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I. INTRODUCTION

The Army has used sensitivity testing fur many years, especially in the
areas of primer testing and armor penetrating projectiles. In sensitivity
testing, only one observation per sumple is obtained. This observation is
characterized by a quantal response, i.e., go or no-go, explosion or non-
explosion, penetration or nonpenetration, The purpose of most sensitivity
experiments is to determine the amount of stimuli needed in order to achieve

a 50% probability of success.

For armor penetrating projectiles, the stimulus is velocity. So in
sensitivity testing, the aim is t- determine the V 0’ i.e., the velocity needed
to have a 50% probability of penetrating the armor.

There are many methods or schemes for collecting data in sensitivity
tests. Some of the more popular cnes are tne Bruceton up-and-down method, the
Langlie design, the Robbins-Monro design and the Alexander design. For a
discussion of these designs see Reference 1.

As mentioned earlier, we are interested in estimating V50 and getting an

estimate of its variability. The most commonly used technique of obtaining
parameter estimates is to assume that the critical stimuli levels are normally
distributed and to use maximum likelihood estimation {MLE) techniques to
estimate | (VSO) and 0. By critical stimuli levels, i.e., critical penetration

velocities, it is meant those levels (velocities) at or above which a penetration
would always take place. These estimates are not dependent upon the sensitivity
design used to ccllect the data.

There are many computer programs that compute MLE's. However, most of
these programs, at one time or another, have a converger:- -, cblem. That is,
initial values of the estimates cannct be Tound that r =~ in the prog” .
converging on estimates of the mean critical stimulus le , y, and the stax-
ard deviation of the critical stimuli levels, G.

DiDonato and Jarnagin2 used a Newton-Kaphson proced. - .. . .ransformed
parameters and claim that it converges globally to the "be. estimates (when
estimates exist), regardless of what initial values were used. Unique MLE's
will exist as long as the data meet the following two restrictions: 1) min-
imum level, a at which a success is observed < maximum level, bj’ at which

a failure is observed, and 2) average ai's (penetrations) > average bj's

fmonpenetrations). They documented a program written for an IBM computer
using their procedure. DiDonato and Jarnagin's program was modified and
installed on the Ballistic Research Laboratory's CDC computer.

1D. Rothman, M.J. Alexander and J.M. Zimmerman, "The Design and Analysis of
Sensitivity Experiments,' NASA CR-62026-Vol. I, May 1965.

2A.R. DiDonato and M.P. Jarnagin, Jr., "Use of tiie Maximum Likelihood Method
Under Quantal Responses for Estimating the Paraneters of a Normal Distribution
and its Application to an Armor Penetration Prob. em,'" Naval Weapons Laboratory,
November 1972, NWL Technical Report TR-2846.
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This report discusses the statistical theory needed to estimate the mean
(VSO) and the standard deviation of the response distribution and to obtain

the standard deviations of these estimates. A discussion of the DiDonato and
Jurnagin computing procedure used to obtain these is provided. A nonparametric
algorithm has been incorporated with the DiDonato und Jarnagin program to
provide an estimate of the mean (VSO) and standuard deviation of the response

distribucion when the data do not meet the recujrements for the DiDonato

and Jarnagin procedure. Examples are provided for each of these algorithms.

A computer listing, the appropriate inputs and corresponding output of the pro-
gram are .ncluded in the appendices. The reader who is more interested in learn-
ing to rua the program rather than in the theory is referred directly to

Append. ¥ ¢.

II. THEORY

e principle of maximum likelihood was first introduced and extensively
developed by R. A. Fisher. To aid in deriving the likelihood functiom, con-
sider the results of an experiment (such as an armur plate penetration problem)
in which the levels cof the stimulus are not completely under control. There is
generally only one observation per level, and the response for each level is
either a “success" or a "failure." Call the probability of a successful
response p., i=l, ..., n and the probability of a failure qj, i=l, ..., m.

Then it follows from elementary statistical concepts that the probabilaty of
the cbserved set of responses may be given by the product

L, = PPy «+- P449; +-- Q.

Generally, if a total of nem cases are tested and there are n successes
recorded at stimulus levels 315 8y, eees an and m failures recorded at levels

4 b,, b b_, and assuming the critical levels of stimulus are normally dis-

1’72 7 Um
tributed, then the probability of occurrence of this set of events may be
written in the more usuval notation,

3 n m
L,= T p. I q. (1)
Yogep tgep I

3 (a;-w) /o

= - 1 2

E where p, = pl(a;-w)/o] = = exp(-t°/2)dt, (2)
E 1) ©

and

r

e IR

k=
=
2




_ 1 2
q. = q[(b.~-wW) /o] = exp(-t“/2)dt. (3)
j j o
a (b5-)/o

The method of maximur likelihood now consists of choosing, as estimates
of the unknown population values of py and o, those particular values that
render L, as large as possible. Since likelihood functions are products, and
sums are usually more convenient to work with than products, the usual practice
is to maximize the natural logarithm of the likelihood function rather than the

v AR R 0 b e 'Ir:r'vvlmn T e e

likelihood function itself, i.e., £
n m
Ly ,0) = .z n P+ 'z n qj. (43
i=1 ij=1
The logarithm of the likelihood function has its maximum at the same poin‘
as does the likelihood function.
The maximum-likelihood estimators of 4 and o are obtained by setting
the partial derivatives of the likelihood function equal to zero, i.e., K
9 L _ 9 L _
wo- 0 % -0 )

The likelihood equations can then be solved iteratiyely using some technique
such as Newton-Raphson, to obtain estimates, u and O.

Freviously it was assumed that there was a given set of observed responses,
n successes at levels a1s 3y, eees By and m failures at levels bl’ bZ’ cees bm‘
Suppose that for a set of distinct levels of stimuli, Zk’ there is a statement
associated with each level that it was either a ''success' or a '"failure." Cen-
sider the discrete random variable Sk (k =1,2,...,N), where N equals the number

of levels observed and each 6k may take on one of two possible values, i.e.,

i m T g
LA UL [ e S It

0, if a failure occurs at level 2k

LA

k 1, if a success occurs at level Zk.

il

If the probabilities of success at the resulting levels are Py and the
probabilities of failure are q = l—pk, then the likelihood of observing some

sct of responses Gk (k = 1,2,...,N) at levels 2k &k =1,2,...,N) is

Y

Py Sy qk(l-ak), (6)

o
]}
L= 4

*
" k=1

Lt
AL TR U

LMl
-
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i
-




and the natural logarithm of the likelihood function becomes,

N

L, = kgl [Gk n P * (I-Gk) n qk]. (7N

It is this form of the likelihood function that will be used to construct
the clements of the covariance Tatrix utilizing the theory of large sample dis-

. . 3
tributions.” The variances of y and o may be obtained using the relationships
below between the expected values of the first and second-order partial deriva-
tives of Lo (Appendix A),

2 2
. 3°L, F/ L, 2 1 Ny 8
- 2 =Bl = = ——2- z P q ( )
BU u fo} k=1 kk
) 2_2
. L.\ . w\2 ? Yk %k 9)
202 - o k=1 Px%
and
2
N I A AN g Vi (10)
330 N AL B
Additionally, azLo\ L\ 2
-E =E|l—] =A (n
e ) o Hp
82Lo oL\ [3L,
Elmmo ] “Elaw [\ ) " Mo e
and BZLO al'o 2
» ~? oY ) (13)

The covariance matrix for the distribution of the maximum likelihood
cestimators 4 and 0 may be written as

Ly a

A = . (14)
A A AYO I\
316 ao

3A. Mood and F. Graybill, Introduction to the Theory of Statistics, McGraw-Hill
Book Company, Inc., 1963, pp. 235-239.
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where A "M and A%C are the asymptotic variances of p and 0, respectively, and

APU is the asymptotic covariance of u and 0. It should be noted that AP“ is

the asymptotic variance of the estimate of V50 while A%? is the asymptotic
variance of the standard deviation, o, of the response distribution.

For convenience of notation, equations (8) - (13) may be rewritten.
Recall that k = 1,2,..., N, and divide N into n successes (penetrations) and

m failures (nonpenetrations), so
N=n+m,
The n successes recorded at stimulus levels a5, 35, ooy an and m failures

recorded at levels bl’ bz, cees bm may be rewritten as

(15)

s, = (ai - u)/o, where i = 1,2,..., n

i
and

t. = (bj - u)/o, where j = 1,2,..., m, {16)

J

which are their standardized normal equivalenivs. The s. are associated
with successes and the tj are associated with failures.

Also,

(-512/2), when a success is observed (17)

1§}

X-
1

z(s;) = (e

and

s z z(tj) = (1/Z7) exp ¥ ; /2), when a failure is observed.(18)
.t the expected values of the second-order
: entire set of observations, can each be
. set of successes plus the sum over the set

Equations (8) - (10), which rep
partial derivatives taken ove-
partitioned into the sum ove
of failures.

"2

The coefficients of o “du’ Auc’ Abcl may be expressed as
2 2
~ Y. m oy,
%A S T e S (19j
Hu 1 Pi% j=1 P39
n s.x 2 m t.y 2
02A0=$_ Lo,y L (20)
H j=1 piqi j=1 qu:;

9
3
g
- ~ . . Eel
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) L m t.7y,
Ay = ) T N (21)
i=1 Pi% j=1 Pj%

ITI. PROGRAM DESCRIPTION

This section first presents an overview of the DiDonato-Jarnagin procedure,
including: 1i) the reparameterization of the likelihood function, ii) the
actual procedure used to obtain u and o, and iii) a description of the output

sheet. Should a more detailed mathematical description of the analyaes be
required, the reader is referred to the DiDonato and Jarnagin study.

A nonparametric algorithm which has been incorporated into the original
program and its associated output sheet are also summarized. This procedure
closely resembles a procedure presently utilized by the Materiel Testing Direc-

! torate, Aberdeen Proring Ground, Maryland.

A A A 0 A s

The complete program is available for use on the BRL CDC computer system.
Both the DiDonato-Jarnagin procedure and the nonparametric algorithm are

written in FORTRAN IV.

A. DiDonato-Jarnagin Procedure

1. Likelihood Function. Recalling the likelihood function for an

observed set of n successes at stimulus levels al, Ayy cees a and m failures
ces bm’ we have

at stimulus levels bl’ b2’ .

j L(1,0) = (22)
1

1>~
-

m

tnp. + ) 2ngq..

i 54 3

DiDonato and Jarnagin then apply the following transformaticns to replace
the parameters u and ¢ with new parameters o and f8.

u/o [u = a/B] (23)

1

a

1/c >0 [o = 1/8]. (24)

ke
"

A R R i i M
B AT A AL AR T AT T T Sy
M v LT et

In addition, the original stimulus levels are reexpressed as,

A

(25) f

e
0
(™
"

a.B-a
58

t. 26)
j (26)

bjB-u.

so that s and qj are transformed in terms of the new parameters to

A gt BT

o

10

S T

: :
= 3
E £
4 *

- 3

E

e

H




s
[t n
Py = B(s;) = | 2(t)dt (2n
w00
o
q. = q(t,) = [ z(t)dt (28)
J e,
Y g
; where 2(t) = (I/YZR) exp(-t%/2) (29) 3
i
§ , For ease in computing the partial derivatives of the logarithm of the E
: likelihood function, the computations of the needed partial derivatives of E
! P; and q, are included as Appendix B, The partial derivatives of the logarithm 3
of the likelihood function, L, used in the Newton-Raphson procedure are é
TR S
W =x-= ) (y./a;) - § (x;/p;) (30) b3
: o 551 i' 4o 11 ;f;
., L _ ¢ 4
' L8 = "a"B" = ‘g 8i(xi/Pi) - .Z bj (yJ/qJ) (31)
. i=1 j=1
E 82L m ;
Lo = === - ] (y;/a)[(y;/q;) - t.] (32)
- S j=1 33 37 J f
5 - iZl(xi/pi)[(xi/pi) +s,] :
= i ;
E; i aZL m §:
E S e = .(y./q. .Jq.) - t. 33 E
LB = 5333 J-Zle (ys/aly;/ap) - ¢;) (33)
+ iZlai(xi/pi)[(xilpi) + Si]
E 2 m |
= 3°L 2
g B8 = — = - b. (y./q. ./q.) - t, 34
: 88 = ‘Z 5 05/9)[05/95) - ] (34)
= 3B j=1
n
= -.2 ai (xi/Pi)[(xi/pi) + si]
i=1
where x; 2 2(sy) = (N exp(-siZ/Z) (35) )
(36)

Q/VE) exp(-tj2/2).
11

y:. = z(tj)

e T

Wl

=
E:
=
=4
E
=
=
=
=
=
=
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The {ai = stimulus level at which there is-a response, penetration} and
{bi = stimulus level at which there is a nonresponse, nonvenetration},

where i=1, ..., n, j=1, ..., m represent input to the program. The quantities

ay and bj may take on any arbitrary real values although they are almost always

positive. The standard deviation, ¢, and its reciprocal, 8, are by nature
always positive.

In “heir study, DiDonato and Jarnagin point out that to insure the
ex._tence of a unique point at which L attains a maximum, the a; and bj must
catisfy certain necessary and sufficient conditions, i.e.,

anin < Prax [zone of mixed results] (37)

where Anin = mln(ai) and bmax = max(bj),

d 1 1
an s Loy <qla. (38)

2, Computing Procedure. The DiDonato-Jarnagin procedure first insures
that the necessary and sufficient conditions indicated in (37) and (38) are
satisfied by the input. If either condition is not satisfied, then no
maximum likelihood estimates exist for u and ¢ and the program is routed to
the nonparametric algorithm. If both conditions are satisfied, an initial
point (uo,Bo) is obtained (unless the user supplies initial estimates,

Appendix C) using the following relationships,

m

4!

n m n
_ 1.1 1 1 2 2y 2412
% = “0/00 - 7'(n .5 & *m .z bj)/[n‘m ( .X a ¢ .E bj ) - v (39)
i=1 j=1 i=1 i=1
n m
_ ol 2 2 2,1/2
By =1/0 = [—= (] a,“+ | b9 - v (40)
i=1 j=1
1 n m
where vV = ﬁ:ﬁ".z 2; + _5 bj). (41)
i=1 j=1

After choosing an initial point, the ordinary Newton-Raphson (N-R) pro-
cedure is applied in order to reduce Lo and LB to zero simultaneously and produce
the N-R increments Ao and AR and a new point (al,Bl). The two iterative equa-
tions utilized by the estimation scheme are

Aoloo + ABLaB

-lo (42)

AaloB + ABLBR = -L8. (43)

12




Solving this linear system of equations yields the increments Aa and AB
as follows:

Ao = (L8 LoB - Lo LBR)/A (44)
AB = (Lo LaB - L8 Laa)/A (45)
where A= Lo 188 - LB > 0. (46)

The increments Ao and AB are the changes in the old values of o ard B calcu-
lated at each iteration of the N-R procedure.

If a sequence, (&, ,8,), is determined by iteratiun and the
k ~ ~

Oy and Bk denote the k h approximations to o and £, then the iterations are
terminated when

|Auk| < ey and lABkl < €,8,. 47,

The parameters € and €, are defineZ as follows:

€, = 2.5 x 074 =172 €,. (48)

T T e

At this point, additional notation is introduced in order to rewrite =quations
(19) - (21) and (30) - (34) as actually used in the DiDonato-Jarnagin proce lure.

Referring to the parameter input description in Appendix C, it can be
seen that only those ay which ave different are listed along with an integer
n(i) which denotes the number of times a; appears as input, The integer
m(j) denotes the number of times each different b. appears as input. loting
that the expressions for Lz, L8, Loa, Laf, LBB are linear sums, quantities
such as (xi/pi) and (yj/qj) need only be computed for the different a; or bj’
then multiplied by n{i) or m(j), respectively.

P,

UL b A L

If the k™" different a; is denoted by a(k), the r® different b, is
denoted by b(r), and K and R denote the total number of different aiand bj,

respectively, then

K R
n= X n(k), m= 2 n(r) (49)
k=1 r=l

and n and m have their usual meaning. The equations referenced above can now
be written as:

13
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R
= /q) - ) a®)(x./p,)
“ r21m(r)(yr i kzl KTk

k=1 T=
R
L = - ) m(r)(y/a) /e, - tp)
T=1
K
- 1) (x/p) (5 /Py * 5 )
k=1
K
LB = § n(K)a(k){a/P) (X /Py * 5y
k=1

R
+ ] m@bE) (r/a) /9y - tp)
r=1

R
LSS = - Z m(r)bz(r) (yr/qr) ()",_’/qr - tr)
r=1

K
- kgln(k)az(k) (x,/P) (/P *+ 5

~ X
. o2 = ) n() (x, /) (X /)
- k=1

R
+ ) m(r)(yrlpr)(yr/qr)
=1

L kA T

His

- K
olmo = § n(k)s, (x,/p) (5 /ay)
k=1

R
+ ) me v /p ) /a)
r=1

W i s e
it Al A el

o
il gtk g e e
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X R
18 = § n(kak)(x,/p) - )jlm(r)b(r) (v, /9,)

(50)

(51)

(52)

(53)

(54)

(55)

(56)




" K
%00 = kzln(k)skz(xk/pk)(xk/qk)
R
N Elm(r)tr (v, /o) (v /a) (57)
= :
where Sy = a(k) B-o (58)
t. = b(r) B-a . (59)

-

3. Output Description. The output for examples 1 and 3. (Section 4)
having MLE's generated under this procedure is shown in Appendix D Beginning
in the upper left-hand corner, each output sheet lists a sequence of
alphanumeric characters which mey indicate a title, identification number, etc.
This is followed by a listing of the different a; and bj andAthe ngmber of

times each value occurs. The maximum likelihood estimztes, y and o, identi-
fied as 'MU' and 'SIGMA,' respectively, are listed toward the top center.
~ A

'MU,' or u, is the estimate of VSo while 'SIGMA,! or ¢, is the estimate of

the standard deviation of the response distribution. Directly below the
estimates, the elements of the covariance matrix are recorded, followed by
A ~

cu and Oy identified as the 'STD DEV MU' and 'STD DEV SIGMA,' respectively.
These quantities are followed by the initial approximations of @y (*ALPHE'),
Bo ('BETA@!'), Ho (*Mug*'), and O ('SIGMA@'). The Newton-Raphson increments

at each iteration, Ao, AB, written as 'DELTA ALPHA' and 'DELTA BETA,' as
well as the associated value of L, are listed next. The last line lists the
fi, 11 estimates of the likelihood function L,, the determinant 4, o, and B
ana are identified as 'MAXIMUM,' °DELTA,' 'ALPHA,' and 'BETA,' respectively.

B. Nonparametric Algorithm

1. Computing Algorithm. As previously mentioned, this algorithm is
initiated should either of the necessary and sufficient conditions imposed
upon the input data not be satisfied. This routine will compute a maximum
of three (3) estimates for the mean and standard deviation using a method
of averaging particular levels of response and nonresponse. To facilitate
execution of the algorithm, the original input arrays have been expanded to
inciude all ai's and bj's, including replicated values. Each array is rank

ordered from the smallest to the largest level.

The first estimate of the mean is obtained by averaging the lowest value
of a response aand the highest value of a nonresponse. Then the two lowest
responses and the two jargesi nonresponses are averaged to obtain a second

15




estimate for the mean. This iterative procedure may be continued until all
even number combinations of the ai's ang bj‘s are exhausted. However, it

has been elected to allow the algorithm to generate only a possible maximum
of three (3) estimates (requiring a total of six (6) input levels). At each :
iteration an estimate of the standard deviation of the distribution is ;

calculated as follows:

=
E
E
B
£

1/2 x [range between levels] (60)

where 'range between levels' is defined as the difference between

max [BA(MTOTB), AB(I)] - min [BE(J), AB(1)] (61)
g and AB(1) = smallest response value of input array (62)
2 Ag(I) = response value at kth iteration, k=1, ...,3 (63)

B@(J) nonresponse value at kth iteration, k=1, ...,3(64)

(]

(65)

SRH A i DA KU

B@{MTOTB) = largest nonresponse value of input array.

ottt Wt

2. Output Description. The output generated for example 2 (Section 4)
is shown in Appendix D. At the top of the output sheet, the program orints
out a description of the first necessary and sufficient condition that is
not satisfied. Directly under this is an ordered listing of the input arrays

' of responses and nonresponses, including replications. Finally, for each
: iteration, the estimate number and the number of rounds required for each
A~ ~

estimate of u and ¢ fo.lewed by the values for u and ¢, written as 'MU' and
'SIGMA,' respectively, are shown.

1¥. APPLICATIONS (EXAMPLES)

el

The three cases used for illustration are taken from armor plate pene-
tration studies. The actual output of the computer program for each of the
examples is inciuded as Appendix D. The data set for the first example
satisfied the n2cessary and sufficient conditions outlined in Section I1I;
therefore, the output will be generated from the DiDonato-Jarnagin procedure.
Example 2 is a 'no zone of mixed results' case which utilized the nonparametric
algorithm. The third example satisfied both conditions required for MLE's

ml T
wll IR A

e AL R

to exist for y and g, yet diverged using computer generated starting values
in a different estimation program. This case is shown for two different
sets of starting values for which the results shew convergence.

HURHH
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For each example the initial estimates werc gecnerated by the program;

in addition, the third example was run a second time with user supplied start-
ing values for a, and Bo.

EXAMPLE 1

in firing 10 rounds at a given armor plate the following observations

were recorded:

VELOCITY (m/s) RESPONSE

1008 Penetration
976 Nonpenetration
98y Penetration
973 Penetration
947 Penetration
943 Penetration
924 Nonpenetration
931 Nonpenetration
360 Penetration
942 Nonpenetration

Initial estimaces computed were a = 37.567 n/s (uo = 956.625 m/s),

80 = 039 m/s (o0 = 25.464 m/s)
4 times to generate final estimates of o = 32.123 m/s (i 948.823 m/s),

= 29.537 m/s). Employing the solutions obtained, the

B =.034 m/s (0 =
approximate asymptotic variances of yu and o were obtained. The covariance

matrix is given by
183.506 ~-50.653

- 50.653 358.946

‘l'hus,c:"2 = 183.506 m/s (o; = 13.546 m/s) and cgz = 358.946 m/s (08 = 18,946 m/s).

EXAMPLE 2

Seven rounds of a given projectile were fired at a given amor plate.
following observations were recorded:

The N-R iteration procedure +as then applied

H

The

o e

o .

1?7
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Once the data were sorted, it was clearly seen that there was 'no zone of mixed
results.' The program then routed to tke nonparametric algorithm. To illus-

trate the method, i&t's calculate the second estimate of MU (u) and SIGMA (0).
The second estimate required a total of 4 levels or rounds (2 lowest responses,

2 highest nonresponses), From the sorted input lists, the two lowest responses

VELOCITY (m/s) RESPONSE

944 Nonpenetration
973 Penetration
961 Nonpc retration
982 Penet:ation
966 Penetration
949 Nonpenetration
70 Penetration

were 966 m/s and 970 m/s; the two highest nonresponses were 949 m/s and

961 m/s.

From the routine,

MUg = MUg + (A(2) + B(2))/2.0
vstimate 1 for MU = 263.5, so
MU@ = 963.5 + (970 + 949)/2.0
MU@ = 1923
W=2.0 (W = KOUNT; KOUNT = iteration ..
MU = MU@/W = 1923/2.0 = 961.5 m/s
SIGMA = (RRANGE - SRANGE)/2.0
Where RRANGE = MAX(BA(MTOTCY, A@(I))
= MAX(961, 970)
= 970
SRANGE = MIN(BA(J), AZ(1))
= MIN(949, 966)

= 949

Thus, SIGMA = {970 - 949)/2.0

= 10.5 m/s

18




EXAMPLE 3

Again, 10 rounds were fired at a given armor plate and yieldecd the
following results:

VELOCITY (m/s) RESPONSE
1295 Nonpenetration
1296 Penetration
1298 Nonpenetration
1301 Nonpenetration
1303 Nonpenetration
1304 Nonpenetration
1307 Nonpenetration

: 1310 Penetration

= 1311 Penetration

= 1314 Nonpenetration

a) Initial estimates generated by the piogram were a, = 210.224 m/s
(uo = 1304.405 m/s), So = 161 m/s (go = 6.205 m/s).A Applying the N-R scheme
= 3 times produced final estimates of a = 50.657 m/s (u = 1317.893 m/s),
. é = ,038 m/s 0; = 26.016 m/s). The following asymptotic variances were

obtained:

o~ = 690.476 m/s (o; = 26.277 m/s)

2 . 2142.252 n/s (o] = 46.283 n/s).

A
Q
>
"

b) Initial approximations of o, = 26.000 m/s, Bo = ,006 m/s were input
by the user. These values generated initial values for o and o, of
4333.333 m/s and 166.667 m/s, respectively. The N-R procedure had to be applied
S times. Final estimates for &, é, ﬁ, p were 50.658 =/s, .038 m/s,
1317.892 m/s, and 26.016 m/s, respectively. Applying these solutions yielded

~ ~
the following asymptotic variances for y and 0;

AL R

690.443 m/s (oa = 26.276 m/s)

Q

axrw TN

and

o 2142.057 m/s (0; = 46.282 m/s).

The above results clearly show convergence.
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V. SUMMARY

For problems of a quantal response nature, a discussion of the maximum
likelihood estimation theory and large-sample distribution theory required
to obtain the estimates of the mean (VSG) and standard desiation of a cumula-

tive normal response function has been given.

The A. R. Dibonato and M. P. Jarnagin, Jr. maximum likelihood estimation
program has been modified and installed cu the Ballistic Research Laboratory's
CDC computer. Instructions needed to properly execute the program have been
provided. This program has successfully converged to provide maximum likeli-
hood estimates for all data sets tried by the authors. A nonparametric
algorithm is also available for those cases where maximum likelihood estimates

do not exist.
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APPENDIX A.

EXPECTED VALUES NEEDED FOR ASYMPTOTIC VARIANCES OF u
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? APPENDIX A. EXPECTED VALUES NEEDED FOR ASYMPTOTIC VARIANCES OF u AND ©
§ The variances of u and 0 may be obtained in accordance with maximum like-
E lihood theory and large-sample theory from the expected values of the second-
E order partial derivatives of the function L,s
= N
f . L,= %L, = kzl [§, 2np + (1 -8 &nq.l. (A1)
|
= } Use of the following general relationship will simplify che conputation
= of the expected values,
=
E aLo’l 2 2’1,
E 3 E é-é—- = - E 3 ’ (AZ)
J 8
=
_ where the partial derivative is taken with respect to some parameter 6. Here,
4 8 would ke equivalent to p and/or o,
; i -V 2/2
& Define z, = (//2m) exp 'k /4, where v, = (& -u)/o. (A3)
- v .2
and Py = J k (1//2m)exp * /2 44 - 1 -q
-0
; Then,
= : ?_?i:.—z_&~ .a_q.k.-f..k_' .?—p.k.=’vkzk (A4)
. m c * 94 o ' 30 c
and
30 c
The maximum likelihood equations with respect to u and ¢ may be written
as
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o ? [ 8 = fnp + (1-8) & tn q ]
TR S T KA " %
N -2 2
1 k 1 k
= I8 s — 4 (1-8) e = —]
k=1 k Py g k Qe o]
oL N 2 z
[} 1 z . k k
F— = = [ (1-6,) — - & — 1] (AS)
M 0,5 kT q ko
L N
o _ ) . 3
Faale kzl [ 8y 55 Wnpy + (1-6)) 55 &n qy ]
N -V, 2 v, Z
= ; [ Gk . l ._(}._. + (l,ak) . .1_. . g k ]
k=1 Py e
oL N v,z v, 2
o 1 Kk _ k“k
3 g z [ (l“sk) 3 ] (A6)

N
Now, consider the fact that Fg I kz g(Gk,~ -k) , where ]
=1 |

E(Gk)
tions (A5) and (A6) become

= £(1) = Py and E(l-ék) = £f(0) = 9 then the expected values of equa-

E(~—)=l'§ [(1-0) X o q - 1) K+ p ]
oM S ko TR P Tk

N
)
=5 ) Iz - 3]
G ko1 k |4
3Lo
E ( 5§~ ) = 0. (A7)
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Using equations (A2) and (AS) - (A6) and the defiritions developed in

the previous paragraph, the expected values of the second-order partial

derivatives of Lo may be easily computed as follows:

BZLO oL, 5
-F | }=E [ =1
3uz y

z

g kg2
[(1 6k) qk Gk P ]]

N Z 2 z :
1 2 2 %k

z [(1-0) __i-- a + (1) —3 * Py
g k=1 A Py

(A9)

.
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AR Iy 4

r
TR0 B

oW

aZLO oL, 2
E[—1=E {l55]
30
N v, 2 A%
! k%K Kk 142
- el 1-§,) — - §
N v, 2z, 2 szz
o I (CE DL S I
7 ) X 2 k 2
o“ k=1 ay Py
22
szk]
- 28, (1-§,) —
DRI L }
N vz"2 VZZZ
2 Vi 2 Yk %
=%2 [(1-0) > .qk+(1) 5 ¢ Py
o° k=1 q Pk
- 0]
5 2.2 2
%L N v 2 ¥ C
o 1 k %k k "k
-E [ 1=>511 " ] (R0
302 o ka1 % k=1 Pk
2
a%L L, 8L
05 _ _o 2
_E[_—auaol-E;(au )(30' )$
N z z
1 k k
= E)-— I 1Qa-8) = -8 o1
T K % N
N ‘12 VZ H
5 L1096 R
L Gy Py
N v, 2,2 vz
selh ) [a-sp?EE .82 XS
) k 2 k 2
0“ k=1 9y Py
VZ2 j
k°k !
- 3-8 5
2 2
N vz v, Z
B A2 %k 2 kk
—-—?‘; [(1-6) > oqk+(l) 2—0pk
¢° k51 9 Py
- 0]
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Therefore,

equations (A9) - (All) may be rewritten as

221,

-E 0
[ auZ]

92y,

-E[ 0]:

802

X

(o]
E [ 355

2
I_'yqik_
6% k=1 Fk%

2 2
1 g Vi %
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APPENDIX B. PARTIAL DERIVATIVES NEEDED FOR NEWTON-RAPHSON PROCEDURE

We wish to compute the partial derivatives of the P, and qj as an aid

in computing the partial derivatives of the function,

n m
L =2L, = 'X &n p; + .i

 inq..
i=1 j=1 J

(B1)

Let the P; and qj be expressed in terums of the new parameters as follows:

1 a.B-a
p; = /2r J t exp[-t2/2]dt, recall s, = a.f-a
. .
and
1 .« @
q; = on } exp[-tZ/Z]dt, recall t = bjB-a
bjB-(].
Also,
x; E (1/v2m) exp(-siZ/Z)
and
y; = UWE) exp(-tjz/Z)
e Pi L AW expl-(a g /2] =
o - - expl-(a; -a) = -X,
then, 8%, 3(-x,) (a;R-a) s
= = - exp{-(a.B-a)"/2
30’ s v 1
2
3 P;
2 i
2
9a°p. 9(-x.) a,(a.B-a)
i_ i’ %1% 2
w8 - 8 o exp[-(a;B-a)"/2]
2
3 P;
3098 = 2i%i%i’

(B2)

(B3)

(B4)

(B5)

(B6)

(B7)

(B8)

= S rem =

- .

+ A st s

2
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L exp[-(aiB-a)ZIZ] = asx,,

2 2
and a°p. -a.“(a.B-a)
LA . exp[-(aiﬁ-a)z/zl

28 /on

Similarly for the qj.

Let 3q. 2
5&l. = (1//2m) exp['(bjs-a) /2) = Y5

2
then, 3°q. 3y. (b.B-a)
fo el expl-(by8-0) /2]
Ja Ja V2 J

2 .
3°q. 3y, ~-b.(b.B-a)
__ql = .—J— = .._.J__l__— exp[-(bjB-Q)ZIZ]

2238 3B /2n

2
-(b.B- = - b.y.,
expl (b38 a) /2] JyJ

2 2
and ] q. b. (b . B'u)
=3 exp[-(bje-u)zlzl

28° /ar

3 q.
__%:- b_zt.y..
38 J 1)

32

(B9)

(B10)

(B11)

(B12)

(B13)

(B14)

(815)




1]

(B16)

"
o~
~~
<
S
£
A
1
™~
”~~
»
pobe
S
o
[
L
-

= 2 a Y- na -Xi
L 3 a_ (L
mu=3—2=2§;(51j)*zlau( L)
g 3 j=1 ) 1
3

R PN
e

!
Q
-1 0
”
-
o
")

il [l il
+

e

[y -]
()
=]
Ho

~

(B17)

AL

33




ALY

LaB

Similarly,

L8

L8

+

1

j=1

b](y]/qj)[(y)/qj) - t)]

i )
7oas(x./p) - ) bilys/a,),
o i jep 3 j
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(819)
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n a.x, m b.y
by Lot 1 St
i=1 Py j=1 j
axi 9 i
noalp;(5) x, (3]
2
i=1 P;

n
2 -
LBB = - ‘51 b; (yj/qj)[(yj/qj) tj]
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APPENDIX C. [INPUT NEEDED AND PROGRAM LISTING

The A. R. DiDonato and M. P. Jarnagin, Jr. maximum likelihood estimating
program is available on the Ballistic Research Laboratory's CDC computer

system,

Prior to executing the program, a data file must be created and stored
on MFA (mainframe A). A list of the parameters that must be read in as input
and the format and instructions needed to create the data file are provided
here.

The three (3) card jobstream that must be created aand submitted to MFZ
(mainframe Z) in order to run the program is also given.

It is important to remember that the data file must be made accessille
to the MFZ while in the interactive facility (IAF) mode.

The following list briefly describes each of the parameters which must
be read into the program prior to execution 2nd which also comprises the

calling sequence for the main computing subroutine EPPA.

CALL EPPA (IDENT,K,L,ALPHO,BETO,FNA,A,FNB,B)

IDENT - Array dimensioned at 8 locations with up to 80 characters
allowed per job. The Hollerith character content of IDENT
is printed on the top line of the output. Note: IDENT is not

printed when the nonparametric procedure is employed.

Twice n, where n is the number of numerically different ai's

K-
(responses). n 2 2,

Twice m, where m is the number of numerically different bj’s

L-
(nonresponses). m 2 2,

ALPHO,.BETO - User supplied starting values a_, Bo’ respectively, to the
algorithm. Setting BETO € 0 allows he Oser to have the algorithm

compute the starting values e, = uolco and B = 1/00.

FNA,A - Arrays dimensioned at k = 2¢n. FNA(i) specifies the number of
A{i) values used, 1 = 1,2, ...,n. FNA(n+1l), FNA(n+2), ...,
FNA(2n) and A(n+¢l), A(n+2), ..., A(2n) is used by EPPA as

workspace.

FNB,B - Arrays dimensioned at £ = 2em. FNB(i) specifies the number of
= 1,2, ...,m. FNB(m¢l), FNB(m+2), ...FNB(2m)

B(i) values used, i
and B(m+1), B(m+2), ..., B(2m) is used by EPPA as workspace.
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STEP 1.

CREATING THE DATA FILE

Data should be created and stored as an MFA permanent file.

Card 1 Columns Format
IDENT 1-80 8A10
Card 2 2 inputs
K 1-5 IS
L 6-10 IS
Card 3 2 inputs
ALPHO 1-10 F10.2
BETO 11-20 F10.2
Cards 4,5
Input may consist of a maximum of 8 data points per card. More
than one data card may be required to input each parameter. These
cards contain data read in with an F10.2 format.
Columns 1-10 11-20  ..ieeeieien 71-80
Card 4 FNA(1) FNA(2) FNA(8)
Card § A(1) A(2) A(8)
Cards 6,7
Input may consist of a maximum of 8 data points per card. More
These

than one data card may be required to input each parameter.
cards contain data read in with an F10.2 format.

Columns 1-10 11-20 L.oieieiieenn 71-80
Card 6 ENB(1) FNB(2) FNB(8)
Card 7 B(1) B(2) B(8)
STEP 2.
Prior to running the program, the data file must be made accessible to

the MFZ while in IAF (/) mode with

PERMIT, PFN, MFZ

where

PFN = filename under which the input data is created

44\
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STEP 3.

To run the program, create and submit the following 3 card jobstream to MFZ.

JOBNAME, STMFZ.
ACCOUNT, XXXXXX.

BEGIN, NMLEX, NMLEX, PFI= » UN= » (RJE=RJE ).
where
PFI = file name under which the input data is stored,

UN = user name identification for above file,

RJE = RJEXXXX where XXXX is a 4-digii code designating a particular
RJE as the output device; if omitted, the central site serves
as the output destination,
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APPENDIX D.

COMPUTER OUTPUT FOR EXAMPLES

57

L e —— et

By iy




ORI TR TS S TV -

IR

G IV TV R TP P

TR

: 1 FTdWVXT ¥0od4 LadLNo

10-2519299S2855F58°0=v138 20+9040094224£202£°0=¥Hdly S0+300000000020101L"°0=¥1713a 20~922S602805¢4699S5 0xaNwIxvyi

20-322560280566995°0 90-28941.606959601°0 €O0-91L122299678201°0 k4
. 20-389872972966v958°0 SD-3CL522€50991€908°C 20-299GCL08229£852¥°0 |9 .
Z0-986L79E0S5597995°0 £0-960961291962158°0 O0+988S51541919125%°0 4

20-31525550ES8296Y°0 ZD-2602SL2L9999429°0~L0+369200£2500€429°C~ ) A
1 vi36 v173¢ vHéW v173e diss “
0. 9C65.256£799952°0 =0WWO1S $£0+200000000529956°0 =0 LO-2LL{0669S9CL2HE°0 =0VLIIE 20+49206925000129625°0 =0vHa v |
9 v V104 “ i
[ 1
1 9 00 y
t (s w i
l T 1 T |
| t (s 1 < ,
} Q@ i 2
; 7004 1922022% SY68L°0=VHOIS A3IG Q1S  20422623995€9995C1°0=NW AIG G4S L “n 1 T {
§ $3NTvA @ SINTIYA ¥ 40 ¥3LWNN :
! 90+205001°0 (9
! £0¢2006Pc°C ($ _
: £3+9650S9L77996855°0 ¢0+29992994$2£5505°0~ £04200926°0 €% £0¢200§206°0 (9 .
2342996299652£5905°0~ $00300S/€6,9505C0L°0 X1¥ivi IINVIEVAQ)D £0+42002%6°0 (5 £6+900096°C (S f
0+900t50°0 (2 £0+42002%8°0 (2 i
204969620090025562°0=YWOLS  §0+2765£81E92288%0°0=nH £0+200%26°0 (| i0430CLY6°C (1
(e (I V

t 3lowvX3 - viva 1531 1)

A ——————r ) 0 g e L o-




¢ TTdWVXd ¥0d 1Ndino

20+42002000000005%:~0 =YWO1IS £0+4900000000005096°0 =Nk
“SOMAOY 9 NO Q3SYB SVYA VWSIS OGNV N 803 € 31YWNILSI

20+4940GQ0000000S0L°0 =VWI1S £0+90000000000SL9€°0 =Nk
“SANIOY 7 NO Q3SVE SVYRM VKOIS ONV NW ¥04 2 JFLVWILS3

10+43000000500000S2°0 =VW91S £0+900000000005£96°0 =Nn
“SANNOY 2 NO Q3SVYE SVYA VYWYIS ON¥ NW HC4 | 3AVKILS3

£0+200196°0 (%

$0+3006%6°0 (2

£0+900%%6°0 (i
S3ISNOdSIH=-MON

£0+4300226°0 (Y
£0+300£26°0 (£
£0+300026°0 (2
£0+4900996°0 (1
SISNOJIS3Y

€ WAWIXYW OL TYNB3I ¥0O NYHL ¥31v3uD SI Vv WNARINIK

59

B e S S Y




TR WO

T oo W 0

e¢ FT4WVXT ¥O0d LO4L1O

1S-62999819£2£99€°0=V136 20+9£222605989$905°0=vN2TY

20+4900000G056009221°0=¥1730

"™

»

20=92998529964L892°0=hNu{XYN

20-32968852v%01L1§92°0 SO-29YSYY6:9086519°0-20-92220620265995°C~
20-26209€550562292°0 20-2£306525152£269°0

$0-229025299526u22°0 00+2825559279722T4°0~

1 vi3e vil3a

Y0+32951$8290990€1°0 =0Nx

10+96:0£5935(87029°0 =0VYs31S$

Z0+355227(19158297°D=¥x915 A3Q O1S 20+2718565050692292°0=NKW A3Q 01S

90+9€1£02560€250L4°0

v0+215028596712%42°0
$04+21%200802529069°0

90+9$1502260£25004°0 XI8ivW 3INVINVAOD

20+3229€9228091092°0=VWI1S 2042(S610022684L51°0=N¥W

o A B - N B [ -

g

00+25892996S99L191°0 =0vi?"

el ok ol ol o

SINWVA 8

Y0+2091€1°0
90+46G20€L°0
26+3090£1°0
90+90£0€L°0
40+903C81°0
*Dea0ZH2L0
2G+905624°0

£
304919255¢6192026085°0 4
4
E

L7
9
(s
1%
(<
(2
(43

(¥
(9
(34
(&
(%
(e

¢
.

Me

1

$0+22560806295775851°C~
YHa Y vi13a d

18

£O+2YCY69LY¥E22042°0 =0YHeIY

1Y IWVi104

i (€
3 (2
13 )
v 40 w30ANN

$9+303454°0 (S

9B #02ICL"C (2

204959e21°0 (1
L1y

37ghyX3 - ¥35C 16831

(=]
0

- ——

=

s Lasac sy

i,




(DePESTLIL: 75599910 =0UWDIS

oty
Sedd

qe F1dWvX3 d04 1LNdLno

10~22297€991E65Y8€"0=V236 200225602099$25905°0=VYNd Y

20-391189229841892°0 10-900806829222252

90++#000000000060821°0=¥1130

20-39909825264459Z°0 Y0-295¥626919422989°0
20-926524GL 865909270 20-~2160102€58L4226°7

£0-296501543985489°0 10-291€51825290288° "
00+200000000000000°0 L0-2625C0282289828

7 vide vi30

20¢3.5609695E5££E9°0 =0NK

20+20062902249128299°0=Y¥K31IS A3Q a1s 200955969962294292°0=nn A3C Q)3

904261291159214501L°0
£0+952£0601L28279069°0

0+3295095Y26921451°0=NW

90426990£2£2502912°0
904261L295159245014°0

2043166$10402$8092°0=VvH31S

Xsuivd FINVIBVAODD

s oy .. - . e

gt duck il Lt

20-9149¢12500000009°0 =(3NdN1I0VL3E

0 90-992151522288598°0 Y
$0-2650cE 14962920670 ¥ ) )
L4362 966989561989°0 ¢ |
204900L904125229926°0 2 !
c0-2049612989F582929€°0- L :
vHelv V1130 4318 cof
204900000000000092°0 =(1NdKIIOVHITY —_ M
)
] £ W01 w ;
¢ !
t ') P
l G
t (&) It
1 s ' 3 o
1 2 Y 2 b
1 ' Y «
$3NVvA 8 SINTIYA ¥ S0 W3EwNh i
y0+900851L°0 €2 .
90420L05L°0 (9 P
904A0Y0CL°0 (S O
¥0+90§0C1°D (9 i
20+201084°0 (S 20490LLEL°0 (€ i *
202086210 (2 90430048 1°C (2
¥0+206631°0 (1 90+305623°0 ¢
(Y6 Y ‘

20351 Le9L29€ 1 LEP2"OsWNNIXYH

§ 374WyX3 - VivD 1331 .

Lt i



I

y s AR A AT AR

i

Ul s A MK L

DISTRIBUTION LIST

No. of
Copies Organization
12 Administrator

N

Defense Technical Info Center
ATTN: DTIC-DDA

Cameron Station

Alexanaria, VA 22314

Commander

US Army Materiel levelopment
and Readiness Command

ATTN: DRCDMD-ST

5001 Eisenhower Avenue

Alexandria, VA 22333

Commander

US Army Armament Research
and Development Command

ATTN: DRDAR-TDC

Dover, NJ 07801

Commander

US Army Armament Research
and bDevelopment Command

ATTN: DRDAR-TSS

Dover, NJ 07801

Commander

US Army Arinament Materiel
Readiness Command

ATTN: DRSAR-LEP-L

Rock Island, 1L 61299

Director

US Army ARRADCOM

Benet Weapons Laboratory
ATTN: DRDAR-LCR-TL
Watervliet, NY 12189

Commander

US Army Aviation Research
and Development Command

ATTN: DRDAV-E

4300 Goodfrellow Blvd.

St. Louis, MO 63120

Dicector

US Avmy Air Mobility Research
and Developmenit Laboratory

Ames Researcn Center

Moffett Field, CA 94035

No. of
Copies Organization
1 Commander

63

US Army Communications Rsch
and Development ‘ommand

ATTN: DRDBCO-PPA-SA

Fort Monmouth, NJ 07703

Commander

US Army Electronics Research
and Development Command

Technical Support Activity

ATTN: DELSD-L

Fort Monmouth, NJ 07703

Commander

US Army Missile Command
ATTN: DRSMI-R

Redstone Arsenal, AL 35898

Commander

US Army Missile Command
ATTN: DRSMI-YDL

Redstone Arsenal, AL 35898

Commander

US Army Tank Automotive Rsch
and Development Command

ATTN: DRDTA-UL

Warren, MI 48090

Director

US Army TRADOC Systems
Analysis Activity

ATTN: ATAA-SL

White Sands Missile Range

NM 88002

Commander

US Army Research Office

ATTN: DRXRO-MA, Dr. Robert Launer
P.0. Box 12211

Research Triangle Park, NC 27709

Commander

US Army Combat Development
Experimentation Command

ATTN: ATEC-SA, Dr. Marion R. Bryson

Fort Ord, CA 93941

- ———

f*
}
|
i




% E
DISTRIBUTION LIST
No. of
Copies Organization
2 Commandant
US Army Infantry School
ATTN: ATSH-CD-CSO-OR
Fort Benning, GA 31905
Aberdeen Proving ~.ound
Dir, USAMSAA .
E ATTN: DRXSY-D
E DRXSY-MP, H. Cohen
H Cdr, USATECOM
Z ATTN: DRSTE-TO-F
E Dir., USACSL, Bldg. E3516, EA )
- ATTN: DRDAR-CLB-PA ;
e DRDAR-CLN H
= DRDAR-CLJ-L :

R B R

R A

LU A YR
T

R

Laar]

64




st

o y
L B A L e

bl

R U P T

A A A o e R A R A A

il
.

USER EVALUATION OF REPORT

Please take a few minutes to answer the questions below; tear out
this sheet. fold as indicated, staple or ta,e closed, and place
in the mail. Your comments will provide us with information for

improving future reports.

1. BRL Report Number

2. Does this report satisfy a need? (Comment on purpose, related
project, or other area of interest for which report will be used.)

3. How, specifically, is the report being used? (Information
source, design data or procedure, management procedure, source of

ideas, etc.)

4. Has the information in this report led to any quantitative
savings as far as man-hours/contract dollars saved, operating costs
avoided, efficiencies achieved, etc.? 1f so, please elaborate.

5. General Comments (Indicate what you think should be changed to
make this report and future reports of this type more responsive
to your needs, more usable, improve readability, et-.)

6. If you would like to be contacted by the personnel who prepared
this report to raise specific questions or discuss the topic,
please fill in the following information.

Name:

Telephone Number:

Organization Address:




sﬁ
=
=
= i
= |

T e B e - AW UE % 3 2 e ——

— — — —— — — — —— —— —FOLD HERE — — ~— — — — — — —

Director

US Army Ballistic Research Laboratory NO POSTAGE

ATTN: DRDAR-BLA-S ?gcﬁgfﬁ

Aberdeen Proving Ground, MD 21005 IN THE
UNITED STATES

OFFICIAL BUSINESS

PENALTY FOR PRIVATE USE. $300 BUSINESS REPLY MAIL

FIRST CLASS PERMIT NO 12062 WASHINGTON,DC
POSTAGE WILL BE PAID BY DEPARTMENT OF THE ARMY

Director

US Army Ballistic Research Laboratory
ATTN: DRDAR- BLA-S

Aberdeen Proving Ground, MD 21005




