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ASYMPTOTIC BEHAVIORS OF THE SOLUTION OF AN
ELLIPTIC EQUATION WITH PENALTY TERMS

. *
Hideo Kawarada and Takao Hanada.

o
1. _Introduction .
Let no be connected domain in lz with smooth boundary I'. Take  so as to D,

satisfy (1) Q:ﬁo; (11) Q -n-no is a connected domain; (4ii) the measure of

‘ll’n 3 1s positive or %, is unbounded; (1v) 30 is smooth (see Fig.l).

We shall consider the boundary value problem defined in 0 for every c¢> 0 and

a,8 €R.
rind ¢° - t; in 0, such that
‘; in )
(3 € .
(1.1) -4 Yo + xooo 4 in no
2a (3 -28_ ¢ _ 7
(1.2) LT U e LR in 0, |
. -
€ [ 4 -
(1.3 vy onf _ L,
. 2
R
=
o
0 i
5 1 -3
-- -1
: “
- >
E- rig.1 3

*
Department of Applied Physics, Faculty of Engineering, University of Tokyo,
lunkyo-ku, Tokyo 113, JAPAN.

F_l_ ‘Department of Information Mathematics, The University of Electro-
Cosmunications, 1-5-1, Chofugaoka, Chofu-shi, Tokyo 182, JAPAN.

)
)30 stands for the boundary of 1.

Sponsored by the United States Army under Contract No. OAAG29-80-C-0041.
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(1.4) Ty LI 3 Ty on'l
(1.9 o on 0

and i;»O (x| = xf#xi*-).

Here u 1s the outward normal on I to no and A, is a positive constant. It is

0
found in Lions ([3), Chapter 1, p.80) that the boundary condition which the limit
function of v; as ¢~ 0 satisfies on I' 18 classified into three types, which
depend upon the relative value of a and B.

In this paper, we study an asymptotic behavior of 0‘ on [ vhen ¢ is small
enough. We now summarize the contents of this paper. Section 2 includes four

Theorems. In section ), we prepare some Lemmas for the proofs of Theorems.

Sections from 4 to 7 are devoted to the proofs of Theoreums.

2.__Theorems
2.1 We put
(2.1) Ko (s€u’ )|y =0 ondn and $+0 ([x[~=)}.

Then (1.1)-(1.5) are reformulated as follows:

Pind 0'6 K such that

(2.2) I ¢ ovdx + xOI vSvdx + tZu.I ovSovdx + :-u°[ ¥Evdx
no ﬂo ﬂl ﬂl
f v
- J fvdx , veK.
%

There exists a unique solution $ (€ K) of (2.2) for vfill-lmo). Putting

v-o‘ in (2.2), we see that t; is uniformly bounded in ¢:

(2)

€
(2.3) e ""“o

-<-C<+-

2
( )||v||-'! stands for the normof v in HO(E).
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wvhere C depends upon only the data f.
When ¢ tends to zero, we can extract & sequence € (nel, 2, ...) such that :;-:
(2.4) LI weakly in H!(n,) —
. *o *o Yy o . . |
Then .
€a 0 s N ]
(2.3) ‘0 adl strongly in H (no) (s <1, (S]). ]

Let vel-lé(no) and ¥ be the zero extension of v to 1. Passing to the liaic

" 1 ~ T
in (2.2) for veH (Q) yields ]
(2.6) 9Wpvdx + 2| Ovdx = | Evax Vv e nia.) i.'j

) ov o), Yo ' 0o’ P
) f, f,

from which, we have

: (2.7) -3 pg + "o“g -t tn n"(no).

If ve assume feu""(no) (n20), then we have

(2.8) .g e ™).

By the trace theorem (Nelas [5)),

1 0 1
0 -02 3.0 ll-i
(2.9) 00 € H (r) and ETY €N (r).
n
r r
:_'._{ Moreover, 02 satisfies on I':
(3)
- Theorems 1 Suppose féll"'l(no) (m>0).
re
. (a) 1t 8>]al, chen
o "t .
(2.10) %ol =0 in H ). .
r .
'@ E)) '
This theorem was proved in [3] for the case aq >0 and 8 > 0. In l:
this paper, we give another proof, which is simpler than in [3]. )
3=
1
¥ .
o B
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a 3
,’ () 1f 8=a>0, then ]
' g g =-3 ]
(2.11) (s=+v,))| =0 in H r. H-
n 0 r
"
(¢c) I1f B<a and a> 0, thea .
a*g --% -j
(2.12) =-— =0 in H (r). -
n r 0
i
Remark 1 There also holds vg r =0 in the case a+8<0 and a <0 under the same
assumption.

2.2 Ve now state our main result as follows.
Theorem 2 Suppose f GH"(no) (m>0) and let ¢ be small enough.

(a) 1f 8> |a], then

0 1
w,] - S
(2.13) ol = "h'a_:lr +0(e2(80) , B-da, 2048)y w2
vhere tg satisfies (2.10).
(b) If B=a>0, then
1
B+
(2.14) ol - og .t 0(c*®) tn 0 ()
wvhere &g satisfies (2.11).
(c) 1f |8] <a, then
0 -8 n+q B
(2.1%) vl = 9fp + 0™ tn 0 D) . &

vhere og sacisfies (2.12).
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2.3 By using (a) of Theorem 2, we have the regularity results about tt.

Theorem 3 Suppose !(-llk(no) (k2 5) and let c¢ be small enough,

1f 8> |a], thea

(2.16) Nl oo so0te®™,
W0 (r)
(2.17) Hofll , . sotsc™™),
. W)
(2.18) NeSll , . <ot o)y,
i (nl)

2.4 The motivacion of this paper consists in the integrated penalty method

presented by one of the author [2]. The mathematical justification of this

wmethod vas done in the sense of distribution. If we use (a) of Theorem 2, we can

prove the key-point of this method in the framework of the Soborev space.
Theorea & Suppose GH.(no) (m>0) and let ¢ be small enough.

1f 8> |a|, then

0
- a
(2.19) Il e 2'-[ oiar* . 3—:(-) n, - o(e2(e*8)y
rte) n-7.f

Here s stands for the length of the arc along T.
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3. Preliminaries

The aim of this section is to give some preparatory lemmas which will be

needed in the proofs of Theorems.

3.1 We first incroduce some operators defined between traces on I'.

(1) Define the mapping

1

1

2 ) )

(3.1) 'l'f :u(r)aa-a— € H “(r):
"l

0‘ is the solution of the problem;
(3.2) -y + 100 = f in ﬂo
3.3 tlr -3
vhere f € H'-l(no) (m>0).
11) Define the mapping

21 1
(3.4) R :H 2(r) Sb- ":l € wi(r);

r

o; 1s the solution of (3.2) with £30 and the boundary condition

(3.5) .2, “’l - b.
" r
(1) Define the mapping
1 2| -1

(3.6) s*aui) a2 en?

nlp
t: is cthe solution of the problem;
(3.7) - a0 in 0
(3.8) tlr -a

N
A At et 0 e P Bt

I %




(3.9) olm -0 and v~ 0 (x| »=).

ad
We denote 1':, s: and lt: by the restriction of rf. s¢ and £ won (T). But we

~fe-

abbreviate the suffix m hereafter.

3.2
avl
Leoma 1 Let a, b be arbitrary in H (). Then

(3.10) Tf(a) - Tt(b) - To(a-b)

vhere ‘l’o implies rf_o.

Proof Let *Y (y = a,b) be the solution of (3.2) under the boundary condition
(3.11) vlp = .

Put 7-0‘-05. Y satisfies

(3.12) =AY + 4\07 =0 in ﬂo.
(3.13) !lr -a-b,
Then
Y
(3.14) n : - ‘l'o(a-b).

On the other hand,

. v W
(3.19) :—; . Tn'.‘l - 3-;‘1| = Ty(a) = T,(b).
: r r r

From (3.14) and (3.15) follows (3.10). Here we should note that ‘l‘o is

;. lineac and T, 1is non-linear. | |
Lemma 2

: --% n+-:-

.'-; ‘l" and $ are homeomorphic from H (t) to H (') and R i3 homeomorphic from
Ve 1

. ads Mo

9 B 2(r) to R 2(r) for any m20.

-7-

1

L Y

SRR

3
p
.

'® .
PRTURUUIDUIT & S

P
[F WS -



Llng et SR ke [ ) e N T U PR — e na—

Proof

asd

-
1° Tg 18 injective from H 2(l‘) inco H

3- l"%
(T). In fact, let a,b€H r)

(awb). Suppose Tf(a) -Tf(b). Then, by (3.10)
0= 'r‘(-) - 'rf(b) - ‘ro(a-b) %0

because of the strong maximum principle under the assumption x°> 0. This is

a contradiction.

o+l .-l
2* tt is surjective from H (') onto H (F'). In fact, we choose any

nsd

beH 2(l‘). Then, the following problem:

(3.16) -y + Xo‘r - f in ﬂo

k1] .
(3.17) al, " ®

has a unique solution *be Hmlmo) it 1 > 0, which satisfies

0

asd
(3.18) *b . €H () and be rf“b r).

-1 n+3 -3
3° It is checked that Tg and (Tt) are continuous between H (T) and H )

(see (1]).
asd
4° Summing up 1°, 2° and 3°, we see that ‘l‘f is a homeomorphisa from N )
1
---
onto H 2(r). The repeated use of the above arguments gives that (Rc)-l and
< '*% -"%
$  are slso homeomorphic between H (F) and H (r). l

3.3 Here we give the escimates of the norm of R and s‘. vhich are crucial for

the proof of Theorems 1 and 2.

Leoms 3 Let ¢ be small enough and suppose 82a and m2 0. Then

— — AN PSP Sy R 8o kn i P o = A‘.-_AA_-‘.LL___AA_.'_J
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: (3.25) h RS -all
= --5.r
r@
9

«Qa
9

UL SR N - - . . . .
P PR S DAY SRy PR - . e e

= % i1 a8 |l

= o) 2% |l

« 0(e® % fla |

S

Rewriting (3.5) with an aid of T, and RS, we have for YacH

1
Iﬁ'?,

n#%.

Using the standard technique to raise up the regularity property of the

solution of partial differential equations, we obtain (3.19) and (3.20).

a+s
L

m-%,r

(by 3.20).

e T . e g —— - T g
a : ‘ : Rnect
- f
3 ’
a i
L‘:: --i .:_
a3 (3.19) IRt , =o®®Hllall | . for Yaen *n <
o neg, T m-3,T oo
' S
n 5
& (3.20) Ne@y , =owlall , . for Vaeu *n)
- m-g.T m~3.T 1
= and N ?7;
[} 8-a o*+2 -
Ax (3.21) R ¢ -a]l , =0t Yllall 1 for Ya e ). .y
s --i.r at+3, T .1
f‘; Proof Using Green's formula in the problem defining lc, we have ;:
b - e
& 8 2 2 2 s
- (3.22) € -C'J gl +Xo|0| )dx 4-] 19| “ds = I avds. .“:
%, r r 3
Prom (3.22) it follows 3
(3.2 Hellg p s Hlallg r !,!
and o
(.24) Eolell, < lall
T T3 .4
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- L e s a Ty —T— . T "‘A.jf
<
(S
o
L
]
4
—l
L
n+% a-3 T
Here we have used the continuity of To from H (T') to H (B l 4
T 4
r
Lemma & Let ¢ be small enough and m2 0. ]
]
()) Ifcea+B+p(a-8)>0 (pER), then .
(L 4 o (a-8) o v "'% g
(3.26) | ¥s*(a) +¢ all LG )y ltall N . a€H ). -
‘-—.r ll+—.l' .
2 2 o
-
D
(b) 1f a+B8>0, then ]
€ ~(a+8) a+B v '*% :‘ .-:
3.27) [l s"(a) +¢ all , =0 llall , . a€H ‘() 9
m-—z-.r ﬂ+i,r ]
o]
1 ]
€. -1 Vg 2
(3.28) HeH e, =owiivll , bEH ()
u+7.r L8
(3.29) HeHT@ e | w0 @ ey
n-?. r .“"2'0
avl
Yoen “(n).
Proof We prove this lemma in the two cases. In the first case, ve prove the
2- - ] z
special case @, =R, {(xl.x2)|0< X, == <x, < 4w} (83 =R]) by using the fourier

transformation. Subsequently, we give the plan of the proof

geometry.
1* Let
% I‘ 2'1(:2 ¢
v (x1 . ) _.e 1) (x1 ’ xz)dx2
and

2nifx
) = I:.e 2-a(x2)dx2.

-10-
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Here t‘(xl.xz) is the solution of the problem (3.7)~(3.9). Then ? satisfies
33 —2(048) 2,12, 2(a48), N 2 B
(3.30) -—!2-» ¢ c(L+and|g]ée weeo in B, .
3:1 .
L
A‘ ~ '
(3.31) ¥l e "8
1
Solving (3.30) and (3.31), we have .
1 .
~ - 5 o]
(3.32) W - arexp(-c (aq)‘(lﬂrz-lzlzeuaw))z xl). ;
From (3.32)
. o]
A nr
€ AN = )
(3.33) o BT D IR A RV L L st PR ]
xl =0 ;]
1 -
Ve compute L_;‘
[
(3.34) ‘q_ﬁ + L @8 5 o
. ]
3 =
IO T (sande (|22 75 i
2, _a+B 1
- gn?.el lg]®-e 78 1- .
F- -
L1+ (1eande || 3c2(048)2 e
From (3.36), it follows
R
.-£ '.~
(3.3%) r eande [}y 3[c95E ) + 0108032 o X
-t -
2,2 "'% 2.2 2 1
aentocte] eelleh gt i T P
~ - oy
(l_‘_(l"'z."lz‘z(:ﬂ’ﬂ))z ) 2 ;
]
3
=
]
-1~ «
'1
.
A
A
R
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1
< o(:"’)[ a+adeelyhy 2. 13)2 a.
Hence we obtain

: (3.36) L %%y + ° @804 < 0(e%) [la |l

u--;- , T a+s, T
Repeating the simular arguments as above, we conclude (3.27)-(3.29).

2® Let us novw deal with the general case. The domain 91 is a regular simply
connected domain; then there exists a (fixed) regular conformal mapping
2
ve=f(z2) -u1+ 1u2 (z-x1+1x2) which maps nl into R,. As a matter of face,
[ {s mapped into the uz-axis of w-plane, Then the transformed solution
L ) -tc(f-l(v)) satisfies

2

2(a+e). [ dz} e - 2
€3.37) -€ ay" + 125 Y 0 in R,

(3.38) Yl g = Aluy) = ale T @),

“1-0

By means of the iterative method proposed in the theory of singular perturba-

o3

tion (see [3)), ¥© is asymptotically developed in the following way: 4

(3.39) wc - 004' ‘u+8‘,1 + :2(”8)&2 + 00 cn(a+8)*n +'w. . -

— € € 3 3 € _ o

R, ;;f-}

Using (3.39), we obtain (3.26)~(3.29) (see the appendix). | Y

-]

3.4 Define . ..J‘

X

m+% K

(3.40) VAR A P RO -
ael

2

(3.41) 9° - wg €N ).

r

Then we have

Lemma S Let cn»o (n=1, 2, ...). Then
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1
‘ -
(3.42) S o weakly in HE(T),
. c _1
(3.43) (9 ") - 1,4" veakly in H 2 (1),

1
Proof Recalling (2.4), (3.42) is obvious. Let a, b be arbitrary in llz(l').

Then, we denote by wy (y -a,b) the solucion of the problem:

(3.44) -4y + xoo =0 in no.
(3.493) vlr =y,
By using Creen's formula, we have

(3.46) I b'ro(-)d- - I lTo(b)dl - [ (WbAt“i.AOb)dx = 0.
r r ﬂo

¢
Using (3.10) and taking a= ¥ "-4? tn (3.46),

] 3
(3.47) ] 1, @™ -1,8) )b ds = I 10(9“-9°) bds
r r
€ 0 A
- [ (9" -9 )Ty(b)ds » 0 (c, +0). |
r
Lewma 6 Suppose g=a+8+p(a~8)>0 (p€&R). Then
: < c

(3.48) V@B 9™+ A AR
5 s:ro.nu.y in H 2 (T) as cn*o.

Proof By using the definition of Tf and s‘. (1.4) is rewritten as follows:
€y o o208, €t
e (3.49) Tf('f) €S ).

n
Taking a= ¥~ and cec in (3.26) for m=0 and substituting (3.49), ve have
¢ 3 ¢
- (3.50) " 40-1)(0-8)_1.'(9!\)*‘:(0 .).9!\ " 1 - 0(::)"9 n "l i .
9 c? 2’
-13-
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Let tn-O. Then ve conclude (3.48) with an aid of (2.3). . )
4. Proof of Theorem 1 -
L
(a) Let 0 =0 and 8> |a| in the assumption of Lemma 6. Then g =a+8>0 and B
(3.48) becomes
€ 3 -3 oo
(4.1) S0 9™ sy strongly in H 2 (r). . .3
n £ . 4
By (3.42) and (3.4)), ’
(] 0 g
(4.2) Y A= ¥ol ) = 0.
r - d
1
(b) Lec a=8>0. Then g =2a>0 and (3.48) becomes 4
< . -3 .
(4.3) Te(9 ) +¥Y " +0 strongly fn H “ (I) ]
-
4
vhich implies o
0
(1) © 4
0 0 0
(4.4) T +9° = v eg)| =0 ]
By
by the definition of T, and 90.

£

(c) Let p=1, a>8 and a>0. Then g =2a>0 and (3.48) becomes

t“ a-8 [ 4 -E
(4.5) T (9™ + e 9" -0 strongly 1n B “ (T)
from which
0 1
w -1
0
(6.6) T (@) (e ,—: r) .0 mu 2.

Combining (2.8) with the results obtained above, we conclude (2.10)-(2.12).
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S. Proof of Theorem 2 -

$.1 Using (3.49), the problem (1.1)-(1.5) is transformed {nto the following one:

u--:- -
Pind a€H (I') such that —

. )

L

5 (s.1) T, = ¢ ®esta). :
b -
: Hereafter we call (5.1) the transmission equation. As a matter of fact, the ' .
m solution of (5.1) is equal to the trace o‘lr of the solution of the problesm . l—‘
.. ;
C - (1.1)=(1.5). _
E_’ . -+% ;.
r- $.2 LlLet b be arbitrary in H (F). Then, combining (5.1) and (3.10), ve have -
. .-l ki
- (s.2) Tola-») - st = 1, en 2. ]
- ' :
- Let us begin to prove (a), in which 8> [a| is assumed. By (a) of Theorea 1, ve =
have tg r"0 Therefore ve choose b= 0 in (5.2). On substituting (3.27) iato ‘
(5.2), we get !'1

(5.3) Tola) + s - s () = -1,00), or -,
S
L - OB, ot _ B, T
t 'ro(o) sam¢ sx(a) € ‘rt.(O) H

vhere 5:(.) . s%a) + ¢ (%8), ,

¥
1

The definition of ®® allows us to revrite (5.3) by

(5.4) R O $af(r ().

Lat ¢( > 0) be small snough in (5.4).

o ¢t i 1
Using Lesmas 2, ) and 4, ve see that the mapping ¢ R sl becomes the |
, :

. sz
o contraction mapping from M 2(r) onto itself 1f ¢ is small enough and ;
;>‘ l»n-% . ‘ }
L |
,_! Indeed, ]
- by
|
; - ’15‘ - J
® i

—a I U
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(5.5) FENES@ll , soe™isSwll (by 3.19) .
ntg, 0 m-3.r

soe®®ylla) . (dy 3.20) ;‘J

a+s, T 4

2 s

g

On the other hand, by (3.21) i

-_-1.

€ 8 2 =

(5.6) R (T,(0)) = T,(0) + 0(c" ) in 0 4. ¥
asd -

Here we note that Tf(O) should be included in H (F'). Therefore, we have to
assume teu"(no). - 5;1
4

Summing up (5.4), (5.5) and (5.6), we have

(5.7 L A R R S RURN I} -
X .1

| B -

o =B 01 (0) + 02 4 2R, tn W 2(n) ]

=

it 8>0>-30. , : L

Ve remove into the case -a<B<-3 . Operating c-za-(s‘)-l on both sides of -

v v
Accd

(5.2), ve have

(5.8) s = 2O ¢ MU M o0,
Let € {>0) be small enough. Then :-2“-(8':)-11' becomes the contraction mapping .

0 .
asl . -

from H 2(l') onto itself 1f a<0 and a+8>0. In fact, the boundedness of ‘l'o

and (3.28) ytelds

<0(c™%% [fal

-+%,P _ !ﬂ

(5.9) PNEH @l
. -o;.r

Therefore, by using (5.8), (5.9) and (3.29), we have

-16-
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(.10) a =¥l = 1= (s ) e P 00 + 0™ )
. §
= =1, (0 + 0¥ X+ ) ta B Xr),
it a+8>0 and a> 0.
Combining (5.7) and (5.10), we obtain (2.13). | |

5.3 We shall prove (b) of Theorem 2, in wvhich a=8>0 {s assumed. From (b) of

Theorem 1 follows Tf(og)¢og- 0onTl. Choose b-tg r in (5.2). Then we have

(s.11) Tola-9D) - e25(a) = 1,4 = o) .

By (3.27), we have

¢ 2a

(5.12) Tola-9) + a = v) = ¥ 5%

vherse S;(l)-st(l)+c- a. By use of B° witha=8,

(3.13) s - vg - cqu"si(a).
: 1
& ¢c.C u+ 2
Then ¢° RS, becomes the contraction mapping from H (T) onto ftself if

1
a>0 and ¢ is small enough. In fact, by (3.19) and (3.27), we have

(5.16) sy, eoe*flall
-+3.l' n+i.l‘

Therefore we have

aed

0 2

(5.1%) R A R RO L R ) tan 2. B

5.4 Now we are in the final step to prove (c). In this case, a>8 and a>0 are

assuned. (c) of Theorem 1 gives us Tt(tg)-o. Put b-‘vg r in (5.2). Then we

have

0 2a ¢ 0
(5.16) ‘l‘o(l-io) ~¢c S (a) = -'l‘f(to) s 0,
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Operating (To)-l on both sides of (5.16), we have

(5.17) a- og - cz"(to)"s‘(a- og) + c“(ro)"s‘(vg).

Repeating the similar arguments as in the proofs of (a) and (b), cz.'(rn)-18‘

ned

becomes the contraction mapping from H 2(r) onto itself 1if a> 8 and ¢ 15 small

enough. Then we have

(5.18) as ¥l v e 1- :“(to)s‘}"(c’“(ro)‘ls‘ug))
1
ads
- og + 0™ ta 0 XD, ]

6. Proof of Theorem 3

6.1 Assume £6H5(Q) (k23) and 8> [a. Then, from (2.7) snd (2.10), ve have

(6.1) vg ¢ u},(no) n w*a,
l .
3. ke
(6.2) “° ¢n oynca)  (0esc1).
r

By using (2.13) and (6.2), we have

hqné

(6.3) ol = 0e?™) in 0 2q)nckld

).

By applying the maximum principle to the probleam (1.2), (1.3) and (1.3) and

using (6.3), we obtain

(6.4) oS Il 20 ™).
cta,)

We compute on [;

'3 (4
w ¢
6.5 Mgl sl o+l
k-i,r k’i.r h-i'r
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[ ]
where s is the arc length of T. .
By (6.3), we have
3 -
L1} N
1 8-a :
(6.6) <=1l < 0(c” ). —
¥ k-% . T )
From the definition of s‘, we have
L )
s k-3 .
6.7) ?}l -5t ren Am. )
r r e
By (3.27) and (2.1,
'1 -(atf’ € -20 .;
(6.8) i -’-;'" , <€ < "&1 i 1 & of ). ;
k-i.f k#i. 4
{
|

Combining (6.6) and (6.8),

(6.9) fosil |, = o™,
k-i.f
Simtlarcly, we have
[ 3
(6.10) oeSh , _ shEEN , s
k-3, k-3.90

k-2,8

€ “: k'%
becsuse of (6.4), ¥ | =0 and ~—| €N () N¢C ().
g nl)

Pyt v* -v.;. Then v sagisfies

g (6.11) 28,0 L v L0 tn 0.

Trom the maximum principle together with (6.9) and (6.10), it follovs

'@
- € -2

(6.12) oo Ilc(a-1) 01+ Y.

Here we have to assums k2 & to obtain the good regularity of 0‘. Repaating the
Q simflar argument, we have
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X (6.13) 5 || oe” 3%y (v,
, x,9X - C ]
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1. Proof of Theorem 4 j-
In the final section we give the proof of Theorem 4 under the drastic B
1
assumption. Suppose Q = Rf_. ;""

In the same way as in 1° of the proof of Lemma 4, we transform t; {ate Ct. A
" ’ -
Then *t satisfies S
N A 1

(7.1) A T TP S O T Rt L IR L :
1

By (2.13) of Theorem 2, we have

1
VS 1) a-=
(7.2) v - cfe. 2 + oo tn ® D). )
x1-0 1 xl-O

By substituting (7.2) into (7.1), we have

¢
a.3) 1) = —3- Eo (x » E)ex,
0
. - -'—.£ . 1 & oo
Oxl 1 *
We coapute
§ >
! o
- (7.4) Q) + 37~
'] x
?L 1 x,=0
) 1
2(a+8) gl 1

- bn LY 3

Qeande|g]2c20%8))  (1aqraand. g 2208y
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From (7.4), we have

1 c “’g 2(a48)
7.9) % rtl dxl + e = 0(c ).
[ 3 0 1 1
a-2,T
2
Appendix

For simplicity, we assume A(uz)éca(f) and revrite |:—:| -'(“1'“2)'

1° Here we state how to construct *: (n=0, 1, 2,...) in (3.39). Let tg be the

solution of the following ordinary differential equation:

2,0

%
(A.1) <20 €, L0,u)¥0 =0 in 8%,
2 2’ V¢ +
u
1
(A.2) o° eAlu.) and ¥ -0 (uv+e).
[ 2 [ 2
ul-o

Solving (A.1,2), we get

(A.3) o - A(uz)-.xp(-c““”-.(o.uz)ul)
We compute
(A.8) <2850 o l(nl.uz)ztg

2
o 20 LR 260 g, )
duz
-a(ul.uz)z)'exp(-t-‘u¢‘)‘l(0.uz)ul)

3 ‘2(°ﬂ).32(u1'“2) .

Let 0: be the solution of the problem:

-21~
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2(a+8 2.1 0 2 S

(A.S) - (a+8) | —3—2‘- + a(o,uz) wc - -8, (ul.uz) in l*
u ‘-
1
'—-d
(A.6) ol =0 and  $P+0 (u,e4e). . »,

[ 4 € 2 .
ul-O

Solving (A.5,6) and computing

ST | RS
Lty 'y J:n._..&'.;'n;-" s s

R7) <20yl 4 aquuphl - 2Ol L0y,

ve can construct the equation which 0: satisfies in the following way: "5
1
26a88) 2 Ve 2,2 1 - 3
(A.8) - ";"2— + a(0,u,)%, = g (u),u,), .,:“
u 3
1 k
2 2
(Aog) * =0 and * -0 (u “-)o ' l‘1
€l, =0 € 2
1 -
Ll
B
Using the cascade system defined above, we can obtain 0: (n=0, 1, 2,...). _
2° Ve put .]
i .
(A.10) of *2 . c2(«4-8).“'1:. eee o ‘Zn(cﬂ),’: ..,
S
and ]
(A.11) v, =¥ - et e
Then v satisfies '.;'\.
.:_\j
2(a+8 2 g
(A.12) 2@ ay s aquuple o ™MD @By g o 7
L
R
(A.13) "Cl -0 and v * 0 (u2*+'). !__‘
u,=0
1 -
s
From (A.12,13), we have :
_~
s
-22-
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(A.16) N Il , 5 s0™DEH), o
M At 0
.15 Hugll y o & oG, ' o]
H(R) » 1
and moreover -
}
(A.16) iw ll < 0(1).
(] “n+2(ki) 4
b
3 .Uc compute : 1
¢ ¢ 3
afl 287 v =
(A.17) %, ™ 2, 3
ul-o u,=0 u,~0 .,.}
wvhere
k
(3 n 1)
(A.18) -:-:— § (2k(a*8) T .
Uy, -0 k=0 ty =0

On the other hand, froam (A.16)

- w N
P (A.19) 3"1 n+£ £ o) (f: the v, axis of w plane).
My 2

If we choose n+%‘-_>,n-% (or n2m~-1), then we have

E! c --l -
(A.20) %5_l - a0, up(c" P 4 Sy €n Ah) -
. 1 ry i '1
. T -.
i . 1
[ for any A€ co(l‘). N 3
re 0]
P € €
f. aL .—_—--1 . al. t ‘
E;:. By mu“. 3 ; a(o.uz) 3“1 2 and using the density argument, we conclude ‘.‘
b (3.26)-(3.29). ]
o 3
i L ]
g 1
5 -23- R
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