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ABSTRACT

A semi-empirical method for modelling the loss of electron fluxes in the ~arth’s mag-
netosphere was developed. An equation for Lhe integral-energy omnidirectional electron flux
as a function of time and magnetic field strength was derived from pitch-angle diffusion
theory. -

—

“>This flux equation was the basis for a computer data-fitting program written at the
Air Force Weapons Laboratory (AFWL) to fit the AFWL Trapped Electron Da.a Base. The
program ulilized a icast-squares fit and inzorporated random variations of the characterisiic
exponential loss Limes about their initial values. An improved table of initial less times was
compiled for use with the program.

‘igﬂ'ﬂﬁl;‘der-ived flux model showed substantial agrecment with the empirical data base.
Representative plats of computed flux over raw data are shown for L-values of 2.3 and 2.4.




I. INTRODUCTION

Objective

Modern technology, both civilian and military, depends greatly on the use of satellite
systems. It is thus important to the Department of Defense to understand and predict the
environment in which satellites may operate, in order to determine survivability and vul-
nerability requirements. One part of that environment is the electron fluxes which may exist
in the trapping regions of the earth’s magnetosphere. Such fluxes may arise from natural
sources or from injection by high-altitude puclear bursts. Because such fluxes have great
capability for inflicting damage to sensitive satellite components, even at great distances
from a burst, understanding their behavior is vitally important.

There are a large number of theoretical treatments in the literature which describe
various electron loss mechanisms from the earth’s magnetosphere. However, the empirical
calculations of actual electron losses are often couflicting, and frequently are restricted in
their areas of coverage.

Since the cessation of high altitude nuclear testing in 1962, loss studies have been limited
to electrons injected into the magnetosphere by natural magnetic disturbances such as solar
storms. Thus, much of the theory which has been developed since 1962 has had restricted
opportunity for empirical testing.

The objective of this study is to produce an improved algorithm to calculate losses
of electrons from the magnetosphere. The algorithm is semi-empirical, because it utilizes
the Air Force Weapons Laboratory (AFWL) Trapped Electron Data Base (Ref. 37) measure-
ment of electron fluxes (following the old high altitude nuciear bursts) to determine the
characteristic loss times of those electrons.

The loss times thus determined and the algorithm for lux “decay” will then be incor-
porated by AFWL into the SPECTER computer code (Ref. 7-9) for improved flux calcula-
tious of satellite environments.

Scope

This study is limited to investigation of one loss mechanism, pitch-angle diffusion, using
a theoretical formalism developed principally by Shule (Ref. 47,48). The study has also been
necessarily limited to those regions of space and those energies covered by the satellites from
which the data base was complied. The loss equstions thus developed in this study are only
implicitly functions of energy, E, and L-coordinate (explained in Chapter If).

The sheer volume of data and the limited time for this study also limited the testing
of the algorithm developed to a representative subset of the entire data base.
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Approsch

A specific solution of the pitch-angle diffasion equation is derived using the method
proposed by Shuls (Ref. 47). This solution is then fitted to the electron flux data using
a least-squares fitting program written by AFWL, with the coordination of this author.
The solutions are performed for integral fluxes (above threshold energy of the satellite
detector) and for constant L-value. The solutions are thus explicitly functions of magnetic
field strength, B, but implicitly functions of £ and L .

Use of the AFWL/NTCTS computer facilities was essential to this study. Well over 72

hours of actual computer-processing time were used, and over 1000 computer-produced flux
plots were examined.

Presentation

A brief Background section is presented, which covers some physical relations and
terminology used in the study of space physics. This section is used to establish uniform
symbol notation, and to provide a common starting point for the reader unfamiliar with the

specialised language of space physics. It may be skipped by the reader more familiar with
the topic.

Chapter III outlines the t.heory used to develop the flux equations which were fitted to
the data.

Following the theory chapter is a chapter outlining the method of data analysis.
Descriptions are given of the data base and of the AFWL, computer codes used in this study.

Representative results of the study are presented in Chapter V, in both tabular and
graphic form. Again, the sheer volume of data makes inclusion of all plots and fitted values
prohibitive.

Conclusions and rccommendations for improvements for further study are presented in
Chapter V1. )

The Bibliography includes 85 sources and provides a comprehensive summary of existing

literature of relevant topics about radiation trapped in the magnetosphere and of pitch-angle
diffusion.
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I. BACKGROUND

The equation of motion of a charged particle in magnetic, electric, and external gravita-
tional fields is: P
7

¢ - -
— = mg —- B ;
mdt'-’ mg+q(dtx )+qi‘

o

Lol
CR ]

-
.
.
.

where

2 oy dF
7= ¥t,7,00); a="
m = particle mass,

§ = gravitational constant,

q = charge,

B= magnetic field, .

E = total clectric field (Ref. 11:23-24.)

In 2 uniform magnetic field, a charged particle will move in helical fashion along and
around the field lines with a cyclotron radius, p., (also called gyroradius or Larmor radius)
about its “guiding center”. The particle’s motion may thus be separated into its rotation
around the field line and the motion of its center of rotation, or guiding center, along the
field line (Ref. 11:24-25).

The period of cyclotron rotation, r., is defined by (Ref. 39:5):
‘o 2xm __ 2xp,

where m is the relativistic m~as:

m = mo7 = mq

and where v is component of velocity perpendicular to B. The cyclotron frequency is
simply 2x over the period (Ref. 39:5):

The angle between a particle’s local velocity, ¥, and the magnetic field, 73, is its piteh-
angle, a, which is defined ns:

v

L]
a= nrccos( -~) = nrcsin( 'L'L-).
12 1/

In a uniform static magnetic ficld, vy is constant and v is constant, and hence a is constant.
The particle will then move with a uniform circular motion aronnd the field line and uniform
rectilinear motion along the field line, resulling in a helizal motion about the tine, since

dpldt = qo X B = ma,
. and .

«d
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4 =0,
U] = constant,
and
a; = (qvyB)/m = constant, which is a constant centripetal acceleration

(Ref.39:4-7; Ref. 11:23-386).

The concept of the first adiabatic invariant arises naturally from the g iding center
approximation. The first adiabatic invariant, M, (also called the relativisi:ic magnetic

moment) is defined by:
2

M= 3 mtB = eonstant
where P is the particle’s perpendicular momentum in the guiding center ap >roximation.
The assumptions implicit in calling M invariant are that the spatial variation >f B is small
compared to p. and the time variation of B is small compared to r. (Ref. 39:1)-23).

It a particle has a constant velocity along a field line in the guiding certer frame of
reference, then
sin"’a(a) sin’a;
—— el e = ¢
B(o) B constan
where ¢ is the arc length along the field line and ¢ is any point on the field line. ‘This assumes
that the particle’s kinetic energy remains constant as it follows the ficld line. If a particle
enters the field at point B; with pitch angle a;, its velocity along the field line is

vy(8) =v cosa(s) =v e \/l - %:L) sin’a;.

If the field is increasing in the dircction of vy, then the “mirror point” of the particle, where
its parallel velocity is zero, is

B; _ Bl

B, = =
" sina; sin’a(a)

and the particle has a local pitch angle of 90° at that mirror point (Ref. 39:34 -42).

When the magnetic field has a geometry like that of a dipole field, incrcasing at the
poles and decreasing in the midpoint, then the particle is in the so-called “*magnetic bottle”,
and is trapped between the mirror points. There is some minimum B value between the
mirror points which is called By, the equatorial field strength. Using the gtiding center
approximation and approximating the earth’s magnetic field by a dipole ficli, a particle
trapped in the earth’s field has three distinct motiona. It circles rapidly about :. field line, it
bounces along the line between mirror points, and it drifts slowly in longitud around the

earth. All three motions take place with different speeds, so they are distinet (Ref. 11:25;

Ref. 29:34-65).

From the mirror point definition, and from the velocily equations, we sce Lthat

=P
M 2mglim
and that B
3
vy (1) = v sinay ’_”‘:) — Il 3(_3'1 '
A

o mnime e



Note that the particle’s mirror point depends only on its ®injection” point and its
injection pitch angle, not on its initial energy or velocity. A mirror point is a consequence
of the field alone, and all particles injected at the same point with the same pit:h aagle will
mirror at the same point on the field line. Of course, this is only Lrue if no external forces
are ~cting.

The parallel velocity, vy, of the particle will be the maximun at By, wher> B(s) is the
minimum. Thus, a trapped particle spends most of its time near the mirror po nts, and the
least amount of ils time transiting the equatorial field regions (Ref. 29:34-44).

The bounce period, n,, of a trapped particle is generally much greater than its cyclotron
period, 7, and is defined by: -

NP R Y L S B
me 0) ey T B (G)B)
where 8,,, and s, are the mirror points on the field line.

As a particle in a dipole field like the earth’s bounces along the field line, it also drifts
perpeandicularly to the field line, due to external forces, field gradients, and fie'd curvature,
as well as other effects such as time-dependent ficld changes. This drift is sicw compared
to the bounce period. As the particle bounces and drifts, it traces out a surface between its
mirror points and around the earth, called a drift shell (Ref. 39:9-19).

The concepts of the second and third adiabatic invariants arise from the abave behavior.
It the forces acting on the particle remain almost constant over its bounce period, the second
adiabatic invariant, J, is defined by

Om
J=fp|da=4/o py ds

where py is the momentum component parallel to B and ds measures arc lenyth from the
equator (Ref. 45:12; Ref. 06:3-31). If the forces acting on a particle remain aliost constant
over its drift period, Lthe thsrd adiabatic invariant, &, which is the magnetic flux enclosed by
a drift shell, is defined by

¢=fh-a

where Ay is the magnetic vector potential and where the integration is performed over a
curve, s, which lies in the drift shell. The third invariant, &, is defined and computed for
the drift shell of the guiding center, with constant ficld, and not for a drift shell which a
particle may physically trace ont under short-term conditions (Ref. 45:12; Ref 39:76--79).

The guiding drift shell of a particle may also be referred to as an “invariant surface,”
which is composed of field lines which end at the mirror points. The three adiaba.ic invariants
uniquely define an invariant surface (Ref. 8:3-31 to 3-32).

The more common sel of parameters used Lo define a particle’s position in the mag-
netosphere (or to define an invariant surface) is the B-/, coordinate system. The 3 parameter
is magnetic field strength, and L is the Mcllwain L parameter defined by L = : ¢/t where
Rpg is the earth’s radius (=3 6371 km) (Ref. 8:3-33) and (Ref. 39:53).

The value of L, therefore, is equal to the distauce, in earth radii, of tl ¢ ecquatorial
point on a field line in a dipole field. If the ficld is nol symmetric {not a pe:fect dipole),
the invariant surface is not so well defined. Tlowever, for most field linns in .he trapping

B
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region of the earth’'s magnetosphere, L varies by less than one percent along the line, so
the B-L system is adequate. The less-than-exact symmetry of the earth’s dipole field and
outside forces may cause particle drift to deviate from a perfect azimuthal course. This
means that its L value will vary in the course of a drift period. This variatior of L values
is not significant below L, == 3, but may be so above that value. The average /~value of all
intersecting invariant surfaces is called an L-shell. This L-value defines a set of surfaces along
field lines, which may end at differing mirror points. The [-shells are considerec. to intersect
the earth’s surface, even though mirror points do not extend through the atmo: phere to the
surface (Ref. 6:3-33 to 3-35; Ref. 39:53).

The various mechanisms which operate to cause trapped particles to change L-shell or
to be lost from the trapping region will necessarily violate one or more of the adiabatic
invariants. For example, pitch-angle diffusion violates M or J, or both; and ralial diffusion
violates & (Ref. 45:48). These concepts are discussed further in Chapter IIi.
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1. THEORY

While the motion of particles trapped in a magnetic field is well understood, the
mechanisms of losses from magnetic fields such as the earth’s magnetosphere are less well
understood. It is generally agreed, however, that pitch-angle diffusion into the loss cone is
one of the predominant mechanisms for removal of charged particles for mid-range L-values.
The loss cone angle is the lower limit of pitch angle for trapped particles. Any particles with
smaller pitch angles will mirror in the sensible atmospherc and will be lost by atmospheric
scattering.

Roberts (Ref. 41) has noted that a pitch-angle scattering mechanism must be extant
for pitch-angle diffusion to occur. Such a mechanism would necessarily violate one or more
of the adiabatic invariants.

It is not the purpose of this study to ascertain the true source mechanism of pitch-
angle diffusion. Such a study is beyond the scope of this paper. Indeed, the search for
this mechanism has been going on for decades. Roberts (Ref. 41) has postulated that the
“perturbation forces® causing such diffusion may result from turbulent ambient electric or
magnetic fields or from collisions with other trapped or non-trapped particles. Lyons (Refs.
20-28) has formulated extensive theory based on resonant interactions of so-callcd “whistler”
VLF waves with the trapped-particles’ gyrofrequencies: “cyclotron-resonance”. Regardless
of the actual physical mechanism behind pitch-angle diffusion, its general treatment is
mathematically the same, and the physical resuits are the same. (Ref. 41:308) This study
follows the methods of Roberts (Ref. 41), Shuls and Lanzerotti (Ref. 45) and Shuls (Ref.
47) in assuming that pitch-angle diffusior is an operative process. One of the purposes of
this study is the formulation of the equations necessary to validate that assumption against
experimental data, and to perform that experimental validation.

It should be emphasised that, while pitch-angle diffusion is assumed in this paper to
be the dominant loss mechanism for }-values and altitudes considered, it is aot the only
loss mechanism. Several investigators have formulated radial diffusion (croa:-L) theories
(for example, Walt (Ref. 58) or Tomassian (Rel. 54)), coulombic or collisioa-scattering-
diftusion theories (for example, Wentworth (Ref. 60)) and multiple diffusion theories, such as
combinations of pitch-angle, energy, and/or radial diffusion (for example, Walt Ref. 58) and
Lyons (Ref. 26)), all of which show some agreement with experimental data. la particular,
atmospheric scattering is obviously a dominant force at very low L values (Rel. 30).

The introduction of multiple loss-mechanisms makes explicit solutions of \ny diffusion
equation extremely difficuit. To simplify the problem and render it amenable tc the method
of Shuls (Ref. 47), this study assumes that "as a rule, radial diffusion enables the radiation
belts to become populated from an external source (or rearranges particles injected by an
internal source), while pitch angle diffusion causes particle loss to an atmospheric sink” (Ref.
45:48).

Pitch-angle diffusion, while simple in concept, is complicated in detail. Roberts’ (Ref.
41:307-337) treatment of the general mechanism is particularly descriplive:

At the magnetic equator, a particle’s pitch angle, ag, is dctermined by

P

Tarer V()

(1) z = cosog =

~3

= .
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“ where P, and P), are the parallel and perpendiciuar components of the particle’s
*:_-: momentum with respect to the fleld line at the equatorial value of By. Roberts next defines
-:‘ -
L] Pl 02

o1 W, = ——,

5 (2) le 2mq !

23 P
Wie= o

where mo is the rest mass. These are defined since the first adiabatic invariant, M, is
proportional to W, ,:

w
®) -5
and, if W), € W, ,, the second adiabatic invariant, J, is approximately prcportional to
W,:
e oW,
) I~
where

rp = the particle’s bounce period,

relativistic mass m

"= - = -

rest mass mo

pAAIRAD
Mt N

i’y

L

A particle’s path may be defined by plotting its values of W, , and Wj, 2s in Figure 1.
{

ad

Wyo *P3 5/ 2mg

2
Vl"o- Pi0 /Zm0

Fig. 1. Loss of a trapped particle by a random walk into the pitch-

Note that lines of constant equatorial pitch angle pass through the origin, because

tan® ap = %;‘-
8
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anle loss cone. (Ref. 41:308)
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Any force which violates either Af or J, the first or second adiabatic invariant, will
produce “diffusion™ of the particle’s pitch angle as shown in Figure 1 as W, , and W},
change with time. When a particle’s equatorial pitch angle diffuses to the valie of the loss
cone angle,

(5) z.-cosa.u\/l—%

where Bjoe is the value at 100 km altitude, then it is lost by atmospheric scattering. “The
loss cone serves as a ‘sink’ for particles® undergoing pitch angle diffusion (Ref. 41:307).

Roberts makes two very important points about pitch-angle diffusion as a ‘oss-mechan-
ism:

(1) with no source, the entire radiation-belt would be depleted of particler,

(2) the loss cone approximation is just that, since the atmosphere is not sh:rply defined
st 100 km. However, if efmospheric pitch-angle scattering is not the primary focus,
the loss come approximation may be useful. “Naturally, when the loss-:one concept
is used, detailed agreement between theory and experiment cannot be expected in
the region near the edge of the loss cone™ (Ref. 41:308).

Both Roberts (Ref. 41) and Shuls and Lanzerotti (Ref. 45) develop the pitch angle
diffusion equation from the Fokker-Planck equation using a particle distribution lunction,

The Fokker-Planck equation is a formalism which arnse from the study of Brownian
motion, and which is used frequently in transport theory (Ref. 42:308). The characteristic
Fokker-Planck equation for trapped particles (which ignores radial diffusion) it

:Z"Tlp;t: (w) 7] TG % [‘T‘“’” a_] - oﬁs[""’ 'w]

where the first term, subscripted v, represcnts non-stochastic (mean) energy loss to the
atmosphere, the second term represents pitch-angle diffusion, and the third ter n represents
range-straggling (energy diffusion). The term T'(y) is defined below, and the Dgg and D,,
terms are the characteristic diffusion coefficients; 7 is relativistic mass ratio (R(f. 45:55-58).

Roberts uses a distribution of particles in a “tube” of force about a firld line, and
Shuls and Lanserotti use a phase-spece density distribution function which s essentially
equivalent to Roberts’. Since this study follows the methods of Shulz (Ref. 47) and Shuls
and Lanserotti, a discussion of phase space is necessary (Ref. 45:15-22).

Any moving particle can be described by specifying its three position coo dinates and
its three canonical momentum components. This completes a six-dimension “nhasc-space”
in which a particle can trave! in time.

If there exists o system of a large number of particles in phase-space, the system can
be described by a six-dimensional distribution function [(ﬁ., d t) where

Ps=1, 2,3) are canonical momentum components,
i (1 =1,2,3) sre position coordinates, and  is time.

e T e 7 T &' e - = e &
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Thus, f d*Pd®3 is the number of particles instantaneously occupying 6-D volume
d®Pd*3. According to Liouville’s theorem, the phase-space volume containing the system
of particles moves incompressibly through phase-space.

Since P is an awkward quantity to deal with physically, Shulz and Lanzerctti note that
P transforms to the more familiar P as

= q
® P=p+(9)a
where A is the electromagnetic vector potential.

Hence, f(2,3,t) = /(p,7,t) since § = 7 and the P to 7 transformation has a unit
Jacobian. The position-momentum distribution function f(p,¥,t) defines the particles oc-
cupying the 6-D volume d*pd>? at any given ¢. The pitch angle diffusion equaticn is given in
terms of a phase-space distribution function which is numerically equal to the more easily-
definable position-momentum distribution function (Ref. 45:15-22). At constant energy and
L-shell, and under the action of some source 3, the diffusion equation in phase-ipace can be
written

o __L_2& J
@ 3t  zT(y) O [z T(4) Dss 8:] +5

where T(y) is the quarter-bounce integral path length function of y = 1 —2Z where
z == cos ag. The quarter bounce integral gives the length of the trajectory of u particle (in
units of Ry, the distance to the equatorial crossing) from the equator to the wirror point.
The exact definition of T is .
. / " ds
T=
o cosa

where s is the distance along the field line and a is the local pitch angle (Ref. 10:4029—4030).

D,, is the bounce-averaged diffusion coefficient as a function of z (Ref. 41 and Ref.
45). The boundary conditions are that = 0 at z = z, (some cutoff value) and f(z = 0) is
finite.

Shuls and Lanserotti (Ref. 45:16?) rewrite the above as

al 1 8 a7 z T'(y)[8]

® 37==az[”’==o,,'y = Tw)los)g T °

and further approximate that the second term is negligible for z € 1 since 22 + y2 = 1.
If T(y) =s T(1), the second term disappears and the equation is a diffusion equation in
cylindrieal coordinates. (These approximations are not used in this work. This jevelopment
is used to aid in understanding the exact solutions which follow from Shuls .Ref. 47)). If
D,, and 3 are then independent of 2, and if }(z,t) == X(z) T(¢), the eigenfur ctions of (8)
are Bessel functions of order zero. The general solution to (8) would then be

@) Hz,t) = Joo(2) + 3 anlt) Jo (“" ;z:)

where ]., is the stendy-state solution

m =) ())
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W The xn are the geroes of Jo (n ==1,2,...) and the a,(t) vary as e~(¥/™), where 7, ==
22/(D?&?). Thus, the pitch angle distribution (and hence the directional or omnidirectional
flux) is shown to be the sum of a steady state and higher order eigenmodes (Ref. 45:160-168).

The steady state can be thought of as the “normal” or *quiet-time® value of flux which
exists in equilibrium with the source 5. An “injection” of particles would thea result in a
perturbed distribution function with several eigenmodes, each with a charactcristic decay-
time 7,. The higher order modes decay faster, and cventually only the fundainental mode
would remain, which would decay exponentially to reach the steady state (afler “infinite”
time) (Ref. 41 and 45). There is ample evidence that such a process does indeed occur.
Roberts (Ref. 41) cites Explorer XV data for the 28 October 1962 Russian explosion as an
example. Rosen and Sanders (Ref. 43) also note that decay is faster immediateiy after solar
magnetic storm activity than during quieter periods. The similarities in Figures 2 and 3
illustrate the way in which a decay of higher eigenmodes (Figure 2) can approximate the
temporal evaluation of an actual electron distribution (Figure 3).

The primary difficulties with the above discussion arise from the approximations that:
(1) T(y) = T(1) = constant
(2) 22 <€l (oryss)
(3) D,4 varies little (or not at all) with z.

Roberts (Ref. 41:311) uses the argument that the full spiral path (and hencc T'(y)) varies
only by a factor of 1.4 as z varies from 0 to 0.9 and by 1.9 as z varies from 1 to 1. Shulz
and Lanserotti (Ref. 45:183) use the simplifying assumptions that T(y) = T(1) and D,, is
independent of z. Both use the assumption that 22 < 1.

o . .
NI
ALRENFLILY

-
- The present study reguires that z be allowed to vary from 0 to z. (up to near 1) in
T order to adequately examine the AFWL trapped clectron data base (Ref. 37). In addition,
if z is not small, the approximation that T(y) = T(1) is a poor one, since y is not close to
1.
The function T'(y) can be shown, within 0.57% to be approximated as (Rcf. 10:4030)
1) T(y) ~ T(0) - [T(0) - T()}y*/*

where T(0) = l+[(ln(2 + \/5))/(2\/5)] s 1.3802 and T(1) = (n/i)/o A 0.7405 (Ref.
15:19).

Obviously, if z approaches 1, y approaches 0 and the T(y) = T(1) ap-proximation
becomes iavalid.

The three limiting approximations are removed in the treatment of Shulz (Ref. 47) by
introduction of a new “canonical” variable z such that:

. s 1
(12) z = 2(y) = /o‘ 2 T(Y)de = /’ v T(y')dy
and a corresponding diffusion coefRcient

(13) Dss = [¢ TW)] Des.
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Figure 2. Postulated Decay cf Higher Flux Eigenmodes to the Steady Stote by Pitch-
Angle Diffusion (Ref. 41:313).
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Figare 3. Temporal evoletion of 1.9 Mev Flestrons from the Russian 3 Burst (Ref.
41:319).




Using (11) in (12) and performing the integration:

eaf ' v[7(0 - (7o) - T |oy

~ [ ' [row - tro) = Ty Jay

- gr(o)f - %[T(O) -y

. 1‘(0)(12 -y} _ AITO) - T())[1 - y'Y/]

(14) T

where Z(0) = 16/35 and Z(1) = 0 (Ref. 46:5213).
Using (7), (12) and (13), the diffusion equation becrmes:
at @ i, =
(15) = 5[9" az| * 5
Shals (Ref. 47:0) states that (15) is a “canonical” diffusion equation in that there is no
Jacobian factor which fails to commute with D,, as was the case in (7).

The assumptions which now must be made are:

(1) D¢y is some “suitably simple function of z* (Ref. 47:0) so that ezact eigenfunctions
gn(2) may be specified,

(2) 3, the distributed natural environment source, is independent of s.

Assumption (1) is the limiting assurption, since if the function of z is very :omplex, the
diffusion equation becomes extremely difficuit to solve. Assumption (2) is both simple and
reasonable, however. The source of the natural environment must be close tc constant in
order to be the “driver” of quiet-time equilibrium. It must also be distributed ‘airly closely
to the steady-state quiet time distribution for the same reason.

Shals (Ref. 47:7) states that even if D, is not of a functional form to yield exact
cigenfunctions, there may be a D,, which resembles D,, “closely enough” and for which
exact eigenfunctions §,(z) (resembling g.(2)) are known.

The following derivatior of the exact eigenfunctions and the correspondin g omnidirce-
tional differential-energy flux arises directly from Shuls (Ref. 47).

The first assumption by Shulz is that

(16) Do =(2) b,

where o is some number, not necessarily an integer, less than 2, and where D,, is the value
of Dy at some 2, < 10/35 where f/ vanishes. Roberts {1969) also uses this assumption.

This form of D,, allows a basis set of orthogonal eigenfunctions to be sl own for the
interval of inlerest: 0 < 2 < z,. Following the notation above, we seck s« me D,, and
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eigenfunctions gn(z) which “closely resemble” the true functions and which sa.isfy

d d
(w7 £pu 2] 5 g0 =0
for
Du = (_z_) Due
Ze
with the substitution
¥alz) = z%uw(02°)
where P
E =1- Et
I 4
=2
and
Anze®
ﬂ - D“'e 62
then (17) becomes Bessel’s equation. The exact eigenfunctions of (17) are giver. by
2~
18 - (1-e)/2 (1—-{e/2))
( ) ’n(’) = ’T_—.‘—(",‘) B ‘un(i)
J (Run)\ 20 2
where X, arc the nth zeroes of the Bessel function J,, of the order v, where
-1
v=9T%

The J,, given by (18) are normalized so that

e
(18) /o In gm 42 = bnm.

The cigenvalues of (18) are given by

(19) S = (M)z(e — o) D,...

.2t
.

. ;‘qa.'.". A

2z,

TV Ty v

.

Shulz and Boucher (Ref. 48:8) state that, since particles are not lost at z = 0 (but
rather at z = z,), the diffusion current must go to zero at z = 0. A diffusion current at

::: 2 = 0 would imply diffusion of pitch angles (and hence mircor points) inte the equator,
::‘: which is not reasonable. The condition of no diffusion current at z = 0 co-responds to
o limgp Dis Pul2) = 0.
h."' .
e Shuiz and Boncher (Ref. 48) use the series expansion of J,, from Abramowic : and Stegun
p— (Ref. 1) to show the limit as z approaches zero. This author shows the limit directly for the
'_?_-. special case eigenfunction (I_, /g) which is used in this report. The derivatior is shown in
N Appeadix A.
-:\
:_\
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r.-\ In order to arrive at the differential-energy omnidirectional flux, Shuls (Ref. 47) assumes

that f(z,8)—/ «(2) a8 t—rc0; that is, the solution distribution function has some steady-state
value. This also assumes that 5 is constant in time, but not in z or z. The J distribution
is necessary in order to expand J as a series of cigenfunctions in the flux equation. To arrive
at an expression for /., we start by setting 37/t to zero in (15) and integ-ating twice,
which gives:

(20) 1) = /. ‘b_:: /o 3(2") dz" d7.

Expanding S as a serics of orthogonal eigenfunctions gives:

(20a) 3(") = Y an3a(")

n=0

and using orthogonality (18a) with (20a) gives:

(20b) o = fo 3™ 3 d.
Substituting (20a) into (20) gives
(20c) Toolz) = / N . Z an Ja(?") d2" d7.

Rearranging the order of summation and integration in (20c) gives:
- o0 % s
(20d) jw(’)='§¢n[' 5‘;/; Ia(2")d2" d2.
Now integrating (17a) twice gives:

%, =
’n(‘) =/; —5::/0 An i..(z") dz" d

or since X, is a constant,

In(2) - 4
(20e) Bl [ 5 B / 3n(") do" d.
Substitution of (20e) into (20d) gives:
(20f1) 7ule) = z; o ’n‘”.
ne=(

Substitution of (20b) into (20f) gives:
(21) ole) = 3 B2 [“500) 7,001 a2
n—o

where 3(<') is positive (hence a source).

Shuls and Lanzerotti (Ref. 45:39-40) point out that the directional flux j(E;7) =
P !( "W, P .L»’) where [ is the same distribution function as in this paper. Shilz (Ref. 47)

W e ey Ve, B . . o P TN S S L .
P et » R DR e e PRI L.
I IR, PRI TR, S, S TP, W W G W 1 S U ] WU YRR PR T W Uy SOU P g 1 PUPRL




RPN
X RN
'n.‘nf‘-‘l a,

[3

-

— A o -~ v T Y CAE e it i i Sl et S
Py > T T AR e AN A o S e et S0 T

points out that 7 must be integrated over all angles in the unit sphere in p-spr.ce to obtain
the omnidirectional flux J:

cos ar,
(22) J = 4xp? /o ] d(cos a).
Since R
sin’a _ sin’ag
B B
and

g = sinza(%g), .

cosa=/1- y‘:(—g)
By

it follows that

and that 1(B/Bo)d( 2)
= 2/ P V")
d{cosa) = T=3HBIB)

Now since

cotfa=1- g(1-2") = 1~ Z(v")

itcosa =cosa., y° =y,%; if cosa =0, y? = By/B and (22) becomes

a2 [ =1(B/B) ] d(y?)
J=Am -/w./m V1= y3(B/By)

which, upon combining terms and reversing the limits (-):

(o/®) (B/Dy) 7 d(y?)
»*  1=y¥(B/By)

Integrating (23) by parts

/udu = uv—/udu where u =}

o= (B/Bo)d(y?)
V- y*(B/B,)’

= oo

gi.ves:

(Be/B)

+ /:./n)2 1-,,2( lt; ) 5:(?_) o)

)

and sinece

ve?

aJ _ 98] oz
8y?) 9z Ay*)
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will give (since the definite integral evaluates to zero, because [ is 0 at y. by definition):

(Be/ B)
(24) J = +2xp° " ”2 gﬁ 0?; 5 d(y*).

But, from (12), dz = —y T(y) dy. So

dz _ -yT(ydy _ —yT(y)dy _ -T()
d(y?) d(y*) 2y dy 2

Hence, (24) uitimately becomes:

@ e[V o(2) 0 L

| O

Shulz then expands f as a weighted series of eigenfunctions:
(26) ] =Tul2)+ X Au(E, L;t) 3a(2).
n=0

This allows t+he flux J in (25) to be written:

(27) (Be/P)
J = 2xp’[- / , ‘/1 - ”2(1%) Tool2) Tw) d(v°)

(Be/ )
-SasLnf

ne=0

1-v( ) T 7t 4(v’)].
The following two expreﬁsions are derived in Appendix B.

(28
=28 [“s0.01a,
n=(

(29)

¢(e) = W{( 12;0)(;:)—"“)/2 Jy(n”(;;e)l—(r/ﬂ)

(&)™ (o) Yo

The actual form of the flux equation awaits the choice of o, which alsc determines
the dependence of D,, on 2. Shulz uses ¢ = 0 for purposes of compariscn of several
computational methodas. This choice is also attractive because it makes D,, independent
of z (see 17(b)) which was a major assumption to begin with:

(30) D,, = Du.~

This choice is made in the present study for the above reasons and also for the sake of
simplicity in computations.

17
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With ¢ = 0, the Bessel functios within cigenfunctions become order —1/2, which can

be simply written as:
(Y L=y e,
(32) ) ]2 _ __cos(R)
J—I/Q(R) - \/;SIB(R) RRQW

and the zeroes £, occur at (2n + 1)(x/2).

This simplifies (32), since the second term will always be zero if J.; J2(xn) is evaluated
at & = (2n + 1)(7/2).

Equation (32) becomes

' 2 .
I1palmn)= ‘\/ T ((2" + ‘)g)
J' (‘ )___ ___2_____ (_l)n+l
(33) ~§%n x(2n + 1)(x/2) )

The integral with respect to 2’ within (28) would thus be evaluated ac:

2 V2z. V220 | oG TS
\/ (2n+1)(x/2)(2'] ) co,((zn+l)—;'—z‘)dz'

° ‘\/Wﬁt/ﬁ sin((2n+l)g)‘

_ /" V2/2 cos((2n + 1)(x/22.) )d2’
=l —sin((2n + 1)(x/2)

ze

- V2/z sin((2n + 1)(x/2)(2/z))
((2n + 1)(x/22))(-1)"*"

(34) _ V2/z. sin{(2n + l)(sr/‘.’)).
(2 + D(x/22 )"

E The %, in (28) would be evaluated as (from (19)):

2
R = (2n+ 1)"(,,—’}) Ds,.

wie

(35)
The flux equation (27), using (31), (33), (34), and (35), will then simplify to the following

t.., for o = 0:
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o (2n+l)1-/'zs N=t~ri

(36) ) n=0 (2n + l) (7"/ ~c) Dys,

(Bo/B) S\Z "/8 ) ein ((2!!-0-1"1/2"
J= 21rp"’{[ /

. \/%?%(—n"ﬂ {(i)(i)oé\/x(2n+ 1)(27/2)(2/;,) °°s(('~"' 1)2-:)

2 x z
(“ \/r-(zn i (0 )

B cos ((2n + 1)(7r/2)(z/z.-)) _~)
x((2n + 1)(x/2)(2/2.))* \/ ;‘mﬁmﬁﬂﬁ

Stk +:c—)(5-/-2—)}‘/1 - "2(53';) T(y) d(ve)]
(80/2) N
[.E""‘E b, VE TG 02 <

1 /(=2 12 2 rz
) [;,:(;:) \[‘—Hﬁrx‘) con((2n+ 07 )
z . xrz 2
* \/: (“ ’"‘(‘2" * "EZ)\[x(zn T =72z %)

_ cos ((2n + 1)(x/2)(2/z.)) )
w((2n + 1)(x/2)(z/ )" V2[(x(2n + 1)(z/2))

o Lt 10/ 2’]\/‘ ) 70 aty?) ]}

Equation (368) reduces to the following upon simplification and cancellation of terms:

(47) (Be/8) @ 3 B(2/zcpin (20 + )(r/2)e/2)) E) ) iy
J=2xp? / "”2(733)'"’)4(")

+

,,_o D...(2n+ 1) (x/22.)2 (- )"

L-o "((El')," - / m./m\[—s'“((% +1) '“)((2" + l)“)

\/ - u’( ,’,’ ) T(y) d(y’)])
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‘The first term in Equation (37) represents a steady state wvalue of the flux, and the second
term represents a sum of eigenmodes. Each A, (Ref. 45:162) has the form a,(1;)et/{"~{EN
As n increases, the r,’s become shorter; i.e., the higher eignmodes decay faster, so that
eventually only the fundamental mode is left, which decays exponentially. At ¢ = o0, the
fundamental mode has reached zero, and only the flux remaining is the steady state flux,
which corresponds to the natural environment background.

The remaining substitutions in (37) are z., z, T{y), and y.:

{
BVI=G/D)
(38) 2= 2(y) = (1~ )T(0) = 5T(O) = TVI(1 - /4),

2= Z(w) = 5(1 - wA)T(O) = £ [7(0) - ()1 - 5" /)

Ye =

(as shown in Equation (14)) T(y) is given by Equation (1t).

The variable of integration in (37) is taken as y rather than y* for -implicity of
integration.

” ue preceeding derivation has explicitly followed Shuls (1981). However, Shulz did
not siow how the differential-energy flux related to the integral-epergy fluy. Shuls and
Langerotti (Ref. 45:163) state that the integral flux “will then scale as” the diff rential flux,
without derivation. Since the AFWL trapped electron data base (Ref. 37) exists primarily as
omnidirectional fluxes integrated over broad energy bandpass, the relation must be derived.

It will be shown in the following and Lanicrotti (Ref. 45) are indecd :orrect: The
differential-encrgy flux equation (37) will scale as the integral flux, and the energy dependence
will be imbedded in the constants for the source and the cigenmodes.

From Roederer (Ref. 39:88), the integral energy omnidirectional flux can be written:

o0
(39) Jop = /E JdE

where J is the differential-cnergy flux, as in the previous equations, and J. g ir the integral
energy flux above threshold energy E.

A principal assumption will be that energy and pitch angle are both independent
variables of the flux. Thus, (26) would really look like

(39 a) Hz,E) = ], (E) Joo,(2) + i An(E, Lit) 34(2)
ne=()

and hence in (25) 3}/3z would look like

(39} Y JeodB) Tl + 3 A L0 T2
© ne=(

Using (27), (393) and (39b), Equation (39) becomes, at a given L-shell:
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(10) .
J>z==-2t/3 77, (E) dE / ‘ L,(z)dz—zrnz_; fE p* dE A, (E) /  Ta(z)de

where 7" ooy (2) 30d 7, (z) represent all of the angular-dependent functions of z, 1, or z shown
in (25) through (27).

Using the previously stated assumption (Ref. 45:162-163) that A,, (E) are of the form
an(E)e=t/17-(ED  40) becomes:

Jop = -21’/; peiml(l':) dF ‘/:" ]“’(Z)dz

(41) - 2tf: /:, p’a..(E)c""""w" dFr /" 7(z) dz

nw0 "~

at a given L-shell.

To “remove” the energy dependence of the decay-time terms, the expectation value
of e=*/I™) is computed, assuming that the second term in (41) represents a listribution-
function of the energies.

~¢/(7a) Ie pPan(E)e="~B) ¢,
) (s >N G

- Then (41) can be written, using (42):

top == [ TumaE] [ Turteree
(43) R i [ /B - p2an(E) dE]L (r*"*-')L / 7.(z) de.

_Now since it is assumed that the energy and angular shape functions are separable,
the /., (E) must include only those parts of (28) which bave cnergy dependence. The only
terms in (28) which could have any energy dependence are § and X,,.

S AT
LNANN

IBOEN, P+ SR P AEXTD

Shuls (Ref. 47:23) notes that, while f..(z) resembles go(2) in functional form, f(2)
will coincide exactly with go(2) only if 3 is directly proportional to go(2). Fcr simplicity,
the assumption is made in this study that 3 is constant over the interval 0 < z < 2. In
physical terms, this really corresponds to a steady-state isotropic source. It is known that
the natural environment is not isotropic over cither space or time, but the viriations are
generslly small compared to the variations from an injection by a nuclear evert.

_ Nowif 3 and X\, are the only terms in (28) which may have cnergy depeidence, then
J oo, (E) in (43) would correspond to

— S(E
ety

ne=0 f:( "),
;. and since the only portion of the A, which may have any energy dependence (“rom (19)) is
— D.,,, then 7, (/) should be proportional to
- _3(B)_
g Dse (B
21
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where D,,,(E) may be a constant in £. There may, of course, be some other fanctional
energy-dependence included in /,,,(F) which is yet-undetermined.

Equation (43) is generally of the same functional form as equation (37) if the terms in
square brackets in (43) correspond to the combined constant terms in (37) as d>monstrated
above and as shown in Appendix D. Equation (43) also bears out Shuls and Lanz.rotti's (Ref.
45:163) prediction that the integral flux scales with the differential flux; i.e., the “pitch-angle
shape” dependence is invariant for differential- or integral-energy fluxes.

Since it is impractical to evaluate an infinite number of terms in (37), only the terms
up to n = 3 will be shown. Shulz and Lanzerotti (Ref. 45:163) state that the tigher modes
vanish for n > 2. This in fact means that the higher modes decay so rapidly that modes
higher that n = 3 should not be secn except al very early times. The final form of Equation
(43), taken to n = 3, is shown in Appendix C. This is the form of the flux equ:.tion used in
the data analysis, except that fewer terms were used than are shown in Apperdix C.

The general solution for the diflerential-energy Aux (which, from (43), is dir-ctly propor-

tional to the integral-energy flux), using Bessel functions of arbitrary order and with o-
dependence explicitly shown, is given in Appendix D.
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IV. ANALYSIS OF DATA

The AFW1, Trapped Electron Data Base consists of a set of computer taprs of satellite

counting data which bave been assembled from historical archives (such as the National

e Space Sciences Data Center, NSSDC) (Ref. 37). The data rover injections of el ctrons from
. nine high-altitude nuclear detonations shown in Table | (Ref. 6:6-2).

The Data Base has been organized by Pfitzer into a coherent set of Lapes which
present, by satellite, net electron omnidirectional integral-encrgy (above threshold) fluxes as
a function of time, B, and L-shell. The computed errors for each data point, in units of flux,
are also given. The background which was subtracted to give net flux is also given (Kef.
37:11, 188-189).

! Additional dsta have been collected by AFWL, from plots published in ear!y literature.
These plots have been photographically enlarged, and the data points digitised and placed
X in computer files with formats similar to the Pfitzer data (Ref. 12:670-671, Ref. 31:046--468,
e Ref. 38:037-838).

The satellites which provided the data, and their orbital parameters, are shywn in Table
I1 (Ref. 44:41-45).

The snalysis of the data base required development of three computer »rograms by
personnel at AFWL, in coordination with this author:

(1) “Program DTABASE" to read raw data, organize it for processing, and output it
PN into uniformly formatted les (Ref. 15).

(2) A program to plot the raw data and to plot flux curves generated by the fitting
program.

(3) “Program FElectrofit”, a fitting program to take data points from DTABASE at a
given L-shell and energy and to fit them with the theoretical model developed in
this study. It also generates flux curves using the fitted functions at predetermined
times to compare with the raw data (Ref. 34).

The first two programs were writlen with limited input from the author. The third was
written under close and extensive coordination with this author, as discussed in this chapter.
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The DTABASE program, written by Miss Cherise Jarrett of Computer Sciences
Corporation, reads the raw data files, in various formats created by Pfitzer (Rel. 37), satel-
lite by satellite, and stores them in a three-dimensional array. The points are then ordered
(within each energy group) by increasing time since burst. To generate a file of points at a
specified L-value, each data point L-value is compared to the desired L and is recorded in
the output file if a match occurs. Additional points are “created” by linear interpolation of
two successive dats points if they fall on both sides of the desired L and if the data points
differ in time by no more than a specified value. The interpolation is perforried in L, B,
time, flux, and error. The output file can be restricted to a specified time “window” and Lo
a specified range of B values, if desired; however, the data were analyted over the full range
of B and over all times which existed in the Data Base. The program has tl e additional
capability to “B-average” data points at the same L if their individual B valucs are within
s user specified limit of each other and they are within the required time difference. This
procedure has the effect of eliminating “double” points, and was used for the majority of
this study with a limit of one percent. Another capability of the program is to interpolate
to a specified B-value in a manner analogous to the L-interpolation described above; this
capability was unused in this study (Ref. 15:1-2).

. . e " .. - - .
P A L N Y N , . .
LI I, I APV I S W PR PR . WL PGP, WU G I U G Sy W Gy WY VU T W VIS W S —r—_—" P




W T e e — - W

N

-

.

4

]

. ]

y

]

(& 993U

r

4op OC~ puog mooN C - (YAl - - Z941 AON | €160 - £ 35N ‘|

sop Of~ | wounqisi@ SpIM - 81~ - - 961 PO 8z | sLitrvo - z ¥ssn H

Mop OC~ | wounq1sQ epIM - 81~ - - 961 02 | 9rorico - 1 3SSN ]

3004 2-| vounquus1Q opm | LW ¥°} F{BI 357061 | N9t | 2961 Ainr 6 | 62070060 | OO ys:44048 R

sAop 0Z-01 puog mouoN b 271 02 M0l $.05 | 8561 ¢das9 | ocictizz | oos~ | € snbuy u

sdop 02-01 puog mosoN 121 14 M8 5,05 | 8se1 6rv ot | 000z 05z~ | 2 snbay I

sdop 020 putq mouoN I R A1 1 Mot $¢8C | BSsl Bnv 22 | 00:0£% 0oz~ | 1 snbiy & “

Aop |~ spriijy mo7 | 9Buoy tw zt°l Met9! NoZl | 8561 Bov 21 B00CCL | L6°2y | #EuoiQ 1
sAop mey~ spritiy moY  jebuoy jw AN Meb91L NoZl | 8561 Bny | c0:0SCt | 89 o8|

uooU0IeQ i

sw; | Aodag puog jo {1m (wy) . :
siowixosddy | $348119490i04) PI®:A N“E!...."“pna.ﬁ opniibuoy | epniioy si0Q sury  [opranpy | V23

‘SHONTUOYRD Jrajanu opnje-yayg o o1gvd, 1

y

" 4

%

A

I

; . PR .
ARTARAES DR g u «




...........

TABLE I

Satellites and Their Orbital Parameters

Name Launch Failure Decay Period Perigee Apotec Incl.
Date Date Date (min) (mi) (mi) (deg.)
Alouette 1 9-28-62 unk. —_ 105.4 620 633 80.5
Alpha
Upsilon 1 9-1.62 — 10-26-64 94.4 189 413 828
Explorer 15 10-27-62 2-9-63 - 3120 194 10730  18.0
Injun 1 6-29-61 3-6-03 - 1038 534 631 67.0
Trasc 11-15-61  7-62 - 106.6 562 720 32.4

- Telstar 7-10-62 2-21-63 - 157.8 593 3503 44.8

Explorer 4  7-26-58 10-8-58 10-23-59 110.1 163 1372  50.1
(Ref. 44:41-45)
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In order to determine the optimum time difference to use for interpolation across the
desired L-value, the DTABASE program was modified under direction of this author. The
program now presents a summary table of the raw data points {or each satellite, showing the
frequency of occurance of time ditferences between successive data points from 0.1 minute
to 5.0 minutes, by tenths of a minutes. The cumulative percentage of points with a specified
time difference or less is also shown. Thesc summaries are presented for the bursts and
satellites examined as Tables Il] through XIII (Ref. 15:67-70). Perusal of these t:ables showed
that the optimum time difference for interpolation was 2.2 minutes, primarily to include the
maximum number of points in the Starfish Telstar file. This time difference wa: used for all
data examined in this study.

A final capability of DTABASE is to add data points to a specified L-value file by
rounding points in L to the desired value. This procedure assumes that poin.s which are
closer to the desired L than some specified limit may be considered to occur a! the desired
L. Within the errors in satellite measurements, this procedure is ressonable, and in fact
appears (by data comparison) to have been used by Roberts (Ref. 41:310), although he does
not so explicitly state. This capability exists in the program, but was not used :n this study
(Ref. 15).

The plotting program was developed by Mr. John Burgio of AFWL to generate all the
plota of raw data and ftted curves shown in this report. The program plots raw data points
beginning at a specified start time since burst (in days) and covering the time period in a
specified time “window” (shown in Figure headings as “TW™). The L-value, equatorial B-
value, and B-cutoff values are also shown. If the B-range of points is restricted, the minimum
and maximim values of B are shown. The equatorial B value is computed from L by the
relation 0.308

Bo =T~
The B-cutoff value was initially computed by using the dipole formula (Ref. 34:55)

1
.=‘/—'—-—-=\/ Bo/Beue).
g L34 - (3/1) (Bo/ Bews)

However, it was later determined that this approximation might be less than optimum; so
a table of L-values versus B,,, was used and was linearly interpolated across the tabulated
Lrvalues to find the B,,, value. This table (Table XIV) was prepared by AFWL from the
48-term Jensen-Cain model of the magnetosphere (Ref. 18). It was found that use of Table
XTIV produced B, (0F yous OF Z.y¢) values more indicative of the global cutoff values. This
table was used therealter in both the plotting program and the fitting program (discussed
below). This procedure is reasonable in view of the use of the same Jensen-C:in model to
produce the B-L coordinates for the Pfitzer Data Base (Ref. 37).

The plotting program plots flux as a function of z = /1 = (Bp/B). It also has the
capability to plot flux data points versus time over all values of L and B, or flux versus
energy at specified B or L. Next to the satellite name on each plot which has ftted curves
is s namber in square brackets which corresponds to the serial number of the run of the
fitting program which prodeuced the curves.

This author’s input to the plotting program was limited to supplying header information
and specilying layout and format.

The third program used in data analysis is “Program Flectrofit,” written by Mr. Marry

Murphy of AFWL with the close coordination of this author (Ref. 34). Electrofit is a least-
squares fitting program which uses Lhe functions developed by this auther (\\ppendix C)
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to fit data points which are output from DTABASE in order to compute the characteristic
decay times (7,) and linear amplitude constants (a,). These decay times and constants are
determined at the specific energy and L-value which are input with the data.
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TELSTAR

Table XIII

COUNTS OF TIME DIFFERENCES BETWEEN NONZERO RAW DATA POINTS
RUSSIAN 3

FOR ALL CHANNELS OF SATELLITE(S):

FOR BURST.
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0000000001llll1LLLLzzaalaz122933333333344444444445@
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Y L-Value
. 1.0949
2 1.1152
s 1.1356
o 1.1559
b 1.1762
& 1.2628
1.4817

N 1.8331
L 2.3168
r;}.: 2.9330
E;. 3.6818
N 4.5626
: 5.5760
6.7218

8.0000

Table XTIV
Global Magnetic Cutoff Values

Bnutol 7

0.23901
.22998
.22482
.22288
.22353
24017
.26770
.27573
.29762
33311
37001
40274
43178
45502
46951

Note: The Table may be interpolated for other L-values (Ref. 16).
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The overall flow for the program is as follows (see Appendix E):

}j:'-; (1) Use an initial guess for the fundamental decay time and the theoretical ratios
of the higher-mode de~~y times to compute Lhe starting decay tin.cs. The first
guess at fundamental decay time is shown in Table XV as a function of L and
energy. This table is interpolated in L and F for starling value.

(2) Numerically compute the integrals of the functions shown in Appen:ix C at each
data point using Lhe initial guessed deeay times. The integration is performed
by a 12-point Gauss/lLegendre Quadralure at each data point for ench function.
Oauly the fundamental decay mode and two higher modes were cc mputed.

(3) Compute the linear amplitude constants using a least-squares matrix-solving
routine. Compute the standard error of the fit. The individual poiuts are
weighted by Lbe reciprocal of their fractional errors, which have bieen normal-
ized to an average value of one.

(4) Optimize the initially computed y.u¢ value by using a “Golden lection Min-
imim” function. This section attempts to let the data determin: the “best”
cutofl value. If the data are not distributed down toward the loss cone, the
Golden Minimum function will provide an erroneous y.4¢ value. Hence, the
function specifies that the computed y.,, must be within +10 pcreent of the
initial input value. If, in the iteration process, the function tries to excced these
limits, the initial guess of y.,: is specified as the correct value.

- (5) Repeat the steps (2) and (3) with the optimum yey¢ value.

(8) To determine the best combination of decay times and amplitude constants,
the decay times are changed by a “random-walk” method, either increased
or decreased. The amount by which the decay times may randomly vary is
determined by using a cumulative normal probability distribution about the
initial value.

The standard deviation used was estimated according to this author’s best guess of
the accuracy of the tables and curves shown by Stassinopoulos (Ref. 53:31-32, 40-44) and
West (Ref. 63:50-54). The Stassinopoulos tables do not always correlate with each other
or with the Stassinopoulos curves, and the West curves do not always correlite with the
Stassinopoulos in the L-regions of overlap. The initial fundamental decay times in Table XV
were computed by this author by interpolation of the tables and curves in Reference 53 and
by reading and extrapolation of the curves in Reference 83. The author’s cstimates of their
standard deviations are shown in Table XVI. Of particular note is the very low confidence
in decay Limes at high L values (above 2.2) and at high energies (above 2.0 MeV). There
have been few computations of decay times in these regions, and the results vary widely
(Refs. 53, 83).
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The effect of using the cumulative normal probability distribution and the above stan-
dard deviations is to restrict the “random-walk” of the decay times away from Lheir initial
values. The farther away from the initial “mean value” that the random val 1e generator
places the new decay time, the greater Lhe “push” that is created back towaed he mean for
the next walk. The distance away, however, is defined in terms of the standad devintion,
so thal r values in which there is low confidence may vary by larger amounts than may r

e
o«

o values in which there is greater confidence. The r’s are also restricted by the coastraint that
3 ,. To > 1) > N
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With each change of decay times, steps (2) and (3) are repeated up to 98 times, in an
attempt to get a “better” fit by reducing the standard error of the fit.
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Table XV1
Percent Standard Deviation of Initial
Fundamental Decay Times (in Table XV)
L-Range 1.02- 1.21- 1.41- 1.81-

1.20 1.40 1.80 2.20

Energy Range
MeV

E <08 50 30 20 35
086 < E <20 30 20 20 75
E > 20 50 20 50 100

is V

(3-]

200

100

100

(estimated from Ref. 53:31-32, 40-44 and Ref. 83:50-54)
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(7) I a better fit is found in less than 96 random walks, and if less than 32 “better”
values have been found, steps (2), (3) and (0) are repeated up to 32 times, using
the latest “best” decay times.

(8) Up to five repeats of steps (4) and (5) may be carried out, but only 17 32 “botter”
fits are found. Otherwise, only the first y.,¢ optimization is performed.

(9) The program will always end at the point where 98 random-walk sz have faited
to reduce the error of the fit from the previous “best-fit>. The {lecay times,
Yeut, 2nd amplitude constants are printed for each “better™ fit, v ith the final
values being those of the “best” fit.

(10) After the best fit is found, the program uses the fitted constan'z and decay
times to compute fluxes, at specified times, from the equator to the best cutolf
value. These specificd times correspond to default times plus 1/2 “ime window
in the program which plots raw data. Thus, the computed fluxe: are used to
generate curves which are plotted over raw data points at approamately the
same times.

Variations in the program were tried in order to study the effects of the fitiing process.
The principal modifications were in the random decay-time variations.

The first modification was to fix the ratios of the r's to their theoretical values of
1:1/9:1/25 (Ref. 48:16-19). The efect of this modification is to significantly reduce the
degrees of freedom available to fit the data.

The second modification was a compromise between the above and complete freedom to
random walk. This variation allowed ry and r, to vary [recly (subject to the usual contraint
that rp > 1), but r; and rp were fixed at their theoretical ratio of 25:9. The principal reason
for this attempt was the very short time-span covered by some satellite/burst combinations.
For example, the Russian 2 Burst covered only 4 1/2 days prior to the Russian 3 injection.
If the data cover a time-span which is small compared to the fundamental decay constant,
then the fitted value of that decay time may be suspect. However, if the Lime-s»an is not so
small compared to the decay times of the higher modes, one should have moie confidence
in the fitted values of those decay time. Stated another way, the {it may not be sensitive to
the fundamental, but may still be sensitive to the higher modes.

In this analysis, not all L-values covered by the satellite in Table 1l were examined.
Over 1000 plots of flux versus z were examined at various L-values for the sutellite/burst
combinations of Tables I and II. In many cases, the satellite orbits were of such high
inclination (loward polar) that data were not available close to equatorial B-values. Because
of this, and because of the very large volume of data, those satellite/burst/L combinations
which provided the most consistent coverage from the equator to the loss conc were chosen
for study.

Generally, the data fell into three regions of z-space (with some overlap). tegion | was
from the equator to the point where flux dropped off sharply into the loss cone (z = 0 to
z =2 0.6 or 0.8). Region Il was the area where the flux “turned the corner” from a rather
“horizontal” curve to a rather “vertical” curve into the loss cone (z s 0.7 to 0.4). Region il
was the loss cone region, where the fiux levels dropped sharply to the cutofl v:lue (z ~ 9
for a Lypical L-value).
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Representative plots of raw data in the three regions are shown in Figures 4 through 8.
These plots are typical in that data seldom cover all three regions in a short tima-apan. Gaps
in the data appear because of satellite orbital coverage and because of lack of on-satellite
recorders. When a satellite lacked a recorder, data were collected on!s s Lthe satellite passed
above the radio horizon of a ground tracking station. Figure 9 is an eight-hour piot of Lypical
satellite coverage over all B-L space.
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INTEGRAL ELECTRON FLUX (ELECTRONS/CM?)/SEC

BURST : RUSSIAN 2 SAT : ALLOUETTEY
TIME: O (dy) O (hr) 0.00 (min) 0.000(days)
L:2.40 Beq:.022 BCUT:0.511 TW (days): 0.5
Bmin (Gauss) : 0.001  Bmax (Gauss) : 1.000

10’ . : . ~ d
- ' (ecenp ] 10
~ 0 = 3.90 MEV
. O = 3.90 MEV
S A = 3.90 MEV

8

10 E 3 10°
- i

10 3 = 10’
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10 4 10°
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L ]
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10 = 4 10°
- 3
C ]

4

10 & %—: 10’
u 3
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10“ \ \ . . L . , N . 103
0 1

0.5
X = (1~Beq,/B)"?

Figure 4(a). Raw Allouette Data Collected Only in Region III (at burst time).
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INTEGRAL ELECTRON FLUX (ELECTRONS/CM?)/SEC

109 E Al T T il M
i ]
8
O E E
F :
i ]
10k E
" 8
- ]
100 E 3
S
i :
! i
10' & ?3
LEGEND * .
0 = 3.90 MEV ]
o = 3.90 MEV .
10; 4 = 3.90 MEV N . N o . N . .
0 0.5 1

TIME: 3 (dy) O<(hr) 0.00 (min)

S .t i Sl i carab i S R TR

BURST : RUSSIAN 2 SAT : ALLOUETTEN

L:250 Beq:.020 BCUT:0.515 TW (days):

Bmin (Gauss) : 0.001  Bmax (Gauss) : 1.000

3.000(days)

1.0

X = (1—Beq/B)1/ 2

Figure 4(b). Raw Allouette Data Collected Only in Region IIT (3 days posi-burst).

A%

10

10°

10°




BURST : STARF SH SAT : T€.STAR
TIME: 1(dy) O (br) 0.00 (min) 1.00C(days)
L:1.80 3eq:.053 BCUT:0.470 TW (days): 10
Bmin (Gauss) : 0.001  Bmax (Geuss) : 1.600
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’:;-j Figare 5. Raw Telstar Data Collected in Regions [ and I1I (early time).
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INTEGRAL ELECTRON FLUX (ELECTRONS/CM?)/SEC
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BURST : STARFISH
TIME : 15 (dy) O (hr) 0.00 (min)

PP E T T Y T T R, MR

SAT : TELSTAR
15.000(cays)

L:170 Beq:.063 BCUT:0.460 TW (days):

Bmin (Gauss) : 0.001  Bmax (Gauss) : 1.000
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Figure 8. Raw Telstar Data Collected in Region I (mid-range time).

10°

10°

10

10"

10°

10°




- P -—— v e T S T
— e, i . gt . v ) B .

.............

ol
ol

BURST : STARFISH SAT : TELSTAR
TIVE: B0 (dy) O (hr) 0.00 (min) 80.000(dcys)
L:1.70 Beq:.063 BCUT:0.460 TW (days): 5.0
Bmin (Gauss) : 0.001  Bmox (Gauss) : 1.000
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Figure 7. Raw Telstar Data Collected in Regions [, T, and I (mid-range ‘ime).

|
|

— k

. Tr v
LR 094 ML EOMMASED | '«'-ﬁ.".'".'~.'4!E:-' AR
a0 areta e ta T E AL AL RS

10

5 107

10

10

10"




e

a0 MR AT AT
i . LIRCIPE- N el
A HE A AP ettt

-y i
T ]
- A ST

Y Ta e e

10

10°
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Figure 8(s). Raw Telstar Data in Regions I and II (late time).
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Figure 8(b). Raw Telstar Data in Regions I, I, and III (late time).
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Figures 10 (a) through (g) shows raw data from Explorer XV over the time period of the
Russian 2 and 3 bursts, at times corresponding to those shown in Figure 3, for comparison.
It is apparent that fewer points are plotted from the AFWI, data base in F gures 10 (a)
through (g) than were plotted by Roberts in Figure 3 for the 1.9 Mc~ clectrons, even though
the satellite and time periods of coverage were the same. These discrepancics are not resolved
in this study, although the previously alluded-to L-rounding procedure may account for the
differences.

The temporal progression of flux after one burst from one satellite (Telstar), at a typical
L-value of 1.9, is shown in Figures 11 (a) through (h). Again, typical gaps in coverage of
Regions I, 11, and 1l are readily apparent over the 90 days shown.

As previously noted, only fundamental and two higher cignemodes (o, 1. f2) are used
to fit the satellite data (Appendix C). The third cigenmode (f3) is not used becar se Shulz and
Lanzcrotti (Ref. 45:163) suggest that the modes greater than two rapidly vanish. Initially, the
steady-state function (f,) was used along with the fundamental, but this solution was found
to be “competing” with the it for the fundamcntal, in the scnse that the lincar constants
tended to be roughly equal in magnitude and tended to alternate in sign. Shulz (Ref. 47:22
23) indicates that the fo, and fo functiouns should resemble each other in shape. Also, Plitzer
(Ref.37) has subtracted the background from all flux data, and the background should
approximate the steady-state, f,,, solution. For these reasons, the steady-stale solution was
not used in the data fit.
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Figure 10(b). Raw Explorer 15 Data at Times Corresponding to Figure 3.
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Figure 11(d). Temporal Progression for Raw Telstar Data from 1 to 90 Days Post-Burst.
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V. RESULTS AND DISCUSSION

Figures 12 and 13 show the typical temporal progression of raw data at two representative
L values, L = 2.3 and L = 2.4. Included on those figures are the flux curves calulated from
the amplitude coeficients and decay times fitted to that data by Electrofit. As previously
noted, the curves shown on any given figure may vary slightly in time from tle individual
data poiots, since the curves represent only the one Lime-instant corresponding to the start
time plus one-half the time window of the plot. Figures 12 and 13 represent maximum
freedom of the fit, since each r is frce to vary independently of the other r’s.

Figure 14 shows the same temporal data progression with different fitted curve:. The curves
in this figure were calculated under the restriction that the ratios of the r's were fixed at
the theoretical values of 1:1/9:1/25; hence, only r; was really varying in a random sence.

Figure 15 shows similar dala progression and fitted curves where the r’s were allowed to
freely vary, subject to the constraint that rg > 1, > m. Also, this was an initial run with 500
tries for convergence, vice 96 tries. In addition, the computed flux was used in the iteration
process to eliminate non-physical (negative) solutions. The solution was restricted to being
positive at four different times and at five different equatorial pitch angles. Alt 1ough this is
an initial run with only a small amount of data used, it indicates thal the recornmendations
in Chapter VI should be pursued.

Table XV shows the fitted linear amplitude coefficients and exponential decay times (in

days) at constant Energy and L-shell for a representative subset of the data examined in

this study. The sheer volume of resultant fits and calculated curves made it impossible to
4 inctude all resuits in this report. The values shown in Table XVII were compu'ed with the
T r’s allowed to vary freely.

Figures 12 and 13 are considered representative of the results of the fitting model. It is
apparent from examination of Figures 12 and 13 that the pitch-angle diffusion theory
and flux computation method developed in this report are consistent with cxperimental
measurements. Higher eigenmodes are readily discernible at the lowest energy in the Figures
or the first five days, and are not visible at later times. These higher eigenmodes are not
- discernible in the plots at the higher energies; Table XVII shows that thes: modes are
present, but at much lower levels, in some cases. The calculated curves show 1 reasonable
fit to the data even at late times, consistent with the assumption of exponentisl decay.

‘

Examination of Figures 14 and 15 shows that some inconsistencies remain to b2 resolved in
the use of this fitting method. The caluclated flux curves for the low-energy data points also
appear to be slightly lower than optimum, while the high-energy dala appears to be fitted
better by the model. This may be partially explained by the existence of many lower data
points in the vicinity of the loss cone which tend to “drag down” the overall tit. Any change
in the cutoff vnlue significantly affects the fit by shifting the “vertical® portion of the curve
toward or away from those points. However, this cannot account for the entire difference
of the curves from the data. The energy dependence may be treated less Lh:n optimally
in the choice of functional solution made in this study. If Lthe chosen functionl golution is
not the correct one, it may be nevertheless close cnough to correct Lo give a r:asonable fit
at high energy, but be significantly in error at lower energy. A different finctional solution
may fit the lower-cnergy groups better and yet still fit the high-energy eleel -ons as well,
Recommendation for the use of other functions is made in Chapter V1.
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Figure 12{a). Temporal Progression of Raw Data and Fitted Flux Curves at I, == 2.3 for
Russian 3 Burst (r, freely varying).
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Figure 13(c). Temporal Progression of Raw Data and Fitted Flux Curves at [, = 2.4 for
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Figure 15{k). Temporal Progression of Raw Data and Fitted Flux Curves at [, = 2.4 for
Russian 3 Burst (7, [reely varying with physical contraints).
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The short time-spans covered by most of the data sets iu the Trapped Electrcn Data Base
have oot sllowed adequate determination of m. The values of ny presented in Table XVII
are suspect for this reason. However, more confidence is held in the values >f r; and m
computed by this study. In most data sets studied, the time period of the d:ta was long
enough compared to the values of r; and 7> to compute reasonable values. More consistency
between data sets was found for r; and m than was found for 7p. Of course, then ry may be
simply computed by multiplying r, by the theoretical ratio corresponding to the solution.

112

PR P I PR S SO ST s S 3

AP A M AR I AT R L UL DAY Y Ty Dy T DRI, WP U Dy L YA NPE SPY W D I Sy ¥




T

VI. CONCLUSIONS AND RECOMMENDATIONS

Coneclusions

The pitch-angle diffusion theory and flux calculation method developed in this study
are reasonably consistent with experimental data in most cases. The mcthod st.ows promise
as 3 way of calculating improved decay times over a broad region of the magnetosphere,
particularly for higher energy electrons. Additionally, a comprehcnsive summary table of
the best available literature values for 7 has been prepared (Table XV). A complete table
covering such a broad range of energy and £ has not heretofore been compiled.

Time and computer limitations have precluded examination of the entire data base.
However, the overall efficiency of the model developed in this study has been demonstrated. It
is expected that improved predictions of fluxes and improved inputs to the AFW!, SPECTER
Codes (Ref. 7-9) will be available as a result of this work. This will enhance t)e capability
for calculation of satellite operational environments, and will improve the abili:y to predict
satellite survivability and vulnerability.

Recommendations

The following recommendations for further study are proposed to improve the model
developed in this study, and to resolve the problem of non-physical solutions for sorne data
sets. At the direction of this author, several of these recommendations are presently beiug
implemented at the Air Force Weapons Laboratory.

(1) Tncorporate an estimation of the error in the magnetic field value, B, of
individual data points. This corresponds to a *horizontal® error bar on the
plots such as Figure 12. It is known that errors exist in the computation of the
B value associated with each data point, and this error would prove significant
in the region of the loss cone. Improved weighting of the data points with the
combined errors should improve the fit.

{2) Utilize the L-rounding procedure of Chapter IV to add data points to each L-
value considered. This should aid in filling gaps in the data, whic necessarily
will improve the fit.

(3) Discard the highest eigenmode if the fitted value of its decay tim» is less that
0.25 day, and fit the data with only the fundamental and one higher mode.
A value of 0.25 day is not reasonably fitted within the errors in the Trapped
Electron Data Base. This mode would be essentially lost within th: first day in
any case.

(4) Perform an “energy-scaling” of the data to combine data from different satel-
lites. This involves assuming some form of energy spectrum, such as e~/£/Fe)
including an estimate of the error in the assumed value of Ey. The new flux
would be simply the old flux multiplied by a factor e~ (Enee—Eordl/Ee |f the
error in the old flux were 50 percent (a value consiatent with the Data Base)
and the error in Eg were 25 percent, and if Eg = 1.1 (a fission spectrum}, then
the resultant error in the shifted Aux would be less than 1 percent different
from that of the old flux, when shifting from 680 KeV to 500 KeV. Thus, it
should be possible to combine data sets and fill the gaps in data to achieve a
better fit. However, the limitation of the assumed spectrum still exists.
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(5) Utilize only [ate-time data where it is available, and fit only the fundamental
mode to it, under the assumption that higher modes will have decayed away.
Then, with the fundamental mode constrained, go back to early time data and
attempt to fit higher modes, if any. This recommendation is of limited value
because only two data sets cover a significant period of time: Starfish/Telstar
and Russian 3/Explorer 5. However, it may provide a better value of ry than is
presently availabte at some [ values.

(6) Revise the fitting functions to other Bessel function solutions than the J_, s
solution and compare results. This was performed only on one other functional
solution, Jo, with only one small data set, and the results showed no improve-
ment over the present study. However, to be cerlain that the au-hor has not

simply chosen the wrong functional form, more functional forms must be in-
vestigated.

(7) In the fitting program, constrain the directional flux to physical reality at each
iteration (i.e., compute flux at each iteration and reject non-physical solutions
at each iteration, rather than after converging on a final solution). This should
converge to a physically real solution if it converges at all; however, significant
increases in computer processing time may accrue. '

(8) Increase the number of tries for a solution from 96 to 200 and reduce the number
of outer loops from 32 to 10 or 15. This may improve the convergence of the
least squares error, il non-physical solutions are also rejected at each iteralion.

{9) Compare the background subtracted from the flux with the latest awailable
natural environment, to ascertain the correctness of the background subtrac-
tion. If significant differences are found, the background should be re-added to
the flux and the anatural environment subtracted.

(10) A suggestion proposed by Professor D.G. Shankland, Air Foree !nstitute of
Techuvlogy, invoives a significant modification to the fitting method. This
method involves an interpolating function, or measure of “roughness” of the
fit, which may be made arbitrarily smooth. The advantage of this method is
that no limiting assumptions need be made about the data. The chief disad-
vantage is that the method is a strictly mathematical method, with no physical
consiraints. Although the method would involve extensive reprogramming, it
promises worthwhile information abcut the flux curves, and should be tried.
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APPENDIX A

Demonstration of Zero Diffusion Current
at the Magnetic Equator for lalf-Integer
Bessel Function Solution
To demonstrate sero diffusion current, one must show that
limgeoDss ?'..(2) =0
for the 0 = 0 case. We Know that from (31):
Jja(z) = V2[(x2) cos(2)

and from (18): R
btt = Uy,

and from (18):

. \/2/3.
Inle) = ity V¥ \/ T (03 1)
,[12_/:. VAT En m] ((,,,+ y 5)

J'(xa)

Hence, the derintivq of the eigenfunction:

Pu(z) = - v ""/;,/((::)(2" * l))][(ﬁn + 1)5’;:] sin ((2,. +1) ' ;’—)

Finally, the quantity which must go to sero is:

Dot = _[D,.. V2. VA7 (20 + 1)) ((2n + 1) 7/(22.)) sin((2n +1) g_ z )

I'(~n)

'c

The term in square brackets is a finite constant for any n, and clearly the sinc goes to rero
as z goes to zero. Hence, the limit is zero.
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APPENDIX B

Derivation of Eigenfunction Derivatives 7:,, and 7,

To find the derivative of the steady state function, 7, one starts with (21):
0 ’ L 2]
To= 3 2[5 0 )
neo " o

If the A, sre assumed (from (19)) independent of z, then the series can simply be
differentiated term-by-term, since the definite integral is simply a constant for each value

of n.
Fele)= ;‘;LE galz) / 32,(¢) d(z')]

= S8 ("5 yan)

To find the derivative of the eigenfunction 3,, one starts with (18):

m ( i )(l ~o)/ 3‘,” (“” ( : )l l-('/'o'n)

I (%yn)

’n(') bl
Using the product rule for differentiation:

(i.(!))
\/(2—")7‘—0 l ~(e+1)/2 (1—(e/2))
e

i (%un)

+(i)u--m ” (‘”( ’)(x (a/z») Sy (_z;)"”]}
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APPENDIX C

The Specific Solution of the Integral-Energy
Omnidirectional Flux Equation for the Half-Integer
Bessel Function Solution

The integral-energy omnidirectional flux Equation (43), which is the energy-integrated
form of Equation (37), is represented as the steady stale term, foo, plus the sum of exponen-
tially decaying eigenmodes f5 through fs:

I>6(y = VBoIB) = fa + fo + fs + o + I

In this appendix, each term is shown, aa derived from Equations (37) and (43). Note

that the eigenmode sum should be infinite, but, only the fundamental mode and three higher
modes are shown.

R N

_The constants in #ach term are defined as follows (Ref. 39:55):

R

e = \J1/(+VI= D)

o~ T - 1+ {(ln[z + s/:i])/(zs/é)} a3 1.3801730

Ty = (xv2)/6 ~ 0.7404505
K = (4/11)[Ty - Ti) = 0.2328155
2, = To(1 - 3.*) - k(1 - 9'"/*)

1
'L )
LR

‘332 The “fitting constants” are defined as in Equation (dz) or in Apmn& D:
£ 5= [ P teiE)
Gy = /; PPan(E) dE
V=T [(4/2‘.,)(:/2,)[\/_—1 =BT B)|[To = (To ~ Tl
Jo =228 . (=22, T
[(.a.. [(r/22)([(0 - *)To)/2 - K(1 = o' ""))_]_)
1
_(sin [(3x/2Z)(((1 - !Iz)'l'o)/_?: K(1- II“/'))J_)
- e 9
SRR /27 (= )Tz KO =5 )
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(snn[(7r/27¢)(((1 ¥’)To)/2 - K(1 - 7""))])}
49

y=+/Re/ B
o ==2msoe=/ [~ L ATz ) 20T T [To - (7o = T o]
(sin [(1!'/(27/.:))(((1 -y )To)/2 - K(1 ~ /4))]) dy

- R./
h= +2m,.¢"‘" n) / ’

|VETZi(ax 20| VT=37TB7 B To - (T ~ Tutg* s
(sm[(3:r/(21¢))(((l y°)To)/2 - K(l y' /‘))Ddy

yu=y/ B, /B
h= —21026-“/ "" ] [

VETZ(5x/ 20| V= V7B o = (7o - Tow?'* o
O CTA (SR LR (B I

y=v/Be/ B
fs = +2xaze= /™) / [
y-

s/z‘/T,(h/z,)[\/x—mﬁnT ][To (To ~ T:)v”‘”
(sin[trm20((C - ym)s2 - K (1 - 9 1))] )

These Gtting constants are really fuctions of energy and /-shell.

The ratios of rpy, 71, 72, and ry should be (as computed from the eigen value ratio of the
zeroes of the function):

™ % 91y n=01/Mn

=3 250 or alternatively ry = (1/25)m

fo &3 4973 . r3 = (1/49)n
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APPENDIX D

The General Solution of the Integral-Energy
Omnidirectional Flux tiquation for Bessel fFunctions
of Arbitrary Order, as a Function of Sigma

Subetitution of (18), (28), and (29) into (27) completes the general expression for the
differential energy omnidircctional flux, J, with Bessel functions of order

Q
-

|

-~

[
Q

where o is some number less than two:

e 2’,’2{(—/(5./5) f: 3 3/, ._,q_-—g;g_)./f_i(i)"-av?]v(;"('{)I_"h))dz'

ne=( x-l =

y.? s=0  Ji(kun) \z e
= G R GO

ATt

/1= y%(B/By) T(y) d(!’z))

o (Pa/B) frog - 70"
-( Y- AE LY / e - a)/z
L]

o e dlken)

X a2 ™)
+(_:;)h-o)/zn (n.... (:;)n—qa/e))(fz? (1-7) (i)-(o/'.'))]

o/ TR T )|

The analogy between the above equation and Equation (43) is secn if:

[/ ”?7@.(,"‘) “E] =/ f'l-'g/.):z. dl
E I, E

and if:

U:l”"n(ﬁ)]b {e- ‘/(m))[‘, = /:p" dls An, (F)

b
- /r P° an(R)e=1EY g

Henee, (43) is simply the cnergy-integrated form of (37).
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APPENDIX E

Flow Chart for Program Electrofit

Initial guess ny (and 71, ™).

:

cach data point.

Numerically integrate functions at

-

Q.

Least squares fit for Lthe constants:

Compare fit against previous “best”
fit usiong leasl squares residual.

R i L T

better

no

-

r Update “best” r's and a's.

better

provement

Check for 96 tries with no im-

no

yes

Check for 32 better fits

Random walk r’s

P

\f

Print results.
Compute fluxes.

125

Plot computed fluxes with raw
data.
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