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FOREWORD

This report describes the work performed by Bell Aerospace Textron,
a Division of Textron, Inc. Buffalo, New York. The work was sponsored by
the Flight Dynamics Laboratory, Air Force Wright Aeronautical Laboratories,
Wright-Patterson Air Force Base, Ohio, under Contract F33615-80-C3214.

The work was initiated under Project 2307, "Research in Flight
Vehicle Dynamics" Task 2307N518, "Basic Research in Structures and Dynamics".

The work was administered by Dr. N. S. Khot, Project Engineer of the
Structures and Dynamics Division (FIBRA).

The contracted work was performed between August 1980 and December
1982.

The work was performed in the Structures and Vehicles Systems
Directorate, Bell Aerospace Textron., Mr. James R. Batt was the Program
Manager/Technical Director of the study.
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1.0 INTRODUCTION

Modern technology of structural optimization is now nearly two
decades old. During that period an intense amount of effort has been
expended on studying the very many facets of the optimization problem. At
a conservative estimate a bibliography of over 300 references to relevant
work in this area could be compiled and, in fact, the search for the most
efficient structure to perform a given task is much older than 20 years.
The standard references to Michell, Ref. 1, and Clerk-Maxwell, Ref. 2,
can be made to 1llustrate that the ideals and objectives of designing
practical efficient structures are very fertile fields which have been
studied in the extreme. Yet, in comparison with the erstwhile companion
technology of finite element analysis, it must be recognized, regretfully,
that structural optimization methodology has had little, if any, real im-
pact on the design of modern structural systems. It has simply been not
possible, in general, to translate the vast research into acceptable prac-
tical design tools. While a number of operational optimization programs
have been developed -~ of various types - their use and acceptance has been
very limited. There are exceptions, but there has been no general utiliza-
tion of any optimization methods such as has occurred in the universal use
of finite element technology.

The reasons for this are manifold. Firstly, optimization represents
a degree of sophistication ahove pure analysis and hence is more costly.
Secondly, the sophistication of mathematics may be suspect by designers
and engineers who have no good reference for judging the validity of the
concepts. Thirdly, the lack of a unified thrust on the part of researchers
and developers to select an approach to the problem is strongly indicative

of confidence in the value and validity of structural optimization and
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fourthly, the nagging concern of designers about the “goodness" of an
optimized structure. This final point is one which has long been the cen-
tral point of a major controversy. The removal of concerns about the re-
liability of optimized structures should provide a major step forward in
the widespread acceptance of optimization techmology.

In this context, it is most relevant to consider the appropriate
state-of-the-art in structural optimization and its applicability to the j
present study reported herein.

In spite of the very large effort of work expended by so many re-
searchers, many of the most basic problemg are still largely unsolved.
Perhaps one of the most significant areas of progress has been in scoping

our domain of ignorance. From the early days, when it was first proposed

that some methods of operations research could be linked with iterative
finite element analysis to the pregsent day studies using Lagrangian
formulations, there has been a much greater understanding of the true
nature of the problems to be solved. The problems themselves have not
necessarily been solved - they have just been identified more precisely.

In structural optimization, with the usual limitations of fixed
geometry, etc., there is obviously a hierarchy of relevant constraints -
member stresses, nodal deflections, local and overall stability, frequency
response, flutter, etc. The precise order of ﬁigher order members in the
hierarchy is more subjective and is influenced by the types of structures
under consideration. The first two, strength and stiffnegs are, generally,
prime requirements in virtually every structure.

Similarly, there are, theoretically, a number of potential candidate

figures of merit by which the optimality of a structure can be measured

- e.8,, weight, cost, cost-effectireness, reliability. Hhile'lip-lervice




has been paid frequently to some of the more esoteric merit criteria, the
overwhelming majority of the work performed has fallen back on the use of
weight for the objective function. Weight is usually important in most
structures, especially aerospace applications, since it is simple to calcu-
late and it is noncontrerrtible. This is not to say that the use of the
other criteria has not been investigated, but the enormity of the other
aspects of the structural optimization problem has generally forced re-
searchers to choose the simplest merit criterion initially (and finally)
while justifying this situation, that other criteria may be usable within

a general formulation - if they can be suitably quantified. The use of
reliability as a criterion was addressed by Moses, Ref. 3, where concerns
were being expressed that an optimized structure is more likely to fail
catastrophically than a conventionally designed one. Regrettably, there
appears to have been little follow-up work along the lines of that reference.

If, in spite of the expenditure of a large level of continuing effort,
major fundamental problems still exist, what is the nature of such problems? 1
Paradoxically, it appears that element stresses present greater problems
than deflections.

Using a Lagrangian formulation, an exact solution may be determined
for an optimum redundant structure subject to a single displacement con-
straint. For multiple displacement constraints, the same approach may be
used, but the resulting equations become nonlinear. The solution of
these equations has proved to be extremely difficult for anything but
small-scale test problems. For stresses, attempts to use the Lagrangian
formulation were not so successful. If a similar approach to that used
for deflections is applied, the Lagrangian leads to fully stressed design.

This is correct for determinate structures but is questionabie for redundant
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systems. To overcome this problem the effect of internal force distri-
bution with variation in elastic properties must be introduced. This has
been accomplished by using the force method of structural analysis, whereby
the redundant structures are transformed to pseudo-determinate systems and
the internal self-equilibrating force systems are treated as external loads.

The basic philosophy of the force method of structural analysis is
well rooted in antiquity, definitely predating the much more popular
displacement method. The concepts of "cutting" redundant structures,
applying self-equilibrating forces and computing influence coefficients
have been universally used to introduce novice structural engineers to
the mysteries of analyzing complex structures., The fundamentals of the
force method are addressed in many publications (see, for example, Refs.

4 and 5).

Although force method concepts are particularly simple and amenable
to a ready physical comprehension by the neophyte, it is recognized that
some computational complexity may occur in poorly formulated problems.
While the displacement method may be more difficult to comprehend initially
(the concept of a stiffness, per se, is not immediately obvious), the
ability to automate the procedure coupled with a relative lack of condi-
tioning problems, has led to its dominance in the field of structural
analysis.

In the early work in structural optimization the use of the displace-
ment method for the structural analysis stage was used, more or less auto-
matically, because of the ready availability of developed finite element
programs with extensive element libraries. Effort was concentrated on

the development of rational redesign methods using various strategies.




Unfortunately, the most successful approach via the Lagrangian
formulation, which handles displacement constraints in a very efficient

manner, tends to break down when handling element stress constraints. The

S,
problem lies in the expression of the stress constraint in the form K%;——l
174
where Si is an element force, Ai its area or thickness, and Oi the al-

lowable stress. In the Lagrangian formulation, derivatives of the con-
straints with respect to the primary-variables (Ai) must be formed. Since

in a redundant structure the element force S1 is a function of every

element area A,, a term asi/aA does exist. This term may be small, but

3 3

its neglect is the reason the Lagrangian formulation leads directly to

fully stressed design. In the displacement method no analytic expression

for BSi/BA can be generated. The best that is possible lies in the use

3
of finite difference approximations. Since the optimality criteria form
a set of nonlinear equations which can only be solved using gradient methods

(e.g., Newton-Raphson), the generation of second differentials using finite

difference methods becomes computationally impractical. The solution lies

in the use of the force method formulation. In this approach, the redundant

structure is represented as a pseudo-determinate one in which S1 is not a

direct function of all AJ. The true variation S1 is reflected by including

the redundant forces X, as variables. By this artifice, the missing term

3

asi/aAj is incorporated through a variable redundant force term which shows

up as a compatibility (displacement restraint) term in the basic Lagrangian.
K4l The additional terms are explicitly differentiable and permit the generation
il of nonlinear equations in an analytic form. These equations are then amenable
to solution using a combination of linear-programming and Newton-Raphson
techniques.

Based upon this force method approach a pilot program, OPTFORCE I

R




was developed at Bell Aerospace Textron and is presented in Reference 4.
Typical of pilot programs, OPTFORCE I was limited in a number of important
respects. It was one of the principal objectives of the research reported
herein to expand OPTFORCE I into a usable computer code by eliminating or
reducing its deficiencies; the new code is aptly named OPTFORCE II.

Two principal options were available to accomplish this: Expand the
existing OPTFORCE I analysis program- through the development of new elements
and other sophistications or acquire an existing developed program and
integrate it into the optimization stage of OPTFORCE I. One of the concerns
in acquiring developed programs is the capability and efficiency of the
available programs. Their capacities, as measured in terms of element
numbers or degrees of freadom are generally adequate. The major deficiency
discovered resided in the area of frequency constraints expressed in the
force method of formulation. Thus, frequency constraint formulations were
developed and are reported in this text as well as additional finite element
formulations,

The typical form of afrequency constraint is that the basic structural
frequency (undamped) shall be greater than a given value. In some instances
a less than constraint may be specified, although this is less likely.
Higher order harmonics are generally left unconstrained. While a frequency
is a generalized structural response, like a deflection, its incorporation
into an optimization program will introduce additional problems. Their
exclusion from standard optimization programs may be indicative of both
their difficult nature and of their lack of wide-spread usefulness.

Optimization involving frequency constraints of various types has been
explored (Refs. 5 & 6) with some success. Generally, they have been used

alone rather than in combination with the more usual stress, aeflection and
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fabrication constraints. The expanded version of OPTFORCE I provides an
integration of frequency constraints with the other types mentioned. A
full integration of the frequency constraints into an optimization program
is theoretically similar to the rigorous treatment of any other types of
multiple constraints, i.e., the problem becomes extremely nonlinear, but
solvable through the use of some form of Newton-Raphson technique.

The optimized structure may be-more sensitive to damage. Hence, it is
essential to make provisions for the service reliability or vulnerability of
optimized structures. To assess the service reliability of the structures,
the concept of partial degradation was introduced. This may simulate battle
damage or any other type of partial failure which may occur as a result of
extensive service operation. To assess the suitability/reliability of the
initial structure, the behavior of the degenerate (damaged) structure is
analyzed. If the primary structure is still largely capable of carrying out
its prescribed mission even when damaged then its reliability is acceptable.
The above evaluations of reliability are clearly only qualitative in nature.
Another objective of the study program was to establish a quantitative means
for the assessment of a damaged structure.

To determine the effect of damage on the optimized structure, repeated
re-analysis of degenerate forms of the original highly efficient structure
are required. Re-analysis methods have been under development since the
work reported in 1969 by R. J. Melosh, Ref. 7, and more recently with
increased intensity by other researchers such as V. Venkayya and N. Khot,
Refs. 8 & 9. The search for more efficient re-analysis methods is para-
mount to the solution of aerospace structural optimization and damage
assessment problems. These methods are vital to the determination of the

vulnerability of a damaged structure. At the present time re-analysis

7




methods can be broadly classified into two groups; namely, direct and

i iterative. The former eliminates problems associated with convergence but
could be burdened more with problems of efficiency than the latter. Con-
siderations of efficiency are of utmost importance if new design tools
such as produced herein are to become practical. Examination of the re-
analysis methods developed to date showed that viable methods do exist and

some are applicable to large scale structural analyses and design of air-

frame components. These, however, were not cast within the framework of

‘ the force method. Thus a new method of rapid're-analysis of damaged
structures was developed including vulnerability assessment. Vulnerability

} methodology must account for the interaction of optimization-reanalysis

programs in order to provide sufficient details of the damaged structure

such that, for example, residual strength can be determined. Another item

of vulnerability is the change in the vibration characteristics of the

damaged structure. Perhaps what is of most importance is the ability to

o

} define the level of vulnerability or in other words the ability to deter-

mine the operational capability of a damaged structure. This facet of

vulnerability was investigated and is provided.
As a result of the efforts previously described a set of analytical
tools capable of designing lighter and less costly structural components
is available to the designer. It was appropriate then that efforts were 1
expended to analyze representative structures in order to demonstrate the
;f utility of the computer codes developed. This was accomplished on
structures varying from relatively simple trusses to a swept wingbox air-
craft structure. Details of the analyses conducted are presented.
The analytical tools developed and based on the force method of

finite analysis increases the versatiblity and scope of analyses which can ?
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be performed using the force method of approach provided in OPTFORCE I,
Ref. 4. However, two fundamental questions remain: Does the force method
offer an improvement in efficlency resulting in lower computer costs
compared with the displacement method of finite element analysis? And
which of the two methods is the most accurate, i.e., which one provides
the "correct”" minimum weight solution?
As noted in the optimization literature when the iteration algorithm
' is based on the displacement method of finite element analysis, a complete
re-analysis of the structure must be conducted whenever large changes are
made in the design variables. Thus, substantial computational effort is .
devoted to the analysis of the structure. In the force method, the basic
framework of computational effort is not increased with changes in the
degign variables after the basic and redundant load system is selected.

This should mean that there is an improvement in efficiency and a speedup

in the iterative analysis for the force method algorithm. Hence, a
comparison of computer cpu time expended by the OPTFORCE II program solv-
ing classical problems with known solutions, versus an existing displace-
ment method optimization program OPTIM III, Ref. 10, solving the same
problems was conducted. This provided the needed comparison data to
answer the fundamental "dollars and cents" gquestion. More importantly,
these comparison studies also provided a means to assess the relative
accuracy of the two optimization codes. These items formed the basis
for recommending future development of a general purpose optimization
program.

Thorough discusaions of the technical areas discussed above are
given in Sections 2.0 and 3.0. Section 2.0 presents the theoretical

background of the OPTFORCE II code and emphasizes the expansion of the

9
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pilot program OPTFORCE I. The discussion commences with a review of the
fundamentals of the force method in Section 2,1, Derivation of finite
element matrices for bar (axial force), membrane triangle, membrane
quadrilateral and shear panel elements within the context of the force
method are presented next. Weight optimization methodology is given in
Sectfon 2.3 including provisions for handling variable stress, multiple
displacement, maximum and minimum gize, wmultiple loading and natural
frequency constraints. Rapid re-analysis and damage assessment technology
is presented and illustrated in Section 2.4. The newly developed OPTFORCE II
code is amply exercised in Section 3.0. Efficiency studies and applica-
tions of the code to a swept wingbox structure are described. Program
results are profusely given to enable the reader to fully understand its
capabilities. It is noted here that Volume 2 (Ref. 11) of this report
presents details of the program and the input/output format of OPTFORCE II.
A technical discussion of the research conducted is presented {n Section

4.0 wherein conclusions and recommendations are glven.

10




2.0° THEORETICAL DEVELOPMENT

2.1 Fundamentals of the Force Method

The force method of analysis was used to model structural behavior :
. and determine minimum weight under stQtic loading. An additional requirement
above_the static constraints of minimum size, stress and displacement was to

constrain the structure from having certain of its fundamental vibration

frequencies falling within a specified range. In order to accomplish the task

of stating these frequency constraints in a particular mathematical form
compatible with the weight optimization method as set forth in Section 2.3,

below, it was necessary to formulate a force method dynamic analysis that

would‘yield frequencies and modes when the structure was in a gstate of free

vibration. What follows is a discussion of the theoretical basis for both

static and dynamic analyses.

2.1.1 Basic Static Analysis

A - g

A force method formulation is based on minimizing the complimentary
energy functional with respect to parameters used to describe a chosen approxi-
mation to the stress field. The requirements for the approximate stress

. field are that it satisfies equilibrium throughout the body, that the stress
boundary conditions are satisfied, and that the choice admits non-trivial
solutions, at least a priori. The principle of minimum complimentary energy

T may be written as

1Y

| ‘ ) SU* + §V* = O . (1)
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U* 1s the complimentary strain energy and V*, for a finite

element idealization of a body, is usually

ve = - {P}T {a} (2)

where (P} and {A]}] are the finite element nodal forces and dis-

placements, respectively.

The stress field for each element in the structure is given by

the following expression,
->
- 3
o, [Nil {Si} 3)

where the [“i] are functions of the spatial coordinates defined for the
element and {Si} are the undetermined parameters for the stress field,

which serve as coefficients for linear combinations of the [Nil' The [N1]
must satisfy_the homogeneous equations of equilibrium, and must admit a non-
trivial solution for each stress field in 31. The number of parameters {Si}
must be at least the number of degrees of freedom for the element minus

the minimum number of support forces needed to suppress rigid body motion

of the element. With the constitutive law written as

-+ -1 =+
€, = [31] 9, “)

the complimentary strain energy for the ith element is

1 T
up = 3 (5,07 [£,] (s,) (5)

12
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where the element flexibility matrix is
T -1
(£, = \.,f[!dil (e [n] av. (6)

The total complementary strain energy of the structure is the sum of the
individual strain energies of the elements. If {S) is the collection of all
the {Si} and [f] is a matrix formed by placing the [fi] along the main

"diagonal"” of an otherwise trivial [f], then this sum may be written as
1 T
u = 3 {s}" [¢£] {s}. (7

A relation between {S} and {P} must be found in order to use (1)
find a solution. The derivation of such a relation presents the greatest
difficulty in the force method formulation particularly when the {S} are
devoid of physical meaning. One approach is to relate the {Si} of an element
with {Fi}' the element nodal forces. The criterion selected for this relation
is that {Fi} be chosen such that the work done by the traction field, as
calculated from the stress field evaluated on the element's boundary, is the
same as the work done by {F1} through the nodal displacements. To accomplish
this, it becomes necessary to choose a boundary displacement field G; in

terms of the nodal displacements {Ai}; thus,
T o= 0v] {a)}.
The work-equivalency criterion is expressed as
B ¢ T T
(84} <g(vil (L] as) {s,} = (a;} {F;}
where [L1] is (Nil evaluated on S, Equation (9) yields the relation

(¥} = [8,] {s,)
13




where
[8,] = g[vijT [L,] as. (11) <

The introduction of [Yil into the formulation gives it a hybrid character
(Ref. 12 ). While the choice of ﬁ; appears arbitrary, an interelement continuous
shape would be best to choose.

The collection of equations (10) may be written as

{F} = [B] {s}. (12)

It is also convenient to include in both { F} and {S} the set of reactions

{Rr}. Equilibrium equations are now written for each degree of freedom as
{p}=[c1{F} (13)

where [C] is a Boolean matrix. Substituting (12) into (13) yields

{r} = [A] (s}. (14)
If the strugtute is statically determinate, then [A] is square and invert-
ible, and (14) 1is solved directly for {S}, and thence the stress field.
In order to find the nodal displacewments {A}, equation (14) 1is sub-
stituted in (1) and variations are taken with respect to {P}, yielding the

relation
CATHT () [aTH (p) = (al. (15 .

The matrix product pre-multiplying {P} in (15) 1s the global flexibility
matrix of the structure.

If the structure is statically indeterminate, the number of columns

of [A] will exceed the number of rows; thus, partition (14) into

{p} =[a: Al[s% (16)
i -
i X

l 14




where [Ao] is square and invertible. The subset {X} of {S} are known as

the "redundants". Solving (16 ) for {So} yields

(s} = —[Aé]-l [a,] (x} + [Aol'1 e} . a7

Combining (17) with identity relations for {X} gives

{s} = [b1] {x} + [p] {p} (18)

where

[v,] - [—[Aol‘l [All] ; [o] - [[Aorl] : (19)
[1] [0]

Equations (18) are used in (17) , and then substituted into (1) , with

variations taken with respect to both {X} and {P}. The two sets of equations

formed are

[¢] (x} + [v] {P} = {0} (20a)

wl® {x} + [Q] {P} = {a} (20b)

[6] = [5,J7 [£] [5,: [4 = [6,17 (€] [0]; [a] = [oI" [£] D). (2

Equations (20a) are solved for {X}, and may be used in (18) to sub-
sequently determine the stress field throughout the structure. Substitut-

ing (20a) for {X} in (20b) yields the global flexibility relations
(3] (r} = {(a} (22)

where the global flexibility matrix is

[3] = [a] - [vd [e7! [vl. (23)

Note that since {P} is known and {A} is unknown that (15) or (22) need




not be inverted; on the other hand, the inversion of [Ao] requires the same
amount of effort as the inversion of a global stif}ness matrix.

In order to facilitate incorporation of the above formulation into the
weight optimization method, several special properties of the force method
need to be recognized. First, the finite elements used have volumes which
can be written in the form

(24)

where Ri is a one or two-dimensional element domain and Ai is the correspond-
ing two or one-dimensional element size, For a given structural layout and
discretization, R1 will be fixed for an element with A1 to be determined.

Furthermore, the bounding surface of the element can be written as
S, =A, C (25)

where C, 1is a one or zero dimensional "curve" surrounding R,.

Suppose that the parameters for the stress field {Sg'are dimensionally
given in units of force. This seems logical if the set of reactions are to
be incorporated with {S};.furthermore, matrices [81] and thus [A] become

strictly non-dimensional under this assumption. If shape functions (ﬁil

are defined as . .

(N) = A (N,) (26) ,

then use of (ZQ)_and (24) in (6) yielda

y 1 =T, 11 1% 1 =
(£ =~/ (E (n]5) (E] (;; [N,]) A ar "% (£,) (27)

where [?il is independent of A . In additiom, (26) and (25) are used

in (11) to form
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T, 1 ¢7
(8) = § [v) G [L]) A dc, (28)
C
i
where [Eil is [ﬁi] evaluated on Ci’ thus rendering [Bil independent of Ai.
The result is that [A}, and thus [b1] and [ D] are independent of the element

sizes and strictly a function of the geometric layout and discretization

of the structure. This eliminates repetitive computations as element sizes

are changed during the weight optimiiation analysis.

The second special property of the formulation becomes apparent when

equations (18) are partitioned by elements; thus,

{51} = [blil {x} + [°1] {r}. (29)

In addition, the reactions are calculated as

{R} = [bIR] {x} + [DR] {p} . (30)

The diagonal nature of [f], combined with the partition (29) and (27)

yields for the expressions (21)

N N N
(1= =* 2 (e 09 = 5.2 (3 - (31)
T A ¢, (9] 21=1 W (v} [al 21-1 x| (&1
where NE is the number of elements and
(5,1 = v, 17(%, 306,509, 1 = [b,1°CF, 200, 3:08,1 = [0, 1°CF,1(0,] - (32)

Note that [31], [@1] and [Qi] are independent of A, and that the A,

dependence of the basic static equations (20) may be explicitly written.
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2,1.2 Basic Dynamic Analysis

As stated above, a force method approach to solutions of étructutal
problems requires that equilibrium be satisfied throughout the body. In
order to extend the force method to problems of structural dynamics, it
is required that the appropriate forms of Newton's second law be satisfied
throughout the body. It will be convenient to use D'Alembert's principle
and introduce "inertial loads" into éhe equations of "dynamic equilibrium”.

When analyzing a structural dynamics problem using a finite element
lumped mass approach, the structure is assumed to be composed of particles
at the node points containing mass, connected by massless elements. Since
the elements will have no inertial loading as a result of this idealization,
the equations of dynamic equilibrium reduce to those of static equilibrium.
Thus, the static shape functions [Nil may still be used to describe the
stress field within the element. The formulation proceeds exactly as in
the statics case from equations (3) - (12).

Equations (13) must be modified to include the inertial loading
{PI} as part of the overall "external load". With {P} designating the

actual applied loading only, (13) 1s changed to
{p} + (p,} = [c] {F} . (33)

The formulation proceeds much like the statics case, except (P} + {PI} is
substituted for {P} in the equations where it appears. In particular

(22) (or 15) becomes

(3] (e} + {p;h) = {a}). (34)

The inertial loads are related to the displacements by

(e} = -[M,] {8} (35)




where ["2] is the diagonal lumped mass matrix and a dot indicates a time

derivative. Integrating (2.35) with respect to time from 0 tn t gives

{At)} = {Lo}-[n {PI(T)} dt (36)

t

-1 f
9.1"

where {Ao} are the initial nodal velocities. Integrating again yields

: (A} = {80} + thode = [ T/ (e-1) (P (D)} drs (37)

. where {A,} are the initial nodal displacements. Substituting (36) ' into

(34)  and rearranging terms yields
. -1 .t .
(#] {PI} + [Mz] of (t-1) {PI(T)} dar = {A,} + {A;} -~ {Astat(t)] (38)

where

.

{Astat(t)} = [3] {P(t)} . 39)

The basic equations (38) are integral relations with {PI} as the basic
variable, Differential equations with {A} as the basic variable could be
derivéd, but that type of formulation would not be in the spirit of the
force method, where forces are the basic unknowns. Furthermore, the form

of (38) is directly analagous to a stiffness formulation.

Fundamental modes and frequencies for the structure may be found
by formulating the free vibration problem. Assume that {PI} may be

- written as

f B = {PI} - {PIC} cos wt + {Pls} sin wt . (40)

*oft[oft’{PI(r)}dr]dt‘- t;ft‘{PI(T)}dT |t-oft t'{PI(t')}dt‘
0

| - coft{PI(r)}dT -oftT{PI(T)}dT

= /5 e-1) {p (1)} dr

19
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Using (40) in (38) , and remembering that for free vibration {P(t)} = {0},

gives

A -2 )+ 5 I ) - (D
W W

(41)
+ G r Y - (B, De = (o}
w L Is 0 :
with {4,} and {a,} arbitrary, {PIc} and {Pls} may be chosen such that
(41)  reduces to
(31 - LT ) = (0} . 42)
w

In order for non-trivial {PI} to exist, the determinant of [$] - 15 [HQ]-I
w

must be zero. The resulting equation yields the fundamental frequencies.

In order to facilitate the numerical calculation of modes and frequencies

by using standard matrix operation subroutine packages, it is desirable

to make the substitution

(e} - [MR]’i {q} (43)

in (42). Note that [Mz]li 18 easy to calculate, considering the diagonal

nature of [HI]' Pre-multiplying (42) by [Hg]li gives

([Q] - ‘li {1]) {q} = {0} (44)
(]
where
[] - [v,3%[8] [w,)% . 45)

Thus, the fundamental frequencies are the inverse square roots of the

eigenvalues of [Q].
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The eigenvalues of [Q]) are found simultaneously. Suppose the kth
eigenvector, i.e., the one corresponding to frequency Wes is denoted as
{qk}; then, the kth inertial load mode {PIk} is found from (43) : the K th
redundant "force" mode from (20a) the kth parametric mode from (18) ; and
the kth stress mode from (3) . The kth displacement mode is found most

easily by comparing (42) with (34) to yield
1 -1 k
{AK} = ;5 [Ml] {7} . (46)

Mode normalization may take place on either {PIk} or {Ak} .
The diagonal mass matrix [Ml] may be found as a function of the
element sizes. Introducing the mass per unit volume, py, the mass of the

ith element is written as

mom Py V= e AR A D, (47
where use has been made of (24) ; thus, Eiis known from input data. This
mass 1s equally divided and assumed lumped at the node points of the
element. The number B81 is the fraction of the mass of element 1 located
at node g. Note that 881 can be defined as zero for those nodes that are
not part of element i, Arbitrary criteria for assignment of B81 to the
various nodes may be made. In the present study, Bgi = 1/NN1' where NN1

is the number of nodes associated with element i, was chosen. If g“ is

a degree of freedom associated with node g, then

NE

M, - = I my Ay .
g qa Bat ™ M (48)

Problems of forced vibration, as well as a consistent mass formula-
tion, may be derived, but were not utilized in the present study. The
interested reader is referred to Reference 13.
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2,2 Derivation of Element Matrices

Material and geometric information combined with an admissible choice
for a stress field will produce matrices for a given element. 1In fact, only
two matriées are of importance (at the element level): [fi] and [31]. Both
of these are defined relative to local coordinates. The [Bi] matrix must be
transformed to global coordinates before incorporating it into [8] for use
in equation (2.12).

2.2.1 Truss (Rod) Element

Figure 1 shows a typical truss element. The x axis indicated is
a local coordinate axis. The element's domain consists of the points
0<x<L, while the "bounding surface" 1s simply the node points. A single

parameter S is used to describe the stress field:

1
0'x XS
b4
)

_— g ——
F,.b, 1 2 Fyb,
R N
Figure 1  Truss (Rod) Element
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where A is the cross sectional area of the truss element, and serves as the

element size. Thus

N =1 (50)
with
-1 1
[E] " = T (51)

For this element,

[?] = cfl‘ _1€ dx = L/E . (52)

In order to find [Bi]' it is important to realize that Ci may be

made up of n natural subdivisions C j, j=1,--, n. Thus

- 3 397 7 3 j
[s,] jfl ij [v,’) [L ) ac 3. 53
i
For the truss element, Cil is node 1 and Ci2 is node 2. Thus,
v, 11}, .21 =[o], B2 =13 s 1= 111 (54)
1 0 i 1 i i

Substituting (54) into (53) yields

(1=~ [] . (55)
1

2.2,2 Plane Stress Triangle

Shown in Figure 2 1s a typical, triangular shaped plane stress
element. The x and y axes shown are the element's local coordinate axes.
The element domain consists of the triangular region enclosed by the

boundary edges. Three parameters are used to describe the stress field

23
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3 = o 1 0 o S
x 1
) « L {0 1 o s, (56)
y /A
xy 0 o0 1 S,
b -l L — . .|

m
{ _—
won
Figure 2 Plane Stress Triangle
s where t is the cross-sectional thickness of the element, and serves as the
element size. A 1is the triangular surface area, whose square root serves
as a linearscaling factor. The [i] matrix is simply
- N - L. (57)
- JA
] e
e
Orthotropic material behavior will be assumed. When the material axis,
X is aligned with the x, axig, the 3 x 3 compliance matrix is written
: in the form
t
b
24
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¥
;
ks - -
\Y
F:_]" - Xy
X Ex
-1 v
(e 17 =} - yx 1 (58)
m E E 0
y y
1
0 0 Gx
. Y )
where the m subscript refers to the material axes. For a general set of
- axes, where ¢ is the counter-clockwise rotation from the element's x axis to the
corresponding material axis, the elements of [E]‘I may be written as
i follows:
-1 1 4 1 2 2 1 4
{ (E )11 = § cos d>+(G - 2B) sin” ¢ cos ¢+-E—sin ¢
b4 Xy y
= N B S 2 4 cos? ¢ + <L cos®
[ ‘ (E )22 E sin ¢ + (G - 28) sin” ¢ cos ¢+E cos ¢
: x Xy y
) -1 2 2 1 1 1 2 2 .2
: (E )33 4 sin® ¢ cos” ¢ (E—+E +26)+G (cos” ¢ - sin” ¢)
b S y Xy
~1 -1 4 4 1 1 1 2 2
3 (E )12 (E )21 - {B(cos” ¢ + sin ¢) + {G "% "E ] sin” ¢ cos” ¢}
xy x Yy
-1 -1 2 2 2 2
(E )13 = (E )3l'sin¢cos¢{-E—~ cos” ¢ - 5= sin” ¢
. X y
'F 1 2 2
; - - (a-—- - 28) (cos” ¢ - sin” )}
: Y S xy
) -1 -1 2 .2 2 2
(E )23 = (E )32 sin ¢ cos ¢ {E—- sin” ¢ - £~ cos ¢
x y
! | + (Fl_ - 28) (cosz ¢ - ainz ¢}
"xy
25 (39

T s L e ambe e
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Use of (59) and (57) in the calculation of [E] yields
(£1 - (17 (61)
The calculation of [Bi] is performed by summing the contribution
from each edge of the element. Figure 3 represents a typical edge of a
triangular (or any general polygonal) element with nodes (i{,j) at the end
of the edge. The displacement fields :;_j are defined to be linear in the

edge coordinate x', thus

g - XL X Qeeee
vy D 0 0ccl-3= 0 Gy 0:-0:0 O T
uy " = {a}
* cee e - ' '
Viy 9 0 0--:°0 1 :_'o X0 0
(62)
where
{8} = [A, JA «eB_ ,A b LA -e-A_ LA ],
1N ™Yy 3 Yy N
/"'
Al
o

Figure 3 Edge Coordinate
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= T. (x') sin 0 0 -cos ® o]
T = x - x (63)

T (x') 0 -cos sin 0 o

y y

T

x:
y

0 dx' cos O
y
{ T dx' cos O
dx' sin® 5
T x' sin
XV
0 dx' sin ©
x
. Figure 4 Edge Segment Free Body Diagram
where the stresses are evaluated on edge i-j. For the constant stress
triangle, the relation is (2.56); thus,
e [L]~--L |otn® 0 Tcos @ . (64)
r JA 0 ~ cos O 8in O

N is the number of nodes for the polygon element. Note that [Yil is a
(2 x 2N) matrix, and thus for the triangular element it would be of order
(2 x 6).

To determine the traction field for an edge, equilibrium must be
satisfied for an edge segment. Noting Figure 4 , the traction field is

determined as

Using (64) and (62) 1in one term of (53), say, edge 1-2, gives

27




- AP~ s -

(s, .] fl' x' /4! 0 1l |sin ® 0 - cos B dx*
- U
1-2 0 0 x'/t /A | o - cos © sin ©
0 0
L 0 0
Yo Y, 0 - (xy=x,)
0 - (xz'xl) Yz‘Yl
1 Yoy 0 - (x,-x,)
e 271 271
[B, ,] - (65a)
1-20 A 0 - (xy=x;) ¥y~Yq
0 0 0
0 0 o i

where the subscripts pertain to the local coordinates of the elements grid

points.
Similarly,
0 0 ——W ‘
0 0
y37Y, 0 - (x,-x,)
(s 1.l 3 1752 (65b)
2- A 0 - (xs-xz) Y37y,
Y437Y, 0 - (xs-xz)
0 - (x5x)) Y37Y2
; D
yl-Y3 0 - (xl‘xs)
0 - (xl—xs) Y173
0 0 0
(s, )] -+ 0 0 0 (65¢)
2JA
¥17Y, 0 - (xl-xa)
0 - (xl-x3) Y1‘73
28
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Adding (65a-c) to form [Bi]'gives

- -
Y273 0 *37%2

0 x37%y Y97Y3 |

(s,1 - ;iF y3Vy 0 X17%3 (66) ,
0 . ™ Y371
Y17V 0 X%y
0 *27% Y17V

2.2.3 Plane Stress Quadrilateral

Figure 5 shows a typical quadrilateral shaped plane stress
element. The x and y axes shown are considered to be the elements local

axes. A minimum of five parameters are necessary to describe the stress

Yn
F , 4
1 N
= X
e
*  Figure 5 Plane Stress Quadrilateral
29
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field. The admissible functions chosen were

- I

1
\ = Yy 0
- ¥ 1R R 1
0= (s} = — 0 0 -
y t JA

0
rny 0 0

o»P I O
= © (=]

JA_J

(s} (67)

where {S}T = [Sl, Sys Sas Sis SS] and [N] is the (3 x 5) matrix on the

right-hand side of (67).

zhat given for the plane stress triangle element.

tion for [E] yields

(E-l)ll
yc -1 Ixx
A ¢ n A%
el - &, Ye &h,,
JA
X I
< ¢! Xy (g7l
G €y 2 ® 5y N
-1 y ~1
(E )31 7c (E )31
L__ Ja

The compliance matrix ['_l!].1 is the same as

Performing the calcula-

— symmetric —

(€,
I
-1
(E )

22 7,

-1 x
By
n

where A is the surface area of the quadrilateral; X, and y, are the

coordinates of the centroidal position; and I__ , I __ and I
Lo S 5 4 xy

moments of area.
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As with the plane stress triangle, the edge displacements are

assumed linear. In addition, the relation (63) holds, but now the

evaluation of the stresses are more complex due to the coordinate

dependence as specified in (67). In order to express, for example,

the stresses on edge 1-2 due to x' dependence, it is worth noting that

the relation between x or y and x' is linear and thus can be specified

much like the displacement along the edge:

x' x'
x=x) [1-3v]+x, g7

(69)
t 1) x'
’ y=y, 1~ +y, v
{ Thus for edge 1-2
é sin6 0 -cosb L l{y a- % )+y ] 0 0 0
‘ Ja A*71 2
L *
_’ (£, 1= 0 -cos® sind)| o 0 J_l %{xl(l- g0
‘ A
1
0 0 0 0 =
Ja
L —
i
1 1 x' x'
— s8ind 3 sinb [y, (1- 39)+y, 7v) 0 0 - =cosf
. i} JA A 1 [ 22 Ja
. 0 0 - —cose- -—cose[x (1~ ,)+x ,] -sin&
s J-A L 2 % J’A
T —
(70)
:
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2.2.4 Symmetric Shear Panel :

The thoretical formulation for a shear panel may be approached in

various ways. One way would be to consider it to be a special case of a

plane stress quadrilateral with normal stresses identically zero. Thus,
for a general quadrilateral shear panel
roo. L (74a) "
y ch' .
| :
!
' p -1
, ] B
= 1= 1o [ -, -xp |
? yZ = yl.
1 (
~(xy - xp)
: 37N (74c)
j -(xa - xz)
Y4 =72
S(xy - xy)
1773 ‘
_ - 4

Equations (74 a-c) are taken from (67), (68), and (73) where Sg ;
-~ (here identified as S) is the only non-zero parameter. The element
. apparently has eight degrees of freedom, but only four are independent;
or, shifting the argument to & force method point of view, the loads
on the panel must be such that the constraints implied by (74c) are
satisfied; that is, a panel that is supported against rigid body motion,

i ' may not be loaded in an arbitrary manner at the free nodes and still

: 38
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maintain its identity as a shear panel. It is quite possible that a
structure assumed to be composed of quadrilateral shear panels would
yield equations (14) with dependent or contradictory equationms.

Since the primary application of quadrilateral shear panels is
modeling spar webs in wing structures, the most obvious solution to the
problem described above is the crgation of a symmetric web elewent,
Figure 6. In this form, only half an element is used in the analysis,
and thus only two nodes remain. When rigid body modes are restrained,

only one degree of freedom will remain. Note that some support condi-

tion on nodes 1 or 2 implies some loading on the lower, non-analyzed

Ye F , A

Figure 6 Symmetric Shear Panel

half of the web. The element matrices may now be written for the (upper

half of the) symmetric shear web as

T = S by
xy [\xz-xl)(y1+?2)]
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([ = 2 (75b)

[(xyx, /Gy 4y )17

e
- Ly 4y, (xmx)] e
B = ;5 [
! [(xy=x))/ (y 4y )]

C
[ty )/ (xyx))]

where, in (75b) the x axis is chosen as the material axis.

2.3 Weight Optimization Method

In this section, the optimization method developed is described. What
is desired is to obtain the minimum weight of a structure of given geometric
layout, material properties and loading that satisfies a set of size and
structural constraints. The basic unknowns of the optimization procedure

are the element sizes, A,, i=1l, ..., NE’ where N_ is the number of elements.

1’ E

2.3.1 Theoretical Basis

The theoretical basis for the generation of the proper equaticns
for the optimization procedure are the Kuhn-Tucker optimality criteria
(Reference 14). These criteria are formulated by extending the standard
"Lagrange multiplier" method of optimizing a quantity subject to constraints
to cases of inequality constraints. An informal review of the theory is
now presented.

For the basic Lagrange scheme, a function Z=f (xl, xz, ceny xn)
subject to equality constraints gi(xl. Xgs oo xm) =0, {=1, 2, ..., w<n,

is to be optimized. A quantity known as the Lagrangian is formed as
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1 f(xj) + iflxi gi(xj) (76)

Derivatives are taken with respect to each xj and Xiand set to zero to

obtain the system of equatiéns:

m ag
oL _ of + L Ai 1 .0 §=1,2,...,n (77a)
ax Ix ox
] j 1=l h|
oL 77b
-ﬁ-i - gi = Q, 1‘1,2,-..,“\ ( )

Equations (77b) are just a reiteration of the constraint equations. The {
system (77) contains (mtn) equations for (min) unknowns. Note that there
are no restrictions on the signs of either the x's or the )'s.

Suppose the optimization problem contained inequality constraints,

say, less than or equal to constraints, and the function Z is to be

minimized subject to those constraints. Then a set of variables G, may

i

be introduced to make the inequality constraints equality constraints by

g, + ci2 =0 {=1,2,...,m. (78)

Now the Lagrangian is

2
L-f+£xi(gi+ci). (79)
i=1
Taking derivatives with respect to xj's. Ai's and Gi's.gives
9
AL _ of b 8y
m, ax, T L Max, "0 (80a)

3 i 1=l B
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2
%% -g +6°=0 (80b)
1
oL
3%, 22,6, = 0 . (80c)

Equation (80c) implies that either Ai or G1 equals zero. If G1 =0,
then g - 0, that is, the constraint is satisfied at equality, or, as
it will be described lat;;, the constraint is "on". If ki- 0, then G1
would not necessarily be zero and the corresponding constraint is gifo,
or satisfied in the inequality sense, or "off".

Since a minimization is required here, the pure second

derivatives of L must be non-negative; in particular, from (80c).

2

chz =220 (81)
1

or, that the Lagrange multipliers must be non-negative. The discussion
above allows for the elimination of Gi from the analysis by writing for

(80b, c):

If Xi = 0, then gy <0;
If Xi > 0, then g = 0; (82)

Ai non-negative,

Greater~than-or-equal-to constraints may be multiplied by -1 to convert
to less-than constraints, or their corresponding multipliers must be non-
positive. Since a strict equality constraint can be thought of as
simultaneously a lesa~than and greater-than constraint, the Lagrange

multiplier will be unrestricted in sign, as seen above in (77).
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It is necessary for the generalized problem, then, to satisfy
equations (80a) and conditions (82) at the optimal condition. There
may be other extremum where these conditions are satisfied as well. Only
when certain conditions of convexity are satisfied are these conditions
sufficient for an optimum; furthermore, the equations themselves give no
clue on how to solve them.

2.3.2 Problem Formulation

The solution method for a system of equations such as (80a) and (82)
can only be determined after the specific form of the system is known. The |
weight optimization problem is thus formulated. The total weight of the

structure must be minimized; hence, the function Z is

W= Z ﬁ A (81)

where W, 1s the weight per unit element size, and may be calculated as

i

- - 84
W, o=mg (84)

where ﬁi is defined in (47) and g is the acceleration due to gravity.
In addition the structure is subject to the following constraints:

a) Minimum size constraints: The element sizes (thickness, cross-

sectional area) must exceed a certain minimum (positive) value due to
constraints arising from manufacturing capabilities. If the minimum

*
value for the ith element is Ai’ then

*
Ag> AL =l 2, .., NG (85)

b) Maximum Stress Constraints: Suppose the yield (or some other

*
failure) stress for the ith element is 01. Then a stress constraint must
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be in the form

*
O, < 9y i=1, 2, ..., NE (86)
i
where o, is an effective stress measure. Not only does O depend on
i i

the element sizes, but it also depends on the state of loading.

¢) Displacement Constraints: A typical displacement constraint

is in the form

A, < A (87)

*
. E i j=1,2, ..., Npc

*
where Aj 18 the limiting value on the jth displacement that is desired

§ to be constrained. The number of such constrained displacements is NDC'

k - d) Frequency Range Constraints: In general, these constraints

may be written as

> * -
= wy £=1,2, ..., N, (88)

£

? where w is the kl'th fundamental frequency to be constrained to the lth
extreme value w; for the lth constraint in the set of Nm frequency
constraints,

E While the mathematical forms of the constraints are rather simple

to write, the actual calculation of the left-hand gsides in terms of the

element sizes are not simple for either force or displacement method
formulations. The form of (80a) demands that an explicit differentia-

f ey tion of the constraint equations (when stated in a specified form) with

respect to the element sizes be performed. In Section 2.1 of this volume,

the dependence of many of the basic matrices on the element sizes is
explicitly given. The state of the applied loading, of course, is also

: f given; however, the set of redundants, {X), +hich acts as a conduit of
1
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information to find the displacements and stresses, cannot be written in
a direct, explicit manner as a function of the element sizes. It may be

advantageous to extend the set of basic variables to include {X}; and, if

done, the relation between {X} and element sizes must be explicitly written.

This relation is nothing more than (20a) , and will serve as another set
of constraints. Note that the explicit element size dependence in (20a)
is one which is a sum of terms each ;ontaining an element size in the
inverse first power. The displacements are calculated from (20b) , where
this condition also exists, as well as (3) wused to calculate the stress

field. It thus seems likely that constraints (86) and (87) will also

be in this form. Equations (85) can be converted into this form as well,

Excluding (88) for now, the constraint equations may be rewritten in one

of two forms:

N

E 1

r %) -1 %9
=1 A
. 3

or
N, 2
£ %3 £o0.
1= A

Substituting (89) and (83) into (76) yields

Ng _ ™1 N 1 My 5 BNE2
L= T WA + I A (I Z4j-1D+ I A (I ‘1))
f=] 1=1 =1 A =1 3=1 7

where n, and m, are the number of constraints of the type of (89a) and

(89b) , respectively. Differentiate (90) with respect to AK to yield

) A 1 2-~1 1 2.2 2
= =@ - LAY ik --—% A cCC.
oA, 'k Akl fa 1 AZ o 1K

(89a)

(89b)

90

(91)




Now form

N N m N m N 2
E 3L E - 1,1 Ecl 2 2 E ¢
L+1L Akﬁk-z wiAi+2Ai(): i -1+ DA L0 4
k=1 i=1 i=} j=1 Aj i=1 j=1 Aj
N m 2 m
m E 2
Ng M o3 T1oa2c¢looplorf 0?2 Cpceaw- 12,
+ I Wk Ak - L — I A i k=1 Ak i=1 i i=1 i
k=1 kel A =1 :
(92)
Evaluating (92) at the optimum condition will imply
* oL
L=W ; sxi- 0, k=1, ..., NE (93)
where W* is the optimum weight; thus, substituting (93) into (92) gives
™m
zlxisw* (94)
i=1

at the optimum design. Thus, the sum of the Lagrange multipliers for the

constraints written in the form (89a) equals the minimum weight of the

structure for the optimum design. This circumstance will play a prominent

role in the solution algorithm.
The constraint equations are now rewritten to be in one of the
forms shown by (89).

a) Minimum Size Constraints - Equations (85) are rearranged to

form
%
B, = 4 - 12U L=1,2, ..., N . (95)
1 &
1
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b) Maximum Stress Constraints - The effective stress measure 1s

dependent on the physical assumptions used for a given element as well

eld {n terms of the chosen

as the mathematical form of the stress fi

2 ot
stress parameters. In general, a Mises~Henchy criteria, (0x2+oy~oxoy+31x§)1,

will be used for all the elements.

i) Truss Element

RIS SRPY A R
o, = O a, B0 7K 1541 (%)

i

{i) Plane Stress Triangle

g = (02 + 02-0 c + 3t 2)¥
ey X y XY Xy
! 2,2 2%
(s1 +s2 ‘S1sz+353 ) (97)

tiIZ-

111) Plane Stress Quadrilateral

g = (o LI 2 _5 g +31 2)*
ey X y Xy xy
Ye * i

_1 e, e 2 e L2
- ‘JK[(ssz D5+ (54%5, - (5,48, [ 5354 ﬁmss ]

(98)

Note that for this element, the stress 1s evaluated arbitrarily at the

centroid of the quadrilateral.
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iv) Shear Panel

- 2y - 1 |3
oei [3 rxy] tiL—Isi (99)

it is noted that in each case, (96) - (99) , the form of the equivalent

stress is
Y, ({s;hH
o = iA 1 (100)
€i i
where Ai represents the element's design variables, t or A.
Substituting into (86) and rearranging yields
Y, ({s, D
< 101)
8 = S—w— -110 1=1,2, .., N . ¢
o} E
1 171
¢) Displacement Constraints - The displacement constraints are
derived from . (20b) using (31). For the jth displacement:
Ng N Ngp N
E ~i E D =
DD gy g+ I TR (102)
i=1 k=1 Py =1 ge1 Ay 3 3

where N is the rumber of redundants in {x} and Non is the number of non-
supported degrees of freedom. Comparing (102) with (87), and allow-

ing for multiplication by -1 to express all constraints in a "less-than-

or-equal-to” form, gives

Ng C
3 1 E "14
g, = X -1 <o (103)
A A% A
h ] 1w} i
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where
N -1 NDN -
+, M 1
i3 - (kfl LIV 251 TR (104)

d) Frequency Range Constraints - In order to formulate these

constraints correctly, it is necessary to rewrite equations (20) for

free vibration. The kth fuviamental mode and frequency satisfies

(0] (x,} + [¥] (p,} = {0}

1" (x ) + (9] - -wiz- I (2} = (0} . (105)
Premultiplying the first equation by {xk}T, the second equation by
{Pk}T, and adding, yields
T L] ¢ s T
()7 [6] D) + 2 ()} [v] (p,} + (p}" (0] (p}
(106)

1 T -1
- ;;7 {Pk: [le {Pk} =0 .

The first three terms of (106) are grouped together as a quantity £

Specifically,

Ny Ny Nx NDN
f = L L é,, (), (x),+ T & ¥, (x) (P)

k™ gy gep I x5 g o1 ge1 A% 3 Yle
(107)
N N
DN DN
+ L L Q,/P) (),
g=1 = PRI
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Substituting (31) into (107) yields

E
f, = 1215-1—“ (108)
Ai
where
¢ zx Nx . Nx NDN N
= I i), (x),+ Z T 95, (X).(P,)
k") m Jl’,‘kj S A )
“on Moy _, ' (109)
+ L T Q,®B)(P)
ju1 el qu(j k'R,

The term multiplying the frequency is denoted as ;i . Specifically,

N “Du{ 2 ) ¢ e 1 } a0
— = @), /[t 8, & A 1} - 110)
M el k'L 1=1 5 S 1
Although the denominator of (110) 1is not exactly in the form of (89),
it will be shown that it causes no problems in the formulation.
The quantity m is certainly non-negative. Suppose the constraint

(88) 1is in a "less than” form, multiplying both sides by m after

squaring (88) yields

mu 2 < m @h? . 1)
L
A negative inverse operation preserves the inequality, thus
—t ¢ 4 (112)
2 %2
" Y, m (wp) .‘
Adding fk to both sides of (112) and employing (106) yields
(113)

05t - —1_
k, mkz(ui)
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or

1
. " mk(wi)z - fks 0 (114)
A "greater-than" constraint form would have the left-hand side of

(114) multiplied through by -1.

e) Constraints Relating {X} with Element Sizes - These constraints

are equations (20a). Substituting (3)) into (20a) yields

Ne b
| g~ ;\—11 =0 j=1, 2, ..., N (115)
' ¥ oq=1 4 x
where
|
! “ Now "

\ D,,= L o°.x + I P (116)

{

( 157 o Tl Yt

Note that equations (115) are strict equalities.

e

It is quite possible that the structure may be subject to more

S e ——

than one set of static loads. The design must satisfy the various

T g

constraints for each of the load conditions. Additional constraints
are formed for each load condition, i.e., for each constraint dependent
on {P}. Thus, additional sets of stress, displacement and equilibrium
constraints must be included for each additional load case.

The Lagrangian may now be rewritten by combining (83), (95),

E , (101) , (103), (114), and (115) and introducing Lagrange
g multipliers u. Thus
- Nzii NENLij g L NLij o N“’ii
L-H+EuAgA+Z ):uo’ go’-i-).'. ZuA' gA’*Eugw
- 1=1 i=1 j=1 =l j=l t=1 ¢
Nx NL 01 11
+ I I prig

f i=1 j=1 x x 51




where NL refers to the number of load cases. For simplicity, the
formulation will continue with NL = 1, thus avoiding double subscripting.
From (117), cthe Kuhn-Tucker optimality conditions are derived. (It is
to be remembered that L is a function of {X} as well.) Application of

these conditions yields

oL -

5—&1 =0 i=1, 2, ..., NE (118a)
oL

gij = 0O j=1,2, ..., Nx (118b)

i

If uiio, then g, = 0 or
i i

If My " 0, then gAS_O i=1, 2, ..., NE (118c)
i i

If u°_>.0, then go =0 or
i i

1f By = 0, then 3050 i1, 2, ..., NE (1184)

1f uZZO, then gz-o or

1f "113 , then gzso 1=1, 2, ..., N, (118e)
1, 1

If u w-O. then gw-o or

If uls0, then Q:SO t=1, 2, ..., N, (118¢)
i
g.=0 1=1, 2, ..., Ny (118g)

The left-hand side of equations (118a, b) involve first derivatives of

the constraint equations. The dependence in the element sizes for the
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1
constraint equations is that of (89) , except for the m term in the

frequency constraints, and thus the first derivatives are fairly straight-

forward. For the frequency constraint,

38: 1 f

9 1 k
—— o = 2 o .__.) - X
A, (uk) BAi (m1 3A1

(119)
N (P -
DN k lBljm
- i f
= ?—;52 z N + ik
% a1 Ve ) A
[z Bjm,a,l
j=1 31
where use has been made of (108) and (110). Note that
x NE 3 k
g, + L A Bo =0 (120)
i=] aAi

thus preserving the form (94).

The first derivatives of the constraints with respect to the
redundants must be calculated for use in  (118b), Size and frequency
constraints are independent of the loading, and thus independent of
the set of redundants. (For the frequency constraints, it is important
to note the difference between {X}, the set of redundants as calculated

th "redundant mode” of the structure

from the static loads, and xk. the k
vwhen it 1s in a state of free vibration.) The first derivatives of

the other constraints are calculated as follows:

a) Stress Constraints - With 8, » (101) , expressed as a
i

function of the stress parameters, the derivative with respect to X, is

3

calculated by the chain rule as
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ag N

0 P; oY 9s

axX L. A ;* 2 as1 3 )1( . (121)
§ 14 k=1 1,k §

where Np is the number of stress parameters for the ith element. The
i

form of QYiIBS is determined for each element. (See (96) -

1,k

(99)0. The second set of terms in the summation is calculated from

(29). Thus,

as
i,k i
—dk. = .
3 PRY (122)

b) Digplacement Constraints - Noting (103) and (104),

E ;k
. (123)

c¢) Equilibrium Constraints - Noting (115) and (116),

i N k

g E$

L
3 A

The optimization problem 1s now specified explicitly in terms
of the unknown element sizes and redundants, and quantities determined
from the loading, discretization, and choice of material properties

of the elements.

2.3.3 Description of the Algorithm

Much of the algorithm to be described herein is a modification

of the one developed in Reference 4 the initial force method optimi-

zation study program. 54




The guiding principle to be applied is expressed in (94) and that equation's
implications.

Suppose a set of element sizes are chosen such that the set of
constraints (118 c~g) are satisfied. Now, such a set may be quite
difficulr to find. With {X} determined by :(118g),, top priority may then
be given to (118c) and (118d). The values for the sizes and the
redundants are used in (118a) and (118b) to generate linear equations
in the Lagrange multipliers u. With the sum of the Lagrange multipliers
of the type in (89a) as the objective function, and (118 a,b) as the
constraints, a linear programming problem for the Lagrange multipliers is
formulated. The linear programming process results in a full vertex solution,
i.e., for the N, + N_ equality constraints (118 a,b) ' there will be pre-

E X

cisely NE + NX non-zero valued i's in the solution. It is anticipated that

the Nx non-constrained (in sign) ux's will be in this basis, thus leaving a

total of NE from among the uA

correspond to particular constraints being "on”, i.e., satisfied at equality.

' ' ' v - ’
8, uo 8, uA s and um s. The non-zero U’s

These constraints form a system of NE + Nx equations for the NE sizes and

Nx redundants for a new design as specified by the set of non-zero multipliers.

This linear programming phase may be initialized in one of several
ways. Firstly, initial sizes may be read from data cards; secondly, they

may be set to minimum sizes A,* by default; thirdly, the stress ratio

i
method may be employed either a finite number of iterations, or until

convergence is reached. This solution is known as a fully-stressed design
(FSD) and is mathematically a full vertex solution when only size and
stress constraints are considered.

The new design as indicated by the set of non-zero u's is solved

from a system of nonlinear equations. If some of the equations are minimum
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size constraint equations, a reduction of the gystem may be accomplished
by setting the corresponding sizes to the minimum directly, and eliminating
these constraints. The remaining system is satisfied by employing a
Newton-Raphson procedure. If this procedure should not converge after a
specified number of iterations, the results from cthe last iteration are
used in (118a, b) and the linear programming process is repeated. The
entire cycle is repeated a maximum of three times.

If the linear programming process does not converge after three
iterations, an FSD design is generated. Thia design, or the one generated
by linear programming if that procedure converged, is used in (118a, b)
to determine values for the corresponding u's to check for their non-
negativity, and to check the remaining constraints (118c-f) for violations.
If all the u's are positive and no comstraint is violated, the solution is
found. If a constraint is violated, a standard "fix=up" procedure is per-
formed which is dependent upon the particular constraint in question. For
instance, suppose a 8s constraint 1s "on" for a given element and the result-
ing size and set of redundants yields a stress in the element violating its
g, constraint. The size is raised adequately to turn the By "on" and the
g, "off". The reverse situation is handled in a similar manner. 1If a )
constraint is violated, all the areas are multiplied by a common factor in
order to satisfy it. This operation, however, turns “off" the 8, and &y
constraints. An algorithm to “fix up" g, constraints can be derived by
considering inverse mass to flexibility relationships, to find which elements
can have their sizes increased to increase the frequency without an excessive
weight penalty.

If a particular u is negative, then the corresponding constraints is

turned "off" and the multiplier is set to zero.
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The current design at this point has no more than NE + Nx constraint

equations "on". These equations, plus (118a, b) form a system for the

element sizes, the redundants, and the non-zero Lagrange multipliers

assoclated with the constraints. A Newton-Raphson procedure is used to

solve this system. This procedure will require the calculation of second ;

derivatives of the constraints which are expressed explicitly as follows:

a) Minimum Size Constraints: From (95), ]

2
i *

§§§AS"= 2 ;1— if i=j=k; = 0 otherwise. (125)
%% A

The derivatives with respect to the redundants are identically zero.

b) Maximum Stress Constraints: From (101) it is seen that

24
3°g Y

mg— = A_Z_ F—i_; if 1i=j=k; = 0 otherwise. (126)
198% P %

The other derivatives are calculated from (121) and (122). Thus,

azgé 1 Npi Wy
z =——0b k if i=1; = 0 otherwise
* ’ ’
axj A Aioi kel asi’k 1 3
(127)
2%y ) “p, "pi azvi . .
- rtor?t —3A — b lkibtm . (128)
G * ’ ’
RyoXp AT kel w1 S Sim ! !

c¢) Displacement Constraints - From (103),

2

3°g,1 c
b . 2 i ak; =
5K BAk N if  J=k; 0 otherwise (129)
3
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is defined in (104); from (123),

i]
. 2 T 1
P‘ AL U (130)
* [
axjaAk L\1 Ak2
and the second derivatives with respect to the redundants are zero.
d) Frequency Constraints - From (119),
2 N ; 2 - -
g i DN P m 2f
| LT R PP PP 2y 13n)
A wk) N A
{ 3 Ak ( i L=1 [ ZE 8, mA ]3 3
: fmmm
m=1
! 1
' where the second term is included only if j=k. Since 8, is independent
of the loading, all derivatives with respect to the redundants are zero.
! e) Equilibrium Constraints - From (115),
2 1
; 08, . 2 D!i if j=k; = 0 otherwise (132)
9A A
ih N
where Dji is defined in (116); from (124),.
: 2 i
9 “k
___EE_ - ¢, ° (133)
. 3xjaA.k 1j
- The second derivatives with respect to redundants are zero.
T Assuming a given set of equations form a system that will converge

in a Newton-Raphson procedure, the new design is checked for feasibility.

The violated constraints are "fixed-up" in the manner prescribed previously,
and those constraints with corresponding negative multipliers are turned

i off. The procedure of adding and subtracting constraints from the system

j ‘
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to form a new set of equations for the Newton-Raphson procedure leads
eventually to a solution.

2.4 Rapid Reanalysis

The purpose of a rapid reanalysis procedure is to analyze a damaged
structure using, as much as possible, quantities calculated in the analysis
of the original structure. Various means to accomplish this task have
been investigated by numerousresearéhers References 15 to 20. . This
work, for the most part, has been based on the matrix displacement method
and {terative schemes. Past investigators have defined damage models by
removing structural finite elements entirely or reducing values of the
design parameters which effect the structures flexibility and mass.

J. S. Arora, in Reference 15 for example, defines the damage condition

as follows: "A damage condition for the structure is defined to consist

of complete or partial removal of selected members or parts of a structure.
Some joints of the structure may be removed as a result of damage." These
authors applied this definition to a helicopter boom design made of truss
members which was subsequently damaged due to munition blast loads occurring
inside or near the boom. Another study illustrates a different approach

to the damage question. D, S. Scott, et.,al., Refere ce 16 , were concerned
with lifting surface drag due to holes in the surfaces caused by ballistic
penetrations. Their main concern was the derivation of aerodynamic loads
on surfaces containing holes and the consequent effect on aeroelastic
behavior.

The work of F. G. Hemming, et. al., References 17 and 18,
considered battle damage or initial flaw propagation by removal of entire

finite elements or by reducing the properties of the damaged elements.
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Property reduction could correspond to loss of strength due to crack

propagation for instance. In either case only a few finite elements were

used to describe the damage condition. Additional work by V. B. Venkayya, Ref-

erences 19 & 20, considered "severe damage" to a three spar - five rib delta
wing by removing two top and two bottom membrane elements and one shear
panel in the midspar. The work beiqg accomplished by the University of
Dayton Research Institute, Dayton, Ohio, Reference 21 , alsc encom~
passes the type of damage models described. It was concluded from these
and Bell's studies that for the contractual requirements two damage models
can be defined; namely, Types A and B. Type A damage consists of complete
removal of finite elements due to ballistic damage for instance. Type B
damage conslders the reduction of finite element properties such that
flexibility is increased. This type of damage could represent increased
flexibility due to fatigue cracks or small holes caused by ballistic
impacts.

The rapid reanalysis method developed for these two types of damage
is described below. A few introductory comments follow. Note that

previously defined force method matrices are used throughout the development.

LLAJ'

Damage will be measured on an element by element basis, and will
consist of two separate measurements: dKi, the "stiffness damage" to the
¢th element, and dMI, the "mass damage". The numbers dK1 and dH1 lie
between 0 and 1 inclusive, and represent a fractional decrease in load
carrying capacity and mass, respectively. Generally, dH1 = 0 except in
cages of physical removal of the element, in which case dH1 =1, It is

conceivable that in cases of phase change at high temperatures that dHi

may lie strictly between 0 and 1, but, as will be seen, the value of
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dM1 will not effect the method of analysis. The value of dK1 may have any

value in the range.

The following section describes the procedure to be used when

d 1 < 1. When dKi = 1, a special method must be used, and it is described

K
in Section 2.4.2. Finally, the residual elastic strength of the structure
is defined and discussed.

2.4.1 Small Scale Damage

Small scale damage is defined as less-than-total stiffness damage,

i.e., when dKi < 1. The effect upon element flexibility is thus

e, = Ir,lvaa - dxi) (134)

where the d refers to values in the damaged state. Note that the
flexibility increases with increasing damage. The difference between the

new and old states is

(ag, 1= [£,], - [£,] (135)
for each of the ND damaged elements.
Since the geometric layout of the elements and, for the statics
case, the loading is assumed not to change, the values of [bil’ [(p] and

{pP} remain the same. Thus, 1if the definitions

[0], = [o3+(803:[v], = [¥}+[aw];[a], = [al+{aq] (136)

are made, then
N N N
[ E o 4.T i E . 4.7 ) L
4] = ¢ o TLef 200, Dilewd = 7 b, T 008, D00, Js000] = 2 Do, T°Cag, Mo, 1.

(137)
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In the actual numerical procedure the summation is carried out only over

the damaged elements.

The equations of statics for the damaged case are those of (2.20),
where d subscripts would be added to all quantities used in those equa-

tions, except for {P}. If it is noted that

{x}, = {x} + {(ax} ; {A}, = (8} + {0 A} (138)

then, after subtracting (20a) for the undamaged case from (20a) of

the damaged case, {AX} may be obtained as
(ax} = ~[o17! ([a0dix} + [AWI(eD). (139)

The inverse of [cb]d may pose a problem, Noting (136) and formulating

the expansion
Co1;! = (817 - [o1 7 [a0d001™" + [o1 7 0n03061  (a01061 7 - (140)

will avoid the costly inverse operation, since [¢]-1 is probably obtained
in the basic analysis. The rate of convergence of (140) will likely

depend on individual d, values, as well as the proportion of elements

k
affected by damage. In order to assure convergence for values of dk
above some cutoff, say, .4, a scheme is derived whereby the damage is

"compounded” at a particular rate for a finite number of times until the

total, desired damage level is achieved. If ck1 is this compounding rate,
then
1
1 i N
¢ " 1-(1-dk ) (141)
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where N is an integral number of steps. A criteria for choosing N would

ma

be the minimum number of compounding steps to achieve dk x’ the maximum

damage level from among all the damaged elements, with a compounding rate

of less than .4. Manipulating « (141) with d. ' = .4 yields,

k

N = log (l_dkmax) / log .6 .

The value N is then raised to the nearest integer and used in (141) to

determine individual compounding rates.

Let j-1 iterations in the scheme be complete. The jth iteration

consists of deriving the new flexibilities
3 _ (3-1) i
(e,1g7 = L6077 1 Qe D)
from which
1) _ e 1 (3-1)
(ag,] (e,1577 - 0,1y
is defined. As in (137) , [A¢](j) is defined as
NE
(819 = £ b, ") 12e 19 [n, 1)
i=1

and thus

(01 = (0130 + 1))

Using (146) in (140) vyields

@I - g™ - @@ D (@t
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(145)

(146)

(147)
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Equations (143) - (147) are repeated for j=1, 2, ..., N. Note that
the zeroth state is the undamaged state and the Nth state is the total damaged
state.

Returning to the basic re-analysis procedure, equations (20b)

the undamaged state are subtracted from the corresponding equations of the

damaged state to yield

[yl + [Aw])T{Ax} + [Aw]T{X} + [a0l{P} = (A A}

thus solving the re-analysis problem completely.

find
- Tr.q-1
[3), = (0], - (vl le1; 1],
and obtain

(31,(e} = (a},

The global flexibility matrix is required when a dynamic re-analysis is

needed. For this case, the mass damage must also be specified. Its ef
is
), =m (1-d b
i’d i m
thus
1
Am1 - dm m, .
Using (152) in (48) ylelds
Ng
AM, = T B8 . Mm
18‘ 1.1 81 i
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Another approach is to

(148) .

(149)

(150)

fect

(151)

(152)

(153)
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and thus
My, = [Mp] + Lawy) . (154)

where [AMQ] is the proper collection of terms (153). The matrix

[Q]d is now formed as in \ (45) with use of (154) and (149) and
eigenvalues and eigenvectors are now calculated. If they are found using
some iterative technique, such as the power method, the eigenvectors of

the original analysis are used as initfal guesses.

2.4.2 lLarge Scale Damage j

Large scale damage is defined as the state when at least one dk = 1.
This would lead to an infinite flexibility according to (134). The
resulting computational hazards would then make the entire small scale
damage algorithm useless. Note that this is unlike the displacement method
whereby the damaged element's stiffness is simply "removed" from the global
system,

An approach is developed whereby "“total loss of load carrying capacity"

h

is translated into "carrying no load". That is, for the 1t damaged element

{si}d = {0} - (155)
For the collection of the totally damaged elements,
{s4}4= 0 (156)

vhere the d within the brackets denotes those stress parameters which are

to be constrained to zero. Noting that

d
{sd} - [b1 Hx} + [nd]{p} (157)
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equations (1) can be extended by use of Lagrange multipliers {1} as
* T
SU + 8v* + S({)} {Sd}d) = 0. v (158)

It should be noted that not only is the geometric layout the same, and
thus [b1] and [D], but that the flexibilities of the damaged elements are
' not affected, and thus [¢), [y] and [Q] remain the same. Taking varia-

tions with respect to {X} and {P} in (158) yields

(6] {x}, + (w3} + [b,%1" A} = (0} (159a)

Wl {x}, + (Q]{P} + [nd]T{A} - {4}. (159b)

Variations with respect to the multipliers return the constraints (156)

expressed as

d
[b.7] {x}, + [nd]{p} = {0}. (160)
For the statics case, the solution method for (159) - (160) proceeds
by introducing {AX} and {AA} as in the small scale damage case. Subtract-
ing (20a) from (159a) yields
d,T
. (4] {ax} + [b,"1" (A} = {0} . (161)
i - The vector {AX} is solved in terms of {)A}, and used in (160) to obtain
1 _,":
A [b,42x} - [b,%20617 (6,17 (A} + [, )eP} = (0} - (162)
E ; / Noting (157) , the multipliers are
-
; 0 = (6,206 b, 1071 (s,). (163)
{
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Subtracting (20b) from (159b) yields

[ (ax} + [p,1700) = (a4} (166)

An alternative approach is to find Eid]. This will lend itself readily
to adoption for dynamics. Solve (159a) for {Xd}, substitute into

(160) to solve for {A} and back substitute into (159b) to give the

form

[,3]d {r} = {a} (165)

where 3

(#,] = (31 + (0,1 - [b,%2063" 0ul) Tl *1063 10y 1) (00, 3- b, %3061 0 1).

(166)

The procedure for determining [Ml]d is the same as before, as well as
the procedure for detérmining new modes and frequencies.

This method for large scale damage is straight forward in . approach
and calculation. One difficulty that may exist involves the inverse of
the matrix product [bld] [¢]-][b]d]T. 1f the number of parameters in de}
exceeds the number of redundants, then this matrix is singular. The
physical interpretation can be either the lack of rigid body motion
constraints (as in a rectangular truss frame) or by what will be termed
Ynode removal". For instance, if a rectangular plate is divided into tri-
angular elements, and the corner of the plate, represented by one triangle,
is removed, the corner node is no longer physically there. The two
equilibrium equations at that node are identically satisfied (assuming no

loads originally applied there) and should be removed from the analysis.

A generalized method to overcome this and similar difficulties 1is now

presented.
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Equations (14) are partitioned as

{p} = [A | a,) _'iu. 167)

Sa

where the u subscript refers to the undamaged portion of the structure.
Perform a Gauss-Jordan elimination scheme on [Au] with column as well as
row pivoting. It is quite possible-(and definite, if the number of rows

of [Au] exceeds the number of columns) that this procedure yields the form

» ’

{
P A A Se
| - |utoud | (168)
d :"dd

where the prime indicates that the values are transformed from the origi-~al
values. The lower partition of (168) are relations strictly among the
{Sd}. Note further that unless {Pd'} = {0}, a contradiction exists and

the re-analysis may not continue. Physically, this would imply that a
non-damaged truss member, say, would be required to support a transverse
applied load. This would cause a basic remodeling of the damaged structure
for analysis, and thus a rapid re-analysis cannot be done. Thus, for a

properly posed large scale damage problem, the bottom partition is

(a4 (53 = {0}, | (169)

A Gauss-Jordan elimination procedure with column pivoting is performed on

[Add’], vhich should have at least as many columns as rows. This ylelds

the form

1
xiagl| sy | = @ < 170)

S4
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The form of (170) reveals that if {Sd*} = {0}, then {S:} = {0}, and

thus {Sd) = {0} simply by equilibrium. Thus, in general, only the

elements of {Sd*} need be explicitly set to zero as in (156) in order

to obtain the results for the desired damage case. Furthermore, if

every element was removed, then [Add’] = [A], and thus [Add*] has a

number of column equal to the numbef of redundants, and thus [bld][ﬂ.][bld)T

. is the same size as [¢].

i
Finally, it should be noted that if some elements have dk < 1 and
others have dk1 = 1, that a small scale analysis can be done first with
the less than totally damaged elements, and then that solution be used as

the undamaged structure for the large scale damage.

2.4.3 Residual Elastic Strength

The previous discussion has centered on the results of methods derived

for the rapid reanalysis of damaged structures. Output of these methods

3 ‘ are such that the vulnerability of the structure can be determined, this

being defined as the ability of the structure to withstand damage as wea-
. sured by residual elastic strength. This parameter will identify critical
damage areas and attendant structural loads which can cause complete failure

. of the structure, The damage in a structure may, for example, be in the

~;;: ' form of a crack in a stringer extending into an adjacent sheet. For analysis
- purposes the damaged portion of the structure (such as the cracked plates

i and portions of the cracked stringer in our example) will be removed from

’ , the finite element idealization and an elastic reanalysis performed. Imn

| «
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general, if the structure had been optimized and the yield stress criterion
was invoked in the design, then obviously the structure is weaker when
damaged and for the applied loads for which the structure was optimized
there will be no residual strength up to the yield stress vﬁlﬁes. However,
for loads less than those used in the optimization process there may be
some residual strength remaining after damage which is proportiomal to the

difference between the allowable yield stress and the applied stresses.

The gtrength of the damaged structure will depend on the type of

damage as related to the failure mode. Thus, for statically determinant
structures damage by removal of a structural element can result in a catas-
»trophic failure. However, for a redundant structure a damaged structural

{ element will cause a load shift to other elements and failure will be
governed by the strength of remaining elements. It should be noted that in
a highly redundant structure maximum residual strength may depend on the

failure of more than one structural element.

In the light of the above complexities and in an effort to estimate
the remaining strength of a damaged structure, residual elastic strength
will be taken to occur at loads which produce gross elastic stresases which

are equal to:

a) The yield stress of the material

: - b) Allowable stress used in the optimization cycle
' g:f‘ c) The critical gross (nominal) catastrophic fracture stress based

on fracture mechanics concepts.

As part of the optimization process, allowable stresses of the wmaterial

are used as failure criteria in the opiinum design of the structure. Using
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these already identified allowable stresses, the residual strength of the
structure corresponding to modes of failure can be obtained.

2.4.4 Computer Code & Illustrative Examples

The rapid reanalysis methodology described above was programmed into
a remote terminal interactive, (VSPC) computer code which is aptly described and
illustrated in Appendix B of Volume II - User's Manual. The reader is referred
to this volume for particular program details.

The use of this computer program is illustrated here to assess the
damage and residual elastic strength of three and ten bar truss structures.
Program input consists of the characteristics of the optimized structure and
its loading. The damage level is then expressed in terms of the previously
defined parameters di and d;.

Results for a three bar truss are shown on Figure 7 for four damage

levels. (Note that element one sustains the damage.) The tabular data
shows the increased stress levels each bar experiences as damage levels in-
crease., It 1s observed that the first element will yield under the loads
used in the optimization cycle as the damage level nears 20%. This denotes
the vulnerability of this particular structure to the imposed damage
conditions.

Figure 8 depicts a ten bar truss which was examined under a variety

of damage cases: Types A and B damage were evaluated in this instance.

This truss has been the subject of study by many investigators of weight
optimization methods but vulnerability studies have only been conducted by
Messrs. Venkaya and Khot in Reference 20. Thus, it provides a good basis

of comparison between the Force and Displacement methods of structural analysis.
Results of analyses conducted are given in Table 1. Each damage case is

given and appropriate results for that case are tabulated. Removal of the
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X ,A%

15,000 1bs.

4 (i .2 . b .6
g El. No. CROSS SECTIONAL AREA
i 1 . 625 .500 . 391 .250
2 .010 .010 .010 .010
, 3 .175 .175 .175 .175
! El. No. ELEMENT STRESS (PSI) 1
J 1 25000 31200 39749 61800
2 0 4700 12500 27970
3 -25000 -25166 -25446 -26000
; bx .52 .59 .70 .92
: oy 0 -.05 -.13 -.28

OPTIMIZATION CONSTRAINTS: A - .0101!!2; all bars

sin
O= $£25,000psi; all bars
No displacement constraints

"-11\ = 10.1 1lbs.

TRUSS CHARACTERISTICS: p= .100 1b/1n3
E= 1.0 x 10 ps1

o= 36.87

;:f l@! l®- 125.0"
' l®- 100.0"

Figure 7 Three Bar Truss - Damage Assessment
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1 3 2 1
8
Y 9
4 5 6
360
7
10
3 3 % % 7 —> X
360 - 360 -
Y |
100K 100K
OPTIMIZATION CONSTRAINTS: A . .104n2,

TRUSS CHARACTERISTICS:

win

= 2 25,000 psi,
A-nx w 2,0 4in,

p= .10 1be/in>

E = 1.0 x 10" ps1t

RESULTS OF OPTIMIZATION: Woin = 5062 lbs.
EL. NO. AREA EL. NO. AREA
1 30.10 6 .57
2 .10 7 7.51
~ 3 22,73 8 21.33
. 4 15.45 9 21.70
.’»
| 7 5 .10 10 .10
|
Figure 8 Ten Bar Truss
: 73
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TABLE 1 TEN BAR TRUSS - DAMAGE ASSESSMENT

DAMAGE N
CASE dyx o4 anzj Omax COMMENT
1,1=9 ] 6525 05=24970 -2.0 Not Critical
.5 13014 O5«25149 -2.5 Not Criti-~al
S 63040 %a63040 -6.1 Structure Collapse
1.0 - 910>1.0E6 -146.4 Structure Collapse
2,1=10 | 1.0 - 95225050 -1.99 Not Critical
3,1=7 1.0 - 952800,000 -30.0 Structure Collapse
4,126 1.0 - %5=25050 -1.63 Not Critical
i = Damaged Bar Element Number
o in pounds per square inch
A in inches

Omax = Displacement of Structure

ﬂnlxj- Max., Stress Occurs in jth Element

74

N Ja




[N

———

o ]

ninth element, indicated by 1=9, produces a condition of complete collapse of the
structure as evidenced by a maximum displacement of 146.4 in. and stress levels
exceeding one million pounds per square inch., It must be noted that this
result is in agreement with Reference 20 and unlike the reanalysis method
used in that reference no iteration procedure is used. The additional
conditions tabulated illustrate the vulnerability of the truss to damage
and demonstrates the importance of finding those members which cause the
entire structure to fail. Conditions such as these permit definition of
residual strength levels.

Figure 9 displays the approach to determining the elastic residual
strength of the three bar truss through use of the method discussed above.
The stresses in each element of the optimized truss were limited to %25,000
psi. Assuming that a 60% damage level (di=.6) will be sustained by the
first element then the maximum load that the damaged truss can accommodate
is Pd=.AOP°, where Pois the loading that the optimized structure was designed

to. In this instance the residual elastic strength level 1is 407%.
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3.0 OPTFORCE II PROGRAM

3.1 Efficiency Studies

Task VI of the work effort required that the efficiency of the force
method optimization program, $PTFPRCE II, be compared with an existing dis-
placement method optimization program OPTIM III (Ref. 10). Much of the
optimization literature in which solution methods are compared report the
number of analyses required, apparently using this as a measure of effi-
ciency of the method being discussed. This may be a valid measure of
efficiency, but it appears to be dependent on specific machine capability.
For example, if only a few analyses are required but each analysis is
rather complex, requiring somewhat more computer time, this method would

appear to be more efficient on the basis of number of analyses required

‘than a method requiring many analyses, each of very short duration. On

the other hand, using computer time (seconds) as a measure of efficiency
requires that the problems to be used for comparison be exercised on the
same computer system to avoid faster or slower machine influences. The
efficiency studies discussed herein were based on computer time but due
note was taken of the number iteration cycles as well, Each of the problems
were solved either on Bell's IBM 3031 or IBM 3033 computer and the time
recorded is the cpu computer time, in seconds, to optimize the structure.
It became very evident, as the study progressed and structural

optimization problems were solved, that different design variable popula-
tions were obtained for the same miniwmum weight value using both of the
above computer codes and other reference material. Thus, the "efficiency"
"

studies were expanded to include program accuracy as well. The "accuracy

of a particular optimization code was gauged by how well it predicts the
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true minimum weight solution. The measure used to accomplish this task
was the agreement obtained between different codes and known analytical
solutions. The ensuing discussion considers each of the above elements to
assess the efficiency of the OPTFORCE II code. Three structures were
optimized and are discussed below in turn,

3.1.1 Seventeen Bar Truss

The configuration of the seventeen bar truss is given in Figure 10
with two external loading cases; each load is applied simultaneously, they
are not considered as multiple load cases, Material properties and con-
straints for each loading case are given in Table 2. Only stress and
minimum size constraints were considered. The OPTFORCE II NASTRAN compatible
input data for this structure is displayed in Figure 11 for Case 2. The
OPTIM III input data file is essentially identical to those data shown in
Figure 11.

Case 1 results using OPTFORCE II and OPTIM III optimization programs
are displayed in Table 3 and Figure 12. Data from Drs. Khot and Berke's
research, Reference 22, are also included for comparative purposes. Their
solution procedures are based on the use of two algorithms. The first
algorithm is a recurrence relation based on the fully stressed design
(FSD. criterion and the second algorithm uses a recurrence relationship
based on equivalent displacement constraints. Examination of the results
shows the excellent agreement obtained among the methods used. Note that
OPTIM III and Khot and Berke's methods are '"displacement"” based whereas
OPTFORCE II1 is "force" based. Of particular interest is the initial weight
value, Hi, and number of iterations, I, comparisons. This particular
application of OPTFORCE II used the stress ratio option to arrive at an

initial guess for the design variable vector. This procedure yielded
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1 k) 7 11 14
1. o ]
rloo.o" 100.0" I 100.0" | 100.0"
Case Grid Point Axis Load
1 9 +Y -100000.0 1bs.
2 3,5,7,9 +Y -100000.0 1bs.
Bar Truss

Figure 10 Seventeen
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TABLE 2 MATERIAL PROPERTIES & CONSTRAINTS - SEVENTEEN BAR TRUSS

(1) Material Properties
Aluminum:
E = 30x10° psi
p = .268 lbs. per cubic inch

v = .30

é (2) Minimum size (size constraints) i
' Bar element area = .10 inz

(3) Allowable stress (stress constraints)

. Case 1:
? o, = -50000.0 psi, o, = 50000.0 psi all elements
; Case 2:

o. = -50000.0 psi, 0 = 50000.0 psi all elements
eXcept No. 2, 6, 10

01 = ~125,000.0 psi, o, = 125,000.0 psi elements
No. 2, 6, 10

T




10

11

20

30

40

50

60

70

80

90
100
110
150
160
170
180
190
200
210
20
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450

TITLE

SEVENTEEN BAR TRUSS-FOUR LOADS

GR1D
GRID
GR1D
GRID
GR1D
GR1D
GR1D
GRID
GRID

OPLOADS

OPTIN
FORCE
FORCE
FORCE
FORCE
CONROD
CONROD
CONROD
CONROD
CONROD
CONROD
CONROD
CONROD
CONROD
CONROD
CONROD
CONROD
CONRCD
CONROD
CONROD
CONROD
CONROD
HAT1
+HATA
MAT1
+MATB
NATL
+HATC
BAT)
+MATD

QO\Ibubuntﬁ"""""ﬁﬂﬂw\l@ﬂbuwh
"
o

QUM NDVNUDCOBWIIWMNNONGLZ

“S5.044 45,044
2

~12,3544 +12.544
3 30.46
=12.544 412,544
4 30.46
-12.544 +12.5¢4

ENDDATA

Fiugre 11 Optforce II Input Data - Seventeen Bar Truss, Case 2

0.0

o‘o

100.0
100.0
200.0
200.0
300.0
300.0
400.0

YES

DO OVDNNDOCVNNOLDULLS

0.0
100.0
olo
100.0
0.0
100.0
0.0
100.0
0.0

1

1,045
1.045
1,045
1.045

o-a—.—u»-—u—&nnhuuhunn

.
Gi

0.3
003
0.3
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Hi = 1315.75 1bs, a value very near the minimum weight value of W=1295.49 lbs.
Observe that this is not the case for the other computer codes shown. The
OPTIM III code does not have this capability and uses the minimum values of
the design variables as the initial guess. The OPTFORCE II code yielded

the optimum weight solution in one iteration (Linear Programming Phase)
whereas the other methods required 30 to 36 iterations. Computer time

recorded shows that the OPTFORCE II code requires 6.55 more cpu seconds then

the OPTIM III code. The inset on Figure 12 indicates that a solution is

not feasible in the Linear Programming phase. A non-feasible solution
violates at least one of the constraints. For a given problem, it is pos-
sible that no feasible solutions exist. Conversely, a feasible solution is

any solution of the constraint equations.

Case 2 results are shown in Table 4 and Figure 13. No agreement
is obtained between the OPTFORCE II and OPTIM III codes, however, agreement
; occurs between OPTFORCE II and Reference 22 solutions. It is discussed in

that reference that the FSD algorithm yielded a "minimum weight" design of
3 : 3081.62 1bs. which is the same design obtained using the OPTIM III code. As
discussed in Reference 22 this solution is a non-optimum design and is not
the correct one. It was further shown in Reference 22 that the equivalent
displacement algorithm yielded the optimum design, it being of weight

equal to 2460.24 1bs. Thus as seen the correct distribution of areas and

~ weight for the optimum design were obtained by the OPTFCRCE II code and
oy not the OPTIM III code. Note that the stress distribution for all three

methods shown are identical which illustrates that there can be more than
one design with tle same stress digtribution but different weights. This,

of course, was also observed and quoted in Reference 22. Computer time
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displayed in Table & again shows that the force method incurs additiomal

solution time but requires one-sixth the number of iterations.

3.1.2 Four Bar Pyramid

Figure 14 displays the geometrical configuration of the four bar

- pyramid. The external loading applied to this structure is also shown.

This loading system is not considered as a multiple load case; rather each

of the loads are applied to the structure simultaneously. Material proper-

Q | . ties and constraints are listed in Table 5. Only stress and minimum size
constraints were considered. OPTFORCE II input data is displayed in
Figure 15; OPTIM II1 data is essentially identical to that shown in that

L figure. Analyses results are given in Tables 6 and 7 and Figures 16

: and 17.

2 Three cases were considered differing only in the value of the

minimum size constraints. The minimum weight for these cases was calcu-

s ; lated to be 65.76 1lbs.; the value accepted as the optimum by various
: i
; i investigators. Displacement and stress values obtained were identical
] for all cases displayed, however distinctly different designs are evident

as shown by the values of the areas obtained. Case 1, OPTFORCE II analysis,
starts with an initial guess vector for the design variables based on the
stress ratio method which yielded the area vector (.43, 1.76, 1.26, .55).
This vector was subsequently revised through use of the Linear Programming

~ subroutine to that shown in Table 6 and Figure 16. Identical results

y were obtained to those shown when the stress ratio option was not exercised.
Note, however, the additional computer time and iterations needed. Figure
16 aptly portrays these results. OPTIM III code computations converged to

' B the area vector (.43, 1.76, 1.26, .55) a result obtained by Gellatly,

f (Reference 23), and Venkayya (Reference 24) using Amin = 0.0 1n2. Reduction
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LOADING (1lbs.):
Px. 10000.0
P_= 20000.0

y

Pz- -60000.0

Figure 14 Four Bar Pyramid
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f 7 TABLE 5 MATERIAL PROPERTIES & CONSTRAINTS - FOUR BAR PYRAMID

2 (1) Material Properties
Aluminum:

. E = 10.0 x 10° pst

p = .10 1bs. per cubic inch

v = .30

(2) Minimum size (size comnstraint)
Rod element area:

Case 1, A = 20 in?
Case 2, A = .10 in?
Case 3, A = ,00010 in?

(3) Allowable stress (stress constraints)

-25000.0 psi; © e 25000.0 psi
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ENDDATA

Figure 15 Optforce II Input Data - Four Bar Pyramid, Case 1
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TABLE 6 FOUR BAR PYRAMID - CASES 1 & 2

Cage 1 A, = .20 in?
min

El. OPTFORCE 11 OPTIM III

No. Area(in?) Stress(psi) Area(in?) Stress(psi)
1 .70 -25000.0 .43 ~-25000.0
2 1.53 -25000.0 1.76 -25000.0
3 1.57 -25000.0 1.26 -25600.0
4 .20 -25000.0 .55 -25000.0

wi 65.76/13.94% 1lbs. 122.35 1bs.

“m 65.76 lbs. 65.7% 1bs.

Xs .21 in. .21 in.

Ys ~.12 in. ~.12 in.

Zs ~.69 in. -.69 in.

CPU 6.30/23.54% gec. 2.46 sec.

I 4/25% 3

* Stress ratio option not used

for initial quess.

Case 2 A, = .10 in?

in

El. OPTFORCE 11 OPTIM I1I

No. Area(in?) Stress(psi) Area(in?) Stress(psi)
1 .78 ~25000.0 .43 -25000.0
2 1.47 -25000.0 1.75 -25000.0
3 1.66 -25000.0 1.26 -25000.0
4 .10 -25000.0 .55 -25000.0

Wi 65.76 lbs. 122.35 1bs.

Wm 65.76 lbs. 65.76 1bs.

Xs .21 in. .21 in.

Ys -.12 in. ~.12 in.

Zs ~-,69 in. ~.69 in.

CPU 6.71 sec. 2.40 sec.

I 5 3
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' TABLE 7 FOUR BAR PYRAMID - CASES 3-5

Case 3 A .. = .0001 in?
OPTFORCE 11 OPTIM 111
Area(in?) Stress(psi) Area(in?) Stress(psi)
.86 =25000.0 .43 ~25000.0
1.41 -25000.0 1.76 -25000.0
1.75 -25000.0 1.26 -25000.0
.0001 -25000.0 .55 -25000.0
":I. 65.76 1bs. 122.35 1bs.
‘ Wm 65.76 1bs. 65.76 lbs.
’ Xs .21 in. .21 in.
Ys -.12 in. -.12 in.
ZS _.69 1!‘!. --69 1n.
3
CPU 9.72 sec. 3.29 sec.
: 1 5 4
{ Case 4, A, = 0.0 in*|Case 5, A, = .0001 in
El. Gellatly (Ref. 23)
No. Venkayya (Ref. 24) Harless (Ref. 25) 1
} 1 .43 in? .0316 in?
i 2 1.76 2.0790
3 1.26 .8055
4 .55 1.0560
H "i 122.35 1bs. -
H- 65.76 1bs. 65.76 1bs.
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OPTFORCE I1 SOLUTIONS

o INITIAL QUESS ~ STRESS RATIO
METHOD USING MIN. S1ZES, W=65.76 LBS.

+
o ENTER LINEAR PROGRAMMING ITER NO. 1
SOLUTION IS PEASIBLE DESIGN CONVERGED
IN PARTIAL NEWTON-RAPHSOM

+
@ LAGRANGE MULTIPLIER CHECK: ALL A'S
POSITIVE USE DESIGN FROM LINEAR
PROGRAMMING .

e INITIAL QUESS - MIN. SIZES W=13.94 LBS.
+

e ENTER LIN'~ ’ROGRAMMING, ITER. NO. 1
SOLUTION 15 FEASIBLE. DESIGN CONVERGED
IN PARTIAL NEWTON-RAPHSON.

+
@ LAGRANGE MULTIPLIER CMECK: NEGATIVE A'S

ENTER FULL N-R.
+
e DESIGN CONVERGED IN FULL N-R.

OPTIM IILI, H.-65.76 LBS.

OPTPORCE II (WITH STRESS RATIO),
H-'65.76 LBS.

OPTFORCE II (NO STRESS RATI10), H-65.76 LBS.

40
20 n
T’ |'- '{.:'_"‘mm.' |lmocmmnc FULL NEWTON-RAPHSON
0 A 3 - A A 'S A e, A Y - Y A 3
] 1+ 3 s 7 9 m 13 15 1 19 2 23 25 2
§§ NO. ITERATIONS
28
w
= 2

Figure 16
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OPTFORCE II SOLUTIONS
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« METHOD USING MIN. SIZES,
W=65.76 LBS.
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. +
! ® LAGRANGE MULTIPLIER CHECK: 1
‘ ALL \'S POSITIVE. USE DESIGN
FROM LINEAR PROGRAMMING.
, 7
]
‘ ' 2 2
t - =
! CASE 2, A, =.10IN CASE 3, A, =.00010IN
f | 140 —
- ! OPTIM 111 OPTIM III
~ 120 W_=65.76 LBS. W =65.76 LBS.
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of the miniwum area constraint to .10 in2 gave the results tabulated for
Case 2 in Table 6 and Figure 17. In this instance OPTFORCE II computa-
tions yielded the vector (.78, 1.47, 1.66, .10) and OPTIM 1II again
yielded the vector (.43, 1.75, 1.26, .55). Further reduction of the area
constraint to .0001 in2 yielded the area vectors listed under Case 2,
Table 7 and Figure 17.

Perusal of the above results suggests that multiple sets of design
variables satisfy the minimum weight state. Such is the case in this
instance as thoroughly discussed by Gellatly and Venkayya. Their results
are shown under Case 4, Table 7. Further work done by Venkayya showed
that multiple minima exist for the structure under consideration. He
states that "the design weight of 65.76 lbs. appears to be the absolute
minimum for this structure and there are three designs having the minimum
weight. The other two may be considered relative minimums". The design

vectors listed in Reference 24, for Am a " 0.0 1n2, are (0.0, 2.105, .770,

1
1.097) (.859, 1.406, 1.746, 0.0) and (.430, 1.755, 1.258, .548) with the
latter associated with the absolute minimum weight listed in Table 7
Comparison of these area vectors with those tabulated shows that the

OPTIM 111 solutions, regardless of the minimum size constraint value,

agrees with the absolute minimum solutions of Gellatly and Venkayya using
Amin = 0.0. The OPTFORCE II solution procedure tends to one of the relative
minimume as the minimum size constraint vanishes which thoroughly agrees
with the results obtained by the above two investigators. Thus, it is
concluded that OPTFORCE Il yields the correct optimal solution for Case 1;
the initial design problem. Note that Harless, Reference 25, obtains

yet another solution. This solution listed in Table 7 1s very close

to one of the relative minimums obtained by Venkayya. Examination of
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Tables 6 and 7 shows that OPTFORCE 1I requires more cpu seconds than
that required for OPTIM III for nearly the same number of solution itera-
tions. What is most interesting, as was observed in the seventeen bar
truss solutions, is that the initial weight values, Wi, used in the
OPTFORCE II code are very close to the optimum weight Hm. This 1is not

the situation with the other reference computer codes. Thus, the initial
guess using the optional stress-ratio method is definitely an asset to the
User and as demonstrated in Case 1 its use reduces computer cpu time and

the number of iteration cycles required.

3.1.3 Wingbox

The configuration of the eighteen element wingbox is given in
Figure 18 with the location of the single external load. Material proper-
ties and problem constraints are listed in Table 8; only minimum size
and stress constraints were considered. Figure 19 displays OPTFORCE 11
input data. The OPTIM IIX input data file is essentially the same at
that shown in Figure 19.

Results of the analyses conducted are displayed in Table 9 and
FPigure 20. Examination of these results shows that the minimum weights
obtained are relatively close to one another with the OPTFORCE II code
yielding a weight nearly 10Z less than that calculated using the OPTIM III
code. The displacement characteristics obtained from both codes were
essentially tdentical. Viewing the design variable vector shows that
two different designs were obtained. The most radical departure between

these designs appears in the rod and web finite elements aligned with

the applied force (elements &4, 5, 6, 10, 11 and 12). The quadrilateral
membrane elements also exhibit the same behavior. This disagreement is

attributed to two factors; namely, 1) difference in optimization solution
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10.0"
100.0"

Figure 18 Vingbox Configuration
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TABLE 8 MATERIAL PROPERTIES & CONSTRAINTS - WINGBOX

(1) Material Properties
E=10.0 x 106 psi
p = .10 1lbs. per cubic inch

v =.,30

(2) Minimum size (size constraints)

Bar element area = .10 in?
Web element thickness = ,02 in
Membrane element thickness = .02 in

(3) Allowable stresses (stress constraint)

o, = -10000.0 psi, °u = 10000.0 psi




L L -

16 (1L
20 ELGHTEEN FLEMINT WINGBROX
30 GRIND 1 0. 0.0 14,0
S 40 GRIO 2 1004 0,0 W
50 GRID 3 0. F0.0 1G9
a0 LRl L] 100. 70,0 4,0
70 GRID ] 0. 140,00 16,0
. 80 GRID & 100. 140,0 8.0
920 GRID 7/ Os 190.0 16.0
100 GR1D 1 100. 190,0 3.0
110 SFC1L )} 123 1 THKY o
120 OFViM N NO YIS 10N}
1346 OFLOADS 1 10
140 FORCE 10 8 S5000.0 9.0 0.0 1.0
150 CONROD 1 1 K] 28 Q.10
160 CUNROU K 3 5 20 2. 10
170 LONROD K N Py 28 0.10
180 CONKRGD 4 2 4 28 [AJS K]
190 CONRUD 5 4 b pdY] 0.10
200 CONKOD b & 1] 24 0.10
210 CWEB 7 50 3 4
220 CHEB u 50 9 3
230 CWFH 9 50 7 2]
240 CWER 10 S0 2 4
250 CWEB 11 0 4 6
260 CWER 12 %0 é6 8
470 CuWER 13 %0 1 3
280 CWEB 14 50 3 i)
i : 290 CWER 1% 50 5 7
300 CObMkml 14 33 2 4 3 1
310 COUMEM1 17 33 4 O S 3
. 420 CApMEM] 18 33 6 a 7 S
> 330 MATI 28 1.067 « 30 W1 (1]
: 340 +CD ~1.0E4 1.0E4
: 350 PUER 350 28 <02
360 FOUMEML 33 21 .02
. 370 ENDDATA

Figure 19 Optforce II Input Data - Wingbox
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TABLE 9 WINGBOX RESULTS

El. Element OPTFORCE 11 OPTIM III
No. Type Ai* Stress(psi) Ai* Stress(psi)
1 Rod .1000 -9897.0 L2404 -7996.0
2 Rod .1000 -7684.0 .1010 -6073.0
3 Rod .1000 -1274.0 .1010 -2172.0
4 Rod 4.5500 -10000.0 .3437 -8927.0
5 Rod 2.1060 -10000.0 L1446 -8349.0
6 Rod L2527 -10000.0 .1010 -6224.0
7 Web .0200 ~1590.0 .0202 -1446.0
8 Web .0200 -731.0 .0202 2321.0
g Web .0200 5018.0 .0202 8052.0
10 Web .0966 5774.0 .0449 9896.0
11 Web .0897 5774.0 .0420 9903.0
12 Web .0865 5774.0 .0466 9918.0
13 Web .0200 2157.0 .0202 5714.0
14 Web .0200 3429.0 .0202 6639.0
15 Web .0200 4014.0 .0202 5153.0
16 © Quad L0434 9999.0+ .0931 8735.0+
17 Quad .0326 10000 .0+ .0643 8568.0+
18 Quad .0211 10000.0+ .0303 8496.0+
wi 136.64 1bs. 234.69 1lbs.
e Wm 135.96 lbs. 148.15 1lbs. ;
Zs 2.54 in. 2.42 in. 1
A 4
% ‘ CPU 19.96 sec.** .96 sec.** ‘
i I 14 6

*
Ai = Design variable value, rod cross-sectional area (1n2),
web thickness (in.), quad. membrane thickness (in.)

1 **  IBM 3033

+ Mises-Henchy stress criteria shown.




“¥-N 1104 NI MMomm>zou NOIS3IG ©
‘¥-N T1TI0d dIINI °S,( FAILVIAN

MAIIHD MNHN&HHADS JONVYOVT @
*NHIS3a GISSAULS

ATIN4 3Sn - FT4ISVAS ION NOILNTIOS
1# ¥3LI ‘ONIWAVYEOONd ¥VINIT QIYIINE ®
4
*SHT %9°9€T=M ‘SAZIS °NIW ONISN QOHIIW
O0IlVd SS3ULS - SSAND TVILINI @

NOIINTOS II FDYOILdO

s3Tnsey xoqAurM gz 3ind1y

SNOILIVYILI °“ON

St £l 11 6 4 S € T

$s4nd
TVILINI

. 3

NOSHdVY-NOIMAN T10nd

*s41 oo.mm?sz ‘I1 32904140

“S@T ST'8%T =M ‘III WILdO

- 001

("sg1) IM

- 007

—00¢t

101

[P

. e amie e

o e e e e

2




N

procedure, e.g. "force" method versus '"displacement" method and 2) possible
finite element formulations. As noted ir the discussions of the seventeen
bar truss and four bar pyramid solutions the OPTFORCE II code appears to
be the more accurate one when the weight optimization option is exercised.
This fact is particularly emphasized when the statics option was used.
Results of this exercise demonstrated that both codes yielded nearly ident-
ical values of the displacement, stress and reaction vectors. Cpu times
recorded for the statics case were .88 sec using OPTFORCE II and .68 sec.
for OPTIM III a negligible difference. The stresses displayed in Table 9
are the element stresses themselves with exception of those given for the
quadrilateral membrane elements. Three element stresses are calculated
(ox, oy, Txy) for these elements and these have been combined using the
Mises-Henchy stress failure criteria for the sake of brevity and comparison.
Computer time recorded shows that OPTFORCE II used 19.96 sec. of cpu
time versus .96 sec. for OPTIM I1I solutions on the IBM 3033 computer. The
number of iterations required for OPTFORCE II are greater than those shown
for OPTIM III. Examination of Figure 20 and the computer output shows
that the minimum weight value obtained from OPTFORCE II has converged in
less than the number of iterations shown (successive weight values only
differing in the second or third decimal place). Additional iterations
were required to obtain convergence of the design variable values. This
was observed to be case in other applications of the subject computer codes.

3.1.4 Concluding Remarks

The above discussions clearly illustrate the fact that there can be
more than one design with the same stress distribution and minimum weight
but different design variable values or so-called area vectors. It

appears that this fact, the accuracy component of the efficiency study,
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is the driving force behind optimization computer code selection rather
than computer time and/or the number of iterations required. The OPTFORCE
I1 code not only yields the correct minimum structural weight but the
correct design variable population. This conclusion cannot be over-
emphasized to the potential structural designer. Computer time is begin-
ning to have less relevance as a measure of computer code efficiency than
in the past due to the higher speeds” attained with the newer machines.
Several of the solutions discussed in this section were re-run using Bell's
more recently acquired IBM 3033 computer. Identical minimum weight solutions
were obtained using both OPTFORCE II and OPTIM III codes at approximately
one~-fifth the original cpu times quoted using the IBM 3031 machine. It is
concluded from these facts and the discussions of minimum weight solutions
that the OPTFORCE II code is more "efficient" than the reference OPTIM IIT
code.
3.2 Applications

The development of the structural optimization technique using the
force method, which has been amply described in Section 2.0, is further
illustrated below using the swept wing-box idealization shown in Figure
21. Two material cases were chosen; namely, Case 1 an all-aluminum
structure and Case 2 a graphite/epoxy-aluminum structure., Vertical loads
are applied at grid points 4, 7, and 10 and are considered as a single
load case.

Case 1 1dealization consists of modeling the upper skins with
quadrilateral finite elements whereas the spars and ribs are modeled
using the symmetric shear panel elements. Spar and rib caps are idealized
using rod finite elements. It is noted that only one-half of the wing-box

structure needed to be modeled by virtue of the geometric symmetry of the
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structure and use of the symmetric shear panel element. As a result, only

six quadrilateral membrane, fifteen shear panel and fifteen rod finite

elements are used to idealize the entire wing-box yielding a total of

thirty~six elements. Twenty-seven degrees-of-freedom describe the struc-
tural behavior. The design variables are quadrilateral membrane thickness
(tm), rod cross-sectional area (A) and shear web thickness (tw); thirty-

. six in number. Material properties; minimum sizes of design variables

B
S 3 Pamae s A A SR ARARAT M ARORE 1YY

and allowable stress levels are given in Table 10. NASTRAN compatible
input for this structure is displayed in Figure 22.

Case 2 idealization consisted of again modeling the upper skins

Cen et

L using quadrilateral membrane elements. However, in this case, the skins
? f consisted of four layers of elements containing common grid points. Each
of the layers contain a different fiber orientation in the graphite/epoxy
material. The spars, ribs, and caps were modeled as in the Case 1 structure.

A total of fifty-four elements and twenty-seven degrees-of-freedom results

- g

from this idealization. The number of design variables increased from
thirty-six to sixty-four due to the layered quadrilateral membrane elements.
i i Table 11 1lists material properties, minimum sizes constraints and fiber
orientation. The NASTRAN compatible input data is displayed in Figure 23.
f : Results of Case 1 analysis reside in Table 12 and Figure 24.

The solution procedure path followed in OPTFORCE II is depicted below:

® Initial guess for design variable vector: Minimum size constraint
with the stress ratio option, Ni = 107.40 1bs.

® Program entered the Linear Programming phase: "Solution Not
Feasible"; Use fully stressed design (FSD) as minimum weight
solution. W = 110,73 1bs,
FSD
. : @ Performed check on the Lagrange multiplier ()A,) calculations
‘ which used the design variable vector from FSD. Since all
X120 the optimization routine terminated with the FSD. Note
: that in this application there are thirty-six }'s associated
! ‘ with the design variables, thirty-six A's assocfated with

v
v e

e
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TABLE 10 MATERIAL PROPERTIES & CONSTRAINTS ~ CASE 1 SWEPT WINGBOX

(1) Material Properties:’
Aluminum:
-l

E = 10.6 x 10° pst

p = .10 1bs/ind

v = ,25

(2) Minimum sizes (size constraints)

1 Quadrilateral membranes t‘ = .10 in.
Rods A = .05 1:1.2
Shear webs tw = .05 in.

(3) Allowable stresses (stress constraints)

| ! O ower ™ -30,000.0 psi, oupper = 30,000 psi
1 ;
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10 TITLE

20  TASK V WINGHOXC ALUMINUM MTL. ,
30 GRID 1 0.0 0.0 2.0
40 GRID 2 40.0 0.0 3.0
50 GRID 3 80.0 0.0 2.0
40 GKID 4 23,32 50.0 1.67
70 GRID 5 53.40 50,0 2.5
80 GRID é g@8.82 50.0 1.67
90 GRID 7 46.63 100.0 1,33
100 GRID 8 66,79 100.0 2.0
110 GRID 9 ©7.63 100.0 1.33
120 GRID 10 69,95 150.0 1.0
130 GRID 11 80.19 150.0 1.5
140 GRID 12 106.45 150.0 1.0
150 SPC1 3 123 1 THRU 3
. 160 OPLOADS 1 1
170 FORCE 1 4 6000.0 0.0 0.0 1.0
180 FORCE 3 7 4000.0 0.0 0.0 1.0
' 190 FORCE 1 10 2000.0 0.0 0.0 1.0
. . 200 OPTIN  YES NO YES oPT
210 CGDMEM1 1 1 2 s 4 1
220 COUMEM1 2 1 3 6 5 2
230 CODMEM1 3 1 5 e 7 N
240 CODMEM1 4 1 é 9 8 5
250 CODMEMI S 1 8 11 10 7
260 CODMEM1 6 1 9 12 11 8
' 270 CNER 7 .3 1 4
‘ : 280 CWEB 8 1 . 7
[ 290 CWEB 9 1 7 10
\ 300 CWEB 10 1 2 5
; ' 310 CUEB 11 1 S 8
» 320 CWER 12 1 8 11
{ 330 CWEB 13 1 3 6
, 340 CWER 14 1 6 )
350 CWEB 15 1 9 12
! 360 CWER 16 1 5 4
. 370 CMEB 17 1 6 s
1 380 CWEB 18 1 8 7
; 390 CWEB 19 1 9 8
400 CWEB 20 1 11 10
g 410 CWEB 21 1 12 11
420 CROD 22 1 1 4
430 CROD 23 1 4 7
’ 440 CKOD 24 1 ? 10
. 450 CROD 25 1 2 5
3 460 CROD 26 1 s 8
470 CROD 27 1 8 11
480 CROD 28 1 3 6
490 CROD 29 1 6 9
b 500 CROD 30 1 9 12
$10 CROD 31 1 5 4
%20 CROD 32 1 6 5
i 530 CROD 33 1 8 7
540 CROD 34 1 9 g
550 CKOD 35 1 11 10
560 CROD 36 1 12 11
_1 %570 FUDMEML 1 1 +10
580 PUER 1 1 .05
J 590 PROD 1 1 .05
| - 600 MAT1 1 10.546 .25 +10
s 410 M -30000.030000 .0

¥ Figure 22 Optforce II Input Data - Case 1 Swept Wingbox
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: TABLE 11 MATERIAL PROPERTIES & CONSTRAINTS - CASE 2 SWEPT WINGBOX

(1) Material Properties:
Aluinum: E = 10.5 x 10° psi, v = .30, p = .10 lbs/in®
Graphite/Epoxy: Ey: = 18.5 x 10°® pei, Ez; = 1.6 x 10° psi

G= .65 x 10° psi, viz = .208, vy; = .0203
p = .055 1bs/in?

(2) Minimum sizes (size constra;nts) v
Quadrilateral membranes t- = _025 in.
Rods A= .05 in’
Shear webs tw = ,050 in

(3) Allowable stresses (stress constraints)

? Aluminunm olower = -30000.0 psi, oupper = 30000.0 psi

Graphite/Epoxy = ~110000.0 psi, %uoper ™ 110000 psi

c1ower

ppe

(4) Fiber orientation

f Layer No. 1 (top) o= 0°
Layer No. 2 0= 45°
Layer No. 3 0= -45°
Layer No. 4 (bottom) 0 =90
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10 TITLE

30 Gi1d
40 GKID
%0 GKID
40 GKID
70 GKID
80 Ghlb
90 GKIR
100 GKib
110 GKID
120 GRID
130 GRID
130 GKID
150 SFC)
180 OFLOADS
170 FORCL
180 FORCE
190 FOKCE
200 OFTih
210 CabMEML
220 CobnEM
230 CubMEnd
240 CUbninl
250 CODMEML
260 COlnehi
270 Cubntant
280 Cabhing
290 Cabni1
300 CoumEMl
310 CabntMy
J20 Calnini
330 Cabnint
340 capnEm
350 Cabmenl
340 CuimLny
320 Catnitng
360 capmLmt
390 Colnimi
406 CabnEnm
410 COliviMl
420 COlnenl
430 CobngEnmy
44v LOlmEMt
450 CutR
460 CuWth
470 CWEER
480 Cutlk
490 CMEB
GO0 LWER
510 Cuwkh
520 CuCk
230 Cutb
560 LWEP
550 CWER
LU60 CWER
570 CWEER
560 Cuth
390 Cuik
400 CrOD
410 CROL
320 CKOL
A0 CROD
440 CRON
45¢ CROD
869 LROD
a79 CROI
&30 CkROD
490 CROD
700 CROD
710 CROD
720 CROL
739 CRObL
740 CROL
750 FPODNEM]
700 PUED
770 PRGD
760 maTi
790 n
800 MAT2

20 TASA V WINGBOXD GRAFHITE/EFOXY 8 ALUNINUM

1 0.0 0.0 2.0

2 40.0 0.0 3.0 |
3 0.0 0.0 2.0

4 23.32 50.0 1.67

S %3.40 50.0 2.5

P 98.82 80.0 1.67

7 46.463 100.0 1.33

a 66.79 100.0 2.0

v 97.43 100.0 1.33

10 49.95 150.0 1.0

11 80.19 150.0 1.5

12 106.45 130.0 1.0

1 123 1 THRUY 3

1 1

1 4 4000.0 0.0 0.0 1.0

i ? 4000.0 0.0 0.0 1.0
L. 10 2000.0 0.0 0.0 1.0

L 4 NO YES (] %0 <01 01 of*
1 2 2 .S ) 1 0.0
37 2 2 S 4 1 4%5.0
43 2 2 S 4 1 315.0
a9 2 2 S 4 1 90.0
2 2 3 6 5 2 3L%.
38 2 3 6 -3 2 40.0
44 2 3 é S 2 310.0
50 2 3 6 - 2 as5.0
3 2 S a ? 4 0.0
39 2 S 8 ? 4 45.0
45 2 S 8 4 4 315.0
53 2 S 8 7 4 90.0
4 2 é 14 -} H 355.0
40 2 6 9 8 S 40.0
46 2 é L 4 8 -] 310.0
52 2 é A4 - k-3 85.0
S 2 e 11 10 7 0.0
41 2 8 11 10 ? 45.0
47 2 ] 11 10 7 315.0
53 2 ] 11 10 ? 90.0
6 2 9 2 11 8 355.0
42 2 14 12 1 ] 40.0
a8 2 * 12 11 9 310.0
54 2 14 112 13 ] 8s.o
4 1 1 4
8 1 4 b4

? 1 7 10

1o 1 2 S

11 1 S e

2 1 [} 11

13 1 3 6

14 1 4 4

15 1 9 12

16 1 S 4

1?7 1 o S

18 ) [} ?

19 ) 14 L §

20 1 i1 10

2 1 12 11

22 5 1 4

2 1 4 ?

24 1 7 10

25 1 2 H

26 1 5 ]

27 1 [ ] 11 .

20 1 3 [}

2y 1 L} v

30 1 1 4 12

31 1 L] 4

2 1 é S

33 1 [ ?

34 1 v [ ]

3% 1 13 10

3o 1 12 it

2 2 023

1 1 .03

1 ) .08

1 10.546 28 .10 L]
-30000.030000.0

2 10.57044.33424¢ 0.0 1.607¢¢ 0.0 6546 . 0%8 A

~110000.110000.

810 +A
820 ENDLATA

Figure 23

Optforce I1 Input Data - Case 2 Swept Wingbox
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‘ TABLE 12 SWEPT WINGBOX RESULTS - CASE 1, ALUMINUM MATERIAL

i
i + +

El. Element * ;1’ El. Element * Y;

No. Type Ai 1 No. Type Ai K%'

1 Quad .1000 27109.0 22 Rod .0500 198.,4.0
2 Quad .1000 27101.0 23 Rod .0500 13616.0
3 Quad .1000° 21560.0 24 Rod .0500 5235.0
4 Quad .1000 20566.0 25 Rod 2.361 30000.0
5 Quad .1000 9675.0 26 Rod .0500 24598.0
6 Quad .1000 6955.0 27 Rod .0500 8486.0
7 Web .0806 29946.0 28 Rod .0500 22407.0
8 Web .0804 29946.0 29 Rod .0500 15907.0
9 Web .0500 24010.0 30 Rod .0500 6154.0
10 Web .1611 30000.0 31 Rod .0500 7886.0
11 Web .0587 30000.0 32 Rod .0500 4767.0
12 Web .0500 6874.0 33 Rod .0500 6235.0
13 Web .0500 17029.0 34 Rod .0500 3639.0
14 Web .0500 7287.0 35 Rod .0500 2792.0
15 Web .0500 9057.0 36 Rod .0500 2081.0
16 Web .1211 30000.0 Wy = 107.40 1bs.

{ 17 Web .0500 17783.0 Wy = 110.73 1lbs.

18 Web L0742 30000.0 Zyo = 12.63 1in.

19 Web .0500 1684.0 CPU = 24.08 gec.**

20 Web .0500 27382.0 I =1

21 Web .0500 8031.0

*A; = Design variable value, rod cross-sectional area (in?) web thickness
{in), quad membrane thickness (in)

** IBM 3033

Y
+ Stress constraint quantity: g; = 5101* -1x0

where g;* is the yileld stress or some other failure stress for the Pl

finite element.

h,
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(a) Quad. Membrane
Thickness Distribution
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/
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Figure 24 Design Vsriable Distribution - Swept Wingbox
- Case 1, Aluminum Material H' = 110,73 1bs,
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thirty-six A's associated with internal stress fields and
thirty~three A's associated with the redundants. for a total

of 105. The design variable and stress A's sum to the minimum
weight value of W _=110.73 1lbs. This is a verification of the

theoretical develgptunt given in Section 2.0.

® The final design variable, displacement, element stress and
reaction vectors are calculated and presented to the User for

review, Minimm weight value is Hm = 110.73 1lbs.

Examination of Table 12 and Figure 24 sghows the design variable vector

and element stress constraint quantity Y;l/Ai" The initial and final weight ‘
i
of the structure is also depicted with a maximum vertical displacement of :

12.63 inches. IBM 3033 computer time was recorded to be 24.08 seconds.

The number of iterations, I=l, is tabulated to indicate the Linear Program-

wing phase operation. Figure 24 displays the design variable vector in

pictorial form.
The solution procedure for Case 2 was as follows:

® Initial guess vector: Minimum size constraint with stress ratio

option, wi = 60.05 1bs.

® Program entered the Linear Programming phase: "Solution Not
Feasible"; Use fully stressed design as minimum weight solution,

W = 83.32 1bs.

m
® Performed check on Lagrange Multiplier ()\,) calculation. Since

certain A's associated with the design vahablea were negative

the full Newton-Raphson routine was entered. This particular

application of OPTFORCE Il required fifty-four A's associated

with the design variable vector, fifty-four \A's associated with .
internal stress distribution and one-hundred twenty-three \'s

asgsociated with the redundants for a total of 231.

@ Solution procedure terminated after four iterations in the
full N-R routine due to an excessive numerical increment
associated with the first redundant causing structural weight

divergence. User may use the FSD solution.

Table 13 shows pertinent data obtained from the above solution
procedure. Note the drop in minimum weight through use of the graphite/
epoxy wingbox skins as compared to the all aluminum wingbox structural
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TABLE 13 SWEPT WINGBOX RESULTS ~ CASE 2, GRAPHITE/EPOXY &

ALUMINUM MATERIALS

El. | Element Yy + El. | Element . Y+
No. Type Ai* i No. Type Ai X
1 Quad .0250 41417.0 31 Rod .0500 6560.0
2 Quad .0250 48073.0 32 Rod .0500 3308.0
3 Quad .0250 41611.0 33 Rod .0500 8279.0
4 Quad .0250 41496.0 34 Rod .0500 4512.0
5 Quad .0250 11889.0 35 Rod .0500 1219.0
) Quad .0250 18946.0 36 Rod .0500 5853.0
7 Web .0655 30000.0 37 Quad .0250 62091.0
8 Web .0875 30000.0 38 Quad .0250 67220.0
9 Web .0520 29968.0 39 Quad .0250 51672.0
10 Web .1654 30000.0 40 Quad .0250 33913.0
11 Web .0500 27775.0 41 Quad .0250 26318.0
12 Web .0500 3625.0 42 Quad .0250 11784.0
13 Web .0500 13716.0 43 Quad .0250 3079.0
14 Web .0500 5412.0 44 Quad .0250 10121.0
15 Web .0500 12279.0 45 Quad .0250 4762.0
16 Web .1368 30000.0 46 Quad .0250 18134.0
17 Web .0500 14070.0 47 Quad .0250 23628.0
18 Web .0784 30000.0 48 Quad .0250 2260.0
19 Web .0500 1374.0 49 Quad .0250 6327.0
20 Web .0500 21784.0 50 Quad .0250 4139.0
21 Web .0500 10887.0 51 Quad .0250 14479.0
22 Rod .0500 17595.0 52 Quad .0250 10712.0
23 Rod .0500 18751.0 53 Quad .0250 10238.0
24 Rod .0500 6953.0 54 Quad .0250 10683.0
25 Rod 3.9950 30000.0
26 Rod .7203 30000.0 Wiy = 60.05 1bs,
27 Rod .0500 12794.0 Wp = 83.32 1bs.
28 Rod .0500 24769.0 Zip = 13.94 in.
29 Rod .0500 16438.0 CPU = 249,54 sec**
30 Rod .0500 10148.0 I =5
*A_ = Design variable value, rod ** TBM 3033

i

cross-sectional area (inz),
web thickness (in), quad
membrane thickness (in)

+ Stress constraint quantity




a

N

K

weight. Computer time was registered to be 249.54 cpu seconds almost a
ten-fold increase over the all-metallic wing solution time. This is a
significant amount that the User should note for future applications of
OPTFORCE 11. The increase in cpu time can be attributed to the increased
number of design variables and Lagrange multipliers. One hundred and
five A's were needed for the aluminum wing box solution. This number
increased to two hundred and thirty-one for the composite wing solution.
The number of iterations I=5 is tabulated to indicate the Linear Program-
ming and full Newton-Raphson phase computations.

It i8 of interest to note that two additional analyses were con-
ducted to show the effect of convergence criteria (OPTIM input card) and
minimum size constraint imposed on the graphite/epoxy quadrilateral
membrane elements (PQDMEM1 input card). The initial convergence criteria
of .010 was chanéed to .0010. Results obtained were essentially those
shown in Table 13 except that the full N-R iteration routine was
terminated due to an exc.ssive delta thickness experienced on element
number 18, Thus, in this particular application the change in converg-
ence criteria had very little effect upon determining the minimum weight
design with the exception of increasing cpu time from 249.54 sec to
287.41 sec. The second additional analysis completed reduced the minimum
thickness constraint of the membrane elements from .0250 inch to .0100
inches. The solution procedure again followed those steps initially
shown. The minimum weight value dropped to 73.47 1lbs. as would be
expected and the deflection of the wingbox decreased slightly to 13.49
inches. Cpu time increased about 45 seconds to a value of 290.06. The

distribution of the design variables for this case is shown in Figure 25.
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(a) Quad, Membrane Thickness
Distribution

tmin = ,025 in.

* all layers have equal
thickness

(b) Web thickness Distribution

toin = .050 in.

(¢) Rod Area Distribution

A, = .050 in2
min

(.050)

(.050)

Figure 25 Design Variable Distribution - Swept Wingbox
- Case 2, Graphite-Epoxy & Aluminum Materials, w.-73.a7 1bs.
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4.0 CONCLUSIONS & RECOMMENDATIONS

The pilot optimization program, OPTFORCE I (Ref. 4), has been
successfully extended to include new finit? elements, optimization con-
straints and analysis type capabilities. Additionally, it has been expanded
into a general purpose type optimization code featuring NASTRAN compatible
input data formats and engineering U;er output features. As a result, it
is concluded that the technical requirements stated in Section C of the
subject contract F33615-80-C-3214 documents have been met. This has
resulted in a new optimization code labeled OPTFORCE II, the mathematical
basis of whicﬁ has been amply described in this volume., The use of this
code has also been illustrated herein and its input/output features and
programming aspects are given in Volume Two of this publication, Ref. 11.

Specific tasks which came to a successful conclusion were the
formulation of finite element matrices bas~d upon the force method approach.
Membrane triangle, membrane quadrilateral, shear panel and bar (axial force)
elements were developed. The resultant formulations proved to be accurate
for use in the prediction of both static and dynamic behavior of structural
components. Their use in optimization analyses also proved to be success-
ful. Formulation of optimization constraint equations were straight-
forward and provided for the first time the opportunity to optimize
structures including variable stress, multiple displacement, maximum and
minimum size and dynamic atiffness (natural frequency) constraints all
within the context of the force method. Multiple load conditions are also
included in the formulation.

The force method formulation of a rapid re-analysis technique

concluded in a highly efficient means for evaluating the effect of damage
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on the static and dynamic response of optimized structures. The general
theory developed in Section 2.4 included the use of the aforementioned

finite elements, however, resources only permitted the coding of a rapid
re-analysis program using bar elements. This code is described and
1llustrated in Appendix B of Volume II and is successfully demonstrated

in Section 2.4 of this volume. Its potential is proven therein by the
applications shown and provides a meéans for determining the residual strength
and response of damaged structures. The method is a direct one and elimin-
ates the iterative nature of other methods presently available in the
literature.

Executions of OPTFORCE II were ample enough to conclude that the
initial capabilities of the force method code OPTFORCE I could be success-
fully extended to optimize three-dimensional truss-like and aerospace type
structures. The applications of OPTFORCE II further proved that the force
wethod ylelds more accurate optimization solutions than the displacement
based OPTIM III reference computer code. The efficiency studies conducted
and profusely described in Section 3.1 showed this fact to be true. These
studies further demonstrated that computer time (cpu seconds) is a less
relevant measure of computer code "efficiency" than originally thought.

It 18 concluded from these studies that the OPTFORCE II code is preferred
over the reference displacement based OPTIM III code.

No difficulties were experienced with the use of OPTFORCE II1 when-
ever structures were optimized subject to minimum size and stress constraints,
Minimum weight solutions including displacement and/or dynamic constraints
in addition to size and stress constraints proved troublesome. No satis-
factory solutions could be found for the numerical difficulties encountered.

Obviouaiy additional resources are needed to obviate this problem. It is
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concluded at this time that the difficulty lies not in the force method

formulation of those type of constraints but in the numerical application
of attendant governing equations. It is recommended that further studies
of this perplexity be pursued.

Finally, it is concluded that the research conducted and reported
herein has shown that the force method of structural optimization has pro-~
vided the solution to the technical-problems discussed in the introduction
to this report. The force method approach gives the means to express
constraints, in particular the stress constraint, in such a mamner as to
provide the needed wmathematical expressions for use in the Lagrangan
formulation of the weight optimization solution procedure. This enhances
the definition of the optimality criteria and attendant first and second
derivatives used in the nonlinear solution procedure. Thus, it is further
recommended that the force method optimization procedure resident in
OPTFORCE 1I be seriously considered as the future general purpose struc-

tural optimization code.
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