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I.  INTRODUCTION

A substantial amount of research has been conducted on the stability of
the motion of spinning, liquid-filled containers. Areas of interest can be
quite diverse. Two such examples are: the geophysical problem of the motion
of the fluid core of the earth or the flight stability of a spin-stabilized
Viquid payload artillery projectile. Most experience in rotating liquid flows
is for cases where the rotational force is much larger than the viscous force,
i.e.,, high Reynolds number (Re) flows.* This paper deals with a series of
experiments that were conducted for 5 < Re < 12,000. This range of Re has
previously not been examined.

Stewartscn treated the stability of the motion of a liquid-filled topd
In this analysis, the inviscid Tiquid was assumed to be spinning as a quasi-
rigid body with the anqular velocity of the top. It was determined that the
yawing motion of the top could excite the natural frequencies of oscillation
of the liquid (the eigenfrequencies) and a moment due to the pressure distur-
bances within the liquid could destabilize the motion of the top. Wedemeyer?
incorporated viscosity into the Stewartson theory through the use of boundary
layer type corrections, and the Stewartson-Wedemeyer theory has compared
favorably with gyroscope experiments conducted by Karpovd Recent analyses by
Murphy* and by Gerber, et al, S represent more complete and rigorous models
than the Stewartson-Hedemeyer theory, but all of these treatments are still
Timited to "high Reynolds numbers" due to viscous corrections at the wails of
the container,

Raynolds wumbar is definad as a2h/v (where a is the radius of a oylindrioal

cavity, ¢ ts the spin, and v 1a the kingmatio viscosity of the liquid) and
ta phystaally the matio of the rotatiomal foree to the viscous force. This
dafinition te simply the tnvaerse of the Fkman number which i8 typileally
uged in analyess of rotating liquid flows.

1. K. Stewarteon, "On the Stabtility of a Spimning Top Containing Liquid, "
Journal of Fluid Meohanice, Vol. 5, 1959, pp. §577-593.

3. E. H. Wedemayer, "Vigcous Corrections to Stewartson's Stability Oritert-
on, " BRI Report No. 1325, June 1966 (AD 489687),

3. B. 6. Karpoy, "Liquid-Fillad Gyroscope: The Bffect of Reynolds Number on
Reaonance,  BRL Report No. 1302, Ootober 1965 (AD 479430).

4. Charles H. Murphy, "Angular Motion of a Spinning Projectile With a Vigoous
Liquid Payload, " BRL Memowandwum Report No. ARBRL-MR-0319¢, August 1982
(AD A118676).

5. Nathan Gerber and Raymond Sedney, "oment on a Liquid-Filled Spinning and
Nutating Projectile: Solid Bodu Rotatiom, " BRL Technical Report lNo.
ARBPL-TR-02470 (AD A125332),

e,
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Far Tow Reynolds number rotating flows, D'Amico and Miller observed large
yaw and despin moments® Miller conducted laboratory experiments using a
fixed precession angle spin fixture and determined despin moments over a wide
range of Reynclds number (Figure 1).7 The maximum despin moment is at Re =
10. D'Amico fired yawsonde-instrumented projectiles which produced rapid yaw
growth and violent despin histories for approximately that same Reynolds
number,82 3 This report describes a series of laboratory experiments where the
l1iquid~induced yaw moment was measured as a function of the yawing frequency
of a gyroscope. The spin of the gyroscope was held coastant (no despin mo-
ments will be reported), and the yawing motion of the gyroscope was less than
5 degrees. The Reynolds number range for these data are 5 < Re < 12,000,
Comparisons of liquid-induced yaw moment coefficients for flight and gyroscope
tests are made. Correlations for the liquid-induced yaw moment with perti-
nent dimensionless groups are made. Also, a lower bounds in Revnolds number
was tentatively established for the application of viscous corrected theories
such as Murphy" and Gerber, et als

11, LABORATORY GYROSCOPE
A. Simulation of a Spin-Stabilized Projectile With a Gyroscope

A freely gimballed gyroscope similar to that used by Karpov3d was used to
measured the yaw moments produced by a highly viscous, rotating liquid. A
short explanation of the dynamical behavior of the gyroscope will aid in the
interpretation of the test data and results. A spin-stabilized projectile
experiences a complicated angular motion during free-flight. Only certain
aspects of this free-flight motion will be simulated by the gyroscope. Murphy
has analyzed the motion of a spin-stabilized projectilel® For the case of a
projectile which does not contain a liquid and where the effects of drag are
neglacted, the angular motion is uescribed by

8. V. P. D'Amico and M. . Miller, "Flight Instability Produced by a Rapidly
Spinning, Highly Viecous Liquid, ' Jouwrnal_of Spacecraft and Rookete, Vol.
16, No. 1, January-Pebruary 1979, pp. 62-64.

7. Miles C. Millew, "Plight Instabilitiss of Spinning Projeotiles Having
Von-Rigid Payloads, " Jowrmal of Guidance Control and Dynamice, Vol. §,
March-April 1983, pp. 151-157.

de ¥. P. D'Amico, ¥. H. Clay, and A. Mark, "Diagnoatic Teste for Wick-Type
Payloads and H¥igh Viscoeity Liquide, " BRL Memorandum Report No. ARBRL-MR-
02913, April 1979 (AD A072812).

9. V. P, D'Amico and W. H. Clay, "High Viscostity Liquid Payload Yawsonda
Data for Small Launch Yaws, ™ 8RL Memorandum Report No. ARBRL~MR-03029,
Juna 1980 (4D A0DBE&411),

10. harlea H. Murghy, “"Free Flight Motion of Symmetwic Migatles, " BRL Report
No. 1216, July 1963 (AD 442757?).
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£+ (0-100) £- (R + 1osT) £=0

where E is the complex yaw within a nonrolling coordinate system and

H = damping moment = (pSe/2m) [CN - ky‘2 (CMq + Cy )]
a .
a
M = static moment = (pS23/21y) Cy (V/2)?
‘a
1= Magnus moment = (pS2/2r) |Cy + kx‘2 c (V/g)
. o,
&>= spin rate
0= ix/ly

If an epicyclic motion is assumed for the ewpty projectile, then
~ i i
L Klﬁ & + Kpe o2

where ordinarily

K.

e:'.@!t
e K. JY) i o
§ KJ e , j=1,2

63 s éjo + ‘j°jt

Yy = (a/2) (1 s y1 - 1sy)

11

{4)

(5)




where sg is the gyroscopic stability factor, IX and Iy

transverse moments of inertia, and T and T, are the fast and slow yaw fre-

quencies. (A spin stabilized projectile has twe modes of precession or yaw.)
Explicit forms for the yaw growth rate (ej) and the gyroscopic stability
factor are

are the axial and

ey = = (4l - o T)/0(275 = o) (x38)] (6)

a2 $2/48 (7)

Ud
]

~

A gyroscope has a gravity moment (G) that acts in a similar fashion as

the static moment M. Experience with the gyroscope has shown that both pre-
cessional modes will damp when the center of mass is slightly belew the gimba)

piv?ts. For this configuratign G < 0. The direction of ¥1 will be the same
as 4, while the direction of ¢ will be opposite to é. The gyroscope sta-
bility factor will be negative since G < 0. However, isgl »» 1 and for the
empty gyroscope,

Yo and Ty 2 0 (8)

Typically, the gyroscope is operated such that 0.04 < T € 0.10 and |«
< 0.005, which corresponds to the conditions set out in Equation (8).

2!

A form for the liquid moment has also been suggested by Murphy.“
~ ~ a2t , ‘iél in
Moy ¥ 1 M7= m ated [‘1 Ciyy Fre v g Gy, Koo ] (9)

where the liquid moment was scaled by the liquid mass (ml), cylinder radius

(a), and the spin (3). This internal Viquid moment can ba incorporated into
the projectile description provided by Eq. (1),

€+(H-i03)g-(ﬁ+ia::f) E’

161 K (10)
. e 2
1 ¢2 (mLaZ/ ly) [ Y C{"Hl Kle + 9 CLHZ Kz 62 ]

12




Several assumptions valid for the gyroscope can be made to simplify this
equation. First, damping rates for the empty gyroscape are very small (typi-

cally & {-5 x 10’3). Hence, the only moment acting on the gyroscope will
be that produced by the liquid. Second, the yawing motion will be assumed to

~ i
consist of only the fast yaw mode; i.e., & = Kye ¢ « Third, CLM will ulti-
mately depend upon many variables (Ky, 7y, €, Re, c/a), but a simple form
fram Reference 4 will be used when the spin is positive.

Cim. = Creu. +1C (11)
LM; = CLsu, LIMy

CLsH is a side moment coefficient that controls the projectile system yaw
damping, while C 1y is an in-plane moment coefficient that principally
modifies the frequency of motion.

General expressions for yaw frequencies and yaw growth {or damping) rates
can be obtained from Equations (10) and (11):

= (o2) Ty - (-1 6] - (Usg) ] (12)

for

fj =1+ (mL azllx) CLIMJ

and

& = (m /1) (2j/0 -1)7 Cun, (13)

.. Equations (12) and (13) can be inverted to obtain expressions for CLIMJ

a"dchSMj based upon experimentally determined values of € and T furing

~ the course of the experimunts it was observed that t for the liquid-filled

gyroscope was within 1% of ¢ for the empty gyroscope. inis small difference
is the effect of CLIM on t. Attempts were made to utilize this small differ-

ence between the liquid-filled and empty coning frequencies to establish C; 1y
values. It was fcund thai the frequency measurements were not sufficiently

13
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accurate to predict C py- Equation (13) will be used to determine €y gy.

The stability of the gyroscope is controlled by the 1iquid, and the motion is
dominated by the fast yaw mode. The yawing motion is essentially a single
mode coning motion. As such, the dimensionless fast yawing frequency will be

referred to as the coning frequency, f.e., v = Ty» and the yaw growth rate of
the fast mode is redefined as € = e For v =0 and H=Ts= 0, then, Equation
(13) becomes

CLSM = E/(mLaZ/Ix) . (14)

The above formulation also assumes that e is relatively small. For the exper-
imental data presented here, ¢ < 0.02, and Equation (14) can be used.

B. Operation of a Liquid-Filled Gyroscope

Cylindrical containers are located within the rotor of a freely gimballed
gyroscope (Fig. 2). The inner gimbal supports the rotor and the test cylin-
ders. Weights can be located on the rotor to control I,. Weights can also be

attached to the top or bottom of the fnner gimbal. During the course of a
test run, a DC motor (located beneath the inner gimbal) drives the rotor at a
constant rate. The positions of the weights located on the inner gimbal can
be moved to vary Iy. and these weights are used to control Ix/Iy, which from

Eq. (8) provides control of the coning fr uenc¥. The center of gravity of
the rotor/inner gimbal is selected to be slightly below the support pivots.

The pivots consist of crossed spring leaves (so calied flexural pivots) in-

strumented with strain gages. With the aid of usual bridge circuit tech-
niques, strain is calibrated as a function of deflection. The response of the

measurement system is linear for deflections up to ten degrees.

The yaw of tha gyroscope is the angle between the vertical and the spin
axis of the rotor. The liquid is allowed ample time to achieve a state of

ri?id body rotation prior to the rotor being released. The inner gimbal is
released from the vertical position without any initial disturbance. Unstable

motion, if it occurs, is normally self starting from the vertical position.

The yawing histories for each set of experiments are digitized and passed to a
computer. The computer processes the yaw record to determine a K; history.

An initial amplitude is determined, Kyq» and 1s used as a reference by which
all successive K; values are scaled. The ratio [in (K1/Kyq)] 1s displayed
versus the time. A sample reduction for 1n (KIIKID) versus time is shown in
Figure 3. A linear variation of 1In (KI/KIO) indicates a constant growth rate
for exponential variations in K;. The data are fit by a linear least squares

technique to determine the growth rate. Three cylinders were tested. Height
(2c), diameter (2a), aspect ratio (c/a), and offset (h) of the geometric
center of the cylinder from the gimbal pivots are listed below:

14




Cylinder Height Diameter Offset
Type {cm) (cm) c/a (cm)
1/ 13.246 12,718 1.042 -1.530
3/2 18.854 12,690 1.486 +5,887
3/1 25,768 8.242 3.126 -0.959

The cylinders are referencad by their agproximate aspect ratio which
corresponds to the cylinder type as listed above. Silicon oils were used as

test fluids. Tha kinematic properties of these oils are given below.

Viscosity Ratio (v/ytep) Kinematic Viscosity (cs) Density (gm/cc)
100 102.4 0.972
500 528.6 0.972
1,000 1,004.5 0.974
10,000 9,468.5 0.953
60,000 58.955 0.960
160,000 101,772 0.963

Water has a kinematic viscosity of approximately 1 ¢s = 0.01 cm?/s under
standard conditions. Most of the data were taken at a spin rate of 50 Hz;
however, sone data trials were made at 33.3 Hz, 41.6 Hz, or 58.3 Hz. For a
particular cylinder, viscosity, and spin, the stability of the gyroscope was
measured over a wide range of coning frequenc1es. For the higher viscosity
0i1s, a rapid survey at three coning frequencies was used, while for the lower
viscosity oils, a dense survey ot con!na frequencies was made to produce a
detailed response curve. In summary, the parameters that were varied during
the experiments were: c¢ylinder aspect ratio {(c/a), kinematic viscosity (v),

L i rate l ), and coning frequency (r). Control of these parameters produced
the following ranges: 5 ¢ Re < 12,000 and 0.04 < v < 0.1,

Il LIQUID-FILLED GYROSCOPE EXPERIMENTS

Two objectives were outlined for the gyroscope tests: (1) Determine the
yaw morents produced for low Reynolds numbers and (2) Determine the validity
of linear models that utilize houndary-layer corrections (References 4 and 5)
as a functinn of Seynolds numder, The liquid moment wiil have a complicated
behavior, but the primary independent variables are Re, c¢/a, «, Ky» and e,

Previously during exgerimewtai 1nvestigations of high Re rotating flows,
nonlinear or nonstationary behavior has been observed as a funciion of

15




KlJ"‘Z In the present experiments for Re < 12,000, such nonlinear or non-
statignany behavior was not observed for K1 <5 deg; i.e., for exponential
behavior, constant growth rates were observed. The basic measurement of a yaw
growth rate will normally be converted into CLsMe The use of CLoy will also

allow for the comparison of the gyroscope data with existing flight data.
CLsM is usually presented as a function of the coning frequency (t) or the
product Re * 1, which is a Reynolds number whose characteristic frequency is
based upon the fast yaw frequency (61) rather than the spin rate (4).

An estimation of experimental errors for the qgyroscope data was not
specifically performed. Rather, multiple runs for the same set of test condi-
tions were recorded and analyzed. All of these runs are provided, thus indi-
gating the repeatability of the entire measurement and data reduction proce-

ure.

The wide range in Reynolds number is primarily achieved by the choice of

the viscosity of the liquid. For Re > 5,000, the aspect ratios of the 1/1
and 3/1 cylinders were selected such that t was sufficiently close to an
eigenfrequency to produce unstable yawing motion. (The aspect ratio of the
3/2 cylinder was specifically chosen not to be close to an eigenfrequency and,
therefore, would have a stable yawing motion for large Re.) Comparisons
between experimental data and models that use boundary-layer viscous-type
corrections should be good for "large" Reynolds numbers. Figure 4a provides
such a comparison for the 1/1 cylinder when Re = 12,400. Within Reference 4,
growth rate ?redictions were made for incremental changes in c/a. A slightly
better correlation with the experimental data was obtained when the computa-
tional aspect ratio was increased by 0.5%. Figure 4a does not include pre-
dictions of growth rate for slightly modified c¢/a values. Figures 4b and 4c
show comparisons of theory and experiment for c/a = 1/1 for Re = 2,400 and Re
= 1,260. It is not clear whether the differences between the observed and
predicted growth rates are due to small measurement errors in c/a or fincreased
viscous forces. However, the agreement is still sufficiently good for practi-
cal applications. Figures 5a and 5b present comparisons for the 3/1 cylinder
when Re = 5,210 and Re = 1,010. The agreement between experiment and theory
is not good. Within Reference 4, comparisons of theory and experiment were
substantially better for Re = 9,000 and Re = 520,000. All of the data in

~ Figures 4-5 have a similar character: nonmonotonic dependence of growth rate
with coning frequency. For Re < 1,000, the nature of the response curve (for
the same range in coning frequency) changes dramatically. Experimental data
for these cases will be presented in the form of a liquid side moment coeffi-
cient (C qy) rather than growth rate to allow a comparison with flight data.

11. W.E. Scott and W.P. D'Amico, "Amplitude-Dependent Behavior of a Liquid-
Filled Gyroscope," Journal of Fluid Mechanics, Vol. 60, Part 4, 1973,
ppc 751‘7580

2. Richard D. Whiting, "An Experimental Study of Forced Asymmetric Os::illa-
tions in ¢ Rotating Liquid-Filled Cylinder," BRL Technical Report ii>.
ARBR!,-TR-02376, October 1981 (AD A107948).
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A. Data for a Viscosity Ratio of 10,000

Figures 6a-c give CLSM versus t for a viscosity ratio of 10,000. It is
seen that CLSM is nearly linear with t for all cases. Small changes in Re
were obtained by different spin rates. Changes in C gy that were produced by

variations in spin can be correlated by using Re « t rather than simply 1, as
seen in Figures 6d-f. However, CLSM data for different aspect ratios (but

identical spin rates) are not well correlated by Re « 1.

B. Data for a Viscosity Ratio of 60,000

Figures 7a-c show Cj gy versus t for a viscosity ratio of 60,000. As

before, it is observed that CLSM is linear with 1t and that small variations in

spin can be correlated by using Re ¢ 1 (Figures 7d-f). However, in some cases
for lower spin and/or coning frequencies, the gyroscope was stable, Figure 7g

Slso shows that data from different aspect ratios are not well correlated by
e * T

C. Data for a Viscosity Ratio of 100,000

Figure 8 gives data for a viscosity ratio of 100,000. Very little data

were taken <ince the gyroscope was often stable. A linear variation of CLSM
with t is observed.

D. Correlation of Data for Viscosity Ratios of 10,000, 60,000 and 100,000

A large volume of data now exists for low Re where CLs™ varies linearly

with . All of the data are shown in Figure 9 with Re ¢ t as the correlation
parameter. From previous plots, it was expected that a good correlation would
not occur. However, the expanded scale artificially enhanced the correlation,
except now the data are clustered based upon the viscosity ratio of the test
Tiquid; 1.e., all the data for Re - v > 4 are for a viscosity ratio of 10,000,
The Cj gy data were plotted against combinations of (Re, 7, c/a). A corre-

lation for Cj gy = 0.0125 + 0.0756 (Re)(r?)(c/a)™! was selected by a linear

least squares fit and is presented in Figure 10. Several deficiencies are ob-
vious, First, much of the data for very low Re are collapsed near the ori-
gin. However, the larger (and potentially destabilizing) values of C gy are
well correlated.

E. Comparison With Flight Data

Flight data from projectiles are available within References 8 and 9.
Unfortunately, flight data and gyroscope data are not at the same aspect ratio
and Reynolds rnumber, although new tests are planned to match flight and gyro-
scope conditions. VYawsonde data were processed for CLSM in a fashion similar

to that of the gyroscope data. The amplitude of the yaw was greater than that
of the gyroscope, The effects of aerodynamic damping were neglected, but the
flight Mach numbers were transonic and under such conditions the aerodynamic

17




damping of the projectile is small., Figure 1l shows a comparison between
flight data (Reference 9, Round E1-9542) and gyroscope data for comparable
Reynolds rnumbers. Figure 12 shows a second comparison between flight data
(Reference 8, Round E1-9396) and gyroscope data. Due to the differences in
both Re and c/a, comparisons may not be valid. However, the flight and
gyroscope determined C; gy data are similar in both cases. The data in Figure

11 show a consistent trend in v, but this did not occur in Figure 12, A data
comparison for a wide range of t would be difficult, since projectiles nor-

mally have t ~0.08. The flight data can also be compared with the correla-
tion suggested in Figure 10. For Re = 13.1 and C gy = 0-0153, (Re)(r)(c/a)™!

= (0.024, while for Re = 336 and Cigu = 0.020, (Re)(t)(c/a)"! = 0,76, The Re =

13.1 datum falls c¢lose to the suggested correlation, but the Re = 336 datum
does not agree with the correlation. The poor correlation of the Re = 336

datum could be attributed to the differences seen in Figure 12 for the simple
comparison of CLgm versus T

IV. DISCUSSION

Yaw moments from the gyroscope can be readily displayed as simple func-
tions of the Reynolds number. For data sets where c¢/a, v, and ¢, are con-
stants, Cjqy can be averaged over t or

CLSMaVe 2 f (C/a) Re) .

Figures 13a-c show CLSMave versus Reynolds number. The scales of these fig-

ures are identical to emphasize various aspects of the data. In Figure lla,
Ci sy dramatically increases as the Reynolds number increases. Cy oM does
ave ave
not decrease for extremely high Re values (as did the despin moment data in
Figure 1). The resonance between the coning frequency and the liquid eigen-
frequency for c¢/a = 1/1 only becomes stronger as Re increases. A similar
situation exists for c/a = 3/1. However, the effects are much less obvious,
as seen in Figure 13b. The resonance with the Viquid eigenfrequency is much
weaker for ¢/a = 3/1 than for c/a = 1/1. The 3/2 cylinder was specifically
chosen so as not to produce a resonance within the range of experimentally
produced coning frequencies. The yaw behavior for c/a = 3/2 indicates a

maximum CLSMave for Re ¢ 100, with smaller yaw moments for either larger or

smaller Reynolds numbers (as in Figure 13c). This type of behavior is similar
in character to the despin moment data.

A typical response curve for large Reynolds numbers is shown in Figure
d4a. Response curves for lower Reynolds numbers show substantially reduced

?routh rates (Figures 4b and 4c). The predicted growth rates increase linear-
y with runtil the maximum growth rate is achieved. Also note from Figures

1l4a-c, that as the Reynolds number was reduced, the coning frequency for
maximum growth rate increased, For Re < 1,000, the maximum growth rate may
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shift to v > Q.1. Thus, growth rates would increcse linearly with coning
frequency for t < 0.1. This is exactly what is observed. A continued reduc-

tion in Re will eventually give extremely large viscous damping and unstable
yaw behavior will not be possible.

The previous rationale is not applicable to the 3/2 cylinder. Murphy"
has shown that the average value of the liquid moment is increased by a reduc-
tion in Re. Hence, for a nonrescnant cyiinder, such as c/a = 3/2, large Re

behavior is stable while 1ow Re behavior could be unstable. When Re approaches
unity, however, the liquid will act as a rigid body and no destabilizing

effects will be observed. This mechanism is in qualitative agreement with the
data for the 3/2 cylinder as shown in Figure 13c.

V. SUMMARY

Comparisons between gyroscope data and theory were consistent for c/a =

1/1 for Reynolds numbers as small as 1,010, but comparisons were inconsistent
for c/a = 3/1 when Re = 5,210, This indicates that theoretical models with

viscous corrections of order Re'll2 may have a Reynolds number and aspect
ratio 1imit when the Reynolds number approaches 1,000. Yaw moments for highly
viscous flows are probably not generated from a new mechanism, but rather are
the remnants of high Reynolds number resonances. However, the liquid-induced
yaw moments are sufficiently large for 10 < Re < 100 to destabilize the yawing
motion of a spinning projectile or a gyroscope.
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Figure 2. Laboratory Gyroscope

21




wa)sAS paiili-pLnby] ‘daquny sploukay m
yb6LH e 403 uoL3oung asuodsay (edLdAl - aunbiry

(s) supy
e3°3
_ 8-
ol
=
=
. |
™ .
i §s°1 N

R S R




SR TN

e A e e e e aes L

PrrS.

T

ONWnﬂRCﬂNEuEm

SOTXV6"L = "1 “0DV*ZT = 2 240" = ©/> ‘%001 0132 L4t
‘ejeq 3dodsoahy pue ( + °jay) Aydany Aq Aicayy 30 uosjuedwo) ey 34nby 4

AON3MND3d4 DONINOD
I° 8o@° 1% #a° 4% 8

T — - L aum Lg L e L t g p— Lg &

- i218°

® v {aze-

' &

12112 e

@
q
4

858°

'\

v v @sa*

Ky

gss°

w3ep odooscukB8 o 18¢9°
Aydany 74

-

281°

NOTISd3

23




0="F°1=u‘u-ub 0IX54°01 = xm *00v‘Z = @Y ‘2071 = ®/3 ‘1001
01384 [L14 -e3eg 3doISouAn pue (¢ ° oY) Aydamy AQ K109yl 30 uoSiJedwo) -qp a4nbij

AJN3NO3d4 DNINOD
| S 88 1% ba° 28° %

L ) v v L4 v L4 L 2 L g — 2 &

Y

q ©g o o o giae-

Y

80.@@0,“V pep”
oeo’g? v

’ 18E8°

24

FY

8va°

NOTISd3.

N

8s8°

A

asa’ W

viep adooscukB o 1848°
Aydunyy v

g8p°’

) ) e Y Do e, - . i
Dtk T i Wt e oot -anbfsing ke W DS i




0=f
‘1 = u ‘u.ub 0IX9p°01 = xH ‘092‘1 = 34 ‘2¢0°1 = 2/ ‘%001 oi31ey
L1t4 :e3eq 3dodsoshg pue (¥ -43y) Aydangy Ag Aiodyj 30 u0StJRGO]) Oy adnbi4

ADN3MO3d4 DNINOD
| She 80" sg - e 25+ 2

1 ] L4 v L v L - - - - &

O odog, v ig1@"
O BoooX? v

8eo°’

.

rY

BEB”

25

Iy

&*& [

NOTISd2

8s8 -

Y

A

aw& o

B33P 2d0280448 o 1840°

Aydany @

&

288’




o TP HTIEEANTIT et e e s

« uo.wh QTXE2"S = 1 ‘012°G = 3y ‘921°E = /D *3001

. I=f°‘1=u
w o13ey (114 :ejeg 2dodsoakg pue (v -33y) Aydimy Aq Auiosyy 30 uoSp4edwo) -eg 34nbyy
] ADONINO3YS ONINOD
M I° se- sa’ »8° 28" 2
1 @
: O v lies-
v
. {caa* :

. v | g
~ 1eea" .
: v v | 3
m 3 |
: v e 2 8
w A -
7 2
“ A
1580 °
188a°

v32p adoososdd O je8e’
Aydargy <7

B28°




I=0°1 =0 ‘m.ub o[x9L°07 = *1 “o10°t = 2y ‘ge1°e = ©/2> °z001

o113y iL4 cejeg adooseudn pue (v oY) Aydimy Aq Auodyy ;0 uosiaeduo] “gg unbij

ADNINO3IA S SNINOD

| O 88" 98° £3° 28’ 2
r - - g g > 8
|
v .
v 4 11822
v v 7
i2ea*
4 €28°
" {sae"
1588°
1888°
” e3ep sdoosouskB (e j¢0@°
, : Ayduny

849"

NOT1Sd3

&7




000°01 30 _ _
o33y A3LSOOSIA @ YILM 1/1 jo e/2 403 (i) Adousnbady

Bujuoy wnsasp (WS9) jusyoyyg007 Jusuwoy spss pynby7  -eg aunbyy

ASN3ND3IIS ONINOD IR E

¥ 1° 62" 8B" 8° =l S5 »3°
i e 2 o
1228°
a .
. 8 ® ipve*
. a
(] s
.”q ¢ b -,
m o 2 8
W v EELY
" 3
] _ igea-
/ €°CE  &°88 i3 a
: 9°1y 8°111 1,1 v
w B°BS 2°%€1 1/ o
(ZH)uidg & v/0 (OQUASHERT "




. 000°0T 30 OL3®Y AJISODSLA © y3iM 2/€ 30 ®/d
404 (1) Aousnbaag B6uLuo) sns.uap ﬁzmauv 3UBLOL3390) Juawoy apig pinbsl -qg aunbiry

AJDNIND3¥4 DNINGCD

1° 89" 217 8- 1% g =45 e ¥a°
y v v v v —————r ¢ —— v a8

8

188"
4
a8
% igva*
A £
2 2
: i@se-
1288°
€°EE 1°68 2/€ o
8°1y E°111 2/€ v
@°8S S°€El 2/E o

(zZH)uidg 3y @/5 oquAhgHggl -

A e e e a1




V...A

o SO

k)

000°01 30 Opley A3}1SOOSIA © yIim 1/ 30 /2

403 (2) Aduanbauay Buguo) sSns.aap Azmauv JuUaLOL 4907 JusBwoy ap3S pinbil 39 3unbiy
AIN3ND3dd ONINOD ,
1° 66" 1217 8-’ 9g- 1% 4%

————————— e ——eye ey B

g

Bvya°

NSWO.

&

gse-

rY

2ez-

g-2s £°ES 1/€ o
€°85 2749 18 <&
(ZHyuidg 3y =/ (oquiAsiggl”

30




ENITAR T

(IR,

000°01 30 ot3ey A3LSOISLA @ YIiy
1/1 40 ©/3 a0y 1 - 3y snsuap (HSTa) quayorssa00 Juswoy apis pinbil “pg 3unbiy

Aouanbau 4y Buiuo)y . JagqunN spioulay

Sl 21 6 9 £ 2
¥ L T L L L2 ¥ 1] L 3 | &
428"
8
nA
v
8 = *Q.
g
% {
191
(o) X
v . 4189°
0
q182°
E°EE +°E68 171 o
g°iv 8°811 1/1 v .
8°8S 2°HE1 1-1 o)
(ZH)uids @y =,09 joquhks -@1°

3l




e

ARy

P 000°0T 40 O13€y A31SCISIA © 3t 2/€ 1
» 30 ©/> 403 1 - oy snsaap (W) jus1ors3000 Juswoy spis pynbi] -39 aunbyy
: Asuanbad § Buiuoy o uaquny spiculay

W s1 21 6 3 £ 2] W
W —— 3 !

<4

@)
q

- 428°

; . v | 1ve’

WS,
32

A

sa-

ST TR YR TS

B A M e M

4183°
£°EE  1°68 2r/€ o

3°iy E°I111 2/€ v : g

) @'85 9°€€l 2-¢€ o) _ ;
(zHY)uidg 3y e 0 (oquAhAs Jdgi° -




000°0T 40 OLIRY AILSOOSLA © y3LM [/€ PU® 2/ “T/1 40 5,8/
404 2 - 9y snsusp (WS1o) jusioryse0y quswoy spis pinbil -39 aunbiy

AONINOD3d4 OININOD AIEWNN SOTIONAZY
S 21 6 9 € a8

—— 2

X a

3 a © .
1 eze°

3 m <

M ) n q 1 mval (@)

v _

; { esa°

TS

v

B8°8sS £°ES i’€ O

8°9s 9°€E] 2/E a 1
2°ac 2°bET I3 v

(ZH)uUidg ey w/d joaquAg - 881°




: 000°09 30 013wy A31SODSIA © pue /1 30 e/d 4oy
(3) ASuanbaag Guiuo) snsaop a:mquv 3UaLdL 1390 Ju3OW 3pLS pPLnbyl -ef 3anbiy

4 AJN3ND324 ONINOD . :
1° 68 2% 8- 89° ca- 147

% .
‘ — 3

m {ep@"

an
ao 0

, 4 1218°.

34

TR
NS13

(2] {819°

b29°

meOO

. A A r - DA 4 ol

187 8°81 1/1 7
1% % S§°12 /1 o] ;
(ZH)u1dg Y 2,0 |oguwAg

geEg”

AT ———e w e,




e ¥ &ML ONN

000°09 40 ot3ey A3LSOISLA B pue Z/f 30 ©/2 494
(2) Aousnbaag BuLuo) snsuap Azmquv U311 34207 juawoy 2pLs pinbry g/ 2anbi4

AODN3ND3d4 DONINOD

1° 60° 1% f4% 99 - 117 2%
; y y - . , ey . — %)
- i _
= 16P3°
©
Q ]
o ¥
v m i91g"°
g 8 : S
1 )
v 8 2
ibce”
|zea-
E°EE E“d1 e/ E 0
3°1% 6°21 2/E v
B°8s c°1e2 e/ E (@]
(ZH)uidg a3y ®/0 (oquwAg4dgeg”

35




. 000°09 30 ot3ey AILSOISLA B pue 1/g 30 e/2 403
(») Aduanbauy Buluo) SNsJ3A Azwquv JustoL 43307 juaucy apis pinbil °3Y aanbL3

ADNINO3d 4 ININOD

e 60" 8a" ce- 39 <" va -
N e
. ¥ o {se8"
| 8 |
@ 1218’
o
3 : . .. *
] “ .wmmﬁ'
rod
P L
: ives”
*
I g° 1 g2 1/€ v
| 8-as a's 1/€ o
- (zvyuids 2y e, |oquislges:




c Al

000°09 40 OL3eYy A3LSODSLA ® pue T/T O ©/0 404
(1) Aouanbauaq Hupuol snsaap Azmun JUDLOL} 4307 JUBUOK 2PpLS pinbLl -pl 34nbiy

Aouanbau4 Buiuoj « JuaqunN Sp|oukay

2 1 %)
¥ M v Y v L L r L v &
m -e22°
o ‘
0o
| H 8 A
, g iz18-
ﬁﬁ o
) —
7
ﬁ e {s1@"
| 5 i
o)
o iv23-
; €°€EE 2R 2N V4 o
g9 1% 8°81 1-1 v :
8- 9c S 12 11 o
(zZH)uidg 8y 2,0 |oquwig

%1247 By

SR




b o ekt — e

000°09 40 OL3@y A31S0ISIA ® pue
2/c 30 ®/3 a0y 2 - oy snsaap (W) quayorysa0) quswoy apis pinby 3y @unbiy

Aousnbau 4 Bujuo)y « JaqunN Spiouday

e i P
——eee e a
m ELLE : g
o v L «.‘
e 218"
¢ o
o A {9 2
: 4
W 1818°
: 53
1528°
E°EE £l 2/¢ o
91 b1 2/¢€ \4 1
mN.&m S {2 ¢és¢t O

(zHyuids @y e,0 |oquAs Jgeg- ,_




000°09 30 O11eY A31S0ISLA 2 pue 1/¢ 40 2/2 203
1 - 3Y SHSAIA AszuV U311 44307 Juauwoy 3pLS pAbLy  “if EFINAR

Aouanbaa 4 Buiuo) « J43qunN SP|OUA3y
! a

hd v A\ - v g -

388”

B A aAchamand

%
:

e

a

218’

Q0 Q
WS,

1818°

dwmw,

21y 317 E 7 “

a1 .

5
a-gs % i/7€ o ;
(zH) U dg 2y ©,0 (oguAg -BEB”

39




000°09 30 0112y A31S03SLA © YILM T/ Pu® 2/¢ “1/1 40 $,9/3 403
1 - 2y snsuap (W) jusiatyse0) Jusuwcy spys pymby1 -6y Bunbiy

Asuanbaay Bujuoy . saguny sSpjoulkay

e i %]
r —— — - — )
o 19989 °
\/
v 8
& *
8 fe1e-
b . 3
; | .
w 5 mw , 2
. 9 g 4810 °
g
v B |
w q A?N&.\
] 8°8s 8°6 i7€ @)
3 , g 2°2= S°i2 2-/¢€ 3 1
w B 2°8S g 12 11 v
: (ZHy U dg 3¢ »/2 jogwig Jzeg”
2




000°001 4G oL3'Y A1LSOISLA ® pue 7/¢ pue 1/¢ 30 $,2/2 40y .
(1) Adouanbau4 BuLuo) snsuaop Azmguv JuUsL3L 41907 jusuoy spils pinbil g 2undig

ADNIND3a4 DONINOD

A% 1° 8ag - g9- %
P e it e e e e 1 g v ——— D
i B19"
]
o O
s 1 828" A
B =
o 2
o} i =
gB
#_ pEd"
. w
A Byo*
8°05 2°5 1€ (®) “
g -ge b2l 276 o ._
(ZH)ujdg 2y °  ©/0 1 squig pse”




. 3 . oy snzang W5 oy gppior o : ,
PU® “000°09 “000°001 30 SOIIPY £31SOISLA y34M v3eq ([P 4O UOLIRLRLIO) S Bunfry : .
Kousnbsyy Bujuony « ssquny Sp|ouhsy ; . __
21 81 8 9 P2 B T Lo

r T -7 ¥ . T ' T ~ . . o




.-(2/2) « ;1 - 9y snsuap WSy Loy oppo1 pue 000°09 ‘
000°00T 40 SOL32Y A2LSOOSLA 403 ©3BQ |L@ 30 UCL3B{24403 QT 34nbij

[_(B/2) % ) % =

M -
r — 2
Pz |
(.
. o
gva" < =
gsg”’
| | |
2/€ o 1 | -
irt \v . _ . H
1/€ ®) ; . : ,_
® 0 joquisg - 283° S




#1 = 9y Joj ubL13 3y133fodd
pue 8d0asodky Auojesoqe] 404 W1y jo uosiuedwoy -1 aunbig

AIN3ND3Id 4 DNINGCD

= 53" 8g" 1-N sg* c|" v@"
e e 1 B
]
o W 1 sep*
¢
o 1 218° n
.
) 2 3
1 818°
1 $28°
(6 #98)34BI s E2€°v 1°€7 ¢ )
adoos0ouLB 2/E E° b3 <
2doos0Ju/LB 11 b°H1 v

adA) wie(g ®/0 a3y |oquAg - BEB°




3doasodfy Au0jledoqge] 404

1€6 > 9y > €€T 403 JuYBL14 a(L3dafody pue

AON3NO3ad ININOCD

quu 30 uostuaedwo) 21 24mnbi4

1° 69a° 88" VA% S8-° 247 By 4% e
gt — ———r
* 8
D;
o s ]
) )
B )
v
B
v
1
\"4
(8 #9x)3uB1 (3 E2E'P SEE L
2dooS0J4AB 2/€ EET A 4
adoosnuaAB i71 pE1L v
adoosou/iB 1/ 1€S <
edA) wieq /3 ey ioquiAsg -

Nl N e vl

e

8ce’

8g¥y8° 0
~

WS
45

gs|’

a88°

ear1 " 3




/1 = ©/3 a0y (3y) Ol6oy snsusp o1 ssesany -egy aundyy
(N3EWAN SOIONASY) 507

b £ 2 1
j . ’ o> |
- |
-4
4 Bs.’
’ E°€EE g22‘ss ®m 4 @21°
2°1d epB°‘es v ©
o 8°8s P23°’gs © o e
: E°EE ege’'s1 & [0
w v . . . >
_ 271 ege‘er v 4 esi” 2
o 9°8s eep‘el © a
. E°EE 288°‘t D
2°id egs‘'t v
8-es gav‘s O 4 @8ye°
(ZH) Ci3ey

ujdg A11350031A "




1/€ = ©/5 404 (3¥) 01504 snsaap ¥S7, abesday -qggy a4nbi 4
(YIEGWNN SATIONAZHI D071
b £ 2 1
e > &’ Iw
i{ Bs@°
4 821~
2 222°‘29 v ' 2
“ 2°8s 2e0°‘83 © 4 wsl" %
€°85 eea’‘zt ¢ °
M 8- 8s 228°‘21 © |
£° 85 geag‘s o
g°8s 2281 O i eve-
[}
(ZH) o312y |
usdg A3 SOOSBIA ‘
1,€707385 353855 45pGT1X3 gec”




Z2/E = ©fd 40} (a4) oﬁuoa SNSJAOA :mau abeasay -o¢1 aanbid

(43GWNN SOIONAZN) 301

b € 2 i
— 2 ' 4 >
o«uﬁ %
’ 4 @PS2°
8°8S oga‘ez1 @ 4 B821° 2
E‘EE’ geg‘ss =
21y eee‘8s v o
8°25 gea‘ss © a
€°€EE ezz‘zl & 1 881° 2
2°1v 88881 Vv o
8°8c gog‘sl ©
2°1% e’ v
8°8% 228°1 o 4 8dbe’
CZH) o132y
Ui dg A3 SOOSIA
2/£:01324 3553sy 49pU} 1AD - eetg’




1.

2.

3.

4.

6.

7.

8.

9.

10.

11.

12'

REFERENCES

K. Stewartson, "On the Stability of a Spinning Top Containing Liquid,"
Journal of Fluid Mechanics, Vol. 5, 1959, pp. 577-592.

E. H. Wedemeyer, "Viscous Corrections to Stewartson's Stability Criteri-
on," BRL Report No. 1325, June 1966 (AD 489687).

B. G. Karpov, "Liquid-Filled Gyroscope: The Effect of Reynolds Number on
Resonance," BRL Report Mo. 1302, October 1965 (AD 479430).

Charles H, Murphy, “"Angular Motion of a Spinning Projectile With a
Viscous Liquid Payload," BRL Memorandum Report No. ARBRL-MR-03194, August
1982 (AD Al118676).

Nathan Gerber and Raymond Sedney, "Moment on a Liquid-Filled Spinning and
Nutating Projectile: Solid Body Rotation," BRL Technical Report No,
ARBRL-TR-02470 (AD A125332).

W. P, D'Amico and M. C. Miller, "Flight Instability Produced by a Rapidly
Spinning, Highly Viscous Liquid," Journal of Spacecraft and Rockets, Vol.
16, No. 1, January-February 1979, pp. 62-64,

Miles C. Miller, "Flight Instabilities of Spinning Projectiles Having
Non-Rigid Payloads," Journal of Guidance Control and Dynamics, Vol. 5,
March-April 1982, pp. 151-157.

W. P. D'Amico, W. H. Clay, and A, Mark, "Diagnostic Tests for Wick-Type
Payloads and High Viscosity Liguids," BRL Memorandum Report No. ARBRL-MR-
02913, April 1979 (AD A072812),

W. P. D'Amico and W. H. Clay, "High Viscosity Liquid Payload Yawsonde
Data for Small Launch Yaws," BRL Memorandum Report No. ARBRL-MR-03029,
June 1980 (AD A088411),

Charles H. Murphy, "Free Flight Motion of Symmetric Missiles," BRL Report
No. 1216, July 1963 (AD 442757).

W. £. Scott and W. P, D'Amico, "Amplitude-Dependent Behavior of a Liquid~
Filled Gyroscope," Journal of Fluid Mechanics, Vol. 60, Part 4, 1973, pp.
751-758.

Richard D. Whiting, "An Experimental Study of Forced Asymmetric Oscilla-
tions in a Rotating Liquid-Filled Cylinder," BRL Technical Report No.
ARBRL-TR-0237¢, October 1981 (AD A107948).

49




LIST OF SYMBOLS

radius of a right-circular cylindrical cavity containing liquid

liquid in-plane moment coefficient for one-mode coning or spiral
motion; the imaginary part of Cyy

fast (j=1) and sTow (j=2) mode liquid in-plane moment coeffi-
cients; the imaginary part of CLMj

fast (j=1) and slow (j=2) mode 1iquid moment coefficients

my a 292Ky 20 py

liquid side moment coefficient for one-mode coning or spiral
motion; the real part of Cjy

fast (j=1) or slow (j=2) mode liquid side moment coefficients;
the real part of CLMj

IMagnus moment|

(1/2) o582V § |&|

[sum of the damping mcments|

(1/2) pS22V |cross spin|

[static moment|

(1/2) 0522 V ||

~ (normal force)

(1/2) pSV2 &

one~half the length of the cylindrical cavity containing liquid

(pSa/2m) (V/2) [CN“ - ky-z (CMq + Oy, )]
, : o
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h distance from the gyroscope's pivot location to the center of
the cylindricai cavity

Iys Iy axial and transverse moments of inertia of the gyroscope or
projectile
Kj magnitude of the j-th yaw arm (j=1, 2)
Kjo initial value of Kj
ky (I./me2) 172, the projectile's axial radius of gyration
ky (Iy/mzz)llz, the projectile's transverse radius of gyratica
L reference length
M (pS2%/21y) (V/2)2 Oy
Moys M7 components of the aerodynamic moment
m projectile mass
m 1iquid mass in a fully filled cylindrical cavity
L q
Re a2¢/v, Reynolds number
S reference area
5 o2p2/4M, the gyroscope stability factor
f (pSa/2m) (v/2) [oy + k.2 ¢C
Ny X MpOl
t time
v magnitude of the projectile's velocity vector 5
e nondimensionalized growth rate for single mode motion, j=1
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Superscripts

(+)
(*)

nondimensionalized growth rate of the j-th yaw mode (j=1, 2)
kinematic viscosity

complex yaw in the nonrelling coordinate system

air density

Ix/ly

T for one-mode yawing motion

}5/&, the nondimensionalized frequency of the j-th yaw mode
(J=1: 2)

pt
¢j0 + 1 % t (=1, 2)

initial orientation angle of the j-th yaw am (j=1, 2)

spin rate (assumed to be pesitive)

vector quantity

time derivative
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