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ABSTRACT

By using the direct and inverse binomial experiments it is shown that
there is a situation where Birnbaum’s basic axiom of mathematical equivalence
and the likelihood principle is a tautology. This observation disqualifies
the Birnbaum'’s proof of the likelihood principle based on the axioms of
mathematical equivalence and conditionality. The implication of this disproof

of Birnbaum's argument for Bayesian statistics is briefly discussed.
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The likelihood principle demands that same inference should be mads from
data with identiocal likelihood function. It has oftem besa considered that &
proof of the principle was given by Allan Birnbaum and that the priaciple
holds automaticslly in Bayesian statistios. In this paper, using a simple
example of direct and inverse binomial experiments, it is showm that
Birnbausn's proof reduces to a tautology. It is expected that this semantic
disproof of Birnbaum’s result will eliminate the confusion about the relatioa
between the likelihood principle and Bayesian statistics and will eventually
oontribute to the development of the latter.

T™he respongibility for the wording and views expressed in this descriptive 4
Summary lies with MRC, and not with the author of this report. ‘




O THE FALIACY OF TME LIKELINOOD PRINCIVLE
irotugu Akaike®

1. INTRODUCTION AND SUISAARY

There has been a continuocus discussion of the likelihood principle which
denands that the statisticsl inferences based oa the data vwith fdeatical
1ikelihood functions should be indentical; ses, for example Birabaum (1962
1972) and references therein.

The likelihood principle has been considered to be providiag a strong
support for Bayesian statistics (de Pinette 1972, Lindley 1972, Savage
1962). 1In particular, the direct and iaverse binomial experisents with
unknown probability of coourrence is often quoted as & typical example where
the couventional and Bayesian agproaches differ significastly.

The 1ikelihood principle gained much support by its "proof® gives by 'i
Sirnbaum (1962) who derived the principle from the principles of
oconditionality and eufficiency. The “proof® was later improved by replaciag
the sufficiency principle by a logicelly weaker axiom, or piaciple, of
sathematiocal quivalence (Birmbeum 1972). The forcos of Birmbaum's “proof® lies
in the fact that the two axioms of conditionality and mathematical eguiveleace
are undeniably “cbviocus® o "satursl®. The definitions of these anicms ere
givea in the next section.

Nany suthors have discwseed the likelihood prisciple. A good cummary of
the iaterplay between variows pinciple of iafereace related vwith the

*The Institute of Statistical Mathemstics, Tokyo, Japea.
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1ikelihood principle is gives by Dawid (W77). Particularly sctable ia these

wosks is the one by Durbin ( 1970) vho developed a strong argumest agaiast

Birnhouns’ simuitasccus agplicatios of the conditiocmality and sufficiemcy

principles. Apparestly Birabems's istrodection of the axiom of mathemsticsl .
eguivalence vas intended to replace the axicm of sufficiency by one thet is

uove “cbvicus® and thus vwill be more independent of the conditionality

geinciple.

The purpose of the preseat paper is to show, by wiag the amnple of
direct and ifaveree binonisl eperiments, that the axien of asthemstical
eguivalence 1o by %0 msans “cbvicus® as clained by Birsbeasn. In this ewample,
under the ssoumpticn of the axicn of coaditiomality, the relatisca between the
axion of mathematicel eguivalence and that of likelihood reduses %0 &
tastology, vhich chows that the difficulty pointed ouwt hy Dusbia etill
pereists.

The relation between the likslihoed prisciple and Dayesisa statisties is
dlscessed briefly ot the ead of this paper.

3 BREEAUR'S ASIOND MD THE LIKELINOOD PRINCIPLS

Pollowing Birnboun (1972 an enperinest B is Gufined by & = (8,8,8) ,
where 8 = (] 10 the ¢iccrens sample spece, 8 = {0} 15 the paremsser
space and £ = £(x,0) = Prob (X = x|0) . Por cach =, (B,x) 1is weed to
represent (ea iastance of) statisticsl evidence. Por B and B° with commsn

paranster epace the judgunsat of the eguivelense of the statistiesl evideases
(3,2) and (B°,%°) is represented by R (R,%) = 8 (8%,2%).
A statistic hix) is called ameillecy if it ecatisfy the relstien '
£(=,0) * g )tixin,®)
where g¢id) = Prod {(mshixn) » b)) 1o indepentent of O . Per cash pessidie




velus b of as sseillary statistic h(x) 5, 1o defised by B.= (8.8,.6,)
vhere 8, = (2 Mz) = h) end ¢ = £(xih0) . Then B wmey be csasidered
0 & mixture aperisent cengesed of conpenents B, heviag redpestive
puebabiiisies ¢(b).

Sirahoun’s aniens vreguived fer the resent Giscussien aret

Conditionality (C)s B, (B.%) © B (B,x) where b is aa
ansillary statiotieo and b = X(=m).

nsthensticel eguivalense (N)s It €(n,0) » €(x,0) fer
el 08, ohes ~M.~m.’o

sdhalinend (L): 3If Sor ssme @ 5 O,
2ind) o ¢ o(n*,0) Cfor all O e @, the 8,(8.x) =
By (8%,5%).

e 1ihelidesd prissiple dicsstes that the evidense prodused Wy & walid
ostistical iaference gprescduse must sstisfy (L). A cugpert for Whe priasiple
csuts fyen Sirvboun’s prest that (C) and (N) jJelstiy Maply (L). This o
ofoen considuved o “prect® of the Likelihesd priasiple.

Sisnbens alse choved thet (L) faplies (C) ané (). Whus, wnder the
asomiptien of (C), (M) and (L) oce amhenmticslly cgnivalem.

3. TER MILACY

e foree of sugpert for the Linelideed grisciple sentered My Sicabemm’s
Spocet® i dused en Whe chusrvation that (C) and (N) are “asteral® o
‘cbvions®. Whan (C) 5o cssnpted a5 ene of the grunioes then, fue 0 W0




—

logienl eguivalense of (M) and (L), the fores of the sugpert dapends
estively on the “chbvicusness® of (N).

Birsboun adegted (M) simply by aseuming that it is the siwplest
fermalisstion of the eguivelent stetisticsl evidense. This argumest is
cbvicusly entre~esthemtics) and 1o concerned with the ussaing of (N). We
will shew that this entre-asthemstissl srgument is uwafounded.

Consider the disrest bissnisl enperiment 8 = {8,5,f) defined Wy
tn,0 - c 0*11-0)"", s (0,0,.cc0) 8B (0 0O ¢ 1) . Alee
csnsider the loveres Minemisl esperiment B8° » (0,8°,€') d@etined by
ru.ﬂ-,_'q._,c‘cut""r-h.vt....l-n-mu.-— S e thae
of 8. Yo ansume thas & and & ase pesitive iagegers sush that 8 ? &,

for scaamédycn wvo have (a0 = of'(a,0) (¢ > 0) . Polieviag
Sirsboun we guRerste the almture cuperinemt 3° = (8,8°,£°), hepe
0o (0, 8 o [1u,9)) wv e 0,1,2..c ) and £° 1o Gatined Wy

% {la,v),0) = nfin0) fox (w,v) © (a,n)
(=R)e%(p,0) for (u,¥) = (ay)
o othesvise,

where k © Vite). Per this oupesinest wvo have
19¢(0,0),0) = Mtal) = (=R)1'(a,0) = f9((a,n),0). In Whis case (W) eage
Wes R,(5%(8,8)) ® B,(8%(n,0)).

Sieabomn’s Justificstion of (N} este en Whe argunent Vhet by
relabelling (s.,0) by ine), and viee vesse, 20 choarvebie change 1o
Antredused 1000 WMo probabilistic strusture of the enperiaamy; 600 Whe
dissussien of the emmmple st Ve boglioniag of 9000 of Bicnbam (W?D).
Ssvever, ia the presest emsmple, by cbosrviag (n,8) ws hmow Ghad Whe dave
vare gunereted by the diremt bdiasaial aperiasst. Alss, My chewrviag (a,e)
e heow Shet it came fren the isverse biasnial enperiasst. Ihe SnssRieal

- e i
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Saeaine of the relabelling ip S0 mehe ¢ false resert (0.8) yhen setmally
in.8)_As shesrved: hether sush resertine is asesptahle o 20% IS 00% 20
Shvisus S985eE. It is aseuptable caly vhes we are vwillisg o igeare the
ditference botween (w.8) and (»,8).

whan (C) (s lavehed the sssegtanss of the false vepertiang peesedurs L&
ogsivelent to acvapting the equality &, (5.0 = B (8°,8), i.0., the Likell~
hood suian. Thus, wnder the asounpties of (C), the selebelling assumed by
(%) is esither ssre ser lese conpelliing than the iikelibesd exism (L)
sself. s this situstien the relaticn boswesn (M) and (LY s o
savtelegy. A tamelegy is legieslly ¢ truth. Bowever, it dese ast poovide
ony asvw isfermstice thet odis w0 our taswiedge. This chosrvetion vsastitubes
o senangie Qispreet of Dirmbaun‘s “preef® of whe Likelihesd priasiple.

4. SISOWNION

Sirsboun’s “prest® hes predused cighificant effest on Dayesian
slatisticians. Savege's reasticn 0 Birvbown’s “preet® (Savege WD
pteslly represents Wh: isterpretetiaon by & Sapyesisn sustistician of Ghe
relatien Dotwesn the iiheliheed prissipie and Dayesian sestistiss. Ldindley
(07D) caonged his imerprotation of Whe priaciple fren thit ctated ia e
eagassticnable dufiaition given 18 fiadlay ( V908), vhere the egusiioy of prier
GAsribeticns vas an aplicit preregeisit of We priasiple, % W of Sevep
e otaply ascunsd Whe EAiQuenese of the prier 4Lotridutise. Agperestly
tisdiey (9972 cevupted Birnbeun’s “prest® as & confismstion of the priasipie.

ft io an waleshy colasidmnee WAt e “presf® strengthened Uhe thene
giouing aisvsacaplion thet Whe priscipie astemstiselly holds in Sapesiss
Setisties. Nany tout Losie afupt Whis view. Suh o View is sbviewsiy ia
oumrediction with the origiasl pesition of Whe subjestive Vheery of




prehability vhich Golls that overy peier infermtics sheould bo tohen inte
esssunt vhen dovelaping & prehability &istridbution of an wnkaswm. It s
vether susyrising to 000 that oven the Wpisel subjestiviss ds Fiastte
vieletes this dasie pesition ly sisply ednitting the Likelihesd prinsiple
(6o Piastti M73). Sush & dresch of the desie Seaching hes wfalliogly lesd
Sagesian etatistiss %o & stalamsbe.

Girengly asgative seacsticns have bosn chown agaiast the present Asther‘s
discunsien of the asssesity of insleding %he campliang sshene Lae prier
taferuntion when duvelaping o prier dissridbmticns fov dlrest or iaverse
Sinanial eaperiasste (Ahaihe WE0). This leshs astural Whes ws vesoghiss thet
Sirnbaun’e argunent svtrested oven ghilscnphere’ Lasesest (ybusy WY,
Seidentfalé WN). Sswever, solastifically aladed wsese of Sagesian ctesisties
@ est chov aay 4t (o Wking iste essount Whe gouperty of eanplisy eshene
is Govelaping ¢ prier Gissriduticn. A Wpissl enmnple is Jeftrape ( Wes) whe
Gafiaee en lagnavenss grier disnribution Yy welng e iafosmsticon cugplied by
he cpesificetian of the Likeiihesd funstion. Oox and Tiee ( WT))
cviasiagly dioounss the sstionnling of wsing Aifferes legesenne priese fer

1 commp fuir 0 cap Wet We Lidelidesd grissipie is eassadibionsiily
cupereed caly by Wese Sapesien SL0tisticians whe Send %o 00 cumn enigusly
Gfiand )ostive Gusning Lo e SAMMENNEE OF 100 goubabiliny Qiseribuics.
a0 arguasat for W a0 of Suth an “WIONIW” pgrier ANCIDNIGE & owr
‘sudiestivs” prier Qistridbuticn, whed It Gsee exisn, 1o Gsveiaped 1a Abaite
(W), Goeever, hen o0 @0 ASL ROVe Guth & GOSORY Prier laformation, we
cansot Gony Whe gessidility of wsing Whe iafermstics chowt Whe enpested '
Sehavier of e pesterier ALSLTiluticn io GRNSiAg & price GLsSribmien. Suth
¢ prossdure of cslastics mabmsally Jafusee the dupondense of Whe priee




distyidbution @n the sanpliang ssheme.

The semantis diagrest of Birnbeun‘’e derivetion of the likelinsed
guisciple gresented (a this paper vill emaasigete statistisians Cres the agpell
of the yot enfoumded 1ihelitesd priasiple. OStatististians ave still free ta
dovalaping thair grier distridutions for cseh partisular geebles. Thay may
0 the iafermsticn e the sssuned senpling echens in chessiang & prier
diotridution. This fveadas will give Sayesian statistisions Gove chanee %
Qpresiste the comnen ctnne axbedied is conventions! statisties and Ghas
oventaslly eshanse the +idaliny of Bapesics statistice.
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