is inaccurate for numerical work near the

boundary phz = - 2n Let R be the ratio of the bound for the error term

(2 to the modulus of the first neglected term in the series S
k 3/ 2

i When - i- + 6 < phz < 0, the ratio R is approximately 2. When 0
3 2

phz < ,the ratio R is approximately 2X(n). When 1 < phz - , the

phA 0, thi then grow
ratio R2 is approximately 4x(n)cscn(2o) Again, as 6-' 0, this bound grows

sharply, indicating that the asymptotic expansion (6.60) is inaccurate for

numerical work near the boundary phz = 2n Therefore, the asymptotic
--.

expansion (6.60) for Ai(-z) is satisfactory for numerical computation in the

phase range - 1 < phz < ! . An identical argument gives the same result for

the asymptotic expansion (6.47) for Ai'(-z).

Now consider the asymptotic expansion (6.56)

Ai(z) 1 -1/2 z -1/4~ {n II (-1)kCkz-3k/2 + Yn
(-n + 6 < phz < n - ) (6.61)
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Let R be the ratio of the bound for the error term yn( , to the modulus of

the first neglected term in the series 7(-l)kCki 3k/2 . When -1n < phz < n3, the 7
2n n ir 2n

ratio R is approximately 2. When -L- < phz < -! or ! < phz < -, this ratio

-- 2n 2nis approximately 2x(n). Finally, when -n + 6 < phz < or j- < phz < - 6,
n3

this ratio is approximately 4X(n) sec (2 phz). This last value grows sharply

as phz - or phz - ni, indicating that the asymptotic expansion (6.61) for Ai(z)

is inaccurate for numerical work near the boundaries phz = -n and 7. Therefore,

this asymptotic expansion is satisfactory for numerical work in the sector -2n3
2n

phz < -. An identical argument yields the same result for the asymptotic

expansion (6.59) for Ai'(z).

In summary, the Airy function Ai(z) and its derivative have the

asymptotic expansions

1e -12z1/ / i)k 1 =0 3ikk-k2 1"

Ai(z) = 2I' (-1) C Z + 3 -

_< phz < , (6.62)

S -1/2 -1/4 n[inn lk2 k 3 k/ 2 )

Ai ( z) = in,, z e -k + nn u,

k=0o I

+ exp + ni n I I i k Z3k/2 +r()t

< phz < (6.63)

* Af~~~z) = - 1/2 1/4 e {n-1 -z3k/2 +Y('~

L- < phz < - , (6.64)
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r. di. - .-.--

andI

-1/2 1/4 ~ n-1?~)~ k 3k/2 (1)

+ ex( - -!) [ "-kz- + i(( e (6.65)

+~/ (6. 66)/ (
- < phz < ,(6.65)

3 3)where

The coefficients Ck and Dk are given by equations (6.37) and (6.44). They can

be calculated using the recursion relations

C0 = 1, (6.67)

U c 9(2k- 1) 2 - 4

k 48k Ck-I (k>1) , (6.68)

D = 1, (6.69)

and

9(2k- 1)2 16
D , (k > 1) n (6.70)

The error terms n 3n(1)( , 3, ) 3 n

n ' 3)'and n ' are bounded by

(n_._) , (()ep5 ,(1) t

I (1) (t 1)1 _< 3n  C'n ) ( x 3 1 (V) (6.71)

2 23

1 73



. ._.n , (1) 2)exp 7 () (673)

(2 (, )I < (6.74)102 () xp7
n '.3, 3 nn n 360()(+6.4

Y (tn+1

IYn  , 3)I < ---IDn n()exp 7 (6.76)
and ()() n n()aebune y;

The error control functions 0 (1 -fandt are bounded by
nn )an

I61n (0 < ph < n)"

n ) < f) < pht < 0 ; < < pht < 3"

2 2t
2X(n) lia(t) n  1- + 6< ph < -< ph 2n -6

(6.77)

,t,-n (-n < pht < 0)

n( < X(n)lt-n(0 < ph < " - < pht < _.).

2X(n)Im (t)In (2 < Ph t <- ; -2n + 6 <-- ph '

(6.78)

and

< pht <~S, 2, 2)

X(n)Ilt n  n < ph - < pht <

(6.79) < 22X(n)IRe(Q)I -n L7 + 6 < pht < -7t ;it <~ pht < L7E-6

(6.79)
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- -VI

where 6 > 0 and

X(n) n 1/I2  2(n (6.80)
r(In +

Substituting the results for the asymptotic expansions of the Airy

lunction and its derivative into equations (6.12-6.15) yields the asymptotic

expansions of the modified Hankel functions of order one-third and their

derivatives. The results are

h1 (z) =(12) 1/6 7(/ 2z1 4 exp~i -fi) [I (0 ikc .. ,.3/2+ (i)(, ]
< phz < (6.81)

h (z) =(12) 1/6 n1/2 z-1/'4exp( 1171 I i .k C Z3/2 +r,(1) eR

n-n

1/6 -/ / n k -3k/2 (1) 2r

7 < phz < -(6.82)

- 1/6 -1/2 1/4 - lii )[ k 3 k/ ( 1

<r phz < n (6.84)
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26 / 1'-) Lk=O 3k/2 (2 )(,
h2(z) =(12) n- l 1exp2() 1 1 kk + n

n < phz < (6.85)

h2(z) = (12)l/ 61-1/2z"1/4exp(i + 5nf12 k C-3k/2 + _(2)( 27i I

+ (12)1/67r'1/2z1/4expi + 1-- +--k (-i)kC k3k/2 +I(2)(e-ti, -

h(z) =--i(12)z z (

12 ( ) [--

n < phz < (6.87)

3)&

and

h(z) = .1 /61/2z1/4 (it + 1--- Y + (2) -ni 2

n-1-

2+(1 )n_(2)[) 'kZflte2i'.

i(12)l/671/2z1/4exp(i + = 3 k/2  (2)( 27Ti 2)

( < phz < n (6.88)

Using equations (6.17-6.20), which relate the functions kW(z) and k2 (z) to

the Airy functions, together with the asymptotic expansions for the Airy

functions yields
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k(Z) = (12)l /6 i' 2 z 1/4exp -3k/2 W1 L n( '-(k (Z) (12 n-. ep(_

< phz < , (6.89)

1/6 -1/2z-1/4 e I Ini anZ k - 3/2 (1)(ten ,  1)

I2 /L=O (-~Ckz -3 k /

n (z exp (it 12T) -1 c k/2 n (te

n < phz < - (6.90)

k'(z) = i(12)1/6n'/ 2z/ 4  exp i - ) L k :O  
3

< phz < n (6.91)

I'() i(12)1 'n 'z" exp(it 2Dkz +n(t~)/ / / - ni)[I ik 3k/2 +(1)( 2li 2)J

- i(12)l/6 -1/2 1/4exp(i - L) ° ( -i)Ikz3k/2 + (2) e1i

k2(z) = (12)1nr-/z exp~. n)[1~c3/ .2( )
- ('2i. ) 7- (i)k3k/ + (t°]

n < phz < (6.93)
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-16 121k_ 0  -k '3 k /2 +  n i /2 , 1
k 2 (Z) = (12) n- 1/z /exp~i + 11th ni (.i)kc k/ + YQte~ii2

< phz < -7 (6.94)

*1/6 -1/2 -1/4 / n-n1 .k -3k/2 ( -3ni/2Ik2 (z) (12) nr z e xpk-t+i- I-)[ __ k Y te-12 ] k=O kn

< phz < -, (6.95)

k'(z) = -i(12) 1/6 7 1/2z 1/4exp + -2-] ikDkz + ,

1/6 -1/2 1/4+ 12 nk ('i)kDkz 3 k/ 2 + l(2)( ")

g < phz _ , (6.96) .

k'(z) =-i(12)l/6 n/ 2 zl/ 4 exp(i + 11ni [n~ l + (3ni/2
'2 /I k=O 'ke

< phz _< - , (6.97)

and

*1/6 -1/2 1/4(t+7i y mi -3k23ni/2 2

k2(z) = -i(12) n / z exp-i + ') [k= ([i) kz 3 k/ 2 + n( e - 3

< phz <-I. (6.98)

33 )

Equations (6.94) and (6.95) are equivalent, as are equations (6.97) and

(6.98). This is to be expected since the Airy function and its derivative are

entire. :1.
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.2 The preceding asymptotic expansions can be used to calculate Ai(z) and

Ai'(z) when IzI is large. The given error bounds can be used to determine how

large Izi must be in order to guarantee a given accuracy. For small values of

IzI the Airy functions can be evaluated by using the series expansions [30]

Ai(z) c c1f(z) - c 2g(z) (6.99)

and

Ai'(z) c If'(Z) - c2g'(Z) ,(6.100)

where

k 3k

k=O r- (3)

f~z 3k z (6.102)
k=1 r( I (3)1!

00 k r(k + ) 3k+ 1
g(z)= 1 3 3 z(6.103)

k=0 r(Q) (3k + 1)!'

I3

! and

g'(z) 1 3rk ~ 3 (6.104)
k.1 ri2 (3k)!

The constants c1 and c2 are
12

C (6.105)1 3 2/3 r(2)

and

C 13rl (6.106)
33 Q
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In this section an upper bound for the error introduced by truncating the

above series for f(z) and g(z) and their derivatives at N terms will be

obtained. The largest absolute error due to truncation will c:cur when all

the terms in the series have the same sign, i.e., when z = x is real and

positive. Except in the neighborhood of the zeros of Ai(z) and Ai'(z), the

largest relative error will also occur when z = x is real and positive.

The truncated series approximations for the Airy function and its

derivative are given by

AiN(z) = ClfN(z) - c2gN(z) (6.107)

and

Ai'N (z) - c2g(z) , (6.108)

where

N-I F + 3k
k3 z

f (z) 1 3 z (6.109)

f- -k + ) (6.110)

N-i r k + 3k-1

gNkz 3) 3 z

fi2O 3 +1) ' (6.111)

k=0 r( ) (3k

and

N1 3~ 2  z3k.12
k-(z) r( 2) (k z .
k=0 r )

are N term approximations to the infinite series (6.101-6.104).

The absolute error in approximating Ai(z) with AiN(z) is

IAi(z) - AiN(z)I. This is bounded by
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IAi(z) -Ai NWzI <cl le zI + C2 1
6 N(ZI ,(6.113)

wh reN(Z) f(z) - fN(z) 
(6.114)

and

6N(z) g(z) - 9,(z) .(6.115)

Similarly, for the derivative Ai'(z)

1 IAi'(z) - Ai' NWzI < cl le NWI + C2 1
6 NWzI ,(6.116)

where

eN(Z) = f'(Z) - f'(z) (6.117)

and

8)1(z) = g'(z) - gi(z) .(6.118)

An upper bound for leNWzI can be obtained in the following manner. The

truncation error E N(z) for f(z) is

U CNC(Z) 1 3k 3
Nk=N r1 (3k)!

3 z3N co k r(i +N ) j3j

rN3N jI3 3j (6.119)

The triplication formula for the gamma function 1361 yields

r(3j + 3N +1) =r(3[j + N +

I. = 1 3j+3+ r( +N + N + N ). (6.120)

jZ 2nz3N 1
CN~ 3 r() 2N+k j=o r (j + N + 2) ro + N + (63121)
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Now,

r (j + N + 2 > r j + N) (6.122)

for all j > 0 if N > 2. Hence

1 NWI < 2 N ( ) (N > 2). (6.123) .,
r 32N a j=0 r(j + N) r(j + N + 1)

The gamma functions in the sum in (6.123) satisfy the inequalities

r(j + N) > r(N)r(j + 1) = (N - 1)!j! (6.124)

and

ro + N + 1) > r(N + 1)r(j + 1) = N!j! (6.125)

Therefore,

3N 03j
l(e I < 2njzj1 1 ( J (6.126)
-N''' r(5)32+(N - 1)N! j=0 (j!)2  9

The modified Bessel function

I~~ (ZZ / 1 1 _I3 617
0 (I3/ 1 Iz2 *

j=0 (j!)2  (6.127)

satisfies the inequality [15]
TO  Izl312  < exp jlzl 312  . (6.128) .-

This yields

IsN) W 1  2~ 2< (Izir) exp(gIzII) (N > 2), (6.129)
3 1/2 r)(N -I)N! -

or

It 1 < 1 exp (N > 2). (6.130) "cICN 32/3(N - 1)IN!

.4
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Similarly, the truncation errors 6N(z), gN(z), and 6N(z) are bounded by

_I2 3 2  t(,3N e ~z2 3/2

Iir)[(N- (i) 9i 2) - exp(9Iz13/2) (N > 2) , (6.132)

and

2n /jz3 3N /2 z3/2)

IbN()I <2n (~i~exp(~z32 (N > 2) .(6.133)

The absolute errors due to truncation of the infinite series (6.101-6.104) for

Ai(z) and Ai'(z) are therefore bounded by

IAi(z) - AiN(z)I < 32/3(N - (1)( ) [1 -1 3 N

(N > 2) , (6.134)

and

IAi'(z) - AViWN < - 3 1/3 (J-i2j 3 N (Qizi312) [ -+32/3 P1]
((N - 1).1 Izi

(N > 2) (6.135)

When z = x is real and positive, the asymptotic approximations for Ai(x)

and Ai'(x) can be used easily to obtain bounds for the relative error. The

Airy function Ai(x) and its derivative have the asymptotic approximations

Ai (X) 9-l/2 x- 4  exp (- e xp/2)[1 + YI( 3x, 1)] (x > 0) (6.136)

and

and 1-1/2 1/4 g 23/2\ (23/2 2 ( >0Ai'(x) = - 2 exp 3j [ + jx , (x > 0) (6.137)
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where the error terms are bounded by

2 , < LX-3  2 exp(x -3/2) (6.138)

and

<3/2 < 7 -3/2 (7 -3/2(i¥1y] (3/ 3 _ exp~x ) (6. 139)

The relative error in the value of Ai(x) due to truncation is therefore

bounded by

IAi(x) - Ai NWxI 24n-xl A /3y 3/

IAi(x)I 321 3 (N - 1)! NI 9

+ 32/3 N] 1  5 -3/2 /5 -3/2)]' LW

/- 3x -TV exp(Lx 2 ) (x > 0.52, N > 2), (6.140)

while the relative error in Ai'(x) due to truncation is bounded by

IAi'(x) - AV NWxI 2 4ii 3 1/3 X5/4 (J xp &3/2)~< -- exp 3 1

IAi'(x)I ((N - 1)12

+ -2/3 ]1 7 -3/2 X7-3/2 -  '

- x exp(x /) (x > 0.65, N > 2) (6.141)

These bounds for the absolute and relative errors in Ai(x) and Ai'(x) due to

truncation are upper bounds. In most cases these bounds are unduly

pessimistic.

Another major source of error in calculating the Airy function and its

derivative from equations (6.99, 6.100) is cancellation error. The functions

f(z) and g(z) can be expressed in terms of the Airy functions Ai(z) and Bi(z)

by [30]

f (Z) =L ~LBi W) + Ai (z] (6.142)

and

g(z) [LBi(z) Ai(z)] (6.143)
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The derivatives of f(z) and g(z) are given by

f (Z) = J~LBiI (z) + Ai (z)]J (6.144)

33 and

g'(z) = 22 [ i'(z) + Ai'(z]. (6.145)

When z = x is real and positive, the Airy functions Ai(x) and Bi(x) and their

derivatives have the asymptotic approximations [301

Ai(x) -1 -1/2x -1/4 (6.146)

Bi(x) -n1/2 x-1/4 e (6.147)

Ai'(x) - - 1 -1/2 x/4e , (6.148)

and

Bi'(x) - n 1/2x 1/4 et (6.149)

~where
= 2_3/2 

(6.150)

Thus, the functions f(x) and g(x) and their derivatives all increase

exponentially with increasing x. Since Ai(x) and Ai'(x) decrease

exponentially with increasing x, severe cancellation errors can arise when

M using equations (6.99, 6.100) to calculate Ai(x) and Ai'(x). For example, at x

4.0 the value of Ai(x) is Ai(x) 0.000952,while the values of clf(x) and

c2g(x) are c1f(x) Z 24.204 and c2g(x) - 24.204. In order to obtain three

significant figures for Ai(x) at x = 4.0, eight significant figures are needed in

clf(x) and c2g(x). For reasonably large values of N, cancellation error is

such more significant than truncation error.

8
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7. EXTENDED COMPLEX ARITHMETIC

Because of the exponential nature of the Airy functions, the numerical

evaluation of the modal function (2.124) easily can yield complex numbers with
+1000 -1000

magnitudes as large as 10 or as small as 10 Numbers of this size

are outside the range of most computers, so special methods to handle them had

to be incorporated into the waveguide program. A complex amplitude, , and a

real exponent, *, were associated with each complex number z, i.e.,

Z = tef (7.1)

No attempt was made to normalize the complex amplitudes in XWVG. The

complex amplitudes typically have a magnitude falling between 10 and 10

By handling the complex amplitude and real exponent separately, the very large

and very small numbers obtained when evaluating the modal function over the

search region of the complex qll-plane are easily handled.

If z, = tIef1 and z2 = t2ef2 are two extended complex numbers, their

product is the extended complex number

z zZ 2 = e (7.2)

where

= i 2 (7.3)

and

f = *1 + f2 (7.3)

If *I f2' the sum of the two extended complex numbers zI and z2 is the

extended complex number

z = 1 + z2 = te, (7.4)

where

= 1+ 2exp(*2 " *1) (7.5)

and

f = f1. (7.6) J
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If #2 > 01 the complex amplitude and the real exponent for the sum would equal

C = t2 + Elexp(Ol "02) (7.7)

and

0 = 02 -(7.8)

1Id

i8

I
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8. DESCRIPTION OF XWVG PROGRAM ELEMENTS

This section describes the 20 program elements comprising XWVG and gives

the relationship between the different program elements.
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MAIN

Description: MAIN is the controlling program element for the trilinear
modified refractivity profile tropospheric propagation program XWVG. Besides
calling the appropriate subroutines to determine the modal eigenvalues and
evaluate the coherent and incoherent mode sums for the field strength, MAIN
also performs all data input and output, sets up the search rectangles for the
Shellman-Morfitt root-finding routine, and calculates the "constants" needed
by other program elements.

The data for MAIN is read in from logical file number 13, the read file.
Logical file number 13 is assumed to have one data item per record, with the
data items in the following order:

?FILE - If MFILE = 0 calculate eigenvalues. If MFILE = 1 read
eigenvalues from logical file number 12.

.POL - If MPOL = 0 horizontal polarization. If MPOL = I vertical
polarization.

FREQ - The frequency, in MHz, of the propagating electromagnetic
wave.

ALPHAI - The slope, in units of 1/meter, of the first (lowest)
layer in the trilinear model of the troposphere. The a.'s

dM.
are related to aI by equation (2.13). ALPHA1 must be

positive.

ALPHA2 - The slope of the second (middle) layer in the trilinear

model of the troposphere. ALPHA2 may be positive or

8negative but may not be zero.

ALPHA3 - The slope of the third (top) layer in the trilinear model

of the troposphere. ALPHA3 must be positive. For the

standard atmosphere a = 0.236 x 10 6/m.

Z2 - The height, in meters, of the interface between the first

and second layers of the trilinear model of the

troposphere. The ground is assumed to be located at

z =0.

Z3 - The height, in meters, of the interface between the second

and third layers of the trilinear model of the

troposphere. Z3 must be greater than Z2.
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ZREF - The height, in meters, at which the value of the modified

refractivity, M(z), is specified. ZREF is assumed to be

in the first layer, i.e.,

0 < ZREF < Z2.

REFM - The value of the modified refractivity, in M-units, at the

reference height ZREF.

ETA - The absorptivity of the tropospheric gases.

TEMP - The temperature of the seawater, in degrees Celsius, over

the propagation path.

SALT - The salinity of the seawater, in grams of salt per

kilogram of seawater, over the propagation path.

DELTA - The root mean square bump height, in meters, of the ocean

surface over the propagation path.

ALOSS - The maximum loss rate, in dB/km, of the modes which will

be found.

RNGINT - The initial range separation, in kilometers, between the

transmitter and receiver.

NRNG - The number of range values for which field strength values

will be calculated.

RNGSTP - The increment, in kilometers, by which the range change .

ZRINIT - The initial height, in meters, of the receiver.

NZRCVR - The number of receiver heights for which the field

strength will be calculated.
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ZRSTEP - The increment, in meters, by which the receiver height

changes.

ZXINIT - The initial height, in meters, of the transmitter.

NZXMTR - The number of transmitter heights for which the field

strength will be calculated.

ZXSTEP - The increment, in meters, by which the transmitter height

changes.

If the modal eigenvalues for a particular model have already been

calculated and are stored in logical file number 12, then MFILE can be set

equal to one and the modal eigenvalues will not be calculated again. This can

save considerable computer time and expense. If the modal eigenvalues are to

be calculated then set MFILE = 0. After the modal eigenvalues are calculated,
MAIN writes their value in logical file number 12 so they can be stored for

future use. MAIN writes the output of the trilinear duct tropospheric program

to locial file number 11, the write file.

MAIN evaluates many of the quantities depending only upon the frequency,

polarization, and duct parameters which are used by other program elements.

These quantities are passed to the appropriate subroutines via Common Block

areas.

The search rectangles used by the Shellman-Morfitt root-findin& routine

are set up by MAIN. The bottom of the search rectangle is

[Im(ql) ]bottom= TBOT = 0.0

while the top of the search rectangle is given by 121

3x1 A 2/~3
[Im(q11 )]top = TTOP = 2 -3 x12+

1 20k log 10(e) 2]Ja 1 )

In this equation for determining the top of the search rectangle, Aloss is the

maximum attenuation rate in dB/km for the modes to be found, k = L is the freec
space wave number, nj is the tropospheric absorptivity, and Otis the slope of
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the duct in the bottom layer. The left and right edges of the initial search

rectangle are located at

[Re(q)llleft = TLEFT = TLOLD = 0.0

and

[Re(q 11 )]right = TRIGHT = TROLD = 2.0 .

Because of the discontinuity in kI(q1l ) and 2 (q )
1 1 along the imaginary

q11 -axis introduced by our implementation of surface roughness, it is

necessary for the initial search rectangle to have its left edge on the

imaginary axis. For further details see the description of subroutine KHATX.

The location of the right edge of the initial search rectangle can be changed

by changing the value of TROLD.

The Shellman-Morfitt root-finding routine is used to find the zeros of

the modal function in each search rectangle. In order to find the zeros along

the real axis, an offset of 0.003 is introduced in subroutines FCTVLX and

FDFDTX. This offset in the modal eigenvalues is corrected in MAIN by the

statement

EIGEN(LK) = EIGEN(LK) - 1* 0.003.

See the description of subroutine FCTVLX for more details.

After using the Shellman-Morfitt root-finding routine to search the

initial search rectangle for modal eigenvalues, MAIN forms a new search

rectangle to the left of the original by the statements

TLEFT = TLOLD - TLSTEP

TRIGHT = TLOLD

TLOLD = TLEFT

The width of the search rectangles formed to the left of the original can be

varied by changing TLSTEP. If no zeros are found in NLEFT consecutive search

rectangles, the search for modal eigenvalues to the left of the initial search

rectangle is stopped. Next, MAIN starts forming search rectangles to the right

of the initial search rectangle by using the statements
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TLEFT = TROLD

TRIGHT = TROLD + TRSTEP

TROLD = TRIGHT.

The width of the search rectangles formed to the right of the original can be

varied by changing TRSTEP. If no zeros are found in NRIGHT consecutive search

rectangles, the search for modal eigenvalues to the right of the initial

"- search rectangle is stopped.

The complete set of modes found by using the Shellman-Morfitt root-finding

routine are stored in the array ZEROS. This array can hold up to NRZ

elements. The value of NRZ can be changed by changing the PARAMETER statement

in MAIN. If more than NRZ modes are found,MAIN will write a message

":1 indicating the search rectangles where the total number of modes exceeded NRZ.

Only the first NRZ modes found are stored in ZEROS. After all the modes have

*i been found, the modes stored in the array ZEROS are arranged by order of

increasing real part,and any duplicate modes, i.e., modes within a distance

TOL = 0.0001 of each other, are eliminated. These modes are then used by

subroutine MODSUM to evaluate the field strength in dB relative to the free

space value.
.A

Calling Program Element: None.

Program Elements Called: CASIN, DHORIZ, FZEROX, MODSUH.

-9 Comon Block Areas: COMONE, COHTWO, COHTHR, COMFOR, COMFIV, COMSIX, COMSEV,

I COMEIG, COMNIN.
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CADD

Description: Subroutine CADD adds two extended complex numbers of the form

~Z = te',

where t is a complex amplitude and * a real exponent. If z and z 2 are two

extended complex numbers, their sum is

112

: Z=Z 1 +Z 2

vhere, assuming *1 -> 02

t = tI + 62exp(02 -

and

S= *1. :,

The complex amplitude is not normalized in any way.

Call Statement: Subroutine CADD is called by the statement --4

CALL CADD (ZA, ZE, XA, XE, YA, YE).

The input variables of subroutine CADD are:

XA - The complex amplitude of the extended complex number x.

XE - The real exponent of the extended complex number x.

YA - The complex amplitude of the extended complex number y.

YE - The real exponent of the extended complex number y.

The output variables of subroutine CADD are:

ZA The complex amplitude of the extended complex number

z =x + y.
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ZE The real exponent of the extended complex number

Z = X +y.

Calling Program Elements: HTGAIN, FDFDTX, FCTVLX, KHATX, MODSUM.

Program Elements Called: None.

Common Block Areas: None.
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ADDX

Description: Subroutine ADDX adds two extended real numbers of the form

z =e

where t is a real amplitude and * a real exponent. If z 1 and z2 are two

extended real numbers, their sum is

where, assuming *1 >

t. = + C 2exp(*2 -

and

The real amplitude is not normalized in any way.

Call Statement: Subroutine ADDX is called by the statement

CALL ADDX (ZA, ZE, XA, XE, YA, YE).

The input variables of subroutine ADDX are:

XA - The real amplitude of the extended real number x.

XE - The real exponent of the extended real number x.

YA - The real amplitude of the extended real number y.

YE - The real exponent of the extended real number y.

The output variables of subroutine ADDX are:

ZA - The real amplitude of the extended real number z = x + y.
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ZE -The real exponent of the extended real number z =x + y.]

Calling Program Element: MODSUM.

Program Elements Called: None.

Coon Block Areas: None.
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HNKLX

Description: Subroutine HNKLX evaluates the modified Hankel functions of

order one-third, h (Z) and h2(z), and their derivatives in extended complex

arithmetic.

Call Statement: Subroutine HNKLX is called by the statement

CALL HNKLX (Z, HIA, HIE, H2A, H2E, DHIA, DHE, DH2A, DH2E).

The input variable of subroutine HNKLX is:

Z - The location in the complex plane where the modified Hankel

functions of order one-third and their derivatives are to be

evaluated.

The output variables of subroutine HNKLX are:

HIA - The complex amplitude of h1(z) in extended complex arithmetic.

HE - The real exponent of hl(z) in extended complex arithmetic.

H2A - The complex amplitude of h2 (z).

H2E - The real exponent of h2 (z).

DHIA - The complex amplitude of h (z).

DHIE - The real exponent of hi(z).

DH2A - The complex amplitude of h (z).

DH2E - The real exponent of h (z).

-" Calling Program Elements: HTGAIN, FDFDTX, FCTVLX.

*Program Elements Called: None.

Common Block Areas: None.
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KHNKLX

Description: Subroutine KHNKILX evaluates the modified Hankel functions k1 (Z)

and k2 (z) and their derivatives in extended complex arithmetic.

Call Statement: Subroutine KHNKLX is called by the statement

CALL KHNKLX (Z, KIA, KIE, K2A, K2E, DKA, DK1E, DK2A, DK2E).

UThe input variable of subroutine KHNKLX is:

Z - The location in the complex plane where the modified Hankel

functions and their derivatives are to be evaluated.

The output variables of subroutine KHNKLX are:

KIA - The complex amplitude of kI(z) in extended complex arithmetic.

KIE - The real exponent of k (z) in extended complex arithmetic.

K2A - The complex amplitude of k2(z).

K2E - The real exponent of k2 (z).

DKlA - The complex amplitude of k'(z).

DKIE - The real exponent of k (z).

DK2A - The complex amplitude of kj(z).

DK2E - The real exponent of k'(z).

Calling Program Elements: HTGAIN, FDFDTX, FCTVLX.

Program Elements Called: None.

Comon Block Areas: None.
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KHATX

Description: Subroutine KHATX evaluates the modified Hankel function

combinations Il(qll ) and 12(qll) and their derivatives in extended complex

arithmetic. For the surface roughness model used in this program, the rms

surface bump height 6 was always taken to be zero when Re(q 11 ) < 0 since modes

with Re(qlI) < 0 correspond to well-trapped modes and should be unaffected by

the surface. This creates a discontinuity in 1l(qll ) and R2(qll ) and hence,

in the modal function, at Re(ql1) = 0 when 6 0. In order to use the

Shellman-orfitt root-finding routine with this discontinuity, when Re(qlI) =

0, subroutine KHATX has to know whether the current search rectangle lies to the

left or right of the imaginary qll axis and to evaluate kl(qll) and R2(qll ) so

that they will be continuous over the entire search rectangle. The

information needed to do this is passed to KHATX from MAIN in the form of the

flag INTCHK. When the initial search rectangle is set up, it is located at O<

Re(ql1 ) < TROLD and INTCHK = 0. For search rectangles to the left of the

initial search rectangle, that is for Re(q11 ) < 0, INTCHK = 1. When Re(qll) =

0,KHATX tests INTCHK to determine whether the search rectangle is to the left

or right of the imaginary qll axis and evaluates the proper "branch" of '4

1l(qll ) and 12(qll
).

Call Statement: Subroutine KHATX is called by the statement

CALL KHATX (Q1l, KRA1, KHE1, KHA2, KHE2, DKHAI, DKHEl, DKHA2, DKHE2).

The input variable of subroutine KHATX is:

QII - The location in the complex q 1 -plane where kI(qll ) and

: 2 (ql11l) and their derivatives are to be evaluated.

The output variables of subroutine KHATX are:

KHAI - The complex amplitude of kl(qll1 in extended complex

arithmetic.

KHE1 - The real exponent of kl(q 1 1) in extended complex

arithmetic.
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KHA2 - The complex amplitude of 2(qlj ) .

KHE2 - The real exponent of 2(qll ) .

DIHAI - The complex amplitude of 11'(qll).

DKHEI - The real exponent of (q l) .

DKHA2 - The complex amplitude of k21 (qll)"

DKHE2 - The real exponent of k21(qI1).

Calling Program Elements: HTGAIN, FDFDTX, FCTVLX.

Program Elements Called: KHNKLX, CADD, CTANH, CSECH2.

Common Block Areas: COKTWO, COMTHR, COMFOR, COMFIV, COMSIX, COMSEV, COMEIG,

COMNIN.
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CTANH

Description: The complex function subroutine CTANH evaluates the complex

hyperbolic tangent of the complex number z. If

IRe(z)I > I or IIm(z)I >
104-2 104-2

then tanh(z) is evaluated by using

z -Z
tanh(z) =e z- e -

e + e

if

IRe(z)I < ..L.and IIm(z)I <

then tanh(z) is evaluated by using the first five terms of the Taylor series

expansion

1 3 2 5 17 7 +62 9tan(z) = z + Tz -3-z 28j35 z-

Calling Statement: The complex function subroutine CTANH is called by

CTANH(Z).

The input variable of function subroutine CTANH is:

Z - A complex number.

The output variable of function subroutine CTANH is:

CTANH - The hyperbolic tangent of the complex number z.

Calling Program Element: KHATX.

Program Elements Called: None.

Comion Block Area.: None.
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CSECH2

Description: The complex function subroutine CSECH2 evaluates the square of

the hyperbolic secant of the complex variable z by using

h2 4 ":
sech (z) = 2z -2z

+2+e

Calling Statement: The complex function subroutine CSECH2 is called by

CSECH2(Z).

The input variable of function subroutine CSECH2 is:

Z - A complex number.

The output variable of function subroutine CSECH2 is:

CSECH2 - The square of the hyperbolic secant of the complex

variable z.

Calling Program Element: KATX.

Program Elements Called: None.

Common Block Areas: None.
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FCTVLX

Description: Subroutine FCTVLX evaluates the modal function II(q 1 1)II in I
extended complex arithmetic. When using the Shellman-Morfitt root-finding

routine to locate the zeros of a complex function, it is assumed that these

zeros do not fall on a mesh line. Since the imaginary part of some of the

zeros of IIA(q11)II are numerically indistinguishable from zero, the real ql

axis should not be a mesh line. However, because of the way the

Shellman-Morfitt root-finding routine sets up mesh squares, if the real axis

passes through a search rectangle, the real axis will always be a mesh line.

One way to avoid problems caused by this is to find the zeros of the functions

1iA(t 11)II where

t11 = qll - iAq . (8.1)

The shift Aq is chosen to satisfy

6 T < < , (8.2)
max

where 6T is the tolerance to which zeros are located, 6 m is the initial mesh

size, and nmax is the maximum number of times that subroutine FZEROX will

reduce the mesh size by a factor of two. In XWVG where 6 =0.0001, 6
T m

0.04, and nmax = 2, a value Aq = 0.003 is chosen. With Aq chosen to satisfy

(8.2), even if subroutine FZEROX reduces the mesh size by a factor of two nmax

times, the values of t11 corresponding to Im(ql1) = 0 will still not lie on a

mesh line. From equation (8.1) it is seen that the zeros of IIA(qll)II that

were along the line Im(qlI) = 0 are now shifted to the line Im(ql I) = + iAq.

Thus, the zeros of 11 (t11 )II are related to the zeros of ItA(q1 1 )II by

q1 1 
= t11 " iAq. (8.3)

The shift to the new variable t11 occurs inside subroutine FCTVLX as well as

inside subroutine FDFDTX. The shift back to qll, equation (8.3), occurs in

HAIN. Subroutine EXCFAC, which uses subroutine FDFDTX, also has a statement

that compensates for the shift, Aq.
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Calling Statement: Subroutine FCTVLX is called by the statement

CALL FCTVLX (Q1l, DETA, DETE).

The input variable of subroutine FCTVLX is:

Q1I - The location in the complex qll-plane where the modal

function is to be evaluated.

The output variables of subroutine FCTVLX are:

DETA - The complex amplitude of the modal function in extended

complex arithmetic.

DETE - The real exponent of the modal function in extended

complex arithmetic.

Calling Program Element: FINDFX.

Program Elements Called: HNKLX, KHNKLX, KHATX, CADD.

Common Block Areas: COMONE, COIITWO.
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FDFDTX

Description: Subroutine FDFDTX evaluates the modal function IIA(q 11)II and

its derivative

q 11

in extended complex arithmetic. As in subroutine FCTVLX, the value of qll is

shifted inside the subroutine to

tl1 = ql- iAq

where Aq = 0.003. This shift by Aq is compensated for in MAIN when FDFDTX is

used by the Shellman-Morfitt root-finding routine. When FDFDTX is used in the

evaluation of the modal excitation factors, this shift.by Aq is compensated -

for in subroutine EXCFAC.

Calling Statement: Subroutine FDFDTX is called by the statement

CALL FDFDTX (Ql, DETA, DETE, DETPA, DETPE).

The input variable of subroutine FDFDTX is:

Q1l - The location in the complex q11-plane where the modal

function and its derivative are to be evaluated.

The output variables of subroutine FDFDTX are:

* DETA - The complex amplitude of the modal function in extended

complex arithmetic.

DETE - The real exponent of the modal function in extended

complex arithmetic.

DETPA - The complex amplitude of the derivative of the modal

function.
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DETPE -The real exponent of the derivative of the modal function.

Calling Program Elements: NOHSHX, EXCFAC.

* Program Elements Called: HNKLX, KHINKLX, KHATX, CADD.

Commaon Block Areas: COIIONE, COMTWO.
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FZEROX

Description: Subroutine FZEROX is the main subroutine of the Shellman-Morfitt

root-finding routine modified for extended complex arithmetic and the

trilinear tropospheric duct model. The other subroutines comprising the

Shellman-Morfitt root-finding routine are subroutines QUAD, NOMSHX, and

FINDFX. Subroutine FZEROX divides a specified rectangular region of the

complex plane into mesh squares and determines approximate values for the

compiex zeros of an analytic function f(z). These approximate values for the

zeros of f(z) are improved by subroutine NOMSHX by using Newton-Raphson

iteration. The function f(z) is assumed to have no poles or branch cuts in

the rectangular region of the complex plane being searched. The zeros of f(z)

in the search region are assumed to be simple zeros. Other assumptions made

are that the zeros of f(z) do not fall on the mesh lines and that the lines

Im[f(z)] = 0 and Re[f(z)J = 0 do not coincide with mesh lines. The maximum

number of crossings of Im[f(z)] = 0 with any one edge of the search rectangle

that is currently allowed by FZEROX is 50. This value can be changed by

changing the dimensions of KEDGE1, KEDGE2, KEDGE3, and KEDGE4.

Because of the discontinuity of the modal function along the imaginary

axis that is introduced by the discontinuity in the surface roughness formula,
special care has to be taken when finding the complex roots of the modal

function in a search rectangle that has TLEFT = 0.0 or TRIGHT = 0.0. Since

FZEROX will normally extend the search rectangle by one mesh square in all

directions, this expansion to the left or right has to be suppressed when

TLEFT = 0.0 or TRIGHT = 0.0. This is done with the statements

IF(TLEFT.EQ.O.O) JLT = 0

and

IF(TRIGHT.EQ.0.0) JRT = 0

in subroutine FZEROX. When the modal function [jA(q1 1 )[I is evaluated along

the imaginary axis, the value of q1 1 is offset by an amount SHIFT ± 1.0 x

10 in subroutine FINDFX. The plus sign is taken if the search rectangle
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lies to the right of the imaginary axis and the minus sign is taken if the

search rectangle lies to the left of the imaginary axis.

Calling Statement: Subroutine FZEROX is called by the statement

CALL FZEROX (TLEFT, TRIGHT, TBOT, TTOP, TMSHO, TOL, MPRINT, ZEROS, NRZ).

The input variables of subroutine FZEROX are:

TLEFT - The value of the real part of z at the left edge of the

search rectangle.

TRIGHT - The value of the real part of z at the right edge of the

search rectangle.

TBOT - The value of the imaginary part of z at the bottom edge of

the search rectangle.

TTOP - The value of the imaginary part of z at the top edge of

the search rectangle.

TMSHO - The initial size of the mesh squares used to divide the

search rectangle. TMSHO should be small enough so that the

variation of Im[f(z)] and Re[f(z)] along the mesh square

edges is approximately linear. Subroutine FZEROX assumes

that this is true. The smaller TMSHO is, the longer the

program running time. Under some circumstances FZEROX

will automatically reduce the mesh size by a factor of 2 a

total of HAXNT = 2 times. If FZEROX still experiences

difficulties after these reductions in mesh size, an error

message will be output and the program will stop. FZEROX

allows a maximum number, MAXNSQ, of mesh squares to lie on

any one phase curve Im[f(z)] = 0 in the search rectangle.

If this number is exceeded,an error message is output and

the program stops. MAXNSQ is currently set at four times

the number of mesh squares along the longest side of the

search rectangle.
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TOL - The tolerance to which zeros are located. Zeros located

closer together than TOL cannot be distinguished.

MPRINT - A flag for debugging output. If MPRINT = O,no debugging

printout is given; while if MPRINT = 1 debugging printout

is given. A value of MPRINT = 0 is recommended except

when absolutely necessary, because of the large amount of

printout produced.

The output variables of subroutine FZEROX are:

ZEROS - An array containing the complex zeros of f(z) in the

specified rectangular region of the complex plane. The

array ZEROS assumes the dimensions specified in MAIN.

NRZ - The number of complex zeros of f(z) in the specified

rectangular region of the complex plane.

Calling Program Element: MAIN.

Program Elements Called: QUAD, NOMSHX, FINDFX.

Common Block Areas: NEWMSH, ThCCOM.
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QUAD

Description: Subroutine QUAD is an auxiliary subroutine in the Shellman-

Morfitt root-finding routine. The other subroutines comprising the Shellman-

!Morfitt root-finding routine are FZEROX, NOMSHX, and FINDFX. Subroutine QUAD

finds the real roots of a quadratic equation of the form

2ax + 2bx + c =O.

Calling Statement: Subroutine QUAD is called by the statement

CALL QUAD (A, B, C, SOL, NRSOL).

The input variables of subroutine QUAD are:

A - The coefficient of x2 in the quadratic equation.

B - The coefficient of 2x in the quadratic equation.

C - The constant term in the quadratic equation.

The output variables of subroutine QUAD are:

SOL - An array containing the real roots of the quadratic

equation.

NRSOL - The number of real roots of the quadratic equation found.

A value of NRSOL = 1 results when the quadratic equation

approaches linearity.

Calling Program Element: FZEROX.

Program Elements Called: None.

Coinon Block Areas: None.
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NOMSHX 1

Description: Subroutine NOMSHX is an auxiliary subroutine of the

Shellman-Morfitt root-finding routine modified for extended complex

arithmetic. The other subroutines that comprise the Shellman-Morfitt root-

finding routine are FZEROX, FINDFX, and QUAD. Subroutine NOMSHX takes the

approximate locations of the complex zeros of f(z) provided by subroutine

FZEROX and improves them by using Newton-Raphson iteration.

Calling Statement: Subroutine NOMSHX is called by the statement

CALL NOMSHX (TMESH, TOL, MPRINT, ZEROS, NRZ).

The input variables of subroutine NOMSHX are:

TMESH - The size of the mesh squares used to divide the search

rectangle.

TOL - The tolerance to which zeros are to be located. Zeros

located closer than TOL cannot be distinguished.

MPRINT - A flag for debugging output. If MPRINT = O,no debugging

printout is given; while if MPRINT = 1,debugging printout

is given.

ZEROS - An array containing the approximate location of the

complex zeros of f(z).

NRZ - The number of complex zeros stored in array ZEROS.

The output variable of subroutine NOMSHX is:

ZEROS - An array containing the Newton-Raphson iterated values for

the complex zeros of f(z). ZEROS is used for both input

and output.
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A Calling Program Element: FZEROX.

! Program Elements Called: FDFDTX.

Coamon Block Areas: NEWIISH.
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FINDFX

Description: Subroutine FINDFX is an auxiliary subroutine of the

Shellman-Morfitt root-finding routine modified for extended complex arithmetic

and the trilinear tropospheric duct propagation model. The other subroutines

that comprise the Shellman-Morfitt root-finding routine are FZEROX, QUAD, and

NOMSHX. Subroutine FINDFX takes the coordinates of the mesh square corners

and evaluates the modal function IIA(q1 1)II there. The modal function is

evaluated in extended complex arithmetic. Because of the discontinuity of the

modal function along the imaginary qll axis introduced by the surface

roughness formulation, special care has to be taken when finding the complex

zeros of IIA(q 1 1)i in a search rectangle that has TLEFT = 0.0 or TRIGHT =

0.0. The Shellman-Morfitt root-finding routine requires that IIA(q 11 )II have

no poles, branch cuts, or other discontinuities in the search rectangle. In

order to ensure that this condition is met when the search rectangle has TLEFT
-9= 0.0 or TRIGHT = 0.0,a small offset value OFFSET = 1.0 x 10 is introduced.

If TLEFT = 0.0,then instead of evaluating IIA(q11 )li along Re(qll) = 0,

IIA(ql 1)II is evaluated along Re(q1 1) z + OFFSET. If TRIGHT = 0.0, then

instead of evaluating I1A(q 11)11 along Re(q1 I) = 0, 1IA(q11 )11 is evaluated at

Re(q11 ) = - OFFSET.

Calling Statement: Subroutine FINDFX is called by the statement

CALL FINDFX (JR, JI, F, FE, TLEFT, TRIGHT).

The input variables of subroutine FINDFX are:

JR - The real part of the mesh square corner coordinates in

mesh units.

JI - The imaginary part of the mesh square corner coordinates

in mesh units.

TLEFT - The value of the real part of qll at the left edge of the

search rectangle.
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ClTRIGHT -The value of the real part of q1  at the right edge of the

search rectangle.

The output variables of subroutine FINDFX are:

F -The complex amplitude of the modal function in extended

complex arithmetic.

FE - The real exponent of the modal function in extendedI complex arithmetic.

~ Calling Program Element: FZEROX.

Program Elements Called: FCTVLX.

Coon Block Areas: TIICCOM.

UAb
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EXCFAC

Description: Subroutine EXCFAC calculates the modal excitation factor X (qll )
* n 1

given by equation (2.104) in extended complex arithmetic. Because of the

shift in qll by the amount -iAq = - 0.003i built into subroutine FDFDTX,

before EXCFAC calls FDFDTX it shifts q1 by the amount + i~q = + 0.003i. This

exactly compensates for the shift inside FDFDTX.

Calling Statement: Subroutine EXCFAC is called by the statement

CALL EXCFAC (XFAC, XFACE, QIl).

The input variable of subroutine EXCFAC is:

Qil - The modal eigenvalue for which the excitation factor is to

be evaluated.

The output variables of subroutine EXCFAC are:

XFAC - The complex amplitude of the excitation factor in extended

complex arithmetic.

XFACE - The real exponent of the excitation factor in extended

complex arithmetic.

Calling Program Element: MODSUM.

Program Elements Called: FDFDTX.

Common Block Areas: COITWO, CONTHR.
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HTGAIN

Description: Subroutine HTGAIN calculates the modal height-gain functions

E(n, ZR, zT) corresponding to the n-th modal eigenvalue q1 for the trilinear

k. tropospheric duct propagation model. The height-gain functions are given by

equations (2.150-2.166).

Calling Statement: Subroutine HTGAIN is called by the statement

CALL HTGAIN (ENZA, ENZE, QI, ZRCVR, ZXMTR).

The input variables of subroutine HTGAIN are:

Qi - The modal eigenvalue for which the height-gain function is

to be calculated.

ZRCVR - The height in meters of the receiver above ground level.

ZhTR- The height in meters of the transmitter above ground

level.

The output variables of subroutine HTGAIN are:

ENZA - The complex amplitude of the height-gain function in

extended complex arithmetic.

ENZE - The real exponent of the height-gain function in extended

complex arithmetic.

Calling Program Element: MODSUH.

Program Elements Called: HNKLX, KHNKLX, KHATX, CADD.

Common Block Areas: COMONE, COMTWO, COMTHR.
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MODSUM

Description: Subroutine MODSUM calculates the coherent and incoherent mode

sum field strength values in dB relative to the free space value. These field

strength values are calculated by using equations (2.108) and (2.109).

Calling Statement: Subroutine MODSUM is called by the statement

CALL MODSUH (ECMS, EIMS, RNG, ZRCVR, ZXMTR, ZEROS, NRZ, NRMODE).

The input variables of subroutine MODSUM are:

RNG - The range in kilometers at which the field strength is to

be evaluated.

ZRCVR The height in meters of the receiver.

ZXMTR - The height in meters of the transmitter.

ZEROS - An array containing the complex modal eigenvalues qll"

NRZ - The dimension of the complex array ZEROS.

NRMODE - The number of modal eigenvalues contained in array ZEROS.

The output variables of subroutine MODSUM are:

ECMS - The coherent mode sum field strength value in dB relative

to the free space value.

EIMS - The incoherent mode sum field strength value in dB

relative to the free space value.

Calling Program Element: MAIN.

Program Elements Called: EXCFAC, HTGAIN, CADD, ADDX.

Common Block Areas: COMTWO, COMTHR.
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SEAR20

Description: Subroutine SEAH20 evaluates the effective relative dielectric

constant E and the effective conductivity o of seawater as a function of
r

temperature, salinity, and frequency. The complex refractive index of

seawater is then given by

: ' n2 =g
-r 2nf- 0

where f is the frequency and e is the permittivity of free space. The model

used to evaluate er and a is from the paper by Klein and Swift [24]. There is

a discontinuity in the values of e and a calculated by this model as the
r

-.. salinity goes to zero.

Calling Statement: Subroutine SEAH20 is called by the statement

CALL SEAR20 (SIGEFF, EPSEFF, T, S, FREQ).

The input variables of subroutine SEAH20 are:

T - The temperature of the seawater in degrees Celsius. The

temperature is assumed to be in the interval -2*C to

+400C.

S - The salinity of the seawater in grams of salt per kilogram

of seawater. The salinity is assumed to be in the

interval 0 to 40 g salt/kg seawater.

FREQ - The frequency in hertz. The frequency is assumed to be in

the range 0 to 300 GHz.

The output variables of subroutine SEAH20 are:

SIGEFF - The effective conductivity of the seawater in siemens per

meter.
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EPSEFF -The effective relative dielectric constant.

Calling Program Element: MAIN.

Program Elements Called: None.

Commnon Block Areas: None.
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DHORIZ

! Description: Subroutine DHORIZ calculates the radio horizon distance for a

receiver at height ZR and a transmitter at height ZT. The horizon distance is

given by

P. d =l2r'effZR + I2reffzT

The effective earth radius r eff is related to the true earth radius rt by

54

reff = rt

Calling Statement: Subroutine DHORIZ is called by the statement

CALL DHORIZ (DHZ, ZRCVR, ZXMTR).

The input variables of subroutine DHORIZ are:

. ZRCVR - The receiver height in meters.

ZXMTR - The transmitter height in meters.

The output variable of subroutine DHORIZ is:

DHZ - The radio horizon distance in kilometers for the given

transmitter and receiver heights.

Calling Program Element: MAIN.

Program Elements Called: None.

Common Block Areas: None.
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CASIN

Description: The complex function subroutine CASIN evaluates the complex

arcsine of a complex number z by using the equation

sin- (z) = -i n [(l - z2) I/ 2 + iz]

Calling Statement: The complex function subroutine CASIN is called by

CASIN(Z).

The input variable of function subroutine CASIN is:

Z - A complex number.

The output variable of function subroutine CASIN is:

CASIN - The complex arcsine of the complex number z.

Calling Program Element: MAIN.

Program Elements Called: None.

Common Block Areas: None.
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9. SOURCE LISTING FOR XWVG

2 C THIS pFrCPAM FT~lSe 7WE CPWPI.EW tPr'fES INJ THeE V't1.PLANr P'op A
I C TPILINEAR M~OME OF TI-F REFRACTIVITY PRFILE OF TI-F TPOPH.OSPO-ERE.
4 C IHFSF mro ARE FO11Nr IISTNI TI-F rfl!PLEX~ ROCT F!NhUtq POUTyKE rv

9 c PrnPFTTT ANr 94ELLMAN.
6 r TI.F tirrFe IN THF CmplFx rj1-PI APP ARE CO'4VFPTFr TO
7 C- "ALUFIE IN W F COMPLFV THETA-PLANF.

a r FnTH TI-F COIPFRFNT ANr INCOHFRENT "COrE SI'4 VAL':FS CF THE
9 r FIFLI) tTPFNGTH. REL.ATIVE Tr FREE SPACE ARE FVAI I'AlFr
10 r

q11 r TNPIJT* ...
17 r HMll F -IF MFTLFsu CAl CILATE RIrFfVALUFS

- ~ 1 : C IF MFTI.Fwl RFEAP EI(rEN~VALUES FRCP' IOGICAL FILE 12
14 C
15 C MprL1 IF MPOLwo HoRT7OhTAL PIoLAR17ATTCN
16 C IF '4POL=t "IFRTIrAL PCLAR17ATION
17 C' FPFC - ERFOIJENCY (TN Ww7) FCP WHIICH *10rFS ARF TO PF FOLNC
1s r AI-PI-Ai - SLOPF ([N UNITS OF 11/METERI OF FI'-S71LOWEST1 LA'YFQ
19 C IN TRILINFAP MCOFL. MU'ST FF POSITIVE.
20 C ALIP - SLOPE OF qECc~tr(,PTrrLE) LAYER IN TR-LINFAP MOCrEL. MAY(
21 f PF P0SITIVI! CR NEGATIVE.
22 r £I.PI-A3 - SLOPF OF TI-TPn(TOP) LAYER IN TRILINEAP !"OflEL. WLST IF
23 C PrQITTVF
24 C 77- HEIGHT fIN t'FTFRS) OF INTErFACE QFTWFFK FIRST AN" SErCh"r
25 C I.AYEPS OF TPTI.INEAR M~rEL. MUST RF POS17IVE.
26 C 73- HEIGHT (IN vFTERS) OF INTERFACE PFTWFFK SECONI ANr TiIRr
27 C LAYFPS OF TPTLINEAP mCPEI- ;4UST qE GREATER THIN 72.
26 C TC FIELDJ STRENGTH LEVFL FCP WHJICH MOrES WILL PF FoIjwr.
P9 C 7PFF - HEIGHT (IN 4ETERS) AT WIC'. THE VALIPE CF THE
30 C mrrlFIFD REFRACTIVITY, MM?. IS SPECIFTEr
31 r 7PFF IS ASSIJI-Er Tfl SE IN THE FIRST LAYER. I.E.
32 C (u.0).LF.(7REF).LE.!72)
33 C PFFIM - VALUE OFTHE MCt1IFT~r REFRACTIVITY (IN V-'UNITS)
34 C AT TI-F REFERENCE IEIGI-T 7RFF
35 c
36 C FTA -ABAORPTIVITV OF TROPCSPHERE. ?FPO OR NEGATIVF.
37 C TFmP -SFAWATER TF14PERATURE (IN rFGREES CELSILS)
311 C SALT - SEAWATER SALINITY Ilk GRAP'S SALT I KG SEAWAT FR)
39 C nFlITA - P .M.S. RLMP HEIGHT (1w METERS) CF THE ,rPOU;JF
40 C Al-mc - PAYImIJI- LOSS PATE (IN 1-P/K:4) OF mCrES WHICH WTLL 12E
41 C FrI Nr.
42 C 

-C43 C pNrINT -INITIAL RANqE (IN KILnPETFRS) AT wi-II FIELP STRENGTH
44 C ICt TO PE CALCULAT~n.
45 C NPNC - NUMRFR CF RANPE VAILES AT %HICw FIELEr STRENTH IS TO mE
46 C CICIILATETI.
47 r ONGeTP - INCRFVFKT (IN KIICMFTERS) PY wi-IrH TI-E PA;1GE CI-ANGE3.
48 C
49 C 7PItNIT - HFIGI-T(IN I-ETFPAS AT WHICH TwE R~rEIvER IS
5o C INITIALLY LOCATEi).

;J51 C Naprvp - N11MflFR CF PECFIVEP HF[GI-TS AT NHICI- THE
52 C FIFIr STRFNGT)H 1S Tr RE rALr!JLATE!.
93 C 7P4TFP - 11 C~rVFNT (IN I-TERS) PY WHICH- TI-F RECEIVER
54 r IPFICI-T CHANGFS.
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56 c 7N( I 'IT -F rW,*' 11- M~TFRO) AT WHjICH THF I PAN St1TTEP
* 57 C Ic INITIALLY LCIAT~r

938 C N7Y#'TP - N'IMRP CF TRANSM1TTFP HIGHTS AT 'i-jrI THE
59 r FIFLr STRFNCTH 19 TC CE CALCU LATF%.
60 r 7WSTFP - INCPPVFKT (IN PETERS) Py WJHjC- Ti-r TQA14SrAITTFR

*61 r VFIGHT CNANGFS
*62 c

63 C ntITP1:TQ...
64 C 7F~rS - ARRAY CoKTANl'r crFS 11, Twr rCmpi E( !11-7LAN.E FC!?

65 C TI-F GIVFN TPILINFAR PPOFTLF.
66 r. TI-ETA - ARRAY C0FTAUINI(r CCPR3PC;V)IN9 -Cr~ES IN~ TINE rC~cL~w_
67 r T9-FTA-PLAtJE.

*68 C ATNU - ATTFNIJATICN (TK rql/Wp) OF THE rIVEK mCrF.
69 C FCMS - CrHFRENT Pn0OE VIPt FIELI STPF14GlTI- PrLATTVF To TI-F

70 C FPFF SPACP VALLF (TN rFCFLqfl*
71 C Ffmc - IKC0H4EQFNT l0rE SU FTFLr STRENrT14 PELATIVF To TI-E
72 r FQFF SPACF VALLE (IN rECTPFL!).
73 C
74 C PAPAMFTFP IKPIITS ...

*75 C NR? - M~AXIMUM NUPj9P OF morEs E'XPErTE1? If. n FOUNT)
76 C
77 C 811OPCi'TINFIR USF'P...

* ~~~~78 C 7PF1 5 J1 'TS ,-,~-KYCS1.TL.
79 C FfFrTy,CAfl1)APr'X.FCFAC.HTCA T'4,MCrSlJ"IK-ATY.CTANISCSErI-2.
80 C 1Ilp 1
81 C.......'..
82 TmPLICIT flotRLF PRFCIrN~e (A-6.i)-71
83 DnURIE PPECI.SION*6 K9EL2&wrEL6.Kwl-LIo
84 r.0MPLFV 7FP0STHETA,SCJr, I.CASTIJ.FIGFiJ.CTEPP.RAr.CSQPT,nETs-.,
85 q TAI),TAtJSPTAE2,TAI3TAIdA0.A,,A4,A6,AP.A nrlR,-1,7
4 6 9 Rq.P11.flAo~fA2.DA4,DAe.rA.ro.-i,.3.s.r7.rQ.Ct..E.RoN,
87 FvTFPNAL CASIN
A8 C*...
89 C pAPAMETFpq (14SFnf IN~ PR~lGPAM
90 C
91 PARAI'ETFP fN~R~w1j0)

*92 C....
93 t7TMENSIrN 7FPflS(tR7 ).T'ETA (NP7).ETCEJ('JR7)
94 Cflmt4N/C0nPF/C1.C3&CA.r5sr6C,C$A.Cg.S.JA2
95 COmmrN/CPMTKO~/ ETAAPSALPwA1I,-.C1I.SCU4G
96 rnmmrN/CrTI-R/7273A.'AC,.ALPI-A3.-JAVE4O.ALPPA2
97 CnMNCMr/ELAKIL.N
98 CnMMON/CC"FIV/AO.A2.A1.A4.A6,A7,AAAIO.AlI
99 CflmmrNCI/.o,1.R3A5.- P7.Fg.RI
100 COM'!'F F/P6EA~A2n4,A~r6 A~~
101 COM*'fN/CMFIG/fu.D3r,fl7.r9
102 CL0MPWnCOMtI/1NITC-K
101 flATA F~oCMA44-22977oe
104 flATA I.PI.C2ULOG/(U.o.C)&.1 4I592658.f8!P~9e4/

105 IIATA rNF/fI*,v.oI /
106 r****.
107 C FJNrTYr'N fFFIN1TTIO
108 r
109 CPPT'YI uY.'fI.Ci/3.')
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112 902 Fn~A(/W*I TIF SFAQCw RErTAIJ.LEj,/joYtTjFFT o 7PPY

LI II 4PPC v;,::;;; X.*TlE TOTAL 41PRO7FCNM *(Et
117 904 FnlRATf2w,,~ti(*.I3.') *.lP2rj4.4.5X(.0Tl-ET4(P.I3.D)
118 * 1prUIA.As3W~AT~IJ 19 ,trtP.4.0 r=/Kmv)

119r
120 800 FrPAh////IOXmv7FRoS Fri'nf TY. FPCPAI'fEn SFApri- PRCTA~lULF rEFIKEr'.
121 4t a Yv/IOw.vTLFFT = *&F7.2&5ymPTRIGHT z v.r7.2,5v.pTpflT zPT

122 49 .!Y.'TTrP a ',F7.2//l

124 r~
125 90 FoPMATIl///5wDFIFLP STRENrT RELATIVE Tol FRFF SPACE VALLFO///)
126 907 FflpAT(5Y.RANGFDA.7ymTR?.ev.b7RCVR%,6Y(. r EE';o.ey
127 4 l)Pj,()'7~

128 49 vor StI'',5Y,'0flE
129 * qyop(gmlo//IIJ1305 90P' FO TA (2XF1U.2.lY.F10.3D!y:F1O;3s34;F10 d*3yDF tO.A.3Y FiC.2)

137 5YaPALPI-A2 w P~rlA.A.v /PM'/5e'(,ALPHA3 v &.rtd..v /lM"I
S ys.72 a OoFI2.1.' Ne/'FV*073 = v.F12.J*# mv/

134 4 gY,OALnss a O.F12.4,p rp/v'pp')
135 931 F0PtPAT(5v.'Jt.TA a ,jprlAi.4,' H'll/ '~~r 'j'h.a
136 4 0 FA A0P/M#/5YxvSmrh a~v P. ',1~4.4 9 ' wS/Pv/5Y.'ETA a I

137 * Prll.4///)
138 932 7F()ppA(5X*#SEAWA1FP TEmPERATIRE a '.Innid.d.0 rEGREE~s rFLSTIt.S'/

130 -Y,'SFAIATFR SALI"11TY u*PD.PnId.4,v (MRAWS SAIT/VG SEAATERP)

141 971 FP0PATfPV.Id)
142 972 FPMrAfI1YNRMOT'Ew'*14)

147 971 FfRpT(1I.21)22.II)
144 976 FOPI'*Tq5X.'HOPI7ONTAL PrLARIATT)N#/)
145 977 FfPA15v.VFRTICAL POLAP17ATIC'/)
146 979 FflppoTI5v~vm(v.F6.2,#) a POFF.21)

148 RE~ 1 .IJT AL(F Wn I EWICAL FILE NUM~PER 13

151 REAriI'. PPOL

151 RFAUE.3.1 AIDHAi
15r)4 DFArfll.I ALPP'A?
155 RFAP(11*1 ALPI'A3
156 PEArf1'.1 72
157 PFArf1lsI 73
158 PF'rt'imi 7RFF

161 O~FArfI3.) 7H
162 PFArfii,) qALT

165 ~QF~rfi,)PqN
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166 EA1r(I3a) NRNG
167 PEA!P(1 1.) RNGSTP
168 RFAr(13,) 7RINIT
169 QFACIl1s. N7RCVR
170 REA1rfi3m) 7RsTEP
171 REAVf13a) ?XINIT
172 READ(13*) KXMTR
173 REArf1lm) 7WSTEP

*174 C***
175 C WRITE rATA To LOGICAL FILE NtmPFR 11
176 C
177 WRITE II 1930) FREQ.ALPP~AI.AL.F1JA2.ALPHA3.72.73.ALrSS
178 WRITE(11.Q79) 7REF*RFFM
179 TF(M'PVL.E0.O) TH4EN
ISO WRtTE(11.976)
161 ELSF

*182 WRITE(11*977)
183 ENT) IF
184 FRFQwFREG*.*E6
L8s CALL REAIP2(SGMGND,FPSREL.TEVPSALT.FREO)
186 EPSGNruEPSPEL*EPSO
187 WRITEIIL.932) TEMPSALT
18O WRITEfII.931) PLTA.EPSGwr.SGPGNl.ETA
189 C****
190 C CALCUJLATE 'CONSTANTS* NfErEr FOR TIPE EVALUA710K OF MODAL ECUATICJS

191 C
192 FTAASaFTA
193 WAVENO a 2.O'P!.FRE'Q/C
194 A2MAG a ABSCALPHdA2)
195 SGNA2u-%IGKII.O&ALPMA2)
196 Cl a CePT(A2MAGALP4AII
197 C3 a CBRT(A2MAG/ALP4A3)
198 CIL a CPRT(ALPHIA/WAVENC)
199 CA a ALP94AI.!2/(CII'C1Il
200 CS a C~PTfALPMA1*ALPHAI/(A2MAG*A2'AGfl
201 TEMP a C6RT(WAVENO*WAVENO/(A2PAG.A2PAGU)
202 C6 a TPP.ALPHA1.72
203 C7 a TEIP*(ALPIAl*Z2+ALPHA2*(?3-7?)l
204 C8 a CeRT(ALPMAI.ALPHA/(ALP-A3*ALPI-A3))
205 Cg(LHI7*LH2(37)*RTwVN*AEC(LH3APA)
206 SONGuEPSGND/Epgib-!.SGC?N1VEPSO*2.0.P*FREn)
207 M.-2.OF-6*REFM/ALPI-AI+7REF
208 CIISGNCII*CI1
209 C
210 C THE FrLLOWING VALUES ARE NEEIrEr 4Y SUBROUITE KI-ATX
211 C THESE VALUFS DEPENr UPON THE POLARIZATION OF TIPE FIELD

212 C
213 C Fop H~rRI7ONTAL POLARJ7ATION WE HAVE
214 C
215 !F(MPrL.FO.0) THEN
216 RNOwGmrNE
217 f'
218 C Fop VFRTICAL POLARIZATION WE 14AVE
219 c
220 ELSE
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221 PN0INGu(1.O-IaETAAS-ALPI-A1.)/S);4GI

*224 TAUm,.G-.-*ETAASAP-AlI-
225 TAU~qRsC8QRT(TAtI)
226 TAU2=TAU*TAU
22? TAU~u7AtjP*TAti
228J TAU4u7AU)2*TA~I.2
229 K0EL2=WAV!NO*WAVENO*l]ELTA.PELTA
230 KDFL6oKDEL2**3
231 ICFLIOEKI)EL2.05
232 AO=RNOr'G*TAUSR
233 A2uRNONG/(2.0.TAUJSR)
234 A3wKDFL2
235 Adu-RNONG/(8.0"TAU*TAUSR)
236 A6sPN0IVG/(16.0*TAU2*TAUSR)
237 A7=-KrEL6/3.0
238 A8U-5.0*RNONG/(12A.0.TAL3.TAUSR)
239 AlOa7.0.RNONG/(256.0*TAUd.TAUSR)5~I 40 Allu2.0*KDFLIo/1S.O
241 8001.0
242 191=RNONG*TAUSR*KJPEL2
243 93wRNOKGeKCEL2/(2.0*TAUSR)
244 95uRNONG.(-TAUSR.KCELG/3.o-KrEL2/(8.O*TAU*TAUSR))
945 87upNONC.(-KDEL6/(6,0.TAUSR),gDEL2/(16.0*TAU2*TAUSRfl
246 9RNONC*(2.OaTAUSR*KDEL 1O/15.0.KDEL6/ C24.OTAL*TAUSR)
247 s -S.0.KDFL2If128.0*TAU3*TAL'SR))
248 B11URNONC'EKJEL1O/f 15.O.TAU8R)-KD3EL6/(48.0*TAU2*TAUSR)
249 9 ,7.0*KDEL2/1256.0.TAUd.TAusRfl
250 DAOs.A2*CllS0
251 DAluI.S*A3*CIISQ
252 DA22.0*A4*ClIS0
253 DA4.3.0*A6*CIS0
254 DAS3.5aA7*CIISO
255 DA6s4.0*AS.C1llgo
256 DA8=5,o.AIO.CIISC
257 DAQ.5.!*AI.CIISC
258 D0.0.5*p1'C11SfQ
259 flm.5*Q3*CltS0
960 D3.2.S*0S*CllSQ
261 D5m3.5*87*CIISO
262 D704.5499CIISG

263 D9056!'Pti~ctls
265 r ARE MprAL FIGENVALLES To PE CALCULATED~ OR ARE TI-EY ALREACY
266 C SToREr ON FILE

269 C MFTLE - IF MFILEwo CALCULATE EIGENVALUES
27 Cor IF MFILEs1 REAr FIGENVALUES FROM FILE 12
971 C

272 T(PFILEFC.1) TPEN
273 PEAUII2*97l1 NRMODE
274 flO 90 KC*I&NRMOl(
275 READ(12&973) ZEROS(KOI)
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276 90 CONTINI;E
277 GO Tn !20
278 ENn IF
279 C****
200 C SET UP SEARCH RECTANG;LES FOR FT)JIING MODES ANC SOLVE FOR NCrES
2811C
202 C
283 C NLEFT a NUMBER OF CONSECUTIVE SEARCH RECTANGLES WITH NO IEFCS TC

284 r BE FOUND TO THE LEFT OF THE ORIGINAL SFARCH RECTAN4GLE FEFCRE
285 C STOPPING SEARCH TO THE LEFT.
286 C NRIGPT a NUNRER OF CONSECITIVE SEARCH RECTAKGLFS WITH NO ZERCS T-
207 C RE FOUND TO THE RIGHT OF THE ORIGINAL SEAPC RECTANGLE FEFORE
288 C STOPPING SEARCH TO THE RIGHTo
289 C

290 NLFFTu5
291 NRIGHT05
292 C
293 C IF INITIALI7E PILFLAGuNLEFTO PROGRAF 4ILL NOT SEARCH TO THE LEFT
294 C OF THE ORIGINAL SEARCH RECTANGLE
295 C IF INITIALIZE PIRFLAG=NRIGHTP PROrRA4 WILL KOT SEARCH TO THE RIG*4T

296 C (IF THE ORIGINAL SEARC4 RECTANGLE
297 C
298 ILFLAGwO
299 IRFLAGuO
300 C
301 C TOL - TOLERANCE TO WHICH MODES ARE TO PE FOUmr
302 C TMESH - MESH SIZE LSED BY ROCT FINDING SUBROUTINE PFEROX.

303 C MPRINT - MPRINTUO GIVES NO DEPUJGGING0 PRINTOUT FROM
304 C SUBROUTINE #FZEROX0 hHILE PPRINTu| nOES GIVE 'DEBUGGING-
305 C PRINTOUT
306 C TLOLD - LEFT COORDINATE OF INITIAL SEARCH RECTANGLE
307 C TROLD - RIGHT COORDINATE OF INITIAL SEARCH RECTANGLE ,
308 C TOOT - BOTTOM COORDINATE OF SEARCH RECTANGLES
309 C TTOP - TOP COORDINATE OF SEARCH RECTANGLES

310 C TLSIEP - SIZE OF SEARCH RECTANGLES TO THE LEFT CF THE

311 C INITIAL SEARCH RECTANGLE
312 C IRSTEP - SIZE OF SEARCH RECTANGLES TO THE RIGHT OF THE
313 C INITIAL SEARCH RECTANgLE
314 C
315 C
316 C IN SUPROIJTINE 'F7EROX' THE ERROR CONDITION 'X MODES FOUNC
317 C ON RAPE PHASE LINE# WITH X.GT.1 CAN OFTEN PE CORRECTED PY
318 C REDUCING BOTH TMESt. AND THE SIE OF THE SEARCH RECTANGLE.
319 C SUBROUTINE OFTEROX' WILL AUTOMATICALLY RErUCE TNESH pY
320 C 2.o TWICE PUT IT DOES NCT REDICE THE SIE OF THE
321 C SEARCH RECTANGLE.
322 C
323 C
324 TOL w0.0001
325 TMFAHwO.O4
326 NPRINTWO
327 NRMnDE.O
328 TLOLruO.O
329 TRnLDu2.0
330 TBOTu-TOL
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-m- -Z -7 7. .-

331 TTOP=2.0.(ALOSS.1oOE-3/(WAVEKC.020LCG)+ETA/2.O)/(CII*CII)
332 TLEFTmTLOLr
333 TRIGPT=TROLP
334 TLSTEP=2.0
335 TRSTEP=2.0
336 C
337 C THE FLAG PINTCH( IS USEP TO KEEP TRACK OF WHERE THE CURRENT
338 C SEARCH RFCTANGLE IS IN REI.ATION TO THE INITIAL SEARCH
339 C RECTANGLE
340 C
341 C INTCHK-O - INITIAL SEARCH RECTANGLE
342 C INTCHVU - SEARCH RECTANGLE TO THE LEFT OF INITIAL SEAP I-
343 C RECTANGLE
344 C INTCHK=2 - SEARCH RECTANGLE TO THE RIGIT CF INITIAL SEARCH
345 C RECTANGLE
346 C
347 C
348 C NOTE 1 PECAIJSE INTCHK IS USE! IN SURROUTINF IHATX To FORCE THE

349 C EVALUATION OF KHAT(OIj) TO RE ON THE 'CORRECT PRANCH,
350 C WHEN DELTA IS NOT EQUAL TO ?ERO, TPF VALUE OF TLCLE
351 C MUST EQUAL 0.0
352 C
353 C NOTE 2t AFTER THE POiE SEARC- IS COPPLETEr INTCPK IS AGAIN SET
354 C EQUAL TO 7ERO. THIS IS AGAIN FOR USE IN SUPROUTTKE
355 C KHATX WHEN EVALUATING KHAT(0lf) IN THE I-EIGHT-GAIN
356 C CALCILATIONS.
357 C
358 C
359 INTCHROO
360 C
361 C CALL ROOT FINDING ROUTINE OF PORFITT AND SHELLPAN TO FINE 2EROS
362 C IN CURRENT SEARCH RECTANPLE
363 C364 210 CALL F7EROX(TLEFTaTRIGHTeTOT.TTOP.T4ESH&TOL.MPRINT.EIGEKpaRE)

~365 WRTTE(]1,800) TLEFT*TRTGHT&TPCT&TTOP .

366 IF(NRE.GT.O) THEN
367 DO 300 LKuI&NRE
368 C
369 C THE FOLLOWING STATEMENT COMPENSATES FOR THE SHIFT IN ll
370 C INTRODUCED IN SURROUTINES #FrFrTX' ANY] PFCTVLX' IN ORDER TC AVOID"
371 C HAVING A MFSH LINE O4 THE REAL AXIS
372 C
373 EIGEN(LK)=EIGFN(LK)-1*0.003
374 C
375 C
376 C IF THE VALUE OF TMESH IS CHANGE1 THE OFFSET IN THE
377 r VALUE CF Ql IN THIS STATEMENT AND IN THE CORREIPONDING
378 C STATEPENTS IN SUBROUTINES PFrFrTXP AND PFCTVLXO PAY
379 C ALSO HAVE TO RE CHANGEn IN ORrER THAT A VES1- LIKE
380 C DOES NOT FALL ON THE REAL AXIS
381 C SUBROUTINF PEXCFACP ALSO HAS A STATEMENT THAT rEPENDS UPC THE
382 C ST7F OF THIS OFFSET
383 C **0

i 384 r '
385 WRITE(II AOI) LK.EIGEN(LK)
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386 300 CONT INUF
387 END IF
388 IF(NRF.Fc.o) GO TO 100
369 C
390 C SINCE SUBROUTINE OF7ER0~ EXTEND)S 7WE SEARCI-; RECTANGLE
391 C SLIGHTLY, CHECK FOR ANDl ELIMINATE ZEROS FCUK4' CLTSIDE CURRENT

*392 c SEARCl' RECTANGLE
393 C
394 JKFLACNO
395 DO 150 JKwI.NRE
396 JI(REALIEIGENIJK-JKFLAG) ,.GE.TRIC-I.J).OR.(REAL(EIGENCJK-JKFLC.) .
397 9LT.TLFFTI.OR~fATHAG(EIGEN(JK-JKFLAG) ).LT.TPCT).CR.(ATMAG(ElI EN(J~r'
398 5-JKFLAG)).GT.TTOP)) THEN
399 JSTOP a NRF-1
400 JSTAPTs JK-j9(FLAG
401 DO 160 J=JSTARTaJSTOP
402 EIGEN(J) aEIGEN(J.1)
403 160 CONTINUE
404 N*FuNRE-1
405 JKFLAGnJKFLAG*1
406 END IF
407 150 CONTINUE
40 4OC
409 C STORE ZEROS FOtJNI IN CURRENT SEARCH RECTANGLE IN ARRAYZi
410 C CONTAINING ALL ZEROS,
411 C
412 IP(NRF.GT.0) KNNNRr'oDE.NRE
413 IF(KNGTNRII THEN
414 NROVERsKN-NRZ
415 '(NuNR?
418 NRMODEONR7*NRE -
417 WRTTE(11,9021 TLEFT.TRTGHTNROVER

418 END IF
419 IF(KN.LT.NR?) THEN
420 JENDwNRE
421 ELSE
422 JENDoNRE-NROVER
423 END IF
424 DO 190 Ju1.JEND
425 7ERnSfNRMODEJ)EIGFN~(J)
428 190 CONTINUE
427 NRMnDEUNRMODE.NRE
428 C

*429 C IF PILFLAG.NE.NLEFT' FORM NEW SEARCF RECTANGLE TO THE LEFT CF
430 C TOTAL REGION SEARCI'El1.
431 C
43? 100 TFcILFLAG.Eo.NLFFT) GO To A00
433 TF((NRE.EO.0).AND.(I4TC2-K.EQ.1)) THEN
434 ILFLA~wILFLAG+I
435 ELSE
436 ILFLAGuO
437 END IF
438 TF(ILFLAG.EG.NLEFT2 GO TO 400
439 TNTCHIKU1.
440 TLEFTeTLOLD-TLSTEP
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441 TPIIGHTuTLOLD
442 TLOLT~uTLFFT
443 Go Tfl 210
444 C
445 C IF VtRFLAG*NF-,NRIGl-T' FORP~ NEIA SEARCH RECTAKCLE TO THE RIGI.T Or

446 C TOTAL REGION SEARCI'EnJ.
447 C
448 400 IF(IRFLAG.FQ.NRIGHT) GO TO 200

449 IF(INPF.EQO).ANE.(INTCPK.EQ.2)) THE14
450 TRFLAGUIRFLAG+1
451 ELSE

* 452 IRFLAGwO
* 453 END IF

454 IF(IRFLAGEO.NRIGHT) Go TO 200
455 TNTCHKu2
456 TLEFTuTROLD
457 TRIGHTsTROLD+TRSTEP
458 TROLDT7RIGHT
459 GO TO 210
46*0 C**
461 C MODF SEARCF COMPLETE1
462 C
463 C
464 C ORDER ?EROS FOUNI) BY ORDER OF INCREASING REAL PART.

405 C
466 200 IP(NRPODE.GT.1) THEN
467 JKEND.NRMODE-1
468 DO 410 jKuIsJKEN1)
469 NENDeNRMODE-JK
470 DO 420 JuI&NEND

* 471 IF(REAL1EOSNRMDE1 -Jl).LT.REAL(ZEROS(NRPODE-J))) THEN
472 CTF~P-m7EROSfNRMODE~l-J)
473 ?EROS(NRROD'E,1-J)UIERS(NRmOE-.)
474 ?EROSINRMODE-J)oCTEMP
475 END IF
476 420 CONT I NIJE
477 410 CONTINVE
478 FNfl IF
479 C
460 C THE POSSIBILITY EXISTS THAT ruPLICATE (WITHIN TI-E TOLERANCE ITCI.')

401 C 7EROS OF TPE MOD0AL EgUATION WILL BE POUND. ELIPINATE THESE
482 C DUPLICATE 7EROS.

* 483 C
484 JKFLACwO
465 JKENDwNR"ODF-I
486 DO 240 JKmI.JKENP
407 CNKRaABS(REAL(ZEROS(JK-JKFLAG))-REAL(ZEROS(JI,1JKFLAG)))
406 CHKImAS(AIMAG(ERS(JKJKLAG))-AH'AG(7ERO(JK,1-JKFLAG)))
469 CHKSO.SQRTICHKR*CMKR+CHKI.CHKI)
490 IF(CP4KSO.LT.TOL) TH-EN,

* 491 JSTOPmNR!4ODE-1
492 JSTAPTUJK-JKFLAG
493 DO 250 JUJSTAR1DJSTOP
494 7ERnS(Jlu7FROS(J.1)
495 250 CONTINUE
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496 NRMO1DFNRMODF-t
497 JKFLAGoJKFLAG~t
498 END IF
499 240 CONTINUE
500 C
501 C FOR VFRY WELL TRAPPEI) MOPlES Th-E IMAGINARY PAPT CF THE ZFRCS

*502 C nFl TNE MODAL EGUA71014 MiAY RE Fotj,4r TO 1E NEGATIVE (BUT LESS
503 C IN ARSCLIJTE VALUE THAN ITOLO). SET THESE IMAGINARY PARTS
504 C EOUAL TO ZERO
505 c
506 DO 405 Jul&NRMGLUE
507 TF(AIiAGEROS(Jn.LT.o0, 7EPOS(J)nOl4E*REAL(7FROS(J))

- ~ 508 405 CONTINUE
509 C
510 C CONVERT MODES IN COMPLEX C11-PLAr4E TO MO1rES IN TH4E COMPLEX
511 C THETA PLANE, THIS OUTPUT IS FOR COMPARISON PURPOSES ONLY.
512 C
513 C ANGLES ARE REFERENCED2 TO THE HFiGHT 7REF W~HERE mt7).l4(ZREF)
514 C 1S SPECIFIED.
515 C
516 DO 220 JuI.NRMODE
517 RADsCS0RT(7ER0S(J)*C11*C1 j.ALPHAIaH)
518 THETA(J)UCASIN(RAD)
519 22 CONTINUE
1" .. ;z
821 C CALCULATE ATTENUATION RATE FOR nIFFERENT PorES AND OUTPUT RESULT!

"13 WRITE(11.903)
f5" IFINRPODEGT. 0.0) THEN

5ffWRITEfS2.972) NRMODE
4ff DC 230 Ju1.NRMODE

fit? 9ErTASGUi.0*I.ETAASS-ALPMAI.H-CI.*C1I'.ZEROS(J)
sts BETAImAIMAGICSOP11BETASO))
Off ATNUU-C20LOCeWAVENO'F3ETATIOE.3

wo WRITE(11*9o4) J*ZEROS(J)*J&TPETA(J)*ATNU
*531 WRITE(12&970) JaZEROS(J

5SW 230 CONTINUE
533 END If
54.4 C****

6C CALCULATE FIELD STRENGTI- RELATIVE TC FREE SPACE VALUE

537 910 WRTTE(11*905)
538 WRITE11.v9071
539 INTCNKuO
540 DO 505 JRNGuI.NRNG
541 RNGaRNGINT+FLOAT(JRNG-1 )*RNGSTP
542 DO 500 JXMTROI&NZXPTR

*543 ?XMTRu7XINIT4FLOAT(JXMTR- 1).7XSTEP
*544 DO 510 JRCVRs1.N2RCVR

545 VRCVRUZPINIT*FLOAT(JRCVR-11*7RSTEP
546 CALL MODSUM(ECMSsE1mSDRNPaZRCVR.7XmTR.ZEROSaNR?.NRMODE)
547 CALL VPORI?IDHZ*1RCVR*7X4TR)
548 WRITE01.908) RNGaZXMTR,7RCVR.EC;1S.EIMS~r.7
549 510 CONTINUE
550 500 CONTINUE
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55) 50S CONTINUF
552 C.**
5511 STO'P3554 FNn

I SUeRflUTJNF CADf(7A,?E.(A8 YE.YA.YE)
2 C*****
3 C THIS SUPRoUTINE TAXFS THE EYTENrEO CCO'PLEY NUMPERS PYO 01n "Y"

4 C AND ADDS TPEP~ TO FOR!P THE EYTENrFl COMPLEY NUM~PFR v~o

5 C
6 C THE EXTENDED COMPLEX NIJMPEP '70 is mArF 'JP CF TI-F COM~PLEX
7 c AMPLtTurE #7A* ANIP TI-E REAL EYPONFEJT 1'7EP. TILS, 8,7' IS
a c EQUAL TC '7n7A*FXP(?E)O

10 IMPLICIT DOURLF PRFCTSIOK.f (A-H.0-7)
11 COMPLEY 7A.XA*YA

12 ~IF((REALfXA).E-CO.U).ANP.rAIMArd*AA)j.O.Q)) THFK
13 I~F(REAL(YA).EQ0,0).AND.(A!MAG(YA).E).O.O)) TI-EN

*14 7Au(O.0.0.0)
15isO.
16 RETURN
17 ELSE

187A*YA
19 7EBYE -

20 RETURN
21 END If
22 END IF
23 TFIfREALIYA),EO.0.0).ANII.(AIMAG(YA).EQO.O.) I Ti-EK
24 7Am)(A
25 ZENVE
26 RETUPN
27 END IF
28 ffYE-YF
29 TIXFGF.YF) THEN
30 IF(E.GT.-eS.O) THEN
31 ROEXP(E)
32 ELSE
33 RwO.0
34 END IF
35 ZAuYA4P*YA
36 7FnyF
37 ELSF

* 38 IF(-F.GT.-85.oi THEFN
39 paryp(-F)
40 ELISE
41 P=..

*42 END IF
43 ZAoYA*R*XA
44 TFwYF
45 END IF
46 !FE(REAL1?A).F.l.I.ANl.(ATMArf7A).EO3.0.0fl ?FuO.0
47 RFTUPN
48 END
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1SUBROUTINE ADDX(ZA*?E.XAmYE*YA*YE)
2
3 C THIS PRO~GRAM TAKES TH-E EYTENIJEr REAL NUMPERS 'Y' AN1n #Y#
4 C AND ADDS THEM TO FORM THE EXTENrrn REAL NUMPER '7'-
5 C
6 C THE EWTENDED REAL NLJMRER '7' IS PADE LP OF TIWF
7 C AMPLITUDE *?A# ANIJ TIHE EXPONENT 07F'* 070 IS FmUAL TO
a C 'ZsZA*EYP(ZE)o
9 c******.
10 IMPLICIT DOURLE PRECISION*6 (A-H.O-7)
11 IP(YA*..O) THEN
12 IF(YA.EO,..) THEN-
13 7A=0.0

414 TEno.o
is RETURN
18 ELSE
17 7A.YA
18 TEuYE
19 RETURN
to END 1F
21 END IFIIf 17(YA.EfC,0O) THEN
23 IA=XA
24 ZEWXE

30 RETURN
IS END 17
27 EUYE-YE

to !7(XFGE.YF) THEN
29 171E.GT.-85.0) THEN
30 RinEXP(F)

Zi ELSE
32 R8O.0
33 END 1F
34 Z.YWA+R'YA
35 EV
36 ELSE
37 IFI-E.GT.-65.O) TIHEN
38 REFXP(-E3
39 ELSE
40 RUO.O
41 END IF
42 7A=YA*P'XA
43 ZEWYE
44 END 1F
45 IF(TA.EC.O.0) 7E-0.0
40 RFTURN
47 END
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1 SURROUTINJ HNL(*IAl*2&-FrI~mFr2,HE
2 C..........
3 C THIS PRr'C-AM EVALU'ATES THE P'OPIFTE71 F14AKEL FwJrTICNS HI(ZI AI~t
4 C 1-2(7) ANr THEIR DERIVATIVES W'(7) Ar H?&(7) WIT- A PPELATIVF

5 C ACCURACYP 9FTTER Tl-A1K 1O"*(-3)
6 C
7 z THF VALUFA ARE RETLIRNE~) AS A CCMPI-EY AMPLITurF (F*IP* HIA)

ac AND A REAL FYPONENT(F.1;. I-IF). Th-E m'CtIFIEr HA0KEL FUNCTIOK
9 c I-1l?) wrUILD THEN ECUAL H1(7)wtA*4PI-1E)

10 .....
11 IMPLIrIT DOtJR.. PRECISION*6 (A-I-.,O-7)
12 DnURLE PPECISION45 V11.1M~(

13 CnMPLEW 1.CONI.CON2CN2fri.CE1.CEICJ.CE2.CE2CJ7.SQ.CIJ9E,
14 Q SUMF7.-,UMG!.SUt'FP75 SIJt'CP7F7A77FP7,GP'?HI A.)-2A.7nHIA.1rI-2A,
15 9 CnNFP7,7SORCSCRT.7FR.YT.CEXP.TIZMTHEISL#CKP,SUMrKI.'
16 9 su,4tVP.SUMT1)MCOhF!
17 D1MFNAIONA()R9C()T9CK5.()
18 C** ARRAY CCNTAINING COEFFICIENTS FOR FM)
19 DATA (A(N)*NsI..9)/ -1.66666667E-1D +5.555555S6E-3. -7.71604918E-So
20 9 *.P45491.96E-7. -2.78356760E-Om +9.09662614E-12&Ii 21 9 -2,16586337E-14, +3.Q2366552E-17. -5.58926712F-20/
22 C*. ARRAY CONTAINING COEFFICIENTS FOR GMI
23 DATA 18,N).Nol*91/ -83333E2, *,841269AE-3, -2.2OL5el 54E- 5,
24 +1*.41319586F-7. -5.88831607E-tO& *1.72172985F-12*
25 -3.72668798E-15a 46.21114663F-t~a -8.21580242E-21/
26 C.. ARRAY CONTAINING COEFFIrIENTS FOR FPU.7)
27 DATA (C(N)&Nwl&9/ -6.66666667E-2* ,1.388888W-la -1.4O291807E-5a
28 +e,.35070280F-8. -3.27d7854tE-10a ,9.O9662614E-13a
29 9 -1.8e335945F-15a ,3.ol82o42SE-18& -3,8546669eE-21/
30 C.. ARRAY (ONTAINING COEFFICIENTS FOR 9#'(Z)
131 DATA lrgN,.N.1.,l -3333ME-1, +*.388888P9E-2, -2.2045855E-d.

32 9 ,i.83715461E-6a -9.42l3057PE-ge +3.27128671E-l11.I33 ,1 -8. 19871355E-14* +1 .55278666F-16P -2.3004246@E-I9
34 C*. ARRAY CONTAINING COEFFICIENTS I.N ASYV~PTOTIC EYPAKSION OF 1-1(7
35 C AND H2(7)
36 DATA fCK(N'.Ninj&5)/ l.04166667E-to 8o35503472E-2m l.2R22657!FEI.
37 t 2.9049026E-1. 8.81627267E-1/
38 C.. ARRAY CONTAINING COEFFICIENTS IN ASYt'PTOTTC EYPAKSION OF 1-10(7
39 C AND W'2(71
40 DATA EDI((N)aNinl.51/ +1.45833333F-to -9.87413194F-2&
4,1 1 *I.43312054E-1. -3.172272O!F-1. +9.424291E-I/
42 C
43 DATA VO.YI.ALPHAoPImP13/ 9.30436717E-1, 6.78298725E-I.
44 q 8,53667219E-i.. 3e.1I59265EOm 1.04719755FO/
45 C
46 DATA I#CONl&CON2&CON2CJI fo.0o..)& (O.O.I.1547005A)p
47 9 u1.0*o.577350269.s 1.0&-0*577350269)/
48 C
49 DATA CEI&CEICJ&CE2*CE2CJ/ (0oP588j9045&Oe965Q25e26)#
so 4 (o.2!8A1Qo45s-0.965925826 1. (-o.965925P260o.258819015)v
51 4 (-O.965Q25826o-0.2588j90d5)/
52 C....
53 C TFST W1-FTH!R TO EVALUATE MODIFI~n NANKEL FLNCTICKS BY SERIES
54 C FWPANSION OR ASYMPTOTIC EWPANSICN
55 c
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56 AMP7wCAF5(7)

59C EVALUATF ?PODIFTED AKLFNTOSUIN EISEPNIN
60 C
61 750-7*7
62 CR=*S
63 SIJMF7sA(9) *7C-IPE
64 SUMtG7uF(9)*7ClJRE
65 SUMFP7=Cfg)*?CUPE
66 sumcp7mr(g).7CIJRE
67 D 00 oo 8010-1
68 81JMF7mI8liMF7+A(K ),*7CIIRE
69 SUiHC7uISlJG7+R(X) ) 7CUR!E
70 SUMFP~u(St!MFPZ.C(K) )*7ClJ:
71 SUJMCP7UCUMGP?.DIK) )*7CIIPE
72 too CnNTINUF
73 F7w(SU#'F7+I.0)*X0
74 utpc+o)X?
75 FPw(UF7t~)v*S/.
76 GpZU(SUF'GP7+1.0I.XI
77 CfnNF7=CCN1*F7
7a CONFPV*CONl*FP7
79 C .
00 XIAmCnN2*G7-CONF7

02 K2A.Cflt2.(GI+FZ3
83 K2Ew0.0
a4 DK1AmCCN2*GP7-CONFP7
as DKIEuO.O
a6 DK2AmCtN2. tCP?+.P

87 DK2EO0.0
as RETUiRN

90 FLSE
91C....*
92 C EVALUATE M0IrIFIE) IANKEL FUNCTIONS USING ASV'WPTCTIC EXPANSICKS
93 C
94 73OWCRTM7
95 7FRNCSCRT(ISOR)
96 7T~w7.7StCR
97 7MTHel/7TI-
98 WTO2.0*7TH/3.O
99 RFXI=PFALrXI)
100 ImwIwAIMAGXWI)
lot FXInCFYP(I*REYI)
102 UItC'PCK ( 5) *7MTI-
103 SUMCKru-SUM'CKP
104 SLJMDVP*DK(S)7mTP~
105 AUM~~e~wmSUPDKP
106 00 102 K*4.18 -1
107 SUr~w5PCPCKK)7'T
108 5,UMCIf Me- IStJMCKMCK( K ,*7mTw
109 SUMPKP~fSUM0ePPK(K)*?P~
110 9U~flhWP'-(SUMflKM.TVK1(K ).'TM
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lit 102 CONTINUE
112 SUMC'WPu1.0,SiJmcwp

1i4 lqUMlPw1.0*811NDKP
115 VLJMf~pl"u.o*sumflI(
116 C
117 C FVALUATF PI-(7)

119 RE7=REAL(7)
120 IM7=AWPAG(7)
121 IF(RE7.GT.(O.Ofl TI-EN
127 PH7mATANfIP7/RE?)
123 ELSE IEIRE?.LT.(o.o)) TI-EN
124 TF(IPMT.GF.(O.O)) TI-EN
125 PHZ=P!,ATAN(1MZ/RE7)
126 ELSE
127 PH~u-P!.ATAN(1M7/PFZ)
128 END If
129 ELSE
130 TF(JM7,GT.(0.0fl TI-EN
131 P17wPI/2.O
132 ELSE IF(IMI.LT.(0.O)) TI-EN
133 PH?w-PI/p.O
134 ELSE
135 PI4Za0.O
136 END IF
13? END IF
138 C
139 C EVALUATE MoDIFIEV I-ANKEL FLJNCT~ntJS
140 C
141 IF(PM?.GE.-P13) THEN
142 HIAmALPHA*EXI.CEICJ*SUMCKM/ZFR
143 MIEN-Ii'XI
144 If((REALfMIA).EQ.o.).AN.(AIPAe,(p1A).Eg.0.oI) I-lEmo.0
145 DH1AaALPI-A.I.?FR*EXI.CE1cjsutprKP
146 DMIFM-IMYI
147 IF((REAL(D~i-A).EQ.0.O),AN9.(AIM'AG(D-1A).EC.I.O)) DI-1Ew.C~
148 ELSE
149 IF(IMYI.Gr.o.O) THEN
1S0 ESM.-2.01IPXI
151 IF(FSI'.GT.-85.01 TI-EN
152 REFXPnFWP(FSM)
153 ELSE
154 RE!~tP.0.O-.
155 FNT) IF

159 DHIAuALPHAIa7PR.(REEXP.EXI.CE1CJ.SUIKP-CE2CJSUMflKIMExi)
160 flH1Eu1?XI
161 TF((RFAL(fl-IA),Ea,0.0).ANTr.(AIHAL-(rlIA).EC.O.0)) IHIE=O.O
16P FLSF
161 FSM*2.0*IMXI
164 IF(ESP.GT.-85.0) TI-EN1165 PFPFPFM
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166 FLSF
167 REEWPwO.0
168 ENT) IF
169 HInLH*RFPr2JSlAK/X+'1CIJSOCm/F
170 H17m-IPWX

172 D~AAPA17P(X*EC*UnPRE~C2JEMK4El
173 DHlEu-1?4XIi174 TF(FLDI)FM,~) r(IAGr-A.Coo) Pi'~Ewo.c
175 7ND IF
176 ENn IF
177 !F(PP-7,GT.P13) TPFN
178 IF(ImyI.GE.0*0) THEN
179 ESMS-2.0*IIMXI
180 IF(EgF.GY.-G5.O) 71-F)4
181 REEYPOEXP(FSH)
182 ELSE
183 REEWP=0.0
184 END IF
183 H2AnALPHA*.CEI*SUMCKP/EWIREEXPEYICE2SUmr~t)/7FR

*18612nl
107 17((AL(H2A)E..'I.AN'.fAlt'AG(H2A).EQ0.0)) H2EuO.O
18e DH2AuALPHA*I*ZFR.(REEXP.EWI*CE2.sur'rKP-CEi*suWrKM/EXI)
189 DH2F&IPOXI
to0 IF(ELD2)E..)AN.AMGD2)F..) nH2Eufl.0
191 ELSE
192 ESM=2.0*IMXI
193 1F(ESP.GT.-85.0) TI-ENi
194 REEXPUEMPESM)
195 ELSE
196 REEWPOO.0
197 END IF
198 M2AmALPHA*(REEXPCE*SU'CKPEXT+EJ.CE2SLCK'F)/,FR
199 H2fa-IPYI
200 T7I(REAL(I42A).E..).AN.(AIA;(.2A).EQ.o.ofl I42E=.0~
201 DH2-AmALPHA.1e!FR.(EXI*CE2SUrtPREEXPCE.SII~tQ4,EXI)
202 DH2E--IMXI
203 IFURPEALD2A).E.0.).AN2.(AIAG(I-2A).EC.O.0)) IH2E-n.o
204 END IF a

205 ELSE
206 M2A=ALPHA*CEt*SUFMCKP/(7FR*EX1Ii
207 H2F=IPI
208 IFU(REAL(H2AI.EQ.o.0).A.ATOdAG(H2A).E.0.Ofl P2E=0.0
209 DH2AU-ALPHA.I*7FR*CE1.SM2KM/EyI
210 DH2Fa.IPXI
211 !((IRFAL(DH2Ai.EQO.O)ANr.(AI'AG(D.2AI.EC.O.O)) pI42Ewf.0
212 FNO IF
213 ENfl IF
214 RETURN
215Ct..**
216 END
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Irv. . * . .. . .W- C- 17 0.. -

I UAROUT1NF KINKLXE7.K1AK1E.K2A.K2E.rKAD( E.TrK2AsTW2E)
2 C..........
3 C THIS PRrGRAM EVALUATES THE MofIFIED HA14KEL FUKrPTICNS KI(Z) o~r
4 C W217) AKE THEIR DERIVATIVES K10(7) AKE K28'(7) VIITh- A O*RELATIt VF
5 C ERROR# PFTTFR THAN 10**(-3)
6 C
7 c THE VALUFS ARE RETURNEn AS A CCPPLEY AM4PLITUrF (E.q. KIA)
a C AND A RFAL EXPONENT (E.G. WIE). THE MCflIFIEr -ANKEL TU!ICTTCK
9 C KIM? wrljLDf THEN EQUAL K1(?)=K1A.FXP(K1E)

LII IMPLICIT DJOUBLE PRECISILON.6 (A-IP.Q-7)
12 DnUBLE PPFCISION*6 IM7,KlEK2F.P4XI
13 COMPLEX I.CONl.CON'2.CON2CJ.CEl.CEICJCE2CE2CJ?.7S.ZCLEE,
14 1 SU1.TSUPG1.SUMFP?,.St~JP7,F7.G!.FP7GP?.w 1A.K2A.I)Kj A.TK2A.
Is 9 CONFP7.!SRRCSRT7FRXICEYPT?4THEXISL~CKPSUMKO,'
16 a SIIMDKP.SiUMfKMCONF7
17 DIMENSION A(9),P(9 )&CtQ).I(9)mCK(q).EK(s)
18 C.. ARRAY crNTAINING COFFFICIENTS FOR F(7)
19 DATA I(N).NUI.9)f -1.66666667E-1- *5.55555556E-I.A -7.716nfld!!E-5,
20 -It +5.854~9196F-7o -2.78356760E-9& *9.09662614E-12,
21 9 -2,16SM6337E-14. 43.92366512E'17, -5.58926712E-20/
22 C.. ARRAY CONTAINING COEFFICIENTS FOR 9(?)
23 DATA (P(N)*Nolp9)/ -8*33333331E-2& +1.984126gPE-I'm -2.20A5e!54E-5m
24 q +1.41319586F-7, -5.8883i6O7E-IO& *1.721729A5F-12&
25 .9 -3.7266879$E-15. +6.21114663E-18. -8.21580242F-21/
20 C.. ARRAY CONTAINING COEFFICIENTS FOR Fv(?)
27 DATA #C(N)*N.1.9)/ -6.66666667E-2* ,1.3essase9E-3* -I.4o2gieO7E-S.
28 1 +8.35070260E-8a -3.2747A541E-to& ,Q.09662611E-13m
29 9 -j.8335945F-15& +3.01820425E-1S. -3.85466698F-21/
30 C.. ARRAY CONTAINING COEFFICIENTS FOR (C'(Z
31 DATA (D(N)&NUI.9)/ -3.333333E-to +1.38888889E-2a -2.20d5e554E-4&
32 9 *I.e371546tE-6m -9.42130572E-go *3.2712e67tE-1I.
33 It -8.19871355F-14& *1.55278666E-16& -2.3004246@E-19/
34 C.. ARRAY CONTAINING COEFFICIENTS IN ASYMPTOTIC EXPANSION OF Kit?)
35 C AND K217)
36 DATA (CK(N)mNuj.5)/ 1.04166667E-is 8.35503472E-2, 1*28226575F-1.
37 -1 2.9I849o26E"1. 8.81627267E-1/
36 C.. ARRAY CONTAINING COEFFICIENTS IN ASYMPTOTIC EXPANSION OF K10(7)
39 C AND K20fl)
40 DATA IDK(N)*Nwlp5)/ *1.45833333E-I. -9.87413194F-2&
41 It +1.43312054E-i. -3.17227203E-1. *9.424291dAE-1/
42 C
43 DATA XOX1.ALPHAPIP13/ 9.30436717E-is 6.78298725E-to
44 9 8,53667219E-t* 3.14159265E0. 1.0471975SE0/
45 C
46 DATA I*CON1.CflN2*CON2CJ/ (0.0.1.0). (O.0.1.15470054)a
47 9 (1.0.0.577:350269). (1.O.-O.577350269)/
48 C
49 DATA CF1.CFICJ&CE2aCE2CJ/ (0.25A819045&O.965925F26)m
50 q (O.25~A89O4SP-0.9559258261 a *69586028894)
51 s 1-0.965925826&-0.258819045)/
52 C....
53 C TFST Wl-FTMFR TO FVALIJATE MOflIFIF1, IANKEL FuINCTICKS RY SERIES
54 C EWPANAICN OR ASYMAPTOTIC EYPANSInN
55 C
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56 AMP7=CAPSf7)
57 TFIAMdP7,LT.(3,5fl T -FN
58 C**.*.****.
59 C FVALUATF MOD~IFIED IANKEL FI*NCTIOW4S US114G SEP!ES EXPANSION'S
60 C
61 7SG=7*7
62 ?CU9Fw7*?90
63 SllMF7uA(Q)*?CIJPE
64 5tJMG7wrP(91*7clI!qE
65 SUMFP~uC(9Q*7CUAF
66 AUMGP7.r(4)*7CLIQF
67 00O0 lao .R.1
68 SUMF~PU(SUMF?+A(K) )*7C'JRE
69 SUMG7=C8JIMG7+R(KI )*7C'IRE
70 9I4lJ ~MFPmF7C (K ) 1C'-J1E
71 SlJMGP~m(3tJMGP7+D(K) ).!CUJE
72 100 CONTINUE
73 FY=(SUPF?*1.0'*Xo
74 G7n(stJIc7*..)*X1&z
78 FPZ.-(SUMFP7+.0)*O*SQ/2.o
70 GPZMfSL'P'CPI1.0)*Xt
77 CONF70CCNI'F7
70 CfNFP7.CONl*FP7
79 C
80 Hl1AwC0N2aG?-C0NF7
01 HIEw.0
02 2ACON2CJ.G?4CONF7
83 H2Ew..
84 DMI4A=CCN2*GP?-CONFP
85 DHIESO.0
86 DH2AuCCN2CJ*GPZ+CONFP7
87 DH2FmO.0

00 RETURN
89 C*....***..
.90 ELSE
91 C........*.
92 C EVALUATE MODIFIED 1ANKEL FuNCTIONS USING ASYtPPTCTIC EYPANSICKS
93 C
94 730RwC CPT(7)
95 ?FRwC8CRT(79QR)
96 ZTH=?*700R
97 !MTIaI/7TH'
98 XI*2.0*7T1.,3.0
99 REXT=RFALIXI)
100 TMYI*AIMAG(XI)
101 EKInCFwPfI.RFXII
102 SUmcKPucKI5).ZMT-
103 SUMCKO-SUMCKP
104 SUMDKP*DI5'i.?MT.
105 SUM KPa-SUmDKP
106 DO 102 Kw4mlp.l
107 SUMCIKP*(S1JMCKPICK(K) )*?Ppl
108 SUMCN14S-(SUP4CKMCK(K) )*7MTH
109 9UMbi(Pw(SUF'OKP.TJK(K))?T
110 SUMDWPiu-(SUMfKMDK(K) )*7MTI
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111 10? CO1JT!INtF
112 stJHCI(Pul.O.SI4Cvp
113 SUMCK ?On I OSIJMCKM~
114 SUMDXPal.04311MDKP
115 0,UM D It On I OSIJMlI) Kt
116 c
117 C EVALUATE P1'(?
118 r~
119 PETeREAL(7)
120 IMZ=AWPAG(7)
121 TF(RE7.GT.(0.Ofl Tt-FJl
122 PH7=AYANEI?/RE7)
123 ELSE IF(RE7.LT.(O.O)) THEN
124 TP(!MT.GE.(0.Ofl Tt-EN
125 PH7.pI+ATANC1M7/RF7)
126 ELSE
127 PHu-Pl*ATAN(IM7/REZ)
126 END IF
129 ELSE
130 !7(IM?.GT.(0.0fl THEN
131 PHZ=PI/2.0-
132 ELSE JFf1M7.LT.(0.O)) TH-EN
133 PHTS-PI/2.0
134 ELSE
135 PIHlaO.0
136 END IF
137 END IF
138 C
139 C EVALUATE MODIFIED HANKEL FUNCTTnWS
140 C
141 !F(pH!.GE.-P13) THEN
142 KIA.ALPI4A.EXI*CEICJ.SUMCK'/ZFR

144 IF((REAL(KjA).Ea.0.0).AND.(AIFVA((KA).ED.0.0o) KIEw0.0
145 DKjAuALPHA.I.?FR.FYI*CEI(CJ.SUPPKP
146 DK1!u-IMYI
147 lf(FLDIIE~~)A~.AMGDI)E..) DKjEmo.O
148 FLSF
149 1F(IMVI.GE.0,0I THEN
150 ESMO-2.O.IPXI
151 IFF,GT.-85,0I TIEN
152 NEWPOEXP(Esm)
153 ELSE
154 REEWPUO.0
153 END IF
156 '(AALPHA.(CE2CJ*SUMCKP/EVIEYT*CEICJ*SUPCKFMREEYP)/?FP
157 KIESIP'YI
158 IF((PEAL(KIA).E..O).A~..(AIMA,(IA).E0.O.n)) P'IEW.0~
159 DK1AuALPHA.I.7FR*(FXTCECJSU'IKP.REEXP-CE2CJSU4PKi/EXI)
160 DKI~mPW!
161 IFC(fFAL(DKIA).EC.O.O).ANr,(AI?'AG(DKIA).EO.n.ofl nKEmO.0
16? FLSF
163 ESMo2.0*IMYI
164 MFESPA.T.-85.O1 THEN
165 'PEEwPwFXP(FSM)

141



A166 ELSE
1z167 REFPP..

168 FNn I F
169 KI=LH*C2JS~.PR Y/Y+W*~c~urm/7FP
170 Ki~a-It'YI
171 TF((RFALrXIA),EgO.o0.AD.(AA-(v1A).Eo.o.n) ) K1EUO.o
17? DKAAPATZR(X*Er*kUnP-EC*UPPREPEl
173 oKIF=-IMXK
174 TFU(REA1(DKlA).EC.ui.0).ANr.(AIMAGfrK1A).EC.n.0) I KIjEwn.0
175 END IF
176 END IF
177 TFP~PI7,GT.P13) THEN
176 K2AwALPHA*CE1*91JPCKP/(7FR*EX11
179 '2E.JHPY
ISO IF((RFAL(w2A),E0.o.o).A~n.(ATFA(9(K2A).EQ.O.oII K2F..
let DK2Au-ALPHA*T*FRCE.suP'rrt/Eyi
162 DK2FUIF'XJ
163 IF((RFALfDK2A).EC.O.O).A~r.(AIAifK2A).EC.O.0)) IK2Efl.c
164 ELSE IF(PH7.LT.-P13) THEN
169 K2A.-ALPHA*FXI*tCE2*SIJMCKm/7FR
166 K2E.-!rXI
I0? IF'(fP!AL(K2A),Etn.0.0).ANfl.(AIPMAC(K2AKEQ.0.0) I K2EFuO*o
M6 DK2Au-ALPHA*1*7FR.EXICE2*suprIp
lot DK2Fw-IMXI

190 IF((REAL(DK2A).EQ.0.OI.AN!.(AIMAG(DK2A).EC.O.0)) IK2E=O.O
1ot ELSE
192 I1r(IPMXI.GF..OO THEN
193 ES~nu2.0e1IfWI
194 !Pr(ESP.GT.-85.01 TO-ENJ
195 EEYPOEXP(ESM)
196 ELSE
197 REEWP=0.a
198 END IF
199 K2AmALPHA*(CE*tJMCKP/EYT..REExP.CE2aEXI*UMCK!P)I!FR
200 K2EaIPI'X
201 T7((REAL(K2A!.EQ.o.o).AND.(ATVAI,(K2A).E0.O.ofl K2EuO.0
20P DKA-LH**F*CI3)DK/Y+EX*X*E*UDP
203 DK2EUI1'YI
204 TF(1REAL(DK2-A).EQ.o.o).ANr.(AIMAq,(CK2A).EIC.O.OHI fK2Eun.0
205 ELSE
206 ESMS2.0*IMY1
207 TF(ESF.GT.-85.oI TI-EN
206 REFXPnEYPfFSM)
209 ELSE
210 REEWPwo.0
211 END IF
212 K2AmALPHA*ICE1,PEEXPSIJCKP/EX!-EXI*CE2*SUmrFV)7FP
213 K2Ew-IMXI
214 TF((RFAL(K2A).EQ0.0).AN1.(AI'AC,(K2A).E0.0.n)I K2E=D.o
215 DK2AO-ALPPIA.I.7FR*(REEXP*CEI .SUHEKIEXIFIrE2,SUMDKP)
216 DP2-IMWI
217 TF((REAL(DK2A).EC,.O).ANr!,AIM'AGflK2A)*EC.QO0) TK2EED.0
216 END IF
219 END IF
220 ENn IF
221 RFTURK
222 ... ,.
223 FND
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1SUeROUTlP4F XKHATY(tt.KA HIKA. FK-A~~-IDH~oK-

3 c TNTS SUPROtJTINE CALCULATES THE PCIPFIEfl WANKEL FLNCTIotl

4 C rnMBINATIONS KI4AT1(QII)s KH-AT2(G1I). A141 T 'Fyp rEpTVATIVE8

6 C PLISRnt!TIKFS IJSETfl...
7 C KHNKLy*CAID.CTANHmCSEClI2

9 IMPLICIT DO)UPLF PRECISION*6 (A-I-.i)-7)
10 DnuIRLE PRECISTON*6 KHE1.K4F2&KrlFL2

12 1 CM .DCUSOG.RE TA SO3*FCAX A P.4. rC m *CT AN H *fCSE r -2.

14 IF 9i.B3.85.R7.R9.Pl t~fAO.fA?,.A4,rA6,')A'tfo.r1.r3.,5.fl7,rg
1'5 FXTERNAL CTANHCSEC'2
16 rOMMON/COMTO/TAASALPPA.I.4cita.IG2117 COMMON/COMTHR/!2.73.A2MAG.ALPHA3.-J4AVEN4O.ALPHAP
le CflNMON/COMFOR/DELTA*Kq'EL2&RN0KG
19 COMMON/COMFIV/Ao.A2.A3.Aa.A6.A7.A8.A1O.A1 1
20 COMMONCOMSIIRo,9PR3P5P7.PgPjj
21 COMMON/COI'SEV/!AO*DA1.DA2.PA4.tA5,UAE.,)A8,rAg
22 CO"MON/COMEiG/no.1r1.O3.Tr5.r7sr9
23 COMMnN/COPMNIN/INT(rHK
24 DATA I/(O.O.1.O)/
25 DATA SP'ALL/O.7O71O6871IgrP-1/
26 C.....
27 C CALCULATE MODIFiEr 1-ANKEI FIJNCTTi)tNS NEE"lEr
28 C
29 CALL KINKLx(m11.o11A1.a1 alAIE2nlilr~il
30 D011A2&DC1IE2)
31 C.....
32 C CALCULATE MUg11l AN') ITS 1rERIVATIVES

36 C BECAUSE OF THPSCONTINUTY I HT11 AT RE(ctl1w WOEN

39 C SEARCMING Ti-F RECTANGLE WITH LEFT HAND SIFE RE(CII~uO ANn~
40 C WHEN SFARCHINn THE RECTANtPLE WITH RIGHT HAND sirE RE(nI080u.
41 C THE FLAG 'INTCHKv FRn4 THE MAIN PROGRAM IS USEr FOR THIS
42 C PIIRPOAF,
43 C
44 C
45 IF(RFAL(Oll),GT.O.O) MIJEIwl
46 IF((REALqGIIJ.FGOo.0).ANU.((TN!TCHK.E-.0)OR(NTCHKEl*2fl) mTFLii
47 IF(PFAL((V11).LT.(,.0) MDELmu
48 IF((REA1(tn1f.F.n.o).ANr.fINTCHKE.1fl) IPELBO
49 IFIMPEL.Efc.o) THEN
50 C

51 C BTASc.1.OI.ETAAS.AL-PHA1.N-C11.C1.tO11

53 FACaCS(ORT(SONG-RETASO)
54 CMUo-I.FAC*RNONG/Ctl
55 DCMUu-I'C11*RNONG/(2*0*FAC)
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56 END IF
57 C...
so C
59 WEIMUEL.F(.1) THEN
60 C

62 Ir(DELTA.E(Q.O.O) THEN
63 BFA~u 1'EA,.%A-P4I14CIC1III
64 FACwCSCRT(SaNG-PETASq)
65 CmUw-!.FAC*RNONG/Cti
66 DCtUa-I*C11*RNONG/(2.0*FAC)
67 C

IC68 C
69 ELSE
70 C
71 C
72 OI1SRwC8ORTfOIII
73 GA#MaKDFL2*Ct1*Cll.Q11
74 C
75 C
76 IF(EL01*TSAL.~r(IA(.1.TSAI) THFN
77 C
78 C
79 ?*Ctl'CI1SR
68 ISGUCII*Cl1.otI

83 DAuD*0,7.(DA1Z*(DA27.SO*(IA4+7*V1AS.?.(DA6+7S§.(TDA8,!*rnh))))))
64 D9u(D07S0.D7S0(3!Sn*(D!.?sI.fr7+7SC*PQ))))/7

66 DCI4Uwf-I/CIlI*(DA/B-A*DR/(8*Pfl
87 C
68 C

89 ELSE
90 9C
91 C
92 BETASou1.oL.ETAARS-ALpNA1.H-C1iC11.a11
93 FACOCSCRT(SONG-RETASQ)
94 HTANmCTANI'(GAM)
95 AOC11*CIISR.HTAN+FAC*RNCOM,
96 SUl.o4FAC.RNoNG.I4TAN/(QI1SR*C11)
97 HSrC2*!'8ECH2CGAM)
9o DAuHTAN.C11R(2.0*01 1SR)+KPFL2*ALPIA*I1 1SR*I.4EC2/WAVEi'10
99 9 *CI.*Cll*RNONG/(2.0.FAr)
100 De.RN0NG.(-FAC*HTAN/(2.0*C1J*C1 1.01 SR).C1 1*HTAt./(2.3*FAC*C1 ISP)
101 1 *C11.FAC*KDEL2*HSEC2/fm1iSR)
102 CMUnIA/(P*CI1)
103 DCMUuE-1/CI I)*(tPA/R-A*PP/(P.P)l
104 ENT) If
105 FNfl IF
106 FNn IF
107 C***.
108 C CALCULATE KHAT1(O11)a KPAT2(Cit), AK) THEIR rERIVATIVES
109 C
110 XAAmC~lU'O11AI
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t13 YAA~rvi' iIA

114 YAFaC11FP
I15 CALL A1( 2.-2T1121T.R./F
t16 YAA=CP *rrlV? Al

117 YAF=PII1F1

119 YRF-fIIFl
120 CAUl. r~ijrr A.xrF.XAA.YAFYPA.y4E 1
tit YAAu-r11*fPt1AI
127 YAF~rllFl
123 CALL rAI~fl( tKo4At.K-E.VAA.YAF.YicA.ACr1
124 YAA~rI't,*rroIA2

125 YAFU?'('1Fp
126 VYPAurrp.'U*t11A2
127 VPFuC~IIFj
1211 CALL. 'CAflI( YCAjYrF.'XAAsYAF.XPAsX;4E)

12Q YAAu=qC11*IIA2
130 'A~mtr1Fp
131 CAUl. rAofl(r -A2,r'( F?. AYAF.YI'A.XCF)
13P QET1!P

134 E1
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V - , .. -. . . . . . .

I FUNCTinN? CTANH(?)
2 C*****.****
a C THIS FljVCTInN' SUJBROUTINE EVALUATES TANI'c) FOP CC'PPLFX 7
4 C*********
5 IMPLICIT DOUPLE PQECISION,6 (A-I-,.o-7)
6 COMPLFY CTANP*7.7SCE*EINV.CEXP
7 DJATA SMALL/0,70710687119E-1,
a rATA u1..flD5.7D/I,-.33-o.33333,..l33331733,
9 It -Oo53Q61253968F-1.O.21869488536E-t,
t0 If( (EAeS(REAL(71) .GT.SMA.L ).OR.V,-AP*S(AIMAG(7) ) .T.SM4ALL)) TI-EN
11 FUCEWP(7)
12 FINVnI.O/E
13 CTANI~s(-FJNV)/(E+EINV)
14 ELSE
is 15 S~7*7
16 CTN=*n+s~r+s*(S7C(7ZIn))
17 END IF
18 RETURN
19 END
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I FUNCTIfnK CSECH2(7)
2 C*****
~3 C THIS FIlhCTION SUPRC0UTINE EVALUATES SECH(7Z*sErw(7)
4 r FflR Cr"PLF" 7

6 COMPLEY CSECI-P&?,E&FINV&CEvP
7 FmCEWPfP.OI1O*?)
a FINVul.or0/F
9 CSFCH2J.ODO/(F+2.ODG*FINV)
10 RF'TURK'
11 FND
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2~~UROTN :2:o2:I, V;LX;U:lS E;L UNTIN "lIELAIEl

6 C REAL FVPfCNFNT 'DETE'. THE VALUE OF TI-E MODAL FUJNCTION4 IS TI-Eh
7 C IDET(OELTA(0li ) )uIETA.EXP(I3FTE)'

9 C SU9RflUT1N7) I'SEI) - HK'KLX.KMNKLY.CAD.Ki'4ATX
*10 C*...**..

it IMPLICIT rOURLF PRECIStON*6 (A-I4.f-7)

12 oflUBLE PPFCISION*6 KHE1.*CHE2-
13 CflMPLEY 01,1,2.2aC31SNIS
14 It KPI(IAKIA2DKHAtUKHA2.012At.Ct2A2.fl2A I~rni2A2.
Is 9 02A,2AO2lD2A.2A.C23A2,r23AI.rP23A2.
16 9 O1A.QA2O33A.O(33A2.TAT.7ETA.PSI,
t7 I XKA*YKBPPKA*PKFP.CH.P-TaflETA-
18 COMMfNCMONE/CtC3.C4.C5.C6.C7CA3.Cg.SGNA2
19 COMMON/COMTWdO/FTAABS.ALPI-A1.HC11.SCNG
20 DATA 1/10.0.1.0)/
21 C**...
22 C EVALUATE Q12&n22&Q2Jp')33
23 C
24 C-
25 C THE Fe)LLOWING STATEM'ENT SHIFTS 011I IN ORDER TO AVO!7n HAVING A
26 C MESH LINE ON THE REAL AXIS. TI-IS 31"IFT IN Oil IS cOI4PENSATEt
27 C FOR IN THE M~AIN PROGRAM.
28 C
29 aOIICI1s-1'0.003
30 C
31 Q12w1m1l4C4
32 022wC5.C11,C6
33 0230C5*C11,C7

35 C
36 C EVALUATE MODIFIED HANKEL FUNCTINS WEEDE1~
37 C
36 CALL WKKLX f012.012A I.012E1.Q12A2.g12E2.DC12A 1.rc12Ei,
39 .9 DQ12A2mDQI2F2) M
40 CALL KINKLX(O22.022At.022E1.Q22A2,O22E2.flO22h1.rC22E1.DQ22A2.
-41 q D022F2)
42 CALL KMNKLX(23t*23A.0231.,A2.23E2flI23At~rC23El.
43 IF Ift23A2mD0t23F2)
44 CALL HNLYW(033.Q33AI13E,03IA2r)33E2,lQ33A1.flC33Ej,
45 9 DQ33*2&DQf33E2 -

46 CALL KI-ATY(Oi 1.KHA1.KHE1.WA2KHE2,DKHA1.rKHFirxHA2,KHE2)
47 C
48 C FVALUATE 7FTA(n11)
49 C
50 TAoIl2A2KI

* 51 TAE.012F24KI-El
* 52 TR=-QIPAI*KI-A2

53 TR~uQ12FI+K1-E2
54 CALL CACnf7FTA*7ETAF*TA*TA~sTPorRE)
55 C
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456 C FVALUATF PSI1Q11)
57 C
58 TAuflQ12A2*KIPAI
59 TA~wDQ~12F2*KHEl
60 TO=-DVI2A1.KH4A2
61 TBEwDV'12EI+KHF~2
62 CALL CAD(PSImPSIF.TATAETPTPE)
63 C
64 C FVALUATF 94ONFIE3 HANKEL FUNCTION COP9I1JATIONS KEEflEf FOR
65 C CALCULATING CHI(Q113 ANJ' PPI.I)
66 C
67 TAuflQ22A I*Q23A2
68 TAE.DV22E1.023E2
69 Tg.-0022A2*023A1
70 TREwD022E2+023EI
71 CALL CAUD(XKA*YKAETATAE,T.RaPE)
72 TAuflO22AI*D023A2
73 TAE022E1.DG23E2
74 T~u-D022A2.D023A1
75 TBEuDO22E2+DG23[1
78 CALL CADD(XXP.XKRETAoTAEmTRaTPE)
77 TA=022AI.023A2
78 TAEUC22EI4023E2
79 TB=-022A2*023A1
ac TSE=Q2P22.23E1
81 CALL CADDfPKAPKAETATAEmT9,TPE)
at TA022A1.C023A2

83 TAEug22E1.0023E2
84 T9-022A2*9023A1
85 T8E=O22E2+DQ23E1
86 CALL CAUD(PKB.PKPETATAETR.T@E)
87 C
88 C EVALUATF CHIIOlI)
69 C
90 TAuflQ33A2*XKAi~391 TAEwD033E2+XKAE
92 TgaSGNA2*C3*033A2.XKR
93 T9E.033F2+WK9E
94 CALL CArD(CI4I.CHIETA.TAE*TP.T9El
95 C
96 C FVALUATE P141(011)
97 C
go TAwDQ33A2.PKA
99 TAE.1D033E2+PKAE
100 T9uSGNA2*C3*033A2.PKR
101 TBFum3F2+PKRF
102 CALL CADD(PHI.PI.TA.TAF.TB.TPE)
101 C
104 C FVALIJATF PI)ET(DELTA011fl.0

106 TAwSGKA2*CIZETAC-I
107 TAFu7ETAE+CHE
108 T9UPSI*PHJ
109 TR~wPSIE+PPIE
110 CALL CADD(DETADETE.TATAE.TP,TRE)

A IllDEThu!CNAP*DETA/C3

112 RETURN~
113'C..
114 FN
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6: 2 C,.*** .**.*
*93 C THIS SIJPROUTINE EVALLATES 'rET(rELTACl1))'

4 C AND ITS EFPTVATIVE WITHl RESPECT TO1 tni

6 C THFSE VALUFS ARE RETLRN4Er AS A CCH4PLEA AMPLITUPE ANT A
7 C REAL FYPCNFNT. WE I-AVE
S C DFT(CELTAUa11H)wPETA'EwP(rETE)
g C (DET(DELTA('t1i))'OaUETPA*EYP(IETPE)

it C SUBROIJTINF.S USETn - f-NKLYDKI-NKL).rATH'KHATY

13 IMPLICIT DOURLE PPFCISI0N*6 (A-HO-7)
14 DOUBLE PRECISION*6 KHEI*KWF2
15 COMPLEY 011.O12.Q22.023.033.I.SINC.Q11S.
16 q KHAt.KA2KAiaUKA2O12A.n2A2flipA 1.In12A2.
17 q Q22A1.022A2.D022A 18D022A2,C23A1 .g23A2,rCP3A 1.rm23A2.
IS .9 033Ai.033A2.Dl33A I.Dn3A28 TATR8 TCTO,TFTFTC5
19 q ?ETA.PSI.D7FTA*DPfsTXKAsXKPPKA.
20 9 PKP.WKAPXKRP.XKCP.xxrpCHT.PHI *rCHJ81nP- I.fETA.fETPA
21 CnMMON/COI4ONEIC1.C3.C4.C5.C6.C7.C8.Cg.SGNA2
22 COMP4ON/COMTWO/ETAABSALPI AI1,.Ci I.SCNG
23 DATA 1110.0,1.0)/
24 C*.*.a
25 C FVALUATF Q12.VQ22*023.tQ33
26 C

*27 C
28 C THE FOLLOWING STATEPENT SHIFTS n~it IN' ORPER TM AVOITn HAVING A
29 C MESH LINE ON THE REAL AVIS. TI-IS SH.IFT IN C11 1S COMPENSATEr
30 C FOR IN THE MAIN PROGRAM.
31 C
32 Iu1I-..3
33 C
34 ol2u-llC4
35 022.C5.tC11.C6
36 023.C5'(011+C7
37 o33=CO'cl14Cg
38 C
39 C EVALUATE MODIFIED HANI(EL FUNCTIOlNS NEEDE?'
40 C

* 41 CALL VINKLx(Q12.ol2A1.012E1.Q12A2.Q12E2.lC12A1..tC12EI.
42 *Doi2&2,rcl2F2)
43 CALL K NL(2,2A&2Es22~G22D2A~C2t

444 9 D022A2*D022E2)
45 CALL KINL(2,23I0 lQ3A,2FC3I.CC23EI.
46 0 flQ23A2.Dt023E2)
47 CALL HNKLX(0 33A1.l33E1.Q33A2,.133E2-.D033A 1,fCZ!3E1.
48 9 nc3,iA,DC33F2)
49 CALL '-ATY(GO 1.KHAIKHEIKA2KHE2,DKHAITiKA.K.A2.DK4E2)

51 C EVALUATE 7EYA(011)
52 C
53 TAwOI2A2*K4Al
54 TAEuQ12E2+KPEl
55 Tgo-0t2Al*KPA2
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56 TPE=O12F14KHE2
57 CALL CArD(ZFTA.7ETAE*TA&TAE*TP*TPE)
58 C

59 C FVALIJATF PSI(OIII
60 C

61 TAuTDtI2A2*KFAl
62 ?AEwDQ12F?K4FI
63 T~w-nC12A1*KI4A2
64 T8EwDQ12FlKHE2
65 CALL CADDCPSI5 PSIE*TATAE*TR.TPE)
66 C
67 C EVALUATE ?ETAUQ(fl)

69 TAuflQj2A2*KIPAl
70 TArwDQ12E2KI!
71 T~wOl2A2*rKIAl
72 T9E=aI2F2+DXHE1
73 CALL CAI)D(TC*TCE,TATAE&TP&TPE)
74 TA=-DQ12Al.KHA2
79 TAE=V012E1,KWE2
76 TB=-012A.0K~HA2
77 T9E=012F1*DKI4E2
?a CALL CAI)D(TD*TDE.TA*TAE*TP&TBE)
79 CALL CAODD7ETA.O7ETAE.TCTCE.Tr.TDE)

&I C EVALUATE PSIO(O11)

83 TAe-c12*012A2*KHAl
L~D84 TAEu@12E2*KPEI

as TB=DQ12A2.DKHAI
46 TSEuUQltE2+DK4EI
87 CALL CADDITC*TCE*7ATAE*TPTRE)
as TA=G12*Cl2A1.KMA2
a9 TA~wQl2E*KH'E2
t0 TAm-D012Al*DKHA2
91 TBEUg012E1.DKHE2
of? CALL CADD(TD&TDE&TAvTAE&TR.TPE)
93 CALL CADD(DpsI.DPSJE&TC&TCE.Tr*TnE)
94 C
95 C EVALUATE MODIFIED I4ANKEL FUNCTION CCPRINATTO.S KEEnED FOR
96 C CALCULATING CHJ(011)*CHI'(CI)P4(CjL) ANr Pwip(tQL1)
97 C
to TAmDG22Al*023A2
99 TAEwV022!i.EC23E2
t00 TRa-TVC22A2*023A1
101 TPF=DG22E2+G23E1
102 CALL CADDIXKAXKAETA.TAET8*T9E)
103 TAuDC22A1.D023A2
104 TAEuDC22EI+DQ23E2
105 TB.-r22A?.DQ23A1
106 TBFurE?22E2*Dq23E1
107 CALL CADD(WKq*XK(9E8TA,TAE.TBTPE)
108 TAwtQ22A1.023A2
109 TAFmQ22F1.Q23E2
110 T9=-Q22A?.023A1
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III T9Eu'22PE2+Q23Ei
11? CALL CAID(PKA*PKAE.TA.TA~,TB.TBE)
113 TAuQ22A1*DQ23A2
114 TAEwuO22Fl+DG23E2
*115 TB=-022A2*DQ23A1
116 TBEmQ22E24DO23El
117 CALL CADDtPKR*PXRE&TA&TAE*TBDTPE) .

118 TAuQ22A2*Q23A1
119 TAEuP22F2*Q23El
120 TO.-022A1'O23A2
121 T9EuQ22F1,Q23E2
122 CALL CADD(tcKAP~wKAPE&TA&TA~qTe&TRE)
123 TAmrQ022A1,DO23A2
124 TAEmtrC22EIsflQ23E2
125 TBo-flC22A2'DQ23A1
126 T8EuDC22E2+D§23Ei
127 CALL CADDt)(KRP.MKBPE.TATAE.TeTRE)
128 TAmQ22A2*DQ23AI
129 TA~nC22EP*DG23E1
130 T~m-022A1,DQ23A2
131 TBEUQ22EIlflO23E2
132 CALL CADDtYKCPPYKCPE*TA*TAE&TP*TRE)
133 TAin22A2*023AI
134 TAEuPC22E2+Q23E1
135 TSO-DC22A1+O23A2
135 TBF&DC22A10023A2
137 CALL CADDfvKDP&YKDP~mTA.TAE.TP.TRE)
138 c
139 C FVALUA'rE CPI(Gill
140 C
141 TAnDO33A2*YKA
142 TA~uPO33E2+XKAE
143 T~nSGNA2*C3*033A2*XKR
144 T8EnG33E2+XKRE
145 CALL CADfl(CHIICHIETA.TAE.TR.TBE)
146 C
147 C EVALUATE PI'I(Oll)
148 C
149 TAmD033A2*PKA
150 TAE.DC33E2*PKAE .

151 TS.SGNA2*C3*033A2*PKR .
152 T9Fm033E2*PX8E
153 CALL CADD(PM1.PH1E.TA.TAE.I9.TPE)
154 C
155 C EVALUJATE CiHIP(Qi) _

156 C
15? TAu-o33*ca.033A2.XKA
158 TAEw033E2*xKAE
159 T~wCS0Q33A2*Q22*XKAP
160 TB~.DQ33E2+XKAPE
161 TC.C5*tG33A2*XKRP
16f TC!fuDO33E*.XK3PE
163 TD=SGNA2*C3*CS.DO33A2*XX@
164 TDE.V033EX+XKSE
1C5 TEuSGWAf*CCS533A2.022*XKCP
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166 TEE.033E2+XXCPE
167 TFwSGNA2*C3*CS*033A2*023*IKDP
168 TF~oC33E2+WKDPE
169 CALL CADDITG*TGE*TA*TAE*TB&TPE)
170 CALL CADDlTA*TAETG&TGE.TC&TCEJ
171 CALL CADD(T8.TSE,TATAE*TD.TrE)

172 CALL CADDfTA*7AET9.T9ETETEE)
173 CALL CADDEVC~4I.DCHlETA*TAEmTFoTFE)
174 C
175 C EVALUATE PHIdIA01i
176 C
177 TAw-Q13*CS*Q33A2*PKA
178 TAE.033F2.PKAF
179 TOUCS*EQ33A2*XXA
180 TBF.rC33E2+XKAE
181 CALL CADD(TCsTCF.TA.TAET~sTPE)
182 TAwC5*EG33A2*PKR
183 TAFmtC33E2+PK9E
184 CALL CADD(78,T8FTA.TAE,TC&TCE)
165 TAuSCNA2*C3*CS*DC33A2*PKA

'A186 TAEwb033E2+PK8E
187 CALL CADDITC*TCE*TB.T6E.TAsTAE)

Ol188 TA=SGNA2*C3.CS*033A2.XXF
XI189 TAEaQ33E2*XKRE

190 CALL CADD(TR.T9EvTC*TC~oTAsTAE1
191 TAw--GKA2*C3*C5*033A2*Q23*PKA
192 TAF=033F2+PKAE
193 CALL CAD1D(DPHI.bPHIE*T8*TPE*TAvTAE)
194 C
195 C FVALUATE DET(BELTA(Gil))
196 C
197 TAwSGNA2*C1*ZETA*CH-I198 TAEoZETAE+CHIF
199 TBuPS!*P'!
200 TDEnPSIF+PI!
201 CALL CADDQIETAsDETETATAE.TPTRE)
202 DETA=SGNA2*DETA/C3
203 C
204 C EVALUATE (DETfDELTA(,;11f)')
205 C
206 TAuSGNA2*CI*!ETA*C4T
207 TAE=7FlTAE+C'41E
208 TBuSGNA2*CI*ZETA*DCHI
209 T6,F.7FTAE+DCHIE
210 CALL CADD(TCTCFTAsTAE.TB*TTE
211 TA=DPSIP4
212 TAFutPS1E+PHlF
213 TBuPSIDP41
214 T8EuP.~1E+DPH1E
215 CALL CADD(TDmTDE.TA*TAE&T8*TPE1

216 CALL CADD(DETPAflETPE#TC*TCE&TPTDE)
21? DETPAUSCNA2.DFTPA/C3
218 RETURN
210 C.*'e

220 N
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.4.' -. - - C. ... ,.* C C .. . - ,

I SURROUTINE FZEROX(TLEFT.TR1(wT.TPOT.TTOP.TmSwO.TCL.MPRINT,7ERCS.

2 NRZ)

3 C FOR ROOT-FINDER
4 C THIS VERSION UPDATED TO MODIFY PMAX Awr TM4ESH. JAN f 1982.
5 C FZEROS IS A ROUTINE FOR FINDING THE 7EROS OF A CCMPLEX FUICTICK, F,

6 C WHICH LIE WITHIN A SPECIFIEr RECTANrULAR REGION CF TP-F

7 C COMPLEX ITHETA) PLANE, PROVIDED THE FUNCTION WAS KC

a C POLES IN THE VICINITY OF THE RECTANPLE.

9 C EXPLANATIOK OF PARAMETERS--

10 C TI.EFT - VALUE OF REAL PART OF THETA AT LEFT Etf!E OF PFCToNGLE.

11 C TR!G-T - VALUE OF REAL PART CF TPETA AT RT EECE OF RECTANCLF.
12 C TPfT - VALIJE OF IMAG PART OF THETA AT POTTOM EFGE OF RECTANGLE.
13 C TTOP - VALUE OF IMAG PART OF THETA AT TOP EPGE OF RECTANGLE.

14 C TMESI- - SET EOUAL TO APOUT I-ALF TI-E AVERAGE SPArING PETNEEN

is C 7EROS WITHIN THE RECTANGLE, A SMALLER VALUE MAY FE L3FI

10 C AS A SAFETY MEASURE, MUT TOO SMALL A VALUE WILL RESULT

17 C IN EYCESSIVE RUN TIME.

18 C TOL - TOLERANCE TO WHICH ZEROS ARE TO PE FOUNr. IF TWC

19 C ?EROS ARE CLOSER THAN PTOLP. THE RCOT-FINPEP WILL STOP

20 C WITH AN ERROR MESSAGE.

1 C MPRINT - NORMALLY SET TO 2E4O. A NON-7ERC VALUE LEAnS TC
" e PRINT-OUT FOR rERUGGING.

23 C ZEROS - OUTPUT LIST OF (COMPLEX) VALUES OF T -FTA AT WHICI-
24 C ?EROS ARE FOUN.
inC NR 7 - THE NUMBER OF ZEROS FOIJND,,
IG C SUROUTINES TO RE PROVIDED--

g7C FCTVLX(?.F.FE) - TO RETURN THE VALUE OF Tl-E FUNCTION, F*EXP(FE).

20 c AT THE POINT IN THE COMPLEX PLANE SPECIFFP PY 7.

29 C FDFDTX(TF*FEDFDTDFTE) - SAME AS 'FCTVLY* EXCEPT THAT THE
30 C DERIVATIVE. DFtT*EXP(rFrTE), OF THE FUNCTION hRT 7 MUST ALSC
3,-C BE RETURNE..

3 IMPLICIT nOURLE PRECISION* (A-H&O-7)
- 4 COMMON/NEWMSH/NEWMSH
35 COMMON/TMC COM/TMESI-
36 C
37 DIMENSION 7FROSI21)"

38 COMPLEX FaPREV F.FOO*FIO*FOI.F1I.PARTS

39 DIMENSION PARTI2).SOL(2).THETA(2)
40 DIMENSION K EnGEI(SO,K EPGE2(50),K EDGE3(5O).K ErGE4(50
41 EMUIVALENCE (PART(fl.PARTS)
42 MAXNSOMAXO(INT(4.o*(TTOP-TROT)/T:4SHO).INT(4.O*(TRIGHT-TLEFT)
43 5 /TMSPO))
14 MAXNT="

45 C
40 C
47 IF (mPRINT.NEO) WRITE(11Q06)
46 go6 FORMAT f11)
49 C
s0 TMESH a TMS-O
51 NTIME w 0
52 GO TM
53 5 TMESP a TMESH/2.O
54 NTIME a NTIPE l
55 IF NTIVE .GT. MAX NT) GO TO 97
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56 7 NEWMAN4 0 it
58 C SUEES OF PFCTANGLF IN TMFSI4 UNITS
59 JLTuINT(TLEFT/TMFI4)
60 IFITLEFT.GT.O.O) JLTUJLT-1
61 IF (TLFFT .LT, 0.0) JLT u JLT-?
62 IF(TLEFIEQ*o.0) JLTO0
63 C
64 JRT=INTITRICH7 /Tt4E$')
65 IF (TRIGHT * Cl. 0.01 JRT u JRT+2
66 TF(TRICIT.LT.O.01 JRTOJRT*1
67 IFITRIGFT.FQ.0,0) JRTOO
6s c
69 JBOT a INT(TO0T/TMESH)
70 IF (TBrT *Gr. 0.0) JROT a -JMOT-1
71 IF (T9V7 .LT, 0.0) JROT a JROT-2
72 C
73 JTOP a INT(TTOP/T?'ESH)

74If 47TOP .GT. 0.01 JTOP a JTOP*2
75 IF (TTOP .LE. 0.0) JTOP a JTOP+1
76 C
7.7 C INITIALI7ATION OF PARAM'ETERS.
is KI a JTOP
79 KRJL T
49 KE DGE a 1
al CALL FINDFX(KRsKIvFmFEmTLEFT*RIG4T)

66 E101.0

8?NRE2O0
as NR E3 0
89 NR F4 0
go NR aO
91 00 TO 15
9R C
93 10 IFINR ?L *LF. 1) Go To 15
94 WRITF1.2000) NRIL

962000 FORMAT (v0..13pIX.F'OqES FOUND ON SAV'E PHASE LIKE#)
90 GO TO 5
97 15 NR7L a0
to NRSOIJ 0
99 C
100 20 PREVFmF
l61 PREVFfwFE
102 IF(MPRINT.NE.0) WRITE(11,2200) KR*KI&FFE

*103 2200 FORMAT(30m214.5X0F 0 'D1P2E12.3&5Y&0FE OP'IPE12.3)
104 GO TO (21*26*3136)KE)GE
105 C
106 C SEARCH ALONG LEFT EDGE! OF RECTANGLE FOR SIGN CIPANCES IN IMAG(F).

*107 21 IF (I(I *EQ. J19OT) KEY)GE 0 2
108 If (KFVGE *En. 2) GO TO 26
109 KJ 0 1(1-1
110 CALL FINDFX (KRsKIsF*FEaTLEFT*TRIGPT)
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1II IF I AAG(PREV F) .$,T 0.0 .A01. AI 4AG(F) .GT. 0.0)
112 .OR. (AIPAs (PREV F) .I.T. 0.0 GANT. A|AG(F) *T1. 0.0))

113 GO TO 20

114 IF (NP FI .EQ. 0) GO TO 23
115 D P2 Kui.NR F1
116 IF WI Fm0. K EOGFI(K)) rO TO 20
117 22 CONTINUF
f18 23 FO0 w PREV F
119 FOIFPREVFF
120 FOO a F
121 FOOFaF
122 LI a XI
123 LR a JLT
124 GO TO 43
125 C
126 C SEARCH ALONG POTTOM EDGE OF RECTANGLE FOR SIGN CNAKrES IN TAG(a).-'
127 26 IF (WR .EQ. JRT) KEI1,E a 3
128 IF (KFrGE .EQ. 3) GO TO 3J
129 WR a KR41
130 CALL FINDFX(KRKI.F.FE.TLFFT.TRIGIT)
131 If ((AIMAG(PREV F) .9T. 0.0 *ANr. AI 4AG(F) .GT. 0.0)
132 .OR. (AIPA9(PREV F) .LT. 0.0 .AND. AIVAG(F) *LT. 0.0))
133 GO TO 20
134 IF (NR E2 .EQ. 0) GO TO 2A
135 DO 27 KXm.NR F2
136 IF (KR .EQ. K CO72MM)) GO TO 20
137 27 CONTINUE
138 28 FO0 a PREY F
139 FOOE*PREVFE
140 FI a F
141 FIO7FE
142 LI a JBOT
143 LR a KR-I
144 GO TO 48
145 C
146 C SEARCH ALnNG RIGHT EDGE 0 RECTANGLE FOR SIGN CWAKGES IN IMAG(F).
147 31 IF ()(I EQ, JTOP) KE13GE a 4
148 IF (WFVGE .EO. 4) GO TO 36
149 KI a W+I
ISO CALL FINDFV(KR.KI,FFEaTLEFT.TRIGMT)
151 IF ((AIMAG(PREV F) *GT. 0.0 .A. AI;4A(F) .GT. 00)
152 9 *OR. IAIPAGI REV F) .LT. 0.0 .4AN. AIPAGMFI .LT. 0.0))
153 GO TO2 2
154 IF (NR E3 .FQ. u) GO TO 33
155 D0 32 XulNR E3
156 IF (I .E. K EDGE3(K)) GO TO 20
157 32 CONTINUE
I58 33 FI a PREV F
159 FIOFPRFVFE-
160 F11 a F
161 F1i7Fe.
162 LI a KI-I
163 LR a JRT-J
164 GO TO !3
165 C
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166 C SEARC14 ALONG TOP EDGE OF RECTANGLE FOR SIGN CHANGES IN ItMAG(F).
167 36 IF (KR .FQ, JIT) GO TO 80
168 KR o KR-i
18* CALL FINVFW(KR.KI.FmFETLEFTTRIqHIT)q 170 TF f(AIMAG(PREV F) *GT. 0.0 *ANTI. AIr4AG(F) *GT. 0.0)
171 .OR. (AIIVAG(PREV F) .LT. 0.0 *AND. AIVdAG(F) .LT. 0.0))
172 GO TO 20
173 IF (NP E4 .EQ. U) GO TO 3L
174 DO 37 Kw1mNR E4
175 IF (KR *EQ, K EDGE4(K)) CO TC 20
176 37 CONTINUE
177 3ie FIt w PREV F
178 F11PmPRFVFE
179 F01 w F
ISO FOIF-PE
let LI a JTOP-1
1a2 LP aKR
183 GO TO 58
184 C
185 C EN~TER MESH SQUARE FRoP' LEFT SIDE OR EvIT RECTA'NCLF AT RIGHT ErcE,I5186 41 LR a LP41
Is? 1F (LR .LE. JRT-I) GO TO 12
ISO NR F3 0 NR E3+1
109 K EDGE3(NR E3) a LI+I
190 1FPPRINT.N E.0) WRITE(11.Q90)
191 GO TO 10
192 42 FOluFlI/El
193 FOlIFlIE
194 700a710/E1O
195 F70Eu70E
196 43 CALL FINDFXILR+i.LI,1.F11.PIIE.TLEFT.TRIGFT)
197 CALL FINDFX(LR,1.LI.F1O.FIOE.TLEFT.TRIGHTI
190 SCfLEsAMAX1(F00E.701E.F10E.Fl1E)
199 17(SCALE.CT.34.0) THEN
200 FOO=EVP(FO0E-SCALE)
201 FOtBEYP(POIE-SCALF)
202 EIONEVP(FlOE-SCALEI
2o3 Ei1UEvP(FtiE-SCALE)
20d FOONF~O.Eoo
205 FOIwFOI*EOI
206 FioaFlO*Elo
207 711a711.Fj

208 END1I
209 LEDGE a I
210 ENTER P a 0.0
211 ENTER I a -AIMAc(FOO)/AIMAG(FOI-F00)

212 ~GoO 6
213 C
214 C FhTFR PES1- SGUARE FROP BOTTOM~ SIVE OP EXIT RECTANGLE AT TOP EtGE.
215 46 LI a LI*t
216 If (LI .LF, JTOP-I) GO TO 47
217 NP F4 a NP E4*I
218 K EDGF4(NR Ed) *LP
219 I7(PPPINT.NE*01 WRITF1I1.99O)
220 Go TO 1O
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221 47 FOQ=F~t/EOI
222 F00PF0FO
223 FIOnFII/ElI
224 FlnFwFilE
225 4e CALL FINDFY(LR.LI4l.F01.FClEPTLEFTTRIGHT)
226 CALL FINDFXILR+1.LI.1.FI1.FI E.TLFFT.TRIGHT)
227 ACALE.A4AWI (FOOE.FOIE.FlOF.FI1E)
228 IF(SCALE.GT.34.u) THF'N
229 EO~uEYPIFOOE-SCALF)
230) FOI=EWP(FOIF-SCALF)
231 Flo=EYP(F1oE-SCALF)
232 EIluEYP(FIIF-SCALF)
233 Foo=FooeEoo
234 FOt=FO1.EOI
235 F1O=FIO*Elo
236 FIuFII*EIl
237 END IF
238 LEDGE a 2
239 ENTER R a -AIMAG(F0O)/AImM(F10-F00)
240 ENTER I a 0.0
241 GO TO 60
242 C
243 C ENTER MESI- SQtJARF FROM' RIGI-T .aIrE OR EXIT RECTANGLF AT LEFT ErGE.
244 51 IR w LR-l
245 If ILP .GE. JIT) GO TO 52
246 NR El a NR Et*1
247 K EDGEI(NR Et) *LI
248 IF(PPRINT.NE.o) WRITE(11.Q9go
249 GO TO 10
250 52 FItmFoZ/EOI
251 FItE-FoIE
252 FIO=FOO/Eoo
2S3 FlO~aFOOE
254 53 CALL FINI7FX(LR.LI,1.FO1.FOIETLETTRIGHT)
2'55 CALL FINDFX(LRBLTDFuo.FOOEDTLEFTTRIGHT)
256 SCALE.AMAXIFO0E.701E.FloE9 F1iE)
257 IF(SCALE.GT.34.0) THEN
258 E0o.EVP(F00E-SCALEI
259 EotsfYPfFOIF-SCALE)
260 ElooEWPfF1OE-SCALF)
261 F11uEXPfF11E-SCALE)
262 FoomFOO.E00
263 FOI=FO1*Eol
264 Fi0aF10*E1O
265 FII.V11*E1II-
266 FNn IF
267 LEnFlG a 3
268 FNTER R a 1.0
269 ENTER I a -ApIMAG(F10)/AIMAq-(F11-F~o)
270 GO TO 60
271 r
272 C FI4TER MESI' SQUARE FROM TOP SIDE OR EVIT RECTANGLE AT 9OTTom ErGE.
273 56 LI w LI-i
274 IF (LI .GF. JROT) GO TO 57
275 NR F2 -NR E2+1
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276 K~ FUGF2(NR E2) *LR.1

277 TF(,PR1NT.NE.0) WRITE(11.9901
278 GO TO 10
279 57 FOtwFOO/EOO
280 FOIFwFOOF
281 Fil=FlO/FIO
287 FllF-FlOE
283 5e CALL FINDFXILR.LT.*F00.FOOF.TL.EFT&TRIGHT)
284 CALL FINDFY(LR,1.LI&FlO.F1OE.TLEFT.TRIG4T)
285 SCALEUAMAX1(FOOE.FOIEF1FOE.FIIE)
286 IF(SCALE.GT.34.0) THEN
287 !0.EwP(FOOE-SCAlE)I 288 EotuEYcP(FOIE-SCALE)
289 E10.EwP(F1OE-SCALE)
29o EItmEVP(F1IE-SCALE)
291 FOOmFoo*EOOU292 FOI=Fo1.Eol
293 FIO=FIO*E1o
294 F11*Fi1'E1I
295 END IF

296 LEDGE u 4
297 ENTER R a -ATMAC(FO1)/AIMAG(F11-FoI)
298 ENTER I a 1.0
299 GO TO 60
30o c
301 C FOR DEBUGGING ONLY, PRI14T CO-ORrINATE OF LOWER LEFT CORNER

302 C ~OF CURRENT MESH SQUARE. RSLIfSTO RN~

303 C CO-ORDINATES GIVES TRACF CF EACH LINE ALONG WHICH-
304 C IMAG(F)u0.0 FROIP ITS EN1TRY ON THE EDGE OF THE
305 C RECTANGLE TO ITS EXIT AT ANOTHER POIKT ON*THE
306 C RECTANGLE,
30? 60 IP(MPRINTNE.0) WRITEII1*96o LR*LI
308 960 FORMAT tv P&20X.215)
309 C TEST FOR TH4ERE BEING TWO (HYPERRCLIC) LINES ENTERING AND LEAVING

*310 C THE MESH SIIUARE ALONG EACH OF WHICH IPAG(F)*oO
311 C IF SO, SET 'LTWOP NON-ZERO.
312 LTWI) a 0
313 NRSCIJNRSCU*1
314 IF(NRSCU .GTs MAXNS9) GO TO 95
315 IF( f(AIMAG(FOOI.GE. 0.O).ANDo(AII4AG(FlI).GE. 0.0)
316 qt AND,(AIMAG(Fb0).LE.. 0.O),ANT).(AIf4AGfFO1I.LE. 0.0))
317 q MfP.(AIMAG(FOn).LE. O.0).ANj.(AIMAG(Fjjl.LE. 0.0)
318 qt ANr.(AIMAGFlt).GE. O.0).ANnh(AIMAG(FOH.GE. 0.0))) L7WOu1
319 C TFST FOR THERE REING AT LEAST ONE (HYPERROLIC) L!NE ENTERING AND
320 C LEAVING THE MESH SCUARE ALONG WHICH REAL(F)Uo.O
321 C IF NOT& SET 01900 TO 7ERO.
32? 190 a I'I 323 IF ((RFAL(Foo) .GT. 0.0 .AND. REAL(fl *GTe 0.0
324 A AND, REAL(FO) .GT. 0).0 .ANT.. REALIFil) .GT. 0.0)
325 .OR. (REAL(FOoI .LT, 0.0 sAND. REALIFIO) .LT, 0.0
326 .AND, REAL(FOI) .LT, 0.0 .AND. REALIFll) .T. 0,0))
327 1190 a. 0
326 IF (LThO FO'. o .AN9. 190 .EC. 0) GO TO 70
329 C
330 C COMPUTATION OF COEFFICIENTS To PE USED IN DESCRIBING THE VARIATION
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I 3.

331 C OF THE FUNCTION NITHIN A MESH SCUARE GIVEN TI-E
332 C VALUES AT THE CORNERS OF THE SOUARE ANr LIEAR

333 C VARIATION ALONG ITS El ES. ALSO& THF POSITION CF
334 r CROSSING OF THE 4YPERROLIC ASYtPTrTES (WHICH ARE

335 C PARALLEL TO THE SIrES OF THE SCUARE) FOP THE LINES

336 C IMAG(F)O.O ARE COVPUTED IF 1OT- I- INES (PRANCHES)

337 C ENTFR ANr LEAVE THE SIUARE.
338 PARTS u FOO
339 AR a PART(Il)
340 At a PART12)
341 PARTS w FoI-FOO
342 BR a PART(I)
343 61 a PAPT(2)
344 PARTS w Fio-FOO
345 CR a PART(I)
346 CI w PART(P)
347 PARTS = FOO+Flt-FOI-FIO
348 DR w PART(I)
349 Of w PART(2)

351 IF LThO .EGo 0) GO To 61
352 CENTR R a -RI/DI
393 CENTR I a -CI/DI
354 IF (190 .EQ. 0) GO TO 70
365 C
356 61 AS w AR*BI-AI*BR
357 AC a AR*CI-AI*CR
358 AD a AR*DI-AI*DR
359 SC n BR*CIBel*CR
360 SD BR*DI-BI*DR
364 CD * CR*DI-CI*DR
302 C
363 IF (ARS(BD) .LT. ABS(CD)) GO TO 64
304 C SOLUTION FOR TWO POSSIRLE POINTS AT WHICH THERE MAY RE CROSSINGS
365 C OF THE (HYPERBOLIC) LINES REAL(F)wO.O AN' IMAG(F)mO.O.
366 C A CROSSING POINT I CHOSEN TO RE A ZERO OF THE
367 C FUNCTION IF IT LIES WITHIN THE CURRENT MESH SCLARE
368 C AND IF IT LIES ON THE BRANCH OF TMAG(F)uO.O CURRENTLY

369 C BEING FOLLOWEr. MULTIPLE CROSSINGS ALONG THIS FRANCp
370 C (ACTUALLY A SERIES OF CONNECTING PYPEPPOLIC PRAKCHES)

371 C IN THE SAME OR IN rIFFERENT SQUARFS ARE NOTED SINCE
372 C THESE MUST LATER RE RESOLVED.
373 A CD.
374 B * (AD-BC)*0.5

375 C a AF
376 CALL CuAD (A*BsC.SOLsNR SOL)
377 IF (NR SOL .EOo 0) GO TO 70
378 00 63 NL.*NR SOL
379 UREAL a SOL(N)
360 IF (UREAL .LT. 0.0 *OR. UREAL .GT. i.O) GC TO 61
381 DI a BR+DR*UREAL
382 D2 a BIDI*UREAL
383 IF (ABS(DI) .GE. ARS(D2)) IPIPAG • -(AR+CR*UREAL)/DI
384 IF (ARSID2) *GE. AB (DI)l UITMAG -(AI CI*UREAL)/t2
385 IF (UIPAG .LT. 0.0 .OR. IIIMAG .1T. 1.0) GC TO 63

16
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386 IF (IThO .FQ, 0) GO TO 62
387 IF f(FNTER R-CENTR R)*(U REAL-CENTR R) .LT. 0.0
388 *OR. (ENTER I-CENTR I)*(U IMAG-CEKTR I) ,LT. 0.0)
389 s GO TO 63
390 6? THFTA(1) a (LRel REAL)*TMESH
391 THETA(2) a (LIEU !TAG)*TMESH
392 lf(MPPINT.NE.O) WRITE(11962) LR&LI&THETA(1)vTl-ETA(2)
393 962 FORMAT (I 0*214#3X&'THETA *'.2F4.4)
394 NR7 a NR74I
395 TEROS(lsNRT) u THETAWI
396 7EROS(2,NR7) a THETA(2)
397 NR IL a NR 71.l
398 63 CONTINUE
399 GO TO e7
400 C
401 C ALTERNATE SOLUTION FOR THE APOVE. TWO FORMS ARE NEEDED SINCE,
402 C IN ANY GIVEN CASE, EITHER FORM (PUT NOT ROTH FCRPS)
403 C MAY BE INDETERMINATE.
404 64 A a Or
405 8 - (AI!+BC)*O.5
406 C a AC
407 CALL QUAD (AsBDCpSOL#NR SOL)
408 IF (NR SOL ,EO, 0) GO TO 70
409 DO 66 NmIsNR SOL
410 UIMAG a SOL(N)
411 IF (UIMAG .LT. 0.0 *OR, UIMAG .GT. 1.0) GO TO 6e
412 DI a CR+DR*UIMAG
413 D2 a CI+DI*UIMAG
414 IF fABS(DI) .GE. ABS(D2)) UREAL * -(AR RR*UIMAG)/DI
415 IF (ABS(02) .GE. ABS(DItI UREAL - -(AIRI.UlMAG)/I1:-
416 IF (UREAL -LT. 0.0 .OR. UREAL .GT. 1.0) GC TO 66
417 IF (LTWO .EO. 0) GO TO 65
418 IF ((ENTER R-CENTR R)*tU REAL-CE14TR R) *LT. 0.0
419 $ .OR. (ENTER T-CENTR I).(U JMAG-CENTR 1) oLT. o.O)
430 Go TO 66
421 65 TMETA(1) a (LR+U REAL)*TMESH+
41f THETA(2) a (LI+U IMAG)*TMESH
423 IFIPPRINT.NE.O) WRITE(11,965) LRsLI.THETA(I).THETA(2)
414 965 FORMAT (' 'm214o3Xm'THETA '*'2F9.4)
4t$ NR! a NR+-.
426 7EROS(1.NRI) a THETAM1
427 !EROS(2*NRI) a THETA(2)
4t8 NR 7L a NR 7Ll
429 66 CONTINUE
430 67 CONTINUE
431 C
432 70 CONTINUE
433 C TEST FOR EXIT FROM LEFT EDGE OF MESH SCUARE.
434 IF (LEDGE *EO. 1) GO TO 72
435 IF ((AIMAG(FOO) .GT. 0.0 *AND. AIMAG(Fo1) GCT. 0.0)
436 0 .OR. (AIMAG(F0) .LT. 0.0 .ANn. AIMAG(FOI) *LT. 0.0))
437 5 GO TO 72
438 IF (LTO *FO. 0) GO TO 51
439 EXIT R a 0.0
440 frXIT I a -AFMAG(FOO)/AIMAG(FOI-FO.)
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441 IF f(FKTER R-CENTR R)*(EXIT R-CE14TR R) .LT. 0.0
442 4.OR. (ENTER T-CFNTR T)*(EXIT I-CEKTR 1) *LT. n.O)
443 i GO TO 72

444 GO TO 51
445 r
446 C TFST FrP EXIT FROM POTTOM EPGE OF MESH SQUJARE.
447 72 IF (LFrGE °EQ. 2) GO TO 73
448 IF t(AIMAG(FOO) .GT. 0.0 .ANr, AIMAG(FIO) .GTo 0,0)
449 q OP. (AIMAG(FOO) oLT. 0.0 .ANn. AIMAG(FIO) *LT. .0))
450 q GO TO 73
451 IF fLTO F.F 0) GO TO 56
452 FX|T P a -AIMAG(FOQ)tAIt4AG(FtO-FO0)
451 FYTT I a 0.0

454 IF ffFNTER R-CENTR R)*(EXIT R-CENTR R) .LT. 0.0
455 OR. (ENTER T-CENTR T)*(EXIT I-CEKTR I) .LT. 0.0)
456 €GO TO 73

457 GO TO 56
458 C

459 C TEST FOR EXIT FROM RIGHT ErGE OF MESH SQIJARE.
460 71 IF (LFrGE .Ea. 3) GO TO 7A
461 IF ((AIMAG(FIO) .GT 0.0 .ANr. AIMAG(Fl1) *GT* 0.0)
462 .OR. (AIMAG(FIO) .LT. 0.0 .AND. AIMAG(FII) ,LT. o.nl
463 CO TO 74
464 IF (LTO .EQ. 0) GO TO 41
465 EXIT P = 1.0
466 EXIT I - -AIMAGfFIO)/AImAG(FII-FIO)
467 IF f(FKTER R-CENTR R)*(EYIT R-CENTR R) .LT. 0.0
468 .OR. (ENTER T-CFNTR T)*(EXIT I-CEKTR I) .LT. 0.0)
469 GO TO 74
470 GO Tn 41
471 C
472 C TFST FOP EXIT FROM TOP EDGE OF MESH SQUARE.
473 74 IF fLErGE .EQ. 4) GO TO 90
474 IF fAIMAG(FOI) .GT. 0.0 .ANr. AIMAG(FII) .GT. 0.0)
475 * OR. (ATMAG(FO1) oLT. 0.0 .ANP. AIMAGIFI!) *LT. 0.0)) -"

476 1 GO TO 90
477 IF (LTWO .FO. 0) GO TO 46
478 FXIT P a -AIMAGfFO)/AINAG(Ft-OI)
479 FXTT I a 1.0
480 IF ((ENTER R-CENTR R)*(EVIT R-CE JTR R) ,LT, 0.0
481 *OR. (ENTER I-CENTR T)*(EXIT I-CEKTR I) .LT. o.0)
482 GO TO 90
463 GO TO 46
484 C
485 80 TF(NR7.NE.O) CALL tOoMSMW(IMES)H.TOLPPRINT.7EROS.NR7)
486 IF (NEWMSH NE. 0) GO TO 5
487 RE(URN
488 C
489 90 WRITE(II909) LRPLI
490 909 FORMAT (0O'.'NO EXIT FROM ME91- SIUARE#&216)
491 GO TO 5
492 C

493 95 WRITE(119500)
494 9500 FOPMAT(pOv.DTOO MAKY SQUARES ON SAME PHASE LINE--MAKE*,
495 1 TMESH SPALLER.)
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496 GO TO S
497 C
498 990 FOR"AT(001)
499 (r

500 97 WRITE(I1.9700)
501 9700 FORPAT' 100|" TMESH HAS BEEN REDUCED BUT PROPLEPOS REMAIN IN#
50 t. Ek ECUTItG FZLPROS')
503 ,ENMSP a 1
So NR 7=0
505 RETURN
506 C
507 END

16
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I suRnuTJIKF QUADl (A&B&Cm8OL&RR SCL)
2 C FOR OT-FIN.DER
3 C
4 C SOLUTION FrR THE REAL ROOTS CF A tCiAIRATIC EOUATIOK CF THE
5 C FORM A*X**2+2.o.P*X+C=0.0. 6'HEPE X IS CALLED #SOL*
6 C IN THIS ROUTINE. THE 101I4RER OF RFAL RCCTS FOUN' IS
7 C GIVEN RY *NR SOL*. A VALUE OF I FOR 'NR SOL# RESILTS
a C FROM THE QLAnRATIC ECLATIDN APPROACI-ING LINEARITY.
9 C USED By SUPROLITINES FZFQOS AtVJ NO MFSH,
10 C
11 IMPLICIT IroUBLE pPECIsInk*f, (A-H4,0-7)
12 DIMENSICN AflL(2)
13 C
14 C
15 ACO890u(A/R)*(C/A)
16 TFfAPSIACO~tRO).LT.(0.3)H no TC 20
17 ARGml.0-ACOPSn
is NRsnI.no
19 IF(ARG.LT.(o.on) RETURN
20 NRSOLN2
21 ROOTaAPe(8,.SlRT(AR.)
22 C
23 C...
24 C
25 Sn111) a t-P+ROOT)/A
26 801 12) a (-P-ROOT)IA
27 RETURN
28 C
29 20 TERM a 1.0
30 SUM a 1.0
31 DO 21 (.1.50
32 TERM a TFRM*U(K-0.5)/(K,1.O))*ACORS0
33 SUM a SI!M+TFRM .
34 IF (ARSITERP) .LT. 1.OE-1O) GC TO 22
35 21 cI1NTINLE
36 22 sn1(1) a -C/(2.0*P)*SIJM.
37 NR SOL a
38 IF (ARSlA/(2.0*R)) .LT. 1.OE-30) RETURN
39 NR SOL a2
40 S01(2) m -7.O*9/A-SOL(1)
41 RFTURN
42 C
43 END
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. I SUBROUTINE NOMSHX(TMFSH*TOL.MPRINT.7EROS.NRT)
2 C FOR ROOT-FINDER
3 C THIS VERSION tJPDATED TO MODIFY GMAX A141 TMESH. JAN 6 1982.
4 C ROUTINE FOP FINDING EXACT (IN THE SENSE OF NO MESH APPROXIMATIC )
5 C LOCATIONS CF ZEROS OF THE FUNCTION. F, FOR WHICH
6 C A COMPLETE. BUT APPROXIMATE. SET WAS FCLND IN
7 C SUPROUTINF F7EROS.
a C TWO DEFICIENCIES REMAIN IN THIS ROUTINE. ONE IS
9 C THAT ZEROS CLOSER TH'AN THE FINITE VALUE 'TOL' CAKKCT
10 C RF RFSOLVED. THIS PAS CAUSFI A PPOOLFP A FEW TIMES
11 C IN USAGE TO DATE. RUT HAS ALWAYS MFEN RESOLVE PY
12 C USING A SMALLER VALUE OF 'TOL'. THE SECOND3 PROPLEM

C13 Is THAT THE RESOLUTION OF &MULTIPLE CRCSSINrSI,
14 C WHICH OCCUR BECAUSE OF THE NON-ANALITICITY OF THE
15 C MFSH APPROXIMATION. IS SUCI THAT TN PRI?'CIPLE A
.£6 C ZERO CAN BE MISSED. THERE IS NO EVIDEKCE THIS HAS
17 C EVER OCCURRED IN PRACTICE. IT WAY OR MAY NOT RE

16 C COST EFFECTIVE TO DEVELOP THE PROGRAP FURTHER TC
1.9 C CORRECT THESE TWO PRCRLEMS.
20 C
21 IMPLICIT DOUBLE PRfCISION*6 (A-HO-7)
22 COMMON/KEWMSH/NEWMSP
23 DIMENSICN PART(2)
24 COMPLEX 7EROSII).
t5 9 THETA.
26 9 F,DFDTonELT*
27 3 PARTSm
Re I IEROSO(tO
29 EOUIVALFNCE (PART(I),PARTS)
30 C
31 C
32 IF (MPRINT.NE.0I WRITE(l1.900)
33 900 FORMAT Iv1'.'TERATIONS TO REMOVF MESH#)
34 C
35 C NFWTON-RAPHSON (FIRST-ORnER) ITERATION TO FINC EXACT LOCATIOKS

36 C OF THE ZEROS OF F.
37 C
38 DO 29 J7m1.NRZ
39 ZEROSO(JI) m !FROS(JZ)
40 IF (MPRINT.NE.O) WRITE(1190. ) J?
41 901 FORMAT (v '*18)
42 21 IF (MPRINT.NE.Ol WRITE(11q02) 7EROS(,IZ)
43 902 FORMAT (v '.IOX2(F9.4))
44 THETA = !EROS(JZ)
45 CALL FrFDTX(THETA.FsFEvnFDTrFrTE)

46 DELTm-IFDFTl*EXPlFE-DFETE)
47 ZEROSfJ?) a 7EROS(J?)+DELT

48 IF (CAPSIfELT) .GT. Uo.3*TOL) 90 TO 21
49 29 CONTINUF

5o C
51 C NUIMBFR OF UNIOUE ZEROS COMPARFn TO TOTAL NIJuPEP
52 30 IFINRT .LF. 1) RETURN
53 MATCH a 0
54 DO 33 Ju2*NRZ
55 JMI * J-1
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56 DO 32 JJ.1..JM1
57 IF iCABS(7EROS(J)-ZEROS(JJfl .GT. TOLI GO TO 32
se IF IPINT.NE.0) WRITE1,Q*05) J.JJ
59 905 FORMAT (0'.'ERDS NR*.T3*1W,'ANnvFI3.1X*
60 FARE THE SAME#)
61 MATCI- a 1
62 32 CnNTINUE
63 33 CONTINUE
64 C
65 IF (M'ATCH .EQ, 0) RETUJRN
66 40 NEWMS4 a NEWMSH.1
67 IF *(NEl~P'SI.LE.2) WRITE(1IAdO)
68 400 FORMAT (*'g%' PROBLEMS IN THIS RANGER-RANGE! BOX. PROGRAP hILL US
69 9E~ TMESPJ/2 AND RE-EXECUTE TH'E PROGRAM')
70 IF (NEhP'SH.GE.3) WRITE(J1.4051
71 405 FflRMAT ('0'm' PROBLEMS IN THIS RANGER-RANCE! ROY. USER MUST !rECR7
72 9ARE GMAX ANr RE-EXECUTE THE PROGRAPP)
73 NP 7a 0
74 C
75 RETURN
76 END
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SUORnUTINF FINDFX(JR*JI.,.FE.TLEFT.TRIGHT)2 C.......*..
3C THIS SUPROliTINE INCORPORATES Cl-ANES KEEIEr IN EVALUATING

4 C THF MOrAL FUNCTION ALONG THE IMAGINqARY AXIS WWEN SURFACE

5 C ROlIG1NES0 IS INCOPPOPATEP INTO THE mCrEL

7 IMPLICIT DOUPLE PRECISION*6 (A-1.si-7)

a COMPLEX F,7,PARTS
g rIMENSICN PART(2)
10 CnmmONtTMCCnM/TMESH

211 FOUIVALFNCF (PARTaPARTS)

IC13 C DEFINE SMALL OFFSET VALUE

14 C

15 DATA rFFSET/1.OE-9/
16 C*****

17 C
18 PART(l)=DFLOAT(JR)*TMESH
19 PARTf2)=DFLOAT(JI),TMESH

20 C*****

21 C IF EVALUATING MODAL FUNCTION ALONG IMAGINARY AXIS.

22 C SHIFT ARGUMENT OF FUNCTION OFF OF ANr SLIGHTLY TC THE
23 C RIGHT rF THE IMAGINARY AXIS IF THE SEARCH RECTANGLE
24 C LIES TO THE RIGHT OF THE IMAGINARY AXIS.

25 C IF EVALUATING MODAL FUNCTION ALONG IMAGINARY AXIS.
26 C SHIFT ARGIJMFNT OF FUNCTION OFF OF ANr SLIGHTLY 7C THE
27 C LEFT OF THE IMAGINARY AXIS IF THE SEARCH RECTANGLE
28 C LIES Tr THE LEFT OF THE IMAgINARY AXIS.
29 C

30 IF(JR.FC.O) THEN

31 IF(TLEFT.EO.O.O) SHIFTnOFFSET
32 IF(TRIGHT.EC.O.O) SIIFTm-OFFSET
33 PARTI1)uSHIFT

34 END IF
35 7=PARTS
36 CALL FCTVLX(7?F.FE)
37 RFTURN
38 END

16
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I .!UARfUTIK~E FCFAC(YFACPXFACE*Ql1)
2 C***.***.*.
3 C THIS 81IFROUtTINFJ EVALUATES THE EXCITATION FACTCP, YFAC*EXP(XFArEt.
4 C FOR TH4E "ODE ASSOCIATF'11 WITH THE EI(PENVALUF Oil
5 C
6 C INPUTS VIA COMMON PLCCK ...
7 C AIP - ALPPI*1H
a C WAVFNO - %AVE NUMPER
9 C C11 - CORT(ALPHA1IWAVENO)
10 C
11 C SuJBRnUTINES USFD...
12 C FDFrTX
13C.....
14 IMPLICIT DouRLE PRECISION*6 (A-I'.O-7)
15 COMPLEX XFAC&Ot1.Rt-O.FarFrT.CSCRT..11T
16 CnMPLEY SONG

*17 CnM~CMW/TASAPJIHClSK
Is COMMON/COMTbR/!2.Z3A~mAGALPA3.4AVE1OALP.A2
19 DATA I/fO.Osi.O)/

*20 C*....
21 C EVALUATE RHO
22 C
23 RHOuWAVFNO.CSORT(1.O.ToETAARS-ALPHAI*H-ClI*Cj1.C11)
24 C

*25 C THE NEXT STATEMENT COMPENSATES FO~R TIHE SHIFT IN C11 II'TPOELjC~F1
28 C IN SUBROUTINE PFDFDTXP
27 C
26 MllTu~lJ.I.O.003
29 C
30 C FVALUATE THE DERIVATIVE CF THE MOI3AL FUNICTION%
31 C
32 CALL FDFDTX(OIITDFAFElJFrT.OFrTE)
33 C

*34 C EVALUATE THE EXCITATION FACTOR
35 C
36 XFACu-hAVFNn*WAvENO*C11.Cll/(P.o*CSQRTcRHC)*rFrT)
37 XFACEw-rFDTF
38 C
39 C Nr)RMALIF YFAC
40 C
41 YMOPM=CAPS(XFAC) -

42 XFACwXFAC/XNORM
43 YFACF=VFACF*DLOGXNORI)
44 RETURN
45 C.....
46 END
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I SUBROUTINE HTGAIN(ENZAeEN7EaQ11s7RCVRe7XMTR)

3 C THIS PRrGRAM EVAL11ATF8 THE HE! FT-GAIN FIJNCTICNS FOR A
4 C TRILTNEAR MODEL OF TI'E mOrTFIEr REFRACTIVITY OF WIE TROPOSPIFOE.
5 C
6 C INPUTS...
7 C Oil - MOD0AL EIGENVALUE
a C ZRCVR - HEIGHT (IN METERS) OF THE RFCEIVER APCVE GROUNT3
9 C LEVEL
10 C !VMTR - HEIGHT (IN METERS) OF THE TRANSMITTER AROVE GRCL~~r
11 C LFVEL
12 C
13 C OIJTPUT't...
14 C EN7 - HEIGHT-GAIN FUNCTION FOR THE MODAL FIGENVALUE
15 C C11 EVALUATED FOR THE TRANS14ITTER LOCATF! AT ZX;4TP
16 C AND THE RECEIVER LOCATEr AT 7RCVR
17. C FENNA.ExPfEN!E)

19 C SUBROUTINES USED*..
10 C HNWLXmKHNKLXCADVKHATY

-22 IMPLICIT DOUBLE PRECISION*6 (A-H&O-7)
23 COMPLEX Qii~fn12,C22,'123&m33m
94 9 ai2Ai&Gi2A2.noi2AI.PCl2A2.o22Al.C22A2.ro22A I.PQ22A2.
a5 S U23Ai.023A2D23A1.lI23A2.O3AlCA2lO33AlQ33A2&
26 1 S0NG&IW&KHATAI&KHATA2,QRCT.
27 1 ORAI.ORA2.DORA i.DORA2.OTA IATA2.rQTAITrCTA2,
to 9 Ri.R2.R3.XAA.XBA.YAA.yPA.7AA&YCAY13A.7PA.FKI1A.
29 S YEA.EK12A.YFA.FK22A.EN7AT33Al.T33A2.flT33Ai~tT3A2.EPI.
39 9 TRAI.TRA2.DTRA 1.OTRA2.TTAI.TTApUTTAI~rTTA2SrKWTAJ,

31 5 DKVTA2. ...

32 DOUBLE PRECISION*6 KHATEI&KHATE2
33 COMMION/ CONE /Ci.C3mC4#C5mC6&C7&Ce.C9,SGNA2
34 COMMON / COMTWO ETAAPS&ALPHAI.,H4CISDNG
35 COlMMON /CONTHR I 2.!3.A2MAG.ALPHA3.hAVENO.ALPHIA2
36 DATA 1/f0O.i.OiI1
37 DATA W/(oO.m-Ie4574g544)/
30 DATA EPI/(-o.5&.866o254o4,/
39 C.....
40 C FUNCTION DEFINITION
41 C
42 C9RT(W)uX**(1.O/3.0)
43 C.....
44 C EVALUATF O12.tQ22,Q23.eQ33
45 C
46 012 a Ci1.C4
47 022 m CS.011.C6
48 023 mC5.0i1.C7
49 033 aCe.011.C9
50 C.....
51 C EVALUATE MODIFIED HANI(EL FUNCTIONIS NEE1IED
52 C
53 CALL KNXLX(o12.oi2Ai.g12E1.gl2A2.a12E2.rM1,A t.rCl2Et.
54 1 DQ12A2mDG12E2)
55 CALL K16NKLXf022a022AIa022E1.Q22A2.O22E2.DO22AI~rC22EI,
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56 1 fQ22A2.DQ22E2)
57 CALL KIIKX03n3I93IQ32C32n2A~C3I
50 S DC23A2&DQ23E2l
59 CALL HNLt3*3AP3E,332T32n3A~T3I
60 1 f3A2&DT33E21
61 CALL CADD (0 3A1D033FIT33A1.T33E~a-EP I*T33A2.T332) -

62 CALL CArDD33A1.DO33E1~rT33A1.rT3:3E1.-EPI *1T33A2.flT33E2)
63 Q33A2mfl3A7
64 Q33F2wT33E2
65 DG33A2wUT33A2
66 D032wrT33F2
67 CALL KIPATX(011,KH4ATA1.KIHATF1.)(IATApKHATE2?'KiTAIt~nKPHTEI.
60 9 DXNTA2aDXHTE21
69'C...*.
70 C DETERMI!NE WIC1 LAYERS TRANSMITTER AND RECEIVER APE 11J1
71 C AND EVALUATF OR AND OT ANfl MOr1FIED IANIKEL FLINCTTONS
72 -C
73 IF(ZRCVR.LF,721THEN
74 C
76 C RECEIVER IN FIRST LAYER
76 C

7, LRCVRol
75 OR=Cll*ALPIA1ZPCVR/(Cii*CiI)

79 CALL KI'NKLX OR.ORA IQREI.QRA2,CRE2.flCRAI~roPE1,
so I DORA2&DQRE2) m
at ELSE IP((7RCVR.LE,!3).A~Jr.(?RCVPGT.22)) TI-EtN
at C
03 C RECEIVER IN SECOND LAYER
64 C
as LRCVR=2
55 GRsC5,011,CGCRRT(WAVENO*WAVENO/(A214AG*A?MAr))*
6i7 It ALPPA2*(ZRCVR-22)

CALL KINKLXfOR.QRA1.QRE.oRA2RE2,DCA.I~rCRFg.
409 .5 DQRA2aDORE2)

go ELSE
91 C
92 C RECEIVER IN THIRD LAYER
93 C
94 LRCVRw3
to OR=C80011,C9,CPRT(WAVENOWAVENl/(ALPHA3ALP.A3))*
95 9t ALPP-A3*(7RCVR-73)
97 CALL I.NLXCRATRAJTRE1DTRA2,TRE2.DTRA1.DTRE 1.
90 I OTRA2*DTRE21
99 CALL CADD(ORAI.OREtTRAI.TREI .. EPI.TRA2,TRE2)
100 CALL CADD(DORAI.D2RE, .DTRAI.rTRE1.-EP I*flTRA2.IJTRE2)
101 QRA2wTRA2
102 PRE2wTRF2
103 DORA2wrTRA2
104 DORF2wrTRE2
105 FNP IF
106 IF(?VVTReLE.721 THEN4
107 C
108 C TRANSMITTEP IN TH~E FFRST LAYER
109 C
110 LYMTRaI
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112 CALL KI-NXLYX MA,.)E*TP(.T2rI~ir-T
113 It DOTA2*DOTE2)
114 P:LSF IFff7)(NTRLE.73),ANT'.(7YPTR.r-T.72)) THEN~I115 C
116 C TRANSM'ITTER IN SECON'] LAYER

li LXP4TR=2
1,1,97 TuC5.011,C6+CRRT(WAVENO*WAVENO/(A2MAG*A2mAI))*

120 1 ALPHA2*(ZVMrR-72)
121 CALL KHNKLX(OT.0TA1.QTE1.CTA2-.(TEP.rQTAI .QTEI,

122 tDTA2DCTE2)

124 C
125 C TRANSM'ITTER IN THIRD LAYER

127 LX?'lRu3
i3s OT.C8.O11,Cg.C6RT(WAVEN.WAVENO/(ALPHA3*ALP.AZ))*
1s* 8 ALPHA3*(ZXMTR-73)
130 CALL I.NKL(TTTA1TTE1.TTA2.TTE2,DTTA1.flTTEts
131 5 OTYA2&DTTE2)
13t CALL CADD(QTA1.QTE1.TTAI.TTE1.-FPI*TTA2.TTE2I
133 CALL CADD(DQTAI.DOTEI.1TTA 1.rTTE1.-EPI*llTTA2.rTTE2)
134 OTA2wTTA2
136 OTE207TE2
136 DOTA2uVTTA2
137 DQTf2wrTTF2
136 END IF

140 C EVAUAT HEIGHT-GAIN FUNCTIONS

143 C
144 C RECEIVER IN FIRST LAYER --- TRANSM'ITTER IN FIRST LAYER
145 C
146 PluC1I'ClII(W*ALPHAI)
147 XAA=SGNA2.D033A2.023A2/C3
148 XAEmDC33E2+Q23E2
149 XSAnQ33A2.DG23A2
15O W8E0Q33E2+B023E2
151 CALL CADD(YAA&YAE*XAA*XAE,XBAXRE)
152 WAAuSGhA2*DQ22A1*Q12A2.C1
153 WAEmDG22E1+012E2
154 W9A=G22A1*DQ12A2
155 XBEaC22EI*D012E2
156 CALL CADD(YSAPYPE*XAA&XAE&XBAaXRE)
157 7AAuYAAaYBA*KHATA2
158 7AE=YAE*YSF+KHATE2
159 XAA*SGNA2*DC33A2*023AI/C3
160 XAEuTIC33F2*023E1
161 X8AwQ33A2.D023A1
182 X8Em033E2*D023E1
163 CALL .CADD(YCAYCE*XAA,XAE8 WqA8 XRE)
164 XAAm-SGWA2*DQ22A2.O12A2.Cl
165 XAEnU 022E2+012E2
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1M WBA-C22A2*fl12A2i 167 W8FmQ~22FP+D012E2
168 CALL CADfl(YDAYflE*XAAYAEYRA.yJPE)
169 ZRAsYCA*YflA*KHATA2
170 ?BEuYCE*YflE+KHATE2
171 CALL CADD(FKI 1A.FK1 1E,7AA,7AE.7RA.7PE)

172 c 7AAm-YAA*YPA*KHATAI
173 C TAF=YAF+Y67.KHATEI
174 C 7OAs-YCA*YDA*KHATAI
175 C 79EwYCF+YIJEKHATEI
176 C CALL CADD(FK12A.FK12E.7AA.7AE.?RA,7EE)
177 WAAamCGt.A2.fQ22A*g12A1.CI

4 176 XAEsD(C22F1.012E1
179 YBAwP22A1*flQ12Al
I80 X18EmQ22E14tPa12EI
181 CALL CADD(YEAYEE&XAA&YAE.XPAsXRF)
182 ZAAuYAA*YEA.KH4ATA1
183 !AEuYAE+YFF+KHATEI
164 XAA&-SGNA2.DG22A2*912A1*Cl
165 XAENDC22E2*012EI
186 Y8Am-Q22A2.DQ12At
Is7 X8Ew022f2+I3Qt2E1
188 CALL CADD(YFA.YFE&XAAYAEXPAXRE)
189 ?9AsYCA*YFA*K4ATAI
190 7SEsYCF+YFF+KHATEI
191 CALL CADD(FK22AFK22EZAA.7AE.7RA.ThE)
192 C
193 ZAAe-YAA*YFA*KH~ATA2
194 ZAE.YAE*YEE+KHATE2
195 7BAm-YCA*YFA*KI4ATA2
196 ZSE*YCEYFFKI4ATE2
197 CALL CADD(FK12A.FK12E,?AA,7AE.7QA.7PE)
198 C
199 XAAaFKILA*CTAI*ORAI
200 XA~aFK11F*CTEI4nRF1
201 XSAnFK22A*CTA2*ORA2
202 WBE=FK22E+QTE2.0RF2
203 CALL CADD(7AAZAEXAA.XAE.XPAXRE)
204 WAAuPIX12A.QTA2*flRAI
205 XAEwfx12E+GTE2+0R!1
206 X9Aa7IK12A.CTAI*ORA2
207 XBE.7KJ2E+0TF1+0RE2
208 CALL CADD(7RAv7PE*XAA&XAE&XPA*Y4E)

*209 CALL CADD(FN7A.ENE.!AA.7AE.7PAT9E)
2.10 FNA.R1*EN7A
211 RFTUP ,
212 FNfl iF
213 C*

* 214 TF(((LRCVR.EO.1).ANi9.(LYMTR.Ec.2)).CR.((LqCVP.EC.2).
215 It ANr.(LXMTR.EG.lfl) THEFN
216 C
217 C RECEIVER IN FIRST LAYER --- TRA!1SMITTER IN SFCCNr LAYER
218 C OR
219) r RECEIVER IN SECOND LAYER --- TRAIWSPITTER IN FIR!T LAYEP

220 C
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221 PlWUCIJ.ClI/ALPHAI
222 WAA.SGNA2.fl~33A2*Q23A2/C3
223 XAFawn33E2+Q23E2
224 XBAsQ33A2*DQ23A2

2-25 X8Ea033E2*flQ23E2
226 CALL CADD(YAAPYAE*WAA&XAE*XPA&XAE)
227 YAAmSGNAP*DQ33A2.Q23A1/C3
228 WAEs rC33E2+023EI
229 X8AwmO3A2fl023Al
230 XBE.033EP+Da23E1
231 CALL tCADf(YAYEXAAayAE.XPADXPE)
232 XAAnYAA*KHATA2*f4TA11PA1
233 XAEuYAF+KlHATE240TE1~i)REl
234 YSBmYBA.KHATA1'OTA2*,IRA2
235 XB~wYPF.KHATE1+OTF2+-)RE2
236 CALL CADD(7AA*7AE&XAA.XAEmXRA-WPE)
237 !F(LRCVR.FO.1) TH~EN
238 WAA=-YBA.KHATA2*GTA2*QRAI
249 VAE*YBE+KHATE2*0-TE2.QRE1
240 WBAO-YAA*KHATAI*tTAl*ORA2
241 WBEOYAE+KHATEI+QTE14QCRE2
242 ELSE
243 WAAN-Y9A*KHATA2*QTA1*GRA2
244 XA~mY8F+KHATE2.tQTE14CRF2
245 XBA*-YAA*KHATAI*QTA2*CPA1
246 XP~uYAF*KHATEICTE2+QREl
24? END IF

*248 CALL CADD(?8A&7PEaXAAvXAE.XPAmXRE)
249 CALL CADD(FNZA.FNEo7AA,7AE.7PA.7PE)
250 FN7A&R1W'ENZA
251 RETURN
252 END IF
253 C*
254 1F((ILRCvR.EO.i).AND.(LXMrR.EC.3)).CR.((LRCVP.FC.3).
255 9AND.LWMTlREQ,.1fl THEN
256 C
257 C RECFIvER IN FIRST LAYER --- TRA1'JSMITTER IN TNIRr LAYER
258 C OR
259 C RECEIVER IN TMIRP LAYER --- TRANS'4ITTER IN FIRST LAYER
260 C
261 R1WoC1I.C11/ALPHAI
262 WAAuIvP.ATAI.RA2*CTA2
263 VAEaKI.ATEI+QRF2+GTE2
264 IF(LRCVR*EO.I) TH~EN
265 Y8Aw-KHATA2*QRAl*'lTA2
266 XBFOKHATE2+GREItfQTF2

im267 ELSF
268 WRAu-KH.ATA2*07AI13RA2
269 W~fwKHATE2+GTE1,QRE2
270 END IF
271 CALL CADflIFNZAEN7E.XAA.yAE.yFAmXPE)
272 FNAm-RIW*N.EJZA
273 RETURN
274 EM~l IF
275 C*.
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276 IF((LPCVR.FQ.2),ANr,(LXV'TR.EC.2)) TI-Et4
277 C
278 r RFCFIVFP IN SECOND LAYER -- TRANJSMITTER IN SECCNn LAYER
279 C
280 R2uCRRT(ALPHA2*ALPI-A2/(WAVENC*WAVF.JC))/(ALPI.A2*h)
281 7FfALPI-A2.LT.O.O)TPF
282 XAA.0C33A2*Q23A2/C3
283 WA~FsC33FP+Q23E2
284 Y8A.(~l3A24flO23A2
285 XBFmrQ33F,.DQ23E2
286 CALL CADTIIYAA.YAE.XAAaXAE,XPA.XaE)
287 XAAuC1.DQ22A2*0I2A2
288 XAFmflC22E2+012E2
269 V9AmQ22AP*tr0l2A2
290 V8F=r22E2+rl2E2
291 CALL rArYAYEXAXEXAYE
292 XAAuCI*DQ22A2*012AI
293 VAF.DP22F2+012El
294 XBAag22A2*DG12A1
295 W8Fw922F2+U~t2E1
296 CALL CADfl( YCAYCE.XAA.YAEXPA.YQE)
297 XAAuDC33A2*G23AI/C3
298 YAF.T'C33FP+923E1
299 X8Awn33A2*t2023A1
300 X9Eu033E2.D023El
301 CALL CADD(YDAPYDEoXAA*YAEPXPA*YPF)
302 XAA=CI*DG22AI*G2A2
303 XAFuOC22El*012E2
304 XBA=022A1.D012A2
305 XBEnC22E1.fl012E2
306 CALL CADDfYEA*YEE,'WAA.XAE.YPA.XREI
307 xAA=C1'DQ22A1*012A1
308 WAEuIQ22E1+0I2El
309 X8A.V'22Al*DQI2Al
310 X9Ew022F1.DgQ12El
311 CALL CADf(YFA.YFF.XAA.XAE.XPA.ypEl
312 YAAmYPAeKI4ATAI
313 WAF=YPF+HATEI
314 XBAu-YCA*X9-ATA2
315 YBFnYCFKIPATE2
316 CALL CADDfAA-7AE.VAA*XAE,XPA,VPE)
317 FKIIAn?AA*YAA
318 FK11E.7AE+YAE
319 FKI2Au-7AA*YlA
320 FK12Fn7AFYDF
321 YAAaYFA*KHIATA)
32:) YAF=YFE.KH-ATFI
323 XRAm-YFA*nIATA2
324 YBF=YFF4KH4A7F2
325 CALL cADrl(7AA.7AF.WAA,yAE.YPA.YQF)
326 FK22ANYDA.ZAA
327 FK22E.YPF47AF
328 YAAn.11A*rTAI*RAI -d

320 VAF=Fw11F+GTElPR!1
.330 YPRAwFw22A*PTA2*e0RA2
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331 YBF=FK22F+TFE2,RF2
332 CALL CADYV(?AA,7AEaXAAXAE.XBA.YRF)
331 YAA.Fw12A*CrA2*ORA1
334 VAE=FK12FCTE2+GREI
335 XIRA wFK12A*OTA1.(QRA2

336 VE-FBw12FCTEI40PE2
337 CALL CADf(78AZPE*XAAXAEaXRA.yRE) i
338 CALL CADD(EN7A*FNEm7 AA.7AEm7PA,7PE)
339 F-N7AnR2*FN7A
340 PETUPN
341 FLSF
34P XAAm-rC33AP.023A2/C3

343 XAFwr'c33E2+G23E2
344 WBAaQ33A2.D023A2
345 XBFu033F2.DG23E2
346 CALL CADfl(YAAYAFsXAA.XAFYRA.YIE)
347 WAA=-C1.DQ22A2aV012A2
348 XAE=PC22E?.Q12E2
349 XBA.C22A2*DQ12A2
350 W6E.(C22E2.DQl2E2
351 CALL CADV1YRA*YPE&XAA*YAE&XRA*YRE)
352 XAAECI*fl022A2*012A1
353 XAEwD022E2+012E1
354 XBAn-tc22A2.0Q12At
355 WBEw022E2.UO12EI
356 CALL CADDfYCAYCEaXAAYAE.X@A.X9E)
357 XAAaC1*DG22A1*Gt2A2

* 358 XAEuflC22F1.012E2
359 XBA&-C22A1.Dnl2A2
360 YBF=022E1.DQ12E2
361 CALL CADD(YDAYDE.XAA.XAE.XRAXRE)
362 WAA--CI*13022A1.QI2AI
363 YAEuflC22EIi012E1
364 X8AmP22A1.flQt2Al
365 XBr.022E1.U012E1
366 CALL CADfl(YEA&VEE&XAA&YAFXPA..4F)
367 YAA.-IVC33AP*Q23A1/C3
368 XA~wOr33E2+o23Ei
369 WBAufC33A2.flQ23A1
370 Y8FmfO33E?.DQ23El
371 CALL CADfl(YFA,YFEWAA.YAEYPADYPE)
372 YAA=YPA*KHATAI
373 WA~.YP,'(PATFI1
374 XEA=YCA*I(IATA2
375 YBFuYCFKH.ATF2
376 CALL rADD(7AA.7AF.XAA.YAEXPA.WRE)
377 FKIIA=YAAe7AA
378 FK11E=YAF+7AE
379 WAA.yrA*KHATAI
380 YA~.yfF+KATFI
381 YBA=YFA*'HATA2
382 YBF=uYFF+KI.ATF2
383 CAUl. rAf'I7AA,7AEYAA.XAEYPA 3 XPE)
384 FKI2AuYAA*7AA
385 F'wt2FuYAF.7AF
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386 FK22A=-YFA'7AA
387 FK22E=YFF+?AF-
388 XAA=FwI1A*CTAI*nRA1
389 VAE.Fw(1lFCTE1+0RE1
ZI-90 XIBAFK22A.LCTA2.tCRA2
391 XBE=FK22F*QTE2+GRE2
392 CALL CADfl(7AAm7AE.%AAXAE.X8AYE)
393 WAAUFK12A*(CTA2*GRA1
394 XAF=FK12F+CTE2+QRE1
395 XBAnFKIPA*tCTA1,0RA2
396 WBFuFI(12E.CTEJ+CRF2
397 CALL CADf(?PA&7PF*XAAaWAEXPA.XRE)
398 CALL CADflfFN7AvEN7E*7AA,7A~m7PAs7PE)
399 FN7AwR2*FN7A
400 RETURN
401 FND IF
402 END IF
403 C*.
404 IF(((LRCVREfO.2).&NO.(LXMTR.ECo3)).CR.((LRCVR.EC.3),
405 It Awr.fLYI4TR.EQ.2))) THEN
406 C
407 C PECFIVFp IN SFCOND LAYER---TPANS4ITTTFR IN TI-T~r L.AYER
408 C OR
409 C RECEIVER IN THIRD) LAYER --- TRANS'4ITTER IN S~troNr LAYER
410 C a
411 R2wuCPRT(A2MAG*A2MAG/(WAVENOAIENO))/ALP-A2
412 XAAaSCNA2.C1*lO22A2*'112A2
413 XAEwDC22E2+G12F2
414 VBAm022A?.VQ12A2
415 W6Em022E2.,D012E2
416 C.^LL CAB(YAAyAE.XAA.yAE.X4A.XPE)
417 XAAw9GNA2*VQ22A2*G12A1.Cl
418 XAEaflQ22E2+Qt2E1
419 VBAs0P2AP.VQ12At
420 XBE-022F2+nl2Et
421 CALL CA~Y~YEyAy~X~YE
422 YAAwSGNA2'CI'DQ22AI.U12A2
423 %AF.PtC22F1,0t2E2
424 Y6Aw022AIlflgl2A2
425 X8FwG22F1+r~t2E2
426 CALL CADfl(YCAYCF.yAAXAF.XRAYPE)
427 WAnGA*jD02l'1A
428 YAF.TPC22El.QI2E1
42o WC6Au0~22A.tol2A1
430 VPFuC22F1.r012E1
431 CALL CADT)CYDAvYVE*XAA*XAF.'(PAyPE)
437 YAAUYAA*KH-ATAl
433 YAF=YAEI(I.ATFJ
434 YBA.-YFAW -ATA2
435 YFFKI1ATF2
436 CALL rADD (FK12A.FK12EXAA.XAEYAAXRF
437 YAAs-YCA*K)-ATAI
438 XAFwYrFKH.ATEI
439 YBAuyrA.KHATA2
440 Y8FmYI2F.I(IATF2
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441 CALL CADU(FK22A.FK22E.XAA.YAE.YRA.APF)
442 TF(LPCVR.EC.2) TIPFK
443 7AAuFK12A*tOTA2*QRAl
444 7AEwFKj2E(PTE?,tQREl
445 7PAnFK22A'flTA2.CRA2
446 7PEwFK22E*0TF2+CRE2
447 CALL CADD(FLN7AENTE,7AA.ZAE.7qA,7RE)
448 FLSF

449 ?AA=FK12A*OTAt*CRA2
450 7AF=FK12E+ITE1.QRE2
451 7PA=FK22A*PTA2*CRA2
457 7PFNFK2PE+OTF2+CRF2
453 CALL CADD(FNA*ENTEZAA.7AE*7RA,?RE)
454 ENfl IF

!3455 7N7AOR2W*FNZA
456 RETURN
457 FNfl IF
458 C**
459 lF((LRCVR.FQ3)AN.(LPTR.E('.3)) TIPEN
460C
461 C RECFIVER IN TNIRl LAYER--- TRANSMITTER IN' T'-IRE LAYEP
462 C
463 R3uCPRRHALPHA3*ALP-3/hAVENoWAVENC)/AP-03.1%
464 XAAuSGNA2*Cl*V022Al*,112A2
465 XA~aDC22El*Qt2E2 i

466 XBAa(C22A1*DQ12A2
467 YBF=022E1,U012E2
468 CALL CADD(YAAYAE*XAA*XAFaX9AXRE)
469 WAAw8GNA2*G23A2*trQ33Al/C3
470 YAE.023E2.flQ33Ei
471 WBA=DC23A2*033A1
472 W8F.IPC23E2+Q33El
473 CALL CADU(YPA.YRE*XAA*XAEaWBA*YQE)
474 VAA.SC-NA2*Ct.D(O22A2*Q12A2
475 WA~wDtC22F2+0t2EP
476 WBA=022A2*r~l2A2

~eJ477 W9EuQ22E2.DQ12E2
478 CALL CADD(yCA.YrFE.XAAXAEEXRA.XqE)
479 XAAnSGNA2*UQ33A1.023A1/C3
480 XAFOD033EI4023EI
481 X8Amtv33Al*U023A1
482 YB~wV33Fl.UQ23El
483 CALL CADD(YDAYflEYAAYAEYPAYRE)
484 YAAwSGNA?*Cl*P022Al*%12Al
485 YAEm1IO22El.Ot2El
486 XBA.(V22AI~lD12Ai
487 Y8F.C22F1i2rot2E1

488 CALL CADI(YEA*YEE.XAA.XAE.XRAaXQE)

490 WA~nrC22F?.'0t2Ei
*491 YBA.Q72A?.CQt2A1

49P W9!uQ22F2+DQ12E1
4971 CALL CAD1D(YFA.YFE.WAA.XAE.Y8ADXRE)
494 XAAa-YAA*YPA*KHATA1
495 VAEnYAF.YBEKHATPI
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496 WBAsYCA*YDA*KHATAI
497 X6~nyr!.YDF+KI4ATEI
498 CALL CAUD(7AA*7AE*XAA.XAEYPAYPE)
499 XAAuYFA*YBA*KHATA2
B00 XA~aYF,+YBF+KHATE2
501 YBA=-YFA*YI2A*KHATA2
s02 X9EnYFEYDE+KHATE2
503 CALL CAD7A7EXAYEXAXE
504 CALL CADT(FK22AaFK22E,7AA.

7 AEa7PA.Z2E)
505 FN7AuR3*QTA?*EORA2*FK22A
506 FNZEOCTF2.GRE2+FK22E
507 RETURN
508 ENT) IF
509 C.*
510 FNfl
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I 1 !J9Rf'UTjNF MOSMEM.ISRCZCR7,TsFO*R*poE
2 C*****
3 3C THIS PROGRAM E-VALUATES THE FIELr STRENGTH IN A TRILINEAR
4 C P1OIEL fIF THEMOD40IFIED REFRACTIVITY OF THE TROPOSPI-ERE RELATIVE TC
5 C TI4F FREF SPACE VALUF. T14E IELPr 1S PORTIONTALLY PCLAP17 EP.
6 C
7 C INPUTS ...
a c RNG - RANG~FIN KILOMETERS) AT W41CP THE FIELD STREN.TH
9 C IS TO PE EVALUATEDJ.
10 C 7PCVR - HEIGHT (IN METERS) AT WHICH THE FTELr STPENIrT14-
It 11 C TO BE EVALUATEn.
12 C ZWMTR - HEIGHT (IN METERS) CF THE TRANSWITTER
13 C 7EPOS - ARRAY CONTAINING THE 149PA1 EIGENVALUFS O11
14 C NR7 - DIPENSION OF ARRAY 07ER0S'
I5 C NRMOrE - NIJMPER OF mOrAL ETGEI4VALUES CONTAINEr IN ARPAY 07ERCS'

17 c OUTPUTS ...

is C FCMS -COHERENT KP0lE SUP FTELI STRNOTN (It' nFl RELATIVE
~J 19 C TO FREE SPACE VALUE

20 C ElMS -INCOHERENT MODE SUM FIELD STRENGTH (IN DR) RELATIVE
21 C TO FREE SPACE VALUJE
22 C
23 C SUBRnUTINES USED....
24 C FXCFACEHTGAINCADDAnCy
25 C*****..*..
26 IMPLICIT DOUBLE PRECISION*6 (A-HPO-7)
27 COMPLEY 7!ROSXFACBENZACEXP. I,RHO.CSQRT.HFACA.SU4CA.XAAXPA
26 COMPLEY SONG
29 DIMENSION ?EROS(NP7)
30 COMMON/COMTOETAASSALPAIH.CtiISCNG
31 COMMON/COMTHR/2.23.A2MAG.ALPI-A3,WAVENOALPHA2
32 DATA Itbo*os1.O)I
33 DATA P1/3.14t59265/
34 DATA ELCO/O.4342944A2/
35 Ct**o.
36 C INITIALITE
37 C
38 RNGM=RN*1000.O
39 B!TAm2.o*SORTZ2.0.PIRNQPF
40 AIHwI.O-ALPPAItrH
41 CIISQwCII'C1I
42 SUMCA10.00
43 SIJMCEuO.O
44 WRAw(o.oso.0)
45 X8Ewo*0
46 SUMIANO.o
47 SIJMTFuo.o
48 XDAwO.o
49 WDEs0.n
50 C

Ic 51 C EVALUATF MODE SUMS
52 C
53 Do 100 JMODFuIaNRMODE
54 RHO.WAVFNO.CS0RT(A1 -,I*ETAARS-CIISQ*7EROS(JM~nE)I

S 55 HFACAUCFXP(-I.(REAL(RHO)-WAVENO)*RNGM)
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56 1FACF=A!MAG(RHOI*PNGM
57 CALL EXFCYAFCE7R'(pn)
58 CALL HYANE7,NEZPS~~r)7CR7MP
59 YAAwXFAC*FN7A*IFACA
60 XAnAC.FN7+HFACF
61 C
62 C CI)HFRENT MnrFl SUM~
63 C
64 CALL C~~sJC*('CjXAYF*XAYE
65 YSA=SIJPCA
66 YRE.=I'!'CF
67 C
66 C INCONERFNT POIJE SUM

70 XCAuCAPS(XAA)*CAPS(WAA)
71 YCE=2.0'XAE
72 CALL ADrY(I)MiA.SIJMIE.XCAYCE.XtAYlE
73 YDA.SIr'IA
74 XDFwulIIF
75 100 CfnNTINUF
76 C
77 C CALCULATE COHERENT POI)E SUM FIELI- STRFNGTl-
78 C
79 FCMS=20.0*(ULfGO(ETA*CAPS(SUMCA)),SUMCE*EL(PIO)
60 C
61 C CALCULATF INCOH4ERENT NMO1E SUiM FIEL!' STRENGTH~
82 C
63 ETMS200tfLOG(PTA*SCRTISt'TA))+..5.UM'IF*ELcC10D
84 RETURN
85 C*****
86 END
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I MUBROUTINE SEAH2O(SIGFF.EPSEFFmTS.FREQ)
2 C**********
3 C TIIS PROGRAM EVALUATES THE REAL EFFECTIVE RELATIVE
4 C rIFLECTRIC CONSTANT AND THE REAL EFFECTIVE COKnUCTIVITy
5 C CF SFAWATER AS A FUNCTION OF TEMPERATURE, SALINITY. ANI
6 C FREQUENCY. THIS PROGRAM IS RASED ON THE PAPERS
7 C L.A. KLEIN AND C.T. SWIFT 'AN IMPROVED MODEL FOR THE
8 C rIELECTRIC CONSTANT OF SEA WATER AT MICROWAVE
9 C FRFOUENCIES' IEEE TRANS. ANT. AND PROP.# VOL. 25 (1977)
10 C 104-1i1.

12 C NOTES THE VALUES THIS PROGRAP GIVES FOR EPSEFF AND
13 C SIGEFF AS THE SALINITY APPROACHES ZERO ARE NOT
14 C CONTINUOUS WITH THE VALUES GIVEN WVEN THE SALINITY
15 C EQJALS ZERO. SEE THE PAPER BY KLEIN AND SWIFT.
16 C
17 C INPUTS...
18 C T - TEMPERATURE OF SEAWATER (IN DEGREES CELSIUS)
19 C S - SALINITY OF SEAWATER (IN GRAMS SALT/KG SEAWATER)
20 C FREQ - FREQUENCY (IN HERTZ)
21 C
22 r OUTPUTS...
23 C SIGFFF - THE REAL EFFECTIVE CONDUCTIVITY (IN SI/H)
24 C FPSFFF - THF REAL EFFECTIVE RELATIVE DIELECTRIC CONSTANT
25 C
26 C NOTE, THE COMPLEX DIELECTRIC CONSTANT. EPS. IS EQUAL TO
27 C EPSuEPSEFF-I*STGEFF/(2*PI*FREC*EPSO)
28 C kHERE EPSO IS THE PERMITTIVITY OF FREE SPACE
29 C.*.....* .
30 IMPLICIT DOUBLE PRECISION*6 (A-H.O-7)
31 DATA P1/3.,1415926536/i 32 DATA EPS0/8.,5434E-12/
33 C
34 OMEGA=P.O*PI*FREQ
35 C*****
36 C CALCULATE THE STATIC DIELECTRIC CONSTANT
37 C
38 IF(S.GToO.O) THEN
39 ETmA7.134*T*(-O.1949,T*(-I.276E-2+2.d49E-4*T))
40 ASTat.O,1.613E-5S*T*,*(-3.656E-3+S*(3.210E-5-4.232E-7*S))
41 ESsET*AST
42 ELSE
43 FSm8.045+T*(-O.4147,T*(6.29SE-a 1.075E-5*T))
44 END IF
45 C*****
46 C CALCULATE THE RELAXATION TIME
47 C
48 TTu1.768E-I,*T*(-.O06E-13T.(1.tOdE-14-8.IIIE-17*T))
49 SSTau.O.2.2e2E-5*S*TS*(-7.638E-4+s*(-7.760E-6+l.IOSE-8*S))
50 TAUuTT*eST
51 C*****
52 C CALCULATE THE IONIC CONPUCTIVITY
53 C
54 DFL25.O-T.
55 BFTAu2.033E-2+DEL*(1.266E-4,2.464E-6*DEL)-S*(I.edgE-5
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56 9 +DEL*(-2.551E-7+2.55lE-8.DEL))
57 'SIGuS*IO.182521.SeI-1.46192E-3,s.(2.09324E-5-1.2e2O5E-7*S)))

58 8IGMAm8IG*DFX?(-DELRETAI
59 C.....
6b0C CALCULATE TIPE REAL EFFECTIVE RELATIVE DIELECTRIC CON~STANT
61 c
62 FPSIN~w4.9
63 FACw(ES-EPSINF)/( 1.GOM1EGA*TAU)**2)
64 FPSEF~eEPS!NF+PAC
65 C.....
66 C CALCULATE TI'E REAL EFFECTIVE CoNnUCTIVITY -
67 C
68 SIGEFuoNEGA*OMEGA*TAIJ*EPSO.FAC4SIGMA
69 C.....
70 RETURN
71 END
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I SURROUTINE DPORI7fflI?ZRCVR&ZXMTR)
2 C..........
3 C THIS PRrGCRAM CALCULATES THE moRizrj rISTANCF FOR ARECEIVER
4 C AT HFIGI-T 7RCVR ANt A TRANSMITTER AT I-FIGmT 7VMTR5 SC
6 C INPUTS...
7 C ZRCVR - RECEIVER I-EIGI-T (IN PEtTERS)
a C ZXMTR - TRANSMITTER HEIG14T (IN 'IETERS)
9 C
10 C OUTPUT0 ...

1 111 C nH71 - HORIZON flISTANrCE (IN KILOM~ETERS)
12 C******.*..
13 IMPLICIT IlnUSLE PRECISIOtN.f (A-',.0-7)
14 C
15 C RADIUS oF FARTH (IN METERS)
16 C
17 DATA R/6.378160E6/
18 C...,.
19 C CALCULATE FFFECTIVF EART- RADTLS
20 C
21 REFFn4.0*R/3.O
22 C*****

4423 C CALCL'LATF APPROXIMATE HORT70N rISTANCE FOR RECEIVER ANDt
24 C TRANSMITTER

26 HRCVR=PS0RTf2.0*REFF*ZRCVR)
27 HXMTPuIrSQPT(2.0*REFF*ZXMTR)
26 C.....
29 C COMPINFr HORIZON rISTANCE IN ViLIY4FTERS
30 C
31 DHZ=(I4PCVR*PXMTRI.I.OE-3
32 RETURN
33 END
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I FUNCTION CASINI!)
2C.ae.*
3 C THIS SUePROGRAM COPPUTES THE CCVPLEY ARCSINF CF WIE COMPLEX
4 c NUMBER 7
5 C....**.*
6 CaMPLEY CA9IN*7.cLoG.cSnRT.i
7 EATA 1/(OOat.Ou/
a fCAtINn-!*CLOG(CS0R7t 1.O.7*7),I*7)
9 RETURN
t0 END
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10. SAMPLE OUTPUT FROM XWVG

FRP'O a 5p0.oouo IVI7
ALPI"Al a 0.2361E-1 6 /V
ALPHA,? a -0.6496P-66 IM
ALP"A3 a 0.5IA4F-Q6 Im

73 a 304.POOU M

ALO1SS * .0i)1R/KMt

Pt .OE' w :341.01)

-OR17rwtTAL PCOLAR17AtI11d

PAWATEP TFMPFPATIJRF u .6000iF01 n'F;PFFS rELFTtS
?FAWATEP SALINITY u 3.Su00F.Ot r.RA:4S SALT/Ier SFA','ATFP
rPLTA 0 .OOOtlpuO M
FPSGN1! 6,5257E-10 FARAnS/t'

~9tGH1 * 494544Fe+U') Mt-OSIM
FTA a 0.0000E+00

7EPICS PFOUND IN FXPAN'rE1 SEARi-U RECTANGLE flEFIN-.l9 PY
TLFT 0.00 7RIG1HT * 2.00 TOCT = .n0 T-0, -

FIGFN( 1) 1 .0946E+00 1.5e15E-OA

7ERCS FOUNTI IN PXPANrFr SFARC 4 RECTANgLE flEF!NEr nY
TLFFT * -2.Ou TPIGI4T - 0.0 TOCT - 0.00 27'-

PIGENC 11 u -1.3~124r+00 A.P(V07E-fl6

?7ERCS nUNDj IN FXPANrEr 1EAP04 RECTANCLE "IEFINE*, -!Y
TLFFT a -4,0) TPIGnT n -2.00 TPCT a 0.00 TT0O'
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.7 7-;-7 7 * *. .-7i...- ..

7FFOS FOUND IN FXPANrEr SEARCH RECTANGLE nEFYNEn rly
TLFFT * -6.00 T -nH -4.00 To1 .00 2

FIGEN( 1) - -4.2052F+00 2.2411E-09

7EQ'CS FOUND) IN FXPAN~rEr SEACH~ PECTANPLE i'EF~t.EPt " l
TLFFT * -8.00 TRIPPT = -6.00 TPCT o .00 770716 2

7ERrS FDUNl IN F'(PANrEr SEARCH- RECTANGLE nEFItNE- ly
TLFFT a -10.00 TR~gHT * -A.00 TPCT u 0.00 '1707 2

7FPOS FOUND IN EXPANr~r SEARCH4 RECTAN(PLE nEFTK'E-, Py
TLFFT a -12.00 TPIGPIT u -10.00 TPCT - 0.00 TTO0, 2

7 EPCS FflUND IN F.XPANrEr SE.ARCH4 RECTANGLE I'EFTNET1 F'y
TLFFT a -14.00 TRTPI4T w -12.00 TPCT u 0.00 TT0O' 2

7 EPCS FOUND) IN EXPANrE~r SEARCH RECTANGLE PEFINEl PY
TLFFT a -16.00 TRIGH'T w -14.00 TPCT = 0.00 TTOP 2

7FROS FOuIND IN EXPAN)F SEARC- RECTANGLE rEFNE) IPy

TLFFT * 200) TR!GPT * 4.00 T12CT - f.oc TCP a 2

FIGFK( 1) - 2.4514E+00 3.fA17E-03
EIGEN( 2) a 3i.e44E.00 5.F611E-02
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7FRO~S FOIIND IN EgPA~nFfl SEARCii REcTAK~GLF rFFINFD PY

*TIEFT 4 .tJ0 TPIGI-T 6.00 TrCT * 0.00 TTCPl 2

EJGFhf 1) * 5.7977E.00 2,VntQE-01

7FROS FOLI IN E2(PA~nD~f SEARCH~ RFCTAIKGLF TFF11NE-i PY

TLFFT * 60011 TRIGI-T * .00 TrCT 0*0 'IC TCP = 2

ETGEKH 1) * 7.0447E+00 6.19569E-01

?EROS FOUND IN EX(PA1nFlD SEARCH- RFCTAN~GLE DEFINED Ry

TLFFT * A.00 TRIGl:T a 10.00 TPCT a 0).00 TTCP = 2

EIGEN( 1) q .1272E+00 g.7l805E-01

IFROS FOUND IN EXPAMWT) SEARCH RECTANGLF DEFINED PY

TIEFT 10.00 TRIGIHT 12.00 TPCT * 0.00 TTCP * 2

E IGEN f 1) t .1421E.01 l.Z358E+00

7FROS FOIIND IN E'(PANflFT SEARCH. RECTANGLE DEFINED RY

TLFFT * 12.00 TRIGIT a 14.00 Tr-CT no0.0 TTCP * 2

ETCEK( 1) a 1.3989E+01 1.6250E+00

7FPOS FOUND TN EXPANDEl SEARCH RECTANGLE rFFINED RY
TLFFT 14,00 TR-IGPT 16.00 TPCT * 0.00 TTCP 2

EIGEN( 1) * I3989E.O1 1.6259E+00
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j ~ ~ ~~7FOS FOUIND IN EXPANnFl CEARP RECTAN~GLE rFFTNFD Py0.0 7C 2

EIGFN( 1) t.6795r+01 1.9917E+00

7FROS FOIINJ2 IN FXPA~~rFn EARCH RECTANGLF y'EFINE' By
TLFFT - 18.00 TPIGIPT u 20.00 TPC 0.00o TTCP = 2

ETGFIN( 1)- t.978QF:.01 2.2808E+00

7FROS F0IIN1P TN EXPAI~n'F SEARCH~ RECTArNGLF EFFTNFl By
TLFFT * 20.00 TRIG T = 22,00 TrCT n .00 TTCP 2

7EROS FOUJND TN FXPANlF1  SEARCH~ RECTANGCLE rFTNFD Py
TIEFT u 22.00 TRIGI-T - 24.00 TPCT = 0.00 TTCP u 2

EIGEN'( 1) 2.310 3F.01 2.6178E+00

7FROS MOIND IN FXPA~nIF SEARCH' RECTANGLF rEFINED Py
TLFFT * 24.00 TRIGPT * 26.00 TPCT = 0.00 TTCP * 2

7FRflS FOIINnI)N FXPAKPFl SEARCH' RECTANGLF TFFTNFr PY

TLEFT n 26.00 TRIGI-T - 28.00 TrCT = 0.00 TTCP 2

7FROS MIuND TN EXPA~nFU SEARCH RFCTANGLF rEFINEl RY
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TIFFI 2ft.00 TRIGIPT * 30.00 TECT - n.o0 T UC 2

7FROS FOIINT) IN EXPANnFD SEARCH' RECTANGLF rEFINED RY

TLEPT 30.00 TRIGt-T 32.00 Tr.CT n .00 TTCP 2

7FR08 F01IN11 IN EXPAKPT'E SEARCH. RECTANGLE rFFINEn PY
TLFFT 32.00 TRIGH.T * 34.00 TFCT - 0.00 TTC' * 2

SEPLUTIONS OF THE MODAL ErUATION

0111 1) a -d.2052E*00 2.2410E-09 THJETA( 1) a 3.2552E-13 2.67
OM1 2) a -2*5895E*0O 4.685PE-07 THETA( 2) a e.8669E-11 2.64
Oi 3) w -l.3124E.O0 8.8007E-06 TH~ETA( 3) a 1.2g89E-09 2.63
Oil( 4) a -1*4630E-01 3.9252E-05 TlI-ETA( 4) a S.e3l7E-09 2.61
all( 5) a i.0946E*00 1.581SE-04 TH~ETA( 5) w 2*366SE-08 2.59
@111 6) = 2*4514E#OO 3.6817E-03 TI-ETA( 6) w 5.S526E-07 2.57
a111 7) a 3*8'044E*oo 5.86t1E-02 TH~ETA( 7) a 8.9105E-06 2.55
Gllf 8) a 5.2977E400 2.9019F-01 TH'ETA( 8) u 4.451!E-05 2.!53
0111 9 0 7.0447E~o0 6.3569E-01 THdETA( 9) a .8P564E-05 2.SO
011( 101 a 9.1272E~cjo 9.7805E-01 THdETA( 10) a 1.5364E-04 2.47
all( 11) a t*1421E*01 1.3358~EOO0 THETA( 11) a 2.1297E-04 2.43
Oi 12) m 1.3989E4OI 1.6259E.oo THETA( 12) a 2.636eE-04 2.39
all( 13) a 1.6795Eol 1.99i7Eoo Tl.ETAf 13) a 3.2932E-04 2.34
Oil( 141 a 1.9789E~oI 2.28o8E+IYO THETA( 14) a 3.e5l2E-04 2&29
Gjl( 15) * 2.3to3E401 2.6t7eE~oo THETA( 15) 4 .5343E-04 2-24

FIELD STRENGTH RELATIVE TO FREE SPACE VALUE

RANGE ZXMTR 7RCVR COHERENT INCOHERENT HPIRMZN
1K)(M) 11M) MOflE SUP MODE SUP r13TANCE

185.32 30.480 0.000 -68e7303 -57.8077 22.77
185.32 30,480 2.000 -19.6558 -8.722e 28.60
185.32 30.480 4.000 -13.7076 -2.7435 31.02
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185.32 30,480 6.000 -10.2968 0.7192 32.87
185.3 30.4AO 8.000 -7.9531 3.1361 34.43
185.32 30,480 100000 -6.2162 4.9679 35.8!
185.302 30.480 12e000 -4.8815 6.4194 37.06
185.32 30,480 14.000 -3.8410 7,5094 38.20
185.32 30,480 16.000 -3.0307 8.5726 39,27
185.32 30,480 18.000 -2.4098 9.3A02 40.7
185.3P 30.4A0 20.000 -1.95in 10.0503 41.21
185.32 30.480 22.000 -1.634A 10.6n24 J2.11
185.32 30,480 24.000 -1.4466 11.0509 42.97
185.32 30,480 26.00o -1.3746 11.4n64 43.80
185.3P 30,480 28.000 -1.4074 11.6771 44.59
185.32 30,480 30.000 -1.5330 11.8693 45.36
185.32 30.480 32.000 -1.73e0 11.98e2 46.10
185.32 30,480 34.000 -1.99F1 12.0383 46.A2
185.32 30,480 36.000 -2.279P 12.0234 47.01
185.32 30.480 38.000 -2.5512 11.9473 48,IQ
185.32 30,4A0 40.000 -2.75P2 11.8141 48.85
185.3P 30,480 42.000 -2.8472 11.6283 49.50
185.32 30.480 44.000 -2.7757 11.3957 50.13
185.32 30,480 46.000 -2.5264 11.1233 50.74
185.32 30,480 48.000 -2.1143 10.8204 51.34
185.32 30,480 50.000 -1.57P7 10.4984 51.93
185.32 30,480 52.000 -0.9676 10.1715 52.51
185.32 30e480 54.000 -0.3248 9.8962 53.07
185.32 30,480 56.000 0.3167 9.5705 53.63
185.32 30,480 58.000 0.932 9.3314 54.18
185.32 30.480 60.000 1.5183 9.1532 54.71
185.32 30.480 62.000 2.06n0 9.0440 55.24
185.32 30.480 64.000 2.5587 9.0042 55.76
185.32 30.480 66.000 3.0153 9.0266 56.27
185.32 30.480 680000 3.4318 9.097e 56.78
185.32 30.480 70.000 3.eJ03 9.2011 57.27
185.32 309480 72.000 4.1528 903193 57.76
185.32 30.480 74.000 4.4602 9.436e 58.25
185.32 30.480 76.000 4.7322 9.5399 58.72
185.32 30.480 78.000 4.9672 9.6193 59.19
185.32 30.480 80.000 5.1623 9.6680 59.66
185.32 30.480 82.000 5.3132 9.6821 60.11
185.3 30.480 84.000 5.4143 9e6604 60.57
185.32 30.480 86000 5.4590 9.6039 61.01
185.32 30.480 88.000 5.4396 9.5161 61.46
185.32 30.480 90.000 5.3476 9.4021 61.89
185.32 30.480 92.000 5.1737 9.2693 62.33
185.32 30.480 94.000 4.9079 9.1263 62.75
185.32 30.480 96.000 4.5401 8.9A2e 63.1p
185.32 30.480 98.000 4.0608 8.84e7 63.60
185.32 30.480 100.000 3.4633 8.7331 64.01
185.32 30.480 102.000 2.7492 8e6430 64.42
185.32 30e480 104.000 1.9395 8.5$127 64.A3
185.32 30,480 1060000 100961 8.5528 65.23
185.32 30.480 108.000 0,3532 8.5503 65.63
185.32 30.480 1100.00 -0.0739 8,5693 66.02 -
185.3P 30o480 112.000 000218 8.6020 66.41
185.32 30.480 114.000 0.6666 8.639@ 66.80
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185.32 30.480 116.000 1.6773 8.6745 67.19

185.32 30.480 118.000 2.8228 8.6991 67.57

185,32 30.480 120.000 3.9438 8.7081 67.95

165.32 30.480 122.000 4.9591 8.6984 68.32

185,32 30.480 124.000 5.8347 8.6686 68.69

185.32 30.480 126.000 6.559.4 8.6196 69.06
185.32 30.480 128.000 7.1312 8.5544 69.43
185.32 30.480 130.000 7.5505 8.4774 69.79
185,32 30.480 132.000 7.817A 8.3946 70.15
t85,32 30.480 134.000 7.9315 8.3123 70.51
185,32 30.480 136.000 7.8879 8.2372 70.86
185,32 30.480 138.000 7.6802 8.1751 71.22 -.

185.32 30.480 140.000 7.2993 8.1301 71.57
185,32 30.480 142.000 6.7340 8.1044 71.91
185.32 30.480 144.000 5.9749 8.097e 72.26
185.32 30.480 146.000 5.0246 8.1071 72.60
185.32 30.480 148.000 3.925A 8.1283 72.94

185.32 30.480 150.000 2.8227 8.1557 73.28
185.32 30.480 152.000 2.0505 8.1834 73.61
185.32 30.480 154.000 2.0454 8.2059 73.95
185.32 30.480 156.000 2.g106 8.2186 74.28
185.32 30.480 158.000 4.2767 8.2184 74.61
185.32 30.480 160.000 5.7398 8.2040 7494-
185.32 30.480 162.000 7.0905 8.1751 75.26
185.32 30.480 164.000 8.2566 8.1337 75.58
185.32 30.480 166.000 9.2248 8.0824 75.90
185.32 30.480 168.000 10.0009 8.0253 76.22
185.32 30.480 170.000 10.5953 7.9667 76.54
185.32 30.480 172.000 11.016A 7.9109 76.86
185.32 30.480 174.000 11.2720 7.8616 77.17
185.32 30.480 176.000 11.3637 7.8213 77.48
185.32 30.480 178.000 11.2919 7.7909 77.79
165.32 30.480 180.000 11.0534 7.7699 78.10
185.32 30.480 182.000 10.6430 7.7561 78.4,1
186.32 30.480 184.000 10.0548 7.7467 78.71
185.32 30.480 186.000 9.2906 7.7416 79.01
185.32 30.480 188.000 8.3716 7.7441 79.32
185.32 30.480 1900.00 7.3596 7.7568 79.62
185.32 30.480 192.000 6.4019 7.7822 79.91
185.32 30.480 194.000 5.7635 7.8220 80.21
185.32 30.480 196.000 5.7329 7.8775 80.51
185.32 30.480 198.000 6.3683 7.9494 80.80
185.32 30.480 200.000 7.4356 8.0383 81.09
185.32 30.480 202.000 8.6476 8.1439 81.38
185.32. 30.480 204.000 9.8260 8.2659 81.67
185.32 30.480 206.000 10.8939 8.4032 81.96
185.32 30.480 208.000 11.8288 8.5548 82.?5
185.32 30.480 210.000 12.6314 8.7193 82.53
185.32 30.480 212.000 13.3109 8.8949 82.82
185.32 30.480 214.000 13.87P7 9.079e 83.10
185.32 30.480 216.000 14.3463 9.2713 83.3@
185.32 30.480 218.000 14.7239 9.4875 83.66
185.32 30.480 220.000 15.0208 9.6658 83.94
185.32 30.480 222.000 15.2449 9.8635 84.22 -

185.32 30.480 224.000 15.4035 10.0577 84.49
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185.32 30.480 226.000 15.5028 10.2458 84.77
185.32 30.480 228.000 15.5482 10.4250 85.04
165032 30.480 230.000 15.5448 10.5928 85.31
185.32 30.480 232.000 15.4969 10.7468 85.59
185.32 30.480 234.000 15.4085 10.8A46 85.86
185032 30.480 236.000 15.2831 11.0044 86.12
185.32 30.480 238.000 15.1240 11.1042 86.39
165.32 30.480 240.000 14.9340 11.1825 86.66
185.32 30.480 242.000 14.7157 11.2380 86.93
185.32 30s480 244.000 14.4714 11.2695 87.19
185.32 30.480 246.010 14.2030 11.2762 87.45
185.32 30.480 248.000 13.9125 11.2573 87.72
185.32 30.480 250.000 13.6012 11.2123 87.98
185.32 30.460 252.000 13.2705 11.1408 88.2A
185.32 30.480 254.000 12.9217 11.0426 88.50
105.32 30e480 256.000 12.5556 jo,9175 88,75
185.32 30.480 258.000 12.1732 10.7657 89.01
185.32 30.480 260.000 11.7751 10.5A72 89.27
185.32 30.480 262.000 11.3621 10.3823 89.52
18532 30.480 264.000 10.9348 10.1512 89.78
185.32 30.480 266.000 10.4938 9.8944 90.03
185032 30.480 268.000 10.0396 9.6123 90.28
185.32 30.480 270.000 9.5730 9'3056 90.54
185.32 300460 272.000 9.0947 8.9746 90,79
185.32 30.480 274.000 8.6055 8.6207 91.04
18532 30.d80 276.000 8.1063 8.2441 91.26
10632 300480 278.000 7.5984 708460 91.S3
10.32 30o480 2600000 7.0630 7.4275 91.78
18632 30o480 282.000 6.5616 6.9898 92.02
116632 30.480 284.000 6.0360 6.5343 92.27
16*31 30o480 2860000 5.083 6.0627 92.91
118032 30.480 2688000 4.9606 5.5769 920.76
166.32 30.480 2900000 4.4562 5.0791 93000
18.31 30.460 292.000 3.9376 4.5719 93.24
18532 30.480 294*000 3.4283 4.0583 93,46
185032 30o480 296.000 2.9322 3.541! 93.72
189.3 300480 296000 2.4538 30260 93.96
116.32 30e410 300*000 109977 205180 94.20
16932 30o480 302.000 1.5692 2.0214 9444
18,32 30.480 304.000 1*1743 105434 94o68
165.32 30.480 3060000 0.0187 1.0913 94.91
10532 30.480 308.000 0.5035 0.6678 95.10
18632 30.480 3100000 0o2255 092716 95.38 "
135632 30.480 312.000 -0.0186 -0.0987 95.62
185o32 30.480 314.000 -0o2324 -0.4445 95065
115.32 30.480 316000 -0.4191 -007674 96.08
185.32 30.480 318.000 -0o5s2O -100689 96.31
185032 30.480 320o000 -0*7240 -1.3504 96054
185.32 30e460 322.000 -0.8478 -1.6134 96.77
185.32 30.480 324,000 -0.9559 -1.8591 97,00
185.32 30.480 326.000 -1.0504 -200890 97.23
165.32 30.400 326.000 -1.1333 -2.3042 97046
185.32 30.480 330.000 -1.2063 -2.5018 97.69
165.32 30.480 3320000 -1.2708 -2e6990 97.91
16032 30e480 334*000 -1.3282 -2.8716 96.14
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185032 30.480 336.000 -1.3794 -3.0399 98.37
105.32 30.460 338.000 -1.42E4 -3.1074 98.59
185.32 30.480 340.000 -1.4671 -3.3459
185,32 30.480 342.000 -. 50 1 3.4982 8.04

185.32 30.480 344.000 -1.5401 -3.6190 99.26
185.32 30.480 346.000 -1.5724 -3.7447 99.4s.165.32 300480 348.000 -1.6026 -3.8640 99.70
185.32 30.480 350.000 -1.6309 -3.9773 992
165.32 30.480 352.000 -1.6579 -4,OA51 10.12

18532 30e480 354.000 -1.6835 -4.178 100.36
1 6632 30 .4 0 356.000 -1.7081 4.28 100.58185.32 30s480 356.00 -1.7319 -4.3793 100.80

185.32 30.480 360.000 -1.7551 -4.4688 101.02

165.32 30.460 362.000 -1.777A -4.5545 101.24185.32 30o480 364.000 -I.eoon -4.6366 101.45
185.32 30.480 366.000 -1.8220 -4.7155 1067
165.32 30.480 368.000 -1.8438 -4.7012 101.88185.32 30,480 370.000 -1.8654 -4.8640 102.10105.32 30.480 372.000 -1.8869 -4.9341 102,3118532 30.480 374.000 -1.9084 -500017 102.53
165.32 30.480 376.000 -1.9299 -5.0669 102.74
165.32 30.460 378.000 -1.9514 -5.1298 102.95185632 30e480 360.000 -1?9731 -5.1906 103.16165.32 300480 382.000 -1.9948 -5.2494 103.37
185.32 30.460 364.000 -2.0166 -5.3063 103.58185.32 30.480 386.000 -2.0387 -5.3614 103.80
18632 30.460 36.00- -2.0606 5.4148 104.0018532 30.460 390.000 -2.032 -5.4666 104.21
18032 30*480 392.000 -2.1057 -5.5169 104.42
18532 30.460 394o000 -2.1284 -5.5658 104.63166.31 30.460 396.000 -2.1513 -5.6133 104.64
185.32 30e460 398.000 -2.1744 -5,6594 105.04
185.32 30,480 400.000 -2.1977 -5.704Z 105.25
18532 300460 402.000 -2-2212 -5.7481 105.46165.32 30.460 404.000 -2.2449 -5.7907 105.66
186.32 300480 406.000 -2.2686 -5.8320 10587165,31 30o460 406.000 -202928 -5.8725 106.07185.32 30.460 410.000 -2.3171 -5.9120 106,28
165.32 30o480 412o000 -2.3417 -5.9501 106.48
165.32 30.480 414.000 -2*3664 -5.9881 106.68185.32 30.48b 416.000 -2.3914 -6.0249 106.88
165.32 30.460 416.000 -2.4166 -6.0608 107.0918531 30.480 420.000 -2.4419 -6.0959 107.29
166.32 30.480 422o000 -204675 -6.1302 107.49815.32 30.480 424.000 -2.4933 -6.1638 107.69
186532 30.480 426.000 -2.5192 -6.1967 107.69165.32 30.480 426.000 -2o5454 -6.228e 108.09
165.32 30.460 430.000 -205717 -6.2603 108029185.32 30o480 432.000 -2.5983 -6.2912 108.49.3 30.480 434.000 -2.6250 -6.3214 108.69
165.32 30.460 436.000 -2.6520 -6.3510 108.88185.32 30e480 438.000 -2.6791 -6.3801 109.0818532 300480 440.O00 -2o7065 -6.406 109.28
165.32 30.480 442.000 -207340 -6.4365 109.47
109.31 300480 444.000 -2.7617 -6.4640 109.67
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185.32 30.4110 446.000 -2.7896 -6.4909 139.$17
165.32 30,480 A48.000 -2.e176 -6.5173 110.06
185.32 30,440 1530.000 -2.84F9 -6.5433 1l0.25
165.32 30.460 A52.000 -2.8743 -6.56Pe11.4
185.32 30,440 454.000 -2,903n -6.593e 110.64
185.32 30,460 456.000 -2.9319 -6.6104 110.$14
185.32 30,480 4580000 -2.96o7 -6,6426 1n
185.32 30.44o 460.000 -2.9899 -6.66e4 111.2
185a32 30,480 162.000 -3.0192 -6.6ft9e 111.41
185.32 30.480 464.000 -3o04PS -6.712P 111.61
185.32 30,480 466.000 -3.07PA -6.73!4 111.pt0
165.32 30,480 468.000 -3010P3 -6.757C 111.99
185.o32 30,.480 d70.000 -3.138'. -6.77C! 112.1A
185o32 30,480 '72.000 -3.16P6 -6,8011 112.37
185.32 30.480 474.000 -3.1l9fl -6.8223 112.96
185.32 30.480 476.000 -3.2295 -6.A432 112.7r
165.32 30.480 478.000 -3.2603 -6.863e 112.94
185.32 30,480 460.000 -3.2912 -6.AA40 113.)2
185632 30.480 482.000 -3.3222 -6.9n40 113.31
185.32 30.480 484.000 -3.353r5 -6,923e6135
165.32 30.480 486.000 -3.3849 -6,9430 113.69
165.32 30.46t) 488.000 -3.4160; -6.9621 113.A7
185032 30.480 J90.000 -3.1182 -6.9M09 114.06
185.P 30e460 4492.009 -3.4801 -6.9Q94 114,2!-
185.32 30,480 d94e000 -3.5122 -7.0177 114.43
185.32 30.480 446.000 -3.545 -7,0357 114.62
185.32 30o480 198000n -3.5769 -7.053! 114.A0
165.32 30a460 500.000 -3.6094 -7.0710 114.99
185.32 30e480 5029000 -3.6122 -7.0883 115.17
185.32 30.480 5304*000 -3*67! 0 -7.1053 115.36
18532 30.480 506.000 -3o7081 -7.1222 115.54185.o32 30.b480 5060000 -367413 -7.13@e 11S.724
185o32 30.480 510.000 -3.77j7 -7.1i551 115.90
t85.32 30.480 5120000 -3.8082 -7.1713 116.04
185.32 30.480 514.000 -3.84ig -7.1873 116.27185.32 30.o480 5160000 -3.8757 -7.2q30 116.45
185.32 30.460 518.000 -3.9097 -7.2186 116.63
165032 30.48o 520*000 -3.943F -7.2339 116.81
185.02 30e480 522.00o -3.97181 -7-2491 116.99
185.32 30,480 524.000 -4.0125 -7.2640 117.17185.32 309480 526.000 -4.0471 -7.278e t17.35185*32 30.480 528.000 -4.0$18 -7.2934 117.53
165.32 30*480O 530.000 -A.1167 -7.307e 117.71
185.32 30.480 532*000 -4.1517 -703221 117.89
165.32 30*480 534*000 -4.1869 -7.3362 11a.07
185.32 30.480 536*000 -4*2222 -7.3501 118.215165.32 30.480 538.000 -4.2576 -7.363e 118.43
185.32 30.480 540.000 -4.2932 -7.3774 118.60185.32 30*480 542.000 -4.32P9 -7.390e 118.78l
185.32 30e440 544.000 -A.3641t -7.4041 118.96
185.32 30e460 546,000 -4.4008 -7.4172 119.11185*32 30.480 548.000 -4.4369 -7.4301 119.31165.32 309460 550.000 -4.4731 -7.4429 119.19
165.32 309480 552.000 -4%5095 -7.45!e 119.66185032 30*480 554.000 -4.546n -7o4681 119.84
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185,32 30.480 556.000 -4.5826 -7.4A05 120.01

185,32 30.480 558.00n -4.6194 -7.4927 120.19

185.32 30,480 560.000 -4.65e3 -7.5049 120.36
185,32 30.480 562.000 -4.6933 -7.516@ 120.54

185.32 30.480 564.000 -4.7304 -7.52e7 120.71

185.32 30.480 5660000 -4.7676 -7.5404 120.8P
105,32 30,480 568.000 -4.8050 -7.5520 121.06
185.32 30,480 570.000 -4.e424 -7.5634 121.23
185.32 30,480 572.000 -4.8800 -7.574e 121.40

185,32 30.440 574.000 -4.9177 -7.5860 171.50
185032 30.480 576.000 -4.g5lr -7.5971 121.75

185,32 30,480 578000 -4.9934 -7.6n01 121.92
185.32 30.480 5800000 -5.0314 -7.6189 122.09
185,32 30.480 582.000 -5.0695 -7.6297 122.26
185,3P 30,480 584.000 -5.1077 -7.6403 122.43
185.32 30.480 586.000 -5.1461 -7.6508 122.60
185.32 30.480 588.000 -5.1845 -7.6613 122.77
185,32 30.480 590.000 -5.2230 -7.6716 122.94
185.32 30,480 592.000 -5.2616 -7.6818 123.11
185.32 30.480 594.000 -5.3003 -7.6019 123.28
185o32 30.480 596.000 -5.3391 -7.7019 123.45
18532 30.480 598.000 -5,3780 -7.7118 123.62
185.32 30.480 6000000 -5.41e9 -7.7216 123.79
185.32 30e480 6029000 -5.4560 -7.7313 123.96
185.32 30e480 604.000 -5o4951 -7.7409 124e13
185.32 30*480 606.000 -5.5343 -7.7504 124.29
105,32 30,480 608.000 -5,5736 -7,7099 124.46
185.32 30*480 610,000 -5.6130 -7.7692 124o63
185.32 30,480 612.000 -5.6525 -7,7784 124.79
185.32 30.480 614.000 -5.6920 -7,7876 124.96
185.32 309480 616o000 -5.7316 -7,7966 125.13
185,32 30s480 6180000 -5.77t3 -7,8056 125.29
185.32 30e480 620*000 -5*8110 -7,8145 125.46
185.32 309480 622*000 -5.8509 -7,8233 125.62
185.32 300480 624.000 -5.8907 -7.8320 125.79
185.32 30,480 626,000 -5.9307 -7,8407 125.95
185.32 30o480 628.000 -5,9707 -7.8492 126.12
185.32 30.480 630,000 -6.0107 -7.8577 126.28
185.32 30e480 632000 -6.0509 -7.8661 128.45
188.32 30.480 634.000 -6.0911 -7,8744 126061
185.32 30.480 636000. -6.1313 -7,8A26 126078
185.32 30.480 638.000 -6.1716 -7.8908 126.94
185,32 30.480 640o000 -6,2119 -7.8989 127.10
185.32 30.480 642*000 -6.2523 -7.9069 127.26
185.32 309480 644*000 -6.2928 -7.9148 127e43
18532 30o480 646.000 -6.3333 -7*9227 127,59
185032 30e460 648.000 -603738 -7.9305 127.75
185.32 30e480 650.000 -6.4144 -7.9382 127.91
188.32 30s480 652.000 -604550 -7.945 128.08
185,32 30e480 654.000 -6.4957 -7.9535 128.24
185.32 30.480 6560000 -6.5364 -7.9610 128.40
185.32 30,480 6580000 -6.5772 -7.9604 128.56
185.32 30o480 660o.000 -6.6180 -7.9758 128.72
185032 30.480 662*000 -6.6588 -7.9831 128.88
185.32 300480 664,000 -o.6996 -7.9404 129.04
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165.32 30.480 666.000 -6.7405 -7,9Q76 129,?0
185.32 30.480 668.000 -6.7814 -8.0047 129.36
185.32 30.480 670.000 -6.e224 -84011f 129.52
165.32 30.480 672.000 -6.8634 -8.0188 129.68
185.32 30e480 674.000 -6.9044 -8o0257 129,P4

185.32 30.480 676.000 -6w9454 -8.0326 130.00
165.32 30.480 676.000 -6a9864 -8*0394 130.1m;
185.32 30.480 6800000 -7.0275 -8o0461 110. 3!
185.32 30.460 682.000 -7*06e6 -8.052e 130,A7
185.32 30o480 684.000 -7.1097 -80059! 130.63
185.32 30.460 686.000 -7.15oA -8.0661 130.79
165.32 30.480 688.000 -7,192n -8,0726 130.94
165.32 30*460 690.000 -7.2332 -8.0791 131.10
165.32 30.480 602.000 -7.2743 -8.0655 131.26
185.32 306480 694.000 -7o3155 -8.091e 131.41
165.32 30.460 696.000 -7.3567 -8*00e1 131.57
185.32 30.460 698.000 -7.3979 -8.1044 131.73
185.32 30.480 700e000 -7.4392 -8.1106 131.8A
165.32 30s480 702.000 -7o4804 -8.1067 132.04
165.32 30e460 704.000 -7.5216 -8.1228 132.10
166.32 30.460 706.000 -7.5629 -8.1289 132.35
18.32 30.480 708.000 -7.6041 -8.1349 132.150
165.32 30.480 710.000 -7.6A54 -8.iaoe 132.66
165.32 30s480 7129000 -7.6867 -8.1467 132.A1
165032 30*480 714.000 -7e7279 -8#1525 132.97
165.32 30.480 716.000 -7.7692 -801583 133.12
185.32 30o480 718.000 -7.81n4 -8.1641 133.28
165.32 30.480 720.000 -7.8517 -8.1698 1339A3
105.32 30.480 722.000 -7.6930 -8,1754 133.56
385.32 30e480 724.000 -7.9342 -801410 133.74
185.32 30s480 726.000 -7.9755 -81166 133.89
165.32 30.480 728.000 -8.0167 -8.1921 134.04
165.32 30*460 730o000 -8.0580 -8.1975 134.20
165.32 30e480 732.000 -8.0992 -8.2030 134.35
185032 30o480 734.000 -8*1404 -8.2083 134.50
185.32 30&460 736*000 -8.1816 -8.2137 134.65
165.32 30.480 738.000 -8.2228 -8e2190 134.81
165.32 30&460 740.000 -8o2640 -8.2242 134.96-
165.32 30o460 742o000 -803052 -8.2294 135.11 -

165.32 30.480 744.000 -8.3464 -8.2345 135.26
165.32 30.480 746o000 -8.3876 -8.2397 135.41
165.32 30.4690 748.000 -8.42e7 -8.2447 135.56
165.32 30.480 750.000 -8o4698 -8.249e 135.71
185.32 30*480 752.000 -805109 -8.2548 135.86
185*32 30.480 754.000 -8.5520 -8.2597 136.01
165.32 30.480 756.000 -8.5931 -8.2646 136.16
165032 30.480 758.000 -8.6342 -8.2695 136.31
185s32 30.4810 760.006 -8o6752 -8,2743 136.46
185o32 30.480 762.000 -8.7163 -8e2791 136.61
165.32 30.480 764o000 -8.7573 -8e2A3e 136.76
165.32 30.480 766.000 -8.7982 -8.28G 136.91
185.32 30o480 766.000 -8.8392 -8,2932 137.06
16532 30o480 770*000 -8.8801 -8.2979 137.21
165032 30,480 772.000 -8.9211 -8.3025 137,36
165.32 30*480 7749000 -8.9619 -8.3n70 137.,1

196



185.32 30.480 776.001) -9.o002P -8.3116 137.65
85o32 30.480 778.000 -9.0437 -8.3160 137.80
185.3 30.480 780.000 -9.005 -8.3205 137.9r"
185.37 3 0.4 8 u 782.000 -9.1253 -8.3249 138.1n
185.37 30.4AU 784.000 -9.166n -8.3293 138.)4-
185.3: 30*48( 786.000 -9.20FS -8.3336 138.39
185.32 30.480 7A88oOO -9.2475 -8.3379 138.54
185.32 30.480 7QOO00 -Q.28A2 -A,3422 13A.69
185.32 30,480 792.000 -9.3289 -8.3465 138.A3
185,37 30.480 794.000 -9.3695 -8.3507 138.qp
185.32 30.4A0 796.000 -9.4101 -8.3548 139.12
185.32 30.480 798.00n -9.4506 -8.3590 139.27
185.32 30.480 Poo.000 -9.4912 -8.3631 139.42
t5.39 30.480 $02.00 0 -0.5317 -8.3672 139.56
185.32 30.480 804.000 -9.5727 -8.3712 139.71
185.32 30.480 P06.o0 -9.6126 -8.37!2 139.85
185.32 30.480 0080000 -90653n -8.3792 140o00
185.32 30.480 010.000 -9.6934 -8.3'31 140.14
185.37 30.480 012.000 -9.7339 -8.3A71 140.29
185,32 30.480 P14o000 -9.7711 -8,3909 140.43
185.32 30,480 P16.000 -9.8144 -8,3948 140.58
185,32 30.480 es,00n -9.8547 -8.3986 140.72
185.302 30.480 P20.000 -9.8949 -8.Z024 140.87
185.32 30.480 P22.000 -Q.93! -8.401 141.01
185.32 30.48u 024.000 -9.97!3 -8.4ngg 141.15
1853 30.480 026.000 -10.0l54 -8.413e 141.30
185.32 30,480 P28.000 -10.0555 -8.172 141.44
185.32 30.480 830.000 -10.09t6 -8.4209 141.58
185.32 30.480 032.000 -10.13F6 -8.4245 141.73
185.32 30.480 P34.000 -10.1756 -8.4281 141.87
185.32 30.480 A36.000 -10,21F6 -8.4316 142.01
185.32 30.480 A38.00n -10.25E6 -8.4351 142.15
185.32 30.480 840.00) - 10 *29F5  -8,4386 142.30
185.32 30.480 P42.000 -10.3354 -8.4421 142.44
185.32 30.480 P44.000 -10,3752 -80445 142.58
185.32 30.480 046.000 -10.411 -8.4490 142.72
165.37 30.480 A48.000 -10.4549 -8.4523 142.87
185.32 30.480 050o000 -10.4946 -8.4557 143.01
185.32 30.480 052.000 -10.5314 -8.4590 143.15
185.32 30.480 054.000 -10.5741 -8.4623 143.9
185.32 30.480 P56.000 -10.6138 -8.4656 143.43
185.32 30.48u 058,000 -10.6534 -8.4689 143.57
185.32 30.480 A60.000 -10.6931 -8.4721 143.71
185.32 30.480 A62,000 -10.7327 -8.4753 143.85
185.32 30.480 864.000 -10.7723 -8.47e4 143.99
185.32 30.480 A66.000 -10.811A -8.4m1C 144.13
1M5.37 30.480 A68.000 -1O.estA -8.4A47 144.27
185.37 30o480 P700000 -10.8909 -8.4078 144.41
185.37 30.480 872,000 -10.9304 -8.4909 144,55
185o32 30*480 P74.000 -10.9699 -A.4939 144.69
185.32 30.480 P76.000 -11.00g4 -8o4Qe9 144.83
185*32 30,480 878.000 -11.0488 -8,4099 144.97
185.32 30o480 A86000 -11.0882 -8,5029 115.11
185*3P 30.480 82.0000 -11.1276 -8,5059 145.25
185,32 30.480 854.000 -11.1670 -8.508 145.39 -
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185.3P 30.480 P86.000 -11.2064 -8.5117 145.53
185.32 30.480 L88.000) -11.24C- -A.514! 145.6)
185.3P 30.480 P90.000 -11.285: -8.5174 1J5.p-
185.39 30.480 P92.000 -11.3245 -8.5202 145.Q4
185.32 30.480 P94.000 -11.3639 -8.5230 146.'.
185.3P 30.480 A06.000 -11.4032 -8.5258 IJ6.22
185.32 30.480 A98.000 -11.4426 -8.5286 146.36
Ie5.32 30.480 900.000 -11.A819 -8.5313 146.49
185.32 30.480 902.000 -11.o212 -8.5340 146.63
185.32 30.480 904.00n -11.*5606 -8.5367 146.77
185.32 30.480 906.000 -11.5999 -8.5394 146.0
185.32 30.480 908o00f) -11.6393 -8.5420 147.n4
185.32 30.480 910.000 -11.67P6 -8.544C 147.1A
185.32 30.480 Q12.000 -11.71PO -8.5472 147.21
185.32 30.480 014.000 -11.7573 -8.5498 147.45
185.32 30.480 916.000 -11.7967 -8.5524 147.59
185.32 30.480 918.000 -11.83f1 -8.5549 147.72
185.32 30.48o 920.000 -11.8755 -8.5574 147.86
185.32 30.480 922.000 -11.91S0 -8.5g99 148.00
185.32- 30.480 924.000 -11o954A -8.5624 148.13
185.32 30,480 026.000 -11.9939 -A.5648 148.27 V
185.3p 30.480 928.000 -12.0334 -8.5673 148.40
185.32 30.480 930.000 -12.0729 -8.5697 148.54
185.32 30.480 932.000 -12.1125 -8.5721 148.67
185.32 30,480 Q34.000 -12.1521 -8.5744 148.81
185.32 30.480 936.000 -12.1017 -8.576f 148.9A
185.32 30.480 938.000 -12.2313 -8.5791 149.08
185.32 30.480 940.000 -12.2710 -8.5A14 149.1-
185.32 30.480 942.000 -12.310A -8.5A37 149.35
185.32 30.480 944*000 -12.3506 -8.5A60 149.4
185.32 30.480 946.000 -12.390A -8.5882 149.62
185.32 30.480 948.000 -12.4303 -8.5904 149.75 4
185.32 30.480 950.000 -12.4703 -8.5926 149.8
185.32 30.480 952.000 -12.5103 -8.504e 150.02
185.32 30.480 954.000 -12.5503 -8.5070 150.15
185.32 30.480 956000 -12.5905 -8.5992 150.2P
185.32 30.480 958.000 -12.6307 -8.6013 130.4?
185.32 30.480 960.000 -12.6709 -8.6034 150.55
185.32 30.480 962.000 -12.7113 -A.6055 150.68 .
185.32 30.480 964.000 -12.7517 -8.6076 150.S2
t85.32 30.480 966.000 -12.7922 -8.6096 150.9F
185.32 30.480 968.000 -12.8328 -8.6117 151.0t
185.32 30.480 970.000 -12.8735 -8.6137 151.21
185.32 30.480 972.000 -12.9142 -8.6157 151.35
185.32 30.480 974.000 -12.9551 -8.6177 151.4
185.32 30.480 976.000 -12.9960 -8.6196 151.61
185.32 30.480 978.000 -13.0371 -8.6216 151.74
185.3 30.480 980.006 -13.0782 -8.623! 151.87
185.32 30.480 Q82.000 -13.1195 -8.6254 152.01
185.32 30.480 984.000 -13.1609 -8.6273 152.14
185.32 30.480 QA6.000 -13.2024 -8.6292 152.27
185.32 30.480 988.000 -13.2440 -8.6311 152.40
185.32 30.480 990.000 -13.288 -8.6329 152.53

185.32 30.480 992.000 -13.3277 -8.6347 152.66
185.32 30.480 q94.00 -13.3697 -8.6365 152.79
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185.32 30.480 096.000 -13.411A -8.63 P, 152.92
185.32 30.4860 998.000 -13.45Al -8.64P1 153.M5
85,32 30.4Au 1000.000 -13.4965 -8.6419 153.IQ
185.32 30.4Ai 1002.000 -13.5391 -8.6436 153.32

185.32 30.480 1004.000 -13.5P19 -8.6453 153.4!
185.32 30.480 1006.000 -13.624A -8.6470 153.5p
185,32 30.480 1008.000 -13.6670 -8.6487 153.71
185.32 30.480 1010.000 -13.7111 -8.6504 153.8"
185.32 30.4A0 1012.000 -13.7545 -8.6r21 153.Q7
185.3" 30.4A0 1014.000 -13.79P1 -8.6937 154.0q185.32 30.480 1016.000 -13.P418 -8.6553 154.22
185.32 30.480 1018.000 -13.88pA -8.69570 154.3c
185.3P 30.480 1020.00o -13.9300 -8.658 154.48
185.32 30.48u 1022.000 -13.9743 -8.6601 154.61
185.32 30.480 1024.000 -14.0189 -8.6617 154.74
185.3p 30.480 1026.000 -14.0636 -8.6632 154.A7
185.32 30.480 1028.000 -14.1086 -8.664e 155.00
185.32 30,480 1030.001) -14.1538 -8.6663 155.13
185.3P 30.48U 1032.000 -14.1992 -8.6678 155.
185.32 30.480 1034.000 -14.244A -8.6691 155.3A
185,32 30.480 1036.000 -14.P9n7 -8.6707 155.51
185.32 30.480 1038.000 -14.3368 -8.6722 155.64
185.32 30.480 1040.000 -14.3832 -8.6736 155.77
185.32 30.480 1042.000 -14.429R -8,6751 155.90
185.32 30.480 1044.000 -14.4767 -8.6765 156.02
185.32 30.480 1046.000 -14.523A -8,6779 156.15
185.32 30.480 1048.000 -14s5712 -8,6793 156.2m
185.32 30.480 1050.000 -14.61PQ -8.6806 156.41
185.3P 30.480 1052.000 -14.666A -8,6020 156.53
185.32 30.480 1054.000 -14.7150 -8.6A33 156.66
185.32 30.480 1056.000 -14.7636 -8.6846 156,79
185.32 30.480 1058.000 -14.8124 -8.6A59 156.91
185.32 30.480 1060.000 -14.8615 -8.6A72 157.04
185w3 30.480 1062.000 -14.9109 -8.6885 157.17
185.32 30.480 1064.000 -14.9606 -8,6Mge 157.29
185.32 30.480 1066.000 -15.0107 -8.6910 157.42
185.3: 30.480 1068.000 -15.0611 -8.6923 157.55
185 " 30.480 1070.000 -15.1118 -8e6935 157,67
185.3P 30.480 1072.000 -15.1629 -8.6047 157.80
185.32 30.480 1074.000 -15.2143 -8.6959 157.92
185.32 30.480 1076.000 -15.2660 -8.6971 158.05
185.32 30.480 1078oon -15.31P1 -8.6983 158.18
185.32 30.480 1080.000 -15.3706 -8.6994 158.30
185.32 30.480 1082.000 -15.4235 -8.7n06 158.43
185.32 30.480 1084.001) -15.4767 -8.7017 158.55
18532 30*480 1086.000 -15.5303 -8,7n28 158.68
185.32 30.480 I088.000 -15.5843 -8.7r39 158.80
185.32 30.480 1090.000 -15.63P7 -8.7050 158.93
185.32 30.480 1092.000 -15.6936 -8.7061 159.05"
185.32 30e480 1094.000 -15*7408 -8.7n71 159.1p
185.32 30.480 1096.000 -15.8044 -8.7082 159.30
185.32 30.480 1098.000 -15.8605 -8,7092 159.43
185,32 30,480 1100,000 -15.9170 -8,7102 159.55
185.32 30.480 1102.006 -15.9740 -8.7112 159.67
185.32 30.480 1104.000 -16.0314 -8.7122 159.80
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185.32 30.48u 1106.000 -16.0893 -A.7132 1-9.92
185.32 30.480 1I08.0000 -16.1476 -8.7f42 Iea.05
185.32 30.480 1110.000 -16o2064 -8.7151 160.17
185.32 30.480 1112.000 -16.265A -8.7161 160.0 -
185.32 30.481) 1114.000 -16.3255 -8.7170 160.42
185632 3u.48U 1116.000 -16.385P -8,7179 163.54
185,3P 30,480 1118.000 -16.4466 -8.7189 160.67
285,32 30.480 1120.000 -16.,0PO -8.7197 160.70
185.31 30.481 1122.000 -16.-69F -A.72P6 160.91
185.3P 3U.480 1124.000 -16.63P2 -8.7215 161.03
185.32 30.480 1126.000 -16.69rI -8.7224 161.1F
185.32 30.48u 1128.000 -16.7r56 -8.7P32 161.PA
185.32 30.480 1130.000 -16.8227 -8.7240 161.4n
185.3P 30.48u 1132.000 -16.8873 -8.7245 161.53
185.32 30.48) 1134.000 -16.9525 -8.7257 161.6r
185,32 30.480 1136.000 -17.0183 -8.726 161.77
185,37 30.480 1138.000 -17.0847 -8.727 161.89
185.32 30.480 1140.000) -17.1517 -a.7280 162.02
185.37 30,480 1142.000 -17,2193 -8.7288 162.14
185.32 30.480 1144.000 -17.2876 -A.7296 162.26
185932 30.480 1146.00) -17.3565 -A.7101 162.3'
185.3; 30.480 I148.000 -17.4261 -8.7310 162.50
185.32 30.480 1150.000 -17.4Q63 -8.7317 162.6
185.32 30,480 1152.000 -17.5672 -8.7324 162.7-.
185.3P 30o480 1154.000 -17.63P8 -8.7331 162.87
185.32 30.480 1156.000 -17.7112 -8.7338 162.QQ
285,32 30,480 1158.000 -17.7842 -8.734F 163.11
185.32 30*480 11600000 -17.8579 -8,73E2 163.73
185.32 30.480 1162.000 -17.9325 -A.7318 163.35-
185.32 30.480 1164.000 -18.0077 -8.7364 163.47
185.32 30s480 1166.000 -18.0837 -8.7371 163.5Q
185.32 30.480 1168.000 -18.160c -8,7377 163.72
185.32 30o480 1170.000 -18.23A2 -8.7383 163.84
185.32 30,480 1172.000 -18.3166 -8.73P9 163.96
185.32 30.480 1174.000 -18.39CR -8.7395 164.08
185.32 30480 1176.000 -18,475o -8.7400 164.0.
185.32 30.480 1178.000 -18.5569 -A.7406 164.32
185.32 30.480 1180.000 -18.6387 -8.7411 164.44
185.32 30.480 1182.000 -18.7214 -8.7417 164.56
185.32 30.480 1184.000 -18.8o0F -8.7422 164.68
185.32 30e480 1186.000 -18.8896 -8.7427 164,0
185.3P 30.480 1188.00,) -18.9751 -8.7432 164.92
185.32 30.480 1100.00) -19.0615 -8.7437 165.04
185.32 30.480 119p,00 -19.14gn -8.7442 165.1f
185.32 30.480 1194.000 -19.2374 -8.7447 165.2ft
185.32 30.480 11Q6,000 -19.3269 -8.7451 165.39
185.32 300480 1198.000 -19.4174 -8,7456 165.51
185*32 30.480 1200.000 -19,50gn -8.7460 165.63
185.32 30.480 1202.000 -19.e017 -8.7465 165.75
185.32 30.480 1204.00o -19.6QKS -8.7469 165.87
185.32 30.480 1206.000 -1q.7o04 -8.7473 165.Q9
185,32 30.480 1208,000 -19.8865 -8,7477 166.11
185.3p 30.480 1210.000 -19.983A -8.7481 166.:3
185.32 30.480 1212.000 -20.0823 -8.7485 166.35
185.37 30.480 1214.000 -20.1821 -8.748g 166.46
185.37 30.480 1216.000 -20.2831 -8.7492 166.58
185.37 30.480 1218.000 -20.3854 -8,7496 166.70
185.3? 30.480 1220.000 -20.4890 -8.7499 166.82
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11. REMARKS j
XWVG has been run for cases involving over 50 different trilinear modi-

fied refractivity profiles and for frequencies between 50 MHz and 94 GHz.

In some of these cases modes with attenuation rates up to 3 dB/km were found.

In every case XWVG ran without problems. XWVG works reliably in the diffrac-

tion region and well into the line-of-sight region. The results of XWVG were

compared to results from other waveguide programs in the diffraction region

and to results from a ray trace program in the line-of-sight region. The

comparison was very good in the diffraction region and well into the line-

of-sight region.

For elevated layers XWVG's strength is in the frequency range of 50 to

several hundred MHz. Here the diffraction type modes have attenuation rates

as low as a few tenths of a dB per kilometer and could therefore affect the

signal level value. XWVG easily finds these diffraction type modes while

"G trace" type waveguide programs [6] may miss them. Also, for these

frequencies the number of modes with attenuation rates below, for example,

I dB/km is small. The region of the complex qll-plane that has to be

searched for these modes is also small. Therefore, the computer time

required by XWVG is not excessively long. At higher frequencies the

number of modes below a given attenuation rate increases. This increase

in the number of modes comes with an increase in the region of the com-

plex qll-plane that has to be searched for modes. Therefore, the computer

run time of XWVG increases, sometimes dramatically. At these higher

frequencies the attenuation rate of the diffraction type modes increases,

so the fact that G-trace type waveguide programs may fail to find them is

no longer significant. In a sense XWVG is complementary to the G-trace

type program of Pappert and Goodhart [6].

A major improvement to XWVG that is contemplated is the capability to

handle modified refractivity profiles that have N linear segments, where N is

a moderate sized number, e.g., 20. In order to do this, use will be made of

an improved method for evaluating the derivative of a determinant [37, 381.

This extension of the capabilities of XWVG will be especially useful for

multisegment evaporation duct models. It will also allow modeling of

evaporation ducts in combination with elevated ducts. Since XWVG uses the
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Shellman-Morfitt root-finding routine, all the modes with an attenuation rate

less than some specified value are guaranteed to be found. This guarantee is

something that multilayer extensions of the G-trace type program cannot give.
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