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Detection problems for uniform renewal processes are represented in the
formats of GOF(goodness-of-fit), 2-sample; and GOF-with-nuisance-parameter
problem The techniques are all based on the minimal sufficient statistic
or its 96rthogonal” complement. The statistics employed are, for the most
part, that of Kolmogorov, and its modification by Lilliefors Srinivasan.
Each technique is illustrated by a numerical example.
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SIGNAL DETECTION POR .UNIFORM mmm. Pnomsns
Y. Choi"', C. B. Bell*, R. M“. C. J. Park*

. San Diego State University*

v | _ I University o.f' Strathclyde*+
= ... State University of New York, Buffalo’
_ -1. Introduct:lm and

| A ujor pm of the statistical nethodnlogy in signal dmetion is
directed tcwar& lmlels in which t‘he data roceivod are Gaussinn or Gmssiun—
" mixture. Under these models the classical statistical todmiqm cnd |
‘their extensions m, in essense, be Wﬁi to siml doteetion problus
Another important set of fmn& af -mu mm mmueing the
- a ”mesa fﬁncs ﬁwlm i
g o | processes, and m-hmm Mw&n  "-1 m sijaq detection
% f methodology here 1s principally pare motric in nature,
. In this Paper our 'nia is to tnnstimc siml datvctim techniques
vfor ﬂwmifbn m msu.‘ ‘me oﬂur m mus ‘ﬁmly hmms

X
1. ‘ Yoty Y ,: e 1,,ﬁ“.,_;\;.,~

md m—hw Poissﬂn gmeum m also Meuﬂf fui siml
MQeticn viupam lnd wnl be. Mt mlth elswm | ‘ |
| . ‘me wﬁl s:tml dﬁtmim mblu cu bo tmtu! u a nobln of
”mting itltuticll hypothwu, su hu (1%4) m pru:tiec, dotoctien
is sccomplished by weans of & device whidi Tecelves nomn m__
- .‘ lblo‘ si‘ ) datn. ladlor miﬂcul mise, and fm these

) | | imts "dcc:lbs" (YBS ot no) mthuor m . siml is pr»u:t. In

F' o This work was pﬂneipllly smttd by the Office of Naval Research
F. ~ throwgh Grant No. NOU24.30.0.0
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‘g making this decision, the detector is liable to commit two types of

w‘: erraneous outputs: ’ |

| (1) false alarm (FA), if NO signal is present and it decides YES;

E and

' (ii) false dismissal (FD), if YES a signal is present and it decides
: NO. |

._« The detection proc;edure can be seen schematically from the following
tiagren: |

-" | Known. Pure Noise \

j | Possible Signal Data DETECTOR ° tngs

LN

e Artifical Noise

<

‘ The probability that the detector will produce a false alarm (PFA) will
j}z be designated by a; B will denote the probnbilify that the detector
”g will produce a false dismissal (PFD). Obviously, the perfect detector |
' will be a detector which will produce o =0 and 8 = 0; but this has
": | not yet been constructed. However, there is a considerable interest in
5“ the so-called ideal or optimsl detector. This can be classified into

" two forms as given below.

'% (a) 1deal detector with given a priori probability p: This detector
:% minimizes the probability of an error, either FA or FD, that is,

.«: €(a,8, p) = p8 + (1 - p)o
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~ vhere p denotes the a priori probability that a signal is present;
¥ (b) Ideal detector with pre-chosen PFA, «: For this case the

objective is to choose a such as .001, .01, .05 etc., and select a

decision rule (detection procedure) among all the available procedures
which minimizes B; in other words it maximizes w =1 - 8, the power
of the detection procedure. |

The first type of detection procedures (statistical tests) are

commonly known as the Standard Bayesian Detection Procedures (SBDP); and

the second type as the Classical Detection Procedures (CDP). If p is

known beforehand, clearly it is advantageous to use the first type pro-
cedure, otherwise the second type.
The simplest form of the PS data received by the detector consist of

discretized observations (note not necessarily discrete values) xl, xz, eeey X n

of a uniform renewal process, which is a continuous time process, at times
tl, tz, esey t . To obtain optimal detectors the following assumtions
are made on the sncceoding statistical analysis.

(1) The rsndom varisbles X., X )(ﬂ are statistically inde-

12 %22 cce»

pendent ;
(i1) xl, xz, erey xn have a common strictly increasing continuous
cumulative probability function (cpf) F such that F(x) = l’()ti < x).

(For the uniform renewal process it is clear that the cpf F 1is monotone

non-decreasing and F(0) = 0 and F(+) = 1.)

> (i11) If the PS data are PN (pure noise), then F = Rys @ specified =

uniform renewal process (URP) cpf; and if the PS data are noise-
plus-signal (N + S8), then

sl
e
:8

ur
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=1 FeF #F), where P is still URP cpf but different from F,.
*‘ The implications of the various assumptions are discussed in detail
- in Bell (1964) in connection with the signal detection problems. With
5 "\" ’
' the above preliminary considerations, it is now possible to introduce the
:‘ three major statistical models of detectors to be investigated in sub-
':' sequent sections.
1
:
d MODEL I:: PNl: - The pure noise cpf Fo S uco, eo), 0 < Oo <o, is
3 |
b ‘ known and there are available PS data xl, xz, cers xn
5 whose cpf F, 2 U(0, ©,), 0 <8 <=, is unknown.
4 In this case we want to detect the null hyvothesis;
S _ Hy(PN,): 0 = 8, against alternative; H (N ¢ S):
™
¥ . 64 6, One-sided versions of the alternative
‘..‘. ~ hypothesis will be (i) H:-(N +8): 6> 00. or
! - _
b (i1) H.(N +8): 0<8,
X MODEL II: lmz': The problem here consists of having an ideal detection
= | procedure for H[F = U(0,6);  © unknown] against
% )
et H,[F # U(0,0)].
7 |
L
9

MODEL I1I: PN,: In this case the basic data (BD) set is
AR (xl, xz. ceey X-; Yl' Yos cevs Yn) or

('1’ '2. soey '-; vl’ VZ. I Vn), 'h’“

'j -XI‘ LN 2 ’x’ “ Vj .Yl ’ LN ) ’Yj. ut

unknown,
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We want a detection procedure for HO(PNSJ: 61 = 02
against Ha(N + 8): 01 # 62. Similarly, one can

+ o
define Ha(N + 8): 01 > 92 and Ha(N + 8): 91 < 02.

Since the underlying process is a uniform renewal stochastic
process,. instesd of the probability distributions F, F,, F, etc. We
shall reformulate our null and alternative hypotheses in terms of pro-
bability laws. XO
the suitable detection procedures are discussed.

» & » Xz etc. This is done in section three when

The organization of the paper is as follows.

In section two basic statistical concepts are briefly outlined. Next,
in Section three optimsl detection procedures for (1) PNy versus N+ S

. and - (i1) PN, versus N + S are developed. The detection statistics

here are of the Kolmogorov-Smirnov-type, Lilliefors- and Srinivasan-type,
and some which are based on maximal statistical noise. In Section four
PN, versus N + S is dealt in detail.
2. Basic Statistical Concepts

Let xl, Xgs 2eey xn be independent identically distributed random

variables with probability distribution function F(x), and set

w--x + X +...+xn for m=1, 2, ..., n with NOEO. In

1 2
stochastic processes terminology we say {'n’ n> 1} is a renewal
™ process and  {X , n >1} is the dual inter-arrival time process.

In the sequal we assume F(0) = 0; of course, one could allow an atom
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v’% at the origin, but nothing would be gained and we would have to exclude
'«5 the case of a distribution F concentrated at the origin.
Definition 2.1. If X, X,, ..., X are independent identically dis-
tributed U(0,8) random variables, then the process "l’ llz, eees 'j’
| with W, = { X. (W, =0) is called the uniform renewal process
. B Jooqm 170 |
\: (URP).
% _ :
::-«: The random variable wj denotes the waiting time to the jth event.
3
DX Let Q(URP) denote the family of all uniform renewal processes' pro-
g bability distributions, that is
b
7 Q(URP) = {P(*): P = U(0,0), © >0},
“ B
G Consider thé situation like models PN,, PN, and PN, in which the
y _
":l data received is 5- (xl, ceey X-) or %- (xl. cesy x_; Yis ooes Yn).
For many practical situations the decision as to whether a signal is
present or not is optimally based on the data solely through the minimal
‘.* sufficient statistics M-S-§S, SQ) or S(‘%). " However, in many other
o situations one needs a quantity complementary to the M-S-S; this is
j called the maximal statistical noise (M-S-N) and is denoted by N(X)
7{3 or N(%) depending upon the model in the problem. In what follows we
i)
& write z for the generic data point.
—‘.1
o (A) Basic Dats Transforsstion and Maximal Statistical Noise
G Definition 2.2. Let 8(Z) = [N(Z), S(2)] be ome-to-one almost everywhere
~n
,
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5 with the M-S-S, S(i), and the entity N('{) be statistically independent

3 " of S(%). For the family of interest Q(URP), (i) 6(Z) is called the

N

' basic data transformation (BDT); and (ii), N(Z) is called the

> maximsl statistical noise (M-S-N).

) :

A Example 2.1. Let xl, xz, ceey Xm be the inter-arrival times of URP

' in the family Q(URP). Then the maximum likelihood estimator for ©

J is @ = x( )? the largest order statistic of the generic data point.

a Clearly, M-S-S is x( ) and a uniformly minimm variance unbiased estimate

, for © is 0% = (--)x(l) Now, the vector of random variables

- | X P X

“ w : V*S(Vi’ v;, crey v’; l)s{T(ll, i-[-l’ ooy -—%—‘;1)_}

. v | (m) (m) (m)

B!

J is not a M-S-N. However, the augmented vector variable defined by

~1 »

, Ve R = V], s VA RO, ey ROKD)

:s is indeed M-S-N, here R(xj) denotes the rank of the random variable

Xj for j=1,2, ..., m, ‘

4 (B) Types of Distribution-free-ness

& . There are three distinct types of distribution-free statistics which
arise for many types of detection problems.

i

‘3 . Definition 2.3. (i) A statistic 1'('5) is called nonparametric distri-

bution-free (NPDF) werete a family 0* of stochastic processes if there

exists a single distribution function Q(:) such that for all probability

.
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against H 2 6> 8, any test, $(z), is uniformly most powerful (UMP) at the
significance level o for which E, ¢(Z) =a, E, ¢(2) <a for
30 ~ e "t —

e < 00; and (b('%) = ] when X = nax(xl, cens xm) is greater than

(m)
60 and zero otherwise [Lehmann (1959, p. 110)].

For detecting Hy: 0= Go against H : 0 # 00 a unique UMP unbiased test

exists and is given by ¢(5) =1 when X >0, or X < 8 me ,

(m) "0 (m) —
and 4’(5) = 0 otherwise. Similarly, a UMP detection procedure for the

case Ho: 0= 90 0

the one-sivded case discussed above. [Note:A variation of the first

against Ha: @ < 8, can be developed and combined with

situation is PN, versus N + S, that is Ho: x = % € Q(URP) versus

1

H‘: X <& 0 (where <* indicates that )'(’(13 stochastically larger than

)& ); and the second case for URP becomes HO:-( = A’o against
0 .
H: L ¢ X (€ camre).)

Remark 3.1. Conside:_‘ Yl' cvss Ym to be a random sample from the family

of two-pardleter exponential densities given br

{f(x; a,B8) = m-a(x-B)’ x > B}.

-aY
Clearly (xl, ey x‘) with Xj =@ j is a random sample from the

uniform distribution U(0, e-as). Now, one can easily develop the UMP
detection procedure for H,: B = B, against H. : B# B, when a is
assumed known; and also one can determine the UMP detection procedure

for Hy: (aiB) = (%), B;) aguinst the alternative H.;: a > a,, B8 <8,

Remark 3.2. Suppose that in a detection problem we are interested to detect

R N . Sw ey K W, ML M s w A A v M s w e w o w o w s e s
P . . T A A P T T A A A T R

-----
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that certain signals (events) occur uniformly over a stated time interval
such as (say) 35 minutes, one hour, one day etc. If the total time
interval is divided into N equal parts and pj denotes the probability
of an occurrence (presence of a signal) in the jth subinterval, the

1

detection problem becomes H,: Py " N" for j=1,2, ..., N against

1

the alternative Ha:_ pj # N for j=1,2, ..., N. Then the detection

rule can be based on the statistic (a chi-squared statistic)

N
oL CHE N1)2

j=1
where qj is the relative frequency of a signal occurrence in the j th
subinterval. The approximate power of the detection procedure is given
by the probability of rejection

rxf,_l w; 2)da,

(-

where xﬁ_l(-; A) is the noncentral chi-squared density with N - 1

N
degrees of freedom and noncentrality parameter Az = mN Z (pj - N'l)z.
i=1

Here, the critical point c¢ is determined by the expression

rx:_l (Wdo = a
c

under the null hypothesis.

Remark 3.3 [Lehmann (1959, p. 308)]
Suppose that in the above set-up (Remark 3.2), where the hypothesis

of uniform distribution is being detected, the alternatives of interest

R

.....
-----




- 11 -

are those of cyclic movement (perhaps, not an unusual situation in some
signal detection probiems), which may be represented at least approximately
by a sine-wave function
1 2mi/N N
pj =N~ +0 I sin(w-6*)dw, j =1,2, ..., N
2r(i-1)/N
Here, p is the amplitude and 6* the phasing of the cycle disturbance.

By setting £ = pcos 6*, n = psin 8* one gets

pj-fﬁl+%£+%m

where
aj = 2N sin % sin(2§ -~ 1) % R
by = -2N sin % cos(2j - 1) 7’;- .

PO N
The quantities £, n which minimize N ): (q j - pj)2 (subject to the
j=1

fact that equations for Py define a surface) are

£ z IZ Aan T b, |] b2
= N a.q a; n=N q .
jog 33 g1 33 gdy )

For N > 2, after some algebraic simplification the detection rule

becomes
N 2 N 2
z-[j)j1 a; sin(2j - 1) gq + 2n{ {1 qy cos(2j - 1) %a > ¢

where the number of degrees of freedom of the left-hand side expression, a




.........
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chi-squared statistic, is d = 2. The noncentral parameter determining
the approximate power, that is for fixed PFAa minimizing PFD B for

N + S alternative cpf F is

1'
2
32 - n(EN sin %)2 + m (N sin %)

= mpzNz sin2 g— .

Now, we return to the uniform renewal processes with given inter-

arrival times when tke underlying parameter hecomes a nuisance parameter.

(B) The Kolmogorov-Smirnov-Type

‘Detection Procedures for Renewal Processes with Uniform Inter-

arrivals (Nuisance Parameters Case)

The object here is to develop the Kolmogorov-Smirnov-type detection pro-
cedures for "Ho: F = U(0,8) for some 9‘> 0%, that is the case

PNI: XF € Q(URP), where X., X,, ..., X, ... are the interarrival "times"

17 72 m
of a renewal process with distribution law X = X

If the value of 6 were specified as 0, then, in addition to
statistics employed in section (A), a natural Kolmogorov-Smirnov statistic
is

D, = sup |F(x, 8) - Fy(x)],

where Pn(_x) is the sample cpf. However, in the situation under dis-
cussion the value of 0 is unknown, and, therefore, 6 is a nuisance

parameter. In the case of nuisance parameter structure, we define two
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N

2 variants of Kolmogorov-Smirnov-type statistics. These are called, res-
' pectively, Lilliefors-type statistics and Srinivasan-type statistics;

- see Lilliéfbrs.(1967, 1969), Srinivasan (1970) and Lieberman and

: Resnikoff (1955) for some special cases.

- Definition 3.1. (i) Let % = (xl, eeesy xmg be a random sample with dis-
.

i tribution function Fy, and let F (x) be its sample cumulative dis-

: tribution, where 0 is unknown. The statistic

b D, " szp |ﬁe(x) - F‘(x)| ,

{ vhere ?o(x) is the maximum likelihood estimator (MLE) of ﬁe(x),

;‘ is called Lilliefors-type statistic.

,3 (ii) With the same notation as above, the statistic

X a

2 Bn = s;:p IF-(x) - Fe-(x)| ,

¥

vhere ¥ (x) = B(S(X)|T} with S(X)) = r{xl <x) the indicator function,
;é and T as a sufficient statistic for 6, is called Srinivasan-type

e

o statistic.

2 The above two types of statistics are examples of NPDF statistics
i% w.r.t. an appropriate family of distributions Q*, such as {normals},
% {exponentials}, and Q(URP).
'E , Let a probability law ;(o(x; 9.s 050 ooes 6,), say, with dis-

X tribution function Fy(x; 6, ..., 6,) be such that T,, T,, ..., Ty

' ' are the joint sufficient statistics for the vector parameter 2 = (61, cees ek).

SOV BP RSSO ROSTE
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.
For a fixed real x, define the random varisble S(xl) = I {xl < xl}’
where IA is the indicator function of the set A. Clearly S(xl) is
- an unbiased estimator ?f Fo(x; 61, 92, ceep ek) under Ho: F = Fo.
Consequently, from the general theory of sufficient statistics it follows
that the statistic
g(x) = B{s(x)|T), ...0 T}
‘ is an unbiased estimator of Fo(x; 2) with a smaller variance than S(xl).
= o

If in addition (1‘1, cesy Tk) ‘are complete, then Fg(x) is the unique
N a
N MVUE of Fo(x; .?,)' If the distribution of statistics like D. or Bn
‘ does not depend on O, then a statistic of this type would be an
[N appropriate statistic for detécting a composite hypothesis F.
';'.‘_3, | Now, we specialize these ststistics to the case of remewal processes
with uniform interarrivals, where the nuissnce parameter is 6 > 0.
\ In the treatment of signal detection problems the objective here is
*:". to detect ’
PN,: X(Z) € O(URD) against (N + 5): B(2) ¢ R(URP),
‘\ N,
.- where Z = (X, ..., X) are the interarrival times.
. Recall that the general rule in constructing detection procedures for
problems 1ike PN , PN, and PNy is:

(1) to use the M-S-S when the PN formulation entails a completely -
specified stochastic process law (as in the case with MODEL 1: PNI). and

.................................
...................................
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(ii) employ the M-S-N when the PN formulation entails membership
in a family of stochastic processes laws (this will be the case for PNz
and PNs).

(a) Lilliefors-Type Detection Statistics

This statistic was earlier defined to be of the form:
D, = s:p lre (x) - F (0],

where Fo(x) is the MLE of Fy(x), and F (x) is the cumulative

sample distribution, thst is, F_(x) = (number of X.'s < x)|m =

‘-l

b
n

] e(x- X;), where €(u) =1 if u>0 and zero otherwise.
3=1 |

The MLE of 0 is x(m) = mx(xl, cees xn). which also happens to

be M-S-S. Note that T = X is an example of a PDF statistic and

(m)
T(Z; I eO) - x(-)l 0 is an example of a NPDF statistic. Clearly, we have

= 0 1if x <O,
ll;e(x) = i_x__’ 0<x< X
(w)
. 1 1 > X
f x (m)

Therefore, the Lilliefors type detection statistic can be written as

b, = suplr,(x) - Fo(x)|

1 ¥ b 4
= s = e [x - X,,.] -
o, | * b e X
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‘!sup |-l--il€[§——“-x ] - 2— |
oxXy " T T Fm
£ 1 &t |
= sw|s [ efu-uyl-u
ocuct =1

. ' . £ )
when u x/X(-) and U(j) X(j)/x(.) and means "it has the same
probability £ or distribution®.
Before we give the actusl decision rule, we sum up the basic dis-

tribution structure as below.

Theorem 3.1. Under HD(PNZ). the following are valid:
— - X
(1) The statistic T(Z, 'y ) = —BL has the distribution given by
0

Mx,l0 < ule W', 0<uc<l.

(1) 1f R(Xy) denotes the rank of xj then the vector variable
'l‘t. = [R(Xl). vees n(x.)] is distributed uniformly over the permutations of
{1, 2, ..., m}. This we write as ‘lé'\a D - U{S.(l, 2, ..., m}

(111) The vector

X X
w-[.-ﬂ'l. seey -.1]-(v.. .0" v'-)
LY X(-) 5(.) 1 m-1
are

has the same lav as [U(n, ooy U 1)], vhere Ul, coey

(m - n-1

1
1.1.d. random varisbles from U(0,1). That is, V* Weyys 200 Vppy)s

where U(” is the jth order statistic.

Dgcisim Rule. For detecting Psz x € Q(URP) versus N + S: X ¢ QCURP);
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decide N+ S, if and only if, D_>d*, where P(D_<da*}=1-a,
and o = P {False Alarm}.

Lilliefors (1967, 1969) have given some critical values in other cases
but not for a uniform renewal process. Choi (1981) has computed some tables
for this case. However, we give in the Appendix an improved version of Choi's

table which can be used in practice as well as some illustrative examples.

(b) Srinivasan-Type Detection Statistics

Consider the same detection problem as in subsection (a) above.
This type of statistic (other than URP) was originally suggested by
Lieberman and Resnikoff (1955) and later on Srinivasan (1970) investigated

some cases in detail. Here, the statistics is
"N, N
D, = s::pl!-‘.(x) - Fa(x]l

n
vhere Pe(x) is the MVUE (wminimunm variance unbiased estimate) of Fe(x).
1t e I(URP), then by the theory of sufficiency’, one gets

n
= P{X; < xlxw}

-1 3 _
= jzl p(xj < xlx(‘)l

-1 7
-=m 521 P(X(yy < xlxm)

.1 m-1
i {J§1 Py < x|X(g)) ¢ PXg) < %1% )}

.........
~~~~~~~~~
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-1 n-1
=n jgl L{L P _<_x|xm)
Finally,
] X
= —, 0<x<X
n m x(.) (m)
Pe(x) = 1, x> X(.) :

0, otherwise.

Consequently, the detection statistic of this type becomes

B, = swplF ) - ¥l

.1 m1 X _

Ty T UL
0<x<X j=1 (m) (m) (m)
| (m)

= sup (z_l_) |(l-l)-1' .il é [(u-u.,)-u]l.
ocuc1 B 3= oY

™ v X 1
us, we note that the detection statistic D, * (‘—;—-)D‘_l, the

Kolmogorov-Smirnov statistic with size m -1, for all m > 2 provided
Hy(PN): o ¢ A(URP) holds.

Decision Rule. For detecting PN,: A € QURP) against N+ S: P aRe);

decide N + S, if and only if, g->?l', wvhere P{’!‘)'-_g:} =1-a, and
a is PFA.

Srinivasan (1970) computed critical values for the normsl and
exponential cases, and Choi (1981) for the uniform Case. Por critical values

~
in connection with detection statistic D, one can use the standard Xolmogorov-

v -1
Smirnov table through the relation D. = (-—--)D-_l.
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(c) A Detection Statistic Based on Maximal Statistical Noise.

We have already defined a M-S-N statistic, N(é), in definition
2.2. For the URP case, that is for PNZ:X € Q(URP) the maximal

statistical noise (M-S-N) statistic is

(x.p 5) = (V¥, vi» ceey v;-l; Rl’ sees R')

X X
A, L, =D R, L, RO
_x(-) X(.) 1 m
vhere n(xj) denotes the rank of xj. Note that in PN, situation we

have a NPDR structure for the underlying statistic which leads us to the
natural detection statistic candidate QI', v ,5). Furthermore, we shall see
that if a detection procedure does not involve the parameter in the model
under consideration, then it is solely ﬁased on M-S-N statistic. This
motivates one to define a third detection statistic DI as follows:

n
which is based on M-S-N, (X’, 'l\!"). The statistic D; has the Kolmogorov-

where u = x(x(.) and U(” = xm/xm. Obviously, D7 is the statistic

Smirnov distribution for a sample of size = - 1, that is, Dy = D--l
under Pﬂzzx € Q(URP). For critical values one can use the standard
K-S table with the sample size =m - 1.

Decision Rule. For detecting PN,: X’c R(URP) versus N + S: X'¢ Q(URP);

decide N+ S, if and only if, D3 =D , >4 where P{D ,<dl=1-a

5 W B, Pl el ol T Tl Tk T T T T A N I Y S VPO TS . . S . - - Ce e e Nt
‘J’y“rn ,v.\'q"i‘ b WA ‘-‘q‘-'-‘._. R R S R A T AT AR
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and o = P {False Alarm}.

In essence, the detection procedure structure for the Model II: PN

2
- can be summarized by the following result.
E Theorem 3.2. Under Hy: A € R(URP):
;. i) D; = D--l’ for m > 2;
0
& n 1
'.:‘: = -—.—-
- (i) D (59D, ,, forall =22,
A -1
R (1i1) D = sup |(EDH F_,(u) - u| , where F_ _(*) is the sample cpf
i = " ol | e ’ 1 wee
v
':, based on Ups oo U g which are i.i.d. U(0,1).
4
L 8
W Proof. (i) This is an immediate consequence of the fact that (Vi. reey v;_ 1)
has the same distribution as the (m - 1) umiform order statistics
v (U(l)’ seoy U(m - 1))’ see thm 301 pll‘t (iii)-
- ' ,“ -
e (ii) That D has the same distribution as (-'-TL)D -1 fOllows
ﬂ’ from the fact that:
a 1 ¥ m-1, 2
. D= swp = 1 ez-x.)-CE2 7|
g "otzexg e )
. 1
&_'J'Z n - 1\ 1 e
o = s € (u -U ) -u
x
. (111) Clearly,
=
..-;
N
)

‘B
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1
& b= sw 1L 0§ e-x,)- 2]
5 n n ") T X
w 0<z< x(') j=1 (m)
- swo |1 ) el
0<z <X j=1 (m) “(m) “(w)
T |
= sup - e(m-U,.)-u
0<u<i " j=1 ()
: n-1
3 = s —) F u) - uj,
N Sw 1D F_ @ - v
% where Uy, U,, ..., U_, are i.i.d. U(0,1). This establishes the theoren.
‘ Since -'—;—1--'- 1 as m-+o, it follows that:
n, A
s ] Theorem 3.3. Asymptotically (as m + ®) the statistics D*, D and D
3 have the sawe distribution as the ususl Kolmogorov-Smirnov statistic D,.
4. Detection Procedures for MODEL III: PNy
% — ' '
_ The received basic data (BD) set is z = (xl. cees x_; Y-ﬂ. coes Ym) =
¥ ' (Zys --++ Z,). The detection problem for this situation is
,'I' ‘x x Q
3 Hy(PN): Xy =& (X, e Q(URP), =1, 2),
against
4:'{
5
2 HON+8): X, ¢ X, X, cawre), 1=1,2).
i3 For this case the natural detection statistic will be & NPDF statistic
5 sand should depend on the M-S-N, N(%) = (X', ,I‘t'). where
3

-
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%
=3
. .
‘:,:.‘ (X’. 5) = (V]» V3o coos VR Bps Rys oo RY)
5 2
. = {_Ll _‘_).. _z(&_l)_; R(zl)’ cees R(ZN)}
' (N] (N) (N)
Under Ho, 5(.) = (zm. cees Z(N)) and ‘l\l‘ are independent since
e one can write their joint p.d.f. as equal to the product of the marginal
.
N p.d.fs., that is,
3 £ Gey®=f G R
. ,‘2‘(') () v
4 Note that, under Ho,'
r"; N
Y ‘ f (z( )) = N! w f (z(j))l
3 ( ) j=1
i
. :
<, .
vhere A = {(zu), cees z(m): 0 <20 < 202 < ... < 2 <6=0 = 92};
- and ql} is distributed uniformly over the permutation set '{s"(l, 2, ..., ML
,: Furthermore, 5(}0 and ,\\I"v are independent; and so are ,l\l'(é) and x*
« In **'s case we shall develop the likelihood ratio detection procedure,
¥ .
and show that the resulting detection statistics is based on the maximal
J statistical noise (M-S-N), N(Z) = (V*, B).
£
k. (a) Likelihood Ratio Detection Procedure
Let ﬂo -'{(01. 02): 01-02-6, ei>o. i=1,2) and
;’ a, = {(6,, 8,): 6, 46, 6 >0, i=1,2}. Define the set 0, instead
2l of 0, when we replace "6, § 0" by "6, >0,%, and similarly 8}
T is defined by replacing "9, £, by "o, > 8,". Now, in PNg

.
L)
A

-------------------------------------------

------
TP TS T T T T T R
......

...........
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3
J situation we can detect for three distinct cases:
\,3
\' (1) H(Qo) against H(Ql), a two-tailed alternative;
- (ii) H(QOJ against H(Q‘l'), a one-tail alternative;
' (iii) ,H(ﬂo) versus H(ﬂi), a one-tail alternative.
i
We shall develop the case (ii) . the case (iii) is similar, and
LS
j:.; part (i), of course, combines cases (ii) and (iii) in the alternative.
.. The likelihood ratio detection proceddre principle states that the
¥ decision rule is base on "YES N + S", if and only if,
W sup L(z, 9)
6¢ Ql
» <
| swp_ Lz, 0) o %
e Slo

where the existence of constants a and b is guaranteed by the likeli-

hood ratio detection theory. For the case (ii) there exits a constant,

.: say k, such that by the L.R.T.

;:’ ~n

b L -m -n

X ket . D! Uml | Zoo fog
(2] (m) (n)

g 9y ™

3 : o

Clearly,

: Y n

4 (1) -

by Kyl Yo " P

‘; Q* = .
n

. L =
; s ot KRR O R0

.
4
h

Dl IRy St JOUR J 1) - . . PO . A
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A 3 et
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‘:' Therefore the critical region, C* can be written as
.;':: Y m .
N . n), .
3 cr =k < {2y Xy < Yemy? Y
- (m)
Xy "
2 Uik, < = ; X(my Y(“)}.
o (n)
LN
O Or,
max[X, ., Y. .1
" m n -m -
c { >k e Yy zm} v

nXmy: Yen)

‘ m[xgnl’ Y(n}l -n
_::‘: | U{ lin x(-), Y(n) > kz ’ X(.) = Z(N)}.

N

" (The exact expression for k, and k, will be given later on).

Q Finally, we can write the above expressions as

s ‘ | .

) ' max[X Y

d Cr= { a_[rx_(!)_._v.ﬂﬂ]]. > k*}.

& iemy T(m) |

) max[X 2)’ Y(n ]

: let T = mL)__Y_LlT . Before, we give the probability
(m)* " (n)

o distribution of T under R, and Qf we first want to establish

that statistic T depends on N(%) - (}\I", ,l‘t‘). For this write

:.:‘ N(z) = (x.n 5) - (x.a &p 'I\tx)o

e n* = mex {R(Z,), ..., R(Z)} = max (R},
&

. n* = max {R(Z,;)s ..., R(Z} = max {R/}.
3 S




- 25 .

Now, notice that

z .
!m*! e ’ * =

2 z ™)
ain (—(E:l _(.n_*)_=
Zoo | v z
—(nY) - .
el Xemy = Zouj €D = N

Thus, we conclude that T = max(V:,, V:r,), which shows that T indeed

depends on N(Z), the maximal statistical noise.

(A) The Distribution of the Statistic T under 2.

For convenience in this section we shall set X = X(m) and Y(n) =Y;

and similarly Z(N) = Z, First note that t > 1, now

H(t)sp{Tf_t}%p{Tf_t; X =2}«

+P{T<t; Y=12}

‘p{%‘.f_t; x>y}+p{§-5t; X<Y)

P{%5Y<x}+P{X<Y£Xt}

X 1 Y
P{FSYixt}BP{‘t-i-x—f_t}.

The integration region can be sketched as in the Diagram (1) below

_;.x

0 9‘=9 )
Diagram (1) (9' - 92 -g)




o
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Now,
9 (x 0
H(t; Q) = I [! g(y)dy]£(x)dx + I (
0 ‘x/t

m=n 0

fy £(x)dx]g(y)dy
y/t

8 x 0
= I [6(x) - G(PIf(x)dx + I (FO) - FA1()dy
0 0

Or, one gets:
L . .m
H-_n(t,»noj 1 -t
0, tx1

Hence, Hm-n(t; no) = [ .
1 - t » 1 < t < ®

[o, t<1
Similarly, H t:8.)=
¥s Hy g n(8:f) 1 -2+, 1<tcw
>N 'n _m -
. t t
(B) The Distribution of Statistic T under Q} (0, <0,).

Let the notation be the same as in the case (A) above. Define the

sets A, and A, as follows:
R ETIR SR (RN TETS SR ERIES XX7
A= {Tct; Xevla Tets XYl {X<Yexh,

The integration region to compute H(t; np is somewvhat complex, and

therefore we explicitly illustrate it in the two diagrams below.

i
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v
N (’%»"L\ s
‘ o. .
* Ay
-, d ‘( o — 2
. 4 / \r" 6,
C 8 : - . Diagram (3) (6,> 8,5 1<t < .:.;_)
. o
&y e ¥
. % o
P = -
| A,

N @ ° R
8, 8,
Diagram (2) (t > 1; 91 > 62; 5-2- < t) Diagram (3) (el > 62; 1<t< -6.2-)

N1 g

What we want to compute are the following probabilities:

0, tx<1
e

HEs) = | P(A) + P(A), 1<t 55%
. 61
-:, P(Al) + P(Az), -e-z-i t <o
»l. e

We shall consider P(Az)-, P(Al) with restriction 1< ¢ < o and

8 2
3 01
AT P(Al) under the constraint 3- <t <=, respectively.
2 2
4

JSoELE 0

b
4
.

il
i L. o N e Y W T N PN e TN T -
'u11. o . .‘Y.l " -~ Y : » \\ - .~ ).Q ] X ~u~ W .
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, o
o P(A) = f 2 [r £(x)] gly)dy
8 n-1
- - I 2Py - P M oy
o 0 | %
,":.’..',: 0
n 2 a B n-1
- = = (P -GG )ly &
o 0, Io '6} é?
. ‘ 6, m _
i -2 (3-:-) (-t m
Under the Diagram (3), we obtain
= o (Y
=z pap = [ 21 £0oas) sty
A A
92 n m n'l
N - [t - BN e
'.": -2 (ez)n [t. - 1) (2)
.0 N8

Next, we compute P(Al) under the Diagram (2)

;:'~ ty _
‘ P(A) = [a Ve ([ eooan soey « r 2 lfa ! £x)axlg0)dy
s 0 y ie Y

n-1
5 - [: YOI - g By

2
e n-1
r’ (GH" - D1 B oy

- B L=
.......

o {
T P It A A A B R I B R A N T

........
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After some simplification, one gets

6
PA) =1 -2 D" - D"

n
— (3)
1 2 N"

Finally, combining expressions (1), (2) and (3), we obtain:

H(E @) = %‘,—(y:-)‘ (-, 1secy

Detection Decision Rule. For detecting PNy o = JJ, (P ¢ ) € Q(URP),

i=1,2) against N+ S: ) #X,, X, cQ(URP); decide N+S, if
and only if, ‘

sup I . di(t; Q) <«

where o is P {False Alarm}. This test is optimal in the sense that
it minimizes B, the PFD among all detection procedures for fixed a.

In oth_er words, the above detection rule maximizes the power

1 - P {False Dismissal)l = 1 - sup I dH(t; 027),
c.

where C* is the complimentary region to the acceptance region C, in which

one decides in favor of PNS.




................
............

Similarly one can devise decision rules in cases Qo against ni and
o no versus nl. _
- It turns out that the detection statistic T is equivalent to the

statistic Tl = X(-)/Y( n)* which has distribution under the null hypothesis

& as
N .
_v %z‘, 0<z<1
:" H(z) =
1-§2z70 1<z<=
This statistic was also treated by Murty (1955) when testing two uniform
\ distributions in a parametric setting. Rider (1951) for the same parametric
; problem gave a statistic which is the ratio of two ranges. The detection
% statistic proposed by Rider has less power than either of T or T,
" statistics. FKhatri (1960) investigates the problem of testing the equality
i ' of parameters in k uniform populations. Khatri extends previous results
by Roy's (1953) union-intersection principle; again this is in a parametric
o
, setting. Some critical values are given by Murty (for n = 10 = m) and
‘ fhatri takes larger sample sizes. Barr (1966) also gives some results on
Zé:;f testing the equality of uniform and related distributions. Another oquival-
»4' ent statistic to statistics T and Ty is
ORI
T, = 2 -
(m) (n)
For m=n, the three critical regions given below can easily be seen
) to be the same. These regions are:
o
o
i
D.J

AR TR BTN TR e e e




AR GBS §
ARE SRR

= A

e TR @S AT TN
Rt A
T .

a4

4,8

A A
[ 2

L

......................
.................................

cy = {'rz > kl}

or >b,}

c3 = {T1<az 2

cy = {r> "3}

Clearly (ao)-l/- =k, =b, = —:—' k,. Thus C! =C3 =C§ . This is

3 2 1 1 2 3

, 2 -

also the case for m § n. However, if the critical region is two-sided
then ti\e level of significance will be 2(:0 instead of 8¢

The power of detection statistics T = 'l'1 g 'l'2 is discussed in the

following example which is a slight modification of Murty's result.

Example 4.1. Let (Xl, xz. cess x.) be a rtﬁdon sample of size m from
the family

2 URP) = (F): £0x; X)) = (1697} 1(0’19.)(1): t>1),

snd (Yl, Yz, crey Y.) be another random sample of size n from the

class
URe) « (X £05 Xy = 07 10 o ).

To detect PNy: of, = o, versus N+ S: X € O, (URP) and
X, € 2,(URP), the most powerful detection rule is obtained by the likeli-
hood ratio principle via statistics T, 'l'l or 'l'z. In this case the re-

jection region is

C* = (T, 2t Mor {T<t)=],




....
...................................

> ' h

'.};

X

N - 32 -

,t‘“‘ )

\i where ta -."J—r-—:-m- » where o is critical level. The power, T,

2 of the test is given by n

m(t/t), 1<1<t

_ i a a

v PH. (Tl = ta) - n n

‘ 1 -5 (ta/ﬂ » T2

= '

1S

¥ If 0<T<1, then the MP detection rule has the critical region:

v

s Cs= {'l'l < tcl, vhere t, l/z—?—E » and hence the nower of the test is
N . ’

v P{T, <t [N+ 8}

AN t. -

- n &

3 [: WD, et

n T

20 l-i'(?-) ¢ t T

AP a

A General Expression for the Power.

bt If we are detecting H(R,) = '((a\'l. Xz): Xl - Xz € Q(URP)} against

HER) = (X, &) &) F X5 oy € QURP), 1=1,2, and 6 >0}

» then by using the statistic T one can get the power function w(el, 62)

» as below.

Since the criticel region is of the form C* = {T >t .}  where

LA
S MR
LIPS PR

t, " V-T-.;;"Ta— » the power function of this UMPU test becomes:
> 8,/0
% PT>t,) = I

t

e L
2 ane;an = 3 (3%). [('5-:')- N -
‘o

e, . 0
-ué)'-c;‘n. i 1et <k
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and

PIT>¢t ) = r dH(t; R3)
ta

0 0 ]
1 2.m -m l.,n _-n A
=N {n(q) ta - I(-e;) ta }, ) < t(! <o,

An Alternative Approach which is Equivalent to the Detector Statistic T.

As before let 0, = {(61, 8,): 0 = 92} and Q) = ((01, 8,):
o<el<62<¢}. Let

x(_) = max {xl, Xps oo x_}

Yoy = max {Y,, ¥,, ..., Y}

Z‘('N) = max [X(-), Y(n)]’ m+n=N

To detect H(R) = {(¥,» Hp): X, = Xz € Q(URP)} versus
HE@D = (), #,): Ly # Xy X, e AWRP) for 1=1,2 and

e <92}, consider

1

|z2.)

fa} 2%

- = kTS). say,
fa, ®e 1200

where ¢ is an arbitrary function which gives rise to a test statistic
T by the (conditional) L.R. (likelihood ratio) principle.

After some computation, one can show that
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A
':: n xlll:l
% T Teeptolt
m ™ 1y (x.\) + 21 (x,. )]
i ¥ U Xev) *§N Xcy21s
- N “zgy 28,y (0, 2,y ) T N0, 224) ()
-
& ' b1 <%y < 8
g ™l oo™ g (x..,)
iy ) 1 0,8) ()
E;: m _(f_(..l?:i 1 x,.\) (1 +21 (x, ) ¢
::“: N x (] +3 x ]
- Nt O O T N 00
\
%, x.'l
e ¥ 2 0,0 )]
)
¥ 8 < 2y <™
& fa; %y 12¢.y)
s Clearly = 0(1'3) is monotone decreasing in x(.)
g fn (x(.)lzz.))
» 0
::: hence by the statistical testing theory [Lehmann (1959)]), the uniformly
minimm FDR unbiased procedure of size a for detecting H(R,) against
HR]) is given by
: 1 if X < ¢(2% )
- ' (m) = ()
O(X(.)) [
0, otherwvise,
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g vhere Q(x(. )) satisfies

: )

3 [o $xy) fg) Ky Ry =@

N The critical region is obtained by the expression

.

A .

: (23, .-

el J *) _,_) _(_)_ dx( )

or

A 1/n N1/

A - - 7% ] m

% ) = 2y O @

N _

& If we develop a detection procedure this way for detecting a(no) against

: H(ﬂi’), then the critical region turns out to be the same as for the
statistic T. Thus the test based on Ty given Z‘(’.) is equivalent to

'_? the detection procedures T, T, T,.

2 Decision Rule. For detecting PN; versus N+ S: H(R}); decide
N+S, if and only if,

j o MmN lln

& (m) (n ’

) a = P {False Alarm}.

(Remark: Detection statistics T, T,, T,, T; are sll SOF wrt H(®,).)
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APPENDIX

Tables

Graphs

Numerical Examples

[This appendix was prepared with the aid of S-M Lee and A. Mason]
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IlluStrative Examples

Example 1: Detection procedures for Model II: I’N2

Given a set of historical data: xl, .o

following PN situation:

PN,: & € R(URP)
N+s: K¢ Qure)

Three statistics are used for two sets of simulated data:

(1) Kolmogorov-Smirnov

(from K-S table)

Decide N+ S iff D& >d_ ..o
1 n-1
Dg= swp |lo=g 1 €@-uy)-ul
0<u<1 j=1

. ‘ -1
= ﬁ?;_l [m {;‘jT‘U(j)o U(F) - i':'i' }ll

where U (3) -%. :

(2) Srinivasan-type

n >'\a (-_1
Decide N+ 8 iff D >d= (5Dd, , 4

v w1, 1 ! -1
D, = oo & IS 5.2.1 € (u-u@) -ul = &0
(3) lilliefors-type

Decide N + S iff B. > d* (from Table 1)

.s )(m vwe want to test the




1 m-1
= sup l?n' I € (u-uy) -y
0<u<1 j=1

- nax  [mex{l-um, v -2y
1<j<m-1
The data sets are given in Tsble 2. The graphs showing inter-arrivals,
waiting times and counting process for both processes are shown in diagrams
1 to 6. The computed values for the above three statistics are listed

at the bottom of the Table 2.

Conclusion. For the both sets of data all detectors, at PFA a = .01

decide in favor of PNz.

Note. For m greater than 30 the exact Kolmogorov-Smirnov statistic

asymptotic values are adequate to approximate ﬁ- when m > 30.

For example.

PFA a: .01 .05

A ., 1.63 1.36
Dn>30 a:D.. s =

(2-sided test)
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Ox Example 2. Detection procedures for Model ITI: PN,

Given two sets of data:

‘ Xps Xpp -een X, i.dld. U(O, 6))

wy Y, Yy oonn ¥ 1.d.d. U(O, 8,).
Consider the following Model III-type situations:

Case 1.

py: &K, =X, € aRe) (8, = 6,)
N+s: o ad X,cQURP) (8, <8,
by . Decide N+ S iff X(m) < all'(%)l_/- mx{X(m), Y(n)}

by

2 Case 2.

=1 | g K =, c aUR) (8, = 6,)
N+s: X, and X, c QURP) (0, > 6,)

o Decide N + S 1£f Y(n) < a""(-:-)u" max{X(n), Y(n)}
?E: _ Case 3.
» — y: X =X, € auRe) (8, = 8,)

s  Nes X 1l X, cawRe)] (o, £ 0,

2 Decide N + 8 iff

/
x(w < /""" mextxw, vom)

n'l“

AR

A

R, A e A W, T A AP ST

1A
i
4
K%
o
e
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e
aAar P

‘Lal

YIVEIR

or

1/n
Ym <o/ mexixm), v(m)

A A

Note th;t ifn -ﬁ

1/m 1/n
al/m G maxtxm, Y = o/ & maxixmw, vm))

.. - . i a CE
LR L YL AL AN A

LN
£ = /™ ()" naxix(m), Y(m))
1/n
= (20)"'" max{X(m), Y(n)},
so we decide N + § 1iff

min{x(w), Y(m} < (200" max(x(m), Y(n)}

I Ctoat Y )
[ VW Ry S Lov )

ie

e 4 a ‘
O - S S Lo

max{X(m), Y(n)} -1/n
—Et G 2 G
Furthermore, notice that all the detection statistics developed for this
: : problem namely T,'rv.‘rz.‘rsmoqunlutul SDF umder the pure
noise situation. One could have used any of the sbove detection procedures.
In this example detection procedures T and Ty are used. The gemerated

g date snd the application of the above detection procedures is givem below.
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s TABLE 3. Simulated Data for URP(0)
Observation 91 =1 62 = 2,8 '03 =5 94 = 10
(Set 1) (Set 2) (Set 3) (Set 4)
i 1 0.580 0.723 1.892 6.239
< 2 0.951 1.462 0.467 8.044
SERN 3 0.786 2.258 1.563 1.373
N 4 0.298 2.217 3.330 5.163
. , 5 0.454 1.242 3.252 .| 6.336
oA 6 0.006 0.991 2.551 7.403
o v/ 0.276 2.180 0.919 7.020
4 8 0.306 2.328 | 1.932 5.071
- 9 0.689 1.489 0.581 7.485
, 10 0.383 0.524 4,259 5.620
1 0.133 2,220 3.551 3.081
> 12 0.832 1.160 3.611 4.854
N 13 0.583 1.570 3.207 8.760
¥ 14 0.099 1,117 0.079 8.006
3 15 0.277 1.145 0.358 0.426
. 16 0.620 0.587 4.770 8.975
i 18 0.990 1.478 1,937 8.542
N 19 0.979 1.110 3,021 6.887
ke 20 0.694 1.238 4,485 5,015
2 21 | o0.934 2.505 1 o0.382 2.012
22 10,212 0.525 2.880 1.844
- 23 0.131 2,080 4.540 2.978
N 24 : - 0.863 0.382 2.860 8.582
25 0.819 2.116 0.608 1.218
o 26 0.541 1.695 3.922 2.189
s 27 0.019 2.314 2.945 8.128
A 28 0.314 0.904 1.395 9.536
. 29 0.765 0.632 2,263 5.358
o’ 30 0.942 0.703 1.166 | 5.770
7y
o | I—— ” - | -
o
2 Lot X,(0) for j=1,2, 3, 4 denote the mximm value in the set J.
& Then X,(30) = 0.990, X,(30) = 2.515, Xg(30) = 4.770, and X,(30) = 0.536.
Choose PFA, a = ,01.
.
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At

-i Decision Rules
X Case 1.
For PN versus N+ S decide N+ S, if and only if,
N 1/3%
x,(30) < a3 & maxix (30), x,(30)} =
. ‘ .
=@V 2.519 . 2.0
so0 one decides in favor of N + S,
‘ To detect PN; against N ¢+ S in this situation decide N + S, if
S and only if,
W .
i | <n 1730
3 X,(30) <a¥/3 § T maxlxy(50), x,(30)} =
)
= 2% (4.770) = 4.29
Thus, we conclude for N + S.
X Case 3.
:: For detecting PN, against S + N in this case one concludes N + S,
5% | '
j, if and only if,
h max {X,(30), X,(30)} i
% T —3 " 4 > (20)°1/30 & q,14
%f ‘ Min {X((30), X,(30)}
. 9.536
Since T = 'T'ﬂb_ = 1,99, one conciudes in favor of N ¢ S.

a0 B
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:: Example 3. Epileptic Seizures and URP.

X

W The situation below is very similar to a signal detection problem.

. First we need two definitions.

() Epilepsy: Chronic disorder of the central nevous (CNR) system
characterized by recurrent (multiple) seizures which do not occur: (i)
: only during hospitalization for an acute syiteutic illness; or (ii)

s- only in association with fever; or (iii) as a result of development

or degenerative diseases of the central nervous system of CNR infection.
3 (b) Seizure: The clinical manifestation of abnormal paroxysmal discharges
E of neurons in the brain producing convulsive movements and/or sensory,
vegetative or psychic dysfunction with or without loss of consiousness,

3.% S Epileptic seizures were measured on an epileptic female patient, whose
*-’ | age was 12 years, from 7:02 a.m. to 7:02 p.m. The beginning times and
the duration of gpch seizure were rocordod The total number of seizures
was 20 for 12 hours.. Ve wisf\ to decide whether th§ inter-arrival

; times have a uniform distribution. The data obtained were as follows:

2

3

¥

!

3
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Epileptic Seizure Data

Start

7:02 a.m.

o~

.............

--------------
................

.......

---------------

Stop 7:02 p.nm,

.........

Seizure

Time

Duration

Inter-arrival tilc(nin)(xn)

WO LN

9:16
9:16

- 10:06

10:16
10:52
10:54
10:58
11:04
11:14
11:20

-11:46

13:06
13:15
13:16

13:46

17:54
18:20
18:25
18:46
18:48

« @ @« ¢ o & o & .
NOMNMNNFHFRNUFNDNNNNNNOUON

OhOOOOOOO?OOOOOOOOOO

134
0
50
10
36
2

4
6
10
6
26
90
9

1
30
248
26
S
21
2




Detection of the Model PN versus S + N

PN(HO): The inter-arrival time distribution is 1(0,0) for some 6 > 0,
where xl, xz, seny xzo are the inter-arrival times of a renewal process
£ and are 1i.i.d. r. vs.

- N + S: Not as above.

o " Da'a: 134, 0, SO, 10, 36, 2, 4, 6, 10,6, 26, 80, 9, 1, 30, 248, 26, S,
2 | 21, 2 (m= 20). Choose PFA, a = .Ol.

(1) The Lilliefors-type Detection procedure.

We reject PN, if and only if, D= sup|F (x) - Fg(x)] > 0.3553,
X

AR
PSS E LN

where "0.3553" is the .99th percentile of the D distribution in the
. uniform case for m = 20, and is obtained from Table 1.

In this case 6= max {X.} = X a0y = 2483 ?e(x) - x|0 = x(248)7!

1< )

: where 0 < x < x(ZO); The computations for 620 sve given in the Table §
below. Since 620 = 0.6548 > 0.3553, we reject PN situation for a PFA

eird of 0.01 that the data is uniform.

P e e I R TR R e W e . . S - e . - .t as ..
Rl s A0 by N g he e 0w IR = P VR W PRSI T ‘-"h“ A A 'y s
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(2) The Detection based on a M-S-N.

In this case we reject PN, if and omly if, D;l > 0.3014, vwvhere
"0.3014" is the .95th percentile of the Dm-l distribution for m = 20
obtained from the standard Kolmogorov-Smirnov table. Here, a M-S-N

is given by x*, which is defined as

X X :
vwe (B, Dy dy v },
n, x(.) x(lll) (1) (m-1)

where Ul’ ooy U are i.i.d. U(0,1) r. vs. For the Epileptic Seizure

n-1
data with m = 20, one gets

ve = "{0, 0.0040, 0.0081, 0 "081, 0,6161, 0.0202,
0.0242, 0.0242, 0.0363, 0.0403, 0.0403, 0.0847,
0.1048, 0,1648, 0.1210, 0.1452, 0.2016, 0.3226,
0.5403}.

The computations for Dso are given in Table 6 below, where
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TABLE 6. Computations for a M-S-N Detection Statistic D;;

Epileptic Seizure Data.

i-1 i '
i i/19 Fe (yi)'yi Fe (yi)" 9 19 Fe (Vi)
1 .0526 0.0000 0.0000 0.0526
2 .1053 .0040 -.0486 .1013
3 .1579 .0081 -.0972 .1498
4 .2108 .0081 -.1498 .2024
5 .2632 .0161 -.1944 .2471
6 .3158 .0202 -.2430 . 2956
7 .3684 .0242 -.2916 . 3442
8 .4211 .0242 -.3442 . 3969
9 .4737 .0363 -.3848 .4374
10 . 5263 . 0403 bl 4334 . 4“0
ll 05789 00403 "04860 053“
12 .6316 0847 -.4960 .5469
13 .6842 .1048 -.5268 .5794
13 .7368 .1048 -.5768 .6320
15 .7895 .1210 -.6158 .6685
16 .8421 .1452 -.6443 .6969
17 .8947 -.2016 -.6405 .6931
18 .9474 .3226 -.5721 .6248
19 1.0000 .5403 -.4071 .4597
Since D;o = 0.6969 > 0.352,

We reject the null hypothesis for a PFA level of 0.01 that the data

is wmniforn.

Discussion of the Detection Results

The PN situation is rejected by all procedures by a "large margin®.

This seems to indicate that the inter-arrivals sre decidedly non-uniform.
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