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DOMINATES ON EQUIVALENCE CLASSES OF SEMIGROUP OPERATIONS

1. Preliminaries. Throughout this report (S,2) always denotes a partially

ordered set and e denotes a fixed element of S. Particular realizations

of importance are (1) S = I = (0,1] endowed with the usual ordering and

e=1, (2) S =R* = [0,o) with the usual ordering and e = 0, (3) S = A%,
the collection of all nondecreasing, left-continuous functions F from R+
into I with F(0) = 0 and F(«) = 1 where for any F, G in A*, F 2 G if and
only if F(x) 2 G(x) for all x in JR*, and e is taken to be the element o 1n
at having a unit jump discontinuity at zero.

By Op(S) is meant the collection of all associative binary operations

on S having e as an identity. The elements of Op(A+) which are commutative

and nondecreasing in each place are called triangle functions [31* while

those in Op(I) which are both commutative and nondecreasing in each place

are called triangular norms (briefly, t-norms) [3]. A t-norm is strict

if it is continuous on I2 and strictly increasing in each place on (0,112,

A t-norm, T, is Archimedean (3] if and only if, for each x with 0 < x < 1,

T(x,x) < x.

A familv (T ¥ < _o Of t-norms of special interest in this report is

defined as follows: For each real number p # 0, let Tp: 12 > I be given by »

T (a,b) = iMax(aP + b - 1,0)11/P (1.1) j

where zero raised to a real power is understood to be zero. Define

*Schweizer, B. and Sklar, A., Probabilistic Metric Spaces,
Elgevier North Holland, New York (to appear Fall 1982)
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To(a,b) = a+b (1.2)

B R ORI

T__(a,b) = Min(a,b), (1.3)
and
a, ifb=1
T (a,b) = b, if a=1,
0, otherwise. (1.4)

The t-norm T_ is continuous if and only if -~o< p < «, strict if and only
if -» < p< 0, and Archimedean if and only if -» <p< =, Moreover

T T
P

asp>0, 7 - T asp-2>wand T_+T as p + ~o ., The t-norms
p L] p -—C0

0
T_w, TO’ T1 and Tm are important t-norms whose standard names in the
literature [3] are M, 1,W and Z, respectfully.

It is well-known [3] that a t-norm T is strict if and only if there

. -+
is a continuous, strictly decreasing function g from I onfofR such

that for each a,b in I,

T(a,b) = g M(g(a) + g(b)). (1.5)

The function g 1s called an additive generator for T. Moreover, if g

satisfies the above conditions, then T given by (1.5) is a strict t-norm.

The ordering on S induces two relations of interest on Op(S) ~- one

is the stronger than or equal to relation, the other is the dominates

relation. For any H,G in Op(S), H is stronger than or equal to G

(written H > G) if and only if, for all a and b in S, H(a,b) 2 G(a,b).

Rich _.outiund . - -
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Also, for any H,G in Op(S), H dominates G (written H>>G) if and only

if, for all a, b, ¢, d in S,

H(G(a,b),G(c,d)) = G(H(a,c),H(b,d)) (1.6)

The definition of dominates in this setting is formulated in [3] where its

importance is discussed and some of the problems in the next section are

posed.

When forming the product of two metric spaces (Ml,dl) and (MZ’dZ)’ the i
dominates relation on Op(ﬁf) is interesting. For an arbitrary H in Op(u{),

the function d: (Ml X M2)2-+ﬂf'defined by
d((pl,pz),(ql,qz)) = H(dl(pl.ql),dz(pz,qz))

might not be a metric because the triangle inequality may fail. If, how-
ever, ordinary addition dominates H then the triangle inequality is

satisfied and d is a metric.

Similarly, when forming the product of two probabilistic metric

*
spaces [6] the dominates relation on Op(I) and the dominates relation on
Op(A+) are interesting. The principle investigator became interested in

*%
dominates on Op(I) when studying products of fuzzy subgroups [4] .

e SCR L o L LT T R TV

* Tardiff, R. M., Topologies for probabilistic metric spaces, Ph.D.
dissertation, University of Massachuesetts, 1975 (Unpublished)

*
Sherwood, H., Products of fuzzy subgroups. Fuzzy Sets and Systems
! (To appear)
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2. Research Objectives. All of the objectives of this project dealt with

t-norms. One of the main objectives was to seek a condition on t-norms

T and R which would imply that T dominates R. To find an easier-to-apply
condition equivalent to (1.6) was a more ambitious objective. Other
objectives were (1) to determine whether T>>R, (2) to determine whether
dominates is a transitive relation, and (3) to study the connections
between dominates on t-norms and dominates on triangle functions. In order
to gain insight into the above-mentioned problems, the very first objective
was to characterize dominates on the family {Tp}: - —w + Next, the strict

t-norms were to be considered.

3. Status of Research. The initial objective of this project, characteriz-

oo *
ing dominates on the family {Tp}p has been achieved. A paper (5]

= =00

containing this characterization has been written which is briefly summarized

in the following theorem and corollary.
Theorem 1. The t-noru Tpdominatequ if and only if p < q.

Corollary 1l.1. The dominates relation is transitive on {Tp}°°

p=—oo

The work leading to these results gave hope that the same methods could
be used to attack the '"dominates problem" in the family of strict t-norms.
As this was undertaken, equation (1.5) led to conmsidering the equivalent

problem in 0p(ﬂ§+) instead of in Op(I). After considerable work in that

* Sherwood, H., Characterizing dominates on a family of triangular norms,
Submitted to Aequationes Mathematicae.
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context, additional insight suggested working in the more abstract setting

of 0p(S). To communicate the results obtained, some additional conventions

; : are needed.

Let Map(S) denote the collection of all order-preserving bijections
! ‘ from S onto S which map e to itself. Observe that Map(b5) is a group under
composition. For each H in Op(S) and each a in Map(S), the function

H: S2 + S, defined by
a
H (2,b) = a 'H(a(a),a(b)),

k : is again in Op(S). Moreover, if H is commutative so is Hu’ and if H is

nondecreasing in each place so is Hu' For any H, G in Op(S), H is equiva-

lent to G (written H~ G) if and only if there is some a in Map(S) such

that G = H . Observe that ~ is an equivalence relation on Op(S) and [H]

denotes the equivalence class determined by H.

"
In another context R. Moynihan [12]" proves that [M] = {M},[ 1] is the

collection of strict t-norms, and [W] is the collection of non-strict,

Archimedean t-norms. It is easy to prove that [M] and [Z] are

the only singleton equivalence classes determined by t-norms. Later in

this report a characterization of all equivalence classes determined by

continuous t-norms is given.

Earlier mention is made of the equivalence of the "dominates problem'

for strict t-norms and another one in the setting of Op(IRT). This

equivalence is now made precise.

3 *Moynihan, R., On 1, semigroups of probability distribution functioms II.

T
Aequations Mathematicae, 17 (1978) 19-40.
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Theorem 2, Let (S,2) and (S',2') be partially ordered sets with dis-
tinguished elements e and e', respectively. Let H and H' denote fixed
elements of S and S' and let 2 and >' denote the stronger than or equal
to relations induced on Op(S) and Op(S'), respectively. Also let >>

and >>' denote the corresponding dominates relations on Op(S) and
Op(S'). Suppose there exists a bijection f: S + S' such that f(e) = e'
and for all a,b in S, (1) a 2 b if and only if £f(a) 2' £(b) and (2)

H(a,b) = g1 R'(f(a),f(b)). Then the map ¢: Map(S) + Map(S') defined by
$(a) = fo qo f-1 is an isomorphism from (Map(S),o) onto (Map(S'),°) and
the map F:[H)}+([H')Jdefined by F(Ha) = H'

fogo f

\ ]
in [H], (a) Ha 2 HB if and only if F(Ha) > F(HB) and

if and only if F(Ha) >>! F(HB).

-1 is a bijection such that,

for each Ha’HB

(b) Hu >> BB

Theorem 3. Let (S,2), (S',2'), e, e', H, H' and the induced relations
2, 2, > and >>' be as in Theorem 2. Suppose there exists a bi-
jection f: S + S' such that f(e) = e' and, for all a,b in S, (1) a 2 b if
and only 1f £(b) ' f(a) and (2) H(a,b) = £ 'H'(£(a),£(b)). Then the
mapping ¢: Map(S) - Map(S') defined by $(a) = feao f-l is again an iso-
morphism from (Map(S),° ) onto (Map(S'),° ) and the map F: [H]~> {H']

defined by F(Ha) = H -1 is a bijection and such that, for each H ,

'
foao f

H,  in [H], (a) Ha 2 H, 1f and only if F(HB) > F(Hu) and (b) Hu >>H

8 B8

B

if and only if F(H)>>' F(H ).

Consider the following special case of Theorem 3. Let f: I ->TR+ be

given by f(x) = -1n x. Then, for any x,y in I,




N(x,y) = x-y = £ 2(E(x) + £(y)).

Observe that Il is in Op(I) and A: (IR-.')2 + IR+ defined by A(x,y) = x + y
is in Op(ﬂ(+). Also, the conditions of Theorem 3 are satisfied by f, I
if and only if A

and A. Therefore, Hu >>1 -1 so that

8 fo gof =177 Agogag

solving the “dominates problem" on [N] is in fact equivalent to solving

it on [ A].

The next few results reveal an intimate connection between the group

structure in (Map(S), ° ) and the dominates relation.

Theorem 4. For any H in Op(S) and any a,8,y in Map(S), Ha>>-HB if and only
if H >>H .
[V TR Beo Y

Corollary 4.1. For any H in Op(S) and any a,B,y in Map(S), the following

three statements are equivalent: (1) Hu>> H

g’ (2 Ha°8"]’°y>> HY, and

3) h‘y>> HB°O."1°Y .

Notice the homogeneity in the structure ([H],>>). No matter where you

stand in the structure, whether at H, or at HY’ you see essentially the same

8

view. Also, finding all the Hu's that dominate a given H, is accomplished

8
as soon as all those that dominate (or are dominated by) any other fixed

H are found.
Y

For some time it has been known (6] that the dominates relation 1is

*
intimately connected to the notion of subadditivity and superadditivity (1]

*Marshall, A. W, and Olkin, I., Inequalities: Theory of Majorization and

1ts Applications, Academic Press, New York, 1979.
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of functions. A special case of Corollary 4.1 brings out this connection.

Corollary 4.2. Let A in Op(fR') denote ordinary addition. For amy a,8 in

Hap(lR+), the following three statements are equivalent: (1) Aa > AB’

(a) Aw8-1>> A, 1i.e., A

mB‘l is superadditive, and (3) A>> Aeoa-l is

 } subadditive.

‘ E The structure ( {H], 2 ) possesses the same sort of homogeniety as
( [H], >5). In other words, H 2 HB if and only if Haoy p HB°Y . The

homogeniety of these two structures coupled with the following example leads

to an interesting result.

Example. Let A in 0p(lR+) denote ordinary addition and let vy in Map(IR+)
be given by

x, 1f 0 =sx<x1,

y(x) =
(x+1)/2, 1f x > 1. |

Then A 1is given by a multipart rule whose value at any (x,y) in the various
regions of (IR"')2 are shown in Figure 1. From Figure 1 it is clear that :

2A. B 2 = A (1,1) = 3,
A‘Y A ut AY( ,2) = 5 while Y( ) =3

Ay(A(l,l),A(l,l)) = AY(1+1’ 141) = 5
<33 = AY(l,l) + Ay(l,l).

Thus A‘Y does not dominate A.

P e kS ral > -
: .'w:n 2*:,'!&3 el




y 1t

2x +y x+y+1
y=1

2x + 2y -1

x + 2y
x +y
~? x
x=1
Figure 1

Theorem 5. For every Aa there is an AB such that AB 2 AOL but AB does

not dominate Aa'

The transitivity of dominates is also intimately connected with the

group structure in (Map(S),°) as indicated by the following theorem and

corollary.

Theorem 6. Dominates is transitive on {H] if and only if whenever

H >>H and ﬁa» H then H__,>> H.

If [H] inherits the group operation from Map(S), i.e., Hcl * HB =

H then Theorem 6 yields the following corollary.

o R’

Corollary 6.1. Dominates is transitive on [H] if and only if

{Hu: Hu>>H} is closed under *,

In order to characterize all the equivalence classes determined by
9
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continuous t-norms, the following definition taken from [3] is needed.

Definition 1. Let {(Si’Ti)}ieT be a family of binary systems indexed by

the elements of a (possibly uncountable) set T of real numbers. For all
i, j, k in T, let these binary systems satisfy the following compatibility
conditions:

(1) If 1 <j <k and §; n S, is non-empty,

then Sj = Si n Sk’

(2) If i <j and x is in Si n Sj’ then x is the unique element
in Si n Sj’ and is the identity of Ti and the null element

of T..
J

Finally, let S be the union of all sets Si’ and let T be defined on 52 as

follows: For x in Si and y in Sj’

X, if 1 <j,
T(x,y) = Ti(x,y), if i = 3,

Y if i > j. (3.1)

(Note that the compatibility conditions guarantee that (3.1) is consistent,
whence T is a well-defined binary operation on S.) Then the binary system

(S,T) is the ordinal sum of the family of binary systems {<si’Ti)}i£T'

In (3] Schweizer and Sklar state a theorem, which in the continuous
case they credit to Mostert and Shields, stating that under suitable
conditions a binary system may be expressed as an ordinal sum. In general

this representation is not unique. However, the proof of Theorem 5.3.8.

10
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in [3] reveals that under the conditions of that theorem it is always
possible to choose a standavd way of doing this. These observations

motivate the following definition and theorem.

Definition 2. The family ( Iti,ei],T is a canonical ordinal sum

i)ieT
family for the continuous t-norm T if and only ..

(1) For every { in T, i = (ti + ei)/2,

(2) Each Ti is either Archimedean on [ti,ei]

- 2
or Ti M[(ti,ei]

. = 2
(3) Each [ty,e ] for which T M][ti,ei]

i

is maximal in the sense that if it were

enlarged then there would be a point x in

the enlargement where T(x,x) <x, and
(4) ({0,11,T) is an ordinal sum of the family

(Cegrei 1T er
Theorem 7. Every continuous t-norm admits exactly one canonical ordinal

sum family.

Figure 2 illustrates the situation described in the preceding
definition and theorem. On the squares labelled "A", T is Archimedean

while everywhere else in 12, T equals Min.

11




(0,1) (1,1)

Min

} i :
' 1
] I
A | , Min

{ 1
X '
{ i
| 1
! [
A { '
; 1

'
1 !
t ]
} !

L |
T . :
\ |
] t
{ '

(0,0) (t;,0) (e;,0) (1,0)

(1,0)=(t +e,)/2,0)

Figure 2
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Definition 3. Let T be a continuous t-norm with canonical ordinal sum

family ( (ti’ei]’Ti)ieT . The map 6T: T + {0,1,2,3)} is defined as follows:

0, if t1 = ey
- 2
Sty = 1, 1f T, Ml[tiei] and £y # e
T
2, if Ti is strict and ty ¥ e
3, othervise.

Theorem 8. The continuous t-norms T and R are equivalent (i.e., T~ R)

if and only if there exists an order-preserving bijection f from the domain

of 8, onto the domain of 8, such that 8. = & of.

Corollary 8.1 Every continuous t-norm is equivalent to an ordinal sum of

semigroups (si’Ti) where each Si is a closed interval [ti,ei] (perhaps
consisting of a single point in which case Ti(ti’ti) = ti) and each Ti

(for which ty # ei) is given by
= - ~t )le ~ ~t.) -
T, (x,y) = (e~t IR ((xy~t e, ~t ), (y;~t,}/(e;~t)) + ¢t ,
for each x,y in [ti’ei] where Ri is W, T or M.

In light of Theorem 4 and the corollaries to it, finding conditions )

which guarantee that one member of [A] dominates another reduces to finding

conditions which guarantee a member to be subadditive. Condition (1.6) as

applied to members of [ A] is a four-variable condition. The next lemma

replaces condition (1.6) with infinitely many two-variable extremal
problems.
i

13
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+
Lemma For each (xo,yo) in (JR) define G(x

+
. yo). [0,xo] X [O,yo] + R via

G(xo’yo)(x,y) = Aa(X.y) + Aa(xo-x,yo-y)-

Then A 1is subadditive if and only if each G ) assumes its minimum

(x_,y

[o] [o]
value at (x,y) = (xo,yo).

This lemma is used to prove the following result.

Theorem 9. Suppose o is an everywhere differentiable, strictly increasing

+
map from R™ onto ﬂt+'such that for every (xo,yo), the only solution of

a'(x) __a'(y) _ _ o' e +a(y))
a'(x -x)  a'(y_-y) a" (e alx —x) + aly_-y))) (3.2)

is (x,y) = (xo/2,yo/2). Then Au is subadditive if and only if a is convex

and the map x hou(Za-l(x)) is superadditive.

The condition that (3.2) have only one solution is not needed to prove
that the subadditivity of Acl guarantees the convexity of a and the sub-
additivity of xrva(Za—l(x)). Furthermore, examples exist where Au is
subadditive and (3.2) has more than one solution. However, for each known
example of a subadditive Aa’ it happens that a is convex and xrou(2a_1(x))

is superadditive. A proof that these two conditions alone are sufficient

for the subadditivity of Aa is yet to be found.




4. Conclusions Because the objectives for this project are stated in

the context of t-norms and because many of the above results are stated
either in a different or more general setting, the progress toward the

stated objectives is now summarized in terms of t-norms.

First of all Theorem 9, in light of the discussion immediately
following Theorem 3, gives in many situations an easier to apply
condition equivalent to (1.6) for strict t-norms. The condition is not
as easy to apply as desired, but it warrants further study especially in
the direction suggested by the discussion following Theorem 9. Thus,

some'progress has been made toward the main objective.

Determining whether T 2 R implies T>>R was another objective.
Unknown to the principle investigator this first objective had already
been resolved by R. Tardiff (6] with a counterexample. However, again in
light of the discussion immediately following Theorem 3, Theorem 5 addresses
this objective much more forcefully than a single counterexample; it says
that given any strict t-norm R there is a strict t-norm T such that T 2R

but T does not dominate R.

Whether dominates is transitive is still an open question in general.
On the family {Tp}: - o this has been resolved in the affirmative. More-
over, Corollary 6.1 reduces the problem for strict t-norms to a closure-
type problem, i.e., dominates is transitive on the collection of strict

t-norms if and only if {Ha: HG>> N} is closed under *,.

15
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Finally, the very first objective, characterizing dominates on the

family {T_}" ,
amily { p}p . o

these results are the subject of a paper [51.

has been completely realized. As mentioned earlier,
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