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ABSTRACT
Let X],...,Xk have a joint k-variate normal distribution with zero

means, common unknown variance 02 and known correlation matrix (pij), where

pij= p for all i # j. Let s2

that vsz/o2 has a chi-squared distribution with v degrees of freedom. New

be distributed independently of the X, such

tables with wider coverage and more accuracy that the previously published
X.
ones are given for the percentage points of Y = max —%. Some basic
1<i<k
theoretical results are given in Section 2. The next section describes
HYartley's results for approximating the distribution function of Y. Besides
a brief review of existing tables (Section 4), the paper discusses the

construction of new tables based on Hartley's results (Section 5) and some

specific applications (Section 6).

Key words and phrases: Normal variables; Equicorrelated; Studentized;
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1. INTRODUCTION

Let X ..,X, have a joint k-variate normal distribution with zero

1 k
means, a common unknown variance 02 and a known correlation matrix

Q= (pij). Also, Tet s2 be a random variable independent of the Xi’s
such that v52/02 has a chi-square distribution with v degrees of freedom.
Then the joint distribution of t]’t2""’tk’ where t; = Xi/s, is a
(central) multivariate t distribution which has the density (see Cornish

{2] or Dunnett and Sobel [4])

52
(1.1)  a(ty,...,t,) = Mf—{%ﬁw [+ 1 a..t.t.]

! K M er(ure) v § § A
where A = (aij) =g,

We are interested in the distribution of

max Xi
(1.2) Y = max t, = <

0f course, the percentage points of the distribution of Y are the same as
the corresponding equi-percentage points of the k-variate t distribution
in (1.1). These percentage points are needed in several problems of

statistical inference such as tests for the multiple comparisons of means

(or mean vectors) against one-sided alternatives under a general analysis

*This research was supported by the Office of Naval Research Contract
N0O0014-75-C-0455 at Purdue University. Reproduction in whole or in part
is permitted for any purpose of the United States Government.




of variance (or multivariate analysis of variance) model, simultaneous
confidence intervals for multiple comparisons between several treatment
means and a control mean, and selection and ranking procedures for selecting
the best population and for selecting populations that are better than a
control. So it is not surprising that several authors have provided tables
of the percentage points of the distribution of Y. These tables differ
with respect to the ranges of the various parameters, the accuracy of the
values, the probability levels chosen, and the numerical methods employed
in constructing these tables.

Besides providing new tables of these percentage points with wider
coverage and more accuracy, our emphasis in this paper is on Hartley's
method of approximating pr{Y < y} by a series in which the leading term
corresponds to the case of v = = (02 known) and the successive terms are
in powers of v—1. Hartley [11] obtained this as the solution of a certain
differential-difference equation. His method is found very useful; however,
no published tables of the percentage points of Y until now were based on
this method.

In this paper, we discuss some basic theoretical results (Section 2)
and Hartley's results with an additional correction term (Section 3). Besides
reviewing briefly the existing tables (Section 4), we discuss the construction

of the new tables (Section 5), and some specific applications (Section 6).

2. BASIC THEORETICAL RESULTS
In considering the distribution of Y we assume without loss of
generality that o = 1. Further, we only consider the case where Pij =0 >0
for all i # j. In this case, it is well-known (Dunnett and Sobel [4]) that

the random variables X]’XZ"”’xk can be generated from k+1 independent standard




normal variables ZO’Zl”"’Zk by setting

(2.1) X, = (1-9)521. s B2, im0k

0’
Using this representation, we can write the distribution function
Fk(w; o) of W= max X; in the form

(2.2)  Flws o) = fm«»"["—*"—zfg] o(t)dt

- -p

where ,(-) and ¢(-) denote the density and the cdf of a standard normal
variate. By a similar argument, the distribution function Gk V(y; )

of Y is given by

@ o 1
<
(2.3) 6 (ys o) = [ [T LR(t)h (u)dt du
’ 0 -= (1-0)*
where hv(-) is the density function of s. In the sequel, unless the
context demands us to be more specific, we will simply write Gv(y) and
F(y) instead of Gy v(y; o) and Fk(y; p), respectively. It is a well-known
fact that lim Gv(y) = F(y).
Yo

The moments of Y can be written as a product of two expectations.

tet Z[k] = max(Z],...,Zk). For r < v,

(2.4)  EDY"] = E[sTVDEL(/T=5 Zpyq - v Zp)")

[r/2] AR
Ay 1 (5 -S% (1-0) 7 a

ok k,r-2j°

where [r/2] is the largest integer less than or equal to r/2, LI is the

ith moment of the largest of k independent standard normal variables, and

(52)
(2.5) AB = E[SB] = —TT§7?——§f, B > = v.
( ) T(z)

2




3. HARTLEY'S METHOD

Hartley [11] considers the statistic U = W/S, where W has a distribution
involving a scale parameter o, S is independent of W, and 52/02 has a chi-
square distribution with v degrees of freedom. In our problem, W = max Xi
and S = /v s. We have taken o = 1 without loss of generality. Thus
Y = /v U. Let HV denote the distribution function of U. It has been shown

by Hartley that
't (3.1)  u S H (W) = WH () - H ()]

dartley's method of solving the differential-difference equation {3.1) can
be described briefly as follows.

Regarding the degrees of freedom v as a continuous second variable taking
on positive values, we seek a function H(v,u) of two variables for which

(3.2) o U)o Srie2,u) - H(v,u)T = 0

U
and

(3.3) Tim H(v,u) = F(u).

Voo
Equation (3.2) is now converted into a partial differential equation by
expanding the finite difference in a Taylor series. Taking the expansion

with two more additional terms than Hartley did, we get

2 3 4 5 6
H aH 3°H , 4 aH L 23H , 4 3°H 4 3Hy._
(B4 ugy-v2Hr2 53343 TP 5t el O
v v v v v

where the arguments of H are u and v, and those of H are u and some mean
value between v and v+2. By introducing as new variables y = log u and

x = log v, the partial differential equation (3.4) is transformed into




5
(3.5) M _ M. 23"‘(32H _oHy 8 e-2x(33H 3 22 s My
oy X ax2 3xX 3 ax3 axz X
4 3 2
2 -3x;3H 3 H 2 H oH
e -625 45 -6) +
3 ax* ax X 9X
5 4 3 2
4 -4x,57H 9 H 9°H 3 H oH
e (——5 - 10 S5 + 35 =% -50 — + 24 =—) +
T5 ax X ax X ax
6~ 55 4- 3-
4 -5x,3 H 3 H 37H
{ - 15 + 85 - 225 +
AR A e A A

where the arguments of H are y and x, and those of H are y and some
mean value between x and log(e* + 2).

Hartley obtains an approximate solution to (3.5) for large and
moderate values of x with the help of an iterative process. When x » ~,
the equation (3.5) tends to the limiting form %g - %%- = 0 to which
Hartley obtains the solution Ho(x,y) = F(ey+§x). This provides the first
approximation. Expressed in terms of u and v, H0 depends on vv u. This
means that, for large v, Gv(u) = Hv(;%) is equal to F(u) to a first
approximation (which is independent of v). Successive closer approximations
are obtained by Hartley iteratively. His method of solving the non-homogeneous
partial differential equation %g-- 2 %% = y(y,x) uses the theory of
characteristics. For details of the steps from this point on, we refer to
Hartley's paper. We will just give here the results of Hartley for the
three correction terms involving v-], v'z, and v'3, and add a fourth term
involving v_q which is derived by carrying out one more iteration. The

details of derivation are not given here.

Let




m
(3.6) Gy m{¥) = F(y) + _Z]Li(y)
‘|=

where Li is the ith correction term. Also, let F(J)(y) denote the jth
order derivative of F(y) w.r.t. y. Then the first four correction terms

can be written as

L) =1 (®
L2(y) = 857'[3a(4)-]0u(3) + Qa(z)-ZQ(])Js

(3.7 Lyly) = 813-[a(6)-7a(5) + 17a(9.17,03) 46,0204

L4(¥) = *—l—ﬁ'flsa(a) - ]80a(7) + 830&‘6) -
360v

18480 5) + 20150 () - 900 (3) 4 50,(2) , a8, (17,

where

L0y, 5,
2

sy =y iy,

@y) = y2Dy) y FDqy),

6" (y)

9(3)(y) y3F(3)(y) + ByZF(Z)(y) +y F(])(y),

¢(4)(y) = y4F(4)(y) + 6y3F(3)(y) + 7y2F(2)(y) ty F(])(y),

(3.8) o3 (y) = ySEB)(y) 4+ 1048 (y) 4 25, 3(3) )

15y 262 (y) g (M,

6O 0y) = OF O (y) 4 15,555 1) 4 6sy8(8) )
90y3F(3)(y) + 31y2F(2)(y) ty F(')(y),
¢(7)(y) = y7F(7)(y) + ZlyGF(G)(y) + 140y5F(5)(y) +

350y "D (y) + 301y (y) + 632D () 4y 1Dy,




+8(y) = BB (y) + 28y7F T (y) + 26608 O)(y) +
(3.8 1050y°F(5) (y) + 1701y%F (D (y) +
cont.) 2.(2) 1
966y3F(3)(y) + 127y F{ (y) +y FF ' (y).

The correction term L3(y) given without the details of derivation by
Hartley in terms of the ¢(j) is found to be in error; stated in terms
of the «\3), his coefficient of o{3) is -22/3 instead of -17.

Now, it is easy to see that

(B)roy = 1 [ Lkelotty
(3.9) F (y) = pj/z :[m‘b [ ;1___p]Hj(t)C?(t)dta

where Hj(t) js the Hermite polynomial in t of degree j. Thus the
evaluation of Gv,m(y) in (3.6) involves the evaluation of the integral
in (3.9) for j = 0,1,...,8.

Before we discuss the details of our numerical evaluation of the
percentage points of the distribution of Y by using the approximation
Gv’m(y) to its distribution function Gv(y), we will give a brief account

of the existing tables.

4, EXISTING TABLES: BRIEF ACCOUNT
As we noted earlier, several authors have discussed the distribution
of Y and have provided relevant tables. We give a brief description of
these tables.
Tables in the case of v = » (i.e. the percentiles of W) have been

given by Bechhofer [1], Gupta [6], Gupta, Nagel and Panchapakesan [8],

and Milton [14]. Bechhofer's table gives several percentage points (ranging

from 5% to 99.95%) to four decimal places for k = 1{1)9 and o = 0.5.
Gupta [6] has tabulated the 75, 90, 95, 97.5, and 99 percentage points to

three decimal places for o = 0.5 and k = 1(1)50. Gupta [6] has also given




the values of Fk(w; p) to five decimal places for k = 1(1)12, w = -3.5(0.1)3.5
and seventeen selected values of p ranging from 0.1 to 0.9. The values of
Fk(w; p) have also been provided by Milton [14] to eight decimal places for
p = 0.5, k = 2(1)9(5)24, and w = 0.00(0.05)5.15. Finally, the table of
Gupta, Nagel and Panchapakesan [8] gives the 75, 90, 95, 97.5 and 99 percentage
noints for k = 1(1)10(2)50 and the seventeen values of p chosen by Gupta
6].

Percentage points of Y have been earlier tabulated by several authors.
Pillai and Ramachandran [15] have tabulated the 95 percent points to two

decimal places for o = 0, k = 1(1)8, and v = 3(1)10,12,14,15,16,18,20,24,30,

40,60,120 and =.

Dunnett and Sobel [4] have considered only the bivariate t (k=2) and
tabulated the percentage points (chree decimal places) as well as the
values of Gk’v(y) (five decimal places) for o = + 0.5 and
v = 1(1)30(3)60(15)120,150,300,600,~. Their table of the values of
Gk’v(y) covers y = 0.00(0.25)2.50(0.50)10.00 and the percentage levels
chosen for the other table are 50, 75, 90, 95 and 99.

Dunnett [3] and Gupta and Sobel [G] have considered the case of
p = 0.5 and k > 2. Dunnett's table gives the 95 and 99 percent points
to two decimal places for k = 1(1)9 and +» = 5(5)25 whereas in the
Gupta-Sobel table (correct to two decimal places) k = 2,5,10(1)16,18,20(5)
40,50; v = 15(1)20,24,30,36,40,48,60,80,100,120,360,~ and the percentage
levels are 75, 90, 95, 97.5, 99, 99.75, 99.9, and 99.95. Dunnett's method
is to numerically evaluate Gk,v(Y) for three successive values of y
differing by 0.1 such that the desired value of the probability level is

bracketed and then determine the percentage point by inverse interpolation.




The Gupta-Sobel table is for the percentage points of vZ Y and they use the

Cornish-Fisher expansion with four adjustment terms.
Krishnaiah and Armitage [13] have tabulated the 95 and 99 percent
points for k = 1{1)10, v = 5(1)35, and o = 0(0.1)0.9. They first evaluated

6, (y; o) in (2.3) for y = 0.1(0.20)6.1 for the different values of p, v,

kyv
and k using the 40-point Gauss-Hermite quadrature formula for the inner
integral and 48-point Gauss quadrature formula for the outer integral.

The required percentage points were then obtained by usirg cubic interpolation.

5. CONSTRUCTION OF THE NEW TABLE

The upper 100« percent point of the distribution of Y is denoted

by y* = y*la,k,v,n). Its numerical value is obtained as the solution of
(5.1) 6, m(¥) = T-a.

The secant method was used to findavalue of y such that

(5.2) (y)-1 +af <€

lG\),l’ﬂ

with ¢ = 10’8. This value of y satisfying (5.2) is our solution y;.

Now, the numerical evaluation of Gv,m(y) involves the evaluation of
the integrals F(j)(y) given by (3.9) for j = 0,1,...,8. This was accomplished
by using one of two different methods, labeled Method 1 and Method 2,
depending on the value of p; the only exception is when v = = in which case
Method 2 was used for all the selected values of p. Method 1 evaluates
F(j)(y) using the 60-point Gauss-Hermitequadrature formula. We will denoce

this numerically evaluated quantity by F(j)(y). To describe Method 2, letting

(5.3) A= oé(l-o)'i', B = (1-o)‘i,
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and changing the variable by the transformation u = At + By, we can write

(3.9) as

(5.0)  FD(y) = [ okupn (GRo(BY By 1 gy,

-0

The value of this integral is approximated by

. 9A+4B -
Fla)(yy = k u-By, (u-By,Byj 1
(5.5) F (y) = [9 ¢ (U)HJ( A )‘P( A )(A) A du.
and the integration was carried out by Gauss's method over intervals of
length D = 0.5 starting from -9 until 9A + 4B was included. Note that, for
convenience, the approximation for F(j)(y) is denoted by E(j)(y) for either
method. Whatever the method, E(J)(y) is evaluated as a sum of the form

ZF&J)(tQ; y). While evaluating the terms of this sum, we used the IMSL
2

subroutine for the values of the standard normal cdf. If the exponent in

2
-t°/2 .
e ° was less than -50 [i.e., 1tQ] > 10], the value of FﬁJ)(tg; y) was

taken to be zero because for the ranges of o and v in our table, the value

]0. Also, if the value of the standard

of the termwas not more than 10~
normal cdf involved in the expression was less than 10'5, then for k - 8,
the value of ng)(tl; y) was taken to be zero since the value was not more
than 10720 for all the o values of the table.

Now, Method 2 is more precise than Method 1; however, it is also
more expensive, the cost ratio being 6 to 1 in some extreme cases. In
order to decide on the method and the number of correction terms for the
range of selected values of o and v, some preliminary comparative studies
were made.

In the case of k = 19 and a = 0.01, we computed the percentage point

y* using both methods with m = 4 correction terms for v = 15 and 120.

The results were as follows.




1

Table 1. Upper 1% point of the distribution of Y

k=19, m=4

o v Method 1 Method 2
0.2 15 3.96044429 3.96044429
120 3.34250119 3.34250119

0.3 15 3.90335614 3.90335614
20 3.32690446 3. 32690446

0.5 15 3.78170980 3.78170981
120 3.26561715 3.26561715

0.6 15 3.70147425 3.70147458
120 3.21375097 3.21375094

0.7 15 3.59638560 3.61431834
120 3.14096412 3.14096740

Based on this comparison, Method 1 was used for p = 0.2(0.1)0.6, and
Method 2 for p = 0.7(0.1)0.9. In the same case (k = 19, o = 0.01), the
following table gives the percentage point y* for o = 0.1 using both methods

with 4 correction terms.

Table 2. Upper 1% point of the distribution of Y
k=19, m=4, p =0.1

v Method 1 Method 2
15 4.01116552 4.01119416
30 3.60648913 3.60658967
48 3.47577569 3.47577575
60 3.43358259 3.43358261

120 3.35129394 3.35129394

Based on this, it was decided to use, in the case of o = 0.1,Method 2
for v < 24 and Method 1 for v > 30.

To illustrate the difference between using three and four correction
terms, we give below the upper 1 percent point in the case of k = 17 and

o = 0.7 for v = 48, 60, and 120 using Method 2.
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Table 3. Upper 1% point of the distribution of Y
k =17, o = 0.7

v 3 terms 4 terms
48 2.94535892 2.94537526
60 2.92086206 2.92086933

120 2.87288348 2.87288399

For a high value of p, three terms seem to be quite adequate for v > 60.
For small values of p, we used three terms for v = 120 and four terms for

other selected values of p which are all less than or equal to 60.

We summarize below the ranges of p, k, v, and a for which the percentage
points of Y are given in Table 4 along with information regarding the method
(i.e.,Method 1or 2) and the number of correction terms (m) used. In Table 4,
it should be noted that P* = 1-u. The entries in the table are accurate to five

decimal places.

The coverage of Table 4

(i) o = 0.1; k = 1(1)9(2)19; « = 1-P* = 0.07,0.05,0.10,0.25

v Method m
15(1)20,24 2 4
30,36,48,60 ' 1 4
120, 1 3

(ii) o = 0.2(0.1)0.6; k = 1(1)9(2)19; o = 1-P* = 0.01,0.05,0.10,0.25; Method 1
v m
15(1)20,24,30,36,48,60 4
120, 3

(iii) o = 0.7(0.1)0.9; k = 1(1)9(2)15; o = 1-P* = 0.05,0.10; Method 2

v m
15,17,20,24,36 4
60,120,~ 3
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The entry in each case is the value of y* satisfying Gk V(y*,;) = P* = J-on,

where Gy v(y*,u) is given by (2.3).
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6. APPLICATIONS
In this section we discuss briefly some specific applications illustra-
ting the use of the tables. These applications relate to selection procedures,

multiple comparisons, prediction intervals and tests of hypotheses.

6.1 Selection procedures

Let n A be k independent normal populations with unknown

190+
MEANS 1iyse.eshys respectively, and common unknown variance 02. Gupta
[5], [7] proposed a procedure R, for selecting a nonempty subset from the
k populations so that the population associated with the largest by is
included in the selected subset (this event is called a correct selection

(CS)) with a probability at least equal to P* (1/k < P* < 1). Let

Yi = Xi’ i=1,...,k, be the means of samples of size n from these populations.
The rule R1 is: Select », if and only if Y. > max Y. - Ei, where 52 is the
i i =500
1<j<k /n

usual pooled estimator of 02 based on all the k samples such that \.»52/02
has a X2 distribution with v = k(n-1) degrees of freedom. The infimum of
PCS, the probability of a CS, occurs when My TeeeT oy for all values of :2 > 0:
Thus the value of d satisfying the probability requirement is given by
Gk_]’v(d/V7; 1/2) = P*. Therefore, d = v2 y*(1-P*,k-1,k(n-1),0.5).

Suppose the above k populations represent experimental categories and
they are compared with a control population 0 which is N(uo,oz) where ¥o
is unknown. Let Y0 = XO be the mean of a sample of size m from "9 The

pooled estimator s2 is now based on v = k(n-1)+(m-1) degrees of freedom.

Gupta and Sobel [10] proposed a rule R2 for selecting a subset of the k
experimental populations such that all populations better than the control
(i.e. those for which bz “0) are included in the selected subset with a

probability at least equal to P*. We propose a modified procedure R2
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Select =, if and only if Xi > XO - Ds /% + % , where D > 0 is to be determined
to satisfy the probability requirement. It is easy to show that the infimum

of PCS is equal to Gk,v(D; p) where p = n/(n+m). This gives D = y*{1-P*,k,v,0).

6.2 Multiple comparisons between k treatment means and a control mean

The problem of the simultaneous one-sided comparisons of the means of
k treatments with that of a control group has been discussed by Dunnett
[3]. Let X,,X

...,X be independent sample means based on m,n,...,n

k
independent observations from normal populations with unknown means
HgaHY e b respectively, and a common unknown variance 02. Let 52

be the usual pooled unbiased estimator of 02 based on v = k{n-1)+(m-1) degrees of
freedom such that v52/02 has a xz-distribution with v degrees of freedom. Then

a set of k exact one-sided (lower) 100y% simultaneous confidence intervals

for the differences g i=1,...,k, is given by

(21'7(0) = y*(]‘Yak,\)aO) 5/°n'1‘+ n i=1,...,k

where » = n/(n+m}.

6.3 Prediction intervals to contain all of k future means

Let Y],...,Yn be the n observations of a current sample from a normal

2 both unknown. Let V be the sample

population with mean u and variance o
mean and 52 be the usual unbiased estimator of 02 on v = n-1 degrees of

freedom. Let il""’xk be the (unknown) sample means of k additional future
independent samples each of size m. The Ri are independent of ¥ and s2. An ‘

exact lower simultaneous 100y% prediction interval for the sample means

i],...,ik is given by ¥ - y*(1-v,k,v,0)s /%-+ %, where p = m/(m+n).

el
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6.4 Test procedures for multiple comparisons

Krishnaiah [12] proposed test procedures for the multiple comparisons
of means (mean vectors) against one-sided alternatives under a general
analysis of variance (multivariate analysis of variance) model. Let us
consider k normal populations with unknown means Hysee sy and a common
unknown variance 02. Consider the problem of testing
Hi: E%P = 0 simultaneously against the respective alternatives
K ciu~0,1=1,...,9 (q < k), where ;' = (u],...,uk),
and the ¢, are kx1 vectors of known elements such that g%gi =1,

c. 1=0fori=1,...,q, and g%gj =y (~0) fori#j=1,...,q. Herel
denotes a column vector whose elements are unity. It is required that

q
pr{any Hi is rejected; N Hi} = .
i=1

Let Yi’ i=1,...,k, the sample means based on n independent observations

from each population and let 52 denote the usual pooled unbiased estimator

of 02 on . = k(n-1) degrees of freedom. Then, as a special case of the

procedure proposed by Krishnaiah [12], we use the procedure:
/n il

- >t
8

Reject H, (against K;) if t, =

where 7 = (VI,....Yk) and t(l satisfying the error restriction is given

H

y*(1-a,k,v,n).

by ta
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