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1. INTRODUCTION

This document is a description of XWVG, a program for calculating the
signal levels of electromagnetic waves propagating in a tropospheric ducting
environment over seawater. This program is based on the waveguide formulation
of the tropospheric ducting problem given by Marcus and Stuart [1, 2]. Like
the program DUCT developed by Marcus, Stuart, and Ellis [2, 3], XWVG uses the
root-finding program of Shellman and Morfitt [4] to find the complex modes
that propagate in the tropospheric duct.

XWVG has been developed for the purpose of providing a program which
guarantees that all waveguide modes with attenuation rates below a specified
value will be found. XWVG is particularly useful for conducting case studies
over a large dynamic range of frequencies, and its results can serve as a
standard against which results of quicker but more approximate methods (5] may

be measured.

XWVG assumes that the modified refractivity profile of the troposphere
can be successfully modeled with three linear segments. For many naturally
occurring tropospheric ducts this is a good assumption. The program DUCT of
Marcus, Stuart, and Ellis allows the modified refractivity profile to be
modeled with up to five linear segments and hence can describe a wider variety

of refractivity profiles.

The waveguide modes that can propagate in a tropospheric ducting
environment are the complex zeros of a transcendental function. In the Marcus
and Stuart formulation of the tropospheric ducting problem this modal function
is expressed as a determinant. In XWVG, where the modified refractivity
profile is restricted to three linear segments, the modal function is
evaluated by expanding the determinant and numerically evaluating the
resulting expression. This allows the derivative of the modal function, which
is needed by the Shellman and Morfitt root-finding program and for the
evaluation of the modal excitation factors, to be evaluated easily. In DUCT,
the modal function is evaluated by numerically evaluating the determinant.

Because of the method used in DUCT to evaluate the derivative of the modal
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function, DUCT is restricted to refractivity profiles with five or fewer
linear segments.

XWVG includes an approximate allowance for surface roughness and
XWVG also

includes a subroutine that evaluates the complex index of refraction of

atmospheric absorption, effects which are not included in DUCT.

seawater as a function of frequency, temperature, and salinity.

The major advantage that DUCT and XWVG have over some other
implementations of tropospheric ducting models is the use of the complex root-
finding program of Shellman and Morfitt. Use of this routine guarantees that
all modes with an attenuation rate below a prespecified level will be found.
The Shellman and
Morfitt root-finding routine has an extremely long execution time

compared with other less infallible methods of finding modes [6].

However, this advantage does not come without a price.
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2. MATHEMATICAL FORMULATION OF THE MODEL

MODIFIED REFRACTIVITY PROFILE

The index of refraction of the atmosphere is given by

a(®) = [e (Hu (D1, (2.1)

where e, and v, are the relative permittivity and permeability of the
atmosphere. Throughout this document the assumption is made that

p(x) =1, (2.2)

and the only variation of the index of refraction is with height above the
surface of the earth.

When modeling tropospheric propagation, it is mathematically convenient
to utilize a rectangular coordinate system to describe atmospheric wave
propagation over a curved earth. The curvature of the earth may be
approximated by modifying the index of refraction of the atmosphere [7, 8].
This modification is accomplished by adding a term to n(z), where z is the
height above the surface of a flat earth, which would cause a ray to bend
in such a way that its height above the flat earth at each point would be the
same as if it were a straight ray over a curved earth. The modified index of
refraction is then given by

m(z) = n(z) + f , (2.3)

where a is the radius of the earth.

The accuracy of the flat-earth approximation depends upon the frequency
of the electromagnetic wave and the height above the surface of the earth at

which the signal level is measured (9, 10]. The approximation breaks down as

the frequency and height above the earth's surface increase. For the standard
atmosphere, Pekeris [9] finds that the fractional error in the height-gain
functions is approximately
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, A= M - (2.4)
5 Aa3/2
e
3 -10 [h(m)]*’?
1.911 x 10 O] ) (2.5)

Eatals s
]

% From this it can be seen that for signals with wavelength A = 3 cm (f =

% 10 GHz) at a height of h = 1000 m the fractional error in the height-gain

E function is approximately 20%.

% The modified index of refraction of the atmosphere, m(z), is very nearly Ry
ﬁ one, the difference being on the order of 10-3. For this reason it is o
35: convenient to introduce the modified refractivity, M(z), defined by J
0 M(z) = [m(z) - 1] x 10° . (2.6)

3 Often, the modified refractivity can be approximated by three linear #
segments, as shown in figure 1. The model developed in this document assumes 3'

that the modified refractivity can be approximated with three straight line

2 segments and that this one profile is valid fog all range values, x. An =

§ additional assumption made is that the slope, d—z’ of the modified refractivity -4

5 profile is positive in the first and third layers. In the second layer,

,,2 %:— can be either positive or negative, but not zero. :‘

* :

': Let Mi(z) denote the value of the modified refractivity in the i-th ;

- layer. The modified refractivity profile shown in figure 1 can then be i

:} written :::3

7

A aM,

,@ M (2) = M(z ) *+ 5 (2 - 2z ¢) (0<z<z2), (2.7) tj}
2

S

¥ My

P Hz(z) =M (z) + 5(z - z) (z, <z < z5), (2.8)
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My(2) = My(2z,) + $2(z - z,) (zy < 2) (2.9)
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2 =0 x 7 =0 M(z)’
GROUND
Figure 1. Trilinear modified refractivity profile. The slope of M(z) is assumed to be positive in the
o first and third layers. In the second layer the slope can be positive or negative.
&y
The square of the modified index of refraction is then
a nf(z) 21+2x10° M (2) + in
: 21 +a(z-H +in (0<z<z), (2.10)
¥ 2 ~ -6 ,
& llz(z) 1+2x10 Mz(z) + in
3 21+ a,(z), - H) ¢+ a,(z - 2,) +in (z, <z < z,), (2.11)
and
g 2, . . -6 .
3 l||3(z) x1+2x10 M3(z) + in
=21+

0,(zy - H) + a,(z; - z,)

+

03(2 - z3) + in (z3 <z). (2.12)
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The slopes a, are related to the slopes E;l by )
a, =2 x 1078 Efi (2.13) ’
i dz ° ’
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The term in introduced in equations (2.10-2.12) allows for attenuation of the

signal due to absorption by atmospheric gases. The height H is chosen so that f‘
at some reference height, Z of? in the first layer, M(zref) has a specified g
value. H is related to a, and M(zref) by "
A
2 x 107 M(z__ )
H= Zof " a . (2.14)

The complex index of refraction of the ground is assumed to be

independent of position and given by

2 [+]
=g -i-5 (2.15)

where 68 is the relative permittivity of the ground, og is the ground
conductivity, €, is the permittivity of free space, and f = %ﬁ is the
frequency.

o

HBORIZONTALLY POLARIZED WAVE PROPAGATION

Horizontally polarized waves may be considered as due to a radiating
magnetic dipole 5 oriented in the z-direction and located at x = y = 0,
z = z,. In a laterally homogeneous medium the fields due to such a dipole
exhibit axial symmetry and may be obtained from the magnetic Hertz potential
vector [11]

i(x,2) = n(z,z)az , (2.16)

vhere ;z is the unit vector i- the z-di >ction and r is the lateral distance

A _ de +iwt

adence of e is assumed. The

from the source location.
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electric and magnetic fields are related to the magnetic Hertz potential
vector by

d
3§
R

D = -ipewV x ii

-iepomfl x i (2.17)

-
E.”E.’nj
n

and

(1341 ]

i
1}
<
X
<
X
=

(2.18)

The Hertz potential may be expressed as [11]

\

M(r,2z) =

blo—t
|

{ pdp Hf,Z)(rp)ﬁ(p,z) ’ (2.19)

where H‘()z)(g) is the zeroth-order Hankel function of the second kind and the
contour C is shown in figure 2. In the j-th atmospheric layer (j = 1,2,3) the
function ﬁ(p,z) satisfies the differential equation

LR

Im{p)

——— Relo)

s I

TYPICAL POLE OF ?‘[ (p,2)
/
BRANCH POINT ¢ L

BRANCH CUT -
of HJ? (1) ®

F

BRANCH CUT

G & B =2 6l
\
N\

P

-

-
-
houn

Figure 2. Contour of integration C for evaluation of equa-
tion (2.19). By Cauchy’s Theorem the contour L is equivalent
to the contour C. The branch cut in the fourth ¢ 1adrant is

due to the factor ll: - 92/k2 introduced into T because

%

(M50

of the ground boundary condition.

-~J
4




,
A
—

LRy

-»

v:
3
-
i

2 2
ﬂ? + kz[mi(z) - ::—2] i (p,2) = -pb(z - 2p) , (2.20)

where k is the free space wave number and 6(§) is the Dirac delta function.

In the ground, ﬁ(p,z) satisfies the differential equation

2

2 2
L] e =
5+ k [ng h ] M (p,2) = 0 . (2.21)

Continuity of the tangential components of the E and H fields yields the

continuity conditions [12]

ﬁg(p,O) =fi,(p,0) , (2.22)

&M (p,0)} = LAl (p,0)} (2.23)

dz* g™’ dz'' 1" g :

fij(py25,p) = M, (025, 0) G=12, (2.24)
and

4 (p,z..0} = Lifi.. (p,z.,)} G=1,2) (2.25)

azt"jPrZ54178 T qz41 P24 3= 54 ‘

The boundary conditions that ﬁ(p,z) must satisfy are: as z » - ®, ﬁg(p,z)
must represent am outgoing exponentially decaying wave; and as z » +

ﬁ3(p,z) must represent an outgoing wave.

The solution to equation (2.21) is

fi(p,2) = Ag(p)eiyz : (2.26)

where




Lyl

£y

and

B = P . (2.28)

With time dependence e+1wt, equation (2.26) represents an outgoing wave as
z > - ®», If the branch of the square root in equation (2.27) is chosen so

that

Im(y) <0 , (2.29)
then as z + - ®, Iﬁg(p,z)l decays exponentially.

The complete solution of equation (2.20) will be the sum of the general
solution of the homogeneous equation corresponding to (2.20) and a particular

solution of the inhomogeneous equation. With the new independent variables

2/3
a.(2) = (£—\  [(w2(2) - %) G =1,2,3) , (2.30)
J Iajl J

the homogeneous equation corresponding to (2.20) can be written as

2
S+ q;pfl(p,a) = 0 G =123 . (2.31)
dqj

This is Stokes' differential equation and its solution can be written as

ﬂj(P,qj) = Aj(p)fj(qj) + Bj(p)gj(qj) G =1,2,3), (2.32)

vwhere fj(g) and gj(g) are any two linearly independent combinations of Airy
functions. The functions fj(g) and gj(g) need not be the same combinations of
Airy functions in each atmospheric layer. For numerical purposes it is

convenient to choose [2]

£5(8) = k() G =12, (2.33)

-4ni/3

£5(6)

NGRS WO (2.34)
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8;(£) = k,(£) G =12), (2.35)

and

85(8) = by (&) , (2.36)

where the modified Hankel functions [13], hl(g) and hz(g), and the functions
kl(z) and kz(z) are related to each other and the Airy functions through

k,(2) = h,(2)
= -2i(12)YOni(-2eZM/3y | (2.37)
k,(2) = b,(2)-""/3h (2)
= 212) /6™ 645 (-2) (2.38)
and
h,(2) = 2i(12)1/ai(-ze™2M/3) (2.39)

Equation (2.32) represents the solution fi(p,z) for every atmospheric
layer except the one the transmitter is in. That is, only for the layer
containing z = Zp is equation (2.20) inhomogeneous. Assuming the transmitter
to be located in the M-th layer (M = 1,2,3), two particular solutions to
(2.20) are [1, 2]

RHkl(qM<)k2(qM>) M=1,2)
P (p,q,) = (2.40)
Ry [h, (g )-e /3, (q 010 (qy,) (= 3)
and
“Ryk,; (a5 )k, () = 1,2)
ﬁép)(p’qu) = (2.41)
“Ry[h, (ay,)e ™ h, (g ) Mhy (g ) (M = 3)
In these equations
Gy = Gy(minlz,z ) (2.42)
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Qs = qu(max[z,zT]) , (2.43) >
¥
and :j
=P (2.44) -
Ry Wqﬁ ;A
In equation (2.44) ,.ﬂ
]
aq, 2/3 A
=_M"_[k N
q}'i T 3z -(IGMI) Oy (2.45) ':-"::
and W is the Wronskian
W=f, ! - f! . 2.46)
LTHOREHOT N (
For the choice of solutions (2.33-2.36), the Wronskian has the constant value
_ _ 4if3\1/3
W= = (;) (2.47)

in all atmospheric layers.

Combining the general solution (2.32) of the homogeneous equation (2.31)
with either one of the particular solutions (2.40, 2.41) of the inhomogeneous

equation (2.20) yields

i 7(P) -
i (p,2) = A, Pk, (a,) + B,(@)y(a)) + Ty (prgy)8yy (5= 1,2) (2.48)

and

~4ni/3

fy(p,2z) = Ay(p)[h (az)-e h,(a,)] + By(p)h,(ay)

+

~(P)
fly (P, ay)8sy, (2.49)

where Gju is the Kroneker delta

1 (=M
6., = (2.50)

Moo Gem .

wt

For the assumed time dependence, ei , the function (2.49) will represent

an outgoing wave as z > + @ if
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A3(p) =0 . (2.51)

The other coefficients A. and B, are determined from the continuity conditions

(2.22-2.25). Thus, the coefficients Aj and Bj

are solutions of the system of

equations

.y (1o 1)\2/3
=i 1 ~(P)
ARy (ayy) + ByRy(ayy) = &f ( K ) 7 (Pyay )0y

la 1\2/3
I A O A I P162)
- ul( K ) dz {"1 (p’qll)} Sy (2.52)

+

Ajky(ay,) + Biky(ay,) -Ayk,(qy,) - Byk,y(a,,)

= - P (p,4,08, + 5P (0,06, (2.53)

o 2/3 a
1 2., _
)" e - o

lo, 1\2/3
_ 1 1 d f=()
- &;’( K ) dz {"1 (p’qlz)} 61

la, 1\2/3
1 (1N 5 e
" a ( K ) dz {"z (p'qzz)} Som > (2.54)

o

2/3 az
] t - _— k!
Ajki(ayp) + Biky(qy,) - Ay a, ) alkz(qzz)

Ayk,(ay3) + Byky(ay3) = B3hy(ay,)

H(P) H(P)
M) (00,4085, + M1 (9,550, » (2.55)

and

%
3

la,1\2/3
_. 1 (1% d §a(®
" T q, ( K ) az { y (p’q23)} S

2/3 a3
Ajk;(ay4) + Byky(ay4) = By E;hz(q33)
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* %; (1%21)2/3 & {ﬁgp)(p’qss)}'53u ’ (2.56)
vhere
k) (ayy) = ky(ayy) - Ggyky(ayy) (2.57)
and
kya1p) = k3(ay) - Ggyka(ayy) (2.58)
vith

SH—al

= 1(52)1/3 Jn: = B2 (a; > 0) . (2.59)
The notation qu means
90 = 9;(29) (2.60)
and
9 = 9;(zp) - (2.61)

in equations (2.52-2.56) the prime denotes the derivative with respect to the
argument.

The derivatives g; {ﬁgp)(p,qu)} in equations (2.52-2.56) are equal to

2/3
_d__ (P) - _k_. ' j =
4 bra;) §= (l«jl) aRki(a; k() G =1,2), (2.62)

2/3 L
g-z-{ﬁ§*’><p,q33>}= (1) a3x3[h;(q33)-e ""1/3h§(q33)]u2(q3T) , (2.63)
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A
—]
2/3 3
(P) = (k -
j '}h
or j
2/3 4
d_f~(P) _ [k ' - -

2/3 .
(P) . - k -4n1/3

¢ {u® 213 -
Fra L CR TR T (,a ,) aRE Q) k() (= 1,2) , (2.67)

depending upon the choice of particular solution (2.40, 2.41).

In matrix notation, equations (2.52-2.56) may be written as
Al =8, (2.68)

where the coefficient matrix A is given by

8, A, 0 0 0
b1 By By By, O

A= By By Ay By 0 (2.69)
0 0 B3 Ban B4
0 0 83 B4 ABgg

and the vectors § and E are equal to

FRRR S TN Y RN
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and

._"W
ol

B, :

B= By (2.71) j

Py 4

'4_ 35 -

The non-zero elements of the 5 X 5 coefficient matrix A are

81 = Ry(ayy) (2.72)
8y, = kylayy) (2.73)
8,y = ky(ay)) (2.74)
8y, = Ky(ay,) (2.75)
B8y3 = ~ky(ay,) (2.76)
Bg = “Kp(ap)) (2.77)
T 8g = k(g5 (2.78)
By, = ky(ay,) (2.79)
2/3
_ (1= o,
B33 = (lE:I) oKy (ay,) (2.80)
2/3
_ [ o,
By = u&:) aky(ap,) (2.81)
843 = k1lay3) (2.82)
Bug = Kp(a3) (2.83)
B85 = “hylag,) (2.84)
Bs3 = ki(ay3) (2.85) :
854 = k3(ap3) » (2.86) -
.

LIPS DO T T
() PRI Y )

.
")




855 = - (la) 2/3%':“5(‘133) ' (2.87) -
The elements of the vector B are |
By = %(L:A)Z/Sﬁgp)(p'qu)am -
) :T, (L:L')zlag—z {ﬁgp)(p'qu)}ﬁm ’ (2.88)
B, = - WP (P06, + 13 (10508, (2.89)
By = - %(J%xi)zﬂg;{ﬁ;f‘)(p,qu)} S1m
* :Tl' (J%L'Y/Bg_z{ﬁgp)'(p’qzz)}azu ’ (2.90)
By = = 157 (010,008, + ISP (6,008, (2.91)
and
Bs = - ;_2 (J%zl)zng“z{ﬁgp)(p'qza)}‘szu
+ :—2 (1%21)2/33—2{ﬁ:§?)(p,q33)}63n . (2.92)

The solution for the unknown coefficients Aj and Bj may be obtained from
equation (2.68) by using Cramer's rule [14]. Thus

Lol
~A
. = 2.
A = TIar (2.93)

and

By = T|7Sﬂ_ , (2.94)

16




;g where for j = 1,2, the matrix LAj is obtained by replacing the column of A in

equation (2.69) containing the coefficients of Aj with the vector B; and for
j=3, ||£A3|' = 0. The matrix LBj is obtained by_replacing the column of A -
contgining the coefficients of Bj with the vector B. The notation ||A]l
indicates the determinant of the matrix A.

. ettt
PO "0 PRI

Substituting equations (2.93, 2.94) into equations (2.48, 2.49) yields

~ - 1

+ i) (0,008 G=12  (2.95)

and

flye,2) = Trarrti I5pg! by (e} + S (0,085, - (2.96)

From equation (2.19), the Hertz magnetic potential ﬂj(r,z) can be
expressed as the contour integral

,(x,2) = L g pdpu§2)(pr)ﬁj(p,z) , (2.97)

where the contour C is shown in figure 2. By closing the contour C and using

the theory of residues, equation (2.97) becomes

NCOREE SERNCRY S COLNCED
1
+ %; { pdpﬂgz)(pr)ﬁj(p,z) ’ (2.98)

where the bj(n) are the residues of pngz)(pr)ﬁj(p,z) at the poles of ﬁj(p,z)

in the fourth quadrant; the contour C. is the quarter-circle of infinite

1
radius lying in the fourth quadrant; and the contour B encloses the branch cut :
which is present as a result of the square root in the expression for y in f*

equation (2.27). Through use of the asymptotic approximations for the Hankel

(2.99) 4%

and Airy functions it can be shown that

%ﬁ é Pdpﬂ§2)(pr)ﬁj(p,2) =

1

|
o
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The integral over the contour B represents the surface wave contribution to
the total field and is assumed to be small relative to the other field

contributions. Therefore,

I ¢
ﬂj(r,z) -3 i bj(n) . (2.100)

The residues bj(n) are given by [2]

{itzyj 1y Cap) + gy ikyCap)

p=p
bi() = p ) (o 1) 5 B =12 (2100
{55 ||g||}p=pn

and

{11555 1mpag)}

) p-pn
b,(n) = p H “(p r) ; (2.102)
3 mo TR & haiy
3 '~ fp=p,

where Py is the n-th value of p for which ||Al| = 0.

Substituting equations (2.101, 2.102) into (2.100) yields

. § (2)
ﬂj(r,z) =-3 i AnE(n,z,zT)Jpn HO (pnr) , (2.103)
where
VP,
An = )
— |lA
5 |18 fomp_
2
= k (2.104)
2/3
k )
2o (——) 2 1A% _
n 'a1| aqll qll—qll(pn)

is the modal excitation factor and

18
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IBMILRCRRSTITACRI NN G =1,2)
E(n,z,zT) = (2.105)
(zgy! Ihy(ap)lpep G =3

is the modal height-gain function.

For the cases of interest Ipnr|>>l, so that the asymptotic approximation
[15]

1/2
ng)(pnr) ~( 2 ) exp(-ipnr + i%) (2.106)

np r
pn

can be used in equation (2.103). This yields

m.(r,2) = - i ein/4 2 AnE(n,z,z )e-ipnr . (2.107)
3 J2nr n

Rather than evaluate the fields by using equation (2.107) together with
equations (2.17, 2.18), it is more convenient to evaluate the magnitude of the

electric field relative to its free space value. This is given by (2]

E 2{2n -i
Ay = IE}) . s £ )3 AE(n,z,z)e Pof) (2.108)

fsI n

where p is the magnetic dipole strength. This expression takes into account
the phase of each term in the sum and is known as the coherent mode sum. It
is also useful to define the relative field strength that results when the
phase of each term in (2.107) is ignored. This is the incoherent mode sum {2]

= QJZEE [ZIAnE(n,z,zT)e-ipnrlz] 1/2 . (2.109)

incoh -~ p a

Because E(n,z,z,) is proportional to RH = —27— through the coefficients A,
T Wqy, h|
and Bj, the factor of p in E(n,z,zT) will cancel the factor of 1:0.1 in the

expressions (2.108, 2.109) for Acoh and Aincoh'
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VFRTICALLY POLARIZED WAVE PROPAGATION

Vertically polarized waves may be considered to be due to a radiating

electric dipole ﬁe oriented in the z-direction and located at x =y = 0,

+
z =z A time dependence of e ot again will be assumed. The medium again

is assumed to be laterally homogeneous so that the fields due to the dipole
exhibit axial symmetry. Because of the variation of the permittivity € with

height above the surface of the earth, the equations

H(r,z) = iewV x ft*(r,z) (2.110)

and

E(r,z) = ¥ x V¥ x fix(r,2) , (2.111)

relating the electric and magnetic fields to the electric Hertz potential

vector

*(r,z) = ﬂ*(r,z)Ez s (2.112)

are only approximately consistent with Maxwell's equations. However, because
the variation of e, with height z in the atmosphere is so small, equations
(2.110, 2.111) constitute a good approximation [11].

The calculation of the electric Hertz potential [F(r,z) proceeds exactly
as the calculation of the magnetic Hertz potential MN(r,z), with some minor
modifications. The magnetic dipole strength p in the differential equation
(2.20) should be replaced by

o

*:—e
P t (2.113)
This yields the differential equation
@ . 2f2 2«
4k m(2) - & M (p,z)= -p*6(z - z,) . (2.114)
dzz ] k2 j T

| N
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53 The continuity conditions (2.22-2.25) become
n2fi*(p,0) = n(0)iH*(p,0) (2.115)
g 8  } l 1 ’ } .
d_fix(p,03} = Liftx(p,0)} (2.116)
dz g P,0, daz''1 P, ’ .
ﬂ?(p,zj+1) = n§+l(p,zj+1) (G =1,2), (2.117)

and

d ~ - d—_ ~ .
a_;{".’]!(p’zj*l)} - dz{n.g(p’zj"'l)} (J - 122) . (2-118)

ik
The particular solutions HH(P)(p,z) of (2.114) are the same as the particular
solutions ﬁép)(p,z) given by equations (2.40, 2.41) except that RM is replaced by

= P*_
Ry = Wa) (2.119)

The system of equations (2.68) becomes
axle = pr (2.120)

The elements of the coefficient matrix A* are identical to the elements of A
in equations (2.72-2.87) except that ﬂl(qll) and kz(qll)’ as given by equations
(2.57, 2.58), are now equal to

k,(q;,) = kj(a;,) - Ggyk,(a,,) (2.121)

and

ky(a,,) = kj(q;,) - 65yk,(ay,) , (2.122)

where

SV  a,\k (2.123)

. 2/3
_iyfloy ! nf (0)
Gy = _XI(J_x_) _n;___

Kr
-,

E,;,' ;

This change is due to the continuity condition (2.115). When considering the

field strength relative to its free space value, the dipole strength p*

Lt 4]

cancels out in the final results for Azoh and Afncoh’ just as p does in A
and A

coh
{ncoh” Therefore, the only significant change for vertical polarization

3
»

T
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is the replacement of G

by Gy, in the expressions for k ,(q,,) and k,(q;,),

SH
due to the changed continuity condition (2.115).

TRILINEAR DUCT MODAL FUNCTION

When evaluating the field strength relative to its free space value,
equations (2.108, 2.109), the values p = pn for which Iléll = 0 are needed. The
determinant ||A|] is known as the modal function. The values p = P, for which
l1All = 0 are the eigenvalues of the problem, each eigenvalue representing a
different electromagnetic mode that propagates in the atmospheric waveguide
formed by the trilinear refractivity profile. In XWVG the zeros of ||A]] are
found by using the complex root-finding routine of Shellman and Morfitt, which
will be discussed in a later section of this report. First, explicit formulas
will be given for the modal function, its derivative, and the modal

height-gain functions for the case of a trilinear refractivity profile.

The determinant of the coefficient matrix A, equation (2.69), can be

expanded to obtain

- 95 1/3(_ Lo | 1/3

Hall = + + —32—) Clagxlay) + ¥la,0(q ), (2.124)
lazd 1

where both ul and a3 are positive and the top sign is to be taken if az >0

and the bottom sign if a, < 0. The auxiliary functions C(qll), X(qll)’

¥(q,;), and ¢(q,,) are given by

€ayy) = ky(a .0k (q ) = kK (q,)0R,(q;,) (2.125)

x(qy,) = hé(q33)[ki(q22)k2(q23) - ky(9,,)k,(g,,)]

1/3
7 (loz2l : . o '
+ ( a, ) h,(a44) [k](a,,)k)(a,5) = kj(a,,)ki(q,5)] (2.126)
Wlayy) = kylagpdkyayy) - kylagkyleyy) (2.127)

and

9(q;,) = hy(qy4) [k (qy,)k,(ay5) - ky(ay,)k,(ay5)]

+1

1/3
ldz! ' - '
( as ) hz(q33)[kl(q22)k2(q23) kz(qzz)kl(q23)] . (2.128)

---------------
...............

................

P
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The arguments qij appearing in equations (2.125-2.128) are equal to

4.

2/3
(5—) [1+in - a.H - %] , (2.129)
a 1

93

AN

k) (2.130)
qlz = q (—) a1z , 2.130
Q_A 11 o4
- 2/3 2/3
a k
B 922 (laz|) 1 (|a2|) ™22 » (2.131)
fii o \2/3 K \2/3
- 93 = (lazl) Iy * (W) lay2, + 0y(z3 = 201 (2.132)
3
:‘ and
A oy 2/3 K 2/3
B 933 = (03) 9 * (@) lagz, + ay(zy - 21, (2.133)
. with
_ 2
B2 = Bz . (2.134)
9 The functions Rl(qn) and Rz(qu) are given by
- k! -
5 kyCagy) = kylayy) - Ggkylayy) (2.135)
and
S
h)
~ k,(q,,) = ky(q;;) - Ggky(q,,) , (2.136)
:_? vhere
3
‘ =G _i_lg(lou! 2 (2.137)
7] S~ USH  a; \k g :
E¥]
. for horizontal polarization and
:-23 = - ni(0)
%) Gy = Ggy = 'xi{'g’_csn (2.138)
T
L a for vertical polarization.
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The derivative of the modal function ||Al| with respect to Q) is needed

by the Shellman and Morfitt root-finding routine. The derivative is also

needed for the evaluation of the modal excitation factors An. Taking the

3 derivative of equation (2.124) and making use of Stokes' differential equation-

- to eliminate the second derivatives that occur yields

a5 \'3 2 (1020) '
By {11411 = (,az,) : (le ) e apneayp + ey x )]

+ (b (g )e(q ) + d»(qu)q:'(qn)]}, (2.139) -

where again the upper sign is to be taken when &y > 0 and the lower sign when

as < 0. The derivatives with respect to 9 of the auxiliary functions are

il

9G
t - 1 1 4 S
c (qll) - kz(qlz)kl(qll) - kl(qlz)kz(qll) + kl(qlz) [% aq Jk (qll)

+

8Gg
k,(q;,) + Ggkj(q;)p »  (2.140)

] - —
Ggky(a19) - ky(ay,) [‘111 T

2/3 .

x'(q;,)

<

+

2/3
a 1
(|02|> b (a33) ap, Lky (ap,)k; (ap3)~k; (a,)k; (9y5)]

+

[ki(qu)ké(q23) = ké(qzz)ki(qZ3)]}

+1

1/3,. \2/3
la a 1] ] t [} ]
(‘03 ) (El) hj(a33) [k](ay,)k;(ay3) = kj(ay,)k (ay5)]

3

+1

1/3 2/3
as| o ,
(152') (}E;T) hy(a33)a,, k) (ay,)k;1 (955)

~ kl(qzz)ké(Q23)] + q23[ké(q22)kl(q23) = ki(qzz)kz(qZ3)]} ’ (2-141) -
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3G
¥'(q),) = - q;,k,(a;,)k,(a,,) - kjy(a;,) {1 aqs ] k,(q,,) + 6gk;(q,,)

3G
\ s ,
*+ a5k (9,8, (ayy) + kj(ap,) [éll + aqll] ky(qyy) + Ggkylayy) o, (2.142)
and
2/3
' - o o _
¢ (91 = “ag3gl)  ByCagy) Tk Cagydiay) = Kylagy)ky (apy)

_31_2/3, ' '
+(,a2,) By (ay,) {1k} (250K, (ay5) = K5(ay,)k,(ay5)]

+ [kl(q22)ké(qZ3) = kz(qzz)ki(q23)]}
/3, 2/3
: Iazl a ' ' - [
+ ( a3 ) (&:) b (a35) [k (9y,)k)(ay5) - ky(ay,)k)(ay4)]

1/3 2/3
- luzl o ) ] 1 1
* ( a3 ) (|a2|) hy(a33) Elk) (a,5)k)(ay5) - ky(ay,)k)(a,5)]

= Qp3 [k (85,5 (y5) = ky(ay,)k (2,1} - (2.163)

For horizontal polarization

G a6

1/3
oS _ _SH_ifoy [ 2 _ 2] -1/2
B "2 () o - B , (2.144)

while for vertical polarization

8GS _ 8GS n (0)

aqll 9q,, =g aqll

(2.145)

TRILINEAR DUCT MODAL HEIGHT-GAIN FUNCTIONS

The height-gain function corresponding to the n-th mode is

25
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B }‘
2 -
j
)
i
e T, 11k )+t T, |k . j = 1,2
3 D AULCRRNT VT ACH NI )
' E(n,z,zT) = (2.146) '}
? 0135111500y G=3) . )
g X
: When § = 1,2, the matrix TAJ is the matrix obtained by replacing the column of the
the matrix A, equation (2.69), containing the coefficients of Aj by the vector -~
3 B; and when j = 3, ”IA3” = 0. The matrix Tpy is obtained by replacing the
Zj column of A containing the coefficients of Bj by the vector B. For example, .
52 is given by _:
All A12 0 BI 0 e
81 By B3 B 0
T = | %31 833 B33 By 0 (2.147)
5 0 0 Bz By Bas
< 0 0 A53 BS A5
; The elements of the matrix A are given by equations (2.72-2.87) and the elements
of the vector B are given by equations (2.88-2.92).
The elements of the vector B depend upon the choice of particular
solution. Theoretically, either of the particular solutions
y
k- Ryk, (gy Ik, (qy,) M = 1,2)
) ~(P
- P (p,q,) = (2.148)
_~4ni/3 -
or
i p,q,) = (2.149)
-4ni/3 _
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can be used. Numerically, however, one solution may be preferable to the
other. Numerical experience shows that for the trilinear refractivity
profiles shown in figure 1, when the transmitter and receiver are both in the
dM

first layer or the transmitter is in the second layer and iz is negative, the
best choice for the particular solution is (2.149). When the transmitter is
in the first layer and the receiver is in the second or third layer, when

dM
the transmitter is in the second layer and iz is positive, or when the
transmitter is in the third layer, the best choice for the particular solution
is (2.148).

When the transmitter is in the first layer and the receiver is in the

first layer, the modal height-gain function is given by

PR Vi
E(n,zp,2zq) = R, {* (lazl) hy(a35)k,(a,5)

+

1/3
' r |(!z| [} '
h2(‘133)“2(‘123)} {* ( o ) ky(ay5)ky(q;)) + kl(q22)k2(q12)}

+

- (ag 1/3 ' ' Jag] 1/3
{* (|a2|) hy(a33)k,(g,5) + hz(qss)kl(qzs)} {i ( o5 ) ky(9,,)k,(a,,)

/3
' Iy (L5 '
- kz(qzz)"z(qlz)}] kyCayy 0k (ayp)ky(a,g) + [{* (|u2|5 h; (a33)k;(953)

1/3

+

' laz | ' '
hz(qss)kz(qzs)} {* ( o ) kylay))k, (ay,) - kl(q22)kl(q12)}

+

PPN Vi ' - (lagl 1/3 '
{+ (Iazl) h;(a33)k,(ay5) + h2(‘133)"1(923)} {* ( oy ) k) (ay5)k, (a;55)

+
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1

4 I_H. "lg“,
S

—

~

w

e 'y

1/3
iy ] 1 ' e Ia l

* [{+ 1y R ICPRLACHAI hz(qas)kz(qz3)} {+ e IRLHORINCNY «1
i ,
i + kl(qzz)kl(qlz)}
'i 1/3 1/3

ire Q t ' Ia l 1

| + {* (TE?T) hy(a33)k,(qy5) + hz(qss)k1(q23)} {* (‘Ef’) ky(ay,)k,(qy,)
53 - k2(‘122)"i(q12)}] k) (ay7)ky(qp)ky(ap)
b (0<zg<z,;0<z <z,) (2.150)

When the transmitter is in the first layer and the receiver is in the second

layer, the modal height-gain function is given by

R,W [% (ngT)

ig [ 1/3 T

1/3

: E(n,zg,2p) h)(a33)%;(953) * hz(q33)ké(q23)]kz(q11)k1(qlT)kl(qzn)

iy aa ' [}
N (luzi) hy(a35)k,(ay5) + hz(qss)kz(qza)J ky(ay,)k)(ay0)k, (gop)
[ ga (13 ]
N (Iazl) h;(a33)k, (a53) * hz(qsa)kl(qz3)J kj(a )k, (ayp)k, (app)
5 PN VX 7
7 1 (Toor)  B3CasadkyCapy) * bylagy)kiCayy) | &y Cayy)ky(ayp)ky(agg)
f} -l
- (z2 Sz Sz, 0<zp < 22) . (2.151)

)

Saloal o

When the transmitter is in the first layer and the receiver is in the third

L)

layer, the modal height-gain function is

YY)

E(n,zp,2p) = -RWAR (a, )k, (a,p) = Ky(a; )k, (a,p) 1K, (agp)

v e

EAA

(zy < 2p 5 0 <20 <2,) . (2.152)
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In the above equations

= P
Ry = %] (2.153)

where p is the magnetic dipole strength, W is the Wronskian of k1(§) and k2(§)
and has the value

-2

and qi is equal to

9, /x \?/3
9 =35 ° (E‘) o - (2.155)

When the transmitter is in the second layer and the receiver is in the

first layer, the modal height-gain function is given by

1/3 1/3
= a rd a [
E(n,zp,2g) = % sz(J'&fl) [" (TE:T) hy(a337k; (ap5)

hy(a33)k)(ay3) | Kp(ay;)k; (appdky (ayp)

+

[ 1/3 ]
"t (lagl) by (a33)k; (953) * by(a33)K; (455 | Rp(ay1)ky(app)ky (98)

-

1/3
a3 ' '
U (lazl) h(ag3)ky(ap3) *+ Bplagg)kylags), ky(ayy )k (app)k)(app)

1/3
e 03 1 ]
Y (Iazl) By (a55)k, (855) *+ Bylag3)k;(ay3) | By (9 )ky (2500 %, (a1p)

-

(0 <2p<2y)52) <208 z3) . (2.156)

29




When the transmitter is in the second layer and the receiver is in the second
layer, the modal height-gain function is

E(n,zR,zT) =
o
& { (fea1)
“z(qzz)ké(qu)] k,(q,,)

- | e

1/3 1/3

' ' lag| '
hy(a33)ky(a,5) + hz(q33)k2(q23)}{['(_af‘) ACTPULICIPY

+

1/3
ké(qzz)kx(qlz) - kz(qzz)ki(qlz)] Rz(qu)} kl(qu)kl(qZR)

(22 P ok ) + b,(qaq)k) (a0 ¢4 | (1920
(Iazl) 2'9337%24,3 219337%3193 ( ay

+

1/3
) k;(ay,)k,(q,,)

1/3
['(}gfl) ky(ayy)k,(q),) + kl(qzz)ki(qlz)]kz(qll)} {kz(qu)kl(qzn)

+
+ kl(qz.r)kz(qm)}
1/3 1/3
-{-9a_ ' ' _{loz] '
* { (Iazl) h;(a33)k, (a,5) + h2(q33)kl(q23)}{[ (al ) Kiaypkytagy)

+

"1(‘122)“5(‘112)] Rl(qu)

1/3
’[(J%fl) ky(a55)k,(ay,) - kl(qzz)"i(qu)]ﬁz(qu)} ky (50K, (apg)

(z, < zp L2335 2)82. 8255 a,>0) (2.157)

2

30

L} A

Al

"l

ks

Bt bl




7 B
:

i

4 BAd U veY

e =
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I

or

E(n,zR,zT) =

1/3 3
O3 ' ' la
& [{("’2') hy(a33)k;(ay;) + hz(qss)kz(qm)} {[(_afl)

PACPPUPICIPY

' lag| 1/3 '
+ kylayp)k;(ay,) | Ky(gyy) + | - ( a1 ) k;(ay,)k, (a4,)

- k2(q22)ki(q12)] Rz(qll)}} k) (2pp)k,) (ap)
1/3 21)1/3
o [} . ' - Ia l )
*'[{(TE:T) hy(g54)k;(a,3) + hz(q33)k1(q23)} { [ ( a ) kp(apy)ky(ay,)

. laz1\13,,
- ky(ay,)k5(a,,) | Ky(qyy) + ( ay ) k;(9y5)k, (ay,)

+ kz(qzz)ki(qlz) Rz(qll)}»] {kz(qu)kl(qu) + kl(qZT)kz(qZR)}

[fo

. Lot \/3,,
+ Ky (ay,)ky(ay,) [ K i(qyy) + '( ay ) ki (@)%, (95,)

1/3 1/3

' ' lagl '
h)(a33)k,(g53) * hz(qss)kl(qzs)} { [(‘Ef’) kj(a95)ky(ay5)

- | |

" Ky (ay5)k (ag)) R2(‘111)} ky(ap1)%;(958)
e

(22 < zp < Z3 3 2, < Z; < 25 5 a, <0) . (2.158)

When the transmitter is in the second layer and the receiver is in the third
layer, the modal height-gain function is

i 1/3
E(n,zp,2p) = Rp¥ {{* (lgfl) ky(a520k;(a15) * Ky (ap5)%;(ay) }Rl(qll)
rd 192_'_1/31 1
"3t ( a1 ) k;(a5,)k,(ay,) + ky(ay5)ki(a;,) 0 Ky(ayy) | ky(appdhy(agp)
i 1/3
+ ["{" (lgfl) k1(a5)ky(ay5) * kl(qzz)ké(qlz)}kl(qll)
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- (logl)}/3
M T (’EIL) k(250K (ay,) + ky(ap,)k (ay,) 0k, (ay1) | Ky (app)h,(agp)

(23 Szp iz, Szg 8 23) . (2.159)
In the above equations
=B
Ry = % (2.160)
vwhere
9q 2/3
2 k
Q=3 - (_lazl) @2 - (2.161)

B ]

When the transmitter is in the third layer and the receiver is in the

first layer, the modal height-gain function is given by

E(n,2p,2p) = - RWAK (a,,)K,(a,0) = Ky(a;;)k, (ayp) th, (agp)

Ba taa x-tu e Pal

(0 < zp < z, ; 24 < zT) . (2.162)

When the transmitter is in the third layer and the receiver is in the second

layer, the modal height-gain function is

1/3
) k'5(9,,)k,(a,,)

1/3
_ ag = (lazl

+ k,(q,,)k;(q,,) } Rl(qu)

i 1/3
- {’ (J%fl) k") (a5,)k, (q;,) + kz(qzz)ki(qlz)}ﬁz(qu) h, (a37)k, (g,p)

i 1/3
- {’ (J%fl) k' (ay,)ky(a,) + kl(q22)ké(q12)}ﬁl(q11)
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i 1/3
*{* ('I'g'fl) kj(ap))ky(ap) + ky(ay))k;(ay,) }Rz(qn)] b,y (a3p)k;,(q,p)

(z2 Szpzg; 238 zy) - (2.163)

By

When the transmitter is in the third layer and the receiver is in the third
layer, the modal height-gain function is given by

- S

i
S
[

g -1 [ (5

oy

1/3 '
) KjCagdkylayp) ¢ kl(qzz)ké(qlz)] [‘ké(q23) {“1(‘133) i

: 1/3 .
-4ni/3 a3 ' -4ni/3, ,
-e h,(a33) } * (Iazl) k,(a,3) % hj(a33)-e hz(qss)} ] k(qyy)

-+
—
+1

(Lﬂzl)ln

] ' ' '47!]'./3
ay ) ¥2(922)kp(9y) * kz(qzz)kz(qlz)] [“1(‘123) {hl(qas)’e hz(qss)}

1/3 .
o ' '107[1/3 N
> 1) ke {hl(qss)'e h;(a33) }]Rl(qll)

€227

2
+ +1
[y
+1
—

M)1/3

0, | K1(p0)k,(a)) + kl(qzz)"i(qlz)] [“é(qzs){hl(q33)’e-4ni/3h2(q33)}

ns

e

1/3 .
s [ 03 ' _abmi/3, .
* (qul) ky(ay3) {"1(‘133) e hz(q33)}]ﬁz(‘111)

AP

)1/3 -4ni/3

ky(ap,)k,(ay5) + kz(qzz)ki(qlz)] ['ki(qz3) {hl(qss)'e hz(qas)}

£ald
-+
| penenm |
+
=
7

“‘;‘é

L. \1/3 :
o . _-bni/3,
* (faa1) l‘1(‘123){“1(‘133) e h2('133)}:|f‘2(‘111) By(ap)b,y (a5g)

(z3 < Zp i 25 < zT) . (2.164)
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In the above equations
R3 = —2— s (2. 165)
]
Wq3
where
‘ 8q3 K )2/3
93 "8z ~ (&; s - (2.166) =
In all of the above equations for the modal height-gain function, the upper )
sign is to be taken when az > 0 and the lower sign when ay < 0. L
=
=
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3. SURFACE ROUGHNESS

The preceding results have assumed that the earth's surface is perfectly
smooth. Because surface roughness could have a significant effect upon the
signal levels at large ranges, especially for frequencies above several
gigahertz, the modifications necessary to incorporate surface roughness into

the previous results will now be made.

One way to introduce surface roughness, or any loss mechanism that can be
modeled as a lossy boundary, is the following [16]. Instead of the trilinear
layer shown in figure 1, consider the layer shown in figure 3, where the
infinitesimally thin bottom layer, z, = 0 <z <2z, has a constant modified
refractivity. In the limit zp >z = 0 this profile is exactly the same as
the one considered before. In the bottom layer 0 <z< zp’ the function ﬁ(p,z)

can be written as

el ™
—p

LAYER 3

23 - - e o 23 e ——_——

LAYER 2

12 hpoocmmoasme omeoas s oo 12 pPoeccsccvcecancecmoe

LAYER 1

P proccvecvoovsenecacnaces lp o en
LAYER O
1 =0 x 29=0
GROUND

—y
M(z}

Figure 3. Modified refractivity profile used to introduce surface roughness loss into

dM
calculation of field strength. In layer O, T =0. The height zpis infinitesimally
z
small, and eventually zp~ 0.
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ﬁo(o,z) = Ao(p){eipz + Re-lpz} , (3.1)

where

p = k/nf(0) - B2 (3.2)

and
2

B = £ | (3.3) -

. +i .
For a time dependence of e 1wt and with

1/3
Re{n¥(0) - B%} = Re{(%l) ‘/al_;}> 0, (3.4)

the first term in (3.1) represents a down-going plane wave and the second term

represents an up-going plane wave. The effect of surface roughness is

introduced through the plane wave reflection coefficient R in equation (3.1).
With the introduction of (3.1), the function II(p,z) is no longer required to
satisfy the boundary condition that fI(p,z) represent an outgoing decaying wave

as z > - ®, In the other layers the solution ﬁ(p,z) is exactly as before:

i

sk

~(P) . =
@j(P)kl(qj) *+ B;(p)k,y(q) + N7 7(pyq )0,y (3 =1,2)

ﬁj(p,z) =J (3.5)
By (Pl (a) + i) (0,058, G=3,

where the particular solutions ﬁ§P) are given by equations (2.40, 2.41j.

The continuity conditions that ﬁ(p,z) now has to satisfy are

ﬁo(p,zp) = ﬁl(p,zp) , (3.6)

i,

URGERIES "1 ROERI (3.7)

fi(pyz,) = M, (0,24,0) G =12, (3.8)
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and

~ —d

d (=~ _d .
a;{nj(p’zj+l)} - ag{nj+l(p’zj+l)} (J = 1’2) ’ (3-9)

P

for both vertical and horizontal polarization. Substituting equations (3.1)
and (3.5) into equations (3.6, 3.7) yields

pelel

Y SR

W0 |

B ™ “iuz, =(P)
A e + Re = Alkl(qlp) + BlkZ(qlp) + 1 (p,qlp)éIM (3.10)

q
£}
e

2
‘ot
2.

23 and
ipz -ipz 2/3 2/3

L% i p - P = _.-k—- t .L
iy Ao{" Re } o (lall) Akyla) + o (Iall) B ky(a),)
- d_~(P)
g + M) (Pray )16y (3.11)
™ where
o . (273 | \
i 4 =) = (o) [1+in+ ez, -0 - . (3.12)
z In the limit zp + 0, equations (3.10, 3.11) become
'

A(1+R) = Ak (q.) +B.k(a.)+ 18 p.q..)6 (3.13)
3 o 1719 1729, 1 P»9y1)%y y

and

‘3 . kK \2/3 Kk \2/3

ipA,(1 - B) = s (37)  Ajkjlay) * o (fGo7)  Bikjlagp)
:3 d f=(P)
Y, + dz{nl (p,qu)}am i (3.14)

Ew

Eliminating Ao from equations (3.13, 3.14) finally yields

2/3

' . ) 2/3
Al{ki(qn) - é‘f (l%d) (}Tg) k) (ayy) }* Bl{ké(qu) i %l:' (J%LI)

ey

() taf

e BB
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2/3 : 2/3
=Ll (logl)'7d )(R) ip (lag| 1-R) ~(P)
=T ( K ) dz {"1 (p’qll)} S * oy ( k ) <1+R) My 7(Pay )0y -
(3.15)

The continuity conditions (3.8, 3.9) yield equations (2.53-2.56) as before. 1In
comparison of equations (2.52) and (3.15) it can be seen that the net effect of

the modification to include surface roughness is the replacement

Yy %5% , (3.16)

Therefore, all of the previous results hold if the functions Rl(qll) and
Rz(qll) are defined to be

ky(q,,) = kj(qy,) - Ggk,(q;,) (3.17)
and

ky(a;,) = kylay,) - 6k, (a;,) (3.18)
where

6 = ip (I_m)z’ 3(1_-_13)

R a; \k 14R

K 1/3 1-R
= l(a—l‘) Jn?(o) - Bz (—Fﬁ) (01 >0) . (3.19)

When reflection occurs from a surface with a Gaussian distribution of
bump heights, the reflection coefficient R can be represented as the product
of the smooth surface plane wave reflection coefficient and a surface
roughness factor [17]. For horizontal polarization, the reflection coefficient
R is given by
d 2/3
Ryexp [-2k262(%1) qll] Re(qy;) > 0

R = { (3.20)
RH Re(qll) <0,

.
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where 6 is the root mean square surface bump height and RH is the Fresnel

plane wave reflection coefficient for horizontal polarization

(n(0) - p21Y/2 - (a2 - p2)1/2

- (3.21)
W o - g . (a2 - g2/

2/3
When RE(qll) < 0, the magnitude of the exponential factor exp [}Zkzﬁz(%l) qll]

is greater than one. Since modes with Re(qll) < 0 correspond to well~-trapped
modes and should be unaffected by the surface, the exponential factor is not
included in R when Re(qll) < 0.

In the case of vertical polarization, R is given by

2/3
Ryexp [-Zkzéz(%l) qll] Re(q;,) 2 0
R = (3.22)
Ry Re(qu) <0,
vwhere RV is the Fresnel plane wave reflection coefficient for vertical
polarization
n2(af(0) - p21 /% af(0)(a2 - p?1"/2
= . (3.23)

n2(nf(0) - p2)1/2 4 n$(0)[n? - p2)1/2

The limits of G, as the rms bump height 6 approaches zero are

R
. 2/3(1-Ry 1/3(1-11H
_ ip (a . 1/2 (k
S = ot (1) (ETH) - ilatc) - 62172 (5)) m—ﬂ)
iy 21)2/3 - itat - g s 520
a, \k = ilng - B°] a_,) = Ysy ‘

for horizontal polarization and

= (@ )2/3<‘*Rv) = i[n}(0) - p2]Y/? (5;)1/3(;;;%)
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Thus, the above results for reflection from a rough surface contain the

results for reflection from a smooth surface as a special case.

a6
The coefficient GR and its derivative T are needed when evaluating the
11
modal function and its derivative. For horizontal polarization, GRH can be
written as
1/3 a(q,,)
= 3 5_) 11

GRH 1(011 b(qll) , (3.26)

where
1/3 2/3 1/2
= (% 1/2 (Q) ay

alqyy) = (k ) (g “rann(Z) +f v+ (k ) a5 (3.27)

and
1/3 2/3 1/2
- k_ -1/2 (] (21

blq;)) =1+ (a1) (qy) t‘"’h(z) [r * Ak ) 5, (3.28)
with

1= n: -1-in - o;H (3.29)
and

2s2(% 2/3
¢ = 2k26 (k ) q, - (3.30)

For small values of |q..|, a(q,,) and b(q,,) have the series expansions
11 11 11

1/3 2/3

ata;y) = () (qu)‘/z{kzaz(%x) 9,

2 10/3
_les‘_h)s 2 10810{% 5 _ }
3k°6 ( k) 911 * 15k 0 (k ) PP
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VR 2 Bl GEW

2/3 4/3 2
Y2y, , L (o g (B) ety ik () o
T {1 MY (k) 93 " 82 (k " 163 (k) M1

s an®? . 7 a3 }
" 1287% (k ) 9 * 75675 (k ) a3 < .- (3.31)
and
1/2 1/2 2z02f0 1/3 1l , 200fa 1l 6x6
blayp) = 1+ tM2(q 02 k%6 (Kl) + Lys (El)qll . [gk 58 +

+

1 252 9'_15/32 1 656 1 242 0'_17/33
grzk o ](k) a [‘ R T2 L ](k ) ay,
+ [2_k10610 + L x6s6 - 3 kzaz](gh 3 4 +| L giog10
15 24772 1287% k) i 151

1 .6s6 7 1252 0_111/35
- zg?gk 6° + Egg?sk 6 ] (k ) qll + ... (. (3.32)

The derivative of GRH with respect to 9, is given by

i _ . \3f1 32 a @
SRR S 1 39
vhere
1/3
da__ _ 1 -1/2fa, 1/2 (o, ']
3q,, ~ 2(2yy) <; ) ““h(g) + (ay,) (k )k262 s°°h2(2)
2/3 2/3
1 fa o -1/2
t2 (ii) [; * (il) qll] (3.30)

and

3b k \/3 _.3/2 2/3 ]1/2
=18 @ (),

i 1/3 2/3  -1/2
* %QI}/Z(%x) tann(3) [t * (%1) qll]
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- 1/3 2/3 1/2
~1/2,2 2(21 2(9 ‘!1)
R + q,, K263 sech (2) T (5 Q. . (3.35) 3
; Ny
f“' For small values of | | and ab have the series expansions
3 91! 3q 3q
3 1 11
")
1/3 2/3 2 =
A 9a  _ (u / q}/? kzéz(‘h) 3 stas(ﬁx) q2 -
2 3q;, ~ \k 11 k 6 k) I
) 10/3 2/3 :
11, 1051091 4 . } (172 (21
M Gl (k 9 " - 7T\ k -
2 8/3 -
o1 oy 3 o\ 2 _ 5 (+5) 3
z (k ) 91 * 1673 (k) 1117 3273\k M =
10/3 R
35 __(ay 4 }
; t 5ees (k) a1, (3.36) .
=
and
p o) Qe
11 -
5/3
Y -3 1l ese 1,2 2] o 2
7 2 [3k 6%+ gk (k) n =
- :
| ‘T'
7 7/3 3 T
- 656 1 2s2|f® q® +9[2 10410 656
: +2[ k6+6tk6](k) 11 3| BKI810 + rzk®s
? 3 =
o 3 252 | () ,4 H[ 1 10510
; 12877 0 ](k a9 7 [ 0
B )
i 7 anslfay 11/3 "
.‘ - zs—tgk 66 + Wl{ 6]( ) 11 + ... (. (3.37)
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The corresponding results for GRv are
1/3 a(q,,)

Ggy = i(::_) —L (3.38)

1 b(q,,)

where
1/3 2/3 1/2

~ (] 1/2 n%(0) oy
alayy) = (El) aj)” taoh (3) + "E:" [t * (k ) 9 (3.39)

and

b(q,,)

1/3 2/3 1/2
) M [ ()0 ] o

For small values of Iqlll’ ;(qll) and g(qll) have the expansions

1/3 2/3 2
~ = (%1 1/2 ) 2522 - Liesefd1) ,3
a(qyy) = (k ) 97 {k 6 (k ) 9 - 3% (k a9
10/3
2 10410 21) 5 _
+ Tk 6 X Q" -

4/3 L fan? s
a; * 16t3(k 11

+

L by L (@) - o ()

4

s a\8/3, ;13
" 12808 (k ) aq, ¢ 2561:5(k ) ap " e (3.41)
and
1/2 1/2 1/3
o~ - n% (0 28201 1 252(01 - | Liege
blq;) = 1+ o2 * 911 {k 6 (k ) * K%k Jan | 3K

5/3 7]3
1 2521 (2 2 [_ 1 6s6 1 202 | (01 3
k"6 ](k aq; * [ &R ek [ \k)

+
!
-
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\a 1 Les6 11/3 .
3 - EEk®08 + selsk26? (k ) @Syt (- (3.42)
The derivative of GRV with respect to 9, is equal to
" Bpy . (kN1 25 3 ab
. a'—"— 1 U_ —3—__ - 75— ’ (343)
: M 1 b %11 2 %n

where

~

l - 1 '1/2 (_1) tanh(g) + k262 U 1/2 SEChz(Q)

g aqu 2 11

{ 1 i 2/3[ 2/3 ] -1/2

% + n( (k) t+(%l) 1, (3.44)
s and

&

¥ 3 _ nf(0 1 -3/2¢k \!/3 [ 2/3 ]1/2

- s L 1oy o) [+ (9,

; ;i/z(k )1/3t.-,,uh(g)[t R (%1)2/3q11]-1/2

+
1/3 2/3 1/2
252q71/2(% 2(0 [ ag)\2
A + k0% ( sech (2) Ttk 9, - (3.45)
; )
¥ For small values of |q11|, aa and gb have the series expansions
2 1 i

~

da ( )1/3 1/2 k262 (_1) / } Zk666(g_1) qz

LN

10/3 2/3
11105100 4 . nf(0) _1/2§ 1 (ay
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-3
= 10/3 P
35 a 4 - -
3 * 25605 \k ) qq, } (3.46) :
E
3] and o
3b_ _ n}(0) /2, 1/2 242 _1) 3 k262 _1
11 8
7 s
é - 3|16z 1,202 [ (9] 2 7). 1 66
2 [3" 6% + gyzk®6 (') 91 t 3| ek®
a + 1 k282 (‘11)7/3  J 9 2 g1og10 4 L yeg6
1613 K M 15 2412
| - =2 252 | (M - + 1111 pio0g10
i 1281% k) 177|150
8 1 _ 656 7 w252l (M nsa . 4
" 733k O * gysk’S (k ) a * e f - (3.47)
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L 4. COMPLEX INDEX OF REFRACTION OF SEAWATER }

In the waveguide formulation for tropospheric ducting of electromagnetic

% waves, one of the physical parameters needed for evaluating the modal function
;;; and height-gain functions is the complex index of refraction of seawater. The
Xt complex index of refraction of seawater is a function of frequency,

ol temperature, and salinity. The temperature of the ocean's surface lies between

:? ~2°C and 32°C, with about half of the ocean's surface being warmer than 20°C.
b? Although the salinity of the ocean near the mouth of large rivers may approach
i zero, the salinity of most water in the open ocean lies between 33 and 37

” grams of salt per kilogram of seawater, and 35 g salt/kg seawater is often
i%, chosen as standard [18].

Ei The complex index of refraction of seawater, “g’ can be related to an

;ﬂ effective relative dielectric function, eeff’ and an effective conductivity,
4 Ougs? through

¥ n2 = e g0 - i :::f , (4.1)

.

;E where €, is the permittivity of free space and has the value
f. £, = 8.85436 X 10712 F/m , (4.2)
while f = 5

2n
dielectric function and the effective conductivity are related to the complex

5= is the frequency at which ng is to be evaluated. The effective

dielectric function

€=¢g' - ig"’ (4.3)

o and the ionic conductivity, o, through
- t

&: et = € (4.4)
'D
& and
N
" - + " .
£ Teff = 0 7 WeE™ . (4.5)
iQ The above equations assume the ionic conductivity to have an imaginary part of
r zero. For frequencies much less than 104 GHz this is a good approximation.
» ‘
<
, 46 4




The theory o.” an ideal polar dielectric in an alternating electromagnetic

field was given by Debye [19] in terms of a single relaxation time. While

Debye's derivation assumes a spherical molecule whose free rotations are
Yy P

5

resisted by a viscous force, all that is needed is the assumption of

exponential relaxation of the polarization [20]. In the Debye theory the

[ﬁ'_:’

complex dielectric function is given by

ot |

€=¢g' - ig" , (4.6)
f] where
€ . &

N A ¢ WL 7%

[8.957)

€, _ &

g =€+ 1—"‘62?2— (4.7)

& and

: (e, - e )(A_/A)

i e =15 (AS/A)g (“-8)
(ss - ew)wt

2 = Tywrer (4.9

In equations (4.7, 4.8), ¢ is that part of the dielectric function which is due

)

to the atomic and electronic polarization and is assumed to be real and
independent of frequency, and £ is the static (w*0) value of the dielectric

function. The wavelength of the alternating electromagnetic field is A, while

Taned

hs, the characteristic wavelength, is the wavelength corresponding to the
frequency %3 vwhere T is the dielectric relaxation time. Equations (4.6-4.8)

represent the fall in the value of the dielectric function from es(weo) to

ea(w*w), the fall being accompanied by a single broad absorption band in the

st

neighborhood of the characteristic wavelength, ks' The representation of the

variation with frequency of the dielectric function in terms of a single

dielectric relaxation time t should be valid for frequencies up to 300 GHz

[21]. For higher frequencies more than one relaxation time will be needed.

Some of the earliest experimental work on the dielectric properties of

pure water and aqueous ionic solutions was performed by JB Hasted,

P12
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CH Collie, and DM Ritson [22, 23]. For pure water they measured the value of

the complex dielectric function at the wavelengths, A, of 10.00, 3.213, and —_
1.274 cm (£ = 2,998, 9.331, and 23.53 GHz) for temperatures between 0°C and

75°C. For temperatures in the range 0°C to 40°C, the least-square fit to

their values for the characteristic wavelength and static dielectric

constant is

e(P) =5.5

(o) ’

(4.9)

6

Agp)(T) 3.338 - 0.11417T + 0.0022T2 - 1.833 x 10~

T3 , (4.10)
and

88.192 - 0.405T + 0.0007T2 |, (4.11)

egP)(T)

where T is in degrees Celsius and As is in centimeters. Equations (4.9-4.11)

£l

give the parameters in the Debye equation for the complex dielectric function
of pure water as a function of temperature. For seawater there is a lowering
of the value of the dielectric function from its pure water value due to
saturation of the dielectric in the neighborhood of the salt ions. Hasted,

Ritson, and Collie [23] also measured the complex dielectric function of ionic

b i

solutions. For NaCl solutions less than 1.5 molar, their experimental values

could be fit by the Debye formula with As and €, as functions of temperature

and salinity, given by

A(T,8) = Agp)(T) - 0.08 c (4.12)

and

e (1,5) esp)(T) -11.0 ¢ , (4.13)

where As is again in centimeters and c¢ is the salt concentration in moles per
liter. They assumed that the value of € _ for NaCl solutions was 5.5, the same

as for pure water.

A more recent fit of the Debye model parameters has been obtained by
Klein and Swift [24]. Assuming that
g, = 4.9 (4.14)

for both pure water and seawater, they found that the static dielectric ;_

constant of pure water is given by
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eiP)(T) = 88.045 - 0.4147T + 6.295 x 107°T2 + 1.075 x 107°T% ,  (4.15) 'j

while the static dielectric constant of seawater is given by -ih

e (T,S) = e (T)a(s,T) , (4.16) 3

ez xR A

7

P By e o4 LA

* o

where

£ (T) = 87.134 - 1.949 x 10717 - 1.276 x 107212

4

+ 2.491 x 10 T3 (4.17)

and

a(s,T) = 1.000 + 1.613 X 1073ST - 3.656 x 10™3s

5 7

+ 3.210 X 10782 - 4.232 x 10 's3 . (4.18)

The temperature T is in degrees Celsius and the salinity S is in grams of salt
per kilogram of seawater. When S = 0 the expressions (4.16-4.18) for the static
dielectric constant of seawater do not reduce to the expression (4.15) for the
static dielectric constant of pure water. This may be due to the presence of
sulphates and nitrates in the seawater samples measured [24). The dielectric

relaxation time of seawater in the Klein and Swift model is given by

1(T,S) = t(T,0)b(S,T) , (6.19)

where t(T,0) is the pure water value of the relaxation time and is equal to

v(T,0) = 1.768 x 10”11 - 6.086 x 107137 + 1.106 x 1071412
- 8.111 x 10718 | (4.20)
and
b(S,T) = 1.000 + 2.282 x 107OST - 7.638 x 10™s
- 7.760 x 107852 + 1.105 x 107853 . (4.21)

The dielectric relaxation time is in seconds. The ionic conductivity of
seavater is given by

o(T,S) = 0(25,S)exp(-AB) , (4.22) B
where ;
A=25-T, (4.23) ;;

B =2.033 x 1072 + 1.266 x 10™%A + 2.464 x 1076a2 -

- ${1.849 x 107> - 2.551 x 1077A + 2.551 x 10°%a2) , (4.24) 1

-

Lo
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and -

3

0(25,8) = S[0.182521 - 1.46192 X 10 °S + 2.09324 X 10-582 "}

- 1.28205 x 10" /s3] . (4.25)

The conductivity o is in siemens per meter.
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" 5. SHELLMAN-MORFITT ROOT-FINDING ROUTINE
=d When the mode sum formulation of the tropospheric ducting problem is used, j
B the most difficult part of the field strength calculations is determining the E
éj zeros of the modal function. For the trilinear model of the tropospheric ?
index of refraction considered in this document, the modal function is given ]
!5 by equation (2.124): 3
.' lall = ;'J&L'lla{; (hgﬂ'l/3§( ) ]
j all = (|012|> 0!1) q;x(q ) + ¢(qu)¢(qu)} » (6.1
N where C(qll), X(qll)’ ¢(q11), and ¢(q11) are given by equations (2.125-2.128)
A and involve sums and products of Airy functions. It is not possible to
:j solve equation (5.1) analytically for the complex zeros, 9, Therefore,
numerical methods must be used. Several algorithms exist for finding the
- complex roots of transcendental equations [4, 25-27]. In XWVG, the complex root-
Eﬂ finding routine of Shellman and Morfitt is used to find the zeros of the modal
function (5.1). This routine was also used by Goodhart and Pappert [28] and
li Marcus [1, 2] for finding the zeros of modal functions for linear segmented
models of tropospheric refractivity.

The root-finding routine of Shellman and Morfitt locates all the simple

zeros of an analytic function in a prescribed rectangular region of the

X

‘e
e

complex plane. Initial guesses for the location of the zeros within the

prescribed rectangular region of the complex plane are not required. The

l.'
o B W |

L
2
A

root-finding method of Shellman and Morfitt is based on the theorem [29]:

Theorem: Let f(z) be a meromorphic function, i.e., analytic everywhere

¢ ]

:1 in the complex z-plane except at isolated poles. Let I' be a closed
- contour in the z-plane such that there are no zeros or poles of f(z) on
;j I'. Then, the accumulated phase change, A¢, of f(z) around ' traversed in
o a counterclockwise direction is equal to
e (80 = 2n(N, - N ) . (5.2)
)
i; Nz is the number of zeros enclosed by I' and Np is the number of poles
enclosed by I'. When determining Nz and Np, n-th order zeros and poles ]
:ﬁ are counted n times. i
. ;
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For a function that has only zeros in the region enclosed by I' so that Np =0,
this theorem implies that every phase contour associated with each zero

crosses [ .

Consider the analytic function f(z). 1In terms of its modulus and phase,

£(z) can be written as

£(z) = {[Re()]2 + [Im(£)]2} %10 | (5.3)

where 0 is the phase of f and is given by

- -1 yIm(f)
0 = tan {ie—(t")-} . (5.4)

If £(z) has no poles or branch points, the curve for the constant phase value
0= Gc radiating from a zero of f(z) must cross a closed contour I' enclosing
that zero at least once. Furthermore, no other zero of f(z) may be on this
phase curve. See figure 4. A curve of constant phase, e.g., Gc = 0, which
crosses the closed contour I' may be followed until it leads to a zero of f(z)
or until the phase curve again crosses the contour I'. A zero of f(z) may be

determined by the crossing of the curves

Y | 1 2 < 8§ y
92 N
" t
[ <~ CLOSED CONTOUR T
! ! X 1 >
b & 82 8

Figure 4. Constant phase curves for an analytic function with three simple
zeros in the region enclosed by the rectangular contour T,

Im(f) = 0O ((9C =0 or m) (5.5)

and
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(ec =% or %) . (5.6)

The routine of Shellman and Morfitt will search a specified rectangular

Re(f)

n
o

region of the complex z-plane for the simple zeros of the analytic function
f(z). Let the edges of the specified search rectangle be denoted by tL’ tR’
tT’ and ths where tLand Y denote the value of the real part of z at the left
and right edges o{ the search rectangle and tr and tg denote the value of the
imaginary part of z at the top and bottom edges of the search rectangle. This
search rectangle is divided into small mesh squares in which each mesh square
side has length 6. Restrictions upon the size of & will be discussed later.

A new search rectangle is generated from the specified search rectangle. The

left edge of this new search rectangle is given by
tL)
3 = Int(2) , (5-7)

where Int(x) denotes the integer part of x. The other edges, J_, J_ ., and JB’

of this new search rectangle are similarly obtained. Thus, theRnewTsearch
rectangle is given in terms of mesh units, where one mesh unit is of length §.
Since truncation may occur in evaluating JL’ JR’ JT’ and JB’ this new search
rectangle is made one mesh size larger on all sides in order to ensure that
the original specified search rectangle falls completely within the new search
rectangle. If the original specified search rectangle is near a branch cut or
other discontinuity of f(z), this expansion of the search region could cause

problems.

Consider an individual mesh square in the new expanded search rectangle
as shown in figure 5. A local mesh coordinate system, where each unit is of
length 6, may be set up as shown in figure 6. The value of f(z) evaluated in
the local mesh coordinates of mesh square k is denoted by f(k)(xk,wk). Thus,
as shown in figure 6, the value of £(z) at the origin of mesh square k is
denoted by f(k)(0,0). Note that for each mesh square the lower left-hand
corner is taken as the origin in that mesh square's local coordinate system.

The values of f(z) at the corners of mesh square 1 are

£ o,1)

f(JLG + iJTG) , (5.8)

f(l)(0,0)

f(JLé + i[JT - 1]6) , (5.9)
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MESH * ‘\ * * u } -

SQUARE] & 9 13 17 210
1 \
\ +

I ]
Y 3 ? i1 15 | 19 23
) 1 ) : b F
- { - +/4_
4 / 12 16 1] 20 24
/ !
b - / - ] + > s+ I - -
c 3

Figure 5. Dllustration of search rectangle and mesh grid set

up in the complex z-plane by the Shellman-Morfitt root-
finding routine. The plus and minus signs at the corners of the
mesh squares indicate the sign of Im(f). Along the solid
curves Im(f) = O; while along the dashed curves, Re(f) = 0.
The zeros of f{z) are located at the intersection of the

Im(f) = 0 and Re(f) = 0 curves.

“k EDGE 4
9 1
T ~— W,
(k) (0, 1)
5 EDGE 1 EDGE 3
¢(k)
¢(k) (0, 0) (1,0
EDGE 2
1 00& .
e 5 -

Figure 6. Local mesh coordinate
system and numbering of the
edges of mesh square k. The
value of f(z) evaluated at the
corners of mesh square k are
denoted by f(k) (Xk» wk), where
Xk and wy equal 0 or 1 at the

cormers.,
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-3
B (1)
3 £7(1,0) = £([3; + 116 + i[J; - 1]8) , (5.10)
and (1)
i f (1,1) = f([JL + 1]6 + iJTG) . (5.11)
%) The values of f(z) at the cormers of all other mesh squares are obtained
§' similarly.
g? A basic assumption concerning f(z) made in the algorithm of Shellman and
i
Morfitt is that along the edges of every mesh square k, Re(f) and Im(f) are
%3 linear functions of the local mesh coordinates Xk and w, - This implies that
s in mesh square k, £(z) can be written as
o (k) -
A f (xk,wk) =8 ¢ bkwk o, t dkwkxk R (5.12)
5 where ays bk’ Cpo and dk are complex constants. This assumption puts an upper
- limit on the size of 6 that can be used. If § is too large, the assumption
. that f(z) has a linear variation along the edges of the mesh squares breaks
:1 down. Thus, & should be chosen small enough so that equation (5.12) is a good

approximation to f(z). 1In order to reduce computer run times, however, §

should not be excessively small. Note that equation (5.12) implies that in

i ¢

the mesh square, the curves Im(f) = 0 and Re(f) = 0 are hyperbolic curves with

vertical and horizontal asymptotes.

Ay

In order to further describe the workings of the root-finding routine of

2

Shellman and Morfitt, use will be made of the example shown in figure 5. The

zeros of f(z) in the new expanded search rectangle are looked for by examining

the imaginary part of f(z) counterclockwise around the rectangular contour.

Intermediate steps of investigating mesh squares are also carried out counter-

5

clockwise. For the example shown in figure 5, the edges of the search rec-

b Yu ]

b

tangle are examined for crossings of phase curves along which Im(f) = O,

starting with mesh square 1 edge 1. The values Im[f(l)(o,l)] and Im[f(l)(0,0)]

”
-

are computed. If, as shown in figure 5, the signs of these two values are the

same, then there can be no Im(f) = 0 curve passing through edge 1 of mesh

square 1. This is a consequence of assuming that Im(f) varies linearly along
the edges of the mesh squares.

N Vi3

e ) N )
e
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Next, mesh square 2 is investigated. To obtain the values
Im[f(z)(o,l)] and Im[f(z)(0,0)], use is made of the relationship

(£ 0,1)] = m£P0,0)]. (5.13)

The value of Im[f(z){ﬂ.o)] will be a new computed value. If the signs of
Im[f(z)(o,l)] and Im[f(z)(0,0)] are opposite, as shown in figure 5, then an

Im(f) = O curve enters mesh square 2 somewhere along edge 1. Because of the

assumed linearity of Im(f) along the mesh edge, the Im(f) = 0 curve AB crosses

edge 1 at
X, = 0 (5.14)
and
(2)
wz _ Im(f (0,0)] (5.15)

(£ (0,1)] - W(£?)(0,0)]
The problem is now to find whether a zero of f(z) lies within this mesh square
and vhere the curve AB exits from the mesh square. First, the values
I-[f(z)(l,o)] and Im[f(z)(l,l)] are obtained. The values of Im(f) at all four
corners of the mesh square are now known. Next, a test is macde to determine
whether there are one or two Im(f) = 0 curves entering and leaving the mesh
square. If the values Im[f(k)(0,0)] and Im[f(k)(l,l)] have the same sign,
e.g., minus, and the values Im[f(k)(o,l)] and Im[f(k)(l,o)] both have the
opposite sign, e.g., plus, then there are two Im(f) = O curves entering and
leaving the mesh square. This situation will arise in mesh square 14 of
figure 5. Otherwise, there is only one Im(f) = 0 curve entering and leaving
the mesh square, as in mesh square 2. Next, a test is performed to determine
whether there is at least one Re(f) = 0 curve entering and leaving the mesh
square. If the values Re[f(k)(o,o)], Re[f(k)(l,o)], Re[f(k)(l,l)], and
Re[f(k)(o,l)] all have the same sign, then there are no Re(f) = 0 curves

passing through the mesh square. If these values of Re(f) do not all have the
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same sign, then there is at least one Re(f) = 0 curve entering and leaving the
mesh square. Mesh square 2 does not have a Re(f) = 0 curve passing through it
and therefore does not contain a zero of f(z). The edge through which the
Im(f) = 0 curve exits the mesh square can be determined by using the signs of
Im(f) at the corners of the mesh square. In figure 5, the Im(f) = 0 curve AB
exits mesh square 2 across edge 2, which means it enters mesh square 3 across
edge 4. The local mesh coordinates of mesh square 3 where the curve AB enters

mesh square 3 can be determined by using the values

m(£30,1)] = m£?(0,0)] (5.16)

and

]

w3 a,1] = m£Pq,0) (5.17)

together with the assumed linearity of Im(f) along the mesh square edge.

The Im(f) = 0 curve is traced through the search rectangle, and each mesh
square through which it passes is checked for zeros of £(z). In figure 5,
the Im(f) = 0 curve AB is followed through mesh squares 2, 3, 7, 11, 10, 14,
and 13. The tests for a zero of £(z) are made in mesh squares 3 and 7, with
the same results as in mesh square 2. In mesh square 11, however, Im(f) = O
and Re(f) = 0 curves both pass through the mesh square. On the basis of the
values of f(z) at the cornmers of the mesh square and the assumed linearity of
£(z) along the mesh square edges, the value of f£(z) at any point within the
mesh square can be determined from

f(k)(xk,wk) =a t bkwk + 1 Xk + dkwkxk , (5.18)
vhere

a = £50,0) , (5.19)

b, = £80,1) - £®(o,0) , (5.20)

¢ = £ 1.0y - £€® 0,0y , (5.21)
and

g = £®00,0 + £ ™, - £ ®o,n - M0 . (5.22)
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The point of intersection, if any, of the curves Im(f) = 0 and Re(f) = 0 can
then be determined. The mathematical details are presented in the report by
Morfitt and Shellman [4].

After determining and storing the approximate location of the zero of
£(z) in mesh square 11, the contour AB is followed out of mesh square 1l into
mesh square 10, then into mesh square 1l4. Two Im(f) = 0 curves and one —~
Re(f) = 0 curve pass through mesh square 14. A solution for a zero of £(z)

in a mesh square 1s accepted if it lies on the Im(f) = 0 curve currently

73ISR MW s

being followed [4]. When the contour AB is followed, the zero in mesh
square 14 will be ignored since it falls on the Im(f) = 0 curve CD. When
curve CD is traced through the search rectangle, this zero will be found

again and stored. From mesh square 14, the contour AB is traced to mesh

o TrTs o

square 13, where it exits the search rectangle. Information that gives

LIRS

the mesh square and edge where the contour AB exits the search rectangle
is stored. Identifying these exit points makes it possible to avoid later
following the same Im(f) = O curve through the search rectangle. For
example, if the Im(f) = 0 trace was later allowed to reenter the search

rectangle at B, the same zero of £(z) in mesh square 11 would be found. é3

After the Im(f) = 0 curve trace exits at point B, the search for zeros -

FXh, w0 P XMy WP I DL

of £(z) is continued by looking for more crossings of Im(f) = 0 curves with the

rectangular contour. Since mesh square 2 was the last mesh square examined

ey

for such crossings, the next mesh square to be examined will be mesh square 3.

The next crossing of an Im(f) = 0 curve with the rectangular contour will

& ALt

occur in mesh square 12. Since this crossing point is different from the
previously stored exit point B, the Im(f) = 0 curve CD will be followed -
through the search rectangle. The zero of f(z) in mesh square 14 will again -
be located; and since it lies on the Im(f) = 0 curve currently being traced, its
location is stored. The curve CD is followed the rest of the way through the
search rectangle, and the exit point D is stored. The search along the
rectangular contour then continues at mesh square 16. At mesh square 20, a new
crossing of an Im(f) = 0 curve with the rectangular contour is detected. The
curve EF is followed through the search rectangle, and the exit point F is stored.
No zeros of f(z) are found along this curve. The rectangular contour search

continues at mesh 24 edge 2 and goes until mesh square 23, where another
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crossing of an Im(f) = 0 curve with the rectangular contour is found. But

since this crossing point is the exit point found when following the curve
EF, it is ignored and the rectangular contour search continues. The
rectangular contour search will continue as described above until the search

finally gets to mesh square 1 edge 4, where it stops.

The zeros of f(z) found by the above search must be considered as
approximate, since the approximation

f(k)(xk,wk) = a, +bauw +cx t+duwx, (5.23)
was used in each mesh square containing a zero, to solve for the location of

the zero. These approximate zero locations can be used, however, as starting
values in a Newton-Raphson iteration

f(zi)
zi"’l = zi - ' (z )’ (5.26)

in order to locate the zeros to within a preassigned tolerance €.

When the Shellman-Morfitt root-finding routine was used to find zeros of
the modal function (5.1), problems were encountered in locating the zeros that
lie along the real qll-axis. These zeros correspond to well-trapped modes.
The cause of this difficulty is the fact that, as originally implemented, a
mesh line would always fall on the real qll-axis. The Shellman-Morfitt
algorithm assumes that the zeros do not lie on a mesh line. Since some of the
zeros of the modal function fall on or very close to the real qll-axis,
this assumption was not always true and difficulties ensued. To overcome this,

a small offset was used to move the mesh lines off the real axis. No further

difficulties were encountered once this was done.
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6. SOLUTIONS OF STOKES' DIFFERENTIAL EQUATION

When the modified refractivity profile is approximated by linear segments,
in the waveguide formulation of propagation of electromagnetic waves in tropo-
spheric ducts, the modal equation and height-gain functions are expressible in

terms of the solutions of Stokes' differential equation
d2w
aEz*t Ew(é) =0 . (6.1)

Since this is a second-order linear differential equation, there exist two
linearly independent solutions wl(i) and w2(§). Any other solution to (6.1)

can be expressed as a linear combination of wl(g) and wz(g):

V(&) = cw, (§) + cw,(€) . (6.2)

One commonly chosen set of two linearly independent solutions of (6.1)

consists of the Airy functions [30]

wy () = Ai(-8) (6.3)

and

w, (&)
The Wronskian for this set of linearly independent solutions is

W{Ai(-£), Bi(-£)} = Ai(-E) gg [Bi(-£)] - %E[Ai<-§)]Bi(-§)

Bi(-§) . (6.4)

(6.5)

Ao

While Ai(-f) and Bi(-£) are analytically linearly independent everywhere in

the complex £-plane, they are numerically linearly independent only along the
real axis and in the sector |ph£| < %u The advantage of this choice of
solutions of (6.1) is that when £ is real, both Ai(-£) and Bi(-f) are real. As
-§ » + », Ai(-§) decays exponentially while Bi(-£) grows exponentially. As

-§ » - ®, both Ai(-£) and Bi(-f) are decaying oscillatory functions of the

same amplitude and with interlacing zeros.
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Another possible set of linearly independent solutions of (6.1) consists
of [30]

w, (§)

Ai(-§) (6.6)

and

wy(8) = Ai(-ge?/3) (6.7)

The Wronskian corresponding to this choice of linearly independent solutioms
is

WIAL(-E), Ai(-geZ/ ) = - L /O (6.8)

The functions Ai(-{) and Ai(-§e2ni/3) are numerically linearly independent in

the upper balf of the complex §-plane.

A third possible choice for the linearly independent solutions of (6.1)
consists of

w; (§) = Ai(-§) (6.9)
and

w, (§) = Ai(-ge™¥™/3y (6.10)
The Wronskian of these functions is

WAL(-8), Ai(-Le 2™/3y} - . % eMi/6 (6.11)

The functions Ai(-£) and Ai(-ge-2n1/3) are numerically linearly independent in
the lower half of the complex £-plane.

In radio propagation work other choices for the two linearly independent
solutions of Stokes' differential equation are frequently used. One such set
of functions is the modified Hankel functions of order ome-third {13}, hl(g)

and hz(E). The modified Hankel functions and their derivatives are related to
the Airy functions by

h,(§) = 12)Y/8™/8[ai(-¢) - iBi(-£)]

1/65; (-te

2ni/3

- 2i(12) ) (6.12)
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b, (&) = (120%™ /O [ai-8) + iBi(-8))
= 20 (12)/0ai (-ge"21/3y | (6.13)
by (®) = (128 [air (=) - iBi' (-£)]
= 21(12)1/6e2M/ 3y (g 2113y | (6.14) =
and B
hy(8) = -(12)/%™/C(ait (-&) + iBi' (-8)]
= =21 (12)1/6e™2M/ 351 (g 2M/3y | (6.15)

where the prime denotes the derivative with respect to the argument. The
Wronskian of hl(g) and hz(g) is

Wih, (€), h,(E)} = - %i (%) 173 (6.16)

Marcus [1, 2] uses the functions kl(g) and k2(§) as the two linearly
independent solutions of (6.1). These functions and their derivatives are

related to the modified Hankel functions and the Airy functions by

ky(8) = b (£)
= -2i(12)1/6as (-ge2™1/3y | (6.17)
Ky (8) = by (8) - ¥ ()

= 2012) Y6/ 655 (-8 | (6.18)

K} (&) = bi(E)

= 2i(12)1/6e2™/ 355+ (g3 | (6.19)
and
ky(E) = hy(E) - ™3 (e
= -2012) /6™ /651 (-t . (6.20)
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The Wronskian of kl(g) and kz(g) is

= -4 3 1/3
Wik, (€), k,(©)} = - = (3) : (6.21)

The choice of which set of linearly independent solutions of Stokes'

e
'g differential equation to use is dictated by the boundary conditions and

numerical considerations. The arguments of the Airy functions appearing in

o]

.

]

the solution (2.32) for ﬁ(p,qj) are qj(z). Since Im(qll) is proportional to

Y]

,l."t. .

the attenuation rate of the electromagnetic signal, from physical

considerations Im(qll) > 0. This, together with equations (2.30) and (2.129)

[
b

implies that Im[qj(z)] > 0. Therefore, the Airy functions occurring in

ﬁ(p,qj) are all evalutated in the upper half of the complex gq-plane. In the

[

upper half of the complex plane a numerically satisfactory pair of linearly

independent solutions of Stokes' differential equation consists of the Airy
2ni/3

AAT

functions Ai(-£) and Ai(-fe ), or equivalently, k, (£) and k,(£).

The solution ﬁ(p,z) to the tropospheric ducting problem has to satisfy

vy

the boundary condition that as z » + =, ﬁ(p,z) must represent an outgoing wave

with time dependence elwt. A solution of Stokes' differential equation that

4

asymptotically satisfies this requirement is Ai(-£e Therefore, in

order to satisfy the outgoing wave condition in the topmost layer of the

modified refractivity profile, Ai(-ge‘2n1/3

h,(§) and hl(i)-e'lmi/3

) and Ai(-§), [or equivalently,

we %4
[) “‘3

h2(§)] are chosen as the linearly independent set of

2% solutions of Stokes' differential equation. While this set of solutions does
&
satisfy the outgoing wave boundary condition, it is not a numerically
b
; satisfactory set of solutions in the upper half of the complex q-plane. For

this reason this set of solutions is used only in the topmost layer of the

&

modified refractivity profile.
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While asymptotic expansions of the Airy functions Ai(z) are available in

the literature [30-32], none of these papers gives a rigorous upper bound for -
the magnitude of the error associated with these expansions. These bounds are

- useful for the writing of subroutines to evaluate the Airy functions.

| Error bounds for the asymptotic expansions of the Airy functions are next

obtained by using the asymptotic expansions of the Hankel functions and

ct modified Bessel functions and their error bounds. -
j .
E:
; The Airy function Ai(z) and its derivative are related to the Hankel .
; functions by o
X
: men =1 @7 [ D® + B0 (6.22)
T 2\3 1/3 1/3 )
! and :ﬁ
ooy = 12 n1/6 (1) ni/6..(2)
g Ai'(-2) = 2< _)[ 2/3(€) + e 2/3(§)] (6.23)
J3
§ where ‘
2 3/2 ~
£=352
(6.24)
The Hankel functions have the asymptotic expansions [33]
A 1/2 n-1 ) w2
; Hél)(g) = ( ) exp( £ - > vni - %ni){ z ikAk(v)g k o
; k=0 .
¥ (1)
¥ +n, (&,v) (-m + 6 < ph§ < 2n - §) (6.25)
9
Al and N
2) 2 \I/2 1 1 n-l ok -k -
! HV &) = (R) exp(—iE, + 5 vni + Zni Z (-1i) Ak(V)g
’ k=0 -
+ nsz)(i,V)} (-2n + 6 < ph§ < m - 9§) , (6.26)

s 8-n s

where 6§ > 0. The coefficients Ak(v) are given by
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i
= Ao(v) =1 (6.27)
l! and
‘ AW) = [4vZ - 12][4v2 - 32] o- [4v2 - 2k - D] >1) . (6.28)
- 8" k!
3
& The error term nil)(g,v)is bounded by
"
& P, < 2|An(v)|¢§1’(&)exp{|v2-§|¢§l’(£)} : (6.29)
iﬁ where the error control function ¢§1)(§) has the bounds
C1g™ (0 <ph§<m
ég ¢£1)(£) << x() g™ (; 3 < ph§ < 0; m < pht < %ﬂ) (6.30)
2 LZX(n)IIm(E,)I'“ (-n + 6 < ph§ < - . 32’-5 < ph§ < 2n - 6)
Y
and
i 1
Mzn +1
| x(n) = n'/? ——33————) : (6.31)
i+ 1)
- 2" 72

a3 (2) )
The error term n (€,v) is bounded by

In{B &1 < 218,016 ©exe {lv2 - %l¢§2’(£)} : (6.32)
&i where the error control function ¢£2)(§) is bounded by
9% .
gg Ha (- < pht < 0)
o ﬁ”@)gﬁxmnﬂ“ . <phg < -Tapngc-m
- [ 2x@imm@1™  (Fepngcn-6; -2+ 6 <png<-3T).
i
' (6.33)
:j When v = %, equations (6.25, 6.26) become
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(-m + 6 < ph§ < 2t - §)

1/2 _ 3/2 ,
Q) el - B E ot )

24 s <phz <2 -8 (6.34)
and
1/2 n-1
(2) gy _ (2 s ko (1\eok . (2)f 1
my3® = (%) ew (it + 3 {kfo('l) O N (3 3)}
(-2m + 6 < phf < n - &)

_ (%)1/22 exp( 2,3/2 5n1 {n;_likckz-sk/z + r](2)(%23/2’ %)}
n

k=0
(-— +8 <phz < -6 . (6.35)
The coefficients Ak(%)and Ck are given by
1\_ =
Ao(g)- c =1 (6.36)
and
k
1\_ . k2"
s (3¢ ¢
- - LR 4 - 2 -
= (-l)k (9 - 4][81 - 4] (9(2k - 1) 4] k> 1) . (6.37)
32k 23k K -

The error terms nl(ll)(f,,%)and ".(12) (g,%) are bounded by

: n+l
DED) < 22 0o wenfls o o)
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3 and
: i
R B e < T c 08 @©exp {26 ¢12’(§)} (6.39)
3 Using the above results in equation (6.22) yields the asymptotic expansion ]
. n-1 1
= Ai(-2z) = %n-llzz -1/4 exp(iE, - %ni)l: 2 (-1i) C 2 3k/2 nx(xl)(g’% ] >
g
g k. -3k/2 . (2) 4
+ exp( i + ru) k§01 Ck tn (5,3) ‘
EE (- %E + 6' < phz < g_n -8'). (6.40)
g Putting v = % in equations (6.25, 6.26) yields
3 1) 1/2 _ Ok, (2)ek , (1)(p 2
B m3® = (%) ew(t - Nt MO RO
i (-m + 6 < ph§ < 2n - 6)
1/2 3/2
_(3 -3/ {.2 _ni -3k/2 , ((1)(2,3/2 2
% z (n) z exp(13z 12 >{k§0 kD tn, \3z 3)}
ﬂ (-2 + &' < phz < %’—‘ - 5') (6.41)
and
2
) 1/2 n-1
~ (2) gy - (2 ni _inky (2)eok, (2)fe 2
- Hpy3(®) = (ﬁZ) e"p( i+ {kio( 1) Ak(B)g P, 3)
(-2n + & < phf < 1 - &)
-
: 1/2 _ .\ {n-1 -
2 = (73_[) exp( ;2,3/2 % {kfo(-i)knkz 3k/2 ”:(12)@ 232, _g_ }
) )
.‘:3
(-— +6' <phz < = - §'). (6.42)
a The coefficients Ak(%) and Dk are given by
|~
F
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3 2\_ . - -]
¥ Ao(§) = Do =1 (6.43)

% and }
g k
Ny 2 _ 2—
“k(E) =% %
- 3
- - e o0 - 2 -
- (-l)k {9 16][8;k ;2] [9(2k - 1) 16] (k> 1) . (6.44)
37 277 k!
The error terms nl(ll)(g,-g-) and nt(lz)(g,%) are bounded by
+1
(1)( g) 2" (1 7 (1)
Ing P (€3)1 < 55 10,10, Dexppel V) (6.45)
and
+1
(2) g) 2" (2) 7.(2)
3 InS? (.5 < S AL GES UG (6.46)
‘% Combining the above results with equation (6.23) yields the asymptotic
b expansion
L, 1_- : i\ | "k -3k/2
. pen = - 12 20 o+ B)| il W a0, )
:

i o T\ ik 3K, (2 2
e + exp(-lg - 4—) kio('l) K2 +n, ( ’ §)
§ -2y <puz < Z-5). (6.47)

]
-

In order for asymptotic expansions of Ai(z) and Ai'(z) valid for other . )

values of phz to be obtained, the equations [30]
» 1 /z 1/2
. ai@) = 1 (%) x50 (6.48) ;
and !
’f it(z) = - 1%
% Ai'(2) = "(./3) K2/3(§)- (6.49) P
e
‘f; 68
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relating the Airy functions to the modified Bessel functions, are used. In
equations (6.48, 6.49), £ is again related to z by

g =252 (6.50)
The modified Bessel functions have the asymptotic expansion [33-35]
/2 n-1
_ {n -£ -k
K, (&) = (55 e {kio A (VE T+ vn(g,v)}
-3+ 6<pug <X- o), (6.51)

where the coefficients Ak(v) are again given by equations (6.27, 6.28). The
error term yn(g,v) is bounded by

Y, 61 < 218, (14, exp{lv” - Le,©} (6.52)

where the error control function ¢n(§) has the bounds

o (1engi < )

B® < < xmig™ (3 < Ientl < n) (6.53)
-n 3n
L 2x(n)IRe(8)| (r < tonel < 3% - 5) .
When v = %, equations (6.51, 6.52) become

Ky/3(8) = (T%J/ZC-E{E: Ak(%){k * “n(g’ %)}

3n 3n
(35 + 6 <ot < 3 - 9)

@) ron(d P T, )

(-n+68 <phz<m-§"), (6.54)
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where the error term is bounded by
n+1 5
Iy (§, 3)I —c ¥ (g)exp{wl(g)} . (6.55)

Substituting equation (6.54) into equation (6.48) yields the asymptotic
expansion

MG = V21 g{ 3 ok (g, %)}
k=0

(-m+ 6 <phz<m-35") . (6.56)

Putting v = % in equations (6.51, 6.52) yields the asymptotic expansion

s ® = () T A@ e 3

(—g——+6<ph§<—-6)

=(_‘_,13)1/22_3/1.exp (2 3/2){ 5 D z-3k/2 .y (g 3/2 § }

(-m + &' <phz < nm-§"), (6.57)

vwhere the error term is bounded by

Iy (ﬁ. 3) 2

Combining equations (6.57) and (6.49) yields

oy = . 117216 <£Y0S1 O L3k/2 2
Ai‘(z) = - g3 4 . {kio D2 3K/2 yn(.‘;, 3)}

(-n+6<phz<m-8) . (6.59)

n+1

(6)} . (6.58)

36
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Consider the asymptotic expansion (6.40)

X n-1
Ai(-2) = %n.llzz-l/4 exp(?ﬁ - %i) 2 (‘i)ka2-3k/2+ ﬂél)(g, %)

k=0
-\ | n-1
+ exp (—i§ + 2—1— b3 ikaz 3k/2, ”:(12)(5’ %)
k=0
<} %E + 6 < phz < %E - 6) . (6.60)
Let Rl be the ratio of the bound for the error term nil)(g, %) to the modulus
of the first neglected term in the series S, = 2(-i)kaz-3k/2. When 0 < phz <

%E - 6, this ratio is approximately 2. When -g < phz < 0, Rl is approximately

2X(n). When - %E + 6 <phz < - g, R1 is approximately 4x(n)cscn(%é>. As 6 ~»

0, this last bound grows sharply, warning that if nﬁl)(g, %) is neglected, this
asymptotic expansion for Ai(-z) is inaccurate for numerical work near the
boundary phz = - %E . Let R2 be the ratio of the bound for the error term

ﬂiz)(ﬁ, %) to the modulus of the first neglected term in the series 82 =

Eikckz-3k/2. When - %E + 6 < phz < 0, the ratio R2 is approximately 2. When 0

< phz < g » the ratio R, is approximately 2x(n). When g < phz < %E - §, the
3

ratio R2 is approximately 4x(n)cscn(§6). Again, as 6 » 0, this bound grows
sharply, indicating that the asymptotic expansion (6.60) is inaccurate for
numerical work near the boundary phz = %E. Therefore, the asymptotic
expansion (6.60) for Ai(-z) is satisfactory for numerical computation in the
phase range - g < phz < g. An identical argument gives the same result for

the asymptotic expansion (6.47) for Ai'(-z).

Now consider the asymptotic expansion (6.56)

ooy o 1172 -1/6 <& YDk -3k/2 1
Ai(z) N z e {kzo (-1) Ckz + yn(g, 3)}
(-n + 6 < phz < m - &) (6.61)
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Let R be the ratio of the bound for the error term Yn(ﬁ’ l) to the modulus of

-3k/2

the first neglected term in the series Z(-l)kckz When LIPS phz <

3 - §'
ratio R is approximately 2. When -%E < phz < -g or g < phz < %E: this ratio
is approximately 2x(n). Finally, when -n + 6 < phz < - %5 or %E <phz <m-3§,

this ratio is approximately &4x(n) secn(% phz). This last value grows sharply

as phz + - n or phz * n, indicating that the asymptotic expansion (6.61) for Ai(z)
is inaccurate for numerical work near the boundaries phz = -n and 7. Therefore,
this asymptotic expansion is satisfactory for numerical work in the sector _gg
< phz < zg. An identical argument yields the same result for the asymptotic

expansion (6.59) for Ai'(z).

In summary, the Airy function Ai(z) and its derivative have the

asymptotic expansions

n-1
Ai(z) = %n'l/zz-lﬂ'e-g{ 2k ey (g, %)}
k=0

2

n-1
Ai(-2) = — -1/2 -1/4 exp(if - Ei)[;ﬁ (-i)kckz-:;k/2 + n(;)(g, %)]
=0

n-1
19 .k, -3k/2 2 1
exp(-ig + 1 [ ik, /2 4 a D, 5)]

( % z < g) ’ (6.63)
S ‘{kéo o2 00 9
( %ﬂ hz < §—n) , (6.64)
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;I and
n-1
. - . i . -3k/2 1 2 ;
Mo = - 2 e it —-)[ st 2 4 (e, 9]
-
2 1
‘e (-’§ m n;l (-')kD -3k/2 (2)(§ g) —
X\ T ) 2 U B W \*>r 3 1
5 k=0 .
x n n -
(- 3 < phz < 3) , (6.65) :
§ 3
where #
ﬁ g =232 (6.66) ]
a The coefficients Ck and Dk are given by equations (6.37) and (6.44). They can
be calculated using the recursion relations
s
ta?. co =1, (6.67)
I _9(2k - 1)2 - 4
_ Ck = Yy Ck-l (k>1), (6.68)
g D,=1, (6.69)
g and
: __ 9(2k - 1)2 - 16
Dk = %8k Dk-l (k>1) . (6.70)

The error terms nl(‘l)(ﬁ, %), nr(lZ)(E,, %), nfll)(g, %), nng) (gs %):

1 2
Yn(go 3), and Yn(f., 3) are bounded by

n+l

- In,(,l)(ﬁ, %)l < 2—3n— Cn¢r(ll)(§)exp{g—6-¢§l)(€)}, (6.71)
Ay
ﬁ I (e 1)) « 250 ¢ 4@ 5 (2) ]
nn (g’ 3)' s?l—_ Cn¢n (€)exp WI &) ¢ (6.72)
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(e, 2) < 2 1p 1D LoV
a (6 )1 < Tingle,) e 1 J01 00, (6.73) -
nP(e, 2) 2% () 7 ,(2)
N (6 3) < S50l (&rexp { J0f ®}, (6.74)
1), . 2™"! 5 g
1Y, (i. 3N < ey C,¥,(E)exp {3—6¢1(§)}, (6.75)
and
2 n+l
v (& 3 < 25 1D, 14, ©exp { Tow, (). (6.76)

The error control functions ¢£1)(§), ¢§2)(§), and y (£) are bounded by

3 1e1™" (0 < phE < 1)
:
g -
¢ oM < q @ (-3 <ong <o m<pne < 3F)
Lzx@ @)1 ™ (-n+ 6 <pnt < - 55 3 < pht < 2n - 6),
(6.77)
gl (-7 < ph§ < 0)
oD@ < < x@ig™  (ocemg<fs - F oot < on)
L2x@ @) 1™ (Z<phg<n-6; -2m+6<pnt <=2,
and (6.78)
(181 (- 3 <one < 5)
0® < x@ig™  (mcpg - F5 5 < et <n)

( 2x(n) [Re (€)1 (— %’-‘ + 6 < pht < -m ; n < phE < g_" -a) ,
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where 6 > 0 and E

Xx(n) = i 1 (6.80)

Substituting the results for the asymptotic expansions of the Airy
function and its derivative into equations (6.12-6.15) yields the asymptotic
expansions of the modified Hankel functions of order one-third and their
derivatives. The results are

L 1
h () = 12)/6n71/2, ll“exp(ig S [kzo (-i)%c,z"3%/2 + n(l)( : ;)]

(— 3 <phz < n), (6.81)

. n-1
hl(z) (12)1/671-1/22-1/ exp( i§ - -1-—}%)[ z ikaz-3k/2 (1) , 3)]

. n-1 .
+ (12)1/_6n'1/22'1/ exp (i€ - ?’2’1)[ 3 (-i)kckz'z‘k/2 + ngl)(ﬁezm, %)]

(- n < phz < - g) R (6.82)

hi(z)

. n-1
i(12)1/6n-1/221/4 exp(if, - Sﬂ)[ z ikaz-3k/2 + n,(ll)(i, %)]

(.

.\ | n-1 - .
hi(z) = i(12)1/6n l/Zzl/l' exp(i§ %_12t_1 [kio ikaz 3k/2 n[(ll)(geznl, %):I

wiA
A
o)
=3
N
A
A
N
~~
[+
>3
W
N’

, n-1
- i(12)1/6n-1/221/4 exp(-i§ - -1—}72}—1-)[1(20 ("i)kaz-:‘,'k/2 (l)( ’ 3)]

(— n < phz < - g) , (6.84)

...................
-

...............
................

..........




n-1
- (12)1/6n'1/22'1/ ( it + 5n1 [ s ikckz-Bk/Z + ngz)(t’ %)}

k=0 -
(- n < phz < g) (6.85) )
_ - (n-1 _ s
hy(2) = (1)o7 2% hexp (-1t + 35) R v %)] §
(n-1
¢ (12)1/8°1/2,71/ (g + _11"1) kM2 ‘2) : 3)] -
) | k=0
¢
z (3emesr).

o

- —i12) /6,712,174 smi nl ok -3k/2 L (2, 2
h (2) i(12) exp( i€ + )[kio ( 1)kaz +n, (g, 3)]
(- m < pha < 3. (6.87) 3

and

hy(z) = 1(12) /6,712,174 exp(i£ . };ni)[k_o hp g3K/2 r](2)(5) i, 3)]

TREIORAT K Ay

>3

& rotersiuin. .

- i(12)1/6n'1/221/4exp(.i§ + éﬁ)[ 3 (- 1)kD -3k/2 + nI(IZ)(ge-Zﬂi g)]

(g < phz < n) (6.88)

e R o

Using equations (6.17-6.20), which relate the functions kl(z) and kz(z) to
the Airy functions, together with the asymptotic expansions for the Airy
functions yields

..........
.............................................
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i .\ | n-1 . S
kl(z) = (12)1/67!-1/22 1ﬂ'exp(i{, - %’22) [kzo (-i)kaz 3k/2 + q[(ll)(g, %)] __j
= 4
| (- § <oz <), (6.89) 4
i 2
.\ | n-1 _ .
" kl(z) = (12)1/67! 1/22-'1/l'exp(-i§ - lilzu) 2 ikaz 3k/2 + nr(ll)(genl, %) ?
g k=0 -
? . n-1 .
3 . (12)1/6n'1/22'1/4exp(i£ i % [ 5 (_i)kckz-3k/2 . r11(11)(‘2.921:1’ % ]
| k=0
3 (— n < phz < - ’3‘) , (6.90)
-3
- .\ | n=1
R - . . - 2
ki(z) = 1(12)1/67! 1/221/4 exp(lf, - 3—72[-1- [kio 1kaz 3k/2 r]‘(ll)(g, 3)]
g (— 2 < phz < n) , (6.91)
, n-1 . ]
o ki(z) = i(12)1/6n-1/221/l’ exp(i§ - %}-)[ )3 ik'Dkz-3k/2 + nt(ll)(gez’“, %)
, k=0 j
- .\ | =1 - :
L - i(12)1/6n 1/Zzlﬂ.exp(-'i.g - ligl)[ 2 (-i)kaz 3k/2 + nr(lz)(f,enl, %)
k=0 d
3
3 (— % < phz < - g), (6.92)
i (n-1
_ 1/6_-1/2 -1/4__ ( .. _smi\ |%C" (k. -3k/2 . (2) 1)
; ky(2) = (12) " "n 1%z exp( if + 33 kio iCez tn, (E, 3 J
M . —n"l
] - (12)1/67! 1/22-1/t°e:(p i€ + 1172‘1) )3 (-i)kckz.:m/2 + nl(ll)(g, %)]
k=
k3
; (-F<mmzc<f), (6.93)
5
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: n-1
kz(z) = -(12)1/6n'1/22-1/4exp i€ + l—1-51) [ z
k

12 -
=0
z
(‘ ";—" < phz < - g) ’ (6.94) .
, n-1
o = a4 b« [T o (o, ) 1
('—t < phz < 5—") (6.95)
6 3 - —_ 3 ’ .
a
. n-1
Lo =
5) 1/6_-1/2 1/4 smi | 22! ~3k/2 (2) 2
3 -i(12)""n z exp(fig + Tf-) b3 (-i)kaz +n (g, 5)
. k=0
"
(§<emzc}), (6.96)
. n-1 .
ky(2) = 112!/ 6125 exp (16 + H2) Lio o M2 4y (g2, §)]
(- 2—" <phz < - g) (6.97)
and
. n~-1 .
(400) = 102 Mo 25 by (-1t + 35 [ (MW ¢y (gm0, %)]
(gﬁphz 53—") (6.98)

Equations (6.94) and (6.95) are equivalent, as are equations (6.97) and

(6.98). This is to be expected since the Airy function and its derivative are

entire.
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The preceding asymptotic expansions can be used to calculate Ai(z) and

Ai'(z) when |z| is large. The given error bounds can be used to determine how ~

i

large |z| must be in order to guarantee a given accuracy. For small values of -J

|z| the Airy functions can be evaluated by using the series expansions [30]

2y
Ry
- Ai(z) = clf(z) - czg(z) (6.99)
!! and
Ai'(z) = clf'(z) - czg'(z) , (6.100)
Eg‘ where
. ® K r(g + %) 3k
¥ f(z) = I 3 (6.101)
. ’
B k=0 r(l) (3k)!
3
3
=) 1
L k r(k + §) z3k -1
£ f'(2) = >_: 3 3 GE -1 (6.102)
It =1 M=
2 3 i
. 2
! ® kl"(k+§) Sk + 1
gz) = 2 3 (6.103)
=0 r(g) (3k + 1)1
-4 3
o
9
and
B ® K F(k + %) 3k
. g'(z) = % 3 - (6.104)
’."'1 =0 r(g) (3k)'
. 3
™
}] The constants <, and c, are
N 2
3 C, = (6.105)
2& 1 32/3].(%)
?} and
c. = 1 (6.106)
5y 2" l/3r(l) .
g G
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In this section an upper bound for tue error introduced by truncating the -9
above series for f(z) and g(z) and their derivatives at N terms will be -
obtained. The largest absolute error due to ‘runcation wil® c:cur when all J
the terms in the series have the same sign, i.e., when z = x is real and )
positive. Except in the neighborhood of the zeros of Ai(z) and Ai'(z), the 3
largest relative error will also occur when z = x is real and positive.
The truncated series approximations for the Airy function and its
derivative are given by ]
f
A1N(z) = clfN(z) - cng(z) (6.107) ;
and i
'] - 1 - 1
Ai N(z) = leN(z) cng(z) , (6.108)
where
N-1 F(k + %) 3k
fN(z) = E 3 1 GOT ’ (6.109)
k=0 s
3
x 1
N-1 Kk r(k + 3) z3k-1
t, . -~
=1
3
2
N-1 r(k + 3) I
gy(z) = 2 3 2 Gk + 1)1 ° (6.111)
=0 r(—) * e
3 ' al
L and ¥i
th -
N1 T+ -)
] 8}"(2) = 3 3 5 (3k)' (6.112) -]
", k= (___) ~
- 3
%ﬁ are N term approximations to the infinite series (6.101-6.104).
}{

The absolute error in approximating Ai(z) with AiN(z) is
lAi(z) - AiN(z)l. This is bounded by

;%
b
o
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4 1Ai(2) - Aig(2)] < c leg(2)] + ¢, I8 , (6.113)
where

N

eN(z) = f(z) - fN(z) (6.114)
S: and
X

GN(z) = g(z) - gN(z) . (6.115)
é_ Similarly, for the derivative Ai'(2)
,3 181" (2) - Ai'\(2)] < ¢ 1Eg(2)] + c)l8(2)] , (6.116)
2 where
':;j Eg(2) = £'(2) - £4(2) (6.117)
) and
ii SN(Z) =g'(2) - 8&(2) . (6.118)

ﬁ"r}x

An upper bound for IsN(z)I can be obtained in the following manner. The
truncation error eN(z) for £(z) is

1
® r(k + f) 3k
s 3k 3 z

=N r@ (3K)!

. 1
N3N o K r(J+N+-3-)

32
2 3 n
ri%) j=0 r(3J + 3N + 1)

e

ey(2)

S S
=

3333 (6.119)

u

)

The triplication formula for the gamma function [36] yields

F(3[j +N+ %])

. 3j+3N+% . )
13 r(j N+ g)r(j + N+ 3)r(j N+ 1) . (6.120)

r(aj +3Nn+1)

e
&

Therefore

A
]
)
w
=
8

3
1 V4
eu(z) = 22 ___ 3 (-—)’ . (6.121)
g N r(l)azu*” j=0 T (j + N + %) FG o+ N+ 1\32
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Now,

F{(G+N+ %) >T(@G +N)

for all j > 0 if N > 2. Hence

2n)z| 3N ® 1 1z]3
leg(@) < —Noxe 2 9
r(; 3 j0 TG +N) TG + N +1)

~~~~~~~~

(6.

)j (N> 2). (6.

The gamma functions in the sum in (6.123) satisfy the inequalities

TG +N)>TMr{G + 1) = (N - 1)

and
FrG+N+1)>T(N+ 1 + 1) =Nt j!
Therefore,
3N ® 3.3
PYPR T G
r(§)3 ™ - DN =0 (1)

The modified Bessel function

3. 1
Io(§|2|3/2) i jE; EE%;E(I;I ).J

satisfies the inequality [15]
2,.,3/2 2 3/2)
1,(312! )5 exp(3|zl .
This yields

2

3N
o2l < 31/2F(%;?N - 1IN (l;l ) exp(§'2|3/2)

or

3.N
1 1z] 2, .,3/2
c.ley(2)| < exp({=|z|

........................
.........................................
........

...................

(6.

(6.

6.

(6.

6.

(N>2), (6.

122)

123)

124)

125)

126)

127)

128)

129)

.130)
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é} Similarly, the truncation errors §.(z), EN(Z), and EN(Z) are bounded by
3\
! 18, (2)) < 23 2121(';' ) exp(3121%'?) w>1), (6.131)
) | r(3)am)
3N

- 3 1 iz| 2,..3/2
3 ley(z) ] < — ( ) exp{3]z| N >2), (6.132)
N rG)io - nn® iz VP (="
ég and
; 18y (2)1 < A (';'3)Nexp(§|z|3/2) (N> 2) . (6.133)
: Ao - nmw

The absolute errors due to truncation of the infinite series (6.101-6.104) for
Ai(z) and Ai'(z) are therefore bounded by

23

3\N
Ai(2) - Aiy(2)] < 1 (lzl )exp 2,,13/2 [1 . 3°2/3 Izl]
i N 32735 - 1)\ 9 (3 ) N
3&1 N>2), (6.134)

A
LA

and

i

1/3 3\N
Cveox  ase 3 1 (1z] ) 2,.,3/2 [ -2/3 Izl]
1AL’ (2) - Ai' (2)| ¢ ————— — exp(3!z| 1+3 LLAN
N (v - 112 m( 9 51=1°") N

s N > 2) . (6.135)
% When z = x is real and positive, the asymptotic approximations for Ai(x)
< and Ai'(x) can be used easily to obtain bounds for the relative error. The
X

Airy function Ai(x) and its derivative have the asymptotic approximations

ai(x) = 712 U4 o (- §x3/2)[1 + yl(§x3’2, %)] (x > 0) (6.136)

and

ALt (x) = - 2 V2 G Me o (- 2372) 11w v (B2, 2 x> 0) , (6.137)
2 3 i\3

i R
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vhere the error terms are bounded by
2 .3/2 l) 5 __-3/2 5_ -3/2)
'Yl(a" » 3)b < % e“P(za“

and

|Y1(§x3/2 , Z)I < %Zx-3/2exp(%zx_3/2).

The relative error in the value of Ai(x) due to truncation is therefore

bounded by

|AL(x) -~ Ai (x)] 1/4 3\N
T (ngL ) exp(§x3/2)[1

|Ai(x)| 323 -

- . _ -1
+ 372/3 %][1 1. 3/2 XPG:. 3/2 ] (x> 0.52, N> 2), (6.140)

while the relative error in Ai'(x) due to truncation is bounded by

JAL' (x) - Ai'y(x)] 1/3 -5/4
N® a3 (9 )"exp /2)[
|AL' (x) ] f(N - )']

1
372/3 }5‘][1 24,;3/2&‘1,(24 ’3/2)] (x > 0.65, N >2) . (6.141)

These bounds for the absolute and relative errors in Ai(x) and Ai'(x) due to

truncation are upper bounds. In most cases these bounds are unduly

pessimistic.

Another major source of error in calculating the Airy function and its
derivative from equations (6.99, 6.100) is cancellation error.

£(z) and g(z) can be expressed in terms of the Airy functions Ai(z) and Bi(2)

by [30]
=1 1 .. .
f(2z) = EEI[}-;BI(Z) + A1(z)]
and
8(z) = EL[LBi(z) - Ai(z)]
C2 ~[§

(6.138) -
(6.139)

-

-

;-1

=2

The functions .
(6.142)

]
(6.143)

o« .
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The derivatives of f(z) and g(z) are given by

' -1 1 .., .y
£f'(z) = EEI L-;Bl (z) + Ai (z% (6.144)
and
voov 11 .., N
g'(z) = Eé_; L—;Bl (z) + Ai (z)- . (6.145)

When z = x is real and positive, the Airy functions Ai(x) and Bi(x) and their
derivatives have the asymptotic approximations ([30]

Ai(x) ~ %n'l/zx'”“e'g , (6.146)

Bi(x) ~ - V2148 (6.147)

Ai'(x) ~ - %n-lllelae-g , (6.148)
and

Bi'(x) ~ R.I/lelaeg , (6.149)
where 7

t = %x3/2 . (6.150)

Thus, the functions f(x) and g(x) and their derivatives all increase
exponentially with increasing x. Since Ai(x) and Ai'(x) decrease

exponentially with increasing x, severe cancellation errors can arise when

using equations (6.99, 6.100) to calculate Ai(x) and Ai'(x). For example, at x =
4.0 the value of Ai(x) is Ai(x) = 0.000952,while the values of clf(x) and

czg(x) are clf(x) 2 24.204 and czg(x) = 24.204. In order to obtain three
significant figures for Ai(x) at x = 4.0, eight significant figures are needed in
clf(x) and czg(x). For reasonably large values of N, cancellation error is

msuch more significant than truncation error.
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{ 7. EXTENDED COMPLEX ARITHMETIC
{ , - . . |
N Because of the exponential nature of the Airy functions, the numerical
o
< evaluation of the modal function (2.124) easily can yield complex numbers with
é magnitudes as large as 10+1000 or as small as 10_1000. Numbers of this size
1
x are outside the range of most computers, so special methods to handle them had
2 to be incorporated into the waveguide program. A complex amplitude, £, and a j:
fi real exponent, ¢, were associated with each complex number z, i.e.,
.'! )
.. y a0 B
No attempt was made to normalize the complex amplitudes £ in XWVG. The
complex amplitudes £ typically have a magnitude falling between 10+3 and 10-3.
By handling the complex amplitude and real exponent separately, the very large :i
I and very small numbers obtained when evaluating the modal function over the -
search region of the complex qll-plane are easily handled. -
If 2, = §1e¢1 and z, = §2e¢2 are two extended complex numbers, their -
product is the extended complex number ;ﬁ
z=zz, = g’ (71.2)
172 ! ‘ -
where '
=
and .
~ =0, +9, . (7.3) -
k: 0=0,%9,
If 01 > 02, the sum of the two extended complex numbers z, and z, is the
extended complex number
z=z +z=§e¢ (7.4) -
1 2 ’ ) J
where
g = El + gzexP(¢2 - ¢1) (7.5)
© and o
i =
. ’ = ¢l . (7-6)
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If ¢2 > ol,the complex amplitude and the real exponent for the sum would equal

g = 52 + glexP(¢1 = ¢2) (7-7)
and

¢=9, . (7.8)
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8. DESCRIPTION OF XWVG PROGRAM ELEMENTS

This section describes the 20 program elements comprising XWVG and gives 1

the relationship between the different program elements.
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:-_1 MAIN
Description: MAIN is the controlling program element for the trilinear
!! modified refractivity profile tropospheric propagation program XWVG. Besides
calling the appropriate subroutines to determine the modal eigenvalues and
- evaluate the coherent and incoherent mode sums for the field strength, MAIN
;}1 also performs all data input and output, sets up the search rectangles for the
o

Shellman-Morfitt root-finding routine, and calculates the '"constants" needed
by other program elements.

o0

1
2
as.

The data for MAIN is read in from logical file number 13, the read file.
Logical file number 13 is assumed to have one data item per record,with the
data items in the following order:

g,
o

MFILE - If MFILE = 0 calculate eigenvalues. If MFILE
eigenvalues from logical file number 12.

1 read

ra

s
IR

MPOL - If MPOL = 0 horizontal polarization. If MPOL
polarization.

1 vertical

3
"

"
3

FREQ - The frequency, in MHz, of the propagating electromagnetic
wave.

ALPHAl1 - The slope, in units of 1/meter, of the first (lowest)
layer in the trilinear model of the troposphere. The ai's
dM.
are related to a;l by equation (2.13). ALPHAl must be

e
(AR

positive.

e
Y

ALPHA2 - The slope of the second (middle) layer in the trilinear
model of the troposphere. ALPHA2 may be positive or

B negative but may not be zero.

: ALPHA3 - The slope of the third (top) layer in the trilinear model
- of the troposphere. ALPHA3 must be positive. For the

~ standard atmosphere o = 0.236 X 10-6/m.

“.

i 22 - The height, in meters, of the interface between the first
<

and second layers of the trilinear model of the
troposphere. The ground is assumed to be located at

z = 0.

LAY
- )

Z3 - The beight, in meters, of the interface between the second

and third layers of the trilinear model of the

troposphere. Z3 must be greater than Z2.

)
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ZREF - The height, in meters, at which the value of the modified
refractivity, M(z), is specified. ZREF is assumed to be -

in the first layer, i.e., RN

0 < ZREF < Z2. -

REFM - The value of the modified refractivity, in M-units, at the T?
reference height ZREF. '
ETA - The absorptivity of the tropospheric gases.
: -
X TEMP - The temperature of the seawater, in degrees Celsius, over i
g the propagation path. '
f -
-t
SALT - The salinity of the seawater, in grams of salt per
kilogram of seawater, over the propagation path.
DELTA - The root mean square bump height, in meters, of the ocean Za
surface over the propagation path. '3
ALOSS - The maximum loss rate, in dB/km, of the modes which will ;5
be found.
4], T
g RNGINT - The initial range separation, in kilometers, between the
; transmitter and receiver.
3
. NRNG - The number of range values for which field strength values -
§ will be calculated.
i
f RNGSTP - The increment, in kilometers, by which the range change.. %;
ZRINIT - The initial height, in meters, of the receiver.
NZRCVR - The number of receiver heights for which the field It
o3

strength will be calculated.

o A :'n';..;::;'n'-;.’-t_!J
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| 3
ZRSTEP - The increment, in meters, by which the receiver height E
changes. —
3
1
ZXINIT - The initial height, in meters, of the transmitter. ]
LT
s};
NZXMTR - The number of transmitter heights for which the field ;é
strength will be calculated. i?
ZXSTEP - The increment, in meters, by which the transmitter height

changes.

If the modal eigenvalues for a particular model have already been
calculated and are stored in logical file number 12, then MFILE can be set
equal to one and the modal eigenvalues will not be calculated again. This can
save considerable computer time and expense. If the modal eigenvalues are to
be calculated then set MFILE = 0. After the modal eigenvalues are calculated,
MAIN writes their value in logical file number 12 so they can be stored for
future use. MAIN writes the output of the trilinear duct tropospheric program
to locial file number 11, the write file.

MAIN evaluates many of the quantities depending only upon the frequency,
polarization, and duct parameters which are used by other program elements.

These quantities are passed to the appropriate subroutines via Common Block

areas.

The search rectangles used by the Shellman-Morfitt root-findins, routine

are set up by MAIN. The bottom of the search rectangle is

[1m(q; ;)] e pop = TBOT = 0.0 ,

while the top of the search rectangle is given by [2]

maximum attenuation rate in dB/km for the modes to be found, k = % is the free

space wave number, n is the tropospheric absorptivity, and oy is the slope of

-3
B, 1 x10 "A 2/3
: _ _ loss . N (5_) ;
ﬁ’! [Im(qy )], = TTOP = 2 | 55¢ Tog gte) © 2|\og : ;
1
In this equation for determining the top of the search rectangle, Aloss is the :4
\

I RARIP  WEr WP U Y R v




the duct in the bottom layer. The left and right edges of the initial search

rectangle are located at

[Re(qu)]left = TLEFT = TLOLD = 0.0
and

[Re(qu)]right = TRIGHT = TROLD = 2.0 .

Because of the discontinuity in Rl(qll) and Rz(qll) along the imaginary
qll-axis introduced by our implementation of surface roughness, it is
necessary for the initial search rectangle to have its left edge on the
imaginary axis. For further details see the description of subroutine KHATX.
The location of the right edge of the initial search rectangle can be changed

by changing the value of TROLD.

The Shellman-Morfitt root-finding routine is used to find the zeros of
the modal function in each search rectangle. In order to find the zeros along
the real axis, an offset of 0.003 is introduced in subroutines FCTVLX and
FDFDTX. This offset in the modal eigenvalues is corrected in MAIN by the

statement

EIGEN(LK) = EIGEN(LK) - I* 0.003.

See the description of subroutine FCTVLX for more details.

After using the Shellman-Morfitt root-finding routine to search the
initial search rectangle for modal eigenvalues, MAIN forms a new search

rectangle to the left of the original by the statements
TLEFT = TLOLD - TLSTEP
TRIGHT = TLOLD

TLOLD = TLEFT

The width of the search rectangles formed to the left of the original can be
varied by changing TLSTEP. If no zeros are found in NLEFT consecutive search
rectangles, the search for modal eigenvalues to the left of the initial search
rectangle is stopped. Next, MAIN starts forming search rectangles to the right
of the initial search rectangle by using the statements
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TLEFT = TROLD

TRIGHT = TROLD + TRSTEP

TROLD = TRIGHT.

The width of the search rectangles formed to the right of the original can be
varied by changing TRSTEP. If no zeros are found in NRIGHT consecutive search

rectangles, the search for modal eigenvalues to the right of the initial

search rectangle is stopped.

N

The complete set of modes found by using the Shellman-Morfitt root-finding
B routine are stored in the array ZEROS. This array can hold up to NRZ

: elements. The value of NRZ can be changed by changing the PARAMETER statement
in MAIN. If more than NRZ modes are found,MAIN will write a message

RIS

X
y Ml N

indicating the search rectangles where the total number of modes exceeded NRZ.
Only the first NRZ modes found are stored in ZEROS. After all the modes have

been found, the modes stored in the array ZEROS are arranged by order of

A ¢ OO

"y
Pt

increasing real part,and any duplicate modes, i.e., modes within a distance
il TOL = 0.0001 of each other, are eliminated. These modes are then used by

subroutine MODSUM to evaluate the field strength in dB relative to the free
space value.

Calling Program Element: None.

Program Elements Called: CASIN, DHORIZ, FZEROX, MODSUM.

= Common Block Areas: COMONE, COMTWO, COMTHR, COMFOR, COMFIV, COMSIX, COMSEV,
93 COMEIG, COMNIN.

ia 93




CADD

Description: Subroutine CADD adds two extended complex numbers of the form
z = §eo ,

where £ is a complex amplitude and ¢ a real exponent. If z, and z, are two

extended complex numbers, their sum is

z) *+ 2,

= ge?

where, assuming ¢1 > ¢2,
g = gl + gzexp(Qz = ¢1)
and
¢=9,.
The complex amplitude £ is not normalized in any way.

Call Statement: Subroutine CADD is called by the statement

CALL CADD (ZA, ZE, XA, XE, YA, YE).

The input variables of subroutine CADD are:
XA - The complex amplitude of the extended complex number x.
XE - The real exponent of the extended comple; number x.
YA - The complex amplitude of the extended complex number y.
YE - The real exponent of the extended complex number y.

The output variables of subroutine CADD are:

ZA - The complex amplitude of the extended complex number

x +y.
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ZE - The real exponent of the extended complex number

Z =X

Calling Program Elements:

Program Elements Called:

Common Block Areas: None.

+y.

HTGAIN, FDFDTX, FCTVLX, KHATX, MODSUM.

None.

P Y . Lt . .
FON DWW VDU Y .

.

P U Pt

Lk

.
.
il

PO SN SN B TP

. "‘Ll.' Py




Y et a® o Yt

© A cavd b s B A e Wrda i S e i e e S i M i e e L e T O R T S e L
oot A AL VLI B A hal

ADDX

Description: Subroutine ADDX adds two extended real numbers of the form

z= §e¢ R

where § is a real amplitude and ¢ a real exponent. If z, and z, are two
extended real numbers, their sum is

z=2z2, +2z

1
=gt

2

where, assuming ¢1 > 02,

g = gl + gzexp(Qz = ¢l)
and
¢=9, .

The real amplitude £ is not normalized in any way.

Call Statement: Subroutine ADDX is called by the statement

CALL ADDX (ZA, ZE, XA, XE, YA, YE).

The input variables of subroutine ADDX are:

XA

The real amplitude of the extended real number x.

XE - The real exponent of the extended real number x.

YA - The real amplitude of the extended real number y.

YE

The real exponent of the extended real number y.
The output variables of subroutine ADDX are:

ZA - The real amplitude of the extended real number z = x + y.
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ZE - The real exponent of the extended real number z = x + y.

e
I e . .
VT e

. Calling Program Element: MODSUM. ::é
X N
% Program Elements Called: None. B
4 Common Block Areas: None. }t?
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. HNKLX
Description: Subroutine HNKLX evaluates the modified Hankel functions of i}
order one-third, hl(z) and hz(z), and their derivatives in extended complex
arithmetic.

Call Statement: Subroutine HNKLX is called by the statement

CALL HNKLX (Z, H1A, H1E, H2A, H2E, DH1A, DHIE, DH2A, DH2E).

#

The input variable of subroutine HNKLX is:

€ v
-1:.-4‘-_;

'1 Z - The location in the complex plane where the modified Hankel
:% functions of order one-third and their derivatives are to be
: evaluated.

.

;; The output variables of subroutine HNKLX are:

H1A - The complex amplitude of hl(z) in extended complex arithmetic.
H1E - The real exponent of hl(z) in extended complex arithmetic.
H2A - The complex amplitude of hz(z).

S

H2E - The real exponent of hz(z).

DH1A - The complex amplitude of hi(z).
DH1E - The real exponent of hi(z).
DH2A -

The complex amplitude of hé(z).
DH2E - The real exponent of hé(z).

3 0%

o

Calling Program Elements: HTGAIN, FDFDTX, FCTVLX.

AP
B GLEotS

Program Elements Called: None.

’ ?.

PO

Common Block Areas: None.
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KHNKLX

A i s

L

Description: Subroutine KHNKLX evaluates the modified Hankel functions kl(z)

and kz(z) and their derivatives in extended complex arithmetic.

20303

Call Statement: Subroutine KHNKLX is called by the statement y

CALL KHNKLX (Z, K1A, K1E, K2A, K2E, DK1A, DK1E, DK2A, DK2E).

2 !4 «J,-‘

The input variable of subroutine KHNKLX is:

Y

Z - The location in the complex plane where the modified Hankel

Ay

functions and their derivatives are to be evaluated.

s

The output variables of subroutine KHNKLX are:

K1A - The complex amplitude of kl(z) in extended complex arithmetic.
K1E - The real exponent of kl(z) in extended complex arithmetic.
K2A - The complex amplitude of kz(z).

K2E - The real exponent of kz(z).

DK1A - The complex amplitude of ki(z).

DK1E - The real exponent of ki(z).

DK2A - The complex amplitude of ki(z).

DK2E - The real exponent of ké(z).

Calling Program Elements: HTGAIN, FDFDTX, FCTVLX.

Program Elements Called: None.

Common Block Areas: None.

UM - KR
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KHATX

Description: Subroutine KHATX evaluates the modified Hankel function
combinations Rl(qll) and Rz(qll) and their derivatives in extended complex
arithmetic. For the surface roughness model used in this program, the rms
surface bump height & was always taken to be zero when Re(qll) < 0 since modes
with Re(qll) < 0 correspond to well-trapped modes and should be unaffected by
the surface. This creates a discontinuity in Rl(qll) and Rz(qll) and hence,
in the modal function, at Re(qll) = 0 when 6 # 0. In order to use the
Shellman-Morfitt root-finding routine with this discontinuity, when Re(qll) =
0, subroutine KHATX has to know whether the current search rectangle lies to the
left or right of the imaginary q,, axis and to evaluate Rl(qll) and Rz(qll) s0
that they will be continuous over the entire search rectangle. The
information needed to do this is passed to KHATX from MAIN in the form of the
flag INTCHK. When the initial search rectangle is set up, it is located at 0<
Re(qll) < TROLD and INTCHK = 0. For search rectangles to the left of the
initial search rectangle, that is for Re(qll) < 0, INTCHK = 1. When Re(qll) =
0, KHATX tests INTCHK to determine whether the search rectangle is to the left
or right of the imaginary 9, axis and evaluates the proper "branch" of
k,(q,,) and K,(q,,).

Call Statement: Subroutine KHATX is called by the statement

CALL KHATX (Q11, KHA1l, KHE1l, KHA2, KHE2, DKHA1, DKHE1, DKHA2, DKHE2).
The input variable of subroutine KHATX is:

Q11 - The location in the complex qll-plane where Rl(qll) and

Ez(qll) and their derivatives are to be evaluated.
The output variables of subroutine KHATX are:

KHAl1 - The complex amplitude of Rl(qll) in extended complex
arithmetic.
KHE1 - The real exponent of Rl(qll) in extended complex

arithmetic.
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KHA2 - The complex amplitude of R2(q11).

, KHE2 - The real exponent of Rz(qll).
; 1
. ! DKHA1 - The complex amplitude of Rl'(qu).

DKHE1 -

The real exponent of Rl'(qu).

s

@ DKHA2 - The complex amplitude of Rz'(qu).
k -
DKHE2 -~ The real exponent of Rz'(qu). ‘i
oS »
Calling Program Elements: HTGAIN, FDFDTX, FCTVLX.
;j Program Elements Called: KHNKLX, CADD, CTANH, CSECH2.

Common Block Areas: COMTWO, COMTHR, COMFOR, COMFIV, COMSIX, COMSEV, COMEIG,
COMNIN.
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CTANH

Description: The complex function subroutine CTANH evaluates the complex
hyperbolic tangent of the complex number z. If

or |Im(2)| > 1 ’
102 1042

IRe(2)| >

then tanh(z) is evaluated by using

z
tanh(z) = &——¢ |
eZ + o2

If

and |Im(z)| < 2— ,

IRe(2)| <
1042 1042

then tanh(z) is evaluated by using the first five terms of the Taylor series

expansion

13,25 177

62 9 _ ...
3 +

tanh(z) = 2 - 15 " 315% * 28357

Calling Statement: The complex function subroutine CTANH is called by

CTANH(Z).

The input variable of function subroutine CTANH is:

Z - A complex number.

The output variable of function subroutine CTANH is:

CTANH - The hyperbolic tangent of the complex number z.

Calling Program Element: KHATX.

Program Elements Called: None.

Common Block Areas: None.
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CSECH2

Description: The complex function subroutine CSECH2 evaluates the square of

the hyperbolic secant of the complex variable z by using

sechz(z) = = 4

e '0'2<|'e-'2z

Calling Statement: The complex function subroutine CSECH2 is called by

CSECH2(Z).

The input variable of function subroutine CSECH2 is:

Z - A complex number.

The output variable of function subroutine CSECH2 is:

CSECH2 - The square of the hyperbolic secant of the complex

variable z.

Calling Program Element: KHATX.

Program Elements Called: None.

Common Block Areas: None.
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4 FCTVLX i
o4

{f% Description: Subroutine FCIVLX evaluates the modal function IIQ(qll)II in

ﬁj extended complex arithmetic. When using the Shellman-Morfitt root-finding

223 routine to locate the zeros of a complex function, it is assumed that these

7;3 zeros do not fall on a mesh line. Since the imaginary part of some of the

5 zeros of I|Q(q11)|| are numerically indistinguishable from zero, the real ),

s axis should not be a mesh line. However, because of the way the

Eﬁ Shellman-Morfitt root-finding routine sets up mesh squares, if the real axis

;ﬁ passes through a search rectangle, the real axis will always be a mesh line. ]
i: One way to avoid problems caused by this is to find the zeros of the functions .
> 118t ) 1| vhere ]
N

P, t); = Q, - is . (8.1) ¥
- e |
. The shift Aq is chosen to satisfy

o 8 < Ag < 15, (8.2) ]
f:' noax @ 4
» where GT is the tolerance to which zeros are located, Gm is the initial mesh ‘i
*ﬂ size, and nax is the maximum number of times that subroutine FZEROX will

'Eg reduce the mesh size by a factor of two. In XWVG where GT = 0.0001, Gm = “
3 0.04, and noax - 2, a value Aq = 0.003 is chosen. With Aq chosen to satisfy

o (8.2), even if subroutine FZEROX reduces the mesh size by a factor of two N ax

'55 times, the values of t corresponding to Im(qll) = 0 will still not lie on a

'S. mesh line. From equation (8.1) it is seen that the zeros of IIQ(qu)II that |
iij were along the line Im(qll) = 0 are now shifted to the line Im(qll) = + ilq. 5
a Thus, the zeros of IIQ(tll)II are related to the zeros of IIQ(qll)ll by
255 9, 3%, " iAq . (8.3) :
:&i The shift to the new variable tll occurs inside subroutine FCTVLX as well as "]
f: inside subroutine FDFDTX. The shift back to 97> equation (8.3), occurs in 3
e MAIN. Subroutine EXCFAC, which uses subroutine FDFDTX, also has a statement ‘
%ﬁ that compensates for the shift, Aq. j
{g

Y ;4
» .
o

2 .
o ]
g
1:1 104 §
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&, Calling Statement: Subroutine FCTVLX is called by the statement 1

a CALL FCTVLX (Q11, DETA, DETE). 3

:, The input variable of subroutine FCTVLX is: o

.—_‘H

p

%ﬂ Q11 - The location in the complex qll-plane where the modal e

e function is to be evaluated. © ]

g‘.
¥ The output variables of subroutine FCTVLX are:

Ea DETA - The complex amplitude of the modal function in extended

complex arithmetic.

DETE - The real exponent of the modal function in extended
complex arithmetic.

Calling Program Element: FINDFX.

Program Elements Called: HNKLX, KHNKLX, KHATX, CADD.

Common Block Areas: COMONE, COMTWO.

A'A‘A-.‘AAL,.- PV
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FDFDTX

Description: Subroutine FDFDTX evaluates the modal function IIQ(qll)II and

its derivative

d
5&;;{||9(q11)|l}

in extended complex arithmetic. As in subroutine FCTVLX, the value of 9, is

shifted inside the subroutine to

th =9 T M,
vhere Aq = 0.003. This shift by Aq is compensated for in MAIN when FDFDTIX is
used by the Shellman-Morfitt root-finding routine. When FDFDTX is used in the

evaluation of the modal excitation factors, this shift. by Aq is compensated
for in subroutine EXCFAC.

Calling Statement: Subroutine FDFDTX is called by the statement

CALL FDFDTX (Ql11, DETA, DETE, DETPA, DETPE).
The input variable of subroutine FDFDTX is:

Q11 - The location in the complex qll-plane where the modal

function and its derivative are to be evaluated.
The output variables of subroutine FDFDTX are:

DETA - The complex amplitude of the modal function in extended
complex arithmetic.

DETE - The real exponent of the modal function in extended
complex arithmetic.

DETPA - The complex amplitude of the derivative of the modal

function.
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DETPE - The real exponent of the derivative of the modal function. S

' Calling Program Elements: NOMSHX, EXCFAC. (f}

§ Program Elements Called: HNKLX, KHNKLX, KHATX, CADD.

]

.

% Common Block Areas: COMONE, COMTWO. .
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3 FZEROX

Z —
(—i Description: Subroutine FZEROX is the main subroutine of the Shellman-Morfitt {
i?j root-finding routine modified for extended complex arithmetic and the

Cii trilinear tropospheric duct model. The other subroutines comprising the

;J Shellman-Morfitt root-finding routine are subroutines QUAD, NOMSHX, and

o FINDFX. Subroutine FZEROX divides a specified rectangular region of the f;
if complex plane into mesh squares and determines approximate values for the

;: compiex zeros of an analytic function f(z). These approximate values for the

3§ 2zeros of f(z) are improved by subroutine NOMSHX by using Newton-Raphson 3
" iteration. The function f(z) is assumed to have no poles or branch cuts in

4 the rectangular region of the complex plane being searched. The zeros of f(z)

:3 in the search region are assumed to be simple zeros. Other assumptions made

v are that the zeros of f(z) do not fall on the mesh lines and that the lines

T: Im[£(z)] = 0 and Ref{f(z)] = 0 do not coincide with mesh lines. The maximum

;% number of crossings of Im[f(z)] = 0 with any one edge of the search rectangle

i that is currently allowed by FZEROX is 50. This value can be changed by

- changing the dimensions of KEDGE1, KEDGE2, KEDGE3, and KEDGE4.

iz Because of the discontinuity of the modal function along the imaginary

‘2 axis that is introduced by the discontinuity in the surface roughness formula,

LR

<, : special care has to be taken when finding the complex roots of the modal

function in a search rectangle that has TLEFT = 0.0 or TRIGHT = 0.0. Since

FZEROX will normally extend the search rectangle by one mesh square in all

« &
o
e l2ly

a'a
[N

directions, this expansion to the left or right has to be suppressed when
TLEFT = 0.0 or TRIGHT = 0.0. This is done with the statements

AL
I,

o
l

,ﬂ IF(TLEFT.EQ.0.0) JLT = 0

‘:.é

I"’:J

O and

>

? IF(TRIGHT.EQ.0.0) JRT = 0

%

;: in subroutine FZEROX. When the modal function IIé(qll)ll is evaluated along
al the imaginary axis, the value of a,; is offset by an amount SHIFT = ¢ 1.0 X
j: 10"9 in subroutine FINDFX. The plus sign is taken if the search rectangle

'a 108
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lies to the right of the imaginary axis and the minus sign is taken if the
search rectangle lies to the left of the imaginary axis.

Calling Statement:

Subroutine FZEROX is called by the statement

CALL FZEROX (TLEFT, TRIGHT, TBOT, TTOP, TMSHO, TOL, MPRINT, ZEROS, NRZ).

The input variables of subroutine FZEROX are:

TLEFT -

TRIGHT -

TBOT -

TTOP -

TMSHO -

The value of the real part of z at the left edge of the

search rectangle.

The value of the real part of z at the right edge of the
search rectangle.

The value of the imaginary part of z at the bottom edge of
the search rectangle.

The value of the imaginary part of z at the top edge of
the search rectangle.

The initial size of the mesh squares used to divide the
search rectangle. TMSHO should be small enough so that the
variation of Im[f(2)] and Re[f(z)] along the mesh square
edges is approximately linear. Subroutine FZEROX assumes
that this is true. The smaller TMSHO is, the longer the
program running time. Under some circumstances FZEROX
will automatically reduce the mesh size by a factor of 2 a
total of MAXNT = 2 times. If FZEROX still experiences
difficulties after these reductions in mesh size, an error
message will be output and the program will stop. FZEROX
allows a maximum number, MAXNSQ, of mesh squares to lie on
any one phase curve Im[f(z)] = 0 in the search rectangle.
If this number is exceeded, an error message is output and
the program stops. MAXNSQ is currently set at four times
the number of mesh squares along the longest side of the
search rectangle.
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TOL -
MPRINT -

____________

The tolerance to which zeros are located. Zeros located

closer together than TOL cannot be distinguished.

A flag for debugging output. If MPRINT = 0,no debugging
printout is given; while if MPRINT = 1, debugging printout
is given. A value of MPRINT = 0 is recommended except
when absolutely necessary, because of the large amount of

printout produced.

The output variables of subroutine FZEROX are:

ZEROS -

NRZ -

An array containing the complex zeros of f(z) in the
specified rectangular region of the complex plane. The

array ZEROS assumes the dimensions specified in MAIN.

The number of complex zeros of f(z) in the specified

rectangular region of the complex plane.

Calling Program Element: MAIN.

Program Elements Called: QUAD, NOMSHX, FINDFX.

Common Block Areas:

NEWMSH, TMCCOM.
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QUAD

Description: Subroutine QUAD is an auxiliary subroutine in the Shellman-
Morfitt root-finding routine. The other subroutines comprising the Shellman-
Morfitt root-finding routine are FZEROX, NOMSHX, and FINDFX. Subroutine QUAD

finds the real roots of a quadratic equation of the form

ax2 + 2bx + ¢ = 0.

Calling Statement: Subroutine QUAD is called by the statement

CALL QUAD (A, B, C, SOL, NRSOL).
The input variables of subroutine QUAD are:
A - The coefficient of x2 in the quadratic equation.
B - The coefficient of 2x in the quadratic equation.
C - The constant term in the quadratic equation.
The output variables of subroutine QUAD are:

SOL -~ An array containing the real roots of the quadratic

equation.
NRSOL - The number of real roots of the quadratic equation found.
A value of NRSOL = 1 results when the quadratic equation

approaches linearity.

Calling Program Element: FZEROX.

Program Elements Called: None.

Common Block Areas: None.
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NOMSHX

Description: Subroutine NOMSHX is an auxiliary subroutine of the 'j
Shellman-Morfitt root-finding routine modified for extended complex
arithmetic. The other subroutines that comprise the Shellman-Morfitt root-
finding routine are FZEROX, FINDFX, and QUAD. Subroutine NOMSHX takes the
approximate locations of the complex zeros of f(z) provided by subroutine '%

FZEROX and improves them by using Newton-Raphson iteration.

Calling Statement: Subroutine NOMSHX is called by the statement J

CALL NOMSHX (TMESH, TOL, MPRINT, ZEROS, NRZ).

The input variables of subroutine NOMSHX are: éi

TMESH - The size of the mesh squares used to divide the search -3
rectangle.

TOL - The tolerance to which zeros are to be located. Zeros éi

located closer than TOL cannot be distinguished.
MPRINT - A flag for debugging output. If MPRINT = 0, no debugging
printout is given; while if MPRINT = 1, debugging printout ;?

is given.

ZEROS - An array containing the approximate location of the

complex zeros of f£(z).

NRZ - The number of complex zeros stored in array ZEROS.

The output variable of subroutine NOMSHX is:

ZEROS - An array containing the Newton-Raphson iterated values for

4 the complex zeros of f(z). ZEROS is used for both input R
" g
x and output.

;
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Calling Program Element: FZEROX.

Program Elements Called: FDFDTX.

Common Block Areas: NEWMSH.
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FINDFX

Description: Subroutine FINDFX is an auxiliary subroutine of the
Shellman-Morfitt root~finding routine modified for extended complex arithmetic
and the trilinear tropospheric duct propagation model. The other subroutines
that comprise the Shellman-Morfitt root-finding routine are FZEROX, QUAD, and
NOMSHX. Subroutine FINDFX takes the coordinates of the mesh square corners
and evaluates the modal function IIQ(qu)II there. The modal function is
evaluated in extended complex arithmetic. Because of the discontinuity of the
modal function along the imaginary 9, axis introduced by the surface
roughness formulation, special care has to be taken when finding the complex
zeros of Ilé(qll)ll in a search rectangle that has TLEFT = 0.0 or TRIGHT =
0.0. The Shellman-Morfitt root-finding routine requires that IIQ(qII)Il have

no poles, branch cuts, or other discontinuities in the search rectangle. In

i

order to ensure that this condition is met when the search rectangle has TLEFT
= 0.0 or TRIGHT = 0.0,a small offset value OFFSET = 1.0 X 10-9 is introduced.
If TLEFT = 0.0, then instead of evaluating Ilg(qll)ll along Re(qll) =0,
IIQ(qll)II is evaluated along Re(qll) = + OFFSET. If TRIGHT = 0.0, then -

instead of evaluating lIQ(qu)ll along Re(qll) =0, IIQ(qll)II is evaluated at -
Re(qll) = - OFFSET.
Calling Statement: Subroutine FINDFX is called by the statement -
2
CALL FINDFX (JR, JI, F, FE, TLEFT, TRIGHT).
The input variables of subroutine FINDFX are: )
JR - The real part of the mesh square corner coordinates in
mesh units, .-
JI - The imaginary part of the mesh square corner coordinates
in mesh units.
TLEFT - The value of the real part of q,, at the left edge of the o
>

search rectangle.
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TRIGHT -~ The value of the real part of 9, at the right edge of the
search rectangle.

The output variables of subroutine FINDFX are:

F - The complex amplitude of the modal function in extended
complex arithmetic.

FE - The real exponent of the modal function in extended

complex arithmetic.

Calling Program Element: FZEROX.

Program Elements Called: FCTVLX.

Common Block Areas: TMCCOM.
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EXCFAC

Description: Subroutine EXCFAC calculates the modal excitation factor An(qll)
given by equation (2.104) in extended complex arithmetic. Because of the
shift in 1, by the amount -iAq = - 0.003i built into subroutine FDFDTX,
before EXCFAC calls FDFDTX it shifts 9, by the amount + iAq = + 0.003i. This
exactly compensates for the shift inside FDFDTX.

Calling Statement: Subroutine EXCFAC is called by the statement

CALL EXCFAC (XFAC, XFACE, Ql1).

The input variable of subroutine EXCFAC is:

Q11 - The modal eigenvalue for which the excitation factor is to

be evaluated.

The output variables of subroutine EXCFAC are:

XFAC - The complex amplitude of the excitation factor in extended
complex arithmetic.

XFACE - The real exponent of the excitation factor in extended

complex arithmetic.

Calling Program Element: MODSUM.

Program Elements Called: FDFDTX.

Common Block Areas: COMTWO, COMTHR.
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HTGAIN

48

Description: Subroutine HTGAIN calculates the modal height-gain functions
E(n, Zp» zT) corresponding to the n-th modal eigenvalue 9, for the trilinear

Ay
4t

tropospheric duct propagation model. The height-gain functions are given by
equations (2.150-2.166).

N |

Calling Statement: Subroutine HTGAIN is called by the statement

¥
-

>,
e i

CALL HTGAIN (ENZA, ENZE, Q11, ZRCVR, ZXMTR).

The input variables of subroutine HTGAIN are:

Qi1 - The modal eigenvalue for which the height-gain function is

to be calculated.

A

ZRCVR - The height in meters of the receiver above ground level.

;

The height in meters of the transmitter above ground
level.

AR j

The output variables of subroutine HTGAIN are:

ENZA - The complex amplitude of the height-gain function in
extended complex arithmetic.

ENZE - The real exponent of the height-gain function in extended

o,

complex arithmetic.

Calling Program Element: MODSUM.

Program Elements Called: HNKLX, KHNKLX, KHATX, CADD.

G

Common Block Areas: COMONE, COMTWO, COMTHR.

"

e

I ')
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MODSUM

Description: Subroutine MODSUM calculates the coherent and incoherent mode
These field
strength values are calculated by using equations (2.108) and (2.109).

sum field strength values in dB relative to the free space value.

Calling Statement: Subroutine MODSUM is called by the statement

CALL MODSUM (ECMS, EIMS, RNG, ZRCVR, ZXMTR, ZEROS, NRZ, NRMODE).

The input variables of subroutine MODSUM are:

RNG - The range in kilometers at which the field strength is to

be evaluated.
ZRCVR - The height in meters of the receiver.

ZXMIR - The height in meters of the transmitter.

ZEROS - An array containing the complex modal eigenvalues 9

NRZ - The dimension of the complex array ZEROS.

NRMODE - The number of modal eigenvalues contained in array ZEROS.

The output variables of subroutine MODSUM are:

ECMS - The coherent mode sum field strength value in dB relative

to the free space value.

EIMS - The incoherent mode sum field strength value in dB

relative to the free space value.

Calling Program Element: MAIN.

Program Elements Called: EXCFAC, HTGAIN, CADD, ADDX.

Common Block Areas: COMTWO, COMTHR.
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SEAH20

Description: Subroutine SEAH20 evaluates the effective relative dielectric
constant er and the effective conductivity O of seawater as a function of
temperature, salinity, and frequency. The complex refractive index of
seawater is then given by

g

2 - .
n® = - i
g & 2n£s° ’

where f is the frequency and €, is the permittivity of free space. The model
used to evaluate €. and 0 is from the paper by Klein and Swift [24]. There is
a discontinuity in the values of €. and 0 calculated by this model as the

salinity goes to zero.

Calling Statement: Subroutine SEAH20 is called by the statement

CALL SEAH20 (SIGEFF, EPSEFF, T, S, FREQ).
The input variables of subroutine SEAH20 are:

T - The temperature of the seawater in degrees Celsius. The
temperature is assumed to be in the interval -2°C to
+40°C.

5 - The salinity of the seawater in grams of salt per kilogram
of seawater. The salinity is assumed to be in the

interval 0 to 40 g salt/kg seawater.

FREQ - The frequency in hertz. The frequency is assumed to be in
the range 0 to 300 GHz.

The output variables of subroutine SEAH20 are:

SIGEFF - The effective conductivity of the seawater in siemens per

meter.
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~.. EPSEFF - The effective relative dielectric constant.
= Calling Program Element: MAIN.

&

2 Program Elements Called: None.

i Common Block Areas: None.

i

.';,4'-1 :

.‘I

)
X
>
bX]
B

Y 'A“l -

v,
k22

A

vy

B VLA - 1N

L 120

Ll st A=y

.
v i
ENS

KA i.'

.-




Y

£ 5 a
v

-
P T—— - - B P R
Rt il i atic oo et i N YAtV NI DD SR D P A A . St e N -

Sune -l o e S e Sl s "R Thun Jhadt Bt Snrd dare Japii- Sl SN SN

DHORIZ

Description: Subroutine DHORIZ calculates the radio horizon distance for a

receiver at height ZR and a transmitter at height ZT' The horizon distance is

given by
d = 2r ppzp + J2r gp2g

The effective earth radius Ly is related to the true earth radius r, by
r = ér
eff 3t °

Calling Statement: Subroutine DHORIZ is called by the statement

CALL DHORIZ (DHZ, ZRCVR, ZXMTR).

The input variables of subroutine DHORIZ are:

ZRCVR - The receiver height in meters.

ZXMTR - The transmitter height in meters.

The output variable of subroutine DHORIZ is:

DHZ - The radio horizon distance in kilometers for the given

transmitter and receiver heights.

Calling Program Element: MAIN.

Program Elements Called: None.

Common Block Areas: None.
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CASIN

Description: The complex function subroutine CASIN evaluates the complex

arcsine of a complex number z by using the equation

z2 1/2

sin-l(z) = -ifn [(1 - +iz] .

Calling Statement: The complex function subroutine CASIN is called by

CASIN(Z).

The input variable of function subroutine CASIN is:

Z - A complex number.

The output variable of function subroutine CASIN is:

CASIN - The complex arcsine of the complex number z.

Calling Program Element: MAIN.

Program Elements Called: None.

Common Block Areas: None.
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.:uv
?:.. I Casrcncrannsn
2cC THYS PFrGPAM FINDS THE CAMPLEX MPANES IN THE M{1«PLANFE FQP &
3¢ TRILINEAR MOTEL OF THF REFRAGCTIVITY PROFILE OF THF TROPHNSFHERE,
l! 4c THESF MrLES ARF FOUNT HSTNE THF COMPLEX ROCT FINTING ROUTINE FF
: 5 C MOPFITT ANT SHELLMAN,
6 C THF NAPFS IN THF CCMPLEX F1i=PLAMNE ARE CONVFRIFEL T0
iy 7 VALUFS N THF COMPLFY THETA=PLANE,
ﬂ} 8¢ EATH THF COMFRENT ANT {NCCHFRENT WADE SUM VALLFS CF THE
e 9 ¢ FIFLN STRFNGTH RELATIVE T0 FREE SPACE ARE FVAILUATED
10 ¢
- 11 ¢ INPUTS, ..
iy 1>t MFIIF = IF MFILE=y CAICULATE FICERVALUFS
= 13 ¢ IF MFILF={ RFEAD EIGENYALUES FRCV | CGICAL FILE 12
14 ¢
“Q 15 € MprL = IF MPOL=(O HORTZNATAL POALARJZATICA
ty 16 C IF MPOL=1 YFRTICAL FCLARIZATION
& 17 ¢ FREC = FPFOUENCY (TN MW7) FCP WKICH YOTES ARF T0 RE FOULNT
18 ¢ AILPHAL =~ SLOPE ([N UNITS QF {/METER) OF FI®ST(LOUEST) LAYER
) 19 ¢ IN TRILINFAR MCUFL, MUST FE PNSITIVE,
¢! 20 ¢ ALP-A2 - SLOPE OF SECCND(MIPTLE) LAYCR IN TRILINFAP MNTEL, MAY
= 21 ¢ RF POSITIVE CR NEGATIVE,
22 ¢ AILP+A3 = SLOPF OF THIRNITOP) ILAYER IN TRILINEAP ™MONEL, MLST =F
! 23 ¢ PCSITIVE
E& 24 C 72 = HEIGHT (1IN METFRS) OF INTERFACE RETWFEN FIRST ANP SECCAT
25 ¢ LAYERS OF TRILINEAR MCDEL, WUST AF POSITIVF,
26 ¢ 73 = HFIGHT (IN METERS) OF INTERFACE RFTWFEN SECONTY ANT TRIRT
; 27 ¢ LAYFRS OF TRILINEAR MCNEL, MUST 3f GREATER THzN 72,
Ay 28 ¢ TC FIFLD STRENGTH LEVFL FCP WHICH MOPES WILL RF FOUNT,
- 29 C ZREF « HFEIGHT (IN METERS) AT WHICK THE VALI'E CF THE
3o0¢c MPTIFIFD REFRACTIVITY, M(7), IS SPECIFIED
H 31 ¢ 7REF 18 ASSUMEL TO EE IN THE FIRST LAYER, I,.F,
i 32 ¢ (ULO) JLEL(TRFF) LEL(72)
33 ¢ RFFM - VAL'IE OF THE MCDIFIEL REFRACTIVITY (JN M_UNITS)
i 34 ¢ AT THF REFERENCE HEIGKT 7RFF
X 35 C
.d 36 C FTa = ABSQRPTIVITY oF TROPCSPHERE, ZERD NR NECATIVE,
‘ 37 ¢ TFMP - SFAWATER TEMPERATURE (IN DFGREES CELSILS)
38 ¢ SALT = SFAWATER SALINITY (1N GRAPS SALT /7 KG SEAWATFR)
J9 C DFITA = P .M,S, BLMP HEIGHT (IN METERS) CF THE RROUNT
by 40 C ALNES o MAXTIMUM LNSS RATE ([N NR/KM) OF MCNES WHICH WILL PE
41 € FrinT,
. 42 ¢
- 43 ¢ PNGINY = INMITEAL RANGE (IN KILAMETERS) AT WKICK FIELP STRENGTH
o 44 1€ T0O PE CALCULATEN,
45 NRAEG « NUMRER CF RANGE VALLES AT WHICW FTELT STRENSTH IS TC =€
46 C CALCULATED,
%a 47 ¢ PNGETP = INCRFMENT (TN KILCVMETERS) aY WkICH THE PAIIGE CHANGEZ,
. 48 ¢
49 ¢ TRINIT = HFEIGHT(IN METFPS) AT WHICH THE REFEIVER IS
- 50 ¢ INITIALLY LOCATERD, ,
R 51 ¢ W7PFVR « NIIMAFR CF RECFIVEF HEIRKTS AT WHICK THE
- 52 C FIFLT STRFENGTH 1S TG RE FALCULATED,
53 ¢ TRETEP « [MCREMFAT (IN MFTERS) PY WHICH THF RECEIVEP
54 FFICKT CHANGFS,
¢

PN,
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FYINIT = HEIGHT (1t METFRS) AT WHICH THF TRANEMITTEP
Ie INITIALLY LCCATET

NZXMTR = N'IMBER CF TRANSMITTER KEIGHTS AT YkICK THE
FIFLD STRFNEGTH 1S TC RE CALCHLATED,

ZXSTFP - INCPEMFNT (TN METERS) RY WHICK TrF TRANSHITTFR
FFIGHT CHANGFS

NHTPLTS, ..

7FRAS = ARRAY CONTAININE MCTFS IN THE GCMPLEX 211-PLAME F(R
THE GIVEN TRILINFAR PRQOFILF,

THETS = ARRAY COMTAININE CCRRESSPCHIING MCPES IN THE FCMELEY
THETA=PLANE,

ATNU = ATTENUATICN (TN TR M) OF THE GIVEN MCTE

FCME = COHERENT MONE SIW FTELD STRPENGTF RFLATIVE TO THE
FREF SPACF VALLE (TN TECIRFLS),

FIMS o« [NCOHERENT <ONE SUM FTIFLD STRENGRTH RELATIVE TO THE
FREF SPACF VALLE (IN TECTIFFLS),

PARPAMETFR INPIHTS,..
NR7 « MAXIMUM KUMRBER NF MOTES EXPERTEN TG 2F FOUND

SIIBPAI'TINES USFD, .,
FFERCYX JFINNFY ,CHANGMOVSKHY JRARL Y JKENKLX ,CASIN,FRETVLY,
FRFLTYX ,CANN L ADPT N ,F{CFAC HTECAT N, MCTSUM KLaTY CTANH OSENKk2,
NkORL?
[ 2 XXX EXE]
IMPLICIT BolUALF PRFCISINN®E (A=k,N=7)
DNURLE FRECISION®#E KIEL2,XPELE,XKDFL1G
fOMPLEY 7FROS,THETA,SANG, [, CASTHY EIGFI,CTEMP ,RAT ,CSOPT,RET 2SS,
¢ TAUGTAUSR , TAUZ, TAUZ TAU A, A, A2,Ad,A6,AR,A1N,F],R3,75,R7,
¢ Rg,F11,0An,NA2,DA4,0A€6,TA8,T0,01,T3,75,77,M9,CHE,RIlgNG
EYYFRANAL CASIN

OO0 IINAANANIIINIAAAIIIIIIIOIION

c PARAMETFRS USFN [N PROGRAM
PARAMETFR (NR7=6u1)

DIMENSICN  7EPNSIAR7?)ILTHETA(NPZ)YLETIGCEH(VYRY)
COMMON /COMORNE /C1,C35C4,08,76,07,MR,C5,55NA2
COMMON/COVMTRO/ ETAABS,ALPHAL,F,C1),SCHG
COMMEN/COMTHER /72,730 APMAC L, ALPHAJILYAVEND  ALPHA2
COMMAN/CNAMFIR/NELTALKAEL 2 ,RNQME
COMMON/COMFIV/AGSA2sA3,A8,A6,A7, AR, A10.A11
CAMMON 7COPSIX/PU,RP1.R3,RELR7,FG,R ]}
COMMON /COMCEV /DA ,LA1,NA2,NAA,TAS,TAG,NAR,TAQ
COMMNN /COMF IG/Ny,D1,13,L5,N7,L90
COMMAN/COMNINZINTCHK
NATA EPSQLC/R.AS424V=12,2.9979250GER)
NDATA  1,P1aC20L0G/(U05140)03.14159265,8.6R588G€4/
DATA CONF/(1,05040)7
Coaone
c FUNCTIAN RFFINITIOMN
r
CAPTIY) = Yew(],i/3,9)
c
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1
112
1y
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131

132
133
134
135
136
137
138
130
140
141
142
142
144
145
146
147
148
149
150
151
152
15%
154
155
156
157
158
159
160
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162
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164
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902 FAPMAT(/76X4?IN THE SEARCH RECTANGLE?/JOXs*TLFFT = ?,F7.2.27,
€ PTRICHT = #,F7,.2/6X,2THE TOTAL HUMRER OF 7€PCE HOW EXCFECE »
€ *up? FY *,[A/6Y,’FXCFESS 7ERCS 1!l CLRRENT SFARCH RECTAMGLE *
e »ull RE DNISCARTFL*/)
QU FAPMITI//710X,"SCLLUTIONS CF TrE HATAL EQUATION®/77)
904 FNARNMATIZY, 2311 (%2.130%) = 2,1P2T 14, 4,5%,7THETA(?,13,2) = 7,
€ 1pIT14,4.3XL,2ATRI) = 2,1PT12.,4,° TR/KM>)
.
800 FAPMATU////10Xs*?FRQS FAUNN TN EXPARDEN SFEARCH RECTAIRLE TEFINET®,
€+ EYs/1GXLPTLEFT = ¢,F7 2,5Y,2TRIGHT = #,F7,2,5%,2TPOT = #,77.2
§  LSY,CTTIPP = #,F7.2//)
801 FNPMET(20Y,*FIGEN(*,13,°%) = *,1P2F14.4)
r
90% FOPMAT(1+1//7/5%X,?FIELD STRENFTKF RELATIVE To FRFE SPACE VALLFE?/77)
907 FORMAT(SY, ?RANGF 2 ,AY,»7XMTR» ,8Y »9RCVR? ,6%, *CCFERE!IT?, 2%,
L CINCOFFRENT? .S, 2HORI7OMP /EX P (KI)? 40X, 2 (M) P, 10K,2 (M), 7Y,
. PMETF SUM?,5X,*FOIE SIM® EX,*N]STANCE®/44Y,2(DR)*?,3X,*(TR)?*,
L] QY 2 (MY ?/ /)
908 FORP‘Y(ZX.F10.2.3¥.Fl0.3.3Y.F10.3.31.F10.4.3¥-FIO.A-3YaF10.2)
93u FORMAT(Z/SXY,*FREGC = 2,F11 4,1Y,2E72/5X,2ALPHAL = 2,714,4,° /v?/
< EY,*ALPFA2 = »,T14,4,7 /M?/5¢,»ALPHAZ = »,T14,4,°% /M»/
<€ SY,?72 = #,F12,4,* Mo /RY P73 u PF|2,4,% M*)
€ BY,?ALNSS = ?,F12.4,° TR/VM?/)
931 FOPMATISY,?QFLTA = *, 1Pl 14,4,° H?/S5H,?EPSENT = *,17D14,4,
. * FARADNS/M?/SX,*SEMGAD = * _1PN14,4,% MFOS/MP/S5X,°ETA = *,
. 1PT14,4777)
932 FORMATISX, *SEAWATFR TEMPERATLRE = »,1pPn14,4,* TEGREES CFLelIUS?/
. ey, ?SFARATFR SALINITY = 2,1PN14,4,7% RRAMS SALT/KG SEAWATER?)
97v FORMAT(1Y,o011(0,14,2)=°,2N20_11)
971 FORMATI(RY ,14)
972 FOPMAT(1Y,°NRMONE=?,(4)
973 FARMAT(11YX,2022,.11)
976 FORMAT(SX,*HORIZCNTAL PCLARIZATIIN?Y/)
977 FOPMAT(SY,?VFRTICAL POLARI7ATICNHN?/)
979 FNARMATISY ,?M{?,F6.,2,%) = *,FE 27}
(X TTY)
¢ REAT IMNPUT VALUES FROM 1 0FICAL FILE NUMRER 13

RFAT(3Y,) MFILE
REAT (1, MPOL
PEAT(1Y,) FREN
READ(13,) ALPHAL
PEADI13,) ALPHAZ
READ(17,) ALPHAZ
PEAR(1T,) 7>
PEAT(13,) 73
PEAT(13,) 7RFF
PEADU13,) PFFM
PEAD(13,) FTA
PFAT(13,) TEMP
PFAT(13,) SALY
PEANIL3,) LFILTA
RFAT (17,0 ALNSS
RFAPIYX,) RANGBINT
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5
166 READ(13,) NRNG @
167 READ(11,) RNGSTP
168 READ(13,) 7RINIT .
169 READ(13,) N7RCVR {
170 REAT(13,) PRSTEP .
171 READ(13,) ZXINIT
172 READ(13,) NZXMTR ]
173 READ(13,) 7XSTEP "
174 Cawes g
175 ¢ WRITE LATA Tn LOGICAL FILE NUMPRER 11
176 ¢
177 WRITE(11,930) FREQsALPHAL,ALFHA2,ALPHA3,72,73,ALNSS 1f
178 WRITE(11,979) 7REF,REFM -
179 1F(MPOL.EG.O) THEN
180 WRITE(11,976) ;
181 ELSE -4
182 WRITE(11,977) "
183 END [F
184 FRFEQwFREQG#1 . 0FE6 .1
185 CALL SEAH20(SGMGND,FPSREL,TEVP,SALT,FREQ) -3
186 EPSCND=EPSREL*EPSO R
187 WRITE(11,932) TEMP,SALT
108 WRITE(11,931) NELTALEPSGNT,SEMGND,LETA
1809 Conar
190 ¢ CALCULATE *CONSTANTS? NEEPEDR FOR THE EVALUATION OF MODAL EGUATICHS
191 ¢
192 FTAARSRETA
193 WAVENC = 2,0+PI1#FREQ/C
194 A2MAG = ABS(ALPHA2)
195 SGNA2e=SIGN(1,0,ALPHA2)
196 C1 = CERT(A2MAG/ALPHAL)
197 €3 = CERT(A2MAG/ALPHA3Z)
198 Cl11 = CBRT(ALPHAI/WAVENC)
199 C4 u ALPHAI®T2/(C11eC11)
200 CS » CERT(ALPHAL#ALPHAL/(A2MAG*A2MAG))
201 TEMP = CBRT(WAVENO&WAVENO/(A2VFAGRAZMAG))
202 C6 = TEMPeALPHA(#22
203 C? = TYEMP+(ALPHA{2Z72+¢ALPHA2(23-72))
204 €8 = CERT(ALPHAL#ALPHAL/ (ALPHA3IWALPFAD))
20% COm(ALPHAL#Z24AL PHA22(73-722) ) *CRRT(WAVENQ*WAVENC/ (ALPHAJ®ALPHAT))
206 SONGeERSGND/EPS=12SCMGADN ) (EPSO#2,0+PI«FREN)
207 Haw2,0F=6«REFM/ALPFA147REF
208 C1180=C11¢CH1 -]
209 ¢ B
210 C THE FeLLQWING VALUES ARE NEERED RY SUBROUTINE KRATX
211 € THESE VALUFS DEPENT UPON THE POLARIZATION OF THE FIELD =
212 ¢C -
213 ¢ FOR HrRIZTONTAL PELARTZATIQN WE HAVE f
214 C
215 1F(MPrL,F0.0) THEN
216 PNONG=CNE -]
217 ¢ :#
218 ¢ FOR VFRTICAL POLARIZATION WE NAVE
219 ¢
220 FLSE 5
B
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S| 221 PNONG®(1,0-T1«ETAARS=ALPHAL#H) /SANE
222 END IF
223 ¢
! 224 TAUSSENG=1.0-T+ETAARS+ALPKAL &k
! 228 TAUSR=CSQRT(TAL
226 TAU2=TAU*TAU
, 227 TAUJ=TAU2+TAL A
" 228 TAU4RTAU2+TALI2
. 229 KDEL2=sWAVENOYWAVENC®TIELTA«DELTA -
230 KDFLE=KDEL2+##3 -
231 KDFL10sKDEL2#*S p
%5 232 AQ=RNONG*TAUSR
D 233 A2uRNONG/(2,0¢TAUSR)
234 AJukDFL2
o 238 AdwoRNONG/(8,0¢«TAU*TAUSR)
5 236 AG=RNONG/(16,0+TAU2«TAUSR)
237 A7w-KPEL6/3,0
238 ABuaB ,0#RNONG/(128,0#TALITAUSR)
239 A10=?7 ,0#RNONG/(256.0*TAL4=TALSR)
240 Al1=2,0eKDFL10/15.0
241 80w1.0
242 BI=RNONG#TAUSRAKNEL2
243 B3=RNONG#XLEL2/(2,0+TAUSR)
244 BSaRNONG# (=TAUSRAKLELG6/3.0~KTEL2/(8,04TAUaTAUSRY))
248 B78RNONG2 (=KDEL6/(6,0+*TAUSR) +KDPFL2/(16,0*TAL22TAUSR))
246 B9=RNONG# (2,0#TAUSReKDEL10/1%,.0+KDELE/(24,0+TAL2TAUSR)
247 $  =5_,0eKDEL2/1128,0+TALI«TALSR))
248 Bi1sRNONG#* (KNELI0/ (15, 04TAUSR)=KNELE/ (48,0*TAU2+TAUSR)
249 $  +7.04KDEL2/(256.04TAU4*TALSR))
250 DAO=A22C1180
251 DAt=],52A3¢C1180
282 DA222,02A42C118N0
283 DA4=3.0+A6+C1180
284 DASe3.S«A7+C 180
235 DAGud ,02A8+C11850
256 DABaS,.0+A10+C218¢C
257 DAGaS . S«A112C11SC
258 DOm0 5*P1+C]11S0
259 Dim{,5+R3+C11S0
260 D3e2.5+85+C11S0
261 DS=3.5#B7+C11S0
262 D7%4.5+B9+C 180
263 D9n%S . 5+R11+C1180
264 Conns
26% r ARE MnDAL FIGENVALUES To BE CALCULATED pR ARE THEY ALREACY
266 C STNREL ON FILE
267 ¢
268
269 ¢ MFILE « IF MFILF=0 CALCULATE ETIGENVALUES s
270 ¢ IF NFILEat{ READ EIGENVALUES FROM FILE 12 »
271 ¢
272 IF(MFILE,FC.1) THEN :
273 READ(12,971) NRMODE -3
274 NO 90 XQwi,NRMONE o
9 27s READ(12,973) ZEROS(KA) e
Ly

i 127
is
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276 90 CONTINLE
277 60 1O =20
278 END IF —
279 Covnae
280 ¢ SET UP SFARCH RECTANSLES FOR FIHNNING MODES aAND SQLVE FOR MCTES
281 €
282 C .
283 C NLEFT = NUMBER OF CQNSECUTIVE SFARCH RECTANGLES WITH NO ZEFCS TC .
284 RE FOUND TO TKF LEFT OF TFE NRIGINAL SFARCH RECTANGLE EEFCRE o
288 ¢C STOPPING SEARCKH TO THE LEFT,
286 ¢ NRIGHY = NUMBER OF CONSECUTIVE SEARCH RECTANGLFSE WITH NO ZERCS TO -
287 ¢ RE FOUND TO THE RIGHT CF TrE ORIGINAL SEARCH RECTANGLE EEFORE )
288 C STCPPING SEARCH TO THE RIGHT,
289 C
290 NLFFTa5 ..
291 NRICHT=S T
292 ¢
293 C 1F INITIALIZE ?ILFLAGsNLEFT? PRNAGRAM JILL NCOT SEARCH TO THE LEFT
294 C OF THE ORIGINAL SEARCH RECTANGLE B
298 C IF INITIALIZE *IRFLAGaNRIGHT?> PROGRAM HILL NOT SEARCH TO THE RIGHT oo
296 C NF THE ORIGINAL SEARCH RECTANGLE -
297 C
298 ILFLAG=Q -
299 IRFLAG=0 =
300 C st
301 ¢C TOL = TOLERANCE Tg WHICK MODES ARE TO RE FoUMP
302 ¢ TMFSH « MESH SI7?E USED BY ROCTY FINDING SURRCUTINE °FZEROX?
303 ¢ MPRINT =« MPRINT=Q GIVES NO ’PERUGCING® PRINTOUT FROM
304 C SUBROUTINE °FZEROX” wWHILE MPRINTm=| DNOES GIVE *DEBUGGING’
308 C PRINTOUY
308 C TLOLD « LEFT COORDINATE OF INITIAL SEARCH RECTANGLE N
307 C TROLD « RIGHT COORPINATE OF INTTIAL SEARCK RECTANGLE ]
308 C TBOT - ROTTOM COCORDINATE OF SEARCK RECTANGLES -
Jos C TTOP -~ TOP COORDINATE OF SEARCH RECTANGLES
310 C TLSTEP - SIZE OF SEARCM RECTANGLES T0 THE LEFY CF THE -
311 C INITIAL SEARCH RECTANGLE .
312 ¢ TRSTEP ~ SI1ZF OF SEARCH RECTANGLES TO THE RIGHY OF THE
313 C INITIAL SEARCKH RECTANGLE
J14 C -q
318 C 131 =
316 C IN SUPRQUTINE *FZER0X’ THE ERRQOR COMNDITIQN *X MQDES FQUNE -
317 C ON SAME PHASE LINFe WITH X_6T,1 CAN OFTEN PE CORRECTED AY
318 C REDUCING BOTH TMESK AND THE SI17E OF THE SEARCH RECTANGLE, %
319 C SUBROUTINE *F7EROX® WILL AUTCOMATICALLY REPUCE TFMESKH PY .
320 ¢ 2.0 TWICE RUT IT DOES NCT REDUCF THE SI17E OF ThkE -
J21 ¢C SEARCF RECTANGLE.
J22 C she -
323 ¢ i
324 ToL =0.0001
328 TMESH=20,04
J26 MPRINT=0 T
327 NRMNDEsO o
328 TLOLP=0,0 -
329 TROLD=2,0

330 TB80Te=-TOL
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332

333
1 334
2 338

336
337
338
330
340
341
342
343
344
345
346
347
348
349
350
3%)
3s2
353
354
3ss
356
357
358
359
360
3e1
362
363
364
365
366
367
368
369
370
371
372
373
374
37%
376
377
378
379
] 360
gg 381
382
383
: 384
A
2 385

7,5
L2k

&

LS
A

'j |7 RURL

Vs

-

Lty = e,
Y

LIRS

O000 OO0 0000O000ND

DOODOIONIIIONOO OO0

210

TTOP=2 ., 0« (ALNSSal1 . 0F=3/7/(WAVENC2C20LCG)+ETAZ2,0)7(CLl1aCL1)
TLEFT=TLOLD

TRIGHT=TROLD

TLSTEP=2,0

TRSTEP=2,0

THE FLAG *INTCHx?» IS USEDN TQ XKEEP TRACK OF WHERE THE CURREMNTY
SEARCHK RFCTANGLE IS IN RELLATICN TO THE INITIAL SEARCH
RECTANGLE

INTCHK=0 = INITIAL SEARCH RECTANGLE
INTCHK=1 « SEARCH RECTANGLE TO THE LEFT OF INITIAL SEaRCH
RECTANGLE
INTCHK=2 = SEARCH RECTANGLE TO THE RIG<T CF INITIAL SEARCH
RECTANGLE
[ 3 X'}

NOTF §t PECADSE INTCHK IS USET IN SURRQUTINF KFATX TO FORCE TFE
EVALUATION OF KHAT(Q13) TQ RE ON THE *CCRRECT RRANCH?
WHEN DELTA IS NCT EQUAL TO ?FRO, THE VALUE OF TLCLL
MUST EQUAL 0.0

NOTE 2t AFTER THE MQDE SEARCF 1S COMPLETET INTCHK IS AGAIN SET
EQUAL TO ZERO, THIS 1% AGAIN FOR USE IMN SURROUTINE
KHATX WHEN EVALUATING KHAT(C1})) IN THE REIGHT=GAIN
CALCULATIONS.

ere
INTCHK=Q

CALL ROOT FINDING RQUTINE OF MORFITT AND SKELLMAN TQ FINT 2ERCS
IN CURRENTY SEARCK RECTANGLE

CALL FPEROX(TLEFTLTRIGHTTROTLTTOP,THESHaTOLLMPRINTL,EIGEN,MRE)
WRITE(11,800) TLEFT,TRIGHT,TECT,TTOP

IF(NRE.GT.0) THEN

DO 300 LK=j1,NRE

THE FoLLOWING STATEMENT CoMPENSATES For THE SHIFT IN Q11

INTRODUCED IN SURROUTINES »FDFLTX» AND »FCTVLX® IN ORDER TC aVCID

HAVING A MFSH LINF ON THE REAL AXIS
FIGEN(LK)=EIGFN(LK)=T»0,003

L 2 3 ]

IF THE VALUE 0F TMESH 1€ CHANGED THE QFFSET IN THE

VALUE CF Ottt IN THIS STATEMENT AND IN THE CORRESPOMDING
STATEMENTS IN SUBROUTINES PFDFDTX? AND *FCTVLX? MAY

ALSO MAVE TO RE CHANGEN IN ORTER TKAT A MES+ LINE

DOES NCT FALL ON THE REAL AXIS

SURROUTINF PEXCFAC’ ALSC HAS A STATEMENT THAT CEPENDS UPCA THE
SI?F NF THIS OFFSFT

[ 2 X )

WRITE(11,A01) LKL,EIGEN(LK)
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386 300 CONTINUF

387 END IF
388 1F(NRE.FEG.0) GO TO 100
389 ¢
390 € SINCE SUBROUTINE *FZEROX® EXTENDS THE SEARCK RECTANGLE
391 ¢ SLIGHTLY, CHECK FOR ANT ELIMINATE ZERNS FOUND CUTSIDE CURREANT
Jo2 ¢ SEARCK RECTANGLE
393 C
394 JKFLAC=0
395 DN 150 JKei,NRE
396 1F{(REALIEIGEN{JK-IXKFLAG) ) .GE.TRIGHT) OR, (REALIEIGENIJK=JKFLAG)),
397 SLT . TLFFT) ,OR, (ATMAG(EIGEN(JK=JKFLAG)) LT .TRCT) CR (AIMAGIEIGEN(JK
398 $=JKFLAG)) . GT,TTOP)) THEN
399 JSTOP = NRE={
400 JSTART= JK=XFLAG
401 DO 160 J=JSTART,JSTOP
402 EIGEN(J) = EIGEN{J+1)
403 160 CONTINUE
404 NREsSNRE=1
408 JKFLAGSJKFLAG+1
408 END IF
407 1%0 CONTINUE
408 C
409 C STQRE ZERQS FOUND IN CURRENT SEARCH RECTANGLE IN ARRAY
410 € CONTAINING ALL ZEROS,
411 ¢
412 IFINRE.GT.0) KNsNRMODE+NRE
413 IF{KN.GT,NRZ) THEN
414 NROVERaKN=NR?Z
415 KNsNR?
416 NRMODE®NRZ=NRE
417 WRITE(11,902) TLEFT,TRIGHT,NROVER
N 418 END IF
X 419 TF(XN.LT.NRZ) THEN
! 420 JEND=NRE
421 ELSE
422 JEND=NRE«NROVER
: 423 END IF
424 DO 190 Jmi,JEND
B 425 ZERNS (NRMODE+J)=EIGEN(J)
3 426 190 CONTINUE
3 427 NRMODEsNRMODE+NRE
b 428 C
g 429 € IF »ILFLAG.NE.NLEFT?» ForRM NEW SEARCF RECTANGLE TQ THE LEFT ¢F
y 430 ¢ TOTAL REGION SEARCHEN,
- 431 C
\ 432 100 TF(ILFLAG.EQ.NLEFT) 60 To 400
: 433 TF((NRELEQ,0) AND (INTCHK (EQ,1)) THEN
X 434 ILFLAGeILFLAG+]
» 438 ELSE
> 436 ILFLAG=O
2 437 END IF
‘ 438 TF(ILFLAG.EQ NLEFT) GO TO 400
439 INTCHK=
440 TLEFT=TLOLD=TLSTEP
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441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456

457
458
459
460
461
462
463
464
463
466

OO0

400

Conde

OO0

467

4608
469
470
471
472
473
474
478
476
477
478
479
480
481
482
483
484
488
486
487
488
489
490
491
492
493
494
495

DOOMNO

420
410

i AL B R R M ERdE e A

TRIGHTsTLOLD
TLOLN=TLEFT
GO TN 210

IF *IRFLAG.NF . NRIGHT? FORM NEW SEARCH RECTANGLE TQ THE RIGHT CF
TOTAL REGION SEARCHED,

IF(IRFLAG.FO.NRIGHT) GO Yo 200
IF{(NRF .EQ,0) ANT . (INTCFK _EQ,2)) THEN
IRFLAGEIRFLAG+!

ELSF

IRFLAG=0

END IF

IF(IRFLAG.EQ.NRIGHT)Y GO TO 200
INTCHK=2

TLEFT=TROLD
TRIGHT=TROLD+TRSTEP
TROLD=sTRIGHT

60 T0 210

MODE SEARCH COMPLETED

ORDER ZEROS FOUND BPY ORDER OF TNCREASING REAL PART,

IF(NRMODE.GT,1) THEN
JKENBaNRMODE=-1

DO 410 JK=i,JKEND

NEND=aNRMODE=JK

DO 420 Js=1,NEND

IF(REAL (ZEROS (NRMODE+1=J)) LT ,REAL (ZEROS (NRMODE=J))) THEM
CTEMPSZEROS {NRMODE+{~=J)
ZEROS(NRMODE+1~J)=ZEROS(NRMOTPE=])
ZEROS(NRMODE=J)=CTEMP

END IF

CONTINUE

CONTINUE

FND IF

THE pcSSIBILITY EXISTS THAT TUPLICATE (WITHIM THE TOLERANCE *TeoL*)
7EROS CF THE MODAL EAQUATION WILL BE FOUND, ELIMINATE THESE
DUPLICATE ZEROS,

JKFLAE=0

JKENDsNRMODE =1

DO 240 JK=1,JKEND

CHKRaABS (REAL (ZEROS (JK=JKFLAG))=REAL(ZEROS (IK+1=JKFLAG)))
CHKI=ARS(AIMAG(7EROS{ IK<IKFLAG) )=AIMAG(Z7EROS( JKa1=JKFLAG)))
CHKSOmSORT(CHKRACHKR4CHK T «CHK )

TF(CHKSQ LT, TOL) THEN,

JSTOP=NRMODE~1

JSTART= JK=JKFLAG

DO 250 J=JSTART,JSTOP

TERNS(J)=?7FROS(J+1)

250 CONTINUF
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496 NRMODE=NRMODF =1

™ 497 JKFLAGS JKFLAG+!

X 498 END IF
499 240 CONTINUE -
500 C -t
501 € FAR VERY WELL TRAPPED MONES THE IMAGINARY PAPT CcF THE ZFERCS :
502 € OF THE MODAL EQUATION MAY BE FOUNP T0 BE NEGATIVE (BUT LESS
503 € IN ARSCLUTE VALUE THAN °TOL”), SET THESE IMAGINARY PARTS -
504 C EQUAL TO ZERO -
%508 ¢
506 DO 40% Js1,NRMGDE
507 IF(AIMAG(ZEROS(J)) LT.0,0) ZERDS{J)=ONE2REAL(2FROS(J)) ™~
508 405 CONTINUE sl
509 ¢
510 C CONVERT MQDPES IN COMPLEX Q1i=-PLANE TQ MQOTES IN THE COMPLEX i
%11 ¢ THETA PLANE, THIS QUTPUT IS FCR COMPARISON PURPCSES ONLY, -
512 ¢ =
513 ¢ ANGLES ARE REFERENCEDN TQ THE MHEIGHT 7REF WHEPE M (Z)=i'(ZREF)
514 € 1S SPECIFIED. .
518 C -
518 DO 220 Jm1.NRMQDE -
817 RAD=CSORT(7EROS(J)#C11+C11+ALPHALH)
318 THETA(J)=CASINIRAD) .
510 220 CONTINUE s
920 ¢ -
321 € CALCULATE ATTENUATIQN RATE FOR NIFFERENT MOTES AND QUTPUT RESULTS
322 ¢ -
32 WRITE(11,90)) o
9e4 IF{NRMODE .CT, 0.0) THEN -l
ass WRITE(12,972) NRMODE
426 DG 230 J=1,NRMODE =
.74 BETASO®) 0¢*I*ETAABS<ALPHAf{aH=C11#C11#ZEROS(]) 4
928 BETAISAIMAGICSORT{RETASE)) e,
389 ATNUR=C20LO0C*WAVENC*BETATI*1,0E+3
330 WRITE(11,904) J,ZEROS(J)»J-THETA(J),ATNU -
531 WRITE(12,970) J,2ERQS() s
882 230 CONTINUE R
333 END 1IFf
334 Corner -
38 C CALCULATE FIELD STRENGTF RELATIVE Tc FREE SPACE VALUE .
93¢ ¢ T
837 820 WRITE(11,905)
338 WRITE(11,907) -
53¢ INTCHK=0Q o
340 DO 505 JRNG=i,NRNG -
S41 RNC=RNGINT+FLOAT(JRNG=1)«RNGSTP
542 DO %00 JXMTR=1,NZXMTR
543 ZXMTROZX INIT*FLOAT(JXMTR=1) wZXSTEP o
S44 DO 510 JRCVR®1,NZRCVR -
545 TRCVRSZRINIT+FLOAT(JRCVR-1)*7RSTEP
546 CALL MODSUM(ECMSLEIMS,RNG,ZRCVR,ZXMTR,ZERDUS,NRZ,NRMONE) -
547 CALL DHORIZ (DHZ,ZRCVR,ZXMTR) -
548 WRITE(11,908) RNG,ZXMTR,7RCVR,ECUS,EIMS,NK? -

549 510 CONTINUE
550 S00 CONTINUE
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i 551  50% CONTINUF 3
. 552 Cewwe o
: 553 STop N
554 END i’
>
L 1
r
_,j
1 SUBROUTIMNE CADN(7ALZF,XAJXE,YALYE)
2 Conrannannng
Jc THIS SUPROUTINE TAKES THE EXTENDEN COMPLEX NUMRERS »X? AND *Y»
4 C AND ADDS THEM TO FORM THE EXTENLEN COMPLEX NUMPER r37»
5¢C
6 C THE EXTENDED COMPLEX NIIMRER ¢2¢ 1§ MATF UP OF THE COMPLEX
7¢ AMPLITUDRE *7A% AND THE REAL EXPCNENT *7E°, THLS, ¢7* IS
8 ¢ EQUAL Tr *7=ZA=FXP(ZE)°*
QO Conssnnsnny
10 IMPLICIT DQOUBLFE PRECISION#E (A=H,07)
11 COMPLEY 7A,XAL,YA
12 IF((REAL(YA) (EO li0) dAND fAIMAG(XA) EJ,0,0)) THEN
13 IF((REAL(YA) ,EQ.0.0).AND_ (ATIMAGIYA) ER,0,0)) THEN
14 7A=(0.,0,0.,0)
18 2E=0.0
16 RETURN
17 ELSE
18 ZAsYA
19 7EsYE
20 RETURN
21 END 1IF
22 END IF
23 IF((REAL(YA) FD,0.0) JAND (AIMAGIYA) EQ,.0,0)) THEAN
24 ZAmXA
2% ZE=XE
26 RETURN
27 END [F
28 EaYE=YF
29 IF(XF.GF,YE) THEN
30 IF(E . GT.=~85,0) THEN
3 REEXP(E)
32 ELSE
33 R=0,0
34 END IF
35 ZAsYA+4RaYA
36 ZE=YF
37 ELSF e
38 IF(=F.G1.~85.0) THEN s
39 REEXP(=F) -
40 ELSE ?;
‘l R.OQO “:‘i
42 END IF T3
43 ZAnYASReXA -
44 IFeYF —
Y 45 END (F 9
v 46 TF((REAL(PA) FN,0.0) AN (AIMAC(7A) EQ,0.0)) ZF=0,0 -
47 RETURN -
48 END o
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SUBROUTINE ADDX(ZALZE,XAsXEaYALYE)

Coanvanpnne

c
c
c
c
c
c
c

THIS PROGRAM TAKES THE EXTENDEL RFEAL NUMRERS *X? AND 2Y?
AND ADDS THEM TQ FORM THE EXTENDEN REAL MUMRER #7°¢

THE EXTENDED REAL NUMBER *7* [S MADE LP OF THF
AMPLITUDE *ZA* AND THE EXPONENT *»7E2_ 237 [S FNLAL TO
*2=ZA+EYP(2€)

RARABANARS

IMPLICIT DOURLE PRECISTON#6 (Aek,N=7)
IF(XA,EC.0.,0) THEN
IF(YA,EQG,.0,0) THEN
7A=0,0
7E=0.0
RETURN
ELSE
7AsYA
7E=YE
RETURN
END IF
END IF
IF(YA.EC,0.0) THEN
ZAsXA
ZE=XF
RETURN
END IF
EaYE=-YE
IF(XE.CE,YF) THEN
R=EYP(E)
ELSE
Re0,.0
END 1F
ZAaXASReYA
ZE=YF
ELSE
IF({=E.6T.~85.0) THEN
RSEXP(=F)
ELSE
R=0,0
END IF
ZAnYASRAXA
ZE=YE
END IF
IF(7A.EC,0.0) 7E=0,.0
RFTURN
FND
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;5 SURROUTINE HNKLX(7,H1AsHIEsH2Ask2F,DH1A, NH1E,PH2A, TH2E)

Jol

T PSR SRS

Coanensnnne

1

2

3 ¢C THIS PRAGRAM EVALUATFES THE MODRIFIEDN KANKEL FUNCTICKNS HI(Z) ANT

4 C F2(2) ANT THEIR DFRIVATIVES H12(7) ART H2°(7) WITr A PRELATIVF

5¢C ACCURACY?® BETTER THAN 10wa(=3)

6 C

7C THF VALUFS ARE RETURNED AS A CCMPLEX AMPLITUPE (F .G, HIA)

8 C AND A RFAL FXPONENT(F.5, F1F), THE MOTIFIEN HAMKEL FUNCTIOA

9 C F1(Z) wertLD THEN ECUAL HI(7)=HiA«FYP(FIE)

10 Coanasaatean

11 IMPLICIT DOURLE PRECISION#E (A=k,oN=7)

12 DOURLE PRECISION=6 tMZ,1IMX}

13 CNMPLEY 1,CON1,CON2,CON2CJ,CE1,0E1CJ),CEL2,CE2CJ,2,250,2CURE,

14 . SUMF7 ,SUMGZ,SUNFPT,SUNGPRZ F2, 07  FP7,GP7, KA, F2a,NHIA N2,

15 . CONFPZ,7S0R,CSCRT ,ZFR X1 CEXP , TTH,ZMTHLEX I ,SUMCKP,SUMPKNM, "

16 ¢ SUMDNP,SUMNKM,CONF?2

17 DIMENSION A(9),R(9)1,C{9),N{Q),CK(S5),TK(S)

18 Coe ARRAY CCNTAINING COEFFICIENTS FOR F(?2)

19 DATA (AIN) N=1,9)/ =1,6666€667E=1s +5.55555556E=3, =7.71604G28E=-5,
20 ¢ +5.R4%49196E=7, =2.78356760E=9, +9.09662614E-12,

21 L3 =2.16586337E=14, +3,023665%52E=-17, -5,58026712F=20/

22 Cae ARRAY CONTAINING COEFFICIENTS FOR 6(7)

23 DATA (B(N)sNw1,9)/ =A.33IIIIJE=-2, +1.9841269RE=3, =2,204585854€E-5,
24 A +1.,41319586F=7, ~5.88831607E=10, +1.721726085F=12,

25 * =3.72668798E=15, +6.21114663F=-18, =8,2158n242F=21/

26 Ceae ARRAY CONTAINING COEFFICIENTS FOR F?2(7)

27 DATA (C(N)sNel,9)/ ~6.66666667E~2, +1.38888889E~3, =1.40251807F=5,
28 L +8,35070280F =8, =3.27478541E=10, +9.09662614E~-13,

29 ¢ ~1.88335945€~15, +3.01820425E~18, =-3,8%5466698E-21/

30 Cae ARRAY CCNTAINING COEFFICIENTS FOR £2(2)

31 BATA (D(N)sN®1,9)/ =3.3333333E=1, +1.388888R0E=2, =2,.204%58%54E~-4,
32 L +1,83715461E~60 =9.42130572E=-9, +3.27128671E-11,

33 A =8,19871355E=14, +1.55278666F«16, =2.30042468E~19/

34 Cee  ARRAY CONTAINING COEFFICIENTS IN ASYMPTOTIC EXPANSION OF k1(2)
35 ¢ AND H2(7)

36 DATA (CK(N),N=1,8)/ {,04166667E~1, 8.35503472E=2, 1.2822657%F=1,
37 $  2,91849026E=1, 8,81627267E~/

38 Cee  ARRAY CCNTAINING COEFFICIENTS IN ASYMPTOTIC EYPANSION OF F1°(7)
Jo C AND K22(7)

40 DATA (DK (N),N=1s5)/ +1.,45833333F=4, ~9.87413194F-2,
41 ¢ +1043312054E=1, =3.17227203E=1s +9.4242914ARE~=y/
42 C
43 DATA X0,Y1,ALPHA,,PISPT3/ 9.30436717E~1, 6.78298725E~1,
44 ¢ 8,53667219E=1, 3J.141592€5E0, 1.04719755E97
45 C
46 BATA [,CON1,CNN2,CON2CI/ (0.0s1.0)s (D.0,1,15470052),
47 ¢ (160004577350269)s (1.0,-0.%577350269)/
48 C
49 DATA CE1,CE1CJLCE2,CE2CJ/ (0.2588190455,0.965925826)»
50 ¢ (0.2%88190455=0.965925826)s (~0.965925826,0,2%8819045),
51 ¢ (=»0.965925R26,=-0.2568819045)/
52 Ceavee
53 C TFST WHETHER TO EVALUATE MODIFIFN KWANKEL FUNCTICANS BY SERIES
54 C EXPANSION OR ASYMPTOTIC EXYPANSICN
58 ¢
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56 AMP7=CAES(7)

57 IFCAVMP7 LT (3.,5)) THEN

58 Cornnnnennnn

59 ¢ EVALUATF MODIFIED MANKEL FUNCTIONS USING SERIES EXPANSIONS
60 C

61 7S0=7¢7

62 ZCURF=7278Q

6 SIUMF7=A(Q)+7CILIRE

64 SUMG7=E (G) «Z2CURE

65 SUMFP?=C(9)#Z2CURE

66 SUMGP7=T (9)«7CURE

67 DO 100 K=8,1,~1

68 SUMF7=(SUMF7+A(K) ) 2ZCIIBE

69 SUMG7= (SUMG7+R(K))«7CURE

70 SUMFP7= (SUMFPZ+C(K) )« 7CURE
71 SUMGPZ= (SUMGPZ+D(K) )« 7CURE
72 100 CONTINUE

73 F7a(SUMF?2+1,0)#X0

74 CIn(SUNMGZ741,0)wX1e2

75 FPZm=(SUMFP741,0)2Y(0*780/2,.0
76 GPZ=(SUNMGPZ+1,0) X1

77 CNNF7=2CCNieF?

78 CONFP7=CON]#FP7

79 C

80 K1AmCNON2eGZ2~CONF?

a1 K1E=Q,0

82 K2A=mCON2+(G7+F7)

43 XK2E=0,0

a4 DK 1A=sCCN2eGP7=CONFP7

as DX1E=0,0

1.3 DK2A=CON2+ (GPZ+FP7)

.4 DK2E=0,0

1] RETURN

89 Cevensantee

90 FLSE

91 Covnannnntns

92 C EVALUATE MaTDIFIED HANKEL FUNCTIQNS USING ASYMPTCTIC EXPANSICMNS
93 C

o4 7SQOR=CSERT(7)

95 7FR=CSCRT(2SQOR)

96 FTHEZ?+780R

97 FMTHRI /7 Tk

98 X1=2,00?TH/3,0

99 RFEXI=REALIX])

100 IMXI=AIMAG(XT)

101 FXI=CFYP(I+RFEX1])

102 SUMCHPECK(S)aZMT}

103 SUMCKMeaSUMCKP

104 SUMDKP=DK (S5 ) a7MTH

108 SUMD¥Me.SUMDKP

106 00 102 Ked,{,~1

107 SUMR KPR (SUNMCKP¢CK(K))a7MTH
108 SUMCKNeal SUMCKMICKIK) ) ZMTH
109 SUMNDKPs (SUMDKP+NK (K ) Y aZM T
110 SUMNKMB o (SUMNDKMeNK(K) ) aZMTH
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A 111 102 CONTINUE -
112 SUMC¥F=],0+4SIIMCKP T
113 SUMCHMu] Q+SIIMCKM B
114 SUMDKP=1,0+8IMDKP s
& 115 SUMDKMa] ,0+SUMNKY B
116 ¢ :
117 ¢ FVALUATF PH(7) i
;ig 11s ¢ .
119 REZ=RFAL(7)
120 IM7=AIMAG(?)
, 121 IF(RE7.6T.(0.0)) THEN
15.; 122 PHZeATAN(IV7/REZ)
L 123 ELSE IF(RFZ,LT.(N.0)) THEN
124 TF(IM?,GE.(0.0)) THEH
125 PHZ=PI+ATAN(IMZ/RE7)
g 126 FLSF
127 PHZ==Pl+ATAN(IMZ/REZ)
128 END IF
™) 129 ELSE
% 130 TFCIMZ,GT.(0.0)) THEN
131 PHZaP1/2,.0
132 FLSE IF(IMZ,LT.(0,0)) THEN
3 133 PH?=«P1/2.0
3 134 ELSE
138 PH7=0,0
136 END IF
137 END IF
g 138 ¢
139 ¢ EVALUATE MODIFIEN KANKEL FUNCTINNS
140 ¢
T~ 141 IF(PH2,GE.=PI3) THEN
142 HIASALPHASEXT*CE1CJ#SUMCKM/ZFR
- 143 Hi1Em=IFMX1
144 IF(IREAL(HEA) EN,040) JAND (AIMAGIHIA) EQ.0.0)) HiE=0.0
.§ 145 DHLIASALPHAR I «ZFRAEXI«CEL1CIJaSL¥MIKP
* 146 DHIEm=-]MY]
147 IF(C(REALIDFIA) (EQ,0e0) e AND (AIMAG(DF]LA) ,EC.N.0)) DHIEmNn,.0Q
148 ELSE
149 IF(IMYI GE.0.0) THEN
P 150 ESM==2,0%1MX]
151 IF(ES¥,GT,-85,0) THEN
152 REFXPREYP (FSM)
; 153 FLSE
X 154 REEXP=0,0
155 END 1IF
156 HiAsALPHAS (CE2CJaSUMCKP /EXT+REEXP«EXTCEL1CIaSUMCKM) /2FP
ke 157 HiE=IMY 1
2 158 TFO(REAL(HLA) (EN.040) ANN_ (ATMAGIHIA) .EQ.0.0)) HIE=Q.0
189 DHiASALPHA# I #ZFRa(REEXP*EXTaCE1C JaSUMNKP-CE2CJ#SUMNKHM/EXT)
160 DHiF=IMX]
A 161 TFO(RFALIDFIA) ERL,040) eANPL(AIMAS(DFIA) EG,0,0)) DHIE=D,.0
* 162 FLSF
163 FSMa2 . 0eIMX]
164 IF(ESH¥,GT.=85,0) THENM
:@ 165 REFXPaFYP (FSM)
)
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) 166 FLSF
4 167 REEYP=0,0
' 168 END IF
169 HiAmALPHAS (REEXPeCE2CI#SUMCKP /EXI+EXTaCE1CJaSUNCKM) /2FP
170 HiFs~IMY1
171 TF((RFAL(HIA) EQ.0.0) JANN_(AIMAG(H1A) ,EQ.Q0.0)) HIF=0,0
172 DHI{ASALPHA® I a7ZFRa(EXTACEIC I UMNKPREEXPeCE2CIJ#SUMDKIM1/EXT)
173 DHiEs=IMX]
174 IF({REALIDFIA) JEN.Ge0) dAND (AIMAG(TFIA) EC,0.0)) PNHIE=0,.0
175 END 1IF
176 END IF
177 IF(PH?,6T.PI3) TKEN
W 179 ESMm=2 ,0*IMXI]
N 180 IF(ESV . 6T, =85,0) THEHW
2 181 REEXP=EXP (ESM)
182 ELSF
183 REEYP=0,.0
104 END IF
t8s H2AmALPHA# (CE1#SUMCKP/EX 14REEXPaEX [ «CE2aSUMCKIM ] /FFR
186 H2F= MY
187 IFC(REALI(H2A) EN DOV AND (AIVMAGIH2A) EQ,0.0)) H2E=D.O
188 DH2ASALPHA#I#ZFR e (REEXPAEX I aCE2wSUMTKPCE 1 #aSUMEKM/EXT)
189 DH2E=IMX1
190 IF((REAL(DH2A) .EQ,0.0) JAND,(AIMAB(DH2A) ,EC, 0. 0)) DH2E=N,Q
. 191 ELSE
s 192 ESM=2,0«1MXI
s 193 IF(FSM,GT.~85,.0) THEN
§ 194 REEXPSEXP (FSM)
§ 195 ELSE
2 196 REEXP=0.0
197 END IF
. 198 H2A=ALPHAS (REEXPaCE 1 «SUMCKP /EXTSEXI«CE24SLMCK M) y7FR
1 199 H2E=s=1MY1
: 200 IF((REAL(H2A) (ER.0.0) JAND (AIMAG(H2A)} EQ,Q0.0)) H2E=0,0
¥ 201 DH2ASALPHAS Ta7FRA(EXT4CE2eSUNEKPREEXPCE | #SHIMLKM/EXT)
[ 202 DH2Fme I MX ]
3 203 IF((REAL(DFOA) EC.0.0) ANT (AIMAGIDF2A) EC 0. 0)) ?JH2E=N.Q
204 END IF
) 205 ELSE
e 206 H2AmALPHA®CE L #SUMCKP/(Z7FREXT)
‘ 207 H2F= MY ]
v 208 IFC(REAL(H2A) (EQ Qo)  AND (ATVMAGIMH2A) EQ,0.0)) WH2E=D.0
¥ 209 DHO AR ALPHA® I #7FRaCE 1 #SUMDKM/EY ]
b 210 DH2E=]MX1
- 211 IF((REAL(DF2A) eEQeO0o0)uANPL(AIMAG(DH22).EC.0,0)) DNH2E=N.0
212 END IF
213 END IF
214 RETURN
215 Ceracontnne
216 END
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SURROUTINE KENKLX(2,K1A,KI1E ,K2A,K2E,CK1A,DK1E,NK24,NK2E)

I TITXIY Y 2 I
THIS PRAGRAM EVALUATES THE MONIFIED WANKEL FUNCTICNS K{(Z) AANT
K2(2) ANC THEIR DERIVATIVES K12{7) ANT K22(7) VWIT+ A PRELATIVE
ERROR?» BFTTFR THAN 10%w(~3)

THE VALUFS ARE RETURNED AS A COMPLEY AMPLITUNE (E,.G, Kia)
AND A REAL EXPONENT (E.G, XiE), THE MCDIFIED FANKEL FUNCTICA
K1(Z) WPOLLD THEN EQUAL K1(7)=K1A=EXP(KIE)
Carannsnatan
IMPLICIT DOUBLE PRECISION=E (A=H,0=2)
DAUBLE PRECISIONaE IM7,KIE K2E,T4X]
COMPLEYX 1,CON{,CON2,CON20J,CEL,CEICJL,CE2,CE2C),7,7S0,ZCLEE,
] SUMFZ,SUNMGZ,SUMFPZ SUNBPT FZ2,G7 ,FP7,GPZ V1A K2A,NK1A,NK2),
] CONFPZ,280R,CSORT,7FR, Y1 ,CEYP,7TH ,ZMTH,EX],SLVMCKP,SUMCKY,
L] SUMDKP, SUMNDKM, CONF?
DIMENSICN A(Q),R(9),C(9),N(9),CK{(S),TKI(5)
Cae ARRAY CCNTAINING COFFFICIENTS FOR F(7?)
DATA (A(N),N®[,9)/ =1 ,66666667E=1s +5.55555556E=34 =7.716N4538E=5,
L] +5,84549196F=7, =2,78356760E-9, +5.09662614E-12,
[ ] =2.,16586337E=14, +3,023665%2E=17, =5,58926712E-20/
Cee ARRAY CONTAINING COEFFICIENTS FOR (2}
DATA (P(N),Nwls9)/ =AR,.33IIJIIINE=2s +1.9841269RE=-2, ~2,20458%54F=5,
] +1.41319586E=7, =5.,88831607E~10, +1.721729R5F«12,
s =3.72668798E=15, +6.21114663E~18, =8,21580242F~21/
Cee ARRAY CONTAINING COEFFICIENTS FOR F?({2)
DATA (C(N)sNm129)/ =6.66666667E=25 +1.38888889€E-3, =1.40251807€E=5,
L) +8.35070780€=8, =3.27478%541E-10, +9.09662614E~13,
¢ =1.88335045F =158, +3.01820425E=18, =3.8546669RF =21/
Coan ARRAY CCNTAINING COEFFICIENTS FOR G2(2)
DATA (D(N)sN=is9)/ «3.33I333I33IIE-1, +1,38888829E~2, =2,20458554E=4,
L ] *1.,83715461E=64 ~9,.42130572E-9, +3.27128671E~11,
. ~8,19871355F~14s +1.55278666E~16, =2.30042468E~19/
Cen ARRAY CONTAINING COEFFICIENTS IN ASYMPTOTIC EXPANSION OF K1(2)
c AND K2¢?)
DATA (CKIN),N=1,5)/ 1.04166667E~=1, 8.35503472E~2, 1.,28226575F=1,
: ] 2.91849026F~1, 8.81627267E~1/
Cee ARRAY CONTAINING COEFFICIENTS IN ASYMPTNTIC EXPANSION OF K1°(2)

39 ¢ AND K2°(2)

40 DATA (DK (N),N=1,5)/ +1,45833333F~1, =9,.87413194F=2,

41 ¢ +1,43312054E~1, =3.17227203E=1s +9.4242014RE~1/

42 ¢

43 DATA XO0sX1oALPHAL,PTILPI3/ 9.30436717E-1, 6,78208725€E~1,

44 \J 8.53667219E=1, Je14159265E0, 1.0471975%€0/

45 €

46 DATA 1,CON1,CNAN2,CON2CJ/7 (0.001.0)s (0.001.15470054),

47 ¢ (1.000.577350269)s (1.0,=0.577350269)/

48 €

49 DATA CF1,CELCJI,CE2.CE2CI/ (0.258819045,0.96592%5826),

50 ¢ (0.25R8819045+=0.965925826)s (~0.,965925826,0.258819045)s
S1 % (=0,965925826,=0.2%8819045)/

52 Coane ‘

53 € TFST WHEFTHER TO FVALUATE MQONIFIEN KHANKEL FUNCTICANS RY SERIES
54 C EXPANSICN OR ASYMPTIONTIC EYPANSION

55 C
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56 AMP7=CARPS(7)
57 IF(AMP? LT, (3.5)) THFH
58 Cavansonnen —
59 C EVALUATF MODIFIED MANKEL FINCTIONS USING SERIES EXPANSIQNS
60 C
61 780=7+7
62 ZCURF=7+780Q
63 SIIMF7=A(S)«Z2CIIRE
64 SUMG?7=F (0) #«7CURE
65 SUMFP7=C(Q)*?CURE
66 SUMGP7=L (Q) #7CURF -
67 DO 100 K=AR,1,~] )
68 SUMF7={SUMFZ+A(K))27CIRE
69 SUME7?7= (SUMGZ7+R(K) ) «ZCIIBE
70 SUMFPZu(SUMFP2+4C(K))eIClLIRE
71 SUUMCP7= (SIUMGPZ+D(K)) e 7CIBE L
72 100 CONTINLUE -
73 F7s(SUNMFZ7+1,0)eX0
74 G7=(QMGC7+1.0) X107 -
7% FPZ=a (SUMFP7+1,0)¢X0+7280/2,.0 B
78 GPZs(SUMGP7+1,0)aX1
77 CONF7=CCNieF?7
78 CONFP7=CONI+FP? -
79 € —
a0 Hi1A=CON2#GZ=CONF? -t
a1 HiE=Q,0
a2 H2A=CON2CJIeG7+CONF?2
a3 H2E=Q,0
84 DH1A=CCON2+GP7=-CONFP2
11 DH1E=0,0
aé DH2A=CON2CJ«GPZ+CONFP? -
a7 DH2E=0.0 s
1] RETURN S
89 Casseasontan
90 ELSE e
Q91 Ceenntonnne -0
92 C EVALUATE MaDIFIED HANKEL FUNCTIQNS USING ASYMPTCTIC EXPANSICAS ="
93 ¢
L 7] ZSGR=CSCRT(7) ~~y
93 PFReCSCRT(ZSAOR) -
96 ZTH=7+78QR
o7 ZMTHe1 /7 TH
90 Xl'2.0'7TH/3.0 :','
99 REXTmRFAL(X]) s
100 IMXI=ATMAG(XT) N
101 EXIesCFYXP(I«RFX])
102 SUMCKP=CK(S) ZMTH Bl
103 SUMCKME=SUNCKP T
104 SUMDkP=DK (5)aZMTH
108 SYMNKMs=SyMpDKP
106 DO 102 Km4,1,=1 .
107 SUMCKP= (SUNCKP+CK (K)) 27V TH =
108 SUMCKME< (SUMCKM4CK(K) )2 7MTH
109 SUMDKPS (SUMDKP+DK(K) ) «ZMTH
110 SUMDKMEa (SUMDKMeNK (K) ) nZMTH
s
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k 111 102 CONTINUF
112 SUMCKP=] ,0+$!IMCKP
113 SUMCKM=] Q4 S1IMCKV
: 114 SUMDKP=1,0+SUMDKP -
P 115 SUMDK M= ,0+SUMDKY :{
116 ¢ o
117 ¢ EVALUATE PH(Z) .
E 118 ¢ o
; 119 PEZ=REAL(7) B
120 IMZuAIMAG(?) ]
121 IF(RE7.6T.(0.,0)) THEH y
122 PH?=ATAN(IMZ/RE?) - 4
§ 123 ELSFE 1F(RE7.,LT.(0,0)) THEN -
124 1F(IM7.GE.(0.0)) THEN -,]
12% PHZuPI+ATAN(IM7/RE?) o
{ 126 ELSE
? 127 PHZu=PI+ATAN(IMZ/REZ)
128 END 1IF
- 129 FLSE
& 130 IF(IM?.6T.(0.0)) THENW
o 131 PHZ=P1/2.0
132 FLSE JF(IMZ.LT.(0.0)) THEN
. 133 PHZe=P1/2.0 ey
v 134 ELSF o
135 PHZ20,.0 =
136 END IF 2
13?7 END IF e
1 138 ¢ -
A 130 ¢ EVALUATE MODIFIEDR HANKEL FUNCTTONS
140 ¢
" 141 IF(PHZ.GE.=PI3) THEN
142 K1AmALPHASEXTI#CE{CJoSUMCKM/ZFR
143 KiEm=IVX1
144 TF((REAL(XK)A) EN,0.0)AND_(AIMAGIK1IA) EC.0.0)) K{E=D.0
. 145 DK{AnALPHAeIa7FRaFX[«CE{CJaSUNMPKP
g 146 DKiFs=IMY]
! 147 IF((RFALIDKIA) (EC,0.0) AND (AIMAGIDK]A) ,EC,0,0)) DKI{E=Q.Q
148 ELSE
149 TF(IMYX].GE,0.,0) THEN
g 150 ESMme2,0¢1MX]
5 151 IF(FeV ,GT.=85,0) THEN
152 REEXPREXP(ESM)
s 153 ELSE
' 154 REEXP=0,0
158 END IF
156 K1AuALPHAS (CFE2CJeSUMCKP /EXT4EXT2CELCI#SUMCKMREEXP ) /2FP
p 157 KiEsiMbY]
5 158 IF((PEALIKIA) JEN,0e0) AN (ATMAGIK1A) EQ.Q.N)) ¥IE=Q.0
159 DK ASALPHA#I«7FRe (FXTACELCIaSUMNKPAREEXP=CE2C I SUMDKIt/EXT)
160 DKiF=IMX1
b 161 IF((RFAL(DKIA) cEC.O,U) eAND (AIMAG(DKIA) JEC.N,0)) TNKIE=0,0
't 162 ELSE
163 ESMe2,00IMYX]
164 IF(FS¥.GT.-85.0) THEN
¢ 165 REEXPREXP(FSM)
N
5
4]
A
)
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166 ELSF
168 END IF
169 KiAsALFHA# (CE2CJIaSUMCKP2REEXP/EXYT4EXT#«CE1CJaSUNMCKM) /IFP
170 KiFa=1VMX]
171 TFO(RFALIXKIA) ER.0.0) AND (ATMAG(KLA) EQ,0.,N)) KI1F=0,0
172 DK1ASALPHRA*I#ZFRe(EXTeCEICJo8UNMDKP-CE2CI#SUMNKIMaRFEXP/EYT)
173 DK{F==1MX1]
174 JTF((REAL(DKLA) EQ,Ue0)AND (AIMAG(DKIA) EC.Nn,0)) DNKEE=n,Q
17s END 1IF
176 END IF
177 IF(PHZ ., CT,PI3) THEN
178 K2A=ALPHARCE L «SUMCKP/(7FR+EXT)
179 X2F=IMY]
180 IF(IREALIN2A) (EQ.Qe0) cAND (ATMAGIK2A) EQR,0.0)) K2FE=p.Q
181 DK2A==ALPHA® I 2 ZFR2aCELaSUMDKM/EYT
182 DK2E=1MX]
183 IFC(RFALIDK2A) cEC.O U JANDLIAIMAGIDK2A) ,EG.0,D0)) DK2EEN.0
184 FLSE IF(PH7 ,LT.=PIJ) THEN
168 K2Am=ALPHA®EXI«CE2«3IIMCKM7FR
188 K2Em=I¥X1
187 TF((REAL(K2A) ER_ 0.0V AND (ATMAGI{K2A) EQ.0.0)) K2E=0,.0
183 DK2AB ALPHARIAZFRAEXTCE24SUNTKP
189 DK2Es=-1IMX]
190 IFC(REAL (DK2A) EQ,0.,0) AND_ (AIMAG(DK2A) ER.0.0)) DK2E=Q,.Q
; 191 ELSE
5 192 IF(IMYI.GE.0.0) THEN
b 193 ESMm=2 OeIMX]
g 194 IF(ESM.CY,.=85,0) THEN
3 198 REEXPSEXP(ESM)
i 196 ELSE
197 REEXP=(Q,0
198 END IF
199 K2AsALPHA« (CES #SUUMCKP /EX TaREEXP«CE224EX1aSUMCKM)Y /7FR
200 K2E=IMX1]
204 TFU(REAL(K2A) (EGC, QoD AND (AINMAGIK2A) EQ,0.0)) K2E=0.0
202 DK2ABALPHA2I«ZFRa(CE1«SUMDKN /EXTLREEXPaEXTaCE22SUMDKP)
203 DK2FE=IMX]
204 TF((REAL(DK2A) (EQ 0.0 AND (AIMAB(DK2A) ER,q.0)) DNK2Emq,.0
208 FLSF
206 ESM=2 .0 IMXI]
207 IF(ESM,GT,=-85.0) THEW
208 REFXPoEXP (FSM)
209 ELSE
210 REEXP=0,0
21t END 1IF
212 K2AsALPHA® (CE1«REEXP#SUNCKP /EXT<EXIwCED#aSUMCKNM) /7FR
213 K2Fa=1IMX1]
214 TF((RFALIK2A) ,EQ,0.0)ANN_(AIMAGIK2A) EQ,0.0)) X2E=D,.0
218 DKOASe ALPHA# I #ZFRa (REEXP#CE |1« SUMAKIM JEXT4EXTeE22aSUMDKP)
216 DK2E®=IMYX 1
217 TF(IREAL(NK2A) ,EC. 0.0 AND, (AIMAGIDK2A) EC.0.0)) DNK2E=n,Q
218 END IF
219 END IF
220 END IF
221 RFTURN
222 Coessncnnne
223 END
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SUBROUTINE KHATY (N1 1aKHAL,KHE 4 KFA2  KEF2 ,NKEAL ,TKEF [ ,DFHA2,TKIFE2)

I TTITTT Y T
THIS SUBROUTINE CALCLLATES THE MONIFIED YANKEL FLAMCTIQN
COMBINATIONS KHAT1(Q11), KHAT2(G11), AND THETIR TERIVATIVES

SUBROUTINFES USEN e
KHNKLY ,CADD,CTANHL,CSECH2
SARNNRRRRNS
IMPLICIT DOUBLF PRECISION®*6 (A=F,0=7)
DOURLE PRECISION«6 KHEL1,KKF2,KNEL2
CNMPLEY l.01l.KPAl.KHAZ.ﬂKHAl.FKHA2.01lll.nlIAZ.EQIIAI.ﬂC11l2.
L] CMU,DCMU,SONG,RETASA,FAC,XAA,(RA,ACA,CSART,CTANKH,CSERF2,
¢ GAM HTAN HSEC2,01 1SR, 7,780, AR, DA NN, A0,A2,A2,A6,A8,410,
* B1sB3sB5,R7,R0,F11,NAQNA2,PA4,TA6,DABR,T0,01,N3,D5,N7,T6
EXTERNAL CTANH,CSECHK2
COMMON/COMTRO/FETAARS ,ALPHAL,H,C11,S3NG
COMMON/COMTHR/72,23,A2MAGL ALPFAJ,YAVENOQ,ALPHAD
COMMON/COMFOR/DELTALKNEL2,RNQNG
COMMON/COMF IV/AD,A25A3,A4,A6,A7,A8,A10,A11
COMMON/COMSIX/R0,B1,R3,B5,R7,R9,R11
COMMON/COMSEV/NAQ,DAL1,DA2,0A4,CAS5,DAELNA8,TAG
COMMON/COMEIG/NO0,N1,N3,N5,07,09
COMMON/COMNINZINTONK
DATA 1/71(0.0,1.0)7
DATA SPALL/0.70710687119N=1/
Caneee
c CALCULATE MODIFIED FANKEL FUNCTINDNS NEENET
c
CALL WENKLX(N11,011A1,011E1,011A2,011E2.N011A1,T011E1,
¢ NA11A2,0G11E2)

Canesns

c CALCULATE MU(Q11) AND ITS PERIVATIVES

c

c

[ o4 'Y %]

c BECAUSE gF THE DISCANTINUTTY IN KHAT()11) AT RE(Gi1)=D WWEN
c DELTA IS NOT ERUAL TO 2ZERO, WHEN DOING THE MCNE SEARCH HE

c HAVE TC FORCE KHAT(C11) TO RE ON THE »CORRFCT RRANCH» WHEN
c SFARCHING THF RECTANGLE WITH LEFT PAND SITE RE(G1{)=g ANN

c WHEN SFARCHING THE RECTANGLE ¥ITH RIGHT HAND SITE RE(Q11)=0,
c THE FLAG °INTCHK?® FROM TEE MAIN PROGRAM IS USEr FOR THIS

c PIIRPNSF,

c 'YX

c

IF(RFAL(011).6T.0.0) MDEL=}
TF((REAL(O11).FO,0.0) ANC ((INTCHK ER.0) OR, (INTCHK,EN,21)) MNFL=x}
IF(PFAL(QL1) . .T,0.0) MDEL=y
IFC(REALINY 1) FR, N 0)ANP.(INTCHK EJ,1)) MPLEL=Q

IF(MDEL.ER,0) THEN

BFTASCm] ,0+1+ETAARS=ALLPHALaH=C11+C11401]
FAC=CSCRT(SANG=BETASA)
CMUsm=1+FAC*RNONG/C1
DCMUm=12C11#RNONG/(2,04FAC)
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END IF

‘ 59 IF(MDEL.FR.1) THEN
B} 60 C
61 C
62 IF(DELTA.EQ.0.0) THEN
63 BFTASOe] , 0+ 12ETAARS-ALPHAL#aHaC11aC11231}
64 FACSCSCRT(SONG=BETASN)
1.1 CMUs=1+FAC*RNONG/C11
66 DCMU==1#C11+#RNONG/ 12,0#FAC)
67 C
68 C
69 ELSE
70 C
71 ¢
72 N11SR=CEQRT(QLL)
73 GAM=KDFL2+C11+C11#011
74 C
75 C
76 IF((REALIO11) LT SMALL) AND (ATMAG(Q1]1) LT, SMALL)) THFN
7?7 ¢
78 C
79 2=C11+€118R
a0 280=C11+C112021])
81 ARAQH7SCa(A2070(AI4Z2({A8+47SAn(AG6+7 (A7 472 (AB+7SCalAL0+7#AL1)))))))
a2 BuB0+72(B1+728N2(RI+7312(R5+7SCw(R7+47SJ«(RQ+78NaE11)1)1))
a3 DASDAO+Za (DAL +74(DA2+7802(NA4+4 7w {DAS+74(NAE+7S0a(DAB+2ZeNAS))))))
a4 DB (D0+780*(D1+2S02(N3+78Ne(DR+2S3a(T7+7802NG)))))/7
8s CMUs=12A/(BeC11)
a6 DCMUs («1/C11)2(DA/B=A=DR/(B2R))
a7 €
83 ¢
a9 ELSE
%0 C
91 C
92 BETASO®]1 0+ [+*ETAARS=ALPHAL#*H=C112C11#]11
93 FAC=CSCORY (SONG=BETASN)
94 MTANSCTANH(GAM)
“ L L] AsC119C11SR*HTANSFAC*RNONG
=5 96 Boy ,Q0¢*FAC*RNONG+HTAN/(Q11SR#C1 1)
G o7 HSEC2=CSECH2 (GAM)
N o8 DASHTAN®C11/(2,02011SR)+kDEL2*ALPHAL#Q11SRaNSEC2/WAVERND
oD, 99 $  +C114C114RNONG/(2,04FAC)
5% 100 DBuRNONG# (=FAC#HTAN/(2,0#C11#C1120113R)+C11#HTAN/(2,02FAC2C11SR)
head 101 ] +C11+FACeKDEL2+HSEC2/R118R)
102 CMUs=]#A/(ReCf])
103 DCMUS (=1/C11)#(DNA/R=ARDNR/(RaF))
104 END IF
108 END IF
106 FND IF
107 Conane
108 € CALCULATE KHAT1(Q11), XEAT2(R11)s AND THEIR NERIVATIVES
109 ¢
110 XYAAsCMU*QItAL
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11 YAF=r|1F1
112 CALI, FADTUKEALLKRFELsNC11A P 11F 1, 4AA,YAF) ]
113 YAARCML#G]1A2 ;
! 114 XAF=0}1F? {
< 115 CALL CACTUKHEZ,¥RF2,001 1 A2, D01 1F2,4AALZAF)
116 XAARCMI aT 01 | AD
_ 117 XAF=NR11F1
gg 118 XRA=DNCNMU*01 [ A]
. 119 YRF=N)1F1
t2o0 CAL). PADDIXCAXOF,XAA,XAF,XRA,YQF)
121 YAAm=f 1201 1A)
gﬂ 122 YAF=r)1Fy
3 123 BALL FADD(CKHAL,TKFET,XAA,XAF XA, 4CF)
) 124 YAASCMU#RRY A2
- 125 YAF=DPR{1E?
B 126 YRA=DrM{Ie0N) A2
Xt 127 YRF=R11F2
128 CALL "CADP(YCASXCF o YAASYAE,XRA,X2E)
n 129 YAAm=]]1#01 A2
o 130 XAE=R11F2
- 131 CALL CADD(TKHA2,PKEF2,XAAXAF XA XCF)
132 RETUPN
= 133 Casnen
> 134 END
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1 FUNCTINN CTANH(Z) j
2 Canssasrnnen
3¢C THIS FUNCTION SUBRQUTINE EVALUATES TANH(?) FOR CCVMPLFX ?
4 Canevenenne
5 IMPLICIYT DOUPLFE PRECISION®E (A=F,nN=7) :]
6 COMPLFY CTANK,,7,7SR.ELoEINV,CEXP
7 DATA SMALL/0.70710687119E=1/ -
L} TATA D12C3eD5aN7509/1405~033IIIIIIIIIL0L1IIIIIIINI,
9 * ~0.5¥068253068F~120.21869488536F~1/ Y
10 IF((DABS(REAL(7)) . GT SMALL) ,OR (NARS(AIMAG(7)) CT,SMALL))Y THEN
11 E=CEXP(?7) J
12 FINVa1,0/E i
13 CTANHS(E=FINV)/(E+EINV) R
14 ELSE
15 Z780u7e7?
i6 CTANE=7 2 {D]1+785Q#(NTJ+7S0* (NS+ZSCw(N7+72572+T9))))
17 END IF
18 RETURN
19 END
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) 1 FUNCTINN CSECH2(7) X
2 Covnnansnnn -.
3 ¢C THIS FUNCTION SURRQUTINE EVALUATES SECH(Z)#8ECH(7) J
4 ¢ FAR COMPLFEY 7

! 5 Coaesasankye 1
6 COMPLEY CSECF2,2,E.FINV,CEYP -]
7 F=CEXP(2,0N0*7) - 4

N 8 FINV=1 _,0L0/F

. 9 CSECH2=4 ,0D0/(F+2,0D0G+EINV)
10 RFTURN
11 END

.
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1 SUBROUTINE FCTVLX(G11S.DETALDETE)

2 Cannnontnte

3 C THIS SURROUTINE EVALUATES THE MeDAL FUNCTION *NETI(DELTAIOIL))?
4 C

5¢C THE VALUFS ARE RETURNED AS A COMPLEX AMPLITUPE °CETYA» AND &

6 C REAL FYPCNENT *DETE’., THE VALUE OF THE MODAL FUNCTION I8 THEMN
7 ¢C *DET(DELTA(O11))=DETASEXP(DETE)*

8 C

9 C SUBRAUTINFS USFD = HNKLX,KHNKLX,CAD,KHATYX

10 Covncaneanee

11 IMPLICIT DPQUALF PRECISION26 (A«H,0=7)

12 DOUBLE PRECISION#26 KHE],KHE2

13 COMPLEY 011,012,022,023,033,1,80N53,011S5.,

14 ¢ KEAL,KHA2,NKHAL ,DKHA2,R12A1,012A2,N012A1,TN1242,

15 ¢ 022A1,022A2,N022A1.,0022A2,023A1,023A2,062341,TN23A2,
16 ¢ Q33A1,033A2,D033A1,D033A2,TA,TR,ZETA,PSI,

\7 ] XKAGYXKB,PKA,PKR,CHTLPHTI, NETA

18 COMMON/7COMONE /C1,C32aCA4,C5,C64C7,C8,C9,SGNA2

19 COMMON/COMTHWO/FTAABS ALPHAL ,H,C11,8CNG

20 DATA 1/(0.001.0)7

21 Caceee

22 € EVALUATE 012,022,023,133

23 C

24 C

25 C THE FOLLOWING STATENMENT SHIFTS R11 IN ORDER TN AVQID HAVING a
26 C MESH LINE ON THE REAL AXIS, TrIS SKIFT IN G1y 18 COMPENSATET
27 € FOR IN THE MAIN PROGRAM,

28 C

29 N11=Q118-1+0,003

30 ¢

31 012mQii+C4

32 022=CS+011+C6

33 023=CS5+C11+C7

34 N3IJInuC82011+4CHO

35 C

36 C EVALUATE MoDIFIED HANKEL FUNCTINS NEEDED

37 C

38 CALL YMAKLYX(Q12,012A1,012E1,012A2,012E2,D01241,CC12E1,
39 L NR12A2,DQ12F2)

40 CALL KMNKLX(Q22,022A1,022E1,022A2,022E2,N02241,0622E1,1D0224A2,
~41 ¢ DQR22F2)

42 CALL KHNKLX(023,023A1,023E1,023A2,023F2,N0P23A1,LC23E1,
43 ] NR23A2,N023F2)

44 CALL HNKLY(O33,033A1,933E1,033A2,033E2,003341,0C3IEL,
45 b4 DRIIA2,N0IIE2)

46 CALL KHATY(O(1,KHA{LKHE] o XKHA2,KHE2 , DKHAL ,DXKHE ] ,TKKHA2,TKHE2)
47 C

48 C FVALUATE 7FTA(N11)

49 €

50 TA=QI2A2eKKAL

81 TAE=Q12FE2+X}E L

52 TRe=Q12A1eKHA2

53 TRE=Q12E1+XKFF2

CALL CACD(ZFETALZETAF,TALTAE,TE,TRE)
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;; 56 C EVALUATF PSI(Q11) g
57 C 1
58 TA=DQ12A2+KHAL .
59 TAE=DR12E2+4KHE} y
) 60 TB=wDC12A1 #KHA2 -4
61 TBE=DC12E 1 +KHF2 -
on 62 CALL CADD(PSI,PSIE,TA,TAE,TR,TEE) &
o/ 63 € -
gﬁ 64 C EVALUATF MODIFIED HANKEL FUNCTION COMBINATIONS NEEDED FOR .
65 C CALCULATING CHI(Q11) AND PHI(Q11) -
66 C 1
!Q 67 TA=NE22A1+023A2 2
b 68 TAE=DR022E14023E2 "3
69 TB==D022A24023A1 :
~ 70 TRE=DO22E24023E1
o™ 71 CALL CADD(XKALYKAELTALTAELTB,L,TPRE)
72 TA=DQ22A1+DC23A2
73 TAE=DQ22E1+D023E2
; 74 TR=-D022A24D023A1
23 7s TBEwDR22E2+D023E}
¥ ) CALL CADD(XKB,XKAE,TA,TAE,TR,TEE)
77 TA=Q22A10023A2
& 78 TAE=Q22E1+023E2
Eg 79 TB==Q22A2+023A1
a0 TBE=Q22E24023F}
81 CALL CADD(PKA,PKAEL,TA,TAE,TR,TEE)
5 a2 TA=022A12D023A2
4] a3 TAE=Q22E1+D023E2
84 TB==022A2+D023A1
8s TBE=G22E2+D023E1
ii ae CALL CADD(PXB,PKRE,TA,TAE,TB,TRE)
a7 ¢
ss C EVALUATE CHI(A11)
89 ¢
& 90 TA=NQIIA2+XKA
63 o1 TAE=DO3IIE2+XKAE
: 92 TBaSGNA2+CI*03I3A2¢XKA
93 TRE=Q3IJIE24+XKBE
ga 04 CALL CADD(CHI,CHIE,TA,TAE,TR,TRE)
98 €
5 96 C EVALUATE PHI(OLID)
97 ¢C
gg 9 TA=DQ3IIA2+PKA
e 99 TAE=NO3IIE2+4PKAE
100 THuSGNA22C3I#Q3IIA24PKB
101 TBF=NI3F24PKAF
a 102 CALL CADD(PHI,PHIE,TA,TAE,TB,TRE)
;3 103 ¢
> 104 C EVALUATE *DET(DELTA(N11))e
108 ¢
% 106 TAsSGNA2+C14ZETACHT
' 107 TAFa7ETAE+CHIE
108 TB=pPSI1ePH]
. 109 TREaPSIE+PHIE
0 110 CALL CADD(DETA,DETE,TA,TAE,TE,TRE)
fj 111 DETA=SCNA22DETA/C3
11> RETURN

113 Censne

ﬁ 114 END
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SUBROUTINE FOFNTX(C11S,DETALNETE,L,NETPALDETPE)

Coavantenten

c
c

THIS SUPROUTINE EVALULATES °*PET(TELTA(RI1))*
AND ITS CERIVATIVE WITH RESPECT Tu a1

THFSE VALUFS ARF RETURNET AS A COMPLEX AMPLITUPE akn A
RFAL FYPCNENT, WE kAVE
DET(LELTA(QI 1) )aDETAEXP(NETE)
(DET(DELTA(R11)))*=DETPAREYP(NETPE)

SUBRAUTINES USEDN « HNKLX KENKLY,CADDLKHATY

Cansenteontes

IMPLICIT DOURBLE PRECISION®6 (A=H,N=7)
DOUBLE PRECISION#6 KHE{,KHE2
COMPLEY 011s012,022,023,033,1,5ING,211S5,

KMAL KHA2,NKHAL ,IKHA2,012A1,012A2,T0912A1,TR1242,

022A1,022A2,D022A1,D022A2,C23A41,023A2,T623A1,T22342,

033A1,033A2,DP3I3AL,D033A2,TA, TR, TC,TN,TE,TF, TG,

ZETAL,PS],D7ETALDPSTXKA L XKFP,PKA,

PKE,XKAP L XKBP ,XKCP ,XKLP CHI,PHI,DCHI NPHI, NETA,NETPA
CNMMON/COMONE /C1,C3,C4,C55C6,C7,08,C5,5GNA2
COMMON/COMTWO/ETAARS ,ALPKAL ,H,C11,SONG
DAT‘ ll(0.0ol.O)/

L 2R B BE BR )

Coonean

[+ BN s Ne Ny Nelz Ny Nyl

[x Ny Xy

200

EVALUATF 012,N022,023,233

THE FOLLOWING STATEMENT SHIFTS r£t1 IN NRDER TO AVOIN HAVING &
MESH LINF ON THE REAL AXIS, THIS SKIFT IN G111 18 COMPENSATEL
FOR [N THE VMAIN PROGRAM,

Q1lwQife=1#0.003

N12=Qt1+4C4

022=CS=+r11+4C6
023=CS2211+C7
N3I3I=CB»011+C9

EVALUATF MQDIFIED HANKEL FUNCTIQNS NEEDED

CALL MENKLX(Q12,012A1,012E1,012A2,012E2.D61241,CC12E 1.
¢D01242,LQ12F2)

CALL WENKLX(022,R22A1,022E1,02242,022E2,06G22A1,LC22E 1,

$ DN22A2,DR22E2)

CALL MKENKLX(023,023A1,023E1,023A2,023E2,062341,C623F,

] NQE23A2,D023F2)

CALL HNKLY{Q33,033A1,7333E1,033A2,7933E2,D033A1,0623E1,

¢ NEIIA2,NCIIF2)

CALL KEATY(Cg 1, KHAL2KHE] ,KHA2,,KNE2 ,DKHA L ,PKKHE | ,LKHA2,DKHE2)

EVALUATE 7ETA(Q11)

TA=Q12A20KHAY
TAE=Q12E2+KKEL
T8==Q12A1aKNA2
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TRE=Q12E 1 ¢KHE2
CALL CACD(ZFTA,7ETAE,TALTAE,TP,TRE)

EVALUATF PSI(QI1L)

TA=NG12A2eKFAL

TAE=DQ12F2+KHE]

TBs=NC12A1#KHA2

TBE=sDR12F 1 +XHE2

CALL CADD(PSI,PSIE,TA,TAE,TR,TFRE)

EVALUATE Z2ETA’(G11)

TA=DQR12A2+KFHAL

TAE=DG12E2+KHEY

TBeQ§2A2+NKHAL

TRE=Q12E2+DKHEL

CALL CADD(TC,TCE,TALTAE,TR,TRE)
TA==D0Q12A1 eKHA2

TAE=DG12E1 +KHE2

TBe=Q12A1#DKHA2

TBE=Q12F1+DKHE2

CALL CADD(TYD,TDE,TA,TAE.TR,TBE)
CALL CADD(D?ETA,B?ETAE,TC,TCE,TD,TDE)

EVALUATE P8I (Q11)

TAe=Q124012A20KHAYL
TAE=Q12E2+KFEL

TB=DQ12A2+DKHAL
TBEwDQI2€2+DKHE]

CALL CADD(TC,TCE,TA,TAE,TR,TRE)
TA=Q122C12A1 0KHA2
TAE=Q12E1+KKE2

TB=aN012A1 #DKHA2
TRE=DQI2E1+DKHE2

CALL CADDI(TD,.TDELTALTAELTR,L,TRE)
CALL CADD(DPSI,DPSIE,TC.TCEL,TD,TNE)

EVALUATE MoDIFIED MANKEL FUNCTION COMBINATIONS NEEDED FOR
CALCULATING CHI(Q11),CHI®(C11),PHT(C11) ANT PHL?(Q11)

TA=DE22A1¢Q23A2
TAE=DQ22F 1+Q23E2

TRe=NE22A2+Q23A1

TBE=DQ22E2+4Q23E1

CALL CADD(XKALXKAE,TA,TAE,TR,TRE)
TA=sDR22A14D023A2
TAE=DG22E1+4DA23E2
TBe=PC22A2#DR23A1
TBF=IR22FE2+4DN23E1

CALL CADD(XKB,XKBE,TA,TAE,TB,TRE)
TA=22A1Q23A2

TAE=R22E1+4023E2

TB®aQ22A2+023A1

151

fe e
B L

- - . ‘u ., . L e .

e T T e T L v

Kl o, e Kadt T T, ML e it
v AR S M. YA N s A L VA Lt L SR O T A

Ay I S |




i b
3

o)

A,

-

(S LT

ALV, Aoy SULEEE B L

‘g
3

Lo £l S e L b 2 G A L A

111
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TBE=aNR22E24+4Q23E1

CALL CADD(PKALPKAELTA,TAE,TB,TRE)
TA=Q22A1+0Q23A2

TAE=R22E1+4DQ23E2

TB=Q22A24D023A1

TBE=C22E2+DQ23E

CALL CADDUIPKR,PKRE-TAL,TAE,TB,TRE)
TA=Q22A2+Q23A1

TAE=R22E2+G23E}

TR=-22A12Q23A2

TRE=G22E1+Q23E2

CALL CADD(XKAP,XKAPE,TA,TAE,TE,TRE)
TA=NR22A1+D0Q23A2

TAE=DC22E1+DQ23E2

TB==DC22A2+DO23IA L

TBEaDC22E2+4DN23E L

CALL CADDU(XKRP,XKBPE,TA,TAE,TE,TRE)
TA=Q22A2+DC23A1

TAE=Q22FE2+DQ23E1

TO==022A1+DQ23A2

TBE=Q22E14DQ23E2

CALL CADD(XKCP,XKCPELTA»TAE,TEH TRE)
TA=DR22A2+023A1L

TAE=DR22E2+023E1

TOm=DE22A19Q23A2

TBFeDC22E1 +Q23E2

CALL CADD(XKDP,XKDPE,TA,TAE,TE,TRE)

EVALUATE CHI(O11)

TA=DQOIIA24XKA

TAEasDOIJE2+XKAE
TBuSGNA2#C3I#Q3IIA24XKB
TBE=QIIE2+XKRE

CALL CADD(CHI,CHIE,TA,TAE,TR,TRE)

EVALUATE pPHI(OQ11)

TA=DQIIA24pKA

TAEaDOIIE24PKAE
TBa8GNA2+C3I«033A2PKA
TOEaQIIE24PKBE

CALL CADD(PUHI,PHIE,TA,TAE,TR,TRE)

EVALUATE CHI®(aL1)

TA==Q332C8¢Q33A2eXKA
TAERQJIIE2+XKAE
TBaCS*ROIJIA220229XKAP
TBELDOIIE24XKAPE
TCuCSeDA3IJIA2eXKRP
TCE=DOIIE24XKBPE
TDeSCNA22CIeCB+DOIIA20 KR
TDEsDCIIE2+XKBE
TEaSCNA2eC3eCB003IIA200220XKCP
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166
167
168
169
170
171
172
173
174
178
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191

193
194
19%
196
197
198
199
200
201
202
203
204
208
206
207
208
209
210
211
212
213
214
215
216
217
218
210
220

PR At
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TEE=Q3IIE2+XKCPE
TFeSGNA2eCI2CS5e03IIA200230XKDP
TFE=QIJE24XKNDPE

CALL CADD(TGC,TGE,TA,TAE,TB,TEE)
CALL CADD(TALTAE,TG,TGE,TC,TCE)
CALL CADD(TB,TBE,TA,TAE,TD,TCE)
CALL CADD(TALTAE,TEB,TBE,TE,TEE)
CALL CADB(DCHI,DCHIE,TA,TAE,TF,TFE)

EVALUATE PHI’(011)

s N3 Xe]

TA==033+«C8#Q3JA24PKA
TAFE=Q33JE2+PKAE

TBwCS*LAIIA2#XKA
TBE=DCIIE2+XKAE

CALL CADD{(TC,TCE,TA,TAE,TR,TEE)
TA=CS+LO3IJIA2«PKR
TAF=DGIJE2+PKBE

CALL CADD(TB,TBE,TA,TAE,TC,TCE)
TA=SGNA2#+CI#CB8#DCITIA2#PKR
TAE=DRIJIE2+PKBE

CALL CADD(TC,TCE,TE,TBE,TA,TAE)
TAuSGNA2#CI+C54NIJA24XKE
TAE=Q3JE2+XKRE

CALL CADD(TA,TRE,TC,TCE,TA,TAE)
TAR=SGNA24C3IaC52C3IIA2#0234PKA
TAE=Q3IJIF2+4PKAE

CALL CADN(DPHILDPHIELTBsTRELTASTAE)

EVALUATE DET(DELTA(Q11))

[» Nw N

TA=SGNA2+C1#ZETA2CHI
TAE=ZETAE+CHIE

TBuwPSI4PHI

TBE=PSIE+PHIE

CALL CADD(DETA,L,DETE,TA,TAE,TE,TRE)
DETA=SGNA2*DETA/C3

EVALUATE (DET(DELTA(211)))°*

00

TAwSGNA2+C12NZETACHIT
TAE=D7ETAE+CHIE
TBaSGNA22aC1eZETALDCHI
TBE=7ETAE+DCHIE
CALL CADD(TCLTCE,TA,TAE,TR,TRE)
TA=DPSTaPH]
TAE=DPSIE+PHIF
TB=PS|+DPH]
TBE=PSIE+DPHIE
CALL CADDI(TDLTDESTA»TAELTR,TRE)
CALL CADDI(DETPANETPE,TCLTCEL-TD,LTDE)
DETPAnSGNA2«DETPA/CI
RETURN

Ceavene

END
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QURRNUTINE FZEROX(TLEFT,TRIGHT,,TROT,TTOP,TMSHO,TOLaMPRINTSZERCS,
e NR2)
FOR ROOT-FINDER
THI® VERSINN UPDATED TO MODIFY GMAX AND THESH, JAN € 1982,
FZEROS IS A ROUTINE FOR FINDING THE 7EROCS OF A CCMPLEX FUNCTICAN, F,
WHICH LIE WITHIN A SPECIFIEL RECTANGULAR REGION CF TwF
COMPLEX {THETA)Y PLANE, PROVIDED THFE FUNCTION HAS NC
POLFS IN THE VICINITY OF THE RECTANCLE,
EXPLANATION OF PARAMETERS==

TILEFT -« VALUE OF REAL PART COF THETA AT LEFT ELCE OF RFCTANGLE,

TRIGHY = VALUE OF REAL PARYT CF THKETA AT RT ELGE OF RECTANGLE,

TENT - VAL!JE OF IMAG PART OF THETA AT RCTTOM ETGE 0OF RECTANGLE,

TTOP - VALUE OF IMAG PART QOF THETA AT TCP EDGE OF RECTAANGLE,
TMESF = SET EQUAL TO ARQUT FALF THE AVERAGE SPACING PETWEEN

7EROS WITHIN THE RECTANGLE, A SMALLER VALUE MAY EF L3EN

AS A SAFFTY MEASURE, ®UT TOO SMALL A VaLUE MHILL RESULT
IN EXCESSIVE RUN TIVE,
TOL = TOLERANCE TO WHICH ZEROS ARE TO FE FOUNT, IF TWC
7FROS ARE CLOSER TMAN °TOL’, THE RCOT-FINDER WILL STOP
WITH AN ERROR NESSAGE.
MPRINT « NORMALLY SET TQO ZERO, A NON-ZERC VALUE LEANRS TC
PRINT=~0UT FOR PERUGEING,
ZEROS = OQUTPUT LIST OF (COMPLEX) VALUES OF THETA AT WHICH
7ZEROS ARE FOUNT,
NR 7 « THE NUMRER OF ZEROS FOIUND,
SUBROUTINES TO RE PROVINEDe=-
PCTVLX{(Z,F,FE) « TO RETURN THE VALUE OF TFE FUNCTION, FeEXP(FFE),
AT THE POINT IN THE COMPLEX PIANE SPECIFIFD pY 7,
FDFDYIX(7,F,FE,DFOT,DFNTE) = SAME AS °’FCTVLYX? EXCEPT THAT TFE
DERIVATIVE, DFLT+EXP(DFLTE), NF THE FUNCTION WRT Z MUST aLSC
BE RETURNEDN,

IMPLICIT NQURLE PRECISION#*6 (A=H,0=7)
COMMON/NEWMSH/NEWMSH
COMMON/TMC COM/TMESK

DIMENSION ZERNS(2,1)

COMPLEY F,PREV F,FQ0,F10,F01,F11,PARTS

DIMENSION PART(2),80L(2),THETA(2)

DIMENSION K ENGE1(S50),XK ENGE2(S0),¥ EDGEI(S0),K ENGE4(50"?
FAUIVALENCE (PART(1),PARTS)

MAXNSOsMAXQ( INT(4,00(TTOP=TRQT) /T4SHQ) ,INT(4 0+ (TRIGHT=TLEFT)
[ ] /TMSkQ))

MAXNT=2

IF (MPRINT.NE.O0) WRITE(11,906)
906 FORMAT (°1°*)

TMESH » TMSKQ
NTIME = 0

60 Tn 7

TMESH = TMESH/2.0
NTIME = NTIME+)

IF (NTIME .GT, MAX NT) GC TO 97
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56 7 NEWMSH = O ,1
57 € "
58 C SILES OF RFCYANGLE IN TMFESH UNITS 0
59 JLY=INT(TLEFT/TMESH)

60 IF(TLEFT.CT.0,0) JLT=JLT=1 4
61 IF (TLEFTY iT7e 0.,0) JLT = JLT-2 -
62 IF(TLEFT.EQ.0.0) JLT=D H
63 C -
64 JRYSINT(TRIGHT/TMESH)
68 IF (YRIGHT ,6T. 0.,0) JRT = JRT+2 ]
67 IF(TRIGFT.EQ.0.0) JRT=Q A
68 C -]
69 JBOT = INT(TBOT/TMESH) 3
70 IF (TBCT ,GE, 0,0) JROT = JROT-{ -
73 1F (TRCT LT, 0.,0) JROT = JROT-2 j
72 ¢ =
73 JTOP = INT(TTOP/TMESH) 4
74 IF (TT0OP 6T, 0.0) JTOP = JTQPe2 "
78 IF (TTOP .LE. 0.0) JTOP = JTOP+1 ]
76 C .
77 C INITIALIZATION OF PARAMETERS.

78 K1 = JTOP

79 KR =» JLTY

80 KEDCE = §

83 CALL FINDFX(KR,KIFoFEL,TLEFT,TRIGHT)

an €00wi,.0

a3 g0i=1,0

4 Et10=1.0

a8 fil=1,0

a6 NR 21 » 0

87 NR E2 = 0

88 NR E3 = 0

89 NR B4 = O

90 NR Z = 0

9 G0 10 1%

%2 C

3 10 IF(NR 2L JLE, 1) GO TO 1S

94 WRITE(11,2000) NRZL

98 2000 FORMATY (+00,13,1X,2MONES FOUNE ON SAME PHASE LINE?)

{ [ ] GO TN §

97 IS NR 7L = O

[ ] NRSQU = 0

99 C

100 20 PREVF=F

101 PREVFF=FE

102 IF(MPRINT NE,0) WRITE(11,2200) KR,KILF,LFE

103 2200 FORMAT(30X,214,5X,°F = ¢,1P2E12.3,5X,°FE = *,1PE12,3)

104 GO TO (21,26531,36),KENGE

108 C

106 C SEARCH ALCNG LEFT ENGE OF RECTANGLE FOR SIGN CPANGES IN IMAG(F),
107 21 IF (X1 ,EQ, JBOT) KENGE = 2

108 1F (KFDGE .EN. 2) GO TO 26
109 K] = Ki=1 >
110 CALL FINDFX(KR,KIoF,FE,TLEFT,TRIGHT) o
‘
1
o9
oo
o4
)
B e s e




11
112
113
114
1%
116
117
118
119
120
121
122
123
124
125 ¢
126 ¢
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145 ¢
146 ¢
147
148
149
150
151
152
153
154
158
156
157
158
159
160
161
162
163
164
165 ¢
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IF ((AITMAGIPREV F) 53T, 0.0 LAND, AIMAG(F) _GT., N.0)
¢ «OR, (AIPAG(PREV FI1 1T, 0.0 .AND, AIVMAG(F) LY, 0,0))
¢ GO T0 20
IF (NR FI LEA, 1) GO YO 23
DN 22 K=mi,NR F1{
IF (¥] JER, K ENGFL(K)) GO TC 20
22 CONTINUF
23 FOL = PREV F
FO1F=sPREVFF
FOO = F
FOQE=FE
LY = ¥
LR = JLT
GO0 70O 43

SEARCH ALEONG PQTTOM EDGE OF RECTANGLE FOR SIGN CHANGES IN IMAG(F),
26 1F (KR .EQ. JRT) KEWGE = 3
tF (KFLGE .EA., 3) GO TO 3%
KR = KRey
CALL FINDFX(KR KT F,FEoTLEFT,TRIGKHT)
IF ((AIMAGIPREY F) .RTs 0.0 JAND. AIMAGIF) .6Te 0.0)
L sORe (AINMAGIPREV F) LT, 0.0 (AND, AINMAG(F) LT. 0,0))
L3 GO0 T0 20
IF (NR E2 .EQ. 0) GO TO 2a
DO 27 Kmi,NR E2
IF (XR .EQ, K EDGE2(K)) RO TC 20
27 CONTINUE
28 FO00 = PREV F
FOQE=PREVFE
F10 = F
F1QE=FE
L] = JROY
LR & KRej
GO TN 43

SFEARCH ALNNG RIGHT EDGE oF RECTANGLE FOR SIGN CHANGES IN IMAG(F),
31 IF (X1 JEQ, JTOP) KENGE = 4
IF (KFDGE LEN, 4) G0 TO 3¢
Kl = Xletg
CALL FINDPY(KRLKI,F,FEL,TLEFT,TRIGKT)
IF (CAIMAGIPREV F) ,GT, 0,0 AND, AIMAG(F)Y _GT, 0.,0)
s JOR, (AIVMAGIPREV F) LT, 0.0 .AND, AINMAG(F) LT, 0.0))
L ] 60 T0 20
IF (NR E3I LER, u) GO TO 33
PO 32 Keji,NR EI
1F (¥]1 LEQ, K EDGE3I(K)) GO TC 20
32 CONTINUE
33 F10 = PREV F
Fi10FePREVFE
Fi11 = F
FlirsFE
LI = Kl=g
LR a JRTw]
60 T0 %3
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) 166 C SEARCH ALCNG TOP EDGE OF RECTANGLE FOR SIGN CHANGES IN IMAG(F),
167 36 IF (KR .F@. JLT) GO TO 80
168 KR = KR=1
169 CALL FINDFX(KR,KI,F,FE,TLEFT,TRIGKHT) i
MR 170 IF ((AIMAG(PREV F) 6T, 0,0 .AND, AIMAG(F) ,GT, 0,0} "
171 s «OR. (AIMAG(PREV F) LT, 0.0 .AND, AIFMAG(F) LT, 0.0)) 5
- 172 s €0 70 20 "
gi 173 IF (NR E4 ,EQ. U) €O TO 3e .
o 174 DO 37 Kk=1,NR E4 "4
178 IF (KR EQ, K EDGE4(K)) 60 TC 2n A
- 176 37 CONTINUE 3
- 177 32 Fi1 = PREV F .
% 178 F11F=PREVFE 5
179 FO1 = F o
~q 180 FO1F=FE .
:- 181 Ll = JTOP=} =
182 LR = KR
183 GO TO S8
ol 184 C
¥3 185 C FNTER MESH SQUARE FROM LEFT SIDE OR EVIT RECTANGLF AT RIGHT ELGE,
B 186 41 LR s LR+t
187 IF (LR .LE. JRT={) GO TO 42
7 188 NR E3 = NR E3+1
ii 189 K EDGE3(NR E3) = LI+t
190 1F(MPRINT.NE«O) WRITE(11,990)
191 60 70 10
R 192 42 FO1=F11/E11
Q 193 FO1EwF11E
194 FO0=F10/E10
198 FOOE=F10E
- 196 43 CALL FINDFX(LR*1,LI+1,F11,F11E,TLEFTLTRIGHT)
' 197 CALL FINDFX(LR+1,L1,F10,F10E,TLEFT,TRIGHT)
= 198 SCALE=sAMAX1(FOOE.FO1E,F10E,F11E)
199 IF(SCALE.GT.34.0) THEN
5 200 FOO=EXP(FOOE=SCALE)
§3 201 EOLmEXP(FQIE=SCALE)
. 202 F10=EYP(F10E=SCALE)
203 E11sEYP(F1{E=SCALFE)
i 204 Foo=Fo0+EQ0O
Q 208 Foi1=Fo1+FQ1
206 Fl1osF10+L10
207 Fii{=F11+E1}
208 END IF
209 LEDNGE = 1
210 ENTER R = 0,0
211 ENTER | = =AIMAG(FO0)/AIMAG(FO1=F00)
79 212 G0 10 60
£ 213 ¢

214 C ENTFR MESH SQUARE FROM BOTTOM SITE QR EXIT RECTANGLE AT ToP ELGE,
218 46 L1 = LI+t

gi 216 1F (L1 .LE., JTOP=1) GO 10 47
217 NR F4 = NR Edei
218 K FDGE4(NR E4) = LR
] 219 TF(MPRINT .NE.O) WRITF(11,990)
» 220 G0 10 10
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221
222
223
224
225
226
227
228
229
230
231
232
233
234
238
236
237
238
23¢
240
24)
242
243
244
243
246
247
248
249
250
251
252
253
254
255
2%6
2%7
258
2%9
260
2061
262
263
264
268
266
267
268
269
270
271
272
273
274
275

R N A M

47 FO0Q=FO01/EQ1
FOOF=FQ1F
Fi10=F11/E11
Fl10Fs=F)1F

48 CALL FINDFX({LRsLI+1,F01,FO1E,TLEFT,TRIGHT)
CALL FINDFX(LR+1,LI+1,F11,FILEL,TLEFTLTRIGKT)
SCALE=AMAX) (FOOEL,FOLE,F10F,FI11E)
IF(SCALE.GY.34.0) THEN
EQQ=EYP(FOOE=SCALE)
FO1=EXP(FO1FE=SCALE)
F10=EYP(F10E=SCALF)
F11sEXP(F11E=SCALF)
Foo=F00+EOQO
FOt=sFOo1+#EO1!
F10=F10+E10
Fli=sF11+E11
END IF
LEDGE = 2
ENTER R = «<AIMAG(FOO)/AIMAG(F10~F00)
ENTER | = 0,0
GO TO 60

C ENTER MESF SQUARF FROM RIGFT SITE nNR EXIT RECTAMNGLF AT LEFT ELCGE,
1 LR a (Ret
IF (LR ,GE, JLT) 60 TO %2
NR E1 = NR Ef+1
K EDGEL(NR EL) = LI
IF(MPRINT.NE.0) WRITE(11,990)
60 T0 10
52 FitsFO1/E01
F11E=FQ1E
F10=aF00/E00
F10E=FQOE
S3 CALL FINDFX(LRALI41,FO1,FOIELTLEST,TRIGHT)
CALL FINDFX({LR,LI,FUo,FOOE,TLEFT,TRIGHT)
SCALE=AMAX 1 (FQOELFOLESF10E,F11E)
IF{SCALE ,GT.34.0) THEN
EQQmEYP(FQQOE~SCALE)
Eot=EXP(FQi1F=8SCALE)
E10=EXP{F10E=SCALE)
F11=EXP(F11E=SCALE)
Foo=F00+EQO
Fol1=F01+E01
Fi0=F10+E10
FiisF1ie«E11l
END IF
LENGE = 3
ENTER R = 1,0
ENTFR | = «AIMAGIFL10)/AIMAR(FL1=F10)
GO T0 60

e
£ FMTER MESH SQUARE FRoM TOP SIDE QR EYIT RECTANGLE AT BQOTTOM ETGE,
56 LT = Lletg
IF (t1 .GE, JROT) GO TO S7
NR F2 = NR E2+1%
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gj 276 K FOGF2(NR E2) = LR+}
277 IF(MPRINT.NE.O) WRITE(115990)
278 GO TN 10
279 57 FOi=F00/EQOOQ
! 280 FO1F=FQOF
281 F11sF10/E10
. 282 Fi1F=F10E
&9 283 58 CALL FINDFY(LRoLTLFOU,FOOELTLEFTLTRIGHT)
2 284 CALL FINDFX(LR+1.LI,F10,F10E-TLEFT,TRIGHT)
285 SCALE=AMAX 1 (FOOF,FO1F,F10E,F1{F)
286 IF(SCALE,GT,.34,0) THEN
- 287 FOO=EYP (FOOE=SCALE)
Ui 288 FOL=EXP(FQL1E~SCALE)
289 E10=EXP(F10E=SCALE)
- 290 E11=EXP(F11E=-SCALE)
x 291 FO0=FQO*EODO
: 292 FoisFO1+EQ!
293 Fi1osF10+E10
294 FlimF11«E1}
i 295 END IF
Py 296 LEDGE = 4
297 ENTER R = =ATMAG(FOL1)/AIMAG(F11=FO1)
£ 298 ENTER | = 1,0
il 299 60 10 60
300 ¢
301 ¢ FoRr DERUGGING ONLY, PRIWT CO-ORLCINATE CF LOWER LEFT CORNER
= 302 ¢ OF CURRENT MESH SQUARE, RESULTING SET OF PRINTEL
Eﬁ J03 ¢ CO=ORDINATES GIVES TRACF OF EACF LINE ALONG WHICH
R 304 C IMAGIF)=0,0 FROM ITS ENTRY ON THE EDGE OF THE
308 C RECTANGLE TO ITS EXIT AT ANOTHER POINT ON THE
306 € RECTANGLE,

307 60 IF(MPRINT.NE.O) WRITE(11,960) LR,LI
308 960 FORMAT (* ?,20X,215)
3090 C TEST FOR THERE REING TWO (HYPERRCLIC) LINES ENTERING AND LEAVING

., 310 C THE MESH SOUARE ALCNG EACH OF WHKICH IMAG(F)=0,0
N 311 ¢ IF SO, SET *LTWO® NON-ZERO,
312 LTWN = ¢
313 NRSCU=NRSOU+
314 IFINRSGYU ,CT., MAXNSA) GO TO o5
5 1S IFC(LAIMAGIFOO) GFe 0,0)ANDL(ATMAGIFL1)«GE. 0.0)
: 316 ®  JANDL.(AIMAG(F10).LE. 0.0)AND,(AIMAG(FO1).LE., 0.0))
317 € OP.((AIMAG(FO00).LE, 0,0) AND, (AIMAG(F11),LE, 0.0)
e 318 $  JANDL.(AIMAG(FL0).BE. 0.0) AND, (AIMAG(FO1).GE, 0,0))) LTWOamt
f% 319 ¢ TFST FNR TMERE REING AT LEAST ONE (HYPERAROLIC) L'NE ENTERING AND
- 320 € LEAVING THE MESH SGUARE ALONG WHICH REAL(F)=0,0
321 ¢ IF NOT, SET *190* YO ?ERO.
” 322 190 = 1
3 323 IF ((RFAL(FQQ) .GT. 0.0 +AND, REAL(F10) .GV, 0.0
: 324 . +AND, REAL(FO1) .67, 0.0 .AND, REAL(F11) ,GT. 0,0
328 N «OR, (REAL(FO0) .LT, 0.0 .AND, REAL(F10) LT, 0.0
b 326 . +AND, REAL(FO1) .LT. 0.0 .AND, REAL(F11) LT, 0.0))
") 327 ) 190 = 0
328 IF (LT%0 ,EN, 0 .AND, 190 .EC, 0) GC TO 70
329 ¢

330 C CCMPUTATICN oF COEFFICIENTS To FE HSED IN DESCRIBRING THE VARIATIQN

I
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_&3 331 ¢ OF THE  FUNCTION WITHIN A MESK SGUARE GIVEN TKE Zj
-*% 332 ¢ VALUES AT THE CORNERS OF THE SOUARE AND LINEAR
oL 333 ¢ VARIATION ALONG ITS EN3ES. ALSOs THF POSITION CF
: 334 ¢ CROSSING NOF THE HYPERAROLIC ASYMPTRTES (WHICH ARE
! 335 ¢ PARALLEL TO THE SITES OF THE SGUARE) FOP THE LINES j¥
336 € IMAG(FIn0,0 ARE COMPUTED IF R0TF LINES (RRANCHES)
: 337 ¢ ENTFR ANL LEAVE THE SJUARE,
25 338 PARTS = FQO
T 339 AR = PARTI(1)
5 340 Al = PART(2)
341 PARTS = F01=FGO
- 342 BR = PART(1)
i 343 BI = PART(2)
3 344 PARTS = F10-F0O
o 345 CR = PART(1)
g 346 CI = PART(2) .
B 347 PARTS = FQo¢F11=F01=F10 ;
- 348 DR = PARTI(1)
s 349 D! = PART(2)
. 350 ¢
0 3Ist IF (LTWO .EQ. 0} GO TO 61
A 3Is2 CENTR R = «RI/DI
b 383 CENTR | = =CI/D1}
50 354 1IF (190 .EQG, 0) 60 TO 70
- IS ¢
- 356 61 AB = AR*BI=-AI*RR
387 AC = AR=CI=AI*CR
3ss AD = AR«DI=AI#DR
3% BC = BR#CI=RICR
380 8D » BRaDI-BI#DR
J61 CD = CR#DI=CleDR
362 ¢
383 1F (ABRS(BD) LT. ABS(CD)) GO TO 64
364 C SOLUTION FOR TWO POSSIRLE POINTS AT WHICH THERE May RE CROSSIAGS
363 C OF THE (FYPERROLIC) LINES REAL(F)=n,0 AND IMAG(F)=p,D,
366 C A CROSSING POINT IS CHOSEN TN RE A ZERD OF THE
Jer ¢ FUNCTION IF IT LIES WITHIN THE FURRENT MESH SCLARE
3es C AND 1F IT LIES ON THE BRANCH OF IMAG(F)=0,) CURRENTLY
369 C BEING FOLLOWED. MULTIPLE CROSSINGS ALONG THIS ERaANCH
370 ¢ (ACTUALLY A SERIES OF CONNECTING FYPERAOLIC RRANCHES)
371 ¢ IN THE SAME OR IN DPIFFERENT SQUARES ARE NOTED SIACE
372 ¢ THESE MUST LATER RE RESOLVED,
373 A s CD
374 B = (AD=BC)*0,5
37s C = AB
37s CALL QUAD (A,B,C,80L.NR SgL)
377 IF (NR SOL .FA, 0) GO TO 70
378 00 63 N=t,NR SOL
37 UREAL = SOL(N)
™ 380 IF (UREAL LT, 0.0 OR, UREAL .6T. 1.0) 6C TO 62
2. 381 DI = PR+DR#UREAL
i~ 382 D2 = RI14DI+URFEAL
- 383 IF (ARS(D1) .GE, ARS{(D2)) I/IMAGC » =~ (AR+CR2UREAL)/DI
. 384 IF (ABS(D2) .GE. ABS(D1)) UIMAG = ={A1+CI*UREAL)/D2
L 388 IF (UIMAG .LT. 0.0 4OR. IIMAG .6T. 1.0} 6C TO 62
r’.:
"
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386
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388
389
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391
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398
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397
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399
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§ 401
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406
407
408
409
410
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429

423

424

b 428
426

427

428

! 429
430

431

434
435
436
437
438
439
) 440

YT

R T R i A A A

B 3w ot ikhe 1B DA Rk b el Gl At I AR R TE I AUE VL RRTL ARTL ST

L e PR A P

IF (LTWO .EQ, 0) GC TO 62
IF ((ENTER R=CENTR R)# (U REAL-CENTR R) .LT. 0.0
* +ORe (ENTER I«CENTR 1)#{U IMAG=-CENTR I}
s G0 TO 63
672 THETA(1) = (LRell REAL)#TMESH
THETA(2) = (LI+U TMAG)«TMESH
IE(MPRINT NELO) WRITE(11,962) LR,LILTHETA(1),THFETAL2)
962 FORMAT (° *,214,3X,*THETA =2,2F9,4)
NRZ = NR741
ZEROS({.NR7Z) = THETA(1)
7EROS(2,NRZ) = TKETA(2)
NR 7L = NR ZL+1g
63 CONTINUE
60 10 €7

ALTERNATE SOoLUTIQN FOrR THE AROQVE, TWQ FORMS ARE NEEDED

ANOON

MAY BE INDETERMINATE,
64 A = BD
B = (AD+BC)#0.5
C = AC
CALL OQUAD (A,R,C»SOLLNR SOL)
IF (NP SOL .EQ., D) GO TC 70
DO 66 N=i,NR SOL
UIMAG = SOL(N)
IF (UIMAG LT, 0.0 OR, UIMAG .GT, 1.,0) GC TO 6¢€
D1 = CR4DR2UIMAG
D2 = CI+D]eUIMAG
IF (ABS(D1) ,GE, ABS(D2)) UREAL = <{AR+RR2UIMAG) /DI
IF (ARS(D2) (GE. ARS(D1)) UREAL = =({Al+R12UIMAG) /N2
IF (UREAL .LTe 0.0 .ORe UREAL .GT. 1.0) GO TO 66
tF (LTWO .EQ. 0) GO TO 65
IF ((ENTER R=CENTR R)#{U REAL-CENTR R)
s .0“0
L} GO TO 66
65 THETA(1) = (LR+U REAL)*TMESH
THETA(2) = (LIeU IMAGIaTMESH
IF{MPRINT.NE«O) WRITE(11,965) LR,LIL,THETA(1),TETA(2)
988 FORMAT (° *,214,3Xs°THETA =?,9FQ 4)
NRZ = NRZ+#+}
ZEROS(1,NRZ) = THETA(L1)
ZEROS(2,NRZ) = THETA(2)
NR 7L = NR 70L+}
66 CONTINUE
67 CONTINUE

.LT. 0.0
(ENTER 1«CENTR I)ea{U IMAG=CENTR I)

70 CONTINUE
¢ TEST FOR EXIT FROM LEFT EDGE OF MESH SGUARE,
IF (LEFDGE .EG. 1) GO TO 72

IF ((AIMAG(FQQ) .GT. 0.0 .AND, AIMAG(FO1) ,6T, 0,0)
* eOR, (ATMAGIFOO0) LT, 0,0 JANN, AIMAG(FO1)
L) 60 T0 72

"IF (LTWO .FG. 0) 60 TO Si
EXIT R = 0.0
FXIT | = =ATMAG(FOG)/ATVMAGI(FO1=F00)

161

oLT. 0.0}

SINCE,

IN ANY GIVEN CASE, EITHER FORM (RLT NCT ROTH FCRNVE)

LT, 0.0

LTe 0,00
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TF ((FATER R=CENTR R)I#(EXIT R=-CENTR R) ,LT. 0,0
® «0R, (ENTER T«CENTR T}« (EXIT I=-CENTR I} LT, 0,0)
¢ GO TQ 72

GO 10 S1

TFST FrR EXIT FROM ROTTOM EDGE CF MESH SAUARE,
7?2 IF (LFILGE ,EQ. 2) GO TO 73
IF ({AIMAG(FOO0) .GT. 0.0 .ANE, AIMAGIFI0) LGT. 0.0)
¢ +OR, (AIMAG(FQO) LT, 0,0 ANN, AIMAG(FID) LT, C.0))
« o Y0 73
IF (LThO ER. 0) GO TO 56
FXIT P = «AIMAG(FOU)/AIMAG(FLO=-FOO)}
FYIT I = 0.0
IF ((FNTER R=CENTR RI#(EXIT R=CENTR R) LT, 0,0
® «0R, (ENTER T=CENTR T)«(EXIT I-CEANTR 1} LT, 0.0)
¢ GO TO 73
GO T0 S6

YEST Far EXIT FROM RICHT ELGE oF MESH SQUARE,
73 IF (LFLCGE .EQ. 3) GO TO 74
IF ((AIMAG(F10) .GT. 0.0 .ANT, AIMAG(F11) 6T, 0.0)
) «OR, (AIMAGIF10) LT, 0,0 AND. AIMAG(FL1) LT, 0,0))
. GO TO 74
IF (LTWD L,EQR, 0) GO TO 41
EXIT R = 1,0
EXIT 1 = =AIMAGIF10)/AINMAG(FI1=F10)
IF ((FNTER R=CENTR R)*(EXIT R-CENTR R) LT, 0,0
« «OR. (ENTER I=CENTR I)#(EAIT I=CENTR [) .LT. 0,0)
< GO TO 74
GO TN 4}

TFST Far EXIT FROM ToP EDGE (OF MESH SQUARE,
74 1F (LETGE .ER, 4) GO TO 90
TF ((AIMAG(FQ)) .GT, 0.0 .AND, AIMAG(F11) .GT, 0.0)
] «OR, (AIMAG(FQL1) LT, 0.0 AND, AIMAG(F11) (LT, 0.0))
L] GO TO 90
TIF (LTWO Fd. 0) 6O TO 46
FXIT R = «AIMAGI(FO1)Y/AIVMAG(FI1=F0})
EXIT I = 1,0
IF ((ENTER R=CENTR RI#(EY(T R=CENTR R) LT, 0,0
. +OR, (ENTER I=CENTR I)«(EXIT [=-CENTR 1) (LT, 0.0}
« GO TO 90
GO 10 46

80 TF(NR7.NE,0) CALL NoMSHYITMESK,TOL.MPRINT,L,ZERQSSNR?)
IF (NEWMSKH ,NE, 0) GO TC S
RE (URN

90 WRITE(11,909) LR,LI
90 FORMAT (207,°NO EXIT FROM MESE SAUARE»,216)
GG 70 5

9% WRITE(11,9500)

9500 FORMAT(#»0?,»TO0 MANY SOUARES ON SAME PHASE L INE-=MAKE®,

$ > TMESH SMALLER.”)
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¥ 496 G0 TO S

g 497 ¢ ?
498 990 FORMAT(?0?) g
'! 499 € #
A 500 97 WRITE(11,9700) A
- 501 9700 FORMAY (20°,”TMESH HAS BEEN REDUCED BUT PROBLEFS REMAIN IN® .
- 502 $,” EXECUTING FZEROS’) -
o 503 NEWMSH =
“ 504 NR 2sm0
505 RETURN
506 C
g% 507 END
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1 SUBRNUTINE QUAD (A,B.C,S0L-NR SCL)
2 ¢ FOR ROOT-FINDER
3¢
4 C SgLUTIoN FrR THE REAL ROOTS oF A RUAMRATIC EOUATIQMN ¢F THE -
5¢C FORM A#«X94242,0*BaX+Cu0,0, WHEPE X IS CALLED *SOL* -
6 C IN THIS ROUTINE, THE NIMRER NF RFAL RCCTS FOUNN IS .
7¢C GIVEN BY *ANR SOL°*, A VALUE OF 1 FOR *NR SOL” RESLLTS
8 c FROM THE QUATNRATIC ECLATION APPROACHING LINEARITY, e
9 ¢ USED RY SUPROUTINES FZFROS AND NO MESH, B
10 ¢
11 IMPLICIT NOUBLE PRECISIAN®E (A=H,N=7)
- 12 DIMENSICN S0OL(2) -
§ 13 ¢ -
'-“ 14 C
X 15 ACOBLQ=(A/R)w(C/R)
b 16 TF(ARS(ACORSO).LT.(0.3)) Rp TC 20 .
2 17 ARG=1,.0~ACORSN )
' 18 NRSN|. =0 -
19 IF(ARG,LT.(0,0)) RETURN
20 NRSOL =2
21 ROOT=ARS(B)«SART (ARG)
22 ¢
23 Canse
24 C =
25 SnL{1) = (~B+ROOT)/A -
26 SOL(2) = («~B=ROOT)/A b
27 RETURN
28 ¢ -
29 20 TERM = 1,0 -
30 SUM = 1.0
h ¥ DO 21 k=1,%50
32 TERM = TERMa( (K=(,5)/(K+1,0))*ACORSE ~3
33 SUM = SUM+TERM 4
34 IF (ABSITERM) LT, 1.0E=10) GC TN 22
3s 21 CONTINUE
36 22 SNL{g) = =C/(2.04R)aSUM -
37 NR SOL = .
38 IF (ABS(A/(2,0#R)) LT, 1.9E=30) RETURN
39 NR SOL = 2
40 SNL(2) = =2,0#R/A=80L(1) o
41 RFTURN i
42 ¢ i
END ;
~
\.
>
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N 1 SURROUTINE NOMSHX (TMESH,TOL »MPRINT,7EROS,NRZ) k
h 2 C FOR ROOT=FINDER ’
3 C THIS VERSION UPDATED TO MODIFY GMAXY AND THMESH, JAN € 1982, ]
4 C ROUTINF FOR FINDING EXACT (IN THE SENSE CF NO MESH APPROXIMATICM)
!! 5 ¢ LOCATIONS CF ZEROS OF THE FUNCTION, F, FOR WHICH 1
6 ¢ A COMPLETE, BUT APPROXIMATE, SET WAS FCLND IN
— 7¢ SUPROUTINF FZEROS. 3
~3 a8 c TWC DEFICIENCIES REMAIN IN THIS ROUTINE, ONE IS j
N 9 C THAT ZEROS CLLOSER THAN THE FINITE VALUE »TOL» CANNCY ;
10 C RF RESOLVED. THIS HAS CAUSED A PROBLEM A FEW TIMES 3
11 € IN USAGE TO DATE, RUT HAS ALWAYS RFEN RESOLVED RY p
. 12 ¢ USING A SMALLER VALUE nNF *TOL?, T+E SECDMD PROBLEW 1
N 13 ¢ IS THAT THE RESOLUTION OF *MULTIPLE CRCSSINGS?,
14 C WHICH OCCUR BECAUSE OF THE NON<ANALITICITY OF TrE
X 15 ¢ MFSH APPROXIMATICON, IS SUCE THAT IN PRINCIPLE &
%9 16 C 7FRO CAN BE MISSED. THERE IS NO EVIDENCE THIS kA€
17 C EVER OCCURRED IN PRACTICE, {T MAY OR MAY NOT RE
18 C CCST EFFECTIVE TQ DEVELOP THE PROGRAM FURTHER TC
,’ ;9 c CORRECT THESE TWQ PRCRLEMS,
-" o c 'l
o 21 IMPLICIT DOUBLE PRECISIQN®6 (A=K,0=7) b
22 COMMON/NEWMSH/NEWMSH 1
. 23 DIMENSICN PART(2) :
:1 24 COMPLEY 7EROS(1), '
25 . THETA, 1
26 ) FoDFDT,DELT, 1
: 27 s PARTS, )
< 28 L] ZEROS0(100) X
29 EQUIVALENCE (PART(1),PARTS) :
30 ¢ ]
= 31 € ]
Ii 32 IF (MPRINT.NE.O) WRITE(11,900) .
33 900 FORMAT (*1°,2ITERATIONS TO REMOVF MESH®) |
34 ¢ -
- 35 C NEKTQN=pAptSoN (FIRST-QRNER) ITERATINN Tg FINED EXACT LOCATIpNE 7
" 36 ¢ OF THE 7ER0S OF F._
i 37 ¢
38 Do 29 J?=1,NRZ
39 ZERNS0O(JZ) = ZFROS(JZ)
gg 40 IF (MPRINT.NE.O) WRITE(11,901) J?

41 901 FORMAT (* *,18)

42 21 IF (MPRINT NE.Q) WRITE(11,902) 7EROS(JZ)
5 43 902 FORMAT (* *,10X,2(F9.4))
§5 44 THETa = ZEROS(JZ)
48 CALL FEFDTX(THETA,F,FE,NDFDT,DFCTE)
46 DELT=<(F/DFDT) «EXP(FE=DFLTE)
3§ 47 7ERNS(J7) = 7EROS(JZ)+DELT
§;' 48 IF (CARSI(NELT) ,GT, 0.3+TOL) €O TN 21
49 29 CONTINUEF
50 C
~3 51 € NUVBFR nF UNIQUE 2ERQS COMPARED TO TOTAL NUMRER
;ﬂ 52 30 IF(NRZ  ,LF, 1) RETURN
53 MATCH = 0
. 54 DO 33 J=a2,NRZ
! 55 IJML = Je}

ia 165 *
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56 DO 32 JJ=i,JM]

57 IF (CAES(ZEROS(J)1=ZEROS(JJ)) 6T, TOL) GO TO 32

58 IF (MPRINT.NE.O) WRITE(11,905) J,J)J -
59 905 FORMAT (*0°,°7ERGS NR?,13,1X»"AND?,13,1X,

60 . *ARE THE SAME®) o
61 MATCK = |

62 32 CONTINLE
63 33 CONTINUE

64 C

65 IF (MATCK .EQ. 0) RETURN

66 40 NEWMSH = NEWMSH+1{ -

67 IF (NEWFSH . LE.2) WRITE(11,400) .

68 400 FORMAT (*0°,* PROBLEMS IN THIS RANGER-RANGE1l BOX, PROGRAM WILL US

69 $E TMESH/2 AND RE-EXECUTE THE PROGRAM?)

70 IF (NEWMSH,GE.3) WRITE(11,405)

71 405 FNRMAT (°0°,” PRORLEMS IN THIS RANGER=RANGEI ROX, USER MUSY TECRE S

72 $ASE GMAXY ANL RE~EXECUTE THE PROGRAM?) -

73 NP 7 = 0

74 C

75 RETURN

76 END
=
=
ot
;
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1 SUBROUTINF FINDFX(JR,JTLFL,FESTLEFTL,TRIGHT)
2 Canavanennse
3 ¢C THIS SURRQUTINE INCORPORATES CHANGES NEENEL IN EVALUATING
4 C THF MODAL FUNCTION ALONG THE IMAGINARY AXIS WHEN SURFACE
5¢C ROUGHNESS 1S INCORPORATED INTO THE MCPEL
6 Cosnnnnantsn
. 7 IMPLICIT DOURLE PRECISION#6 (A=k,yn=7)
g s COMPLEX F,7,PARTS
9 LIMENSICN PART(2)
10 CNMMON/TMCCOM/TMESH
11 EOQUIVALENCF (PART,L,PARTS)
B 12 C
E 13 C DEFINE SMALL OFFSET VALUE
14 C
 §. DATA CFFSET/1.0E=9/
gg 16 Ceansen
17 €
18 PART(1)=DFLOAT(JR)»TMESH
19 PART(2)sDFLOAT(JL )« TMESH
ﬁ 20 Cannes
a 21 € IF EVALUATING MQODAL FUNCTIQN ALONG IMAGINARY AXISE,
22 ¢ SHIFT ARGUMENT OF FUNCTICN OFF OF ANP SLIGKTLY TC THE
23 C RIGHT COF THF IMAGINARY AXIS IF THE SEARCH RECTANGLE
ﬁ 24 C LIES TC THE RIGHT OF THE IMAGIKARY AX1S,
25 C IF EVALUATING MODAL FUNCTION ALONS IMAGINARY AXIS,
26 C SHIFT ARGUMFNT OF FUNGCTICN OFF OF AND SLIGHTLY TC THE
Py 27 C LEFT OF THE IMAGINARY AX1S IF THE SEARCH RECTANGLE
2; :B [of LIES TN THF LEFT OF THE IMAGINARY AX]S,
¢ 9 C
30 IF{JR.FC.0) THEN
31 TF(TLEFT . EQ.0.0) SHIFT=OFFSET

IF(TRIGHT ,EC.0.0) SHIFT==0OFFSET
PART(1)aSHIFT

I )
[ N7 N7
SUN

END IF
35 7=PARTS
36 CALL FCTVLX(Z?,F,FE)
37 RETURN
38 FND

s o8

q 167
E
|

..".'I‘ L l_' .




Co oo la e,

c

OO NORALUN -
s Ne Ny Ny NeNe Kl

-
N == O

13

- e o
OCPNOGALM

UUULUUWUNNDNMOMAON DN DA
BUNE OOONOALUWUN~O

[ ]
n

bW
= O OVONO

Ty T 1
-I'.I- L -‘, -‘ -‘ Pl ‘-‘ - M

SUBRNUTINE FEXCFAC(XFAC,XFACELU11)

T Y]
THIS SUPROUTINE EVALLATES THE EXCITATION FACTCP, XFAC*EXP(XFArE),
FOR THE MODE ASSOCIATED WITH THE EIGENVALUE Q11

TNPUTS VIA COMMON RLCCK..e
AlH = ALPHALl#H
WAVEND = WAVE NUMEER
C11 = CBRT(ALPHA1/WAVENO)

c
c SHBRNUTINES USED,...
c FDFLTX
Cassnsonnne
IMPLICIT DOURLE PRECISION#*6 (A=F,Q-7)
COMPLEY XFACLNR11.RFEDLFsFLTL,C8CRT,LILD11T
COMPYLEY SQANG
CNMMON/COMTRO/ETAARS ,ALPHAL,H,C11,8CNG
COMMON/COMTHR /22,23, A2MAG, ALPHEAI,  WAVENOLALPHA2
DATA 1/(0.0,1.0)/
Caseer
EVALUATE RHQ

RHO=WAVFNQO+CSORT (1 .0+ T«ETAARSALPHAL*H=C11#CI1#G11)

THE NEXT STATEMENT COMPENSATES FnR THE SHIFT IN 11 INTROCUCED
IN SUBROUTINE °FDFDTX*

N11T=N1141+0,003

FVALUATE THE DERIVATIVE ¢F THE MpRAL FuUNCTION
CALL FPFDTX(Q11T,FsFE,NFLTL,NFLTE)

EVALUATE THE EXCITATIQN FACTOR

OO0 OO0 OO0 OO0

XFACR=WAVENO#HAVENQ*C112C11/(2,0#CSERT(RHQ)*TFLT)
XFACFe=DFDTE

NORMAL1I7E XYFAC

(3 Ny Ny

XNORMuCARS(XFAC)
XFACsXFAC/XNQORM
YFACFsXFACE+DLOG (XNORHM)
RETURN

Casnen

END
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[\ SUBROUTINE HTGAIN(ENZALENZE,Q)11,7RCVR,L,ZXMTR) e
2 Connandnane -
3c THIS PROGRAM EVALUATES THE HEICKT=GAIN FUNCTICNS FOR A ;ii
4 ¢ TRILINEAR MODEL OF THE MOLIFIED REFRACTIVITY CF T+E TROPOSPHERE,
5¢C .
6¢C INPUTS .00 4
7¢ Aty = MODAL EIGENVALUE S
ac ZRCVR = HEIGHT (IN METERS) OF THE RFCEIVER ABCVE GROQUMN ]
9 C LEVEL "3
1o ¢ ZXMTIR « HEIGHT (IN METERS) COF THE TRANSMITTER ARQOVE GRCLAT -]
11 ¢ LFVEL —
12 ¢ _
13 ¢C OUTPUT .o .
14 C EN7 = HEIGHT=GAIN FUNCTION FQOR THE MODAL FIGENVALUE
15 C €11 EVALUATED FOR THE TRANSMITTER LOCATFL AT ZXHATP
16 ¢ AND THE RECEIVER LOCATED AT 7RCVR
17. ¢ FNZSENZAEXP (ENZE)
t8 €
19 ¢C SUBROUTINES USED,...
20 ¢C HNML X, KHNKLY,CADD, KHATY
21 Ceveccnnten
28 IMPLICIT DOUBLE PRECISION®*6 (A=H,0=7)
23 COMPLEY 011,N012,022,123,033,
24 s Q12A1,012A2,0012A1,N012A2,022A1,022A2,T022A1,0022A2,
23 s Q23A1,023A2,D023A1,NC23A2,033A1,633A2,003341,N033A2,
26 ¢ SONG,1,W,KHATAL1,KHATA2,0R, 6T,
14 s ORA1,OGRA2,DERAL,NARA2,0TAL1,0TA2,COTAL,PCTA2,
!. [ lI.RZ.RS.XAA.XBA.VAA.VPA.7AA.VCA.YDA.7PA,FK11A.
29 L] YEASFKI2A,YFALFK22A,ENZA,TI3AL,TIZA2,NT3IZA1,LTIIA2,EPI, s
30 L] TRAL,TRA2,DTRA1DTRA2,TTAL,TTAP,DTTAL1,TTTA2,TKHTA]L, 4
31 * DKETA2 Ik
32 DOUBLE PRECISIONe6 KHATEI, KHATE2 -
33 COMMON, COMONE ,cl.CSDC‘.CS.CG.C7JCBDCQOSGNAz e
34 COMMON /7 COMTWO / ETAARS,ALPHAL,H,C11,50NG -
33 COMMON /COMTHR /7 Z2,723,A2MAG,ALPHAIL WAVENO,ALPKA2 -
p [ DATA 1/(0.051.0)/ e
37 DATA W/(0.0s=1.45749544)/ '
38 DATA EP1/(=0.5,0.,866025404)/
39 Coansen
40 C FUNCTION DEFINITION
41 €
42 CBRT(X)mX#%(1,0/3,0)
43 Cesces
44 C EVALUATFE 012,022,023,033
4% C
46 012 = Q114C4
47 022 = C%+Q11+C6
48 N23 = CS5+011+C7
49 033 = CR#0114CO
50 Coeevnee
51 C FVALUATE MODIFIEN HANKEL FUNCTIONS NEEDED
52 C
s3 CALL KENKLX(012,012A1,012E1,012A2,012E2,701241,0612E1,
54 * NR12A2,D012E2) '
1] CALL KENKLX(022,022A1,022€1,022A2,022E2,002241,TC22E1,

169

e R S e
R T P L A N - - oo . B .
alad h_L-A_ Seah o g B mre ot ol gt 0 ~ M 2 d U . g - " . S A - Y




TR

P Lo Latrasa

AT o LT e s e p S

L ] B ERC TR A K

ik 22 N

AL DR R LI S

106
107
108
109
110

EaNE

T ——"r R it Aher. Buit Bk 0ottt 4 SEELor Y ar LA L - Sautb i ey pow S it I Ui S Al it
e T e e WS TN T TN T s T e e K S A TR T T T e T

. NE22A2,0022E€2)
CALL KENKLX(023,R23A1,023E1,023A2,023E2,0023A1,C¢23E1,
L] DE23A2,DC23E2)
CALL HNKLX(GII,T3IIA1,TIIE1,TIIA2,TIZE2,NT3IIA1,L,LTIIEL,
L] DTY3IIA2,DTIIE2)
CALL CADDIG3I3A1,033F1,TI3A1,T33E1,-EPIT3IIA2,TIIE2)
CALL CADPD(DO3I3IAI,NQ3JELPTIIAL,NT3I3IE1,=-EPIaDTY3I3A2,NT3IIER)
N3IIJIA2eTIIA2
Q3IJE2=TIIE2
DA3IIA2=DTIIA2
DOIIE2=LTIIE2
CALL XHATX(Q11 KHATALoKHATE | ,KFATAD ,KHATE2,NKHT A, NKHTE Y,
s DKHTA2,DKHTE2)
Cononn
DETERMINE WHICH LAYERS TRANSMITTFER AND RECEIVER ARE IMH
AND EVALUATE QR AND AT AND MOTIFIED KFANKEL FUMCTIONS

IF(ZRCVR.LE, 72)THEN

c
¢
€
c
c RECEIVER IN FIRST LAYER
c

LRCVRs1

OR=011+ALPHAL1#ZRCVR/(C11+C11)
CALL XFNKLX{OR,ORA1,ARE),ARA2,60RE2,DCRAL,TGREY,
L DERA2,DORE2)
ELSE IFC(7RCVR LE . Z3) AND (7RCVR ,GT,22)) THEN

c RECEIVER IN SECOND LAYER

LRCVR=2
QRaCB2Q11+CE+CRRT(WAVENOAWAVENND/ (A2MAGRADMAR) ) &
L] ALPKA22(ZRCVR=22)
CALL XENKLX(GR,ORA1,9RE]1,PRA2,CRE2,DCRAL,NERF,
L] DOGRA2,DQRE2)
ELSE

RECEIVER IN THIRD LAYER

o000

LRCVR=J
QR=CA2Q114CO+CRRT (WAVENO&WAVENO/ (ALPHAI*ALPHAZ) ) »
* ALPFA3Z# (7RCVR=23)
CALL HNKLX(GR,TRAt{,TRE1,TRA2,TRE2,DTRA},NTRE Y,
L] DTRA2,DTRE2)
CALL CACD(ORA1,GRE1,TRALI,TRE1,=EPI«TRA2,TRED2)
CALL CADD(LORA1,DRRE),DTRA1,ITREY,-EPI4NTRA2,DTRE2)
ARA2=TRA2
NRE2=TRE2
DORA2=TRA2
DORF 2T TRE2
FND IF
TF(7XPTR,LEL.Z2) THEN

TRANSMITTER IN THE FIRSY LAYER

300

LYXMTR=1]
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51

111
112
113
114
118
116
117

119
120
121

122
123
124
128
126
127
128
129
130
i
182
133
134
138
136
137
138
139
140
t143

142
143
144
145
146
147
148
149
1%0
151
152
153
154
18S
186
1%7

158
159
160
161

162
163
164
163

200

00

QT=C11+ALPHALaZXMTR/(C11eClY)
CALL KENKLX(NTSNTALsNTELLOTA2,RTE2,TNTALLTRTELS
t DOTA2,DQTE2)

FLSFE IF((7XMTRLLELZ3)JAND (ZYMTR,CT,Z22)) THEM
TRANSMITTER IN SECQNT LAYER

LXMTR=2

QTmCSe0)1+CO6+CRRT(WAVENOAWAVENO/ (A2MAGRA2VMAG) ) &

b ] ALPHA2#* (ZYXMTR=22)

CALL KHENKLX(QT,0TAL1,0TEL1,CTA2,RTE?,LOTAL,LRTEL,
L ] DATA2,DCTE2)

ELSFE

TRANSMITTER IN THIRD LAYER

LXMTR=J

OTuCB2011+CO+CRBRT(WAVENOAWAVEND/ {ALPHAJI#ALPHAZ) )«

L] ALPHA3# (ZXMTR=23)

CALL MNKLX(OT.TTAL.TTEL,TTA2,TTE2,DTTAL1L,DTTEL,
] DYTA2,BTTE2)

CALL CADD(OTAL1,QTEL,TTALL,TTEL ,=FPI12TTA2,TTE2)

CALL CADDI(DOTAI,NGTELI,NTTAL1,DTTEL,=EPIaDTTA2,LTTE2)

OTA28TTA2
OTE2eTTE2
DOTA2sDTTA2
DOTE2=DTTE2
END IF

Conene

c
Coe

c
¢

c

EVALUATE HEIGHT=GAIN FUNCTIONS
IF((LRCVR.EQ.1) ,ANDL(LXVMTR.EC.1)) TFEN

RECEIVER IN FIRST LAYER =e«= TRANSMITTER IN FIRST LAYER

RimC11#C11/(WeALPHAL)
XAAnSGNA2+DO33IA20023A2/C3
XAE=DCIJIE2+023E2

XBA=033A2+D023A2

XBEaQ3I3IE24DQ23E2

CALL CADD(YAA,YAE,XAA,XAE,XBA,XRE)
XAARSENA2+DQ22A14012A2C]
YAE=DQ22E1+Q12E2

XBAm022A1+D012A2

XBE=P22E1+DO12E2

CALL CADD(YBASYRELXAAsXAELXBASXRE)
ZAABYAARYBARKHATA2
FAE=sYAE4YBE+KHATE2
XAAnSGNA2+D03I3IA246823A12/C3
XAE=NQIJE2+4023E

XBA=Q3I3A2+D023A1

XBE=Q3I3IE2+4D023E}

CALL -CADD(YCA,YCE,XAA,XAE,XRA,XRE)
XAAm«SGNA2+DQA22A220Q12A2+C}

XAE= DQ22E2+0Q12E2
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166 XBAR=C22A24DA12A2 .3
167 XBEaR22F2+D012E2 :
168 CALL CADD(YDA,YDELXAA,XAE,XRA,XRE)

169 ZRA=YCA«YDA#KHATA2 -
170 7BE=YCE+YNE+KHATER Q
171 CALL CADD(FK11A,FK11E,7AA,ZAE,7RA,7EE) ”
172 ¢ FAAn=YAAeYRAAKHATAL

173 ¢ TAF=YAF+YRESKHATE L

174 ¢ 7BA=~YCA+*YDARKHATAL

175 ¢ 7BE=YCE+YDE+KHATE L

176 € CALL CADD(FK12A,FK12E,7AA,7AE,ZRA,ZEE)

177 XAARSCNA2#D022A12012A1+C1

178 XAE=DR22E1+012E1

179 XBA=R22A1+D012A1

180 XBE=022E14D0O12E1

181 CALL CADD(YEA,YEELXAAL,XAE,XPA,XRE)

182 ZAARYAASYEASKHATAY

183 ZAE=YAE+YEF+KHATE

184 XAAR=SGNA2¢DA22A2=R12A1+C}

185 XAE=DQ22E2+4012E}

186 XBA==(022A2+D012A1

187 XBE=Q22F2+4DAL2E L

188 CALL CADD(YFA,YFE,XAALYXAE,XRA,XRE)

189 ZBAsYCAeYFA-KHATAL

190 7BE=YCE+YFE+KHATE

191 CALL CADDIFK22A,FK22E,7ZAA,7AE,7QA,7RF)

192 ¢

193 ZAAe=YAAYEARKHATA2

194 ZAEsYAE+YEE+KHATE2

195 7ZBAs=YCA*YFA*KHATA2

196 ZBESYCE+YFE+KHATE2

197 CALL CADDI(FK12A,FK12E,7AA,7AE,7QA,7QF)

198 ¢

199 XAAsFK11AQTAI*ORAL

200 XAFaFK11E+CTEL +ARF 1

201 XBAmFK22A«CTA2#0RA2

202 XBE=FX22E+0TE240RE2

203 CALL CADNI(ZAALZAE L XAALXAE XRALXBE)

204 XAASFK{2A«QTA2+ARAL

205 XAE®FK | 2E40TE240RE

206 XBASFKI2A¢0TAL #QRA2

207 XBEsFK12E+CTE1+4QRE2

208 CALL CADDI(ZRAL7RELXAALXAE,LXRALXRE)

209 CALL CADD(ENZALENZE,ZAA,7AE,7RA,7RE)

210 ENZA=R1+EN7A

211 RETURN

212 END 1IF

213 Con

214 TF({(LRCVR<ENe1) AN (LXMTR.EC.2))oCR((LRCVP.ER.2)
215 ] ANL . (LXMTR,EQ,1))) THFN

216 C

217 ¢ RECEIVER IN FIRST LAYER === TRANSMITTER IN S$FCCND LAYER
218 ¢ OR

219 € RECEIVER IN SFCOND LAYER w-e TRANSMITTER IN FIRST LAYEP
220 €
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222
223
224
225
226
227
228
229
230
231
232
233
234
238
236
237
238
239
240
24)
242
243
244
2453
246
247
248
249
2%50
251
282
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
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RIWaC11+C11/ALPHAYL L

XAA=SGNA24DA3I3A2402342/C3 3
XAFaNE3I3E2+023F2 =
XBASOIIA24D023A2 ,4
XBE=OYIE2+4DQ23E2 ‘

CALL CADD(YAASYAELXAALXAE,XRALXRE) -

XAAuSGNA?«DQIIA224Q23A1/C3 oy

XAEs PC3I3E2+023F1 e

XBAsQ33A24T023A1

XBE=NIJE2+DN23IEL

CALL CADD(YBAL,YRE XAA,YXAE,XRA,XRE)

XAARYAA«KHATA2*NTAL«NRAY}

XAESYAE+KHATE2+0TFE 1 +3RE

XBAnYBAaKHATAI«QTA2+0RA2

XBEsYRE+KHATE1+QTE2+Q0RE2

CALL CADD(ZAASZAESXAASXAELXBALYRE)

IF{LRCVR.FC,.1) THEN
XAAs=YBAGKHATA22RTA2#0RA)
YAESYBE4KHATE2+QTE2+CQREL
XBAS=YAA2KHATAL1#0TA120RA2
XBE®YAE+KHATE1+OTEL1+CRE2

ELSE
XAAS=YBA«KHATA2a0TAL120RA2
XAEsYBE+KHATE2+QTE140RE2
XBAn=YAAKHATAL#ATA2+0RRAY
XREuYAE+KHATE1+CTE2+QRE1

END IF

CALL CADD(7RALZRELXAALXAE, XBRALXRE)

CALL CADD(ENZALFNZEL7ZAAL7AEL,7PA,7RE)

ENZA®RIW+ENZA

RETURN

END 1IF

TF(((LRCVR.EQe1) e ANDL (LXMTRLEC.3)).CR.((LRCVRFC.3).
. ANDL(LXMTRLEQ.1))) THEN

RECFIVER IN FIRST LAYER === TRANSMITTER IN THMIRL LAYER
OR
RECEIVER IN THIRD LAYER««<=TRANSHMITTER IN FIRST LAYER

RIWN=sC11+C11/ALPHAL

XAASKHATAL#QRA24GTA2

YAE=KEATE1+QRF2+0TE2

IF(LRCVR,EQ,.1) THEN
XAAR=KHATA2#ARAL#0TA2
XBEsKHATE2+QRE {40TF2

FLSE
YBAS=KHATA2#OTAL#IRA2
YBESKHATE2+0TE1+ARE2

FND IF

CALL CADD(ENZALENZE,XAA,XAE,YEA4XRE)

EN7AmeRIWeWeaENZA

PETURN

FND IF
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276 IF((LRCVR.FQ.2) JAND  (LXVTR,EC.2)) THEN
277 ¢
278 ¢ RECFIVERP IN SECOND LAYER ==« TRAHSMITTER IN SECCNN LAYER
279 € -
280 R2uCRRT(ALPHA2#*ALPFA2/ (WAVENCHWAVENC) )/ (ALPHA2#W)
281 TE{ALPFA2 . LT.0.,0)THEN
282 XAARDG3I3A2#023A2/C3 )
283 XAE=DGC3IIF2+Q23E2 e
284 YBAnQIIA2«Q23A2 =
285 XBF=NIIE24D023E2
286 CALL CADDUYAALYAE,XAA,XAE,XRA,XRE)
287 XAARC1#DQ22A2#012A2 o
288 XAE=NQ22E2+012E2 -
289 YBA=Q22A2aTQ12A2
290 YBE=Q22E2+0012E2
291 CALL CADD(YBA,YRE,XAA,XAE,XRA,¥RE)
292 XAAeC1#DQ22A24012A)
293 XAFaDR22E2+012E1
294 XBA=022A2+DQ12A1 .-
295 XBF=022F2+D012E1 -
296 CALL CADD(YCA,YCELXAA,XAE,XPA,XRE)
297 XAA=DO3I3a24023A1/C3
298 XAE=DC3IIF2+023E] -
299 XBA=O33A2+00234A1 .
300 XBE=O3IIE2+4D023E -
301 CALL CADD(YDAsYDELXAAsXAEL,XRA,XAF)
Jo2 XAAmC1#DR22A12012A2 ..
303 XAF=NC22E1+Q12E2 -
304 XBA=N22A1#DQ12A2
305 XBF=Q22E1+DQ12E2
306 CALL CADD(YEA,YEE,XAA,XAE,XRA,LXRE) -
307 XAA=C12D0Q22A1*0Q12A¢ 3
308 XAEaNC22E1+012E1 .
309 XBA=N22A1eDQ12A1
310 XBE=(C22F1+0712E1 .
311 CALL CADD(YFA,YFE, XAA,XAE,XRA,XRE) R
312 XAAnYBA4KHATAI -
313 XAF=YRF+KHATE]
314 XBAm=YCA*KFATA2 .
315 XBFuYCE+KHATE?2 ~
316 CALL CADD(7AA-7AESXAAsXAELXRALXRE) -
317 FK11ARZAARYAA
318 FK{{Em?AE+YAF
310 FK{2An=7AA®YNA
320 FK{2F=7AF+YDF
321 YAAsYFA*KHATA}
322 XAF=YFE+KHATF 1 -
323 XRAmauYFA#KEATA2 N
324 YBF=YFE+KHATF2 B
32% CALL CADN(ZAAL,7AF XAAL,XAE XRAXRE)
326 FK22AmYDA*ZAA o
327 FK22EnYNF47AF -
328 YAAmF¥]1AsCTA]*ARA] -~
329 XAFmFK11F+CTEL +RARE Y
330 YRAF¥22A¢RTA2«ARA2

.d ‘
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. 33 YBFuFK22F4+0TE2+40RE2

332 CALL CADD(ZAALZAE XAALXAE,XBA,XRF)
333 YAA=FK12A*0TA2+0RAY
: 334 YAE=FK12F+QTE2+QREL
a 33s XBA sFK12A*xQOTA1#QRA2
336 XBEsFK12E+4QTE1 +ARE2
. 337 CALL CADD(7BA,ZRE,XAA,XAE,XRA,XRE)
. 338 CALL CADD(ENZASFNZES7AALZAEL7BA,7RE)
j 339 EN7ARR24FEN7A
340 RETURN
341 FLSF
8 Jao XAAs=PGC3I3A2023A2/C3
343 XAF=DNCIIE2+023E2
344 XBAaB3IIA24D023A2
345 XBF=Q33F2+DG23E2
g 346 CALL CADDIYAA,YAE,XAA,XAE,XRA,YAE)
\ 347 XAAm=C1#DQ22A2#012A2
343 XAE=DPC22E2+012E2
349 XBARG22A2+D012A2
g 350 XBE=Q22E24D012E2
351 CALL CADD(YBA,YBELXAASXAELXBALXRE)
352 XAARC12DQ22A2+012A1
353 XAE=D(22E2+012E1)
ﬁ 354 XBAmn=022A22D012A1
- 355 YBE=Q22F2+40012€1
356 CALL CADD(YCA,YCELXAALXAE,XBA,XRE)
asy XAAsCi+D022A1#012A2
'3 3ss XAE=DG22F1+Q12E2
S 359 XBAa=022A14DN12A2
360 XBFE=022E1+D0{2E2
361 CALL CADD(YDA,YDE,XAA,XAE,XRA,XRE)
362 XAA==C1e¢D022A1#012A1
363 XAE=NC22E1+012E1
364 XBAmN22A1+D012A1L
365 XBE=QR22E14+D012E1
% 366 CALL CADD(YEALYEESXAAXAF,XAA,XAF)
367 YAAu=DG33A24023A1/C3
368 XAE=DE3I3IE2+023E1
369 XBA=R3I3A2+0Q23A1
¢ 370 XBFen3IIE2+DQ23E 1
37 CALL CADD(YFA,YFELXAA,YAE ,XRA,XRE)
372 YAAsYRASKHATAL
§‘ 3zs3 XAEsYRE+KHATF 1
kY 374 XBASYCA®KHATA2
3’s YBE®mYCE+KHATF2
376 CALL CADDI(7AA,7AELXAA,XAE,XPA,XRE)
. 377 FKI1AmYAARZAA
1 378 FK1{E=YAF+7AE i
379 XAAnYDAKHATAL -
380 XAE=YDE+XHATF 1 o
3ai XBARYFARKHATAZ -
382 XBF=YFE+KHATE2 e
383 CALL. CADDI(ZAA,7AE,XAALXAE,YRA,LXRE) __4
384 FKI2A=YAAxT7AA “
Q 385 FX12E=YAF+7AF <
- o
" -
5 -
s
.9
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386
387
388
J89

391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412

a14
415
416
47
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
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FK22An=YFA27AA

FK22EmYFE+ZAFR

XAA=FK]11AsRTAI*NRAL
YAE=FX11F+CTE1+GREL
XBA=FK22A«CTA2+QRA2
XBFE=FK22E+QTE2+QRE2

CALL CADD(7AALZAE XAALXAE ,XBA,LXRE)
XAARFK12A«RTA2+0RA1
XAFuFK12E+CTE2+0REL
XOARFK12A4CTAI«QRA2
XBF=aFK 1 2E+GCTEI1 +ORF2

CALL CADDI(7BAL7PE X AALXAE S XRALXRE)
CALL CADD(FNZALENZE,,ZAAL,7AE,7RA,7PE)
FN7A=R2«EN7A

RETURN

FND IF

END IF

IF(((LRCVR.ENe2) e AND(LYMTR.EC.3I))oCRa((LRCVR.EC.J)e
] AND L ULYMTRL,EQ.2))) THEN

RECFIVER IN SFCOND LAYER=«=TRANSUITTER IN THIRT LAYER
OR
RECEIVER IN THIRD LAYER«==TRANSHMITTER IN SECONT LAYER

R2ZWaCPRRT(A2MAG*A2MAG/ (WAVENQwRAVENQ) ) ZALPHA2
XAAnSGNA2¢C{ #DQ22A2%112A2
XAE=DR22E2+012F2

XBA=Q22A24DQ12A2

XBE=Q22E2+DQ12E2

CulL CADDU(YAA,YAE,XAA,XAE,XBA,XRE)
XAASSGNA2«DQ022A22Q12A1C1
XAE=DQ22E2+Q12F

YBARN22A2+L012A1

XBFE=Q22F2+DQ12E1

CALL CADDI(YRASYRELXAASXAELXRASXRE)
YAARSCNA24C1aDQ22A1#012A2
XAF=DR22F1+012E2

XBA=xQ22A1+0012A2

XBF=Q22F1+DN12E2

CALL CADD{YCA,YCE,XAA,XAE,XRA,¥XRE)
YAARSCNA22Ct#DO22A1 #1241
YAF=DPR22E1+Q12E

XBARG22A1«TN{2A1

YRE=C22F 1431 2E1

CALL CADD(YDA»YNEsXAAsXAFsXBASYRAE)
YAAnYAARKHATAL

YAF=aYAE+KHATF)

XBAn=YEA#K}ATA2

XRFasYBEF+KHATF2

CALL CADDU(FK{2A,FK12E,XAA XAE,YRA,,ARF)
YAAm=YCAKLATAL

XAFsYRF+KHATE S

YBASYPARKHATAZ

YRAFaYPF+KHATF2
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i
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443
44>
443
444
445
446
447
448
449
450
asy
452
453
454
45%

457
458
459
460
461
462
463
464
465
466
467
468
469
470

472
473
474
475
476
477
478
479
480
481
482
483
484

486
487
488
489
490
491
492
493
494
49%
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CALL CADDU(FK22A,FK22E,XAAXAE XRA ABE)
IF(LPCVR,EC.2) THEN
FAASFKI2AxNTA2+RRAL
FAESFKI2E+NTE2+QRE]L
TRASFK22AxN0TA22QRA2
7RESFK22E+QTFE2+NRE2
CALL CADD(ENZALENTE,ZAA,ZAE,73A,?RE)
FLSF
ZAASFK12A*NTAL12GRA2
7AFsFK12E+NTEL+CRE2
PRASFK22A2NTA22CRA2
7RE=FK22E+NTE2+6GRF2
CALL CADD(FN7ALENTE,ZAA,ZAE,?RA,ZRE)
END 1IF
FN7ASR2W*FNZA
RETURN
FND 1IF

TF((LRCVR.EQeJI) JANDL(LXMTR,EC.3)) THEN
RECFIVER IN THIRDN LAYER=-== TRANSHMITTER IN THIRL LAYEP

RI=CRRT(ALPHAJISALPHFAI/ (WAVENC®WAYENC))Z(ALPEAJAR)
XAAmSGNA2+4C{aDR22A1#012A2
XAE=DC22E1+012E2

XBA=sG22A1+DQ12A2

XB8F=022E1+DQ12E2

CALL CADD(YAA,YAE ,XAA,XAF,XRA,XRE)
XAAuSGNA2#023A24TCNJIJAL/C3
XAE=023E2+DO3IIE |

XBA=DE23A2+033A1L

YBF=aNR23E2+Q3IEL

CALL CADD(YRALYRE,XAAL,XAE,XBA,XRE)
XAAaSCNA22C{#DR22A22012A2
YAE=DC22F2+012E2

YBAaG22A2«D012A2

XBEaR22E2+DQ12FE2

CALL CADD(YCA,YRE XAA,XAE,XRA,XRE)
XAARSGNA2#DO3IIAL12023A1/C3
XAFsDEIIEL1+023E1

XBAanIJA1+TQ23A1

YBFE=Q3IJE1+DQ23E}

CALL CADD(YDA,L,YNE,XAA,XAE,XRA,XRE)
XAARSGENA2eC1eNA22A 1221241
YAE=NG22E1+Q12E 1

XBAaR22A14D012A1

XYBE=Q22F1+T0t2E1

CALL CADDI(YEAL,YEE,XAA,XAE,XRA L XRE}
XAA=SCNAP#C1#NNZ2A20012A1
YAFsDG22F2+012F

XBA=Q22A2+D012A1

XBF=N22F2+DO12E1

CALIL. CADN(YFALYFELXAA,XAE,XBA,XRE)
YAAs=YAA*YRA®KHATAL
YAEsYAF+YBE4KHATFE {
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496 XBAsYCA=YDA#KHATA YL
497 XBE=YCE+YDF+KHATE
498 CALL CADD(ZAAL7AE,XAALXAE,XPA,¥YRE)
499 XAAuYEA*YBAaKHATA2
500 XAFsYEF+YBE+KHATE?2
501 YBAmwYFAsYDARKHATAZ
502 XBE»YFE+YDE+KHATE2
503 CALL CADNU(7RALZRE XAALXAE,XRA,XRE)
504 CALL CADN(FK22A»FK22Es7AAs7AEL7RALZRE)
5095 ENZA=RI*QTA2*20RA24FK22A
506 FNZ7EaCTF2+GRE24FK22E
507 RETURN
508 END 1IF
500 Connnyw
510 END
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EB 1 CUBRAUTINF MODSUM(FCMSLEINMS,RNC,ZRCVR,ZXMTRL,7EPOS,NRZ,NRMNLE)
2 Canatetennn
3 C THTS PROGRAM EVALUATES THE FIELD STRENGTH IN 4 TRILINEAR
! 4 C FODEL OF THE MODIFIED REFRACTIVITY OF THE TROPOSPRERE RELATIVE TC
5 ¢C THF FREF SPACE VALUF. THE FIELP IS HORIZONTALLY PCLARIYED,
6 C
P 7¢C INPUTS e
h ac RNG = RANGE(IN KILOMETERS) AT WHICH THE FIELD STRENGTH
G 9 C IS TO BE FVALUATED,
10 ¢ ZRCVR « WEIGHT (IN METERS) AT WHICH THE FIFLT STRENGTH
t1 C 18 TO RFE EVALUATEDN,
gs 12 € ZXMTR « KFEIGHT (IN METERS) CF THE TRANSVITTER
13 ¢ 7ERCS - ARRAY CONTAINING THE MOPAL EIGENVALUFS 01t
14 C NRZ = DIMENSION OF ARRAY ?7ERNS?
e 15 ¢ NRMODE = NUMRER OF MODAL ETGENVALUES CONTAINET IM ARRaY °*7ERCS’
E% 16 C
17 ¢ OUTPUTS ..o
te ¢ FCM§ = COHERENT MOOE SUM FTELD STRNGTH (IN NE) RELATIVE
3 19 C TO0 FRFE SPACFE VALUE
gg 20 C EIMS - INCOHERENT MODE SUM FIELD STRENGTH (IN DR) RELATIVE
- 21 C TC FREE SPACE VALUE
22 ¢C
23 C SUBRAUTINES USFN.ces
24 C FXCFAC,HTGAINL,CADNL,ANEY
25 Coensevrnanan
26 IMPLICIT DQUBLE PRECISIQON#6 (A=H,0=7)
27 COMPLEY PFROS, XFACL,ENZALCEXP,I1,RHOL,CSQART ,FFACA,SUMCA XAALXEA
28 COMPLEY SONG
29 DIMENSION ZEROSINRZ)
30 COMMON/COMTINO/ETAABS ,ALPHAL,H,C11,SCNG
31 COMMON/COMTHR /72,23, A2MAG,ALPRAILHAVENDOLALPHA2
32 DATA 1710.,0,1,0)7
3 DATA P1/3.14159265/
34 DATA ELOG10/0.4342944AR2/
=} 35 Caaser
i 36 C INITIALIZE
' 37 ¢
38 RNGM=RNC*1000.0
39 BETA=2,0¢8QRT(2.0+PI#RNGNM)
40 AlHumt ,0=ALPHAL#H
41 Ct118e=C11+Ct1
42 SUMCAn(0,05,0.0)
43 SUUMCE=0,0
44 XBA®(0.0s040)
45 XBE=Q,.0
46 SUMIA=Q,0
47 SUMIF=0,0
48 XDA=0,.0
49 XYDEmp,n
50 C
51 C EVALUATF MODE SUMS
52 ¢

83 Dn 100 JMODE=]1,NRMOLE
54 RHDmWAVFNO*CSART (ALk+I+ETAARS=-C11SC+ZEROS (IMCNE))
@ 85 HFACACFXP(=I»(REAL(RHO)=WAVENO) #RNGWM)
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56 HFACE=AIMAG(RHO) #RNGM
57 CALL EXCFAC(XFAC,XFACE,7ERQS(JIMONEY)
58 CALL HTGAIN(ENZAEN7ELZERNOS(JINMCTF) ,7RCVR,7XMTP) -
59 YAARXFACaFEN7A~HFACA ;
60 XAE=XFACE+FN7E+HFACF g
61 C
62 ¢ COHFRENT MODE SUMm
63 C
64 CALL CAPDISUMCA,SUMCE SXAASYAE,XRALXRE)
65 XBA=SUMCA
66 YRE=SIIVCE -
67 € L
68 C INCNONERFNT MQDE SUM
69 C
70 XCAmCARS (XAA)2CARS(XAA)
71 XCE=2,02XAF
72 CALL ADDY(SUMIA,SIMIE,XCA,YCE,XTA,YXDE)
73 XDAsSUMIA
74 XDF=SUMIE -
75 100 CNNTINLF .
76 C -
77 ¢ CALCULATE COHERENT MODE SUM FIELDN STRENGTF
78 C -
79 FCMe220,0*(DLNGIO(RETA®CARS(SLMCA))+SUMCE*ELCF10) i;
80 C oy
a1 ¢ CALCULATE INCOHERENT MQRE SUM FIELDN STRENGTH
82 C
a3 EIMS=20,0+(DLOGIUIRETA#SARTISUNMTAY ) +0.5+SUMIF*ELCB10) e
a4 RETLIRN o
85 Canaan
END g
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1 SUBRNUTINF SEAH20(SIGEFF,EPSEFF,T,S,FRENR)

2 Canetdtandn

3 ¢C TH1S PROGRAM EVALUATES THE REAL EFFECTIVE RELATIVE

4 C PIFLECTRIC CONSTANT AND THE REAL EFFECTIVE CONDUCTIVITY
5C CF SFAWATER AS A FUNCTION OF TEMPERATURE, SALINITY, AND
6 C FREQUENCY, THIS PROGRAM 18 BASED ON THE PAPER?

7¢C Leds KLEIN AND C.T. SWIRT AN IMPROVED MODEL FOR THE

acC PIELECTRIC CONSTANT OF SEA WATER AT MICROWAVE

9 C FRFQUENCIES® [EEE TRANS, ANT, AND PROP., VOL, 2% (§1977)
io C 104=-111,

11 C

12 ¢ Nn0TEs THF VALUES TKIS PROGRAM GIVES FQR EPSEFF AND

13 ¢ SIGEFF AS THE SALINITY APPROACHES ZERO ARE NOT
14 C CONTINUOUS WITH THE VALUES GIVEN WMEN THE SALINITY
15 C EQUALS ZERO, SEE THE PAPER BY KLEIN AND SWIFT,
16 C

17 ¢ INPUTSee o

18 C T - TEMPERATURE OF SEAWATER (IN DEGREES CELSIUS)

19 C S « SALINITY OF SEAWATER (IN GRAMS SALT/KG SEAWATER)
20 ¢ FREC = FREAUENCY (IN KERTZ)

21 C

22 ¢ OUTPUTS. .0

23 ¢ SIGFFF = THF REAL EFFECTIVE CONDUCTIVITY (IN SI/M)
24 C FPSFFF = THF REAL EFFECTIVE RELATIVE DIELEGTRIC CONSTANY
25 €

26 € NOTEs THE CoMPLEX DIELECTRIC CONSTANT, EPS, IS EQUAL TO
27 ¢ EPSuEPSEFF=1aSIGEFF/ (24P «FREC*EPLQ)

28 C WHERF EPSQ IS THE PERMITTIVITY OF FREE SPACE

20 Cannstantan

30 IMPLICIT DOUBLE PRECISIQON#6 (A=H,0=7)

31 DATA P1/3.1415926536/

32 DATA EPS0/8.85434E=~12/

33 ¢C

34 OMEGA=? ,0+P1«FRER

35 Coanven

J6 € CALCULATE THE STATIC DIELECTRIC CANSTANT

37 ¢

38 IF($.,67.0,0) THEN

39 ETaf7.1344T2(=0,19494Ta (=] 276E=242.,491E~42T))

40 ASTu{.041.613E=5488T48#(=3 656E=3+85%(3.210E~5-4,232E=7+5))
41 ES®ET#AST

42 FLSF

43 FSuRB,.0454T#({=0.d4147+T*(6.2905E=4+1.,075E=-52T))

44 END |IF

4% Casnes

46 C CALCULATE THE RELAXATION TIME

47 ¢

48 TTo o 768E=114T*(~6.0R6E~134T2(1.104E=14=8,111E=17+7))
49 BST8].,042,282E~5wgnT48% (=7 ,638E=4+80 (=7 ,760E=«6+1,105E=8+8))
50 TAUsTT«£8T

51 Coenes

82 ¢C CALCULATE THE IONIC CONDUCTIVITY

53 C

54 DFL=2%,0-7

1.1 BETAR2,033E=2+DEL*(1.266E=442,464E-62DEL)=Sn(1,849E=5
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56 $ +DEL*(=2,551E=742,551E~84DEL)) .

57 ‘S1C=g*(0.,182521+80(~1.,46192E=3482(2_,09324E=5-1,28205€E=72S5)))

58 SIGMA=SIGeDEXP(=DEL*BETA) -
50 Cannes

60 C CALCULATE THE REAL EFFECTIVE RELATIVE DIELECTRIC CONSTANY

61 C

62 FPSINF=4,9

63 FACR(ES<EPSINF)/(1,0+4(0OMEGAaTAU) #n2)

64 FPSEFFeEPSINF+FAC

6% Casene

66 C CALCULATE THE REAL EFFECTIVE CONDUCTIVITY -
67 C

68 SIGEFFsOMEGA#QMEGA#TA*EPSO+FAC+SIGMA

69 Convar

70 RETURN

71 END

.
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53 1 SURROUTINE DHORIZ(NHZ,7ZRCVR.ZXMTR) N
2 Canesatonnsn h
3¢ THIS PROGRAM CALCULATES THE HQRIZAN TISTANCF FOR 4 RECEIVER »
!! 4cC AT HFIGFT ZRCVR AND A TRANSMITTER AT FEIGHT 7YMTR {
5 ¢
6 ¢ INPUTS ... 8
= 7¢ ZRCVR < RECEIVER FEIGHT (IN METERS) .
}q ac ZXMTR = TRANSMITTER HEIGHT (IN ETERS) 4
& 9 cC :
10 ¢ OUTPUTS ... 5
11 ¢ NE? = HORIZON DISTANCE (IN KILOMETERS) 1
oA 12 Coaeratontan .
% 13 IMPLICIT DOURLE PRECISIQN®E (A=k,0=7) N
14 C Kk
3 15 ¢ RADIUS OF EARTH (IN METERS) S
3 16 ¢ E
17 DATA R/6,.378160F6/ 4
18 Casoensn .
a 19 ¢ CALCULATF FFFECTIVE EARTF RADILS ;
X 20 ¢ -4
21 REFF=4,0#R/3.0 -3
22 Ceaenas he
% 23 ¢ CALCULATF APPROXIMATE HQRIZQON TLISTANCE FOR RECEIVER AlD %
E} 24 C TRANSMITTER ]
25 ¢
26 HRCVR®DSORT (2. 0+«REFF#ZRCVR)
83 27 HXMTR=DPSQART (2, 0%*REFFeZXMTR)
28 Coasens E
29 ¢ COMBINFL HORIZON DISTANCE IN KILNHMETERS .
30 ¢ :
31 DHZa (HRCVR+HXMTRI 1 ,0E=3 K
i 32 RETURN
33 END
II 183 .
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Q; 1 FUNCTION CASIN{(Z)

?, 2 Coravansnnne

" 3 ¢C THIS SUBPRQGRAM CQoMPUTES THE CCMPLEX ARCSINE cF THE COMPLEX

S 4cC NUMBER 7
G Coanavndvnte
6 COMPLEX CASIN,7,CLOC,CSNRT, I
7 EATA 1/(0.,051,0)/
a CASINB=I#CLOG(CSART(1,0«7a7)+122) -
9 RETURN -
10 END N
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10. SAMPLE OUTPUT FROM XWVG

FRFND = §20.00u0 MH?
ALPHAL = 0.236UE=06 /¥ _
ALPHA? = ~0.6496F=(h /M -
ALPHAZ = 0.51R4AF =ik /M T
72 = 182,.9000 ™ -
73 = 304,8006 M A
ALOSS = 1,000D0 DR/KM :
% ¥t 0.00) = 341,00
FORTZONTAL POLARIZATION
"‘3
2 eFAWATEP TEMPERATURF = 1.6N00F+01 NESRFFS NELETUS
: SFAWATER SALINETY = 3.5000F+0f CRAMS SALT/KE CEAVATFP
TFLTA = 0.000UF+p) ™ "y
g EPSCNR = 6.5257E~10 FARANS/V =
v SEMGNT = 4,4%44F+00 MROS/M -
: FTA = 0,0000E+00 T

7ERNS FOUND I[N EXPANrEPr SEARcH RECTANCGLE PEFINEN QY -

TLEFT = 0.G0 TRIRKT = 2.00 TeCT = 0.0¢C 770" = 2 o
FIGEN( 1) = 1.0946E+90 1.5815E=-04 e

i -
7ERCS FOUND IN FXPANTFT SFARNH RECTANGLE NEFINEP of e

TLEET =  «2,0u TPIRHT = 0.00 TRCT = 0.00 TTOP = 2 :

FIGENC 1) = =1.,3124F+00  B.ACO7E=N6 g

’ FIGFNE 2) = “1.4630E=01 3.6252E-05 -
Ay -
:l FERNS FOUND [N FXPANTED SEAPcH RECTANGLE NEFINEN Y B
TLFFT = 4,00 TRINHT = «2,00 TRCT = 0,00 TTOP = 2 o

.

FIGEN( 1) = =2.5898F+00 A,ER58E=D7
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\ﬂ' 7ERNS FOUND IK FXPANPED SFARCH RECTANGLF NEFINEN RY
3 TLFFY = -6.00 TRIGHT = -4,00 TRCT = 0.00 TTOP = 2
FIGEN( 1) = -4.2052E+00 2.2410F=-09 ’

PRPITWY

TERLS FOUND IN FXPANPED SEARCH RECTANGLE NPEFINED AY
TLFFY = -8.60 TRIAHT = -6.00 TRCT = g,.nc TT0P = 2

N>

7ERCS FOUNN [N EXPANLED SFARCH RECTANGLE NEFINED AV

5 TLEFY = =10.00 TRIGHT =  =a,00 TPCT = 0.00 7707 = 2
Wy
b
7
vy
Y 7ZERCS FOUND IN EXPANPEDP SEARCH RECTANGLE nEFTNEN RY
TLFFT = =12,00 TRIGHT = «10.00 TRCT = 0,00 TTOP a 2
;é
2
g§ FERCS FOUND IN EXPANDED SEARGCH RECTANGLE nEFINER PY
by TLFFT = =14,00 TRIGHT = «12,00 TRCT = 0,00 TT0P = ?
i
. JERCS FOUND [N gXPANLFI SEARCH RECTANGLE PEFINED DY
g TLEFT =  =16,00 TRIGHT = =14.00 TRCT = 0,00 TT0? = 2
Al
(Y
o
#
%;
b 7EROS FOIIND IN EXPANNED SEARCH RECTANGLE DEFINED RY
3} TLFFT = 2.00 TRIGHT = 4,00 TRCT = n.oC TTCP = 2
A, FIGEN( 1) = 2.4514E+00 3.6817€-03
}é EIGEN( 2) = 3.8044E+00 5.8611E~02
»
ﬁ:‘
(‘k -
i -]
.
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; 7FROS FOIIND IN EXPANNFN SEARCK RECTANGLF TFFINFD RY :@;
TLEFT = 4.0 TRIGFT = 6.00 TECT = 0.00 TP = 2 -3

=1

EIGFN( 1) = 5.2977E+00 2.6019E=01 ‘_4

> -
§ -‘.‘t:
3 7FROS FOUND IN EXPANDED SEARCH RECTANGLF DFFINED RY -]
TLFFT =  6.0U TRIGFT =  8.00 TECT = 0.0C TTCP = 2 *3

i 3
EIGENC 1) = 7.0447E+400  6.3569E=01 NG

-]

~ 4

e,

AL

NI
)

-

7EROS FOUND IN EXPANDPED SEARCH RECTANGLE DEFINED RY

i TLFFT = A.00 TRIGHT = 10,00 TECT = 0.00 TICP = 2
EIGEN( 1) = 9.1272E+00 9.7805€~-01

" TEROS FOUND IN EXPANDNEN SEARCH RECTANGLEF DEFINED RY

4 TLEFT = 10.00 TRIGHT = 12.00 TRCT = 0.00 TTCP = 2
EIGENC 1) = 1.1421F+01 1.3358E+00

.
%
) 7FROS FOUND IN EXPANNED SEARCH RECTANGLE DEFINED RY
TLEFT =  12.00 TRIGFT = 14,00 TeECT = 0.00 TTCP = 2
¥ EIGEN( 1) = 1.3989E+01 1.6259E+00
k|
N
7EROS FOUND IN gXPAKDEN SEARCKH RECTANGLE TPEFINED RY
TLEFT = 14,00 TRIGHT = 16,00 TRCT = 0.00 TTOP = 2
EIGEN( 1) = 1.3989E+01 1.6259E+00
L
b
!
?
|
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TLEFT =

TLFFT =

TLEFT =

TLEFT =

TLEFT =

TLEFT =

16.00

ETGFN(

18.00

EIGEM(

20.00

22.00

EIGEN(

24.00

e ¥ e "

1)

1)

1)

T a
.

'
PO

7FROS FO!'IND IN EXPANDED SEARCH

7FROS FQUND IN EXPANDFD SEARCH

JFROS FO!IND IN gXPANDED SEARCH

FEROS FOIIND IN EXPANNEN SEARCH RECTANGLE
TRIGFT =

18.00

1.6795F+01

7ER0S FOUNR IN FXPANDPEN SEARGH RECTANGLF
TRIGKT =

20.00

1.9789E+01

7EROS FO!'ND IN EXPAKNNED SEARCH RECTANGLF
TRIGFT =

22400

7EROS FOUND IN EXPANNEN SEARCH RECTANGLE

TRIGHT = 24,00

= 2.3103F+01
RECTANGLE

TRIGHTY = 26.00
RECTANGLF

TRIGHFT = 28,00
RECTANGLEF

188
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PFFINED RY

TECT = N.0C

1.6917E+00

PEFINEp BY

TRCT = n.oc

2.2808E+00

CEFINFD BY

TRCT = N.00

DEFINED RY

T8CT = n.0C

2.6178€+00

NEFINED RY

TRCT = 0.00

NFFINEL RY

T:CT = n,00

CEFINED RY

TTCP

TTCP

TICP

TTCP

TTCR
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YLEFT = 28.00 TRIGHT = 30.00 TECT = .00 TICP =
L?
o 7FROS FOIIND IN EXPANNED SEARCH RECTANGLF TEFINED RY
= YLEFT = 30,00 TRIGKT = 32,90 TRCY N.00 TTCP =
1
i ZFROS FO!NR IN EXPANDEDN SEARCH RECTANGLFE TEFINEN RY
N TLEFT =  32.00 TRIGKT = 34,00 TECT = 0.00 TTCP =
S
X
SPLUTIONS OF THEE MODAL ECLATION
- C1i¢ 1) = =4,2082E+00 2.2410E-09 THETA( 1) = 3.2552E-13
& C11( 2) = =2,5895E+00 4,6858E~07 THETA( 2) = €. 8669E-11
Z C11¢( J) = =1+3124E+00 8.8007E-06 THETA({ J) = 1.29R0E=09
C11( 4) = ~1.4630E=-01 3.92%2E=05 TEETA( 4) = S.2317E-09
€11t S) = 1.0946E+00 1.5815FE=04 THETA( §) = 2.3668E=p8
€11t &) = 2.4514E+00 3.6817E=03 THETA( 6) = 5.5526E-07
et M) = 3.8044E+00 5.,8611E=02 THETA( 7) = 8.5105E=p6
o1t 8) = %.2077E+00 2.9019F=01 THETA( 8) = 4,451%€~05
ey Q1t( 9N = 7.0447E+00 6.3%569F=01 THETA( 9) = S .AS64E=0S
3 e1t( 101 = 9.1272E€400 9.780%5E~-01 THETA( 10) = 1.5364E=04
3 O011¢ 11y = 1.1421F+01 1.3358F+00 THETA( 11) = 2.,12¢7€=04
O11¢ 12) = 1.3989E+01 1.6259E+00 THETA( 12) = 2.6368E=04
011t 1) = 1.679%5E+01 1.9917€+00 THETA( 13) = 3.2932E~04
; C11t 14) = 1.9780F4+01 2.2808E+00 THETA( 14) = 3.8532E=04
i 11t 15) = 2.3103E+01 2.6178E+Q0 THETA( 15) = 4.,5343E=04
ﬁ FIELD STRENGTH RELATIVE TO FREE SPACE VALUE
é RANGE ZXMTR FRCVR CONERENT INCOHERENY HORTZON
= (XM) (™) (M) MODE SUwv MODE SUWV DISTANCE
(nR) (") (KM)
a
. 185,32 30.480 0.000 -68.7303 ~57.8077 22,77
185,32 30.480 2.000 ~19.65%A -8,7228 28,60
g 165,32 30.480 4,000 =-13.7076 “2,7435% 31.02
k3
v 189
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2.67
2.64
2463
2.61
2.5%59
2.57
2055
2.%3
2.%0
2.47
2.43
2.39
2.34
2.29
2.24
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185,32
185.32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185.32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185.32
185.32
185,32
185,32
18%5.32
185,32
185,32
185,32
185,32
185,32
185.32
185,32
185,32
185,32
185,32
185,32
185.32
185.32
185.32
185,32
185.32
185,32
185,32
185,32
185,32
185,32

30.480
30.4R0
30.480
30.480
30,480
30,480
30.480
30,480
30.48¢0
30,480
30.480
30.440
30,480
30.480
30.480
30.480
30.480
30.480
30,480
30,480
30.480
30,480
30.48G
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.48¢
30.480
30.480
30.480
30.48¢0
30.480
30,480
30.480
30.480
30.480
30.48¢0
30.480
30.480
30.480
30.480
30.480
30.480
30,480
30.480
30.480
30.480

6.000
8.000
10.000
12.000
14.000
16.000
18.000
20.000
22.000
24.000
26.000
28,000
30.000
32.000
34.000
36.000
38.000
40.0010
42.000
44,000
46.000
48,000
50.000
52.000
54.000
56.000
58,000
60.000
62.000
64.000
66.000
66.000
70.000
72.000
74.000
76.000
78.000
80.000
82.000
84.000
86,000
88.000
90.000
92.000
94.000
96.000
98.000
100.000
1020000
104.000
106,000
108.000
110.000
112.000
114,000

=10.29€A
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-7.9531
=6.2162
-4.881‘5
-3.8410
-3.0307
-2.4008
=1.9%10
=1.634R
=1.44€6
=1.3746
=144074
=-1.%330
=]1.7360
=1.99%1
-2.?790
=2.5512
=2.7582
-2.8472
=2.77%7
=2.52€4
«2.1143
-1.5787
=0.9676
-0.3243
0.3167
0.93%2
1.%183
2.0600
2.5587
3.01%3
J.4318
3.2103
4.1528
4.,4602
4.7322
4.9672
5.1623
S5.3132
5.4143
5.4590
5.4396
5.3476
S«1737
4.9079
4.5401
4.0608
J.4633
27492
1.9365
1.09€1
0.3532
=0.0739
0.0218
0.6666

0.7162
J.13€1
4.,9676
6.4164
7.5964
8,5726
9,3R02
10,0503
10.6n24
11.0506
11.4Nn€4
11.6771
11.8663
1{.9882
12.0383
12.0234
11,947
11.814])
11.6282
11.39%7
11.1233
10.8204
10,4984
10.1718
9.8%62
9.,570%
9.3314
9.1532
9.0440
9.0042
9.026¢
9.0078
9.2011
9.3163
9.436¢
9.536¢
9.6193
9.6680
9.6821
9.6604
9.6039
9.5161
9.4021
9,269
9.1263
8.9828
8.8487
8.7331
8.5827
8.5528
8.5%03
8.5693
8.6n20
8.63%8

32.87
34.43
35,81
37.06
Ja.20
39.27
40,27
41.21
d42.11

42.97
43.80
44,59
45,36
d6.10
46,82
47.51

48,19
48,85
49.50
S50.13
50.74
51.34
51.93
52.51
53.07
§3.63
S4.18
54.71

55.24
55.76
56.27
56,78
57.27
57.76
53.25
58.72
59.19
59.66
60.11

60.57
61.01

61.46
61.89
62.33
62.75
63.18
63.60
§4.01
64,42
64.83
65.23
65.63
66.02
66.41
66.80

N




185,32
188,32
185,32
185,32
183,32
185,32
185,32
18%,32
18S.32
185,32
185,32
185,32
185,32
185,32
185.32
185,32
188,32
185,32
185.32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185.32
185,32
188,32
185,32
185,32
185,32
185,32
188,32
188,32
185,32
185,32
185,32
188,32
185,32
185,32
188,32
185,32
185,32
185,32
105,32
185,32
185,32
185,32
185,32
188,32
185,32

30.480
30,480
30,480
30,480
30,480
30.480
30,480
30.4480
30,480
30,440
30,480
30.480
30,480
30,480
30.480
30.480
30.480
30.480
30,480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30,480
30.480
30.480
30.480
30.480
30,480
30,480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30,480
30.480
30.480
30.480
30.480
J0.480
30.480
30.480
J0.480
30,480
30.480
30.480
30.480
30.480

116.000
118.000
120,000
122.000
124,000
126,000
128.000
130.000
132.000
134.000
136.000
138.000
140.000
142.000
144,000
146.000
148.000
150.000
1524000
154,000
156.000
158.000
160.000
162.000
164,000
166.000
168.000
170.000
172.000
174.000
176.000
178.000
180,000
182.000
184.000
186.000
188,000
190.000
192.000
194.000
196.000
198.000
200.000
202.000
204.000
206.000
208.000
210.000
212.000
214.000
216,000
218.000
220.000
222.000
224.000

1.6773
2.8228
J.9438
4.9591
5.8347
6.5%94
741312
7.5%08
7.8178
749315
7.8879
7.6802
7.2993
6.7340
5.9749
5.0246
J.9254
2.8227
2.0505
2.0454
2.9106
4.27¢7
5.7394
7.0905
8.2566
9.2248
10.0009
10.5953
11.0168
11.2720
11.3637
11.2919
11.0534
10.6430
10.0548
9.2906
8.3716
7.3596
6.4019
5.7635
$.7329
6.3683
7.43%6
8.6476
9.8260
10.8939
11.8288
12.6314
13.3109
13.8707
14,34¢3
14.7239
1S.0208
15.2449
15.4035

8.674%
8,696}
8.7081
8.6984
8.668¢
8.619¢
8,.5544
8.4774
8.394¢
8,3123
8.2372
8.1751
8.1301
8.,1044
8.097¢
8.1071
8.1282
8.15%7
8.1R34
8.20%¢
8.218¢
8.2184
8.2040
8.17%1
8.1337
8,0R24
8.02%3
7.9667
7.9109
7.861¢€
7.8213
77909
7.769¢%
7.75€1
77467
7.741¢
77441
7.75¢6¢
7.7822
7.8220
7.877%
7.9464
8.0383
8.1439
8.26%6%
8.4032
8.554¢
8.7193
8.8949
9.079€
9.2713
9.467%
9.66%58
9.863%
10.0577

67.19
67.57
67.95
68,32
68,69
69,06
69.43
69.79
70415
70.51
70.86
71.22
71.57
71.91
72.26
72.60
72.94
73.61
73.9%5
74,28
74.61
74.94
75.26
75.58
75.90
76.22
76,54
76.86
77.17
77.48
77.79
78.10
78.41
78.71
79.01
79,32
79.62
79.91
80.21
80.51
80.80
81.09
81.38
81.67
81.96
82,2%
82.53
82.82
83.10
83,.3¢e
83.66
83,94
84.22
84.49
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185,32 226.000 15,5028 10.2458 84,77
185,32 30.480 228.000 15.5482 10.42%0 85,04
185,32 30,480 230.000 15.5448 10.5928 as,31 -
185,32 30,480 232.000 15.4969 10,7468 8%5.59 :;
185.32 30.480 234,000 15.4085% 10,8246 85.86 e
185,32 30.480 236.000 15.2831 11.0044 86.12
185,32 30.480 238,000 15.1240 11.1042 86.39 .
185,32 30.480 240.000 14.9340 11.182% 86,66 -
185,32 30.480 242,000 14,7157 11.2380 86.93 -a
185,32 30.480 244.000 14.4714 11,2685 87.19
185,32 30,480 246.01) 14.2030 11.2762 az.45% -
188,32 30,480 248.000 13.9125 11.2573 87,72 R
185,32 30.480 2%50.000 13.6012 11.2123 ar.98 o
188,32 30.480 252.000 13.2705 11.1408 88,74
185,32 30,480 254,000 12.9217 11.0426 28.5%0
105,32 30.480 256.000 12.55%56 10.917% 88.75% o
168,32 30.480 258,000 12.1732 10,7657 89.01 =
108,32 30.480 260.000 11.7751 10.5872 89.27
185,32 30.480 262,000 11.3621 10,3823 89,52
188,32 30.480 264,000 10.9348 10,1512 89,78
185,32 30,480 266.000 10.4938 9.8044 90,03
168,32 30.480 268.000 10.0396 9.6123 90.28
188,32 30.480 270.000 9.5730 9.3056 90.54 :
183,32 30,480 272.000 9.0947 8.9748 90.79 o=
108,32 30.480 274,000 8.60%55 8,6207 91.04 b
188,32 30.480 276.000 8.1063 8,2441 91.28
108,32 30,480 278.000 7.5984 7.8460 91.53
103,32 30,480 280.000 7.0830 7.427% 91.78
188,32 30.480 282.000 6.5616 6.9898 92.02
108,32 30,480 284.000 6.0360 6.,5343 92.27
108,32 30,480 206.000 5.%5083 6.0627 92,81 “
188,32 30.480 288.000 4.,9808 5.5769 92.76 3
108,32 30.480 290.000 4.4%562 S5.0791 83.00 -
189,32 30.480 292.000 3.9376 4.5719 93.24
188,32 30,480 294.000 3.4283 4.0583 93.48 N
188,32 30.480 296,000 2.9322 3.5412 93.72 =
168,32 30.400 296.000 2.4538 3.0268 93.96 -
108,32 30.480 300.000 1.9977 2.5180 94.20
105,32 30.480 302.000 1.5692 2.0214 94,44 2
185,32 30,4080 304.000 1.1743 1.5434 94,608 o
188,32 30,480 306.000 0.8187 1.0913 94,91 )
188,32 30.480 308.000 0.5038 0.6678 95.15
188,32 30.480 310.000 0.22%S 0.2716 3,38 -
108,32 30.480 312.000 “0.0186 =D.0987 95,62 o
183,32 30.480 314.000 =D.2324 “0.4448 3,89
105,32 30.480 316.000 ~0.4191 =-0.7674 96.08
185,32 30.480 318.000 =0.5820 -1.0689 96,31 -
188,32 30.480 320.000 “0.7240 =1.3504 96.%4
108,32 30.480 322.000 “0.8478 -1,6134 96,77 .
188,32 30.480 324.000 -0.95%59 =1.8591 97.00
188,32 30.480 326.000 «1.0504 =2.,0890 97.23 AR
185,32 30.400 328,000 -1.1333 =2.3042 97,46 L
188,32 30.480 330.000 =1,2063 =2.5088 97,69
165,32 30,480 332.000 =1+2708 =2.6980 97.91
168,32 334.000 11,3282 -2.,8720 90.14
o
192 P
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185,32
185,32
185,32
189,32
188,32
105,32
188,32
185,32
188,32
185,32
185,32
188,32
188,32
188,32
185,32
185.32
105,32
185,32
109,32
188,32
108,32
185,32
185,32
188,32
185,32
188,32
188,32
188,32
185,32

108,32

188,32
185.32
108,32
185,32
185,32
185,32
188,32
188,32
185,32
188,32
188,32
108,32
185,32
188,32
185,32
188,32
185,32
188,32
185,32
185.32
185,32
165,32
188,32
165,32
108,32

30.480
30.480
30,480
30,480
30.480
30,480
30,480
30,480
30.480
30.480
J0.480
30.480
J0.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30.480
30,480
30,480
30,480
30.480
30,480
30,4680
30.480
30.480
30.480
30.480
30.480
30.480
30.480
Jo.480
30.480
30.480
30,480
30.48¢
30.480
30.480
30.480
30.480
30.480
J0.480
30,480
30,480
30.480
30,480
30,480
J0.480
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336.000
338,000
340,000
342,000
J344.000
346,000
348,000
3%0.000
352.000
354.000
386,000
358,000
360.000
362.000
364,000
366,000
368,000
370.000
372.000
374,000
376.000
378,000
380.000
J82.000
384.000
386,000
388,000
390.000
392.000
394.000
396.000
398.000
400.000
402.000
404,000
406.000
408,000
410.000
412.000
414,000
416,000
418.000
420.000
422.000
424,000
426.000
428.000
430.000
432,000
434,000
436,000
438,000
440.000
442.000
444,000

‘103794
=-1.42%4
-1.4671
-1.50%1
-1.5‘01
-1.5724
-'.6026
=1.6300
'106576
-1.6835
-‘-708‘
=1.7319
-1.7551
=1.7778
-1.8000
-1.8220
‘108‘30
-1.86%4
‘10°°69
“1.9084
-1.9299
=1.9514
-‘0073‘
-1.9948
=2.0166
=2.0387
-2.0608
=-2.0832
-2.10%7
-2.1284
-2.1513
-2017“
21977
=2.2212
202449
=2.2686
=2.2928
=2.3171
-2.3‘17
-2.3664
‘2.39]‘
-2.4166
=2.4419
=2.,4675
=2.,4933
-205‘92
=2.%54%4
=2.5717
=2.5983
-2.6250
'20‘520
-2067'1
-2.7065
'2.73‘0
=2.7617

T W WY T I AT v et oy e
. . . - .

=3.0399 08,37
-3.1974 08.59
-3.3459 98,81
-304862 99.0‘ b
-306190 99.26 :
-3.7447 99,48
-3.8640 99.70
-3.9773 99.92
-4,0A5] 100.14 e
~4.1A78 100.36 =
-4 ,2A%5¢ 100,52 R 4
=4,3763 100.80 ‘ﬂé
~4.4608 101.02 4
~4.5548 101.24 3
-4,63€6 101.45 o
~4.71%8 101,67 3
-4,7912 101.88
-‘086‘0 102010
-4.,9341 102,31
-5,0017 102,53 o
~5,0669 102.74 Y
-5.1298 102,95 T
=5.1906 103.16 .
=5,2494 103.3¥7
=5.3063 103.58
-5.3614 103.80
-5.4148 104,00
~5,4666 104.21
=5.5169 104.42
~5.5658 104,63
=5.613) 104,84
-5.65%4 105.04
=5.7043 108,25
-~5.74819 105.46
-5.7907 105.66
=5.8320 1035.87
-5.872% 106,07
=5.9120 106.28
=5.9508 106,48
=5.9881 106.68
=~6,0249 106.88
=6.,0608 107.09
=6.09%5¢ 107.29
'601302 107.‘9
“6.1638 107.69
-6.,1967 107.89
-6,2288 108.09
=6.2603 108.29
=~6,2912 108,49
=6.3214 108.69
=6.,3510 108.88
=-6.3801 109.08
~6,4086 109.28
=6.,436% 109.47
-6,4640 109.67
o A O SR S R O IR
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185,32
185,32
185.32
185.32
185,32
185,32
185,32
185,32
185.32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
188,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185,32
185.32
185,32
185,32
185.32
185,32
185,32
185.32
185,32
185.32
185,32
185,32
165,32
188,32
188,32

30.440
30.480
30.450
30,480
30,480
30.480
30,480
30.430
30.48¢
30,480
30,480
30.480
30,480
30,480
J0.480
30.480
30.480
30.480
J30.480
30.48¢
30.450
30.48¢
30.480
30.480
30.480
30.480
30.480
30.48¢
30.480
30.480
30.480
30.48q
30,480
30.48¢
30.480
30.480
30.480
30.48¢
30.480
3J0.48¢
30.480
30.48¢
30.480
30.480
30.48¢0
30.480
30.480
30.48¢
30.480
30.48¢
30.480
J0.480
30.480
30,480
30.480

446,000
448,000
450,000
452,000
454.000
456,000
458,000
460.000
462.000
464.000
466.000
468,000
470.000
472.000
474,000
476.000
478,000
480.000
482,000
484.000
486.000
488,000
490,000
492.009
494,000
496,000
498,000
$00.000
502.000
$04.000
$06.000
%08.000
$10.000
S12.000
S$14.000
516.000
518.000
520.000
$22.000
S24.000
$26.000
$28.000
530.000
$32.000
$534.000
536.000
$538.000
$40.000
542.000
544.000
$46.000
$48.000
$50.000
5%52.000
554.000

-2.7896
-2.8176
-2.84%9
-2.8743
=2.9030
‘2093‘3
°209607
=-2.9R69
‘3-019?
-3.043ﬂ
‘3.07’A
‘3010’3
-3.1382
=3.16R6
'3.1990
=-3.2295
'3.2603
‘302912
«343222
=-3.3535
‘3.38‘9
‘3"165
=-3J. 4482
‘3.‘801
=3.5122
=3.5445
-3.5769
-3.6084
=3.6422
=-3.67%0
=3.7081
‘3.7‘13
=3.7747
-3.8082
-3.8419
-3.6757
=3.9097
=3.9438
=3.9781
-4.012%
“00‘7!
-4,0818
~4.1167
=4.,1517
-4.1869
-4.2222
“4.,2%76
.‘62932
".32@9
.“36‘.
-‘.‘008
-4.4369
".‘73'
-4.5095
-4.5460

194

-6.4909
'6.5'73
-6-5‘33
-6.,5688
-6.5938
-6.6184
=6.642¢
-6.666‘
-H.6RGE
-6.7’2P
-6.7354
“6.757€
-6.,776%
'6.80‘1
6,822
-6.8432
-6.8638
-~6.,8840
-6.90‘0
=-6.923¢
=6.9430
-6.9621
=6.9406
-6.9964
-7.0'77
=7.03%7
=7.053¢%
=7.0710
-700683
‘7.1053
=7.1222
-7.1308
-701551
‘70‘7‘3
-7.1873
-702030
=7.2186
=7.2339
=7.24%1
=7.2640
'7.2788
=72934
=7.3078
‘703221
=7.3362
=7.3501
=7.3638
=7.3774
=7.3902
=7.404}
.7¢4172
=7 .4301
=7.4429
=7.45%¢
-704681

109.87
110,06
110.2%
110.45
110.64
110.R4
111,03
111.22
111.41
111.61
111.80
111.99
112.12#
112.37
112,56
112.7%
112.94
113,12
113.31
113.50
113.69
113.R7
114.06
114.2¢%
114,43
114,62
114.80
114,99
115.17
115.36
115.54
115.72
115.90
116.09
116.27
116.4%
116.63
116.81
116.99
117147
117.35
117.53
117.71
117.89
113.07
118.25%
113,43
118,60
118,78
113,96
119,14
119,31
119,49
119,66
119,84
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gﬂ 185,32 30.480 856,000 ~4.5826 -7.4%05 120.01 :

185,32 30.480 558,000 -4,6194 «7.4927 120.19 “
! 185,32 30.480 560,000 ~4,6563 =7.504$ 120.36 =
i 185,32 30,480 %562.000 ~4.6933 -7.516¢8 120.54
od 185,32 30.480 564,000 =4,7304 =7.5287 120.71
185,32 30,480 568,000 -4,8080 =7.5520 121.06
a0 165,32 30,486 570,000 -4.8424 ~7.5634 121.23
£ 105.32 ' 30.480 522.000 «-4,8800 7.,5748 121.40
185.3? 30.‘”0 57‘.000 "09177 ‘7.5'60 171.50
! 185,32 30.480 §76.000 -4 ,9555 =7.5971 121.7%
y 185,32 30.480 578.000 -4.9934 -7.6081 121.92 .
D 185,32 30.480 580.000 5.0314 -7.6189 122.09 o
185,32 30.480 %82.000 “5.0655 =7.6267 122.26 .-
185,32 30,480 584,000 «5.1077 =7.6403 122.43 4
S 185,32 30.480 586.000 ~5.1461 -7.6508 122.60 5
L 185.32 30,480 588.000 «5.1845 =7.6613 122.77
185.32 30.‘60 590.000 ‘5.2230 -7.6716 12209‘
b 185,32 30,480 $92.000 =5.2616 =7.6R18 123.11 "
:Q 105,32 30.480 594,000 -5.,3003 =7.6916 123,28 :t
- 185,32 30.480 596.000 ~5.3391 “7.7016 123.45% .
185,32 30.480 398,000 =5.3780 -7.7118 123.62 .
by ‘05.32 SOQ‘GO 600.000 ~5.41€9 -707216 t23.79 :n
§ 185,32 30,480 €¢02.000 «5.4560 =7.7313 123.96 -
. 185,32 30,480 604,000 -5,49%1 =7.7409 124.13 w
185,32 30.480 606,000 «5.,5343 =7.7504 124,29 :
Py ‘05932 30,480 608,000 =5.%2736 '7.75’9 124,46
gi 185,32 30.480 610,000 «5.6130 =7.7692 124.63
o - 185,32 30.480 612.000 =5.,652% =7.7784 124,79
185,32 30.480 614,000 =5.6920 =7.7878 124,96 »
185,32 30.480 616.000 =5.7316 =7.7966 12%.13 -
185,32 30.480 618,000 =5.7713 -7.80%6 128.29
105,32 30.48¢0 620,000 -5.8110 =7.8148 125,46
1 185,32 30,480 622.000 -5.8509 «7.8233 128,62 :
ih 188,32 30.480 624,000 ~5.8907 =7.8320 128.79 .
o 185,32 30.480 626,000 ~5.9307 =7.8407 125,95 N
- 188,32 30.480 628.000 =5.9707 «7.8492 126.12 .
185,32 30.480 630.000 «6.0107 =7.8577 126.28 ;-
185,32 30.480 632.000 «6.0509 -7.86¢€1 126.43 H
Lo 188,32 30.480 634.000 «6.0911 =7.8744 126.61 .
a 188,32 30.480 636.000 «6.1313 =7.8R26 126.78 3
i 105.32 30.‘00 638.000 '6.1716 '7.69°e 12609‘ e
“5032 30.‘30 6‘0.000 -6.2119 -7.8989 127010 )
185,32 30.480 642.000 ~6.2523 =7.9069 127.26 :
108,32 30.480 644,000 -6.2928 =7.9148 127 .43 -
"50’2 30.‘00 6‘6.000 -603333 '7.9227 127.59 [
or 188,32 30,480 648,000 -6.3738 =7.930% 127.7% -
gﬁ 185.32 30.‘60 650.000 -6.“‘4 -7.9382 127.9‘
o 168,32 30.480 652.000 ~6.4%50 =7.94%$ 128,08 .
105.32 30.‘00 654,000 «6,4957 -709535 ‘20.2‘ T
5 185,32 30.480 656.000 -6.5364 ~7.9610 128,40 -
A 188,32 30.480 658.000 -6.8772 =7.9684 128,56
108,32 30.480 €60.000 =6.6180 =7.9758 128.72
188,32 30,480 662,000 =-6,6588 =7.9831 128.88
168,32 30.480 664,000 66996 =7.9904 129.04
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185.32
185,32
185,32
185,32
185,32
185,32
185.32
185,32
185,32
185,32
185,32
185,32
183,32
185,32
185,32
185,32
188,32
185,32
185,32
185,32
185,32
185,32
185,32
188,32
183,32
185,32
185,32
168,32
185,32
185,32
188,32
185.32
185,32
188,32
185,32
185.32
185.32
188,32
185,32
185.32
185,32
188,32
185,32
188.32
185,32
188,32
165,32
188.32
188,32
188,32
185,32
188,32
185,32
185,32
188,32
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30.480
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11. REMARKS

XWVG has been run for cases involving over 50 different trilinear modi-
fied refractivity profiles and for frequencies between 50 MHz and 94 GHz.
In some of these cases modes with attenuation rates up to 3 dB/km were found.
In every case XWVG ran without problems. XWVG works reliably in the diffrac-
tion region and well into the line-of-sight region. The results of XWVG were
compared to results from other waveguide programs in the diffraction region
and to results from a ray trace program in the line-of-sight region. The
comparison was very good in the diffraction region and well into the line-

of-sight region.

For elevated layers XWVG's strength is in the frequency range of 50 to
several hundred MHz. Here the diffraction type modes have attenuation rates
as low as a few tenths of a dB per kilometer and could therefore affect the
signal level value. XWVG easily finds these diffraction type modes while
"G trace" type waveguide programs [6] may miss them. Also, for these
frequencies the number of modes with attenuation rates below, for example,
1 dB/km is small. The region of the complex qll-plane that has to be
searched for these modes is also small. Therefore, the computer time
required by XWVG is not excessively long. At higher frequencies the
number of modes below a given attenuation rate increases. This increase
in the number of modes comes with an increase in the region of the com-
plex qll-plane that has to be searched for modes. Therefore, the computer
run time of XWVG increases, sometimes dramatically. At these higher
frequencies the attenuation rate of the diffraction type modes increases,
so the fact that G-trace type waveguide programs may fail to find them is
no longer significant. In a sense XWVG is complementary to the G-trace

type program of Pappert and Goodhart [6].

A major improvement to XWVG that is contemplated is the capability to
handle modified refractivity profiles that have N linear segments, where N is
a moderate sized number, e.g., 20. In order to do this, use will be made of
an improved method for evaluating the derivative of a determinant {37, 38].
This extension of the capabilities of XWVG will be especially useful for

multisegment evaporation duct models. It will also allow modeling of

evaporation ducts in combination with elevated ducts. Since XWVG uses the
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Shellman-Morfitt root-finding routine, all the modes with an attenuation rate
less than some specified value are guaranteed to be found. This guarantee is

something that multilayer extensions of the G-trace type program cannot give.
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