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"'i:'•: • ,ABSTRACT

SThe primary goals of this r-port ariq to make the formal
mathematical deszriptions of thce optical concomitants of
rectilinear self-motion through the environment more useful
by consolidating, clarifying, and extending thnm The
report includes: (1) a critical review of the literature on
the optical bases for the perception of rectilinear
self-motion, (2) an outline of a comprehensive framework for

.. the study of self-motion perception Eased on J. J. Gibson's
ecological approach, and (3) an introdaction to a unified
mathematical treatment of the global optical effects of
rectilinear self-motion. A careful distinction is maintained
between g9-ometrical facts and perceptual or psychological
aspects of ss1f-mntion. The report is written in a tutorial
style.
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GOALS, SCOPE, AND EXCLUSIONS

For the vast majority of animals, the control of
self-locomotion (egomotion) is i L general dominadtd by the
visual system. For th- control of flight in particular,
visual guidaace is definitly preferred and often crucial.
llencc-, an exact formulation of the optical iafocmation for
the perceition of egomotion would Le of great theoretical
interest and practical value. Accordingly, several
mathematical analyse-s have been performed. But, impressive
as some are, th-y are of limited usefulness for (1)
practical applicatiotis (such cs simulator design) , (2)
empirical testing, and (3) further theoratical development.

Goals

The prinacy goals of this report are to make the tormal
mathematical analyses of th o Fpt-ic ca1 nCmtaDLS Q
egomotion more use.ful and accessitla by consolidating,
clarifying, and correcting them. The emphasis on
acce2ssibility and usefulness means that d someWhat tutorial
style is used.

Some of the analysas presanted apply to all types of
e-omotion t .h ro i• a h kL 1 1 U- it

of this report is in general limited to rectilinear
egomotion over an endless 4lat terrain. However, in
contradistinction to some studies which confine themselves
to level egomotion, this study emphasizes paths at any angle
to the ground.

Exclusions

Non-visual sources of information that may contribute
to oL contradict the visual -xperience are not considered.
Also, thc theories and literature on rotary egomotion are
deliberately excluded.
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PLAN OF THE REPORT

This report is organized into five major sections:

1. Reasons for limited usefulness of previous studies.
This section contains the justifications for this report.

2.. Terms and distinctions. This section is presented 1
as an aid to understanding aud organizing the literature.

3. Literature review. The literature review is
concerned with mathematical optical analyses although a few
empirical stulies are discussed. The insistence on optical
studies mpans that all references are post-•WII. Although
the review is extensivp, it is not intend,.d to be
exhaustive 1

4. Aspects of a comprehensive ecoloica analysis. . .
This Section attempts to outline a comprehensive framework
for the study of the perception of egomotion. An ecological '
approach based on Gibson (1979) is used.

5. Optic arra! vs. retinal description. This section
attempts to clarify the distinction between optical 7-1
description referred to the optic array and to the retina.

6. Unified opt iicgal description. This section presents
the known mathematics of the optical concomitants of
egomotion in a convenient form.
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r1

REASONS FOR LIMITED USEFULNESS 0F PREVIOUS STUDIES

The usefulness of pievious anialytic studies is limitetd

for five principal, reasons:

1. Incompleteuess. No analyses or set of analyses
presents a complete list or exhaustive description of all
the optical info.-mdtion available about egomotion.

2. ultpliity9fnotations and aplyta strteges
The problem of egoinotiori perceýption has attracted a broad
spectrum of r-searchers ranging from philosophers,
Psychologists, physicists, engin-!ýýrs, and siwulator
designers to highway, harbor, and air safety personnel.
This div---rsity has led to a growiag Lut scattared and
inchoate lit;erdture on egomotion perception. aecauoe of theý
insular rature of the iiteratures of largely independeýnt :7
discipline-s, the great -wheel of the egomotion optical flow

*pattern has been rod isco v* erd scvaral tines.2 G
rediscovFriL-s hav,! Employ4ed a multiplicity of notations and
analytic strategies. 7hus it is not always easy to tellI
when two apparently different analyses are eithe-r iormally
equivalent or fundamentally diffarent either because of
errors or because differen aspects of: the flow pattern are .

3. Disticton bewe g ntelrting js. desc~rib ing
_§pays Tests or applications require displays which

cexhibit a feature of interest in a Ccontirn11od And mt-lCaihlu

isolated manner. Controlled displays today generally mean
computer graphics simulations. But, the equations which
describe agomotion displays are unwieldly and even

irrelevant for qoýnratinq such displays. Hence, there
exists the curious situatioa that people who design andI
build computer generated simulations use an entirely
diffprent set of equations and procedures than the ppople
who describe and stud y -the p'c*rceptual util- a4-ioi of the
resulting displays.

4. 'Judetected errors. oue ddvautagc--e of a com~puter
generated egomotiou display is that its appaarancc serves O.s
a check or, the cortectness ot thbe underlying procedure::
Subtly flawcd e-quations can produce bizarre aiid U;at-ntly
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"flawed displays. This advantage is, of course, lost whendifferent equations are used for generation anddescription/analyses. Iadeed, some of the formal analyses
Scited by users of dynamic displays do contain errors. !These

errors have remained undetected, in part, because static
figures or graphs made from flawed equations do not appear". wrong as easily as dynamic displays do. Descriptive errors
limit the usefulness of correctly generated dynamic scenes
by misleading developers of perceptual hypotheses.

S. Inconsistencies and conceptual confusions. In
addition to errors in the mathematical analyses, there are a
number of inconsistencies and conceptual confusions with
respect to the psychological aspects of egomotion.

?.~

m 
-•

.'.

11
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TERMS AND DISTINCTIONIS

The beginaing of a comprehensive conceptual framewozk
for unde-rstandinq egomotion perception will be outlined
after the descriptive literature has hei-;;n reviewed. This
review makes some distinctions and utilizes a terminology
somewhat different from that found in the original articles
since a gr'eater level of precision and consistency of usage
is ne-eded. Some of those terms and distinctions are briefly
presented hqre to aid the review.

Distinctions are made amonq (1) the description of tho
optical concomitants of egomotion, (2) the optical
information available fcr egomotion, and (3) the perceptiou
or utilization of availablQ information. A further
distinction is made between optical descriptions made with
res~iprt t.c the human rqtina ariJ those with respect to the,
am.bient optic array.

The optiC11 concoitans of eq omotion refer to the
projkective geometric consequences ot that egomotion at a
moving point of observation. Although optical descriptions
of those geometric effects may be with respect to the
"retinal image"l or the "proximal stimuli"', description is
best made with respect to the: ambient. optic ara which may
be conceived of ina several ways such ds (1) a gen-,ralized
non-rotating panoptic retina, or as (2) a full spherical
Projection surface centered on a moving point of
observation. Optic array descriptions and analyses are
independent of any particular visual system.

if optical concomitant reters to t~he dynamic projective
mapping of the environment onto the optic array during
eqrimotion, then optical information vefers to the inverse
projective mapping back from the optic array to the
observeýr/enviroument ztate. Optical information, or
synonymously, optical specification, i:3 necessarily
mathematicadlly copipletely adequate and sufficient to
unambiguously determine the o )e rv e r/ e n v iro a me at state.
Hence, --ha terýms "optical in form at ioai "optical
specifiers", and "optical1 bases" contrast sharply with the
terms "clues" and "lcues"l which suggjest an i~ndet-rumiracy 0or
inadeguacy in the inverse geomcftric snse.

Another important distinctiont is that L c t w•ee- the
availability of information and the piLckup or 1;sychological
utilization of that information. "Information pickup" and
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"" pqiZception" are used synonymously. The point here is that
the study of the optical concomitants and optical
infocmation is geometric and analytic whereas the study of 1
inr[3rmation pickup is psychological, and empirical. -

A standard set of important kinematic distinctions is
that among velocity, speed, angular velocity, and angular
speed. Velocity and speed refer to translation. Velocity is
a vector quantity having both direction and magnitude
whereas speed i5 a scalar quantity equal to the magnitude of *,

thq velocity. Angular velocity and angular speed refer to
rotation. Angular velocity is a vector oriented along the
axis of rotation and pointing in the direction of advance of
a right hand screw. Angular speed is the magnitude of the
angular velocity.

IbI

r-i

*;1

- 1

4'
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LITERATURE REVIEW

The experience of one's own movement contrasts sharplywith the perception of object motion and possesses both a
"curiosity" or pheaomenoLogical quality and a survival
value. The curiosity value is especially apparent due tothe ubiquity of naturally occurring illusions of egomotion

* such as can be experienced whcn standing in a lake
(Johansson, 1977). These illusions can be quite compelling

- and vivid and caught the attention of many lay people as
well as pre-1950 psychologists. Vhe pre-1950 psychological
literature is thus peppered with many references to the
phenomenological character of egomotion. The fewer pre-1950
attempts at explanation of the experience reduce to
invocations of the particular theorist's regular theory of
object motion perception coupled with an added factor such
as attention or fixation. Hence, the pre-1950 references to
egomotion will not be reviewed here.

The 1950s

Gibson's contribution

The modern tredtment of egomotion stems from J. J.
Gibson's insight that the survival value of egomotion,
rather than the phenomenological quality, is the moreimportant ptcob].ei to be explained. This insight was fortrc•.
on Gibson during World War II while he was attached to an
Army Air Force research unit developing procedures for pilot
selection (Gibson, 1947). Gibson reasoned, in effect, that
in order to efficiently select and train people for complex
egomotion guidance tasks, we ought to begin with the
theoretical questiou of "What gives rise to the perception
of egomotion?". His answer wds that there must be an
optical effect on the projective structure of light coming
to a moving point of observation due to egomotion and that,
in turn, this optic effect can serve as information about
egomotion.

The optical effect or concomitant of egomotion is a
particular total transformatioii of the structure of t[eamnient optic array at a moving point of observation.Gibson (1947, 1950) first pictorially described the optical

bi
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transformation or egomotion optic flow pattern. le ased a
set of schematic illustrations which essentially depict the
optical traces that would be left oL a photograph Iuring a
short time exposure. The depictions included lateral as
well as frontal window views duzing level flight and a
frontal view during a landing approach (Gibson, 1950, Figs.
53, 54, 58). Figures 9.8-9.12 from Gibson (1947, U.S.
Government Printing Office) are reproduced here in Figures 1
and 2 for their historical value and as the principle
illustrations of the egomotion optical flow pattern.

The first major mathematical analysis of the flow
pattern was by Gibson, Olum, and Rosenblatt (1955). They
provided a set of abstract analytically oriented
illustrations of the flow pattern. These illustrations are
abstract in that they do not correspond to tracings on a
window but rather are a map of the differential optical.
velocities over the entire subhorizon hemisphere of the
optic array corresponding to an infinite ground plain.
These abstract illustrations, along with those from Gibson
(1947, 1950) , are intuitively clear, informative, and
sufficient to enable the reader to grasp almost all
qualitative aspects of the flow pattern. For example, the
figures, make clear why Gibson et al. sometimes reserve the
term "flow pattern" for level egomotion and use "expansion
pattern" for eg-notio-n t-owardA a surface. -

The quantitative aspects, of course, require formal
analysis. The analysis of Gibson et al. is significant,
technically correct, and yet leaves much to be desired. The
analysis is significant for two reasons. First, it is very
general in scope. Their Eqs. 1 and 3 give the magnitude of
the optical (angular) velocities of ground points during
egomotion along any rectilinear path at any angle of
approach to the flat surface. In fact, in Footnote 13, they
generalize the analysis to any points in space.

The second reason their analysis is significant is that
they provide two alternate but equivalent analyses. The
first analysis (Eq. 1) gives angular speed as a function of
optical position referred to a meridian and eccentricity
system of spherical coordinates. As such, Eq. 1 predates in
generalized form (since it allows for any angle of approach)
the analysis of Nakayama and Loomis (1974). In fact, the
sp•ecial case of Nakayama and Loomis is given in an
unnumbered equation on p. 382. The second analysis (Eq. 3)
gives angular speed as a function of optical position
referred to an azimuth and elevation system of spherical
coordinates. As such, Eq. 3 predates the analysis of Gord.)1v
(1965, 1966) and does so in a way that presents optical
position in truly optical terms.

..........
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Despite its significance, the analysis of Gibson et al.
does leave much to be desired. Although they give correct
equations for the magnitude of the angular velocity vectors,
they do not provide expressions for the actual, vectors or
their directions. Instead, they verbally define the
"expansion vector" at a ground point to be a vector tangent
to a line of constant meridian and having the magnitude
indicated (p. 378) There is nothing wrong with defining
such a vector. An explicit expressi.on can be unambiguously
derived and Gibson et al.'s omission results in nothing more
than an inconvenience to readers who wish to make drawings,
computer simulations, or furthur mathematically study such a
vector field. However, Gibson et al.'s use and terminology
are somewhat at variance with more sophisticated treatments
such as Koenderink and van Doorn's (1981) and this creates
problems.

A formal vector analysis (such as in this report)
associates several different vectors with each ground point,
each vector having its own direction, magnitude, and
meaning. In particular, th_ angular velocity vector does
have the same magnitude as Gibson et al.'s expansion vector
but a different direction. However, this does not
invalidate their findings and conclusion.. Rather, readers
must be sensitive to the cort contribution uder the
terminology and tormalisms used. This is not an easy task
and Gitsou et al. may be justly faulted for the o"ttuseness
of their presentation. Their derivations and definitions
tpnd to be unclear, the optic array significances of key
variables are not developed, and most regrettable, many
assertions are made about the existence of optical
information for several egomotion parameters, but without
mathematical support. In fairness, the task has
subsequently proven quite difficult and more recent analyses
are slowly confirming Gibson et al.'s intuitions about the
existence of optical information.

A theoretical discussion of the implications of then
flow pattern for aviation followed shortly (Gibson, 1955).
This was in turn followed by a curious exchange in the same
joucnal. Calvert (1956) took issue with some of Gibson's
terms in favor of his own term "streamer pattern" Put forth
in an earlier paper (Calvert, 1954). he also objected to
abstract diagrams that "merely tabulate angular velocities"
(p. 478). Gibson's (1957) reply is still worth reading.

Although nonmathematical, Gibson's next theoretical
paper is important because it emphasized the visual control
of locomotion in all animals, not just humans. lie
explicitly presented verbal formulas couched in optic array
terms for specific egomotion tasks such as aiming, steering,
approach, braking, and pursuit and avoidance (Gihson, 1958).
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Other verbal and nonmathematical descriptions of the
flow pattern have appeared in the science fiction literature
(e.g., Asimov, 1953, chap. 2, pp. 26-27; Clarke, 1968, chap.
41). Attention is called to the descriptions by these famous
authors, not because of any impact on scientific
developme'ts (there is no evidence of any such iwpact), but
rather because they do show the appeal the flow pattern has
for observing people.

The 1960s

One basic characterization of the flow pattern is that
it is a field of angular velocities. After determining an
angular speed formula, naturally early questions are those
ot determining maximun and minimun angular speeds and
iso-angular speed contours. surprizirngly, only Schreiber
(Havron, 1962) seems to have been concerned with determining
maxi.mal values, whereas alwost all 1960's studies discuss
iso-angular speed contours.

* The 1960's Studies

Hajron (1962). Havron (1962) reports an especially
interesting analysis of the flow pattern which lie credits to
A. L. Schreiber as a ghost co-author. Schreiber derived two
exprassions for the optical (angular) speeds of ground
points during rectilinear egomition as a function of (1)
path speed, (2) path angle, (3) path distance to the impact
point, and (4) the ground coordinates of the ground points.
SThe tLo epcFS5ions differ only in the use of Cartesian or
polar ground coordinates and the origin of toth systems is
defined by the impact point itzelf. In fact, the analysis
is not actually an optic array description since angular
speed is given as a function of qgound position rather than
optical position. But, although no vector expressioL was
"used, Schreiber succeeded in making two major contributions
concerning the ground loci yielding maximum angular speeds
and equal angular speeds.

First, Schreiber determined the ridgeline of maximum
angular speeds. Optical flow paths or meridian lines
correspond to a set of straight ground lines all centered on
the impact ?Oinlt and extending to the horizon. Along a
ground line, optical flow is zero at thp impact point,
increases to a maximum value, and then slows to zero at the
infinitely tar horizon. Schreiber determined the distax.ce

U.



Egomotion Flow Pattern 11

along each radial ground line at which optical flov is
maximal for that ground line. No matter which Ladial ground
line out from the impact point, and no matter what the angle
of approach, the maxiwum angular speed on each grouud line
obtains at a distance from the impact point exactly equal to
the comotion path distance to the impact point. Hence, the
ridgeline of maximum angular speeds is a circle on the
ground centered on the impact point and having a radius
equal to the path distance to the imract point. Each point
on this circle yields a maximum optical velocity for its

line but not all these maxima are ejual. The ground point
yielding thp greatest flow for the whole iptic array occurs
at a point almost directly under the observer. This point
is optically set back from the vertical by exactly one half
the angle of approach.

Schreiber's second contribution was to determine the
grouncd loci for which the angular speeds are the same. fie
determined that there are exactly three types of iso-angular

* speed curvps. All descriptions here refer to the ground and "
"not to a projection plane. Type I curves are very thin
elongated cuLves which "look like ellipses" (p. 1 ). All.
have the impact point in their interior aad all are
"contained within the circular ridgeiinr-. Type. II curves all
contain the absolute maximum point within them and cross the

- ridgeline at two points. Type III curves completely
" S1 Z r ..... Ua"Athe ridgezlive. See H uin (i962) for more details.

..Sndejr (1964). Independently of Schreiber, Snyder
(1964), in a study of visual factors in low altitude flight,
derived an expresssion for the angular speeds during level
flight as a function of ground speed and the three
dimensional coordinates ot ground points. An interesting
feature is that he also presented an expressica in which the

* " forward coordinate is replaced by the time necessary to
traverse the forward, but not the total, distance to a
Sot, ny-er's equation caa Le uied to determine iso-speed
contourF but only for level flight and is thus not as
general as Schreitr's. Level flight is of sufficient
interest that Snyder and also Harker and Jones (1980) used
Snyd.)r's equations to present a series of iso-speed contours

* to delimit the so-called (or better, alleged) "blue zone".

Gordon (196_5). 1hus far, all analyzes have assumed
. rectilint.ar egomotion at' a constant velocity and the main

optical variable was angular speed. Gordon (1965,1966)
* greatly extended the scope to include egometion of varying

speed along horizontal and vertical curved paths and also to
include angular acceleration as an optical variacl,. For
analysis, he used the field concept, a very powerful tool
that is also used in this report. Simply put, a "field" is

,
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used to :irepr~sent a physical quantity that is a function of
position iii a given region. Gordon examinod throe fields:
those of opticdl position, velocity, and acceleration.

Positioa as a fuaction of position sounds odd.
KGordon's positional field refersý t o optical position in

terms of tb? azimuth and elevation spherical coordinates
associated with a ground point. His optical position
analysis is very cl.ear. fie gives explicit formulas for
azimuth and el'-vation as functicns of thý- Cartesian
coordinates of a ground point, and moreovcer, pzecisely
defines his ;oordindte s~ystem. This is a au improveme;nt
over Gibson et al.

The velocity field analysis is more troublesomco. Hiz
again is clear and explicit in determining the magnitude of
the velocity vectors. unfortunately, he is nowhere explicit
in an expression for the vectors themselves, and worsge, his
expression for the vector magnitudes is wrong.

His method for deteý-rmining total angular speýed is to
first dptermina the azimut~hal and elevation velocity
components, a totally acceptable ani1 informativ, proceduz,2.
The error is the mFethod of combiniag the components. Because
he is usiag spherical coordiuates, thp- coaponenIts do niot
combine accordinq to the simple Cartesian formula for
di--tance which he used (Gordon, 1966, Eq. 46). Duz to this
error, his iso-angular speed contours (1965, Figs.. 5 & 6;
1966, Figs. 12 F- 13) are wrong. But even if the correct
combination rule were usedi, his procedure for deriving the
iso--velocity contours from this formuiation in terms of
Carteýsidn coordinates i5 very indirect and cumbersome. For
Cartesian coordinates, the procedures of Schreiber or Snyder
are more conveaieýnt.

His vectors themselves seem to bp directed along the
flow path optically "etched"l on d frouto-parallell window
durlingi equiaotion. Thus, they cocrespopd to Gibson et al. 's
velocity vectors and not the angular velocity vectors of
modern analysis.

Gordon's study is not without merit. It attempted to
greatly expand thp scope of the flow pattern analysis and
the problems are not irreparacle. His velocity componEnts
are expressed in Cartesian rather than optic array terms,
but this can ben remedied. His method of combiiation is
wrongf but again, that can be remedied. Fi~nally, his
discussion of curvilinear egomotion is interesting, and
although there ace some problems, it does anticipate some of
David Lee's conttributioas.
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B.qggs (.1966) -The- correct method of combining separate
sphsrical angular rate components into total angular speed
was exhibitcd by Eiggs (1966, his Egs, 4.2 S, 4.5). He used
a meridian and ecccntricity system with the "north' pole
oriented alon~g th-ý dirrection of egomotion. Thus his angular
zsjeed analysis is similar to that of Nakayama and Loomis

*(1974) but the flow vepctor~s the-Laselves are not specified and
LO projected flow d1idgrams are depicted. An unusual feature
of Biggs' analysis is that in addition to d~sc~cibing the
optical effpcts of ?gomotion for a zero-dimensional point in
the environment, he also described the effects for a
one-dimeasional li~nF and for a small two-dimensional surface-:

elmnt.

Consider the case of a two-dimensional. surface elemuýent
first:

Points and lines cannot expand, yint the flow pattern
'has sometime~s been refer-red to as in expansion pattern. But
t h. t-nr m is appropriat3 becausa t h i optical sizes of
two-dliensional Cer.virOnrner.ntal fe~atures do incr,:ýse with timq
a5 lonq as they re-main in tho "frontal" bemilsphere of thq
optic array. (in the hind hemispherlLe, nptical contoujrs
contract OL neýgative~l - exp and(.) hig roe he
engirneering concept of "areal strain" .in I t relnso ' it1
into au iadEx, Y, of 11rate of local. arreai expaasionll, which
for reýctilinear egomotion iz given. by

Y 2 (s*r) Cos lFC

w h ere s. i s t h,7- egospeed, r is th-e distance to t hc
environmental feature, and FC is t he angle betweesn thIie
heading point and the teature. Notice that cos EC, and hence
Y, is: pos5itive in the frontal hemisphere of expansion and
negative in theý redr hemisphere of contraction. The local
expansion, Y, can also be determirned for curvilinear 7r
egomotion (Biggs' Eq. 14.6).

The ohec-dimensional casa is here taken to include both
straight lines and constantly curved lines such as thp curbs
oi straight roads dad uniform Lends. Biggs noted that, whon
an observer maintains a constant distarce t~o either typip of
curL, the optica.,. projection of the curb maintaiins a
constant optical position. This invariance of optical
Position foL the line takeýn as a whole exists in spite of
the shiftingj optical position of theý individual pcints
comprising the- line. Biggs described the angular position of
a straight line as the

arc tan (signed lateral distaace / he-ight)

This is the inverse of the projticteýd slopn and corresponds
to what Warr'un (1932) calls thIE "optical splay"I -of the line.
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In discussing the problem of controlling heading by
tracking the optical position of specific elements such as
curb linrs, Biggs anticipated key elements of
control-theoretic approaches to the perception of egomotion.
He further anticipated, by differentiating between the
effects of flow on specific scene elements and general
global effects without reference to specific scene elements,
two emergent "traditions" or approaches to flow pattern
description. One approach, favored by psychologists and
computer vision scientists, concentrates on the flow pattern
as a whole by focusing on the behavior of single but
a.cbitrary points. The other approach, favored by
control-theory oriented engineers, concentrates on the
optical behavior of specific greater-than-point-size scene
elements such as the outline of a runway.

Biggs' study is rich in concepts and hypotheses which
would have enriched research on the perception of egomotion.
Unfortunately, he received virtually no citations in
subsequent studies (possibly due to isolation in a British
Mathematics Department and to expressing himself in terms of
automobiles rather than using the more dominant vehicle of
aircraft favored in the egomotion literatuEe). His concept
of rate of local areal] expansion deserves further study.

Whiteside nd Samuel (1970). The iso-angular speed
discussions so far have been concerned with identifying the
ground loci which yicld a common optical speed. In a brief
but noteworthy paper, Whiteside and Samuel (1970) extended
the environmental domain to include all possible
three-dimensional loci which yield a common optical speed.
They argued that such a set of points forms a
three-dimensional surface called a torus. This torus is a
surface of revolution formed as follows: At the egocenter,
position a circle tangent to the egomotion path and oriented
so that the circle would roll forward along the path. Let
the diameter of the circle be equal to the path speed
divided by the desired or common angular speed in radians
per second. Revolve the circle about the egomotion path.
The resulting torus is a travelling doughnut, but it is a
doughnut without a hole.

The ground iso-angular speed contours are formed by the
interbection of the ground and the torus. In particular,
Whiteside a1id Samuel found that (1) at zero altitude, the
ground contour is a figure eight formed by two circles
tangent at the egocenter and oriented a- a pair of wings,
(2) at an altitude equal to the radius of the generating
circle, the ground contour (appropriate to the angular speed
defined by the circle) has its greatest fore to aft extent,
and (3) at an altitude equal tc the diameter of the
generating circle, the contour reduces to a point.
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A few words of caution are in order. Tae ahove three
contours of Whiteside and Samuel correspond to only one
particular angular speed. There is not one torus but a
family of tori, one for each ratio of path speed and
intended angular speed. At zero altitude, all contours will
be figures eight, but at a particular non-zero altitude,
only one torus will intersect the ground plane at a point,
all others generate a family of iso-angular speed contours.

Whiteside and Samuel do not give the formal equations
for the toroidal analysis, but they do give a diagrammatic
justification for their angular speed expression. Their main
interest was in discussing the "Llar zone" which is an
alleged region in which angular speeds are too great for
objects to be seen clearly. They discuss the problem of
determining blur thresholds hut do not give any values.
Presumably some blur threshold value would be used to
calculate a threshold torus which would then demarcate
between regions of blur and noa-b) ur. They acknowledged
that actual boundaries may have to be somewhat empirically
adjusted. whatever the merit or lack of merit of their blur
zone discussion, the introduction of the toroidal angular
speed surface is a major contributicn to tho study of the
flow pattern.

Sum_•ay of Anqular Speed Findi_.qs

The concept of iso-angular speed contour and the allied
concepts of blur zone and zone of nonporceptible motion
emerged as the dominant themes of the 1960's studies of the
flow pattern. Although the studies of the 1970's show a
marked change of emphasis and attention, these three -*

concepts remain alive today and numerous theoretical and
empirical questions remain unanswered. As a flow pattern
descriptive concept. anaular sprd is very Vcrane to th-i-
report and it is appropriate to take stocK now of what has
been learned.

The allied zone concepts are not actually flow pattern
descriptive but rather are psychological hypotheses atout
motion perception. As such, they are not germane to this
report, but since they motivated the descriptive studies, a
brief treatment is not totally irrelevant. The tredtMent
has two facets. One facet examines what the 1960's studies
said, and the other facet, in the next sect.on, what they,
aud later studies, did not say. That is, several hidden
assumptions will be brought to light.

. --
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1. Mini2uX angular speed. The minimum angular speed
possible is zero. The inventory given here is from the
1950's (Gibson, 1950) but is included here for completeness.
The ground point toward which the observer is heading and
the point from which the observer is directly headed away
"Loth have zero angular speeds. In addition, all ground
points infinitely far from the observer havo associated
optical speeds of zero. lhese points constitute the horizon.

U
2. Maximal _nquarr speed. Optically, angular speed is

zero at the focus of expansion, increases to some maximal
value along each flow line, and then decreases back to zero
at the horizon. Environmentally, these flow lines
correspond to straight lines emanating from the aim point

5 and continuing to infinity. These facts were pictorially
.* illustrated in Figure 3 of Gibson, Olum and Rosenblatt and

Figure 58 of Gibson (1950). Schreiber (Havron, 1962)
determined that the set of qround points which correspond to
the relative maximum angular speed on each flow line form a
circle (the ridgeline) on the ground. The center of this
circie is at the aim point and its radius is equal to the
path distanco between the observer and the aim point. In
particulaL, the fastest angular speed of all is set tack
from the directly below of the observer by half the path
anale.

3. Iso-akqular sed2 contours: A conjecture. Although
Whiteside and Samuel only discuss the contours resulting
from the intersection of a flat ground plane and the
iso-angular speed tori generated during level flight, it is
reasonable to hypothesize that all iso-angular speed
contours are special subsets of iso-angular speed surfaces.
These are probably all zero-hole tori with their orientation
determined by the direction of egomotion. However, the

Sintersecting surface - o . ot-hr than a flat
ground plane such as mountain slopes, rolling hills, mesas,
and winding valleys. If the ground surface is

. mathematically specified and if the path direction is given,
then the exact iso-angular speed contours can be determined
both in the environment and on any projection surface, fixed
or rotating. Hence, Whiteside and Samuel's toroidal insigtit
can be used to more exactly determine Schreiber's three
types of contours for flat grounds and to generalize the
descriptive analysis to more general situations.

The toroidal approach can also also be used to
determine maximal flow rates since the diameters of the
generating circles are inversely relateýd to flow rate.



Ego~aotion Flow Pattarn 1

4. Alleged Perceptually silnificant zones.~ Tl.E conceýpt
of iso-anqua spee7rd- iLs a ge7.-ometric concept and does not;
depend on psychology for its definition aiad gechnetric
significaiLce. However, some researchers have ascribed a
layer of perceptual. significance to particular izo-angular

a. Zone of noU~grceptibile flow. Geometrically, only
the foci of optical expansion and contraction and all
horizon points have !zero angu.'ar spe-eds. Ground points
"near" these points have small but non-zero angular speeds.
Hence, some re~jearchers have argued that., duQ to thresbold
limitations, there small spcpds are peitceptually
indistiaguishdble from zero flow and an early ccnc~rn was
the determination of a zone of ncnperceptibl'- flow. In
particular, Havron cievot-id Cons id nr able -ffort to the
problem of selecting the aonpercaptib!le motion thresholds
from the existing (object motion) literature. He then
preseated (1962, Figure 3) a typical pilot's eye vitew of a
runway with iso-flow curves superimposed Onl it. An
interestinq feature is that h,- proviaes the zonp d'omarcation
for both daytime (10 vnxn/s) and nighttim-? (30 min/s) vision.

b. Blur zone. Bpsideýs being too sloy to b-a seen,
motio may e- t oo fast and iaduce blur. AIbog J-1 et'

"t streamers" might be associated with blur ief fets, Snyder
was the firzt to formally analyze: the iso-anqular speed
contours demarcating blur and non-blur zones during level
flight. He use~d a "good" blur threshold value, of 30 drg/z
and also a possible Llur threshold value of 15 dýýg/s.
Whitesidp and Samuel in their paper entitled "Bliur Zone"
simply assarted that there must be a Llur zone due to
threshold considgrations but they did not provide any
val1u es.

C. Zone of pecpil flw If thce zone concept is
valid, in be;tween the zones of nonperceptible flow and blur,
there is presumably a zone of perceptible flow. The point
herea is that there should be thre3a classes of zone, not
three zones. For a very steep angle of approach, there might
be two no-flow zones: one around the horizon and one around
the aim point. For shallow angles of approach, these two
zone might meld into one-.
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Critique of the 1960's Studies

The studies of the 1960's resulted in major advances in
the description of the egomotion flow pattern. Nevertheless,
there are a number of points a modern reader should be aware
of:

Independence of studies. Several of the studies were
conducted independently of those that came before them.
This is aot surprizing since Havron's and Snyder's work
appeared in -lechuical Reports and hence were not as readily
available nor as widely disseminated as journal articles
might havi t~en. The effects, however, are a duplication of
effort and a lack ot continuity in the literature.ma •

Confusion of speed and veJocty. Many writers refer to
iso-(angular)-velocity contours whan in fact they are really
referring to iso-speed contours. Failure to properly
distinguish between velocity and speed is, unfortunately,
very characteristic of the early flow pattern litarature.

Confusion of retinal and optic arraz flow. The
ascriptioii of perceptual significance to angular speeds as
so far dui-CLibed makes several unt-nable assumptions.
Perceptual wotion thro.sholds are generally referred to the
Sretina. Implicitly at least, it has been assumed that the

" retinal flow pattern is equivalent to the optic array flow
pattern. But this is true only when the eye is not rotating
relative to the environment. Any eye rotation, slow or
fast, will alter the pattern of retinal angular speeds (see
the discussion later in this report). IL particular, any
fixation on a grouad point results in e. slow eye i )tation
and produces a zero retinal flow for that point. Hei .e, no
"fixated object will blur due to egomotion. Only when the eye
fixates OR the hozizuu is thn-re a chance that the two flow
patterns will be e.jual. But, in general, eye movements of
all kinds will destroy the eguivalence and angular speed *1
values in the array will not be the same as on the retina.

Uncri tical ggcceptance of the threshold concepl. Even
if angular speed is referred to the retina, askiing whether a
particular speed is abovw a threshold value presupposes the
validity of the threshold concept. There are three problems
with this supposition: (1) The most general problems about
thresholds are those discussed by Signal Detection
Theorists. These are well known and will not be developed
here. (2) The second problem with the application of the
threshold concept, assuming it has aity utility at all, is
with the dssumption that threshold vaLues obtained for
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ohjeýCt motion are rcnievant for egomotion purposes.
Threskhold vdlue~s are extrem;ely coutext sensitive and th e
f lo w pattern is essentially a e t 0 f comple:ýx IMotiou
interdependencies among a largo~ aggregate of points. if
threshold values are desirea, they should te obtained using
the very flow pattern for which they are to be used. (3) The
third problem with the thresLI~old con~cept is the assumption
of a sharp demarcation linf- Letwe th-! perceýptual zones.
It is more reasonable to assume a gra~ulal transition from no
percreptible flow to perceptible flow or ftom non-blur to
blur. Remembar that any ey,:%ovement or eye fixation directed
at the zone or zone boundary immediately alters the retinal
floW valueMs. This, of coursc,, undermines the original
situation.

Erll 9~70s Descriptions

The 1970s Lbrouqht some r;_discoverias but also some necw
refinements and directions in th-_t Stud1y ot t hý. optical
concomitant2 of egomotion. The early 1970s w;ere concerned
primarily with oj~tical description where-as tfiý latcer 1970s-
Saw d gro wi ng ( concern with d -emon.Et ra t ing optzýcal
information. However, the d i st i nc-t ion between optical
description in the sense of an environment to optic array
mappliig adL optical intormation in thq S-inse oil the inverse
optic array to eavironwment/observer state na~pping Wa5 not
y'pt realized..

Description of Local Scene Eleaetit Effects

2This lack of distinctiori is seen in a dves-criptive and
perceptually speculative study bIy Naish ('1971) etntitled
"$Control informatioti in visual flight". NdiSh'S s::tudy is
noteworthy 1.4 two respects: kirst, the uescriptlvrý aspects
are, markedly Jiffsrent from those of the studies revi-=wed so
far, and second, despite the confusion of descriptioxi and
information, the perceptually spelculative asl-ccts contain
many intiresting hypotheses dbout pilot's actual usfe of
optical intormation.

Naish differod. froi previous Lesearchers in that hp was
14ot primadrily interested in either the geometry or
perceptiori of egotnotin as such, but rather in manual. c,)ntrol
problems encouuteked Ly pilots indking a landing appuoach.
For a pilot to mnake a controlled. iandiiiy, hfe mus;t be able to
detect vehicle movement. Hence Naish wa5 intec-iste-1 in thu
uelation~hip of Pgomotion induce~d visual sceri c•I?? to
thei '1 kiiown" visual _s,ýnsitivity of humans. If,:e L-~asolje(1 tilat
not all visuail sccin- ch,3ngc_;s proceed( at t~c camne rat,,-! A!' d
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given instant, some changes might be below, others just
above, and still others greatly above threshold. Thus, he
concluded that all sources of information are not equally
K perceptatle, and hence might bp rank ordered on this basis
into a hi.erarchy of usefulness for manual control tasks.:§.

In order to help isolate sources of information he
restricted the visual scene to a fronto-paralilel view of a
runway outline and a horizon line. He then identified four
classes of "visual effects" of descent and laterLal egomotion :1
on the simplified scene: (1) The perspectival inclination
of the sides of thp runway change depending on the pilot's
height and lateral offset from the runway. (2) The outlin"
of the runway undergoes ;xpansion during egomotion. lie does 4
give an expressioa for the rate of angular -xpansion but
limits it to apply only to the optical width of the runway
rather than as an expression for the angular spee.d of any
ground element. In general, ths greater tl,,h rate of
expansion, the closer the runway. (3) TVe visual size of
the runway changes as a result of the expansion. In
general, the greater the angular siz., the cioser the
runway. ('4) Each runway line undergo-s apparent rotation
as a result of theý chanqes in inclination due to th.1 lateral
and height changes during egoaotion.

Naish provided Quantitdtiv- , t he C!:

effects as a function of a pilot's lateval and vertical
position and egonotion. de evaluated the-se Pxpressions using
typical landing values, and then compared the results
against typical threshold values. in this way, he proposed a
speculative rank ordering of detectaLility and, hence,
presumed usefulness for both lateral and vertical control
tasks. In particular, he speculated1 that for lateral
control, inclination effects are best, whereds rotation
effects are worst. And that for vertical control, size
effects are best whereas expansion and rotation effects
provide no useable information.

Several points must Le kept in mind when considering
Naish's sp.culation ahout the relative usetullness of
different sources of information:

1. The sources of informatiori and the visual effects
are discussed only for a high'-y simplified and schematic
outline scenL,. Such a scene can resemile a real nighttime
landing. That day landings Ace easier indicates there are
usable sources of information iL, thp richer ýceues not
considered by Naish.

2. Although other res.auchers hauc identifici s-veral
tasks t.or th . guidance oa ugowotion (,i.q., Gibson's, 1958,
tas4s of stoeering, stol-ping, etc.), inaish concentrated on
one task, st.ecQiag, and analyzed it into srl,arate suLtasks
of lateral 'Ind v-Ltical control.
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3. Whereas others have identified some optical
concomitant for a particular egomotion aspect, Naish
identified several concomitants for both lateral and
vertical egomotion.

4. That the different sources of information for the
"same aspect may not be equally useful is an iwportant
Rschological problem and trp.ces back to attempts to rank
order the classical cues for size and depth perc'.ption. L-"
Naish's attempt to do this for egomotion is interestirg but
needs discussion: (a) It is not clear that threshold values
taken from the non-pgomotion literature may be legitiaately
applied to the perception of egomotion. (b) Even if new
thresholds were obtained using his schematic scene, the new
vales still may not be appropriate to rich natural scene -,

g egomotion. (c) Lastly, it is further not clear that
detectability thresholds are an appropriate rank ordering
device for utility or usage especially in dealing with
greatly suprathreshold scenes. However, Naish's point that
not all scenr aspects are detectable until late in a landing
approach is important.

"5. Determinations of datectability and utility ae
empirical rather than geometrical. That such questi.ons arfe.
not easily answerel is evidenced by our current incomplet,
understanaing of heading perception inspito of several

* empirical studies (Llewellyn, 1971; Johnston, White, £
Cumming, 1973; Warren, 1976; Regan B Beverley, 1979, 1981;
Riemersma, 1981).

"In conclusion, Naish's analysis rais.s several
important izssues and that i.s one reason for the space- giv(en
it here. Unfortunately, his analysis appeared in a
control-theory proceedings and was not cited in the -:

egomotion literature until recently.

Lxpiicit Vector Descripti~ o

Naish's analysis of the optical concomitants of
egoiotion is atypical and represents a departure from theb
"mainstream" descriptive studies. Tl,.p mainstream ic -1
characterized by concern with describing the global ootical-
flow pattern induced by rnctilinear travel towards or along

- any arbitrarily textured endless flat surface. From th,.
start (Gibson, 1947), the flow pat.:ern was deempd to Le a
velocity vector field, and geometri~cal techniques wer- used
to schematically depict both the vector directions and I
magnitudes.

As shown in the review of the studies of th-' 1950s arid
1960s, there was great interest and p oqress ill
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mathematically specifying the ma2 nituda of the angulau
velocity vector associated with each environmental point.
Surprizingly, no studi=es reviewel hereý were concerned with
mathematically spe:cifyinq the vectors themselves until those
of NakdyaLid :itni LCoois ( 1974) and Lee (1974) .

Nakayama and Loomis reviewed and capitalized on several
previous insights in prepparing their description of ths flow
pattprn. One i.nsiqht was Gibson$,- distinction hetweven optic
array versus human retina rr-tsrred flow description. Optic
array description is gaze line independent Whereds retinal
flow description depends on the gaze line and changes of
gaze line. The value ot this distinction is best seýen in
descriptions of retinal flow under eyeoveinentZ5 and
curvilinear t~gomotion. Nakayama and Loomis did incladn a
major analysis of rotation effects in their veýctor
de:ýscription but that is not re~viewed here.

The second insight they discussed iJs GUordon's (1965)
usf7 of the, concepts of llinztantane~ous positional fineld" and
"linstantane-ous velocity fied 1ta J fr d.escription. Gord o n
himzelf did not provide total vector speýcifications although
he did provid!; the azimuth and elevation rate components
individually.

Nakaama n " Ji nujý t)uLusu Gordon ý azitnutb and
elevation system but rather capitalized on a very
simplifyinig (tut not simplistic) insight of Whiteside and
Samue~l (1970): Spcecilfically, all optical elements flow
along constant m'cridian or qr--at ciccle paths on a unit
projection sphere during~ rectiline5ar egomotlion. This means
that tbt, total change of position of an Element is
describable solely as a ckianq'ý in the etcaient' s r-ccr-ntrii-ity
along the constant meridian path. Thus, Nakayamna and Loomis
were led to usq a meridian and eccentricity spherical
coordinate systi:m, and furtheL, to use Whitesid;e aud
___~ L _ L uli fO ,

sin EC, in theý notdition of this paper).

Comments on the a nalysis of Nakaylaa .4,Bd Loomis.
Nakayama and Loomi Is derivato of t v odicions
and vector magnitudces is clear and explicit. They provile
both a spccification in terms of meridian and ccceatricity
4Gd also a transtormatioi -to Cartesian coorliniates. Thcirs
is a highly significant analysis in the history of research
on, zgoinotion aud the tollowiag points should Le noted:

1. Their choicc of a meridian arid cccentiricity
coordiiiat= system was motivated by the simplicity of the,
de:ýcript ijn of ojtical effec-ts during rcctxilineat egoinotiou.
LHowsevr, a major part of thE~ir study was conicerned with
rotatior, offrý-cts and it is interesting to note, that GoLdon's
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stated reason for preferring to describe azimuth and
elevation effects separately, rather than total effects, was
because of the advantages for describing the effects of
rotations.

2. Nakayama and Loomis's choice, however, meant that
there was no problem as to how to combine the meridian and
eccentricity speed components to yield total angular speed
during rectilinear egomotion: Sincze here the meridian speed
component is zero, total angular speed is due entirely to
the eccentricity angular speed. Thus, Nakayama and Loomis's
(actually, Whiteside and Samuel's) expression for total
angular speed is correct and they avoided Gordon's mistake
in determining total angular speed. FecaJl that total
angular speed is not determined by the Carteýsian version of
the distance formula if the compon7nts are given in
spherical coordinates. Ore implication is that total angulaL
speed in the presence of rotation is not given by Whiteside
and Samuel's expression since then both meridian and
eccentricity angular veJocity components are non-zero, and
further, caution must be taken in combining these spherical -

coordinate components.

3. Although Nakayama and Loomis give credit to
Whitoside and Samuel for the use of mecidian and
eccentricity coordinates and the simple expression for total
anqular speed, tho same results may be found in Gibson, Glum
and Rosecblatt (1955) tut in a highly obfuscated form.
Whiteside and Samuel do deserve credit for their clarity of
exposition.

4. The expression, OP = (s/r) sin EC, although quite
simple in form, is not really an optic array description
since angular speed is not given as a function of purely
optical variables. Specifically, neither r, the distance to
a ground element, or (s/r), path sp-?ed divided by point

Uistauce, are optic array parameters. Furthur, this
ez, ression, although correct, can Le misleading in that a
cursory Leading might suggest that angular speed depends on
eccentLicity Lut not meridian. Actually, angular speed
depends on both and this can be seen in an all optical
variaLli expression as presented in a following section.

5., The simple expression for angular speed is correct
tor ttav-l at any angle to a surface. However, much of
Nakayima and Loomis' divelopment and discussion is
appropriatc to level travel or travel at a constant
altitude., Specifically, in daveloping their expression for
the angul.ar velocity vector (their Eq. Al), they take
advaotage of a simplification resultin; from aligning the.
direction of travel vector with the X-axis. Eazlier they
established the X-axis as parallpl to the ground. Tt is
straightforward, albeit cumbersome, to replace their
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direction of traval vector, (l,0,0), with a Ioue general
unit direction vector. The resulting more general
expression is also more complex.

6. The "omega-T" vector they identify as the "angular
velocity vector" is tangent to a unit sphere at the optical
location of a point in the environment, and thus, theiL .-
omaga-T vector points in the instantaneous direction of the
optical flow and has a magnitude equal to the total angular
speed of the point. This particular specification seems very
reasonable for describing the flow field. However, in
standard kinematic analysis, angular velocity vectors are
oriented along the axis of rotation and not the
instantaneous direction of movement. Hence, the standard
angular velocity vector would be oriented 90 degrees from
Nakayama and Loomis' T and omega-T vectors in their Figure
Al and, instead, would be oriented along their ý vector'.

7. If conveying instantaneous direction of optical

movemnt is primary, the the direction of their T and"
omega-T vectors is correct. The magnitude gqnerally
ascribed to a tangent vector in kinematic analysis is the
tangential component of speed which is equal to the angular
sp-.ed times the d.astance to the point or tangentcy. On a unit
sphere, this distance is one so the length of such a tangent
vector is iadeed equal to the angular speed. But this is not

-m true for tangent vectors at other than unit distance from
the egocenter.

8. Nakayama and Loomis' study is clear, explicit, ann
contains many more ideas than are discussed here. With
respect to description, they also analyze the effects of
pure rotation and rotation combined with translation. Going
beyond descriptive analysis, they provide an expression for
relative distanc!ý information throughout the terrain as a
function of only optical parameters (their Eq. 4). They
futtheir propose a neuronal model for extracting depth
information from the flow pattern. In ccnclusion, their I
study is one of the most significant in the study of
egomotion. The discussion here is meant to build upon their
foundation.

A CIlindrig~1, Coordinate _A.a~yj~s

Almost all models of the optic array use a spherical
projection surfaco. This is partially because of the shape
of the retina, but a better reason is that lines and regions
on a sphere directly aul naturally mip into angles, and th.

optic array may be defxned as d set of angular
relationships. aowever, since what ultimately matters is
the angular relationships, any analytic system that can be
transformcd iinto those relationships may Le uscful.
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As demonstrated ty Lee (1374), a particularly useful
system for analyzing rectili.iear egomotion is based on a
cylindrical projection surface. This is because the great
circle meridian flow paths on a sphere becomin a set of
parallel straight lines on the cylinder if the axis of the.
"cylinder is aligned with the rectilinear egomotion path.

In order to describe the optical effects of egomotion,
Lee also used the concepts of positioLnal and telocity vecnor

ifields. Simplifying his notation somewhat: let Z and z b
enviropental and irojected forward iistances respectively, Z
be path velocity of the observer, b bý the projrcted
velocity of a point, v be the cylindrical polar angle
corresponding to sphfrical meri r a d , and e be the rate of
change of e. Then, for an optic element, the op'tical -

Svposition vector is representhd as (a, z) and the proja2ct-ed
veocity vector as "ot i) (The usual third cylindrical
coordinate, R, is "lost" in projecting onto a cylindei. of

* radius R = 1.)

Lee defines the optical flow pattern as tht "set of A
velocitias of optic elements past positions on the
cylitrical optic projection sarface" (p. 253) , and this is
symbolized iby the set ( I, •). Since Lee restricts his
analysis to rectilinear egomotion and, moreover, to level
egomotion at a constant altitude, • equals zero, and the

* projected velocity vpctor hecone, • 'mply (c1 , k).... tia-

no value tor z has yet teen given.

* For purpcses of description, this cylindrical system
"does not seem immediately preferable to a spherical one. On
the positive side, it is interesting to see that the opticalt~o paths fomstraight lns on a cylinder 6rn
rectilinear eqomotion. For more complex egomotion, however,

the simplicity is lost, dad even for rectilinear egomotion
it is desirable to translate back to a set of angular
re lation s i pso..

V But Lee's study was not concerned ouly with describing
the flow pattarn. Instead, he was primarily concerned with
demonstrating the existence of informatioi, for rectilinear
egomotion through a rigid environment. For that purpose, the
cylindrical system does have considerable power. Although it
is not tho purpose of this review to discuss the information
in the flow pattern, some of his information analysis is
presented because it does have a deccriptive component.

Lee hbgins by "determining thrte general 'rigidity'
properties of the optic-velocity field that ne cessar isL1 "_
esult from ... rectilinear locomotion through jal rigid

environment." (p. 256, emphasis his):

• ..
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Rijdi djjt Prge_• t1 I. On a cylindrical projection
surface, all optic elemants move in a common direction along
flo' lines parallel to the egomotion path. The common
direction is opposite to that of the egomotion. This
pattern, Lee points out, is equivalent to the radial flov on
a sphere.

Ri_•idity Proer• t If the observer moves with
environmental velocity and dcceleration ", and the
corresponding projected velocity and acceleration is • and

"Zi then

= Z/Z = a constant

for all optical oositions. This expression is his Eq. 8 but
in a simplified notation. The ratio is a constant tecause .
and Z refer to observer motion and must have unique values
at any given instant. It follows that if the egomotion is
constant, them all projected velocities dre constant but not
necessarily equal dt each optical position. That is, the
projected v'docity at a given optical position never
changes.

iqijity Pro! erty III. This propel-ty is concerned with
th? accretion/deletion of optical texture elements due to
occlusion of farther environmental points by nearer points
if the environment is not flat. Lee riote. thdt, along a
giveL flow line, faster optical elements will temporarily
overtake and hide slower elements.

These three rigidity properties are actually
dc.scjip1t ions of necessary optical effects of rectilinear
egomotion through a L'igi.d environment and as such are
relevant here. Lee turned the descriptive analysis into an
information analysis by claiming that the converse is also
true. He argued that an optic flow pattern having both
rigidity properties I and III specifies rectilinear
egomotion thrninh a rigri, e"irOzet - tat a patteca
having rigidity property I by itself specifies rectilinear
egomotion.

He also considered the problea of information about the
environment as such. His demonstration (p. 260) that for
rectilinear egomotion at a constant altitude, H, over a flat
ground, e 0, and

z = Z/H)Cos a

is of intarest hete. Descriptively, this equation indicates
that flow is a joint function of two factors: One is
projected (here cylindrical) position and the other is thb
ratio (•/i) which is simply ego velocity scaled in eyeheiqht
units. The significauce of this will be discussed later.

- -.
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This equation also indicates that projected velocity on the
surface, nf a cylinder varies across flow lines (determined
by the a) but that all flow along a particular flow line is
constant. This contrasts sharply with thc radial flow
pattern on a sphere in which flow varies with both the flow
line (r ridian) and position oix the flow line
(eccentricity)

Returning to the information analysis, Lee then
demonstrates that the enviroamental cylindrical coorlinates
of a point may be determined from the projected or optical
relationships but rescaled in units of eyeheight H. HU. notes
that, for a particular animal whose eyeheiqht is constant
during locomotion, the flow pattern makes available body
scaled information about the environment. Of course, the
body scaling is no longer true it eyeheight changes as with
birds, but that all is scaled relative to the instantaneous
eyiheiat rewains true.

Lee also discussed th- information available for such
diverse topics as the velocity and accelevatioa of the
observer, object Mnotion, obstacles in the j;ath, and
controlled traking (also in Lee, 1976). The range of these,
and the previous topics makes Lcee's analysis a most
significait ona both in providing frsesh insights into old
problems and in opening new territory for the study of
egocti.on. -he WtJ th dad power of a cylindrical analysis for
both description and information analytic purposes is thus
well demonstrated. However, it should be rememterEd that the
"final form" of an optic array analysis should be in terms
of angular relationships. ?or example, demonstrating that
flow lines on a cylinder are parallel and that flow alnoq a
line is constin', is useful and iusightful. But, the fact
remains that optic array angular activity is of varying
speed along nonpdrallel radial lines.

"Aa i of sherical description. The

differeace is neither trivial nor dismissible by arguing
that one system may be tranisformed to the othe. The
spherical system i at least first among e(uals
mathematically, biologically, and pheaomenologically:

1. Matbematical reason. The use of a cylindrical
projection surface is justifiable for the case of
rectiliuedr egomotion with no rotation. If there is any need
to describe rotation eftects along a rectilinear path, as in
shifting the description from the optic array to a rotating
r'etina, or if the path is cur'ilinear, then a spherical
proj.ýction surface is generally easier to use.
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2. Biological reason. Biologically, eyes, including
compound eyes, are spherical in structure and this ifluences
the structure and operation of various pickup mechanisms
such as the center-surround mechanism hypothesized by -,

Nakayama and Loomis. These can, ot course, operate on only
spherically realized patterns.

3. Phenomenological reason. The pickup of information
abont ego-environment states is accomplished by all manner
of species. The phenomenoloqical awareness and introspective
attitude occasionally and voluntarily r3alizable ty humans
is not a necessary condition for information pickup.
Nevertheliess, phenomenology can be a powerful tool. The flow
pattern, when noticed, appears radial with elements varying

* in apparent speed along the fiow lines and this is
consistent with a spherical description.

Zescriptions of the flow pattern have ten ied to

incre3ase in technical complexity. An excention is a
nontechnical but still informative article ty Hastrook

S(1975) subtitled "Clues and cues to a safe touchdown" and
intended for pilots. He discussed the relative merits of
several features of the flow pattern that might be of use on

Sa final approach. Of special interest arp two diagrams
composed of the superposition of several perspactive views
of a runway during a final approach. One diagram
corresponds to a straight-line three-degree flight path and
rihows the superiwposed views to form a family of nested,
progressively larger, trapezoids. The other corresponds to a
downward curved flight path and shows th; superimposed views
to form a set of nonuniformly proportioned, overlapping,
trapezoids. Diagrams of this type are useful but they would
bt more useful if the horizon were included and left

* invariant. It should be noted that if an approach is aligned
to the center-line of the runway, then all tr,.pezoidal
perspective views of a runway should be such that the long
sides of the runway converge to the same vanishing point and
that vanishing point is always on the horizon no matter what
tLe flight angle, or distance out.

Information Anal.egs

Beginning with Lge (1974), the mid 1970s zaw a decided
shift from descriptive analysis to information analysis.
Descriptive analyses avu ccncerned with the effects of
ego-envivonment states on the optic array. information

S
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analyses ars concerned with the specification of
ego-environment states given only optic array states and are
thus generally more complex than descriptive analyses since

I they presume a certain degree of previours description.

Information analyses are briefly discussed here for two
reasons: "'irst, not only does information inalysis
presuppose some description, in certain respects it extends
and amplifies old -nnszriptions and also may reveal now
projective effects a.uid relations, that is, it can yield new
descriptions. This is weli illustrated ty Lee (1974) . The
second rqason is that it is a natural next-step after

* description.

kprblems and Sitr a t~g s in Information Analysis

The determination of information in the flow pattterrn
*may be approached as two successive sutproblems. The first

is concernpd with ascertaining the existEnce of informationA
undec th4 oost favorable math=enatical conditions: T'he

* environment is idealized, proj}ýction is perfect, Uoise is
non-eociStýrt, aiid texture elamennts eýxist in whatever
quantity, density, and distribution as is mathematically
convcDenint. The second is conc;erned w i.th determiningy

-ego-environment states under the added re2alities of actually
occurring anI therefore iathematically non-ideal optic
arrays. Such optic arrays may havc scarce and

"*"incouveniiently" located optical elements dnd, farther, the
values of optical parameters may Le affected by unknown
amounts of noise from various source~s (Zacharias, 1982).

Two strategies may be used to 4emons~rate the exi-stence
of information in idealized optic arrays. One strategy is to
start witih optical variables such as angular extents and

*angular rates of change and then to show that _qM
tunctional combination of these Farameters, yields a value .
indicative of an ego-environment state (even if only to a
scale factor). such an approach was utilized by L~ee (1974).
it is, especiully impottant in using this strategy to make

explicit any assumptions made about the qnvir~nment.

Asecond stratcgy is based on the mathematical argument 7
-that a systvm is characterized ty its invariants undcer
trdasformations. G~ibson (e.g., 1966) used this pzinciple as
a basis for his perceptual the~ory. Ws perceive a stable
environment despite a highly transforming retinal image *
becausq the perceptual system is adapted for extract-ri
invariants unier the? transformationis. -:he invariaats are
assumed to be the basis for the optical ýspecification ut
ego-envi ron merit states. GiLson's Ctnalysis, howsvou Se2minal,

vas informal dnd intuitive. His rcxainplEs of invariar.ts were
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never precise mathematicai expressions nor was the optical.
specification formally demonstrated.

Both of these strategies for mathematically determining
the information in the flow pattern take as their starting
point a set of values of optic array parameters such as
optical positions, extents, and velocities. How these values
are "supplied" to the derivation and analysis of those
"operators" is not relevant to the derivation and analysis
of those operators. However, it is natural to also consider
how a real biological or computer vision system could
determine ego-environment states from the light coming to a
moving receptor surface. Accordingly, a number of studies
primarily concerned with computer vision, artificial
intelligence, and biological extraction mechanisms have
studied the phroblem of determining the values of the optical
parameters from the flow field. Hence, much of the
literature, especially that on computer vision, is at least
of collateral, interest.

The studies of invariants have generally antedated the
studies on flow value r alization which, in tarn, generally
antedate .thosa on information in angular relationships. The
"order is reflected in the following discussion.

Information from Invariants in Flow

A rigorous analysis of the invariants and singularities
ot the flow pattern and their information significance has
beea provided by Koenderink and van Doorn (1975, 1976 a,
1976 b, 1981). Their treatment is general, highly
sophisticated, and as an information analysis, Leyond the
scope of this review. However, several features are of
interest:

1. The scope of their analysis is very general and
applies to the flow pattern (or "motion parallax tield" as
they call it) arising from the movement of rigid bodies as
well as of an oDserver.

2. Since the flow pattern arising from the relative
movement of an object and observer need affect only a small
region of the optic array, they carefully develop an
analysis appropriate to the local as opposed to the global 77:
structure of the flow pattern. They are apparently the first
to do this.

3. Another novel feature of their analysis is that they -
decompose the motion parallax field into elementary
component fields and separately analyze them. In particular,
they identify a lamrllac or curl-free= component fi-ld as the

.%
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specifier of the translation of the observer. (This is the
"exterospfcific component" of the motion parallax field
discussed by Koenderink and van Loom, 1981.) Another
component field, the solenoidal or source-free field, is '
indicative of rotation. The importance of the decomposition
is that effects due to rotation, such as eye movements, can
always be subtracted out and the information for translatory
egomotion be separately mathematically appraised.

4. The appraisal can also be done, they suggest, by
elementary biological detector mechanisms as are now thought
to exist. If this is true, the intormation for egomotion as
such can be tiologically extracted simply and the
information for eye movements partialed out. It is worth
emphasizing that simplicity of cowplexity of biological
realization in perception is independent of the simplicity
or complexity of tLe mathematical analysxs related to the
process.

5. Their mathematical dDalysis used such vector
calculus concepts as th• gradient of a scaler field and the
divergenct and curl of d vector field. One very importaut
property of the gradient, divergence, and curl (and their
functional combiiiations) is that they are invariant over
transformation of coordinates. Hence, the; coordinate system
and the origin of the system may be chosea fuL convenience
without affecting the results. The invariance of the
gradient, divergence, and curl means that they are powertul
concepts for description as well as for information
analysis.

6. The, terms "gradient", "divergence", and "curl" are
in standard mathematical usage and have precise mathematical
significance. Koenderink and van Doom (1976 a, 1981) point
out that the usage of the terms "gradient" by Gitson and
"parallax curi" by Gordon is intuitive and informal, but
without... ..... .............. ..... . The infoiaiity of .i---

psychological language need not pose any serious p-oblems
when compared with the rigor of mathematical language as
long as the intended referents ace essentially the same.
If, however, the same term has different meaning for each
dicipline then unnecessary misunderstandings may arise. For
example, Koenderink and van Doom (1976 a, 1981) point out
that Gibson's "focus of optical expansion" does not coincide
with the locus of maximum divergence. The discrepancy is one
of nomenclature only since each referent has its own
behaviior and significance. All prctlems would disappear if
two separate terms 4ere mutually agreed to.

7. But there is a deaper issue here: Although
mathematics may have more precise aefinitions and a more
ancient claim on particuiAi terms, it does not follow that
the phenomenont being studied by a s•sychologist is
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necessarily illegitimate simply bpcause of its naming or
misnaming. Psychological significance is d-termined by
psychological inquiry. A recent example, also involving the

V. term 'div,3rgenceII, is an interesting perceptual study of the
"blur" of the flow pattern by Harrinton and Harrington
(1981) and .-arrington, Harrington, Wilkins, and Koh (1980).
The blur they refer to is supposedly due to retinal
resolution problems in processing optical flow. A better
term might be optical traces induced by short periods of -']
optical flow. They define "divergence" as the angle between
the extreme left-most and right-most blur lines in a .
display. One problem with this definition is that a larger
display means larger divergences. Other protlems due to
their terms are discussed by Prazdny (1982). Whatever, the
terminological problems, their study hat; definite perceptual

* merit and does broaden our understanding of perception
involving the egomotion flow pattern.

Extraction of Optical Flow Values

The basic raw input available to a biological or
computer vision system is a structures, time-varying,
two-dimensional distribution ot light energy falling across

I-ac. Fo. an extensive review ot the
Sliterature on how such systems analyze Zotion from 4

tize-varying energy distributions see Uliman (1981). Of
particular interest with respect to the mathematical
determination of optical flow are the works of Ballard and
Brown (1982) , Horn and Schunck (1980) , Marr (1981) , and
Ullman (1979).

Information From Angular Relationships.

The references cited here tend to be fairly recent.
This is so because throughout the history of perception, it
was generally assumed that the retinal image underdetermined 71
the environment. That there was a possibility of, indeed a
theoretical and practical demand for, demonstrating a
mathematical secrifization of ego-environment states from
the set of angular relationships in the optic array was
realized first in the perceptual. literature with the rise in
interest in ecological optics (e.g., Gibson, 1950; Hay,
1966), and later, in the computer vision literature with the
rise in interest in automatic image processing (see Ballard
& Brown, 1982). In general, computer vision oriented studies
have been most detailad and explicit because of th-
uecessity ot writing ope.rational algorithms. Psychological
research has tended to Le content with "in principal"
arguments.
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Studies utilizing optical flow fields and primarily
interested i a demonstrating iI)f orL.atati oil a bo11t t h C
environmgnt include those by ClIc ck sin (1980o) tio ff a 1 -

(1930) , S. Prazdny (1981) , and Ullman (1979] . St ud i.es
utilizing flow tields, and showing an additional signiticant
concern with egoinotion ar(e rarer. Longuet-Hijygin aud K.
Prazdny (1980) have show that "1an obzservetr can i rcple
determine the- structure of a rigid scene and his direction
of motion relative to it f rom the instantan~eous retinal
velocity field" (p. 394, emphasis therirs) -A realization
based on their equations reqjuires sensitivity to the first
and secon] spatial derivatives of the retinaij velocity
field.

K. Prazdny (1980) F-ovido~s a ciLear, explicit, an,]
useful stuay whiich ha-s the virtue of bridging theý pe~rCeptudl.
and computer vision literatures. Although h i s priniary
concern is with demonstrating optical. specification in a
form suitable: for computcr impl.ement a tion, hiz; descit-iptive
systtem is noteworthy. It is essentiall~y an extensiozn on
Nakayama and Loomis' bu11t further (Iis t igu ishe-s L-_t w,:, en
"retiual" veolci ty and angular velocity vectors. Tike angular
velocity Yv'-ctors are 3-diiensionai dad are thcý.e axial
vectors of standard kinematic analysis. The "Letina"l is, a
flat projection plano tangent to a unit sni-cre fso his
"retinal" velocity vectors are 2-dimemsional and descrihbe
motion oina f lat -o co a u fU La ce or 1ýiwdow. h
development incorporatces both translatory and rotary
agomotion.

On&e nice f eature is t he i n cIu sij.on of .3everd I
"instantaneous positional velocity f ieldAs" on thQ p la na.r
retin~a representinq various types of egomotion through
different cnvironatents. 1hese ficw fiel1d depictioins, aitd
also tbos~t in Horn and Schunck (1980) and K. Prazdriy (1902) ,

look very different fromn those in Gibson (1947, -iqs0),
Gordon (1965, 1966) , and Lee and Lishman ( 197 he.
d if fr-nc~ - that the osychologists s,_lect af]-. jiý L or Y0
point eiquispaced in thfe enivironment which the,4 b:comae
non-equispacqd on 7 a 'ý "wn do W'" a c co rd inu tou t I a w of
perspective, whereas the computer ,sciLenti~sts- tend to sclect
points whkich are eouispaced on thte window ou co mp~i . -r C W11,
.su rf dc e Titus, psychologists depictions look 11f a mri I ar c 3falJ

intuitivoo, whareas those of the computet: zcieý;titsts look
uizfawliar since they depict an environm n.t vhich bnrz~~
in texture density away iLOm the observer. 2101.1 drepictions
are, however, correct on an individual . ien .aziir;.
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Later 1970s and Recent Descriptions

The shift in interest to information analysis does not
mean that descriptive analysis was totally abandoned nor
that there is no further need for description. What is
adequate description and information analysis for a computer
implementation may not Le adequate or appropriate for human
or insect vision. Just as one may experiment with a computer
program to see how it responds to a variety of inpu 3, one
may also erptmrimcnt with humans and inseýcts. Descl iptions
must Lo tailored not only to geometry but also to , rking
systems and the tailoring is achieved by empirical research.

What follows is a discussion of several recent studies.
The suidivisious are tentative and are mainly to provide A
some structure, Lhowever arbitrary. t:-

Descriptions for OQtimal Control Modelin.q

Certairn eIecmnts of controlling an airplane, esp.cially
duin laiýAi.nq apjproachI, may hr- corn.3id,ýred cinaloqous to a

trac~ing tasx. At any given moment, the appaLent vi sua.l.
scene (e.g., the perspecctive view of a runway) o2.1.ht to have
a certain configuration (e.g., the perspectival outline of
ti r' unway Lt to be -yn;uLt-ic). - Zy devlatlon indicates

an error from a desiied course (e.g., a skewed, nonsymmqtric
persp[ctival outline indicates that the approach is not
str aight in) Both the degree and direction of deviation
from the ideal perspEctival, shape and the rate of change of
deviation can Le used as sources of information for course
control aqjustmeuets. This was th'. bas3ic concern of Naish's
(1971) dcscr-iptivP analysis. Two other control-information
oricr;ted studies a -c- by Gfuitwald and M1erhav (1970) and
Wewrinku (1978).. GLU11WaId and Mterhav rprovided a
froEto0- ) aIiLel illUstratiiou of the flow 1.:aterl arisin g
t ... -- d C'fviln;ýar patih. W werinke provided a detailed

dcsctipLiuu of the effects of lateral dal vertical motion on
the pro jc t ,v4-: a p;p)ea ran ce of a runway. Eoth studies
da vlope1d optimal control theoretic models and found
ex[,e-imental su[port for them.

IDtscu i ption tuon pur [;oses of optimal control tends to
emphasize cha 1s iSlI particular sm;ll a Lut coherent
n 1l-[o inta iistic scene eleiMcents such as the perpuctival
incliratjo n of a runway edge and fuEtheL emphasiz¢s the
£utunle coQls'e-Iu-nlcos of maintaining the cuirent egomotlon. In
coztra.•t, ' iwfor11•ation analys'es, 5uch as those by Koeuiderink
and vau noon,, and also by F. PIazdny, ate cast in teqrms of.
atrituaLy eviivrorme-nta. poinlts or visual diLrctiohs and 11ol.
in tZ.rmF of ecpcif)c scene eiem er nts ,uch as ruiwiy Co01 to 'sL.

l, t-r " loc:a " fIitLucturv! oL the flow field, as used by th"
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later authors, refers to abstract points or directioxis and
their equally abst~ract geometric "rieighLorhoods".

Lee ~ vi~ualiy ACtivity

Several recent studies by David Lr~e (1980 a b ; Lee&
Reddish, 1981) are closely related to the optimal control
oriented analyses. Leeds emphasis is on identifying source5
of informittion usetul for the visual guidatice of locomotion,
but no particular control model.I is otfered.

Since all interestingq egomotion ultimately involves an
approach to some thing or some surface, a successful animal-

I ~must be abl.e to control its -,p-e(d in order to achieve a
desired result such as stopping just in front of, gently
contacting, or violeatly ramming the "target" dzependinq on
its purpFose. Lee argues3 that a succ9SSfully COritrollr~d
approach involves an animal's Sen~sitivity to time-to-contact
information whicl, is optically availatle- t y means of a n
optic variable h,ý calls "Itaul" (Le-e, 1976, 1990 b; L ee
aeddish, 1981). LWi,-to-collision is not no~w with Lee. For
example, Sir Fred Hioyle, thq astronomer, derivEd thp basic
relationship in a footnote tD a science fiction Look (Hoyle,
1973, pp. 15-17).

Succr-.ssuliy controlled locomotion also entails the
aLility to follow Toutes and in particular to control
steering on curved paths. Le- points out that, whereas the
focus of expainsion does optically indicate the instantaneous
direction ot travel, therp is currently a question about
humans' senLsitivity to this source of heading information.
Hie fu:ýthe~r argues, that "knowing" one's instantangous heading
is not as important as stayiag on a curveýd road.. Taking the
ahility to stay on a curvfed path as a qeneralized ability toI
control heading, Le-ý identified a new non-focuz-of-expansion
.source of optical headin'T information, namely, theC dr~jcee to
which the Vpý-rspectival shape of ii road conforms to the
curvilinear flow of optic clements about the projqction of
the road (Lee & Lishman, 1977). This sourcP of informatioti
is much larger in terms of optical expanse than a mereý
single poiut (such as the- focus of expansion) , and thus may
be morg percfeptually useful.

In contrast to his earlier u sc of a cylindrical
projection ,iurface to describe optic array and retinal
activity, Lee's (1980 a & b) Mure? recPnt descri.j.tivc and
intormation analytic studieý-s now utilizo a flat projection
plane,. Thus, Lree's retinal v-locity ve:ctors- are the- zsame as
K~. Pra zdri yIs.
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.ptthker,&ptia urii g jqnton

The optical flow field is, in general, the main optical
concomita&nt of egonotion. ParticuldL aspects of the flow
field ar;e also optical concomitants of egomotion. Some
PartI~culai ar-pects May tdke the form ot invariauts or
non-chartgp in certain ratios such as those studied by
Koeuderink aind van Doorn, or systematic variation or change
in other ratios such as those studied by Lee. So far, these

Ir unchanging or changing ratios have been regardeýd as sources
of information for the nmoe legO" or egomotion side of the
ego-enviroaament state giving riseý to the flow pattern.

But other ratios can ho sourc~es of information for the
mora environmental side of theý ego-eavironmental state. One

to ~such ratio is th,ý llsubtenze ratiol' (ratio of the depression
angle between the horizon and the top of an object and the
angle subtendedA by the objqct) which Harkoer and Jones
suggest can te used to control low~-level flight over a
non-flat terrain by providing a hceight metri~c. This ratio is
not strictly invariant e~specially at neal: distances and so
further analytic and psychophysical study is needeýd.

"Their ~utneratio is a variant of tbce horizoni ratio
discusspd by Sedgwick (1973) as a weans of deteorminin.1 which

*objects in a frozell field o f view (a static 5 ,? or
p ic tur e) are higher or lower than an observer. Thus, an
inte-resting 4Spect Of Hlarker and Jones' paper is that they
discuss the effects of ragomotion on optical ratios and
relationships Whi~Ch dils3 eXist in static cptic arra'..s. M o:.t
other flow p~atteirn, aspects, including the flow pattern
itself, do not exist in a frozen oL~tic array.

Finding other usqful sources of altitude information is
still1 an important and even urgent task as accidents do
occur when hleight is underestimated (Kraft, 1978).

Informatiop fo the Pere io of Egaspee

jh plablj~ of th rcpto f~ u g It was

argued eaLlier that tbe description of the flow pattern is
not yet complete since description must be relevant to
perceptual expericnce a6 we~ll as t~o Euclidian geometry. This
soction is motivated Ly the problem of determining the:
information for thq perception of egospeed. li'ou a r~eqularly
textured flat terrait, the~re is ill fact a local source of
information everywhere in the lower hemisphere of the optic
arzayr 111 melIY, the loccal edge rate: TO det!er~iniir YLOUNd1
egospeed, simply pI-.c k any rctqrornce posi~tioni in th- optic:
array (ega swildge LwaLk on a winiscrpý_u, ori edge of a
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wing) and count the number of ground texture elements, or
equivalently, edges, that optically pass the referent in on,-
second. True ground egospeed scaled in edges per second is
thus available no matter what the altitude, direction of
travel, or path angle.

The problem is that in spite of the above information,
the same physical ground speed may seem radically different
depenring on one's altitude as evilenced by the fact that
travel over the same road at the same speed seezos faster
from a low sports car than from a high truck (see Figure 3) .
At much faster speeds, travel in a high flying jet can seem
ezcruziatingly slow.

Glotal _plic_ flw• rate. To expalin this, Warren
(1982, introduced the concept of global optical flow rate.
As is demonstrated inl a later s.-tction, in any
all-optical--variable expression for angular speed, angular
speed is a function of just three factors: (1) a value
wholly d, termined by optical position, (2) a value
determined by the path angle, and (3) a scaling factor

which is simolv the eqosnrPe sal A e%, , tr per
second.

Since (s/h) is applied equally at every optical locus,
Warren proposed calling it the "global optical flow rate".
The global optical flow rate may be used to compara activity
between different optic arrays such as ia Figure 3 in which
the array for the car is flowing, as a whole, twice as fast
as that for the truck. Global flow rate contrasts with tbe
local flow Late which vari-es with optical position w/thin
an array. Warren suggested that perceived egospeed is
determined, at least in part: by the pnohal activJtyi n., an
optic array.

As a convenient reference, the global flow rate during
a brisk walk is about one eyeheight/sec. Cars and trucks
typically travel between 10 to 20 eyeheights/sec wherea-s
aircraft cruise between .16 and .03 eyeheights/sec. It is
instructive for the Y.eader to verity that high spced, low
level flight incre-ases the global optical flow only to that
of a fast car. Slow flow also arises in supertaikers and
may te usetul in understanding thr! perceptual ,;Ltolews in
maneuveriug these mammoths such as discusud Ly Wag-niaau
(1978). Control of fast j'ts and slow supertankers obviously
depends on their response dyuamics, hut the glolal flow rate
may provideý a Lasis for a unifiid thieory of p'•rcepýtual
guidance and experience.
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Global qpj~ 4etj±j hIs pecti'un of Figure 3 shows
thit., at a particular level of eaviropmental grain, the-
optical dls-nsity for the lower (cac) array is zqparsir on the
whilde than that for the higher (truck) array. Warct-.n (1982)
proposed anothpr global optic array descriptoz:, namely the,
"1gitobdi optic,1. decsityll index given hy

altitude /ground element size

which is simpl~y theý numb;:r of unit ground tUeLments required
to span oiie ayahEigi~t distaa~ce. Its units ars thus "gr:ound
uiiits p~er e£yeheight". The global density indeý-x is optical.
position ir~dependent and may he used to compare the global
densities hetween two arrays is a whole. It thus contrasts
wit-h local optical density which varies with posi.tioa withia
an optic drr~iy.

'Vol: t"IV,1 travel, thp Vrodiict of globCal optical flow
ratp and gl~obal density yield grnund speed since thep
altitude factors for each inde=x cancel..

Ed4ge .k rat. T hc high correl:ation ge~e lobal optical
flow rate a ~i.. peC-V3gos3peeI sugqeStCd by the examp1'ss
doas not mnýaii thdt global flow i s 1h,ý sotu det-?rmianat of

tcatce (t~hce number of optical ed-ges cross-ingj a giv-r. opticil
10o(" s ina uni~t time) is provided by a. study in which the

* spacing bctdeen lines across a road was proqrassivcly
dccreast~d (Penton, 1980) . Conztant spaed travel over such a
road would Xr.',-ep theý global r low rate conzan white tlie edg9c
r: a teý (h e r th-e rate at which -stripes areý i.eing traversed)
would progressivciy acct=lerat,;. The Acculeratirng edge rate
va.5 dramnatically effective in inducing driveýrs to reduce
their. spreed.

_qnclu -;ions. The purpose here is not to de-cide he-tween
possible- optical Lases foc the perception of egospeed, but
irath(ýr t~o iatroduce the concqpts of glotal optical flow
i-a te, global optica~l. density, and optical edge- ratc, as new
aind possif~ly usefial deScriptors of thle egomoltion optic
array. Attention is called to the contrast LetWCEn thceSL
moer glotzal concept!s and the local natur'ý of a sia~gle flow
vectoE and its majniitude. Even edqc- rate is d global
d es c.rip1t or since it depends nut on one edge or optical
margirn4 Lit rather on the spacing relationships across a
LUMAJCT2 of7 CjeCS.
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'" GENERAL CONSENTS ON OPTICAL DESCHIPTION

The major conclusion after reviewing the literature is
that optical description for egomotioa is not yet complete.
The specification of optical velocity vectors and magnitudes
is not enough. Once the describing scalar and vector fields

*:" are determined, useful techniques such as those of the
"vector calculus may Le applied as ,emonstrated by Koenderink
and van Doom.

Feyond this, another level of psychophysically relevant
description is needed to understand specific tasks in the
visual guidance of egomotion such the time-to-contact
problem studied by Lee. That yet another level of
psychophysically relevant descrintion is needed is
illustrated hy the problem of the perception of egospeed.
This later pcoblem shows the nvened for daveloping gloLal, as
opposed to local, d-scriptors. Lastly, the relatiotusi.ip
Letween certain already existing concepts needs to be

ho .~.r rIuc i d ~ a G% aren~ple-, j~twd r
* perceptual roles played hy the mathematical divergence,

Harrington's "diveirqence"l, and Biggs' "areal expansion"?

.1

U

bI
* *1

S - ' " " ¢ " - " , " " '
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ASPECTS OF A COMPREHENSIVE ECOLOGICAL ANALY515

The purpose of this section is to provide a conceptual
framework for understanding the achievements, mistakes,
inconsistencies, and ommissiors of previous studies and also
for guiding futuire studies. The distinctions drawn here
have not always been made but these distinctions may clarify
some of the apparent inconsistencies anl contradictions in
the literature.

A coaprehensxve analysis of the optical Lases for the
perception of egomotion may be usefully partitioned into
five major aspects or subanalyses. This partitioning is
patterned after Gibson's (1979) "ecological approach to
visual perception" in which he diffcrentiates tetween (1)
the environment to be perceived, (2) the information for
perception, and (3) perceptiou proper. The modifications
made here are that the enviconmontal analysis is expariled
with respect to the ago-environmental relationships
.O.......ng Gsorn w-s Vend eurkernea with), dan that what

Gibson placed under the rubric of information is here more
sharply differentiated as optical description and optical
information.

The fourth part of Gibson's book is about "depiction"
and the fifth aspect here is display gereration, buit despite
the similarities of the title5, the prolews dis'sussed are
very different. As an ecological theorist, Cibson was
concerned with problems posed by perception via surrogates
-- very subtle and profound epistemic prohlems. However, for
the . ,•,.G. of .l.Ab. . repL , HU uoj. stinctiou is drawn botween
real and simulated egomotion. But that is not to imply that
such a distinctioti is not worth while. A very real pri.ctical
consequence is the problem of the transfer of training in
transitioning from a simulator to an operational crcaft.
This is true not only for airplanes but also for
supertankers (Wagenaar, 1978).

Interestingly, research wi.thin the five chosen aspects
may proceed fairly independently of the others. Ihase aspect
are:
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1. The E.,i-Fnvi~ronment States to be Perceived

Thp optical concomitants of egomotion are a function of
(1) the layout of th*e environment, (2) the egomotion path
shape, anid (3) the spe=ed of travel including changes of
speed. A fourth factor not discussed so far is concerned

*with effEcts due to independently moving others, tut that is
beyond thei current scoje. So far only simple and idealized
environments 4aid paths have Leren analyzed, tut obviouly more
realistic scentarios must be studied.. for example, consider
thc ego-pnvic~onment uelationships encountered by a
pcAd(stri4an in crossing d busy city street with other
po-deý;trians, or by a small calf in a moving heýrd. An

* analysis of event typpes is neqýded.

2.goetric Descripti~on

Oiicc a particular environment-egoxotion situation ha--
Lceen selected, a iogical r.;:-t stop is to provide a complete

(.., amLiFrit. optic array) description. of the optical.
cor.co.,uitanlts of~ t,,-at egomotioi'.

The optical 'description may be refetred to a variE~ty of
uwudels- of the ambient optic array- TEhe two most convenien-t
are the optic urray considered as a set of nested plaiie and
solid anglps at a moving point of observation and, the optic
array consideýred as a unit sphere proje-ýctiun surface
centeýred at the Mov .ng point of observation. O t-he r
projection surfaceýs may be used such as variously oriented
flat planes3 or co P.pICeX 1.Y c ur v *ed surfaces such as
windscreeii.s. Whatever model of the optic array L-3 used, it
is important to distinguish between descriptions of a full
ajmbe -.at optic array v er s us de4scriptions o f a restricted
sample. of the optic array such as those corresponding to
-Cota" - "i 1 1ate 1:a 1, or "toottom"~ views. it is especially
important t~o further distinguish between optic array
descriptionzs and retinal (usually, human) descriptions. The
distinction bctwecn the optic artay and any animal'-s ocular
organs is funidameatal at all levels ot analysis.

1,2ptial Imfornation A ~ajni s

Optical description consider5 how an e [V i ronn'Mýrit
geowUýtrlcally eftiects the structure of light at a mno v 114g
point of obs53rvatiori. it is Lasically a study .-f 9'4omptriv
projectioin. optical intorwation andlysis is tasically tfi,ý
study of thle inv'ýrs#p process3: Given unly t pvuojctivrf
activity in the optic -array, what ca n 1;e ia t:h eLa t i ca 11y
asc'prtaine;d about the nature ot the egoinotion and thc- nature
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of the environment bping traversed? In an ecological optics
sense, "informati.on" means mathematical specificity, that
is, optical information is geometrically deterministic, not
probabdlistic (Gib~son, 1979).

Thus the synonymous terms "optical information",
"optical specifier", a n I optical. basis" stand in sharp
contradistinction to thQ terms "clue" anud "cue" since "clue"
and "cup." ioply indetFerminism or andprdeter~ninism at the
invirsta projective geometric level. The distinctioL betwee-n
information-specification and clu(e-cup is important since
the problem of the ultimate adequacy (or inadequacy) of the
undc~clying optical support for perception has radical
implic-ations for the nature? of tentai;le peprc.ýptuai and
epistemic thgories.

4* erceptjual Utilization

Geomatric determinism, if it CeXists, doos not imply
psychological or perce-ptual determinism. Intormation permits
or CenIa bleý?s pe r cEp )t ion1, it does not force perceptioa.
Q9ýues tionls l-abou t t h pickup or utilization of inftormatior.
define aaother troad aspect of d comprehinsive egomotion
analysis. only this aspect is, strictly speaking,
p~sychological or perceptual iu naturL?. Although eýmpirical
percceptual studiss are, by design, excludcd from thi5
report, the aim ot this report is to help guide the
formulation of parceptual hypotheses and the sFelection of
the coutents,. of egomotion displays.

once aii experimenter 1hads selected an iaformation
vai ~Llc and fortaulated a percleptual. hypothesis suitaLle for
empirical testing, he must qeneratFe displays that provide
the desired information. Egomotion dizplay generdtion has
two interesting featuires th at researchers c c nc erne d with
assessing intormation, use shoull Le aware of:

UI) 22a l inherent cofuns Whether d V
iuforwatiov varliable is selscted as a result of
phenomenological in~trozspection on egomotiori scetnes, or Lby
analytic con-sidreration of the param%,ters of descriptive and
i 11v er se -g('- 0M;,t r Ic equations, a researcher ideally would
employ displiys which pxtese-nt the particular informationi of
interest in pure for~k. All. other saucces of information
would L'- r~cjorously controlled by contrgrbalancinJg,
eliiainating, or Lo1.diny thew constant. Untortuniately, this
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ideal exp~erimental design technique may often, if not
always, Le unattainable in eyomotion research. There may
always be inherent, confounding, alternate sources of

iuformatiun present in egogiotion displays of any complzxity-
This is protably due to a shortage of display degrees of
freredom comparpd to the number of parameturs in the
descriptive and inverse-g~-ometric equations (Wdarren & Owen,
in press).

The significance of the inherent contounldinq of
alternative information sources is that the assessment of
Piformation utiliz-ation way p rove to Le an u nePxpe ct ed iY
formidable, but intgerestinq, problem. It may be a long timF
before a final empirical verdict is rendered on the various
optical concomitants of egomotion.

(2) gations for descrition versus generation.
Although there ar e -s e veTr aI method -po s s iLle foc generating
egomotion displays, the tcechni~lue of choice today is that of
computer gene-ratad imagery. Comput-?r qgen--raticn reýquiresA
oro~cis,ý equations, and a natural. set ot qc~necatiori equations
would '"e those which 1e6cribe thq optical effects of
:egomotior'. Comput-er Programs could be written which
directly act on the descriptive parauet-ýrs. Unfortunately,

* such a pzocedure could not bG done in real timp cii most
computa-rs to~day duki tu the numer~ical. complexity ot the
equations. Fortunately, a radically different and
numerical' ly simpleIr set of g-neration eqjuationis exi-st that
rse-sult in thrý saia" desired displays albeit in real time. The
qen-ýratiori eqjuations areý not reviewed iii this repýort but may
be found in computer gcaphics books such, as Ne-wmifl and
SproulJ. (1979).

The computer geneiration eguations anid techniques are
* not mere transformations of the descriptive equations. The

differences are fun~damen~tal., although the results are the
L.m. 1h .sg %i fiJ.C; ACanc 4for !ve--SetCheus is that it is

possible (arid common) to provide an observer with an
* effective computeir display but whose exact mathematical

deSCription, 4nd information content are not known. But if
the exact description and information content are not known,
bow can a satistying theory of egomotion perception be
constructed?
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OPTIC ARAY VS. RETINAL DESCRIPTION

Optical description in this report generally cefers to
the optic array. Optical speeds and iso-angular speed
contours may refer to the optic array or, without undue
confusion, to a set of environmental loci. Once optic
arrray locations and activities are specified, they may be
"projected onto any possible projection surface. For
depiction and analysis, a flat fronto-parallel or side

O window is typically used. But, the surface may be curved,
and moreover, may assume any orientation including one that
is constantly chaniging. The fixating or tracking retina is
such a surface. Three issues arise in considering the flow
pattern referred to a rotating (and specifically fixating or
tracking) projection surtace:

1. Optically, the effect of fixation is to null thie
optical flow of thc fixated feature and to zero it3 angular
velocity. But the angular velocity (not just optical speed)
of all other points is also affected. The effect due to
rotation/fixation is geometrically well specified and is
essentially the addition of a rotational component to the
existing translational flow field. See Gibson (1950, Figure
57) for a pictorial depictiou and Nakayama and Loomis (1974)
and Prazdny (1980) for the mathematics. Hence, descriptively
there is no problem.

2. Analytically, the problem of decomposing the flow
field tack into rotational and translational components is
more complex but, in principle, can be done (Nakayama I

. Loomis, 1974; Koenderink & van Doorn, 1981; Prazdny, 1980).
Hence, analytically at least, the presence of eye rotatioL
does not deteriorate or confound the information available
in the flow pattern.

3. Psychologically, or perceptually, the issue is
whether or not the rotationally altered flow pattern poses a
problem for the extraction or utilization of the optically
available information. This is a complex issue and involves
Loth theoretical and empirical aspects. Much of the problem
is due to confusion resulting from failure to keep optic
array flow description separate from retinal flow
description.

For example, Gibson (1947,1950) hypothesized that the
focus of E.xpansiofl, since it is optically coincident with
the ground poinat being approached, could be used to guidE a

S . .
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landing approach. But others (Regan " Beverley, 1982) havQ
noted that the focus of expansion is not coincident with the
aim point and hence cannot be used for heading guidance.
There is no real contradiction here. Gibson was speaking
about the optic array; Regan and Beverley about the retina.
Geometrically, it is true that the retinal focus of
expansion and iso-angular speed contours differ in 1
environmental reference from those of the optic array. The
problem, then, is not one of descriptive geometry or
information availability. Rather, the perceptual problem is
how a visual system extracts information from a retinal or
other receptor surface flow pattern and with what accuracy.
How does thq visual systc.m separate the rotational and
translational components in the receptor flow pattern?
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"UNIFIED OPTICAL DESCBIPTION

The purpose of this section is to present a convEnient
summary of the procedares for determining an egoz.otion flow
"pattern for translatory egomotion. For rotation effects, see
Gordon (1965), Nakayama and Loomis (1974), and Prazdny .
(1980).

Conventions. Since many angles are used, a doublie,
capital is used for mnemonic value. Vectors are symbolized.
by either underscored letters or as pairs or triplets of
n numbers in parenthesis. 7he magnitude of a vector is
generally represented by the same letter without the
underscore.

The Environment

* The environment is assumed to Le given or known as a set of
points in a Cartesian coordinate tcamework. In general, no 7-!

restriction is placed on the "sculpting" ot the environment
although czrtain equations do describe the special case of
an infinite flat terrain.

Environmental Position

The environntental ptisitiunL of a point is given in
egocentric Cartesian coordinates. The axes form a
right-handed system in which the positivp Z-axi-i is aligned
with gravity and always points up. Hence, the X- and Y-axes
always definp a horizontal plane which would be parallel to
a flat ground ,surface. Since 3cound points are generally
below the oLserver, they tend to hav. negative z values, and
further, all points on a flat ground have the same negative
z value. Whatever 4Je egomotion p'ath angle, PA, to theq
ground, 2 ositiva x represents forward distance reLativ=: to

the observer, and positive y represents left-li•teral
distance. "Forward" and "lateral" directions can change with
time, but all further discussion here issumes rectilinear
forward egomotion. The ego is always at (0,0,0). The radius
vector frow the egocenteL to the point (K,y,z) is
uepresentE d

L (X,y,Z) Xi. + yj +zk (1)
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1he length of the radius v.ctor is the totalZ.iizt ai$ to the
point and is given by

SQ£• 11 V + j• ÷ • 2) ""

The flat Souard distance tc 3. point is,

SQRT x. + y 2  ) (3)

Another useful, auxillary distance is tbh distance from the
ego to the projection of the poin t Y, y,z) on the YZ plane(-
which is the point '(Iy,z)

,=yT ( y 2  + zk ) (4)

Static OCptical Position

The static optical. position of a pint denends on the
pa rticular model of thL - aro - ay that iS used. Four
models ar- cosidei:ed ,lep-nd~ig on the projection surface"
usea: (1) stherZ with "north" poDe u'p, (2) sphere with
"north" roIe ýimed at the horizon, (3) spheve wi~h "north"
pole ainca- "ahead", and (4) flat fronto-Qarallel plane. Unit
spheres centered on the ego form convenient moJ:.ls of the
optic ai.,ay beccause spherical extents and relations directly
correspond to the planu or solid angular reiations that
describe an optic array. The throee spherical systems
discussed here ar'e all variants orn the same theme -- only
the directions ot theil "north" pol.s differ., The fourth
model, a flat frontal plane actually captures only one
hemisphere of the optic array but is popular and convenient.
"Horizon" here always re~ers to the optical horizon and not
the "edge" of the earth. Thr., "ground" is, unless qualified,

:t'
".. -
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ai~ays assumed flat, horizontal, and i;elo- tne oLserver.

I rte Arc Functions and Cuadrants

I If the enivironmental position of a point is known "
or given in Cartesian coord3.nat.s (x,yz) the optical-
position is found using inverse trigonometric -i

I functions. Typically a comiputer or calcul.ator is used I
| f3r th~c- calculations, and since conmputo.rs generally ..
I return only the principal values of the arc functions, I

all raeturned angles are in a 1800 range. For example,
| most calculators return the same angle for th'- points
| (2,5) and (-2,-5) if arc tan (y/x) is used. Thus some
I angular positions will te misrepresented. The .

solution is to check for proper quadrant assignment or
I to use "four-quadrant" arc functions instead of the
ItypicaL "two-4uadrant" arc fuLctionS.

lj

1. Sphere with "North" Pole Up-

This section is a modification of Gordon (1965). When
the "north" pole is aimed upwards or aligned with qgavity,
optical position is given in terms of azimuth, AZ, and
either elcvation, EL, or declzination1  DC, angles. Azimuth
(also called "longitude") is simply angular position along
the horizon where

AZ = arc tan (y/x) (5) 7]
There are t~o usual choices for the second spherical

coordinate. Eievation (also called "latitude") indicates a
point's angular position aiove or Lelow the hoLizon where

EL = arc sin (z/r) (6)

EL is +900 at the zenith dnd -900 at the nadir. Notice that I
the elevation of all ground points is n,•gative since they
are below the oLserver an,1 hnc,, optica.lly Lk-ow the

hori zon.

The alternate, second spherical co-irdLinate is that- of
angular dqeclination (also called "co-l.ititudc'") frUm the
"north" pole and is given by

DC arc cos (z/r) (7)
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DC is zero at the zenith, 900 at the horizon and 1800 at the
nridir. Care must Le taken not to confuse this usage with
that in astronomy.

Which system to use? Gordon used an azimuth and
"* elevation system and it is natural to consider points below

the horizon as negative. For this same reason declination
seems unnatural for ground points. However, most
mathematical treatments and applications of spherical -j
coordinatps use thc. azimuth and declination (or longitude
and co-latitude) system. Since one purpose of this report is
to clarity usage and encourage easy communication between A
psychologists and other scihntists, the declination system 4

will be favored, but often the elevation vursion of an
equation is given. Declination and elevation are related by

FL = 90 - D(C)

and

sin EL cos DC (9)

A third three-d imnesional sphacical coocdinate is
simply the total distance, c (or somntim4s uho), to the .-A
point. 'his third coordinate i;s "lost" in r.roi1ction or
always taken as r I Lor a uuit sphere.

2. sphere with "~North" Pole Aimed at Hlorizon

This system is based on Nakayama and Loomis (1974) and "
Whiteside ani Samuel (1970). The key to this system is the
fact that projected points flow along great circle paths on
a sphere during rectilinear egomotion, and further, that all ..
great circle paths intersect at an optically stationary
focus of expansion. Thus the great circles can be used as a.
set of meridians (or lines of longitude) for which t e
"north" pole points ii the direction ot the aim point or
focus of expansion. Position along a givf2Dn meridian is
located by the eccentricity or angular distance from the
focus of exp;ansion. IHei1e eccentLicity corresýonds to
co-latitude and ranges from 00 to 1800 . If tIl,, egomotion is
level, then the aim Foint is toward th- iiuorizon. To
emphasize this the meridian and eccentricity an.;lns ace
symbolize! lIM and [IF which cor, z:spond to Nakayama and
Loomis's alpha and beta. If egomotion is alongJ the X-axis,
then

HM = arc tan (z/y) (10)
iHE = arc cos (x/r) ()

* '1
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This system anticipates rectilinear egomotion and has
certain advantages over an azimuth and elevation system for
such egomotion. Although the system uiay also be used for
curvilinear egomotion, the advantages would be lost.

3. SDhere with "North" Pole Aimed "Ahead"

If the egomotion is not aimed toward the horizon, then
the focus of expansion and the "north" pole will also be off
the horizon. The equation for HM and HE would have to be
modified to take the non-horizon "north" pole into account.
Expressions for focal meridian, FM, and focal ecc'ýntricity,
FE, are unwieldy and are best obtained by applying suitable
axis rotation matrices to the expressions for HM and HE. The
reader may check the unwieldiness, for example, by
substituting an arbitrary direction of travel vector,
(xaim,yaim,z:im) for the (1,0,0) aim vector used by Nakayama
and Loomis in their Z-. Al and then carrying out the
indicated algjebra.

The symbol "EC" is genecally used here for eccentricity
wh-n there is no special need to distinquish between horizon
and focal eccentricity, or when a qenrer' pCoperty is being
discussed

4. Flat Frontal Plane

A popular model of both the retina dnd the oftic drray
.s a flat projection surface or window. This model is

favored by computer vision workers and by Lce in his more
recent works. Most treatments use is a tronto-parallel
surface toward which the observer is travelling. K. Prazdny
(19801 sp)ecificalyV al nw• fnr . M e. I 1 e

proj(.ction surface. Computer implementations for arbitrary
motions and rotations is best done by the matrix techniques
given in Newman and Sproull (1979).

Table 1 presents a summary of t h- optical angles
described here. This taLIe is useful in convertiug from one
system to another.
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TABLF 1

Summary of Optical Positions I

I I

AZ EL HM HE SP i
I I
sin y/g z/r z/Q c/r y/Q

I I

cos x/9 g/r y/Q x/r z/G
I I

tan Y/x z/g z/y Q/x y/z I

where: r = SQRT ( x2 + Y z2 ) i

= S Q IT ( x2 + y 2  )

'0 = SQ- ( y2 + z 2  ) I
II "

Rectilixiear egomotion would norrally te represented by
a velocity vectov originating from tho observer and pointing
iU the direction of travel. However, under this egocentric
analysis, the ego has no velocity vector since it always
remains at the origin. Instead, it is the environment that
is considerea to displace relative to the ego. Heace, each
point in the environment is assigned a ve-locity vector which
is simply the negatve ••. f f he us. ul ...., -C 'Velo ity
vector. This environmental velocity vector descrites what is
happening to each environmental vector, r (X,y,z), and so
may be symbolized as

I _V=X; Z (12)

It is impoltant to note that there are an infinity of values
for the environ:ugntal position vectors, L, tut onuy 2on
value for the envirouaental velocity U. .

That single vilue of , is determined Ly the -"
negative of the ubsrrver's relative velocity, but the.
components directly describe the motioii or euvizonamenital
poirits. Uence,

x neJ w,'.is f2oZwdLJ obshrvr motioN,
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y nigative is leftward observer notion, and

zpositive is downward observer motion.

The path speed eithcr of the observer or a point is

S= QliT ( X2 + 2+ (13)

Since the derivatives, •, of all the positional radius
vectors, r., are all equal to the negative of the observer's
velocity vector, the environmental vector velocity field
looks like a field (two or three dimensional) of parallel,
equileagthi needles. The needli at the point toward which the
oLservec is heading points directly at the observer.

Speed of QOtical notion

Optical motion or instantaneous change of optical
(ieangular) position is best Je-scriLed by a vector si~nc~

it has both spIRed and direction associatn-d with it.
Hiztoricaiiy, optical speed was descrihcd firýt, a;id only
later was the vector as such described. Thi-s sequence is
followed here.

Two approaches to determining optical or angular spced
are:- (1) lake the time derivatives of any two angles
defining angular position and then combine the, components
into total angular speed, or (2) capitaliza ou certain
geometric properties of the radius (position) and velocity
vectors.

Otica Spee4d by Differentiation: Cartesian Form

Formulas in this section express optical speed and its
components as functions of x, y, and z. As such, they are
well-suited for computer work. Equations 5, 6, 14, 15, 1b,
and 17, are taken from Gordon (1965).

Azimuth and elevation rateý cow Rpnjets. CIange in'
optical position May be resolved into separate azimuth adc.
elevation rate components. Straighttorward diffiei>entiation
of Eqs. 5 and 6:

AZ = arc tan (y/x) (5)

and

EL arc sin (z/r) (6)
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yields

AZ-- ( 1/g 2  ) (-yx + Xy) (14)

and
EL ( 1/•r2 ) (-izx - 7y + g2z ) (15)

Lateral velocity may be simply eliminated during rectilinear
egomolion by orienting the X-axis in the forward directiona..
All further discussion assumes this has been done and that

0 always- Accordingly, E'ls. 14 and 15 simplify to

AZ ( -,y/g 2 ) (16)

and

EL = ( 1/gr 2  ) (-XZýX + g2 j ) (17)

Total, angular speed froa AZ and EL,. Th- * total
wagnitude of the rate of change of optical positioni, OP, is

d Sr: ,T ( Az2 cos 2  L EL ) (18)+,

The cos 2 LL factor is a scaling adjustme.nt to .wake distanceS.... . -0 ,.,.U,•. ,•• e -.L ation iinT: compdracle. ldecaik that

I1 of longitude- at the eiuatuoL delimits a qrr-ater distance
than 10 ot longitude near the North Pole.) Gordon (1965,
196o) omitted the scaling factor, whereas Biggs (1966) dil
include it.

If Cartesian forms of AZ an EL, such as Eqs 16 and 17,
are substituted into Eq. 18, it may be desirabli to use the
Cartesian Gguivalent of cos 2 EL which is (g/r) 2 7

ORKtiC•l S Rteed by Differentjati o__n: Optical Forms

The Cartesian expressions may be transtormed into
optical forxs by multiplying them by unity in the guise ot

, (r/r), or (g/g) , and then arraqging the terms so that
x and z a~e divided by z arnd all otheL factors form ratios
which appear in Table 1:

AZ (--11z) (y/g) (z/g) (19)

and

EL (-X/z) (x/9) (z/r) (z/r)

+ (z/z) (W/r) (9/C;) (Z/O) (20)

'ahiuh becoue

6
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AZ (-xc/z) sin AZ tan EL (21)

axud

EL (-/z) cos AZ sia2 EL

+ (;/z) sin EL Cos EL (22)

Ed(,h FeXpreSSiOn tedches us something about thtl flow
pattarr, bu~t cctre must be taken in interpretation. At first
glance, Eq. 21 appears to indicat-: a dependency of azimuthal
,3ositi.ýn on altitude, Lut this is not so as cvidenced Ly
;qs. 5, 14, and 16. The "zi" factor in Eq. 21 was
artificially introducted ty thF. (z/z) multiplication needed
to obtain Fý. 19. Its effects. are offset Ly the tan EL
factor.

it is argued that Eqs. 21 and 22 arc in all-optical
for-m at 1lýast for cis-as in whicd z is everywhere equal as in
level te:rrain. Sp*-.cifically, the (K/z) andi (Z/z) factors area
conside7:eA. ýlobal oj-,tical :salin3 factors sinciE they ara
apt)lxeFi cequally to n~ach point. TnCy arE opticall'y aVailaiblQ
inl thAt thcey .;L' easur-- of th-2 glohai activity in din optiC
array, sone arvays: flo0W quickly, OtheLS Slowly. Th factor

.0

C."/ 2) S thle tractional rate of change in thpe up/down
dmme4Fsiou.

Path speed And path ARnqje- Eý]uation 18 foc total
angular s peuc. 1 ma y be expdaded * usinU other Cartesian. or
optical expressions for AZ and EL. No ex[-'ressiori given so
far haý; dirrectly incorporated path speed, A, ar.d path angle,
PA, 4ad yet these dzre two common parawnmters oZ egoiiotion.
FoC t~ie special cise of no lateral motion, y0, path speed
is

As = S Q R ( )L2 + Z2 (23)

Equation 23 is thus a simnplifie-d form of Eq. 13 and equally
represents the obsE-rver'.3 owni speed or the speed of an
environmc-ntal point in an e-goce-.ntric -Lystem.

Path slope is geoprally the ratio of desceint rate to
diy~icted groutid spoed, thus

path slope =z/*x tan PA (24)

or*
PA =arc tar, (z/X) (25)

Siuv e the origin is eg(ocentric, the eqo nteverx atoves drd only
envitonaiental poinits displacq. It thq ubsi'rverc ii umoviag
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forward and downwdrd sinultaneously, x is n,•gativc and ý is
positive for all environmental points. Thus, environmental
points move at an angle 180o different from that of the
Aoservýr in a geocentric system. One further cautionary
point: Path angles are generally given in absolute values.
If a landing approach is said to be at a 30 path angle, then
the observer is headed 30 below the horizon and the
environmental points travel with a path angle PA of 1770
(not at 1330 ).

Buations 23 and 25 together imply the relatiouships
summerized ii Table 2.

Path anqle asa _-P_•ical anle. Path angle is argued
to be an optical angle in that it is available from optic
array relationships. Specifically, in a geocentric system,
the angular separation of the focus of e2xpansion from the
horizon is equal to the (signed) path angle. In ai.
egocentric system, the value of PA is just 180o + the-
(signed) angular separation of the focus of expansion and
the horizon. For texample, if the focus of expansion is 30
below the: horizon, then ?A Is 1770 . cptical availaLility
implie.s only gomet ric exis5tnc a and not necessarily
FFrceptual OZ niological effectiveness.

, !
| ABLE 2 -

I Path S.eed and Path Angles
I "'

l/5 sin PA z = s sin PA I

1/s = cos PA = s cos PA

zx= tan PA z SQFT ( x2  z2?
I ,

Otýical sReed from path sped and 2ath a, De.- The
relations in Table 2 may be used to re--express the previousi
equations in terms of path speed and path anqle. Many
diftereat versions are possible. Eiuation 26 is exFressell
solely in terms of gloLal flow rite (S/h), path angle,
azimuth, and elevation. Letting

h = SQT ( z 2 ) ABS (z) (25)
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"r"preesei t aliTitude, global flow rate (5/1h) is always
positive. Total optical speed is

CIE` (1/h) sine EL SQLPT (

(sin2 AZ c5c 2 EL +4 cos2 AZ) cosz PA

4 cot2 EL sin2 PA

- cos AZ cot El sin PA cos PA) (2b)

Eguatior 26 is equivalent to Eq. 3 in Gibson, Olum, and
• lRosenblatt (1955) but the demonstration is tedious.

optica1 S-eed hy Geometrical Considerations

An alternate method for dqtermining total angular speed
is based on geometric and kinematic conzid,ý-ations (e.g.,
Biggs, 1966; Whiteside & Samnuii, 1970). The effect of the.
velocity vector r or v is to turn the radius v,-ctor r at
some angular spee4d. 3ut,, the turzlinq effect of 0 o, .
depends on thiir r-lative orientation. Assume that the tail
of the turuing vectoL r is attached to the h.ad of the
radius vector r. rhe turLing vector can ht rcsolved into
two cowpullent v-ctors: onD aligned with th.. radius vpctor
and one 900 to it. The align;.d or axial component of t can
have absolut-ely no turning effect on r. The entire turning

"" effect is dua to the tangential component of . r;elative to
_r.. W

The magnitude- of the tangential component of r is well
known to ve equal to the length of r, s, times the sine of
the (smalllec) angle between them (when both originate at the
origin). Now, r is oriented exactly 1000 opposite to the aim
vector which points at the focus of expansion. Tha angle

t.• n thq f1uus of expansion and the radius vector r
(xyx) is, by definition, the focal eccentricity angle Fý

or EC. Since E:C and the angle between x and r must form 1800
or a straight line, the augle between r and r is (1800

EC). Thus the magnitude ot the tangential componenit of ,
is

r r sii (1800 - EC) (27)

or

,sir, EC v' (28J)

since L s and sin (1800 - EC) sin EC.
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Angular speed is now easily determined since angular
spe e in radians pec second is simply tangential speed
"scaled in turning radius units. Thus

* 0

EC ( sin EC) / r = v'/r (29)

EC (s/r) sin EC (30)

"- ricZ r is the length of the radius vector (or positional)
vi:.,.to 0- (x,y,zz), and s sin EC is the tangential speed of the
yaCjnt (x,y,z) relative to the egocenter.

If egomot ion is rectilinear, then Eq. 30 is •an
4elegantly simple expression for the total angular speed, OP,
since here

0p = AC (31)

"Due to the simplicity of Eqs. 30 and 31, some comments are
in order:

1. Assuition of constant meridian. The equivaiehce of
th1ýe eccentricity rate,-:, and the total angular rate, O'P,
is t•ue only if flow is along a line of constant meridian.
This was recognized by Biggs (1966), Whiteside anu Samuel
(1370) , and Nakayama and Loomis (1974). The simplicity thus
introduced qxplains why an eccentricity and meridian system
"is preferred for describing rectilinear egomotiou. It there
is any change in meridian value with egomotion, then the
total angular speed is not equal to EC and an expression
similar to Eq. 18 must be ased. Biggs, explicitly provided
such an expression. Meridian will change during curvilinear
egomotion and also during rectilineaz egomotion when the
"north" pole defining thz mecidians is not aligned with the
heading puint.

"2. artesian form of Eg. 30. Equiation 30 is neither in
an all-Cartesiani form nor in an all--optical form. It is not
in all-optical form because the factor (s/r) is not an
optical variable. Global optical variables such as (Z/z),
assuming a flat terrain, apply equally at each optical
"position. But, (s/c) varies with position since r varies
with r;osition.

Assume that the egoinotion is level over a fldt terrain
so that Eqs. 10 and 11 apply. 'Th-n horizon ceferred
eccentricity, IiE, is the same as focal eccentricLty, EC, and
by TaLle 1

sin EC Sin HE
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thus

EC = (s/r) (Q/r= (sQ/c 2 ) (32)

which is in an all-Cartesian form. If the egomotiLon is not
level, E•. 32 does not apply since Sin EC would not equal

3. Optical form of Eg. 30. Equation 30 may be recast
into several, all-optical forms by multiplying by unity in
various guises such as (z/z) and using Tatle 1. For
example,

EC= ( ,Qz/zrr)

or "*0 --

EC (s/z) sin EC sin EL (33)

which is in an all-optical form. It should not matt:r to the
visual system that eccentricity and elevation are not
usually used together. For another version lit

C =(SQQz/zrrO)

theta

Hu = (s/z) sin2 H- sin HM (34)

which is all-optical and exclusively within a horizon
meridia- and horizon eccentricity system.

4. Iso-angular speed surface. Whiteside and Samuel
(1970) argued that a set of t-ree-diiensional points, all of
whizh have the same angular speed, fcrm a torus, but gave no
eguations. No derivation is provided htce either, but it
possible to demonstrate that Eq. 30 set to a constaant is
indeed the equation of a torus. Use Eq. 32, assume OP is a
constant, expand Q and r into their x, y, and z forms, and
after much rearranging of terms you will have- the equation
of a torus. oL non--level egomotion, apply a rotation
matrix.

Vector Description of Optical Motion

This section is an introduction to the vectoc
description of the flow pattern corresponding to rectiliriear
egomotion. Several differfnt vectors play a role in tbhe
flow pattern. The tasks of this seýction ace to (1) identify
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the vectors, (2) provide expressions for th-eir direýctions

and magiiitudes, and (3) discuss thelir inte2zce1.tior~ships.

The 3-D Vectors

Vectors useful for anaLysis and descri.-tion include:

The radijus RosItion vector.. The= position or radius
vector r = (x,y,z) is theý vector fromi theý egocanter to the
point (X,y,Yz) in the environment. Ejuatioa 2 givqs its
magnitude.

The environmental ye locity vector. The eiivironmental
veloc-ity -v-ct-or 7 or v = t,'eTi) descrihas the motion of all.
environmental points relative- to theý egocenter. All vectors
y are eqaual. The speed of the evo or thG.Point~s is given by
Eq. 13 and symbolized eitzer as r, v, or s.

The observer's own velocity vector:. The obse:rver'rs own
velocity v~c-tor relativp to the environment is simply the
exact opposite of the environmental velocity veýctor v an
hence is -V or -1: and th,-- egospeed is also givefn by 24. 13.

The aim vetr The aim or ht:Žaciinq vector is any
vector pointing in the same direction as the observervcs owL
velocity vector.

The axial velocity~ vector. As already discussed, t h, .-

environmental velocity vector, y way te resolved into two
components. The axial velocity compone-nt I's aligqned with thet
radius vector and hencEý can have no turning eftect on it.
Accordingly, this vrcIctor is of no immediate interFst.

The tan~qentia1 vejo~ic vector. A5 already discussed,
only the tangential Component (hr jor re) of the
environmental velocity vector, v ocr , has dany turning
effect on the position vector -r. This turning effect
increases the angular separation, EC, tetwaeL r -and the aim
vector with an angular speed e'c. As presented in Eqs. 27
and 28, the magnitude of v' or 1' is 9 sins EC ur v sinl EC.
So far, thq only thinq said about theý direction of v' is
that it is5 at right angles to the position vector r. Def o;re
further specifyinq 11, it is helipful to ;-:xaminu the angular
velocity vpctor.



Egomotion Flow Pattern 60

The anpular !elocity vector In general, an angular
v4ýlocity vector, w (usually represented by an omega), is
assigned a magnitude, we equal to the speed of the angular
change and a direction aligned with th.b axis of rotation. It
further points in the direction of the advance of a
right-hand screw. The basic kinematic relationshi.p between
a radius vector, •, a (tangential) velocity vector, y', and
an angular velocity vector, w, is that

_V = w x r (35)

where "X" rpresents the vector cross product.

The ien'th_ of v, is, by definition,

wr sin WR

where WR is the angle between w and r. Since w is aligned to
the axis of rotation for r, w aid r are at right angles to
each other and hence sin WR 1. Hence

"I1
v= wr (36)

and
I-, - -,./

Equation 37 shows that the definition of the length of v'
conforms to the general rule that angular speeu is equal to
the tangential speed scaled in turning radius units. Here,r
in particular, angular speed, w, is EC which was shown to
indeed equal vl/r in EQ. 29.

The direction of w is found bi noting that w, as th.
axis of rotation, Inust Le perpendicular to Loth r and v i

since they determine the plane of rotation. The cross
producrt r Y '- , y T in a vectoV mtully.

perpendicular to both r and v, and a unit vector in the
- direction of w is

(1 X 1) / X (38

In the discussion of ,I~s. 27 and 28, the angle Letweer] r and
v was shown to be (1800 - EC), hence

V X v rv sin (1800 - EC) = rv sin EC (39)

Equation 38 becom(,s

(r Xv) / rv si c iC 4)) 40

or

(I/sin EC) (L(/r) X (v/v)) (41)

*
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Thus, the unit vector in the direction of w is simnply
(1/sin EC) times th(- cross product of the unit vectors (!/r)
and (Q/v)

The vector w itself is the product of the length of w,
(v'/r by Ea. 37) and the unit vector in the direction of w:

S= (y /C) (1/sin EC) ( (r/r) X (v/v)) (42)

or, since v' v sin EC by Eq.28:

w = (v/r) ((_/ 1 X (.v/v)) (43)

or just

t : (r X v) / r 2  ) (44)

Tangential velocity vector, Part 2. An expression for
the tangential vilocity vector v' attached to the p oint
(x,y,z) is now easily found by comnLinig Eq. 35

v' = w X r (.35)

= (1,'r 2 ) (c X v) X r (45) '

Comments on the Vector Description

CS a ... s _--_.. -- _ t ua. forms. Several
diff-.rent forms have been given for certain vectors. Some
forms ar:• better sui.tzd for calculation and others for
conceptual. development. For example, with res.;ect to the
angulaE velocity vector W, Eq. 144 is simFlest tc,r:
ca.&culation. On the other hand, Eqs. 42 and 43 are test
conceptually since each factor has a ready interpretation.

Siunificance of fractionil rates of chanqe. Fractional
r4 es of cha,.ga or egomotion parameteýrs appear to Le playing
significaut ciles in Lath the mathnmatical description of
eqomotion effects and also in tha perceptual utilizatin ot
eyomotion iEQoLMIr(iO (Owen, warrCn, JHSC n, Mangold, &
Hettinc'er, 1931)
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Alternate comp~utational forms. The~ equations developed
h(*!re have assumed that the position and velocity ve:ctors ari-
known in CartEsian coordinates. This is reasonable since a
researcheýr will typically have such coordinates in miind.
Othe~r forms may be developed as nzeýdea ly means at Tables 1
and 2 or by standard procedures for coordinate
transformation.

Consequenges of alternate forms on de.2ction.
equispaced environmenptal. points acee ch-osen, ab wold -
likely using a Cartesian scheme, then a two-dimensional
projection or d.-piction of the various j~oints and flow
vectors will. exhibit linear perspe:ctivc qualities. As has
already t~en pointed out, it is possihle to Legin with
points which are ceguispaced on a projpction or receptot
surface. This method is -in use by computar visioni scientists
and results in dcpictions without a linear perspective
character. dowever, picking points e'.jui~spaced oa a viewinig
orL receptor surface is indeeýAd a natural beginning fo r
analyzing an oper-ational visual systeitA.

Angular vs. pl1aaer 1representation. R-errinj optical
activity to a re_:ceptor surface r a is'-,s the_ Juzstion of
angular vs. planer models of the op-tic array. The eg4uationls
here riescribe (-Inti r-A! cti -a~ tes ofS 1 a 19 1dtL
relationships. Such description may te tracstocmn~d into flat
projectin plane relationships (eg. razdny, 1980).

The d escription of Nakay ama and Loomis. !uch of the
analysis here is indebted to that of. Na~ayama and Loomis
(19714) .Ther-2 arc- some diffe:rcinces a rea'ier should b)e a wa E7ý
of. The current re~port uses the veýctor v to rspre7sent the
relative environmental motion. This v-ictor is the opposits
of the oLserver's own motioni vector and this aftects the-
appearance of s oi -- r m 71 eni o_ T Jý.IIIdiý C

with respect to the obscervpz's own velocity vectir, a -v
entails uziing the cross product a X r. 5inc;!

a X r -v X r r X v (46)

a diffeýrent l"pati ~nl" of cross products smerges, but therE
is no diff-irence in the results. Thtvs, Nakayama and Loomis's
unit normal vector N is equivalent tc thie unit vector in the
direction of wi hegre. However, th,_- taage_:ntial vector v1 hcrc
and thýŽir ome:_qa-T vector do differ: in magnitude althougjh the:.
direýctions arte thp same. The ler~gth v1 here is v sin EC,
Whereas the leng~th of omega -T is (v/r) sin EC. T h e
difference is that om.ega-T is tangenat to d U Ii L5F1

whereas v1 is assumed to originitke at thc. point (X,y,z,).
Both lengths aeconsistent with th- r _,Jir(enent that thq
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angular siE-d be, equal to thit ta:ig-ntial speed divided ty
the turning radius. In general, all tangential velocity
vectors "attached" to a unit sphere will have th3 same
magnitude as theiL associated angular velocity vcctors. The
magnitude of th• angular velocity vector is, il turn,
determinea by the length of thr! tangential comjonent of the
environmwntal velocity vector "attached" to the
environmental point divided by the distance to the point.

-I
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